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About The Cover 


The front cover is an image by Eric J. Heller depicting electron flow over a microscopically 
bumpy surface. The paths of the 100,000 electrons begin at the upper right but branch and 
fold back on one another in a surprising pattern as they spread toward the lower left. 


Electron flow is the subject of several chapters in this book and is especially important in 
the discussion of electric sparks. Some sparks are amusing, such as those generated when 
someone chomps down on a wintergreen LifeSaver—the brief blue glow that illuminates 
the mouth can be seen in a dark room (Chapter 21). Other sparks are quite dangerous, 
such as those in electrostatic discharges that can accidentally cause airborne dust to 
explode (Chapter 25). 


This 8th edition of Fundamentals of Physics includes hundreds of items 
about curious effects in the everyday world, written in the spirit of Jearl 
Walker's The Flying Circus of Physics. The original edition of The Flying 
Circus of Physics—in print for over 30 years in 10 languages—is a cult 
classic among physics students, physics instructors, and the general public. 


Electronic links to the new 2nd Edition of The Flying Circus of Physics are 
available in the electronic version of 8th edition of Fundamentals of 
Physics that is part of WileyPLUS, one of the online homework systems 
available with this book. WileyPLUS also includes electronic versions of all 
the end-of-chapter problems in Fundamentals of Physics and the interac- 
tive tutorials (several hundred) and hints (several thousand) written by 
author Jearl Walker. 


You can find out more about The Flying Circus of Physics at 
www. flyingcircusofphysics.com. 


Get A Better Grade In Physics! 


Introductory Physics With Calculus As A Second Language by Thomas E. Barrett (0-47 1- 
73910-3) helps you understand the basic concepts, break down problems into simple steps, 
and improve your problem-solving skills! Find out more at www.wiley.com/college/barrett. 
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Mathematical Formulas* 








Quadratic Formula 


—b+vb* — 4ac 


Ifax- + bx +c = 0, thenx = 
¢ c Da 
Binomial Theorem 
WX n(n — 1L)x- Z 
(ea SRE 1 + (x? <= 1) 


Products of Vectors 


Let 4 be the smaller of the two angles between a and b. 
Then 


ad-bh =b-a =a,b, + a,b, + a.b. = abcos 6 


Derivatives and Integrals 


—sinx = cosx 





{sin x dx = -—cosx 


ax 

Ty 008% = —sin x J cos x dx = sinx 
FF =< | edx =e 
(S = In(x + vx? + a’) 


x ax 


Se 


(x° + ary 


7 (x2 + a’)! 


| dx _ ; 
(x? a a a a(x? =. ary 








‘on 
= = See = 9 
axb=-bXa=l|a, a, a, Cramer's Rule 
b, by 6, Two simultaneous equations in unknowns x and y, 
a, a. a, 4a, : a, a, ax+by=c and axx + bry = C>. 
= | — + , ; 
bb. Ib b. | b, by] have the solutions 
; : S C) b, 
= (a0, — ba.) + (ad, — B,a,)) + (ab, — b,4,)k 
© b, cb; = Cxb, 
ao XY = _- = 
ax b =absiné la, ob, a,b, — arb, 
| a> bs | 
. : 543 and 
Trigonometric Identities ) 
ay Cy 
sina@ = sin B = 2 sin :(a@ = B) cos Mat B) a, C>) Bos. — 8-0 
= = y= = 
. ; ay b, a,b, aa asb, 
cos a + cos B = 2 cos (a + B) cos s(a — B) - h 
- . d> + 
“See Appendix E for a more complete list. 
SI Prefixes* 
Factor Prefix Svmbol Factor Prefix Symbol 
10-7 votta ¥ 107° deci d 
LO? zetta Zz 107° centi c 
10° exa E 10°° milli m 
Lo- peta P 10° micro U 
10 tera T Lo? nano n 
LO” giga G io pico p 
10° mega M ig-* femto f 
LO kilo k 1o-* atto a 
10- hecto h in zepto Z 
10 deka da in-* vocto V 


In all cases, the first syllable is accented, as in na-no-mé-ter. 





Some Physical Constants* 








Speed of light 
Gravitational constant 
Avogadro constant 
Universal gas constant 
Mass-—energy relation 


Permittivity constant 
Permeability constant 
Planck constant 


Boltzmann constant 


Elementary charge 
Electron mass 
Proton mass 
Neutron mass 
Deuteron mass 
Bohr radius 

Bohr magneton 


Rydberg constant 


2.998 x 10° m/s 


C 
G 6.673 X 10°! N- m*/kg? 
Na 6.022 x 107° mol7! 
R 8.314 J/mol-K 
ce 8.988 x 10!° J/kg 
931.49 MeV/u 
a 8.854 x 107-2 F/m 
Mo 1.257 x 10-6 H/m 
h 6.626 xX 10°" J-s 
4.136 x 10° eV-s 
k 1.381 x 10°* J/K 
8.617 X 107° eV/K 
e 1.602 «x 10°" C 
Me 9.109 x 10°77! kg 
m, 1.673 X 10-77 kg 
M, 1.675 x 10°77 ke 
M4 3.344 x 107°’ kg 
a 5.292 X 10-" m 
uy 9.274 x 10°24 J/T 
5.788 X 10-7 eV/T 
R 1.097 373 xX 10 m"™ 


*For a more complete list, showing also the best experimental values. see Appendix B. 


Some Conversion Factors* 





Mass and Density 

1 kg = 1000 g = 6.02 x 10° u 
1 slug = 14.59 kg 

lu = 1.661 X 10°?’ kg 

1 kg/m* = 107+ g/cm? 


Length and Volume 

1m = 100 cm = 39.4 in. = 3.28 ft 
| mi = 1.61 km = 5280 ft 

Lin. = 2.54 cm 

lnm = 10 m= 10 A 

| pm = 107 '* m = 1000 fm 

| light-year = 9.461 x 10° m 

| m* = 1000 L = 35.3 ft? = 264 gal 


Time 
1d = 86 400s 
1 y = 365; d = 3.16 X 10’s 


Angular Measure 
1 rad = 57.3° = 0.159 rev 
mrad = 180° = TeV 


*See Appendix D for a more complete list. 


Speed 
1 m/s = 3.28 ft/s = 2.24 mi/h 
1 km/h = 0.621 mth = 0.278 ms 


Force and Pressure 
1 N = 10 dyne = 0.225 Ib 
Llb=4.45N | 
1 ton = 2000 Ib | 
1 Pa = 1 N/m? = 10 dyne/cm- 

= 1.45 x 10°* Ib/in.* | 
1 atm = 1.01 X 10° Pa = 14.7 Ibin- 

= 76.0 cm Hg 


Energy and Power 

1 J = 10 erg = 0.2389 cal = 0.738 ft- Ib 
|kW-h = 3.6 X 10°J 

| cal = 4.1868 J 

leV = 1.602 x 10°'"J 

| horsepower = 746 W = 550 ft-lbs 


Magnetism 
1 T = 1 Wb/m = 10° gauss 
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Some Physical Properties 





Air (dry, at 20°C and 1 atm) 
Density 

Specific heat at constant pressure 
Ratio of specific heats 

Speed of sound 

Electrical breakdown strength 
Effective molar mass 


Water 

Density 

Speed of sound 

Specific heat at constant pressure 
Heat of fusion (0°C) 

Heat of vaporization (100°C) 
Index of refraction (A = 589 nm) 
Molar mass 


Earth 

Mass 

Mean radius 

Free-fall acceleration at Earth’s surface 
Standard atmosphere 

Period of satellite at 100 km altitude 
Radius of the geosynchronous orbit 
Escape speed 

Magnetic dipole moment 

Mean electric field at surface 


Distance to 

Moon 

Sun 

Star nearest the Sun 

Galactic center 

Andromeda galaxy 

Edge of the observable universe 


The Greek Alphabet 


Alpha A a Iota I 

Beta B B Kappa K 
Gamma r y Lambda A 
Delta A 6 M 
Epsilon EB € N 
Zeta Z C =I 
Eta H n Omicron O 
Theta 0 0 Pi Il 








1.21 kg/m? 
1010 J/kg -K 
1.40 

343 mis 

3 x 10° V/m 
0.0289 kg/mol 


1000 kg/m? 
1460 m/s 
4190 Jhkg-K 
333 kJ/kg 
2260 kJ/kg 
1.33 

0.0180 kg/mol 


5.98 x 10% kg 
6.37 X 10° m 
9.8 m/s? 

1.01 x 10° Pa 
86.3 min 

42 200 km 

11.2 km/s 

8.0 x 1072 A-m? 
150 V/m, down 


3.82 X 108m 
1.50 x 10!! m 
4.04 x 10!° m 
2.2 X 107° m 

2.1 X 1072 m 

~107° m 


Rho 
Sigma 
Tau 
Upsilon 
Phi 

Chi 

Psi 
Omega 


~ ex ax omy 
&e¢2Qr 
6 


& ¢ x 


Fundamentals of 
Physics 








TS a) = ee 


HALLIDAY / RESNICK 


Fundamentals of ae ay 
Physics 





ey 37-1) 1>)-1> eee 


Jearl Walker 


Cleveland State University 


John Wiley & Sons, Inc. 7 





ACQUISITIONS EDITOR Stuart Johnson 
PROJECT EDITOR Geraldine Osnato 

EDITORIAL ASSISTANT Aly Rentrop 

SENIOR MARKETING MANAGER Amanda Wy¢gal 
SENIOR PRODUCTION EDITOR Elizabeth Swain 
TEXT DESIGNER Madelyn Lesure 

COVER DESIGNER Norm Christiansen 

DUMMY DESIGNER Lee Goldstein 

PHOTO EDITOR Hilary Newman 

ILLUSTRATION EDITOR Anna Melhorn 
ILLUSTRATION STUDIO Radiant Illustrations Inc. 
SENIOR MEDIA EDITOR Thomas Kulesa 

MEDIA PROJECT MANAGER Bridget O’Lavin 
COVER IMAGE ©Eric Heller/Photo Researchers 
BICENTENNIAL LOGO DESIGN Richard J. Pacifico 


This book was set in 10/12 Times Ten by Progressive Information Technologies and 
printed and bound by Von Hoffmann Press. The cover was printed by Von Hoffmann 
Press. 


This book 1s printed on acid free paper. 


Copyright © 2008 John Wiley & Sons, Inc. All rights reserved. No part of this publication may be 
reproduced, stored in a retrieval system or transmitted in any form or by any means, electronic. 
mechanical, photocopying, recording, scanning or otherwise, except as permitted under Sections 
107 or 108 of the 1976 United States Copyright Act, without either the prior written permission of 
the Publisher, or authorization through payment of the appropriate per-copy fee to the Copvright 
Clearance Center, Inc. 222 Rosewood Drive, Danvers, MA 01923, website www.copyright.com. 
Requests to the Publisher for permission should be addressed to the Permissions Department. John 
Wiley & Sons, Inc., 111 River Street, Hoboken, NJ 07030-5774, (201)748-6011, fax (201)748-6008, or 
online at http://www.wiley.com/go/permissions. 


To order books or for customer service please call 1-800-CALL WILEY (225-5945). 


Library of Congress Cataloging-in-Publication Data 
Halliday, David 
Fundamentals of physics.—8th ed., Extended/David Halliday, Robert Resnick, Jear] Walker. 
p. cm. 
Includes index. 
Extended version: ISBN 978-0-471-75801-3 (acid-free paper) 
1. Physics—Textbooks. I. Resnick, Robert II. Walker, Jear] III. Title. 
QC21.3.H35 2008 
530—dc22 
2006041375 


Printed in the United States of America 


10-9 367.76) 3) 432 al 


Volume 1 


PART 1 
Chapter 1 
Chapter 2 
Chapter 3 
Chapter 4 


Chapter 5 
Chapter 6 
Chapter 7 
Chapter 8 


Chapter 9 


Chapter 10 
Chapter 11 


PART 2 

Chapter 12 
Chapter 13 
Chapter 14 
Chapter 15 
Chapter 16 
Chapter 17 
Chapter 18 


Chapter 19 
Chapter 20 


Measurement 
Motion Along a Straight Line 
Vectors 


Motion in Two and Three 
Dimensions 


Force and Motion — | 
Force and Motion — II 
Kinetic Energy and Work 


Potential Energy and 
Conservation of Energy 


Center of Mass and Linear 
Momentum 


Rotation 


Rolling, Torque, and Angular 
Momentum 


Equilibrium and Elasticity 


Gravitation 


Fluids 
Oscillations 
Waves — | 
Waves — Il 


Temperature, Heat, and the First 
Law of Thermodynamics 


The Kinetic Theory of Gases 


Entropy and the Second Law 
of Thermodynamics 





Volume 2 


PART 3 

Chapter 21 
Chapter 22 
Chapter 23 
Chapter 24 
Chapter 25 
Chapter 26 
Chapter 27 
Chapter 28 
Chapter 29 
Chapter 30 
Chapter 31 


Chapter 32 


PART 4 

Chapter 33 
Chapter 34 
Chapter 35 
Chapter 36 
Chapter 37 


PART 5 

Chapter 38 
Chapter 39 
Chapter 40 
Chapter 41 
Chapter 42 
Chapter 43 
Chapter 44 


Electric Charge 

Electric Fields 

Gauss’ Law 

Electric Potential 

Capacitance 

Current and Resistance 

Circuits 

Magnetic Fields 

Magnetic Fields Due to Currents 
Induction and Inductance 


Electromagnetic Oscillations and 
Alternating Current 


Maxwell's Equations; Magnetism 
of Matter 


Electromagnetic Waves 
Images 

Interference 

Diffraction 

Relativity 


Photons and Matter Waves 

More About Matter Waves 

All About Atoms 

Conduction of Electricity in Solids 
Nuclear Physics 

Energy from the Nucleus 


Quarks, Leptons, and the Big 
Bang 


Appendices / Anwers to Checkpoints and Odd-Numbered Questions and Problems / Index 


Vil 


&@ Measurement 1 


How can the ground become fluid and sallow up 
buildings? 

1-1. What ls Physics? 2 

1-2. Measuring Things 2 

1-3. The International System of Units 2 

1-4 Changing Units 3 


1-5 Length 4 
1-6 Time 5 
1-7. Mass 7 


Review & Summary 8 


Problems 8 


®M Motion Along a Straight Line 13 


How can a woodpecker survive the severe impacts 
of its beak on a tree? 


2-1 What ls Physics? 14 

2-2 Motion 14 

2-3 Position and Displacement 14 

2-4 Average Velocity and Average Speed 15 
2-5 Instantaneous Velocity and Speed 17 

2-6 Acceleration 19 

2-7 Constant Acceleration: A Special Case 21 
2-8 Another Look at Constant Acceleration 24 
2-9 Free-Fall Acceleration 24 

2-10 Graphical Integration in Motion Analysis 27 
Review & Summary 28 

Questions 29 / Problems 30 


EKHVector 38 


How does an ant know the way home with no guiding 
clues on the desert plains? 


3-1 What ls Physics? 39 

3-2 Vectors and Scalars 39 

3-3 Adding Vectors Geometrically 39 
3-4 Components of Vectors 40 

3-5 Unit Vectors 44 

3-6 Adding Vectors by Components 45 
3-7 Vectors and the Laws of Physics 48 
3-8 Multiplying Vectors 48 

Review & Summary 52 

Questions 52 / Problems 53 





8 Motion in Two and Three Dimensions 
58 

How does an outfielder know where to run to catch a high 

fly ball? 

4-1. What Is Physics? 59 

4-2 Position and Displacement 59 

4-3 Average Velocity and Instantaneous Velocity 61 

4-4 Average Acceleration and Instantaneous 
Acceleration 63 

4-5 Projectile Motion 65 

4-6 Projectile Motion Analyzed 66 

4-7 Uniform Circular Motion 70 

4-8 Relative Motion in One Dimension 72 

4-9 Relative Motion in Two Dimensions 73 

Review & Summary 75 

Questions 76 / Problems 77 


B-H Force and Motion—I| 87 


What is the fear factor in riding the last car on a roller 
coaster? 


5-1 What ls Physics? 88 

5-2 Newtonian Mechanics 88 
5-3 Newton's First Law 88 

5-4 Force 89 

5-5 Mass 90 

5-6 Newton's Second Law 91 
5-7 Some Particular Forces 94 
5-8 Newton's Third Law 99 

5-9 Applying Newton's Laws 99 
Review & Summary 105 
Questions 106 / Problems 108 


®-H Force and Motion — Il 116 


How did the ancient Egyptians move the huge blocks into 
place to build the Great Pyramid? 


6-1 What ls Physics? 117 

6-2 Friction 117 

6-3 Properties of Friction 118 

6-4 The Drag Force and Terminal Speed 122 
6-5 Uniform Circular Motion 124 

Review & Summary 129 

Questions 130 / Problems 131 


Al Kinetic Energy and Work 140 


What property of a funny car determines the winning time 
in a drag race? 


7-1 What Is Physics? 141 

7-2 What Is Energy? 141 

7-3 Kinetic Energy 141 

7-4 Work 142 

7-5. Work and Kinetic Energy 143 

7-6 Work Done by the Gravitational Force 146 
7-7 Work Done by a Spring Force 149 

7-8 Work Done by a General Variable Force 152 
7-9 Power 155 

Review & Summary 157 

Questions 158 / Problems 159 


§:3 Potential Energy and Conservation 
of Energy 166 


Why can a large landslide move almost 30 times as far 
across a valley as a small landslide? 


8-1 What ls Physics? 167 

8-2 Work and Potential Energy 167 

8-3 Path Independence of Conservative Forces 168 
8-4 Determining Potential Energy Values 170 

8-5 Conservation of Mechanical Energy 173 

8-6 Reading a Potential Energy Curve 175 

8-7 Work Done on a System by an External Force 179 
8-8 Conservation of Energy 182 

Review & Summary 186 

Questions 187 / Problems 189 


&ai Center of Mass and Linear Momentum 
201 


How can a male bighorn sheep survive the severe head 
collision with which it gains dominance? 


9-1. What Is Physics? 202 

9-2. The Center of Mass 202 

9-3. Newton’s Second Law for a System of Particles 206 
9-4 Linear Momentum 209 

9-5 The Linear Momentum of a System of Particles 210 
9-6 Collision and Impulse 210 

9-7 Conservation of Linear Momentum 214 

9-8 | Momentum and Kinetic Energy in Collisions 217 
9-9 Inelastic Collisions in One Dimension 218 

9-10 Elastic Collisions in One Dimension 221 

9-11 Collisions in Two Dimensions 224 

9-12 Systems with Varying Mass: A Rocket 224 

Review & Summary 226 

Questions 228 / Problems 229 


ble} Rotation 241 


How can a small snapping shrimp snap its claw so firmly 
that the sound stuns its prey? 


10-1 What Is Physics? 242 

10-2. The Rotational Variables 242 

10-3. Are Angular Quantities Vectors? 246 

10-4 Rotation with Constant Angular Acceleration 247 
10-5 Relating the Linear and Angular Variables 249 
10-6 _—_ Kinetic Energy of Rotation 252 

10-7 Calculating the Rotational Inertia 253 

10-8 Torque 256 

10-9 Newton's Second Law for Rotation 257 

10-10 Work and Rotational Kinetic Energy 260 
Review & Summary 263 

Questions 265 / Problems 266 


HEH Rolling, Torque, and Angular 
Momentum 275 


What is the magic behind the onset of a ballet dancer’s 
midair rotation during a tour jeté? 


11-1 What Is Physics? 276 

11-2. Rolling as Translation and Rotation Combined 276 

11-3. The Kinetic Energy of Rolling 277 

11-4 The Forces of Rolling 278 

11-5 The Yo-Yo 281 

11-6 Torque Revisited 281 

11-7. Angular Momentum 283 

11-8 | Newton's Second Law in Angular Form 285 

11-9 = The Angular Momentum of a System 
of Particles 287 

11-10 The Angular Momentum of a Rigid Body Rotating 
About a Fixed Axis 287 

11-11 Conservation of Angular Momentum 290 

11-12 Precession of a Gyroscope 293 

Review & Summary 295 

Questions 296 / Problems 297 


A Equilibrium and Elasticity 305 


Why is even the slight tilt of the leaning tower in 
Pisa dangerous? 


12-1 What Is Physics? 306 

12-2 Equilibrium 306 

12-3. The Requirements of Equilibrium 307 
12-4 The Center of Gravity 308 

12-5 Some Examples of Static Equilibrium 310 
12-6 — Indeterminate Structures 314 

12-7 _—_ Elasticity 315 

Review & Summary 319 

Questions 319 / Problems 321 


kEIGravitation 330 

What “monster” lurks at the center of our 

Milky Way Galaxy? 

13-1. | What Is Physics? 331 

13-2 Newton's Law of Gravitation 331 

13-3. Gravitation and the Principle of Superposition 333 
13-4 Gravitation Near Earth's Surface 335 
13-5 Gravitation Inside Earth 337 

13-6 — Gravitation Potential Energy 338 

13-7. Planets and Satellites: Kepler's Laws 342 
13-8 Satellites: Orbits and Energy 345 

13-9 — Einstein and Gravitation 347 

Review & Summary 349 

Questions 350 / Problems 351 


BEYFluids 359 


How does a surfer surf? 

14-1 What Is Physics? 360 

14-2. Whatlsa Fluid? 360 

14-3. Density and Pressure 360 
14-4 Fluids at Rest 362 

14-5 Measuring Pressure 365 
14-6 Pascal's Principle 366 
14-7 = Archimedes’ Principle 367 
14-8 — Ideal Fluids in Motion 370 
14-9 The Equation of Continuity 371 
14-10 Bernoulli's Equation 373 
Review & Summary 377 

Questions 378 / Problems 379 


kLI Oscillations 386 


How can you stop the natural but annoying oscillations of 
a tall building in a wind? 


15-1 What Is Physics? 387 

15-2 Simple Harmonic Motion 387 

15-3. The Force Law for Simple Harmonic Motion 390 

15-4 — Energy in Simple Harmonic Motion 392 

15-5. An Angular Simple Harmonic Oscillator 394 

15-6 Pendulums 395 

15-7 — Simple Harmonic Motion and Uniform Circular 
Motion 399 

15-8 | Damped Simple Harmonic Motion 400 

15-9 Forced Oscillations and Resonance 402 

Review & Summary 403 

Questions 403 / Problems 405 


Contents [i ee 
bF-lWaves—I 413 


What causes the sometimes dangerous oscillations of 
footbridges and mosh pits? 


16-1 | Whatls Physics? 414 

16-2 TypesotWaves 414 

16-3. Transverse and Longitudinal Waves 414 

16-4 Wavelength and Frequency 416 

16-5 The Speed of a Traveling Wave 418 

16-6 Wave Speed on a Stretched String 412 

16-7 — Energy and Power of a Wave Traveling Along a 
String 423 

16-8 The Wave Equation 425 

16-9 The Principle of Superposition for Waves 426 

16-10 Interference of Waves 427 

16-11. Phasors 429 

16-12 Standing Waves 431 

16-13 Standing Waves and Resonance 433 

Review & Summary 436 

Questions 436 / Problems 438 


bPAWaves—ll 445 


What causes the musical echo from the stairs at an ancient 
Mayan pyramid? 


17-1 What ls Physics? 446 

17-2. Sound Waves 446 

17-3. The Speed of Sound 446 
17-4 Traveling Sound Waves 449 
17-5 Interference 451 

17-6 Intensity and Sound Level 453 
17-7 Sources of Musical Sound 457 
17-8 Beats 459 

17-9 The Doppler Effect 460 
17-10 Supersonic Speeds, Shock Waves 464 
Review & Summary 465 

Questions 466 / Problems 467 


hE: Temperature, Heat, and the First Law 
of Thermodynamics 476 


How can a beetle detect a forest fire at a large distance 
without seeing or smelling it? 


18-1. What ls Physics? 477 

18-2 Temperature 477 

18-3. The Zeroth Law of Thermodynamics 477 
18-4 | Measuring Temperature 478 

18-5 The Celsius and Fahrenheit Scales 478 


»4in Contents 





18-6 Thermal Expansion 482 

18-7 Temperature and Heat 484 

18-8 The Absorption of Heat by Solids and Liquids 485 

18-9 A Closer Look at Heat and Work 488 

18-10 The First Law of Thermodynamics 490 

18-11 Some Special Cases of the First Law of 
Thermodynamics 491 

18-12 Heat Transfer Mechanisms 493 

Review & Summary 497 

Questions 498 / Problems 500 


bf1 The Kinetic Theory of Gases 507 


What causes the fog that appears when a carbonated 
drink is opened? 


19-1. What Is Physics? 508 

19-2. | Avogadro’s Number 508 

19-3. Ideal Gases 509 

19-4 Pressure, Temperature, and RMS Speed 512 
19-5 Translational Kinetic Energy 514 

19-6 Mean Free Path 515 

19-7 The Distribution of Molecular Soeeds 517 
19-8 — The Molar Specific Heats of an Ideal Gas 520 
19-9 Degrees of Freedom and Molar Specific Heats 523 
19-10 A Hint of Quantum Theory 525 

19-11 The Adiabatic Expansion of an Ideal Gas 526 
Review & Summary 529 

Questions 530 / Problems 531 


¥{¢) Entropy and the Second Law of 
Thermodynamics 536 


What is the connection between a rubber band’s stretch 
and the direction of time? 


20-1. Whatls Physics? 537 

20-2 Irreversible Processes and Entropy 537 

20-3. Change in Entropy 538 

20-4 The Second Law of Thermodynamics 542 
20-5 —_ Entropy in the Real World: Engines 543 
20-6 — Entropy in the Real World: Refrigerators 548 
20-7 _— The Efficiencies of Real Engines 549 

20-8 ~—A Statistical View of Entropy 550 

Review & Summary 554 

Questions 555 / Problems 555 


PAI Electric Charge 561 


How can a video monitor in a surgical room increase 
the risk of bacterial contamination? 


21-1 What Is Physics? 562 
21-2 Electric Charge 562 


21-3. Conductors and Insulators 563 
21-4 Coulomb's Law 565 

21-5. Charge ls Quantized 571 
21-6 Charge ls Conserved 572 
Review & Summary 573 

Questions 573 / Problems 575 


¥¥A Electric Fields 580 


How does a bee use electrostatics to collect and then 
distribute pollen grains? 


22-1 What ls Physics? 581 

22-2 The Electric Field 581 

22-3 ~—_ Electric Field Lines 582 

22-4 ‘The Electric Field Due to a Point 
Charge 583 

22-5. The Electric Field Due to an Electric 
Dipole 585 

22-6 The Electric Field Due to a Line of 
Charge 586 

22-7 _— The Electric Field Due to a Charged 
Disk 590 

22-8 A Point Charge in an Electric Field 591 

22-9 A Dipole in an Electric Field 594 

Review & Summary 596 

Questions 597 / Problems 598 


VEiGauss’ Law 605 
How can lightning harm you even if it does not strike you? 
23-1 What Is Physics? 606 
23-2. Flux 606 
23-3. Flux of an Electric Field 607 
23-4 Gauss’ Law 609 
23-5 Gauss’ Law and Coulomb's Law 611 
23-6 | A Charged Isolated Conductor 612 
23-7. Applying Gauss’ Law: Cylindrical 
Symmetry 615 
23-8 Applying Gauss’ Law: Planar Symmetry 616 
23-9 Applying Gauss’ Law: Spherical 
Symmetry 618 
Review & Summary 620 
Questions 620 / Problems 621 


VZ4 Electric Potential 628 

What danger does a sweater pose to a computer? 
24-1. What ls Physics? 629 

24-2 —_ Electric Potential Energy 629 

24-3 Electric Potential 630 


24-4 — Equipotential Surfaces 632 
24-5 Calculating the Potential from the Field 633 
24-6 Potential Due to a Point Charge 635 
24-7 Potential Due to a Group of Point 
Charges 636 
24-8 Potential Due to an Electric Dipole 637 
24-9 Potential Due to a Continuous Charge 
Distribution 638 
24-10 Calculating the Field from the Potential 640 
24-11 Electric Potential Energy of a System of Point 
Charges 641 
24-12 Potential of a Charged Isolated Conductor 644 
Review & Summary 645 
Questions 646 / Problems 647 


P41 Capacitance 656 

How can a spark set up an explosion in airborne powder? 
25-1 What ls Physics? 657 

25-2 Capacitance 65/7 

25-3. Calculating the Capacitance 659 

25-4 Capacitors in Parallel and in Series 662 
25-5 Energy Stored in an Electric Field 666 
25-6 Capacitor with a Dielectric 670 

25-7 Dielectrics: An Atomic View 672 

25-8 Dielectrics and Gauss’ Law 672 

Review & Summary 675 

Questions 675 / Problems 676 


»2 Current and Resistance 682 


What precautions should you take if caught outdoors 
during a lightning storm? 


26-1 Whats Physics? 683 

26-2 ~~ Electric Current 683 

26-3, Current Density 685 

26-4 _—_— Resistance and Resistivity 688 
26-5 Ohm’sLaw 692 

26-6 A Microscopic View of Ohm's Law 693 
26-7 — Power in Electric Circuits 695 
26-8 Semiconductors 696 

26-9 Superconductors 697 

Review & Summary 698 

Questions 699 / Problems 700 


PyA Circuits 705 


How can a pit crew avoid a fire while fueling a 
charged race car? 


27-1 What ls Physics? 706 
27-2. “Pumping” Charges 706 


27-3. Work, Energy, and Emf 707 

27-4 = Calculating the Current ina 
Single-Loop Circuit 708 

27-5. Other Single-Loop Circuits 710 

27-6 Potential Difference Between Two 
Points 711 

27-7 Multiloop Circuits 714 

27-8 |The Ammeter and the Voltmeter 720 

27-9  RCCircuits 720 

Review & Summary 724 

Questions 725 / Problems 726 


¥4:1 Magnetic Fields 735 

What causes an aurora and why is it so thin? 

28-1 Whats Physics? 736 

28-2 What Produces a Magnetic Field? 736 

28-3. The Definition of B_ 736 

28-4 Crossed Fields: Discovery of the Electron 740 

28-5 Crossed Fields: The Hall Effect 741 

28-6 A Circulating Charged Particle 743 

28-7 §Cyclotrons and Synchrotrons 748 

28-8 |= Magnetic Force on a Current-Carrying 
Wire 750 

28-9 Torque ona Current Loop 7/52 

28-10 The Magnetic Dipole Moment 754 

Review & Summary 755 

Questions 756 / Problems 757 


4°] Magnetic Fields Due to Currents 764 


How can the human brain produce a detectable magnetic 
field without any magnetic material? 


29-1 = What Is Physics? 765 
29-2 Calculating the Magnetic Field Due 
to a Current 765 
29-3 Force Between Two Parallel Currents 771 
29-4 Ampere’s Law 772 
29-5 Solenoids and Toroids 776 
29-6 A Current-Carrying Coil as a 
Magnetic Dipole 778 
Review & Summary 780 
Questions 781 / Problems 782 


Ei] Induction and Inductance 791 

How can magnetic induction melt metal in a foundry? 
30-1 What lIs Physics? 792 

30-2. Two Experiments 7/92 


4241 Contents 


30-3. = Faraday’s Law of Induction 793 
30-4 Lenz'sLaw 795 
30-5 —_ Induction and Energy Transfers 798 
30-6 —_ Induced Electric Fields 801 
30-7 = Inductors and Inductance 805 
30-8 = Self-Induction 806 
30-9 RLCircuits 807 
30-10 Energy Stored in a Magnetic Field 810 
30-11 Energy Density of a Magnetic 
Field 812 
30-12 Mutual Induction 814 
Review & Summary 816 
Questions 816 / Problems 818 


E& Electromagnetic Oscillations 
and Alternating Current 826 


How did a solar eruption knock out the power- 
grid system of Quebec? 


31-1 What Is Physics? 827 

31-2 LC Oscillations, Qualitatively 827 

31-3. ~The Electrical-Mechanical 
Analogy 830 

31-4 LC Oscillations, Quantitatively 831 

31-5. Damped Oscillations in an RLC 
Circuit 834 

31-6 = Alternating Current 835 

31-7 Forced Oscillations 835 

31-8 Three Simple Circuits 837 

31-9 The Series RLC Circuit 842 

31-10 Power in Alternating-Current 
Circuits 846 

31-11 Transformers 849 

Review & Summary 853 

Questions 854 / Problems 855 


E¥4 Maxwell’s Equations; Magnetism 
of Matter 861 


How can a mural painting record the direction 
of Earth’s magnetic field? 


32-1. Whats Physics? 862 

32-2 Gauss’ Law for Magnetic Fields 862 
32-3 Induced Magnetic Fields 864 

32-4 Displacement Current 866 

32-5. Maxwell's Equations 868 

32-6 Magnets 869 


32-7 Magnetism and Electrons 870 
32-8 | Magnetic Materials 874 
32-9 Diamagnetism 874 

32-10 Paramagnetism 876 

32-11 Ferromagnetism 877 
Review & Summary 881 

Questions 882 / Problems 883 


E&1 Electromagnetic Waves 889 

What causes a sundog, the bright, colorful spot that can 

appear left or right of the Sun? 

33-1 What Is Physics? 890 

33-2 Maxwell's Rainbow 890 

33-3. ~The Traveling Electromagnetic Wave, 
Qualitatively 891 

33-4 The Traveling Electromagnetic Wave, 
Quantitatively 894 

33-5 Energy Transport and the Poynting Vector 897 

33-6 Radiation Pressure 899 

33-7 ~=Polarization 901 

33-8 Reflection and Refraction 905 

33-9 — Total Internal Reflection 910 

33-10 Polarization by Reflection 912 

Review & Summary 913 

Questions 914 / Problems 915 


EZIlmages 924 


How can a fish see clearly in both air and water 
simultaneously? 


34-1 What Is Physics? 925 

34-2. Two Types of lmage 925 

34-3. Plane Mirrors 926 

34-4 = Spherical Mirrors 928 

34-5 Images from Spherical Mirrors 930 
34-6 Spherical Refracting Surfaces 933 
34-7 Thin Lenses 936 

34-8 = Optical Instruments 941 

34-9 Three Proots 944 

Review & Summary 947 

Questions 948 / Problems 949 


EkiiInterference 958 


How do color-shifting inks on paper currency shift colors? 
35-1 What ls Physics? 959 
35-2  LightasaWave 959 


35-3 = Diffraction 963 

35-4 Young's Interference Experiment 964 
35-5 Coherence 968 

35-6 — Intensity in Double-Slit Interference 968 
35-7 Interference from Thin Films 972 

35-8 Michelson’s Interferometer 978 
Review & Summary 979 

Questions 979 / Problems 981 


KY. Diffraction 990 


What causes the arresting blue color of the facial skin 
of a mandrill baboon? 


36-1 What ls Physics? 991 

36-2. Diffraction and the Wave Theory of Light 991 

36-3 _ Diffraction by a Single Slit: Locating the 
Minima 992 

36-4 Intensity in Single-Slit Diffraction, 
Qualitatively 995 

36-5 Intensity in Single-Slit Diffraction, 
Quantitatively 996 

36-6 Diffraction by a Circular Aperture 998 

36-7 Diffraction by a Double Slit 1002 

36-8 Diffraction Gratings 1004 

36-9 Gratings: Dispersion and Resolving Power 1008 

36-10 Diffraction by Organized Layers 1010 

Review & Summary 1012 

Questions 1013 / Problems 1014 


E¥4 Relativity 1022 


How can we determine what lurks at the center of the 
galaxy M87, 50 million light-years away? 


37-1 What Is Physics? 1023 

37-2 The Postulates 1023 

37-3 Measuring an Event 1024 

37-4 ‘The Relativity of Simultaneity 1026 

37-5 The Relativity of Time 1027 

37-6 The Relativity of Length 1032 

37-7. The Lorentz Transformation 1034 

37-8 | Some Consequences of the Lorentz 
Equations 1036 

37-9 The Relativity of Velocities 1038 

37-10 Doppler Effect for Light 1039 

37-11 ANewLook at Momentum 1043 

37-12 ANewLook at Energy 1043 

Review & Summary 1048 

Questions 1049 / Problems 1050 


kt: Photons and Matter Waves 1057 


How can molecules be moved one by one and 
then imaged? 


38-1 What Is Physics? 1058 

38-2 The Photon, the Quantum of Light 1058 
38-3 The Photoelectric Effect 1060 

38-4 | Photons Have Momentum 1063 

38-5 — Light as a Probability Wave 1066 

38-6 Electrons and Matter Waves 1068 

38-7 = Schrddinger’s Equation 1071 

38-8  Heisenberg's Uncertainty Principle 1073 
38-9 Barrier Tunneling 1074 

Review & Summary 1077 

Questions 1077 / Problems 1078 


Kkiea More About Matter Waves 1083 


How can you corral an electron? 
39-1 What Is Physics? 1084 
39-2 String Waves and Matter Waves 1084 
39-3. Energies of a Trapped Electron 1085 
39-4 Wave Functions of a Trapped Electron 1089 
39-5. An Electron in a Finite Well 1092 
39-6 | More Electron Traps 1094 
39-7 Two- and Three-Dimensional Electron 
Traps 1096 
39-8 = The Bohr Model of the Hydrogen Atom 1097 
39-9 = Schrddinger's Equation and the 
Hydrogen Atom 1100 
Review & Summary 1106 
Questions 1107 / Problems 1108 


Efe} All About Atoms 1112 


What is so different about light from a laser? 

40-1 What ls Physics? 1113 

40-2. Some Properties of Atoms 1113 

40-3. Electron Spin 1115 

40-4 = Angular Momenta and Magnetic 
Dipole Moments 1116 

40-5 ~The Stern—Gerlach Experiment 1118 

40-6 Magnetic Resonance 1121 

40-7‘ The Pauli Exclusion Principle 1122 

40-8 Multiple Electrons in Rectangular Traps 1123 

40-9 — Building the Periodic Table 1126 

40-10 X Rays and the Ordering of the 
Elements 1127 

40-11 Lasers and Laser Light 1131 


ull Contents 





40-12 HowLasers Work 1132 
Review & Summary 1135 
Ouestions 1135 7 Problems 1137 


Sl Conduction of Electricity 
in Solids 1142 


Why do rock guitarists shun transistor amplifiers for old- 
fashioned tube amplifiers? 


41-1 What Is Physics? 1143 

41-2. The Electrical Properties of Solids 1143 
41-3 Energy Levels in a Crystalline Solid 1144 
41-4 Insulators 1144 

41-5 Metals 1145 

41-6 Semiconductors 1150 

41-7 Doped Semiconductors 1151 

41-8 Thep-nJunction 1154 

41-9 The Junction Rectifier 1156 

41-10 The Light-Emitting Diode (LED) 1157 
41-11. The Transistor 1159 

Review & Summary 1160 

Questions 1161 / Problems 1162 


/¥4 Nuclear Physics 1165 


What causes the radiation danger to air crews flying 
the long “polar” routes? 


42-1 What ls Physics? 1166 

42-2 Discovering the Nucleus 1166 
42-3, Some Nuclear Properties 1167 
42-4 Radioactive Decay 1174 

42-5. AlphaDecay 1177 

42-6  BetaDecay 11/79 

42-7 —_ Radioactive Dating 1182 

42-8 | Measuring Radiation Dosage 1183 
42-9 Nuclear Models 1184 

Review & Summary 1187 

Questions 1188 / Problems 1188 


Ui Energy from the Nucleus 1195 
What physics underlies the image that has horrified 
the world since World War II? 

43-1 What Is Physics? 1196 

43-2 Nuclear Fission: The Basic Process 1197 
43-3, A Model for Nuclear Fission 1199 

43-4 The Nuclear Reactor 1201 


43-5 A Natural Nuclear Reactor 1205 

43-6 | Thermonuclear Fusion: The Basic 
Process 1207 

43-7 | Thermonuclear Fusion in the Sun and 
Other Stars 1208 

43-8 Controlled Thermonuclear Fusion 1211 

Review & Summary 1213 

Questions 1213 / Problems 1214 


/Y3 Quarks, Leptons, and the 
Big Bang 1218 
How can a photograph of the early universe be taken? 
44-1 What Is Physics? 1219 
44-2 Particles, Particles, Particles 1219 
44-3. Anlnterlude 1223 
44-4 TheLeptons 1226 
44-5  TheHadrons 1227 
44-6 — Still Another Conservation Law 1229 
44-7 The Eightfold Way 1230 
44-8 The Quark Model 1231 
44-9 The Basic Forces and Messenger 
Particles 1234 
44-10 A Pause for Reflection 1236 
44-11 The Universe Is Expanding 1237 
44-12 The Cosmic Background Radiation 1238 
44-13. Dark Matter 1238 
44-14 The Big Bang 1239 
44-15 ASumming Up 1242 
Review & Summary 1242 
Questions 1243 / Problems 1243 


HM) Appendices 


The International System of Units (SI) A-1 
Some Fundamental Constants of Physics A-3 
Some Astronomical Data A-4 

Conversion Factors A-5 

Mathematical Formulas A-9 

Properties of the Elements A-12 

Periodic Table of the Elements A-15 


qa r mond ws > 


Answers to Checkpoints and Odd-Numbered 
Questions and Problems AN-1 


Index |-1 

























Fun with a big challenge. That is how I have regarded 
physics since the day when Sharon, one of the students 
in a class I taught as a graduate student, suddenly de- 
manded of me, “What has any of this got to do with my 
life?” Of course I immediately responded, “Sharon, 
this has everything to do with your life—this is 
physics.” 

She asked me for an example. I thought and 
thought but could not come up with a single one. That 
night I created The Flying Circus of Physics for Sharon 
but also for me because I realized her complaint was 
mine. I had spent six years slugging my way through 
many dozens of physics textbooks that were carefully 
written with the best of pedagogical plans, but there 
was something missing. Physics is the most interesting 
subject in the world because it is about how the world 
works, and yet the textbooks had been thoroughly 
wrung of any connection with the real world. The fun 
was missing. 

I have packed a lot of real-world physics into this 
HRW book, connecting it with the new edition of The 
Flying Circus of Physics. Much of the material comes 
from the HRW classes I teach, where I can judge from 
the faces and blunt comments what material and pre- 
sentations work and what do not. The notes I make on 
my successes and failures there help form the basis of 
this book. My message here is the same as I had with 
every student I’ve met since Sharon so long ago: “Yes, 
you can reason from basic physics concepts all the way 
to valid conclusions about the real world, and that un- 
derstanding of the real world is where the fun is.” 

I have many goals in writing this 
book but the overriding one is to provide 
instructors with a tool by which they can 
teach students how to effectively read 
scientific material, identify fundamental 
concepts, reason through scientific ques- 







Sample Problem KES: 


Suppose a baseball batter B hits a high fly ball to the 
outfield, directly toward an outfielder F and with a 
launch speed of vy = 40 m/s and a launch angle of 

4, = 35°. During the flight, a line from the outfielder to 

the ball makes an angle @¢ with the ground. Plot eleva- 

tion angle ¢ versus time ¢, assuming that the outfielder is \ 
already positioned to catch the ball, is 6.0 m too close to 
the batter, and is 6.0 m too far away. 


Eau (1) If we neglect air drag, the ball is a pro- = Nee Re 


jectile for which the vertical motion and the horizontal 
motion can be analyzed separately. (2) Assuming the ta) 
ball is caught at approximately the height it is hit. the FIG. 4-17. The elevationa 
horizontal distance traveled by the ball is the range R, fielder is (a) defined and (/ 
given by Eq. 4-26 (R = (vj/g) sin 2). 





Calculations: The ball can be caught if the outfielder’s 
distance from the batter is equal to the range R of the 
ball. Using Eq. 4-26. we find 


vA (40 m/s)- 


R= — sin 24) = 9.8 mis? sin (70°) = 153.42 m. 


‘= 






Motion in Two and 
Three Dimensions 











file, how does the outfielder in the 
teh it? Often the outfielder will jog 
yen site, arrive 
but some other factor seems to 













Figure 4-17a shows a snapshot of the ball in flight when 
the ball is at height y and horizontal distance x from the 
batter (who is at the origin). The horizontal distance of 
the ball from the outhelder is RK — x, and the elevation 
angle @ of the ball in the outfielder’s view is given by 


tan @ = w(K — x). For the height y, we use Eq. 4-22 


Pretace 


tions, and solve quantitative problems. This process is 
not easy for either students or instructors. Indeed, the 
course associated with this book may be one of the 
most challenging of all the courses taken by a student. 
However, it can also be one of the most rewarding be- 
cause it reveals the world’s fundamental clockwork 
from which all scientific and engineering applications 
spring. 

Many users of the seventh edition (both instruc- 
tors and students) sent in comments and suggestions to 
improve the book. These improvements are now incor- 
porated into the narrative and problems throughout 
the book. The publisher John Wiley & Sons and I 
regard the book as an ongoing project and encourage 
more input from users. You can send suggestions, cor- 
rections, and positive or negative comments to John 
Wiley & Sons (http:www.wiley.com/college/halliday) 
or Jearl Walker (mail address: Physics Department, 
Cleveland State University, Cleveland, OH 44115 USA; 
fax number: (USA) 216 687 2424; or email address: 
physics@wiley.com; or the blog site at www.flyingcircus- 
ofphysics.com). We may not be able to respond to all 
suggestions, but we keep and study each of them. 


Major Content Changes 


e Flying Circus material has been incorporated into 
the text in several ways: chapter opening Puzzlers, 
Sample Problems, text examples, and end-of-chapter 
Problems. The purpose of this is two-fold: (1) make the 
subject more interesting and engaging, (2) show the 
student that the world around 
them can be examined and un- 
derstood using the fundamental 
principles of physics. 































*28 The high-speed winds around a tornado can drive pro- 
g jectiles into trees, building walls, and even metal traffic signs. 
In a laboratory simulation, a standard wood toothpick was 
or shot by pneumatic gun into an oak branch. The toothpick’s 
eae mass was 0). 13 g, its speed before entering the branch was 
oo 220 m/s, and its penetration depth was 15 mm. If its speed was 
decreased at a uniform rate, what was the magnitude of the 

=| force of the branch on the toothpick? 


eee62 A ballerina begins a tour jeté (Fig. 11-20a) with an- 
| gular speed w; and a rotational inertia consisting of two parts: 
| fog = 1.44kg-m? for her leg extended outward at angle 
6 = 90.0° to her body and /,,,,, = 0.660 kg-m? for the rest of 
her body (primarily her trunk). Near her maximum height 
she holds both legs at angle 6 = 30.0° to her body and has an- 
gular speed w, (Fig. 11-206). Assuming that Jyun, has not 
changed, what is the ratio w,;/w)? 









What clue is 
hidden in the 


ball's motion? 


ng just as the ball 












3. Long jump When an athlete takes off from the ground in a running long 
jump, the forces on the launching foot give the athlete an angular momentum 
with a forward rotation around a horizontal axis. Such rotation would not al- 
low the jumper to land properly: In the landing, the legs should be together 
and extended forward at an angle so that the heels mark the sand at the great- 
est distance. Once airborne, the angular momentum cannot change (it is con- 
served) because no external torque acts to change it. However, the jumper can 
shift most of the angular momentum to the arms by rotating them in windmill 
fashion (Fig. 11-19). Then the body remains upright and in the proper orienta- 

tion for landing. se 
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e Links to The Flying Circus of Physics are shown 
throughout the text material and end-of-chapter prob- 
lems with a biplane icon. In the electronic 

version of this book, clicking on the icon << 
takes you to the corresponding item in Flying Circus. 
The bibliography of Flying Circus (over 10 000 refer- 
ences to scientific and engineering journals) is located 
at www.flyingcircusofphysics.com. 


e The Newtonian gravitational law, the Coulomb law, 
and the Biot-Savart law are now introduced in unit- 
vector notation. 


e Most of the chapter-opening puzzlers (the examples 
of applied physics designed to entice a reader into 
each chapter) are new and come straight from 
research journals in many different fields. 


e Several thousand of the end-of-chapter problems 
have been rewritten to streamline both the presenta- 
tion and the answer. Many new problems of the mod- 
erate and difficult categories have been included. 


Chapter Features 


Opening puzzlers. A curious puzzling situation opens 
each chapter and is explained somewhere within the 
chapter, to entice a student to read the chapter. These 
features, which are a hallmark of Fundamentals of 
Physics, are based on current research as reported in 
scientific, engineering, medical, and legal journals. 


What is physics? The narrative of every chapter now 
begins with this question, and with an answer that per- 
tains to the subject of the chapter. (A plumber once 
asked me, “What do 
you do for a liv-- | @ 
ing?” I replied, “I 
teach physics.” He 
thought for several 
minutes and then 
asked, “What is physics?” The plumber’s career was 
entirely based on physics, yet he did not even know 
what physics is. Many students in introductory physics 
do not know what physics is but assume that it is irrel- 
evant to their chosen career.) 


Checkpoints are stopping points that effectively ask 
the student, “Can you answer this question with some 
reasoning based on the narrative or sample problem 
that you just read?” If not, then the student should go 
back over that previous material before traveling 
deeper into the chapter. For example, see Checkpoint 
1 on page 62 and Checkpoint 2 on page 280. Answers 
to all checkpoints are in the back of the book. 


Sample problems are chosen to demonstrate how 
problems can be solved with reasoned solutions rather 
than quick and simplistic plugging of numbers into an 
equation with no regard for what the equation means. 


SSM Worked-out solution available in Student Solutions Manual 


@- eee Number of dots indicates level of problem difficulty 


The sample problems with the label “Build your skill” 
are typically longer, with more guidance. 


Key Ideas in the sample problems focus a student on 
the basic concepts at the root of the solution to a 
problem. In effect, these key ideas say, “We start our 
solution by using this basic concept, a procedure that 
prepares us for solving many other problems. We don’t 
start by grabbing an equation for a quick plug-and- 
chug, a procedure that prepares us for nothing.” 


Problem-solving tactics contain helpful instructions to 
guide the beginning physics student as to how to solve 
problems and avoid common errors. 


Review & Summary is a brief outline of the chapter 
contents that contains the essential concepts but which 
is not a substitute for reading the chapter. 


Questions are like the checkpoints and require reason- 
ing and understanding rather than calculations. 
Answers to the odd-numbered questions are in the back 
of the book. 


Problems are grouped under section titles and are la- 
beled according to difficulty. Answers to the odd-num- 
bered problems are in the back of the book. 


Icons for additional help. When worked-out solutions 
are provided either in print or electronically for cer- 
tain of the odd-numbered problems, the statements for 
those problems include a trailing icon to alert both stu- 
dent and instructor as to where the solutions are lo- 
cated. An icon guide is provided here and at the begin- 
ning of each set of problems: 


Tutoring problem available (at instructor's discretion) in WileyPLUS and WebAssign 


WWW_ Worked-out solution is at SAY m aT Se ET 
ttp://www.wiley.com/college/hallida 
ILW Interactive solution is at i ui ta 7 


8S Additional information available in The Flying Circus of Physics and at flyingcircusofphysics.com 





SSM Solution is in the Student Solutions Manual. 

WWW Solution is at 
http://www.wiley.com/college/halliday 

ILW Interactive LearningWare solution is at 
http://www. wiley.com/college/halliday 


Additional problems. These problems are not ordered 
or sorted in any way so that a student must determine 
which parts of the chapter apply to any given problem. 


Additional Features 


Reasoning versus plug-and-chug. A primary goal of 
this book is to teach students to reason through chal- 
lenging situations, from basic principles to a solution. 
Although some plug-and-chug homework problems 
remain in the book (on purpose), most homework 
problems emphasize reasoning. 


Chapters of reasonable length. To avoid producing a 
book thick enough to stop a bullet (and thus also a 
student), I have made the chapters of reasonable 
length. I explain enough to get a student going but not 
so much that a student no longer must analyze and 
fuse ideas. After all, a student will need the skill of an- 
alyzing and fusing ideas long after this book is read 
and the course is completed. 


Use of vector-capable calculators. When vector calcu- 
lations in a sample problem can be performed directly 
on-screen with a vector-capable calculator, the solution 
of the sample problem indicates that fact but still car- 
ries through the traditional component analysis. When 
vector calculations cannot be performed directly on- 
screen, the solution explains why. 


Graphs as puzzles. These are problems that give a 
graph and ask for a result that requires much more 
than just reading off a data point from the graph. 
Rather, the solution requires an understanding of the 
physical arrangement in a problem and the principles 
behind the associated equations. These problems are 
more like Sherlock Holmes puzzles because a student 
must decide what data are important. For examples, 
see problem 50 on page 80, problem 12 on page 108, 
and problem 22 on page 231. 


Problems with applied physics, based on published re- 
search, appear in many places, either as the opening 
puzzler of a chapter, a sample problem, or a homework 
problem. For example, see the opening puzzler for 
Chapter 4 on page 58, Sample Problem 4-8 on pages 
69-70, and homework problem 62 on page 302. For an 
example of homework problems that build on a con- 
tinuing story, see problems 2, 39, and 61 on pages 131, 
134, and 136. 


Problems with novel situations. Here is one of several 
hundred such problems: Problem 69 on page 113 re- 
lates a true story of how Air Canada flight 143 ran out 
of fuel at an altitude of 7.9 km because the crew and 
airport personnel did not consider the units for the 
fuel (an important lesson for students who tend to 
“blow off” units). 


Versions of the Text 


To accommodate the individual needs of instructors 
and students, the eighth edition of Fundamentals of 
Physics is available in a number of different versions. 


The Regular Edition consists of Chapters 1 
through 37 (ISBN 978-0-470-04472-8). 


The Extended Edition contains six additional 
chapters on quantum physics and cosmology, Chapters 
1-44 (ISBN 978-0-471-75801-3). 


Both editions are available as single, hard-cover 
books, or in the following alternative versions: 


e Volume 1 - Chapters 1-20 (Mechanics and 
Thermodynamics), hardcover, ISBN 978-0-47004473-5 


e Volume 2 - Chapters 21-44 (E&M, Optics, and 
Quantum Physics), hardcover, ISBN 978-0-470-04474-2 


e Part 1 - Chapters 1-11, paperback, ISBN 978-0-470- 


04475-9 

e Part 2 - Chapters 12-20, paperback, ISBN 978-0-470- 
04476-6 

e Part 3 - Chapters 21-32, paperback, ISBN 978-0-470- 
04477-3 

e Part 4 - Chapters 33-37, paperback, ISBN 978-0-470- 
04478-0 

e Part 5 - Chapters 38-44, paperback, ISBN 978-0-470- 
04479-7 

WILEY 

WileyPLUS ‘PLUS 


There have been several significant additions to the 
WileyPLUS course that accompanies Fundamentals 
of Physics: 


e All of the end-of-chapter problems have been 
coded and are now available for assignment. 


e Every problem has an associated Hint that can 
made available to the students at the instructor’s 
discretion. 


e There are approximately 400 additional Sample 
Problems available to the student at the instructor’s 
discretion. The Sample Problems are written in 
the same style and format as those in the text, Le., 
they are intended to give the student transferable 
problem-solving skills rather than specific recipes. 


e For every chapter, approximately 6 problems are 
available in a tutorial format that provides step-by- 
step, interactive problem-solving guidance. Most are 
marked here in this book with the icon 
(“Guided Online”) but more are being added. 


e For every chapter, approximately 6 problems are 
available in a version that requires the student to 
enter an algebraic answer. 


e There are vector drawing and vector diagram 
problems that use “drag ‘n drop” functionality to as- 
sess the students’ ability to draw vectors and vector 
diagrams. 


e There are simulation problems that require the 
student to work with a java applet. 


The overall purpose of this new material is to move 
the on-line homework experience beyond simple 
Right/Wrong grading and provide meaningful prob- 
lem solving guidance and support. 


Instructor's Supplements 


Instructor’s Solutions Manual by Sen-Ben Liao, 
Lawrence Livermore National Laboratory. This manual 
provides worked-out solutions for all problems found 
at the end of each chapter. 


Instructor Companion Site 
http://www.wiley.com/college/halliday 


e Instructor’s Manual by J. Richard Christman, U.S. 
Coast Guard Academy. This resource contains lecture 
notes outlining the most important topics of each 
chapter; demonstration experiments; laboratory and 
computer projects; film and video sources; answers to 
all Questions, Exercises, Problems, and Checkpoints; 
and a correlation guide to the Questions, Exercises, 
and Problems in the previous edition. It also contains a 
complete list of all problems for which solutions are 
available to students (SSM, WWW, and ILW). 


e Lecture PowerPoint Slides by Athos Petrou and 
John Cerne of the University of Buffalo. These 
PowerPoints cover the entire book and are heavily il- 
lustrated with figures from the text. 


e Classroom Response Systems (“Clicker”) Questions 
by David Marx, Illinois State University. There are 
two sets of questions available: Reading Quiz and 
Interactive Lecture. The Reading Quiz questions are 
intended to be relatively straightforward for any stu- 
dent who read the assigned material. The Interactive 
Lecture questions are intended to for use in an inter- 
active lecture setting. 


e Wiley Physics Simulations by Andrew Duffy, Boston 
University. 50 interactive simulations (Java applets) 
that can be used for classroom demonstrations. 


e Wiley Physics Demonstrations by David Maiullo, 
Rutgers University. This is a collection of digital videos 
of 80 standard physics demonstrations. They can be 
shown in class or accessed from the student compan- 
ion site. There is an accompanying Instructor’s Guide 
that includes “clicker” questions. 


e Test Bank by J. Richard Christman, U.S. Coast Guard 
Academy. The Test Bank includes more than 2200 mul- 
tiple-choice questions. These items are also available in 
the Computerized Test Bank which provides full edit- 
ing features to help you customize tests (available in 
both IBM and Macintosh versions). 


e All of the /nstructor’s Solutions Manual in MSWord, 
and pdf files 


e All text illustrations, suitable for both classroom pro- 
jection and printing. 


On-line homework and quizzing. In addition to 
WileyPLUS, Fundamentals of Physics, eighth edition 
also supports WebAssignPLUS and CAPA, which are 
other programs that give instructors the ability to 
deliver and grade homework and quizzes on-line. 


WebCT and Blackboard. A variety of materials have 
been prepared for easy incorporation in either WebCT 
or Blackboard. WebCT and Blackboard are powerful 
and easy-to-use web-based course-management sys- 
tems that allow instructors to set up complete on-line 
courses with chat rooms, bulletin boards, quizzing, stu- 
dent tracking, etc. 


Student's Supplements 


Student Companion site. This web site 
http://www. wiley.com/college/halliday 


was developed specifically for Fundamentals of 
Physics, eighth edition, and is designed to further assist 
students in the study of physics. The site includes solu- 
tions to selected end-of-chapter problems (which are 
identified with a www icon in the text); self-quizzes: 
simulation exercises; tips on how to make best use of 
a programmable calculator; and the Interactive 
Learning Ware tutorials that are described below. 


Student Study Guide. The student study guide consists 
of an overview of the chapter’s important concepts, 
hints for solving end-of-chapter questions/problems, 
and practice quizzes. 


Student’s Solutions Manual by J. Richard Christman, 
US. Coast Guard Academy and Edward Derringh, 
Wentworth Institute. This manual provides student 
with complete worked-out solutions to 15 percent of 
the problems found at the end of each chapter within 
the text. These problems are indicated with an ssm 
icon. 


Interactive LearningWare. This software guides stu- 
dents through solutions to 200 of the end-of-chapter 
problems. These problems are indicated with an ilw 
icon. The solutions process is developed interactively, 
with appropriate feedback and access to error-specific 
help for the most common mistakes. 


Wiley Desktop Edition. An electronic version of 
Fundamentals of Physics, eighth edition containing the 
complete, extended version of the text is available for 
download at: 


www.wiley.com/college/desktop 


Wiley Desktop Editions are a cost effective alternative 
to the printed text. 


Physics as a Second Language: Mastering Problem 
Solving by Thomas Barrett, of Ohio State University. 
This brief paperback teaches the student how to ap- 
proach problems more efficiently and effectively. The 
student will learn how to recognize common patterns in 
physics problems, break problems down into manage- 
able steps, and apply appropriate techniques. The book 
takes the student step-by-step through the solutions to 
numerous examples. 
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When an earthquake strikes a 
populated region, it can 
shake apart buildings and 
other structures or cause 
them to topple over. 
However, in some regions it 
can cause structures to sink 
into the ground until they are 
significantly submerged, as if 
the structures were on a 
dense fluid instead of solid 


ground. 
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The answer is in this chapter. 


Chapter 1 | Measurement 


| 1-1 WHAT IS PHYSICS? 





Science and engineering are based on measurements and comparisons. Thus, we 
need rules about how things are measured and compared, and we need experi- 
ments to establish the units for those measurements and comparisons. One pur- 
pose of physics (and engineering) is to design and conduct those experiments. 
For example, physicists strive to develop clocks of extreme accuracy so that 
any time or time interval can be precisely determined and compared. You may 
wonder whether such accuracy is actually needed or worth the effort. Here is 
one example of the worth: Without clocks of extreme accuracy, the Global 
Positioning System (GPS) that is now vital to worldwide navigation would be useless. 
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We discover physics by learning how to measure the quantities involved in 
physics. Among these quantities are length, time, mass, temperature, pressure, 
and electric current. 

We measure each physical quantity in its own units, by comparison with a 
standard. The unit is a unique name we assign to measures of that quantity —for 
example, meter (m) for the quantity length. The standard corresponds to exactly 
1.0 unit of the quantity. As you will see, the standard for length, which corre- 
sponds to exactly 1.0 m, is the distance traveled by light in a vacuum during a 
certain fraction of a second. We can define a unit and its standard in any way we 
care to. However, the important thing is to do so in such a way that scientists 
around the world will agree that our definitions are both sensible and practical. 

Once we have set up a standard—say, for length—we must work out proce- 
dures by which any length whatever, be it the radius of a hydrogen atom, the 
wheelbase of a skateboard, or the distance to a star, can be expressed in terms of 
the standard. Rulers, which approximate our length standard, give us one such 
procedure for measuring length. However, many of our comparisons must be 
indirect. You cannot use a ruler, for example, to measure the radius of an atom 
or the distance to a star. 

There are so many physical quantities that it is a problem to organize them. 
Fortunately, they are not all independent; for example, speed is the ratio of a 
length to a time. Thus, what we do is pick out—by international agreement — 
a small number of physical quantities, such as length and time, and assign standards 
to them alone. We then define all other physical quantities in terms of these base 
quantities and their standards (called base standards). Speed, for example, is de- 
fined in terms of the base quantities length and time and their base standards. 

Base standards must be both accessible and invariable. If we define the 
length standard as the distance between one’s nose and the index finger on an 
outstretched arm, we certainly have an accessible standard — but it will, of course, 
vary from person to person. The demand for precision in science and engineering 
pushes us to aim first for invariability. We then exert great effort to make dupli- 
cates of the base standards that are accessible to those who need them. 


1-3 | The International System of Units 

Units for Three SI Base Quantities 

In 1971, the 14th General Conference on Weights and Measures picked seven 
quantities as base quantities, thereby forming the basis of the International 
Length meter ov System of Units, abbreviated SI from its French name and popularly known as 
the metric system. Table 1-1 shows the units for the three base quantities — 
length, mass, and time—that we use in the early chapters of this book. These 
units were defined to be on a “human scale.” 


Quantity Unit Name Unit Symbol 


Time second S 
Mass kilogram kg 


Many SI derived units are defined in terms of these base units. For example, 
the SI unit for power, called the watt (W), is defined in terms of the base units 
for mass, length, and time. Thus, as you will see in Chapter 7, 


1 watt = 1W=1kg-m/’/s’, (1-1) 


where the last collection of unit symbols is read as kilogram-meter squared per 
second cubed. 

To express the very large and very small quantities we often run into in 
physics, we use scientific notation, which employs powers of 10. In this notation, 


3 560 000 000 m = 3.56 X 10? m (1-2) 
and 0.000 000 492 s = 4.92 x 1077s. (1-3) 


Scientific notation on computers sometimes takes on an even briefer look, as in 
3.56 E9 and 4.92 E-—7, where E stands for “exponent of ten.” It is briefer still on 
some calculators, where E is replaced with an empty space. 

As a further convenience when dealing with very large or very small mea- 
surements, we use the prefixes listed in Table 1-2. As you can see, each prefix 
represents a certain power of 10, to be used as a multiplication factor. Attaching 
a prefix to an SI unit has the effect of multiplying by the associated factor. Thus, 
we can express a particular electric power as 


1.27 X 10° watts = 1.27 gigawatts = 1.27 GW (1-4) 
or a particular time interval as 
2.35 X 10°? s = 2.35 nanoseconds = 2.35 ns. (1-5) 


Some prefixes, as used in milliliter, centimeter, kilogram, and megabyte, are 
probably familiar to you. 
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We often need to change the units in which a physical quantity is expressed. We 
do so by a method called chain-link conversion. In this method, we multiply the 
original measurement by a conversion factor (a ratio of units that is equal to 
unity). For example, because 1 min and 60 s are identical time intervals, we have 


1 min 60s 
60 s 1 min 








Thus, the ratios (1 min)/(60s) and (60s)/(1 min) can be used as conversion 
factors. This is not the same as writing a = 1 or 60 = 1; each number and its unit 
must be treated together. 

Because multiplying any quantity by unity leaves the quantity unchanged, we 
can introduce conversion factors wherever we find them useful. In chain-link 
conversion, we use the factors to cancel unwanted units. For example, to convert 
2 min to seconds, we have 


60s 
1 mani 





2 min = (2 min)(1) = (2 min)( = 120s. (1-6) 
If you introduce a conversion factor in such a way that unwanted units do not 
cancel, invert the factor and try again. In conversions, the units obey the same 
algebraic rules as variables and numbers. 

Appendix D gives conversion factors between SI and other systems of units, 
including non-SI units still used in the United States. However, the conversion 
factors are written in the style of “1 min = 60s” rather than as a ratio. The 
following sample problem gives an example of how to set up such ratios. 


Prefixes for SI Units 


Factor 


1074 
107! 
1918 
191 
10!2 
10° 
10° 
10° 
10° 
10! 
HOw: 
10~? 
10-° 
10° 
10° 
10-” 
190715 
19718 
107724 
107-24 


Prefix? 


yotta- 
zetta- 
exa- 
peta- 
tera- 
giga- 
mega- 
kilo- 
hecto- 
deka- 
deci- 
centi- 
milli- 
micro- 
nano- 
pico- 
femto- 
atto- 
zepto- 
yocto- 
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Symbol 


< NP HSE E Be abPerr ZAHA DON X& 


“The most frequently used prefixes are 
shown in bold type. 
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Sample Problem 





When, according to legend, Pheidippides ran from 
Marathon to Athens in 490 B.c. to bring word of the 
Greek victory over the Persians, he probably ran at a 
speed of about 23 rides per hour (rides/h). The ride is an 
ancient Greek unit for length, as are the stadium and 
the plethron: 1 ride was defined to be 4 stadia, 1 stadium 
was defined to be 6 plethra, and, in terms of a modern 
unit, 1 plethron is 30.8 m. How fast did Pheidippides run 
in kilometers per second (km/s)? 


Sample Problem 





The cran is a British volume unit for freshly caught herrings: 
1 cran = 170.474 liters (L) of fish, about 750 herrings. Sup- 
pose that, to be cleared through customs in Saudi Arabia, a 
shipment of 1255 crans must be declared in terms of 
cubic covidos, where the covido is an Arabic unit of length: 
1 covido = 48.26 cm. What is the required declaration? 


cSizy From Appendix D we see that 1 L is equiv- 


alent to 1000 cm?. To convert from cubic centimeters to 


cSt In chain-link conversions, we write the con- 


version factors as ratios that will eliminate unwanted units. 


Calculation: Here we write 


93 rideg/h = (23 ee (Seca satin | (Speirs me | 
lat 1 udé 1 stadium 


x ( 30.8 mt )( 1km )( 1 

1 plethron / \ 1000 nt / \ 3600 s 

= 4.7227 X 10-3 km/s ~ 4.7 X 1073 km/s. 
(Answer) 








cubic covidos, we must cube the conversion ratio be- 
tween centimeters and covidos. 


Calculation: We write the following chain-link conversion: 
1255 crans 


170.474 L \( 1000 cm?3 ( 1 covido ) 
le 48.26 cm 


(Answer) 


= (1255 era 
( crans)( a 


= 1.903 X 10? covidos?. 


PROBLEM-SOLVING TACTICS 


Tactic 7: Significant Figures and Decimal Places If 
you calculated the answer to Sample Problem 1-1 without 
your calculator automatically rounding it off, the number 
4.722 666 666 67 X 10°° might have appeared in the display. 
The precision implied by this number is meaningless. We 
rounded the answer to 4.7 X 10°? km/s so as not to imply that 
it is more precise than the given data. The given speed of 
23 rides/h consists of two digits, called significant figures. 
Thus, we rounded the answer to two significant figures. In this 
book, final results of calculations are often rounded to match 
the least number of significant figures in the given data. 
(However, sometimes an extra significant figure is kept.) 
When the leftmost of the digits to be discarded is 5 or more, 
the last remaining digit is rounded up; otherwise it is retained 
as is. For example, 11.3516 is rounded to three significant 
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figures as 11.4 and 11.3279 is rounded to three significant 
figures as 11.3. (The answers to sample problems in this book 
are usually presented with the symbol = instead of ~ even if 
rounding is involved.) 

When a number such as 3.15 or 3.15 X 10° is provided in 
a problem, the number of significant figures is apparent, but 
how about the number 3000? Is it known to only one signifi- 
cant figure (3 X 10°)? Or is it known to as many as four 
significant figures (3.000 < 10°)? In this book, we assume that 
all the zeros in such given numbers as 3000 are significant, 
but you had better not make that assumption elsewhere. 

Don’t confuse significant figures with decimal places. 
Consider the lengths 35.6 mm, 3.56 m, and 0.00356 m. They all 
have three significant figures but they have one, two, and five 
decimal places, respectively. 


} 


In 1792, the newborn Republic of France established a new system of weights 
and measures. Its cornerstone was the meter, defined to be one ten-millionth of 
the distance from the north pole to the equator. Later, for practical reasons, this 
Earth standard was abandoned and the meter came to be defined as the distance 
between two fine lines engraved near the ends of a platinum—iridium bar, the stan- 
dard meter bar, which was kept at the International Bureau of Weights and 
Measures near Paris. Accurate copies of the bar were sent to standardizing laborato- 
ries throughout the world. These secondary standards were used to produce other, 
still more accessible standards, so that ultimately every measuring device derived its 
authority from the standard meter bar through a complicated chain of comparisons. 

Eventually, a standard more precise than the distance between two fine 
scratches on a metal bar was required. In 1960, a new standard for the meter, 


based on the wavelength of light, was adopted. Specifically, the standard for the 
meter was redefined to be 1 650 763.73 wavelengths of a particular orange-red 
light emitted by atoms of krypton-86 (a particular isotope, or type, of krypton) in 
a gas discharge tube. This awkward number of wavelengths was chosen so that 
the new standard would be close to the old meter-bar standard. 

By 1983, however, the demand for higher precision had reached such a point 
that even the krypton-86 standard could not meet it, and in that year a bold step 
was taken. The meter was redefined as the distance traveled by light in a speci- 
fied time interval. In the words of the 17th General Conference on Weights and 
Measures: 

























































































































































































‘This time interval was chosen so that the speed of light c is exactly 
c = 299 792 458 m/s. 


Measurements of the speed of light had become extremely precise, so it made 
sense to adopt the speed of light as a defined quantity and to use it to redefine 
the meter. 

‘Table 1-3 shows a wide range of lengths, from that of the universe (top line) 
to those of some very small objects. 


br 


Some Approximate Lengths 


Measurement 


Distance to the first 
galaxies formed 

Distance to the 
Andromeda galaxy 


Distance to the 
nearby star 
Proxima Centauri 


Distance to Pluto 
Radius of Earth 
Height of Mt. Everest 
Thickness of this page 


Length of a typical 
virus 


Radius of a 
hydrogen atom 


Radius of a proton 


Length in 
Meters 


2 x 1076 


2 x 10” 


4 x 10!° 
6 x 10” 
6 x 10° 
9 x 10° 
1x 10 


1x 10°° 


> Or 
1x 190-5 


PROBLEM-SOLVING TACTICS 


Tactic 2: Order of Magnitude The order of magnitude 
of a number is the power of ten when the number is expressed 
in scientific notation. For example, if A = 2.3 x 10* and B = 
7.8 X 10*, then the orders of magnitude of both A and B are 4. 

Often, engineering and science professionals will esti- 


ee 


The world’s largest ball of string is about 2 m in radius. 
To the nearest order of magnitude, what is the total 
length L of the string in the ball? 


KEY IDEA We could, of course, take the ball apart and 


measure the total length L, but that would take great 
effort and make the ball’s builder most unhappy. Instead, 
because we want only the nearest order of magnitude, 
we can estimate any quantities required in the calculation. 


Calculations: Let us assume the ball is spherical with 
radius R = 2 m. The string in the ball is not closely 
packed (there are uncountable gaps between adjacent 
sections of string). To allow for these gaps, let us some- 
what overestimate the cross-sectional area of the string 
by assuming the cross section is square, with an edge 
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mate the result of a calculation to the nearest order of magni- 
tude. For our example, the nearest order of magnitude is 4 for 
A and 5 for B. Such estimation is common when detailed or 
precise data required in the calculation are not known 
or easily found. Sample Problem 1-3 gives an example. 


length d = 4 mm. Then, with a cross-sectional area of d? 
and a length L, the string occupies a total volume of 


V = (cross-sectional area)(length) = d?L. 


This is approximately equal to the volume of the ball, 
given by $7rR°, which is about 4R? because 7 is about 3. 
Thus, we have 


GL, =a 
AR? 4(2 m)3 
~ dd? (4X 10-3m/)? 
2 X 10°m = 10° m = 10° km. 
(Answer) 


or L 





(Note that you do not need a calculator for such a sim- 
plified calculation.) To the nearest order of magnitude, 
the ball contains about 1000 km of string! 





Time has two aspects. For civil and some scientific purposes, we want to know 
the time of day so that we can order events in sequence. In much scientific work, 
we want to know how long an event lasts. Thus, any time standard must be able 
to answer two questions: “When did it happen?” and “What is its duration?” 
Table 1-4 shows some time intervals. 


TABLE 1-4 


Some Approximate Time Intervals 


Measurement 


Lifetime of the proton 
(predicted) 


Age of the universe 


Age of the pyramid of 
Cheops 


Human life expectancy 
Length of a day 


Time between human 
heartbeats 


Lifetime of the muon 
Shortest lab light pulse 


Lifetime of the most 
unstable particle 


The Planck time? 
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Time 
Interval in 
Seconds 


3 x 10% 
5 x 10" 


1x 10! 
2 10? 
9 x 104 


S10 
2x 10~° 
15< 10° 


1 Or 
On: 


“This is the earliest time after the big 
bang at which the laws of physics as we 


know them can be applied. 





FIG. 1-7 When the metric system 
was proposed in 1792, the hour was 
redefined to provide a 10-hour day. 


The idea did not catch on. The maker 


of this 10-hour watch wisely pro- 
vided a small dial that kept conven- 


tional 12-hour time. Do the two dials 


indicate the same time? (Steven 


Pitkin) 


Any phenomenon that repeats itself is a possible time standard. Earth’s 
rotation, which determines the length of the day, has been used in this way for 
centuries; Fig. 1-1 shows one novel example of a watch based on that rotation. 
A quartz clock, in which a quartz ring is made to vibrate continuously, can be 
calibrated against Earth’s rotation via astronomical observations and used to 
measure time intervals in the laboratory. However, the calibration cannot be 
carried out with the accuracy called for by modern scientific and engineering 
technology. 

To meet the need for a better time standard, atomic clocks have been devel- 
oped. An atomic clock at the National Institute of Standards and Technology 
(NIST) in Boulder, Colorado, is the standard for Coordinated Universal Time 
(UTC) in the United States. Its time signals are available by shortwave radio 
(stations WWV and WWVH) and by telephone (303-499-7111). Time signals 
(and related information) are also available from the United States Naval 
Observatory at website http://tycho.usno.navy.mil/time.html. (To set a clock 
extremely accurately at your particular location, you would have to account for 
the travel time required for these signals to reach you.) 

Figure 1-2 shows variations in the length of one day on Earth over a 4-year 
period, as determined by comparison with a cesium (atomic) clock. Because the 
variation displayed by Fig. 1-2 is seasonal and repetitious, we suspect the rota- 
ting Earth when there is a difference between Earth and atom as timekeepers. 
The variation is due to tidal effects caused by the Moon and to large-scale 
winds. 


The 13th General Conference on Weights and Measures in 1967 adopted 
a standard second based on the cesium clock: 














Atomic clocks are so consistent that, in principle, two cesium clocks would have 
to run for 6000 years before their readings would differ by more than 1 s. Even 
such accuracy pales in comparison with that of clocks currently being developed; 
their precision may be 1 part in 10'*—that is, 1 s in 1 X 10'® s (which is about 
oO y,): 


+4 


+ 
O9 


Ae 
ho 
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FIG. 1-2 Variations in the length of the day over a 4-year period. Note that the entire 
vertical scale amounts to only 3 ms (= 0.003 s). 
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The Standard Kilogram 


The SI standard of mass is a platinum—iridium cylinder (Fig. 1-3) kept at the 
International Bureau of Weights and Measures near Paris and assigned, by 
international agreement, a mass of 1 kilogram. Accurate copies have been sent 
to standardizing laboratories in other countries, and the masses of other bodies 
can be determined by balancing them against a copy. Table 1-5 shows some 
masses expressed in kilograms, ranging over about 83 orders of magnitude. 

The U.S. copy of the standard kilogram is housed in a vault at NIST. It is 
removed, no more than once a year, for the purpose of checking duplicate 
copies that are used elsewhere. Since 1889, it has been taken to France twice for 
recomparison with the primary standard. 


A Second Mass Standard 


The masses of atoms can be compared with one another more precisely than 
they can be compared with the standard kilogram. For this reason, we have 
a second mass standard. It is the carbon-12 atom, which, by international agree- 
ment, has been assigned a mass of 12 atomic mass units (u). The relation 
between the two units is 


1 u = 1.660 538 86 X 10°?’ kg, (1-7) 


with an uncertainty of +10 in the last two decimal places. Scientists can, with 
reasonable precision, experimentally determine the masses of other atoms rela- 
tive to the mass of carbon-12. What we presently lack is a reliable means of 
extending that precision to more common units of mass, such as a kilogram. 


Density 


As we shall discuss further in Chapter 14, the density p of a material is the mass 
per unit volume: 
= =, 1-8 

p= (1-8) 
Densities are typically listed in kilograms per cubic meter or grams per cubic 
centimeter. The density of water (1.00 gram per cubic centimeter) is often used as 
a comparison. Fresh snow has about 10% of that density; platinum has a density 
that is about 21 times that of water. 





FIG. 1-3. The international 1 kg stan- 
dard of mass, a platinum -—iridium 
cylinder 3.9 cm in height and in diam- 
eter. (Courtesy Bureau International 
des Poids et Mesures, France) 


TABLE 1-5 


Some Approximate Masses 


Mass in 
Object Kilograms 
Known universe tex 10°? 
Our galaxy 2 «10% 
Sun 2 x0 
Moon ex nO 
Asteroid Eros 510) 
Small mountain 1 x 10” 
Ocean liner Tole 
Elephant 5 x 103 
Grape 2G 10 
Speck of dust 7 Ore 
Penicillin molecule 5 al? 
Uranium atom AX 10> 
Proton DANO! 
Electron Ox 102 


Sample Problem Ee 


A heavy object can sink into the ground during an 
earthquake if the shaking causes the ground to undergo 
liquefaction, in which the soil grains experience little 
friction as they slide over one another. ‘The ground is 
then effectively quicksand. The possibility of liquefac- 
tion in sandy ground can be predicted in terms of the 
void ratio e for asample of the ground: 
Veains 

. V oasins ) ¢ ) 
Here, Vgrains 1S the total volume of the sand grains in the 
sample and V,,jig, 18 the total volume between the grains 
(in the voids). If e exceeds a critical value of 0.80, 


liquefaction can occur during an earthquake. What is 
the corresponding sand density Poanq? Solid silicon di- 
oxide (the primary component of sand) has a density o 
Psio, = 2.600 x 10° kg/m”. SS 


cea The density of the sand p,,,g in a sample is 


the mass per unit volume — that is, the ratio of the total 
MASS M,anq Of the sand grains to the total volume Vota) of 
the sample: 


0 i.) M sand 
sand : 
Viotal 


(1-10) 
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Calculations: The total volume V,,;,; of a sample is 
Viotal a Visca ig Vivoide: 


Substituting for V, iq, from Eq. 1-9 and solving for Vgrains 
lead to 
Viotal 
3 1-11 

Verne Tee ( ) 
From Eq. 1-8, the total mass m,,,4g of the sand grains is 
the product of the density of silicon dioxide and the 
total volume of the sand grains: 


Gene) 


M sand — Pao nie 


Substituting this expression into Eq. 1-10 and then sub- 
stituting for Vorains from Eq. 1-11 lead to 


Psio, Viotal _  Psio, 


Psand — ~ 


1-13 
Vix 1+e 1l+e ( ) 


Substituting psio, = 2.600 X 10° kg/m? and the critical 
value of e = 0.80, we find that liquefaction occurs when 
the sand density exceeds 


2.600 X 103 kg/m? 


— = 14x 10 - 
Psand 1.80 10 kg/ m 


(Answer) 


REVIEW & SUMMARY 


Measurement in Physics Physics is based on measure- 
ment of physical quantities. Certain physical quantities have 
been chosen as base quantities (such as length, time, and 
mass); each has been defined in terms of a standard and given 
a unit of measure (such as meter, second, and kilogram). 
Other physical quantities are defined in terms of the base 
quantities and their standards and units. 


SI Units The unit system emphasized in this book is the 
International System of Units (SI). The three physical quanti- 
ties displayed in Table 1-1 are used in the early chapters. 
Standards, which must be both accessible and invariable, have 
been established for these base quantities by international 
agreement. These standards are used in all physical measure- 
ment, for both the base quantities and the quantities derived 
from them. Scientific notation and the prefixes of Table 1-2 
are used to simplify measurement notation. 


Changing Units Conversion of units may be performed 
by using chain-link conversions in which the original data are 
multiplied successively by conversion factors written as unity 


and the units are manipulated like algebraic quantities until 
only the desired units remain. 


Length The meter is defined as the distance traveled by 
light during a precisely specified time interval. 


Time The second is defined in terms of the oscillations of 
light emitted by an atomic (cesium-133) source. Accurate 
time signals are sent worldwide by radio signals keyed to 
atomic clocks in standardizing laboratories. 


Mass The kilogram is defined in terms of a platinum-— 
iridium standard mass kept near Paris. For measurements on 
an atomic scale, the atomic mass unit, defined in terms of the 
atom carbon-12, is usually used. 


Density The density p of a material is the mass per unit 
volume: 


—— —. (1-8) 


- PROBLEMS 


Chick here to view all step 


Os peseeremsS Osler seams 


Tutoring problem available (at instructor's discretion) in WileyPLUS and WebAssign 


eo Worked-out solution available in Student Solutions Manual 


e —eee Number of dots indicates level of problem difficulty 


WWW) Worked-out solution is at 


, er: http://www.wiley.com/college/halliday 
Interactive solution is at 


—< Additional information available in The Flying Circus of Physics and at flyingcircusofphysics.com 


sec. 1-5 Length 
e? The micrometer (1 wm) is often called the micron. 
(a) How many microns make up 1.0 km? (b) What fraction 


of a centimeter equals 1.0 wm? (c) How many microns are in 
1.0 yd? 


e2 Spacing in this book was generally done in units of 
points and picas: 12 points = 1 pica, and 6 picas = 1 inch. If a 
figure was misplaced in the page proofs by 0.80 cm, what was 
the misplacement in (a) picas and (b) points? 


°3 Horses are to race over a certain English meadow for a 
distance of 4.0 furlongs. What is the race distance in (a) rods 


and (b) chains? (1 furlong = 201.168 m, 1 rod = 5.0292 m, 
and 1 chain = 20.117 m.) ssm www 


e4 A gry is an old English measure for length, defined as 
1/10 of a line, where /ine is another old English measure for 
length, defined as 1/12 inch. A common measure for length in 
the publishing business is a point, defined as 1/72 inch. What 
is an area of 0.50 gry’ in points squared (points’)? 


e5 Earth is approximately a sphere of radius 6.37 X 10° m 
What are (a) its circumference in kilometers, (b) its surface 
area in square kilometers, and (c) its volume in cubic kilo- 
meters? SSM 


°° Harvard Bridge, which connects MIT with its fraterni- 
ties across the Charles River, has a length of 364.4 Smoots 
plus one ear. The unit of one Smoot is based on the length of 
Oliver Reed Smoot, Jr., class of 1962, who was carried or 
dragged length by length across the bridge so that other 
pledge members of the Lambda Chi Alpha fraternity could 
mark off (with paint) 1-Smoot lengths along the bridge. The 
marks have been repainted biannually by fraternity pledges 
since the initial measurement, usually during times of traffic 
congestion so that the police cannot easily interfere. 
(Presumably, the police were originally upset because the 
Smoot is not an SI base unit, but these days they seem to 
have accepted the unit.) Figure 1-4 shows three parallel 
paths, measured in Smoots (S), Willies (W), and Zeldas (Z). 
What is the length of 50.0 Smoots in (a) Willies and 
(b) Zeldas? 
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FIG. 1-4 Problem 6. 


ee? Antarctica is roughly 
semicircular, with a radius of 

2000 km (Fig. 1-5). The average y 
thickness of its ice cover is 3000 3000 m 
m. How many cubic centimeters 
of ice does Antarctica contain? 
(Ignore the curvature of Earth.) 


| “2000 km 


FIG. 1-5 Problem 7. 


ee8 You can easily convert common units and measures 
electronically, but you still should be able to use a conversion 
table, such as those in Appendix D. Table 1-6 is part of a con- 
version table for a system of volume measures once common 
in Spain; a volume of 1 fanega is equivalent to 55.501 dm? 
(cubic decimeters). To complete the table, what numbers 
(to three significant figures) should be entered in (a) the 
cahiz column, (b) the fanega column, (c) the cuartilla column, 
and (d) the almude column, starting with the top blank? 
Express 7.00 almudes in (e) medios, (f) cahizes, and (g) cubic 
centimeters (cm°). 


TABLE 1-6 


Problem 8 
cahiz fanega cuartilla almude medio 
1 cahiz = | eZ 48 144 288 
1 fanega = 1 4 12 24 
1 cuartilla = 1 5 6 
1 almude = i 
1 medio = 1 


ee9 Hydraulic engineers in the United States often use, as a 
unit of volume of water, the acre-foot, defined as the volume 
of water that will cover 1 acre of land to a depth of 1 ft. A 
severe thunderstorm dumped 2.0 in. of rain in 30 min on a 
town of area 26 km’. What volume of water, in acre-feet, fell 
onthe town? !W 





sec. 1-6 Time 

e10 The fastest growing plant on record is a Hesperoyucca 
whipplei that grew 3.7 m in 14 days. What was its growth rate 
in micrometers per second? 


e171 A fortnight is a charming English measure of time equal 
to 2.0 weeks (the word is a contraction of “fourteen nights”). 
That is a nice amount of time in pleasant company but per- 
haps a painful string of microseconds in unpleasant company. 
How many microseconds are in a fortnight? 


e12 A lecture period (50 min) is close to 1 microcentury. 
(a) How long is a microcentury in minutes? (b) Using 


actual — approximation . 
percentage difference = ( Aetna = appronination | 100, 
actual 


find the percentage difference from the approximation. 


43 For about 10 years after the French Revolution, the 
French government attempted to base measures of time on 
multiples of ten: One week consisted of 10 days, one day con- 
sisted of 10 hours, one hour consisted of 100 minutes, and 
one minute consisted of 100 seconds. What are the ratios of 
(a) the French decimal week to the standard week and 
(b) the French decimal second to the standard second? 


e714 Time standards are now based on atomic clocks. A 
promising second standard is based on pulsars, which are 
rotating neutron stars (highly compact stars consisting only of 
neutrons). Some rotate at a rate that is highly stable, sending 
out a radio beacon that sweeps briefly across Earth once with 
each rotation, like a lighthouse beacon. Pulsar PSR 1937+21 
is an example; it rotates once every 1.557 806 448 872 75 + 
3 ms, where the trailing +3 indicates the uncertainty in the 
last decimal place (it does not mean +3 ms). (a) How many 
rotations does PSR 1937+21 make in 7.00 days? (b) How 
much time does the pulsar take to rotate exactly one million 
times and (c) what is the associated uncertainty? 


®15 Three digital clocks A, B, and C run at different rates 
and do not have simultaneous readings of zero. Figure 1-6 
shows simultaneous readings on pairs of the clocks for 
four occasions. (At the earliest occasion, for example, B reads 
25.0s and C reads 92.0s.) If two events are 600s apart 
on clock A, how far apart are they on (a) clock B and 
(b) clock C? (c) When clock A reads 400 s, what does clock B 
read? (d) When clock C reads 15.0 s, what does clock B read? 
(Assume negative readings for prezero times.) 


312 512 
LEICA: | (5) 
25.0 125 200 290 
| | B\(s) 
92.0 142 


FIG. 1-6 Problem 15. 


e716 Until 1883, every city and town in the United States 
kept its own local time. Today, travelers reset their watches 
only when the time change equals 1.0 h. How far, on the 
average, must you travel in degrees of longitude between the 
time-zone boundaries at which your watch must be reset by 
1.0 h? (Hint: Earth rotates 360° in about 24 h.) 


e417 Five clocks are being tested in a laboratory. Exactly at 
noon, as determined by the WWV time signal, on successive 
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days of a week the clocks read as in the following table. Rank 
the five clocks according to their relative value as good time- 


keepers, best to worst. Justify your choice. SSM 


Clock Sun. Mon. Tues. Wed. Thurs. Fri. Sat. 

A 3640) 123656 1237312) es 7 13a 12 3750) 1238.14 
B 11:59:59 42:00:02) 11:59:57 12:00:07 12:00:02 11:59:56 12:00:03 
C Ws5045- 15543. [55240 15:53:39 F5:54:37- (1555335 15:56:33 
D 120359) 12:02:52" 12,0045" 12:00:38. 593) 15824 e717 
E W032 SA OU AO 204 2 Oe 2 a I 02 On 


e@18 Because Earth’s rotation is gradually slowing, the 
length of each day increases: The day at the end of 1.0 cen- 
tury is 1.0 ms longer than the day at the start of the century. 
In 20 centuries, what is the total of the daily increases in time? 


¢ee19 Suppose that, while lying on a beach near the equator 
watching the Sun set over a calm ocean, you start a stopwatch 
just as the top of the Sun disappears. You then stand, elevat- 
ing your eyes by a height H = 1.70 m, and stop the watch 
when the top of the Sun again disappears. If the elapsed time 
is t = 11.1 s, what is the radius r of Earth? 


sec. 1-7 Mass 

°20 Gold, which has a density of 19.32 g/cm’, is the most 
ductile metal and can be pressed into a thin leaf or drawn out 
into a long fiber. (a) If a sample of gold, with a mass of 27.63 g, 
is pressed into a leaf of 1.000 zm thickness, what is the area of 
the leaf? (b) If, instead, the gold is drawn out into a cylindrical 
fiber of radius 2.500 «4m, what is the length of the fiber? 


e21 (a) Assuming that water has a density of exactly 1 g/cm’, 
find the mass of one cubic meter of water in kilograms. 
(b) Suppose that it takes 10.0 h to drain a container of 5700 m?* 
of water. What is the “mass flow rate,” in kilograms per sec- 
ond, of water from the container? SSM 


°22 ‘The record for the largest glass bottle was set in 1992 
by a team in Millville, New Jersey —they blew a bottle with a 
volume of 193 U.S. fluid gallons. (a) How much short of 
1.0 million cubic centimeters is that? (b) If the bottle were 
filled with water at the leisurely rate of 1.8 g/min, how long 
would the filling take? Water has a density of 1000 kg/m?. € 


e23 Earth has a mass of 5.98 X 10% kg. The average mass of 
the atoms that make up Earth is 40 u. How many atoms are 
there in Earth? 


©e24 One cubic centimeter of a typical cumulus cloud con- 
tains 50 to 500 water drops, which have a typical radius of 
10 wm. For that range, give the lower value and the higher 
value, respectively, for the following. (a) How many cubic 
meters of water are in a cylindrical cumulus cloud of height 
3.0 km and radius 1.0 km? (b) How many 1-liter pop bottles 
would that water fill? (c) Water has a density of 1000 kg/m’. 
How much mass does the water in the cloud have? 


ee25 Iron has a density of 7.87 g/cm>, and the mass of an 
iron atom is 9.27 X 10°76 kg. If the atoms are spherical and 
tightly packed, (a) what is the volume of an iron atom and (b) 
what is the distance between the centers of adjacent atoms? 


°e26 A mole of atoms is 6.02 X 10” atoms. To the nearest 
order of magnitude, how many moles of atoms are in a large 
domestic cat? The masses of a hydrogen atom, an oxygen 


atom, and a carbon atom are 1.0u, 16u, and 12 u, respec- 
tively. (Hint: Cats are sometimes known to kill a mole.) 


ee27 Ona spending spree in Malaysia, you buy an ox with 
a weight of 28.9 piculs in the local unit of weights: 1 picul = 
100 gins, 1 gin = 16 tahils, 1 tahil = 10 chees, and 1 chee = 
10 hoons. The weight of 1 hoon corresponds to a mass of 
0.3779 g. When you arrange to ship the ox home to your 
astonished family, how much mass in kilograms must you 
declare on the shipping manifest? (Hint: Set up multiple 
chain-link conversions. ) 


ee28 Grains of fine California beach sand are approxi- 
mately spheres with an average radius of 50 wm and are made 
of silicon dioxide, which has a density of 2600 kg/m°. What 
mass of sand grains would have a total surface area (the total 
area of all the individual spheres) equal to the surface area of 
a cube 1.00 m on an edge? 


ee29 During heavy rain, a section of a mountainside mea- 
suring 2.5 km horizontally, 0.80 km up along the slope, and 
2.0 m deep slips into a valley in a mud slide. Assume that the 
mud ends up uniformly distributed over a surface area of the 
valley measuring 0.40 km X 0.40 km and that mud has a 
density of 1900 kg/m?. What is the mass of the mud sitting 
above a 4.0 m’ area of the valley floor? =a 


¢®30 Water is poured into a container that has a leak. 
The mass m of the water is given as a function of time ¢ by 
m = 5.000°* — 3.00¢ + 20.00, with t= 0, m in grams, and t in 
seconds. (a) At what time is the water mass greatest, and (b) 
what is that greatest mass? In kilograms per minute, what is 
the rate of mass change at (c) t = 2.00 s and (d) t = 5.00 s? 


e¢e31 A vertical container with base area measuring 
14.0 cm by 17.0cm 1s being filled with identical pieces of 
candy, each with a volume of 50.0 mm? and a mass of 0.0200 g. 
Assume that the volume of the empty spaces between the 
candies is negligible. If the height of the candies in the con- 
tainer increases at the rate of 0.250cm/s, at what rate 
(kilograms per minute) does the mass of the candies in the 
container increase? 


Additional Problems 

32 ‘Table 1-7 shows some old measures of liquid volume. To 
complete the table, what numbers (to three significant figures) 
should be entered in (a) the wey column, (b) the chaldron col- 
umn, (c) the bag column, (d) the pottle column, and (e) the gill 
column, starting with the top blank? (f) The volume of 1 bag is 
equal to 0.1091 m°. If an old story has a witch cooking up some 
vile liquid in a cauldron of volume 1.5 chaldrons, what is the 
volume in cubic meters? 


TABLE 1-7 


Problem 32 


wey  chaldron’ bag _sopottlie gill 


1 wey = 1 10/9 40/3 640 120 240 
1 chaldron = 

1 bag = 

1 pottle = 


1 gill = 


33 An old English children’s rhyme states, “Little Miss 
Muffet sat on a tuffet, eating her curds and whey, when along 
came a spider who sat down beside her. ...” The spider 
sat down not because of the curds and whey but because 
Miss Muffet had a stash of 11 tuffets of dried flies. The volume 
measure of a tuffet is given by 1 tuffet = 2 pecks = 0.50 
Imperial bushel, where 1 Imperial bushel = 36.3687 
liters (L). What was Miss Muffet’s stash in (a) pecks, 
(b) Imperial bushels, and (c) liters? 


34 An old manuscript reveals that a landowner in the time 
of King Arthur held 3.00 acres of plowed land plus a live- 
stock area of 25.0 perches by 4.00 perches. What was the total 
area in (a) the old unit of roods and (b) the more modern 
unit of square meters? Here, 1 acre is an area of 40 perches 
by 4 perches, 1 rood is an area of 40 perches by 1 perch, and 
1 perch is the length 16.5 ft. 


35 A tourist purchases a car in England and ships it home to 
the United States. The car sticker advertised that the car’s 
fuel consumption was at the rate of 40 miles per gallon on the 
open road. The tourist does not realize that the U.K. gallon 
differs from the U.S. gallon: 


1 U.K. gallon = 4.545 963 1 liters 
1 US. gallon = 3.785 306 0 liters. 


For a trip of 750 miles (in the United States), how many gal- 
lons of fuel does (a) the mistaken tourist believe she needs 
and (b) the car actually require? SSM 


36 ‘Two types of barrel units were in use in the 1920s in the 
United States. The apple barrel had a legally set volume of 
7056 cubic inches; the cranberry barrel, 5826 cubic inches. If a 
merchant sells 20 cranberry barrels of goods to a customer 
who thinks he is receiving apple barrels, what is the discrep- 
ancy in the shipment volume in liters? 


37 The description for a certain brand of house paint claims 
a coverage of 460 ft?/gal. (a) Express this quantity in square 
meters per liter. (b) Express this quantity in an SI unit (see 
Appendices A and D). (c) What is the inverse of the original 
quantity, and (d) what is its physical significance? 


38 Inthe United States, a doll house has the scale of 1:12 of 
a real house (that is, each length of the doll house is as that of 
the real house) and a miniature house (a doll house to fit 
within a doll house) has the scale of 1:144 of a real house. 
Suppose a real house (Fig. 1-7) has a front length of 20 m, 
a depth of 12 m, a height of 6.0 m, and a standard sloped roof 
(vertical triangular faces on the ends) of height 3.0m. In 
cubic meters, what are the volumes of the corresponding 
(a) doll house and (b) miniature house? 
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FIG. 1-7 Problem 38. 


39 A cord is a volume of cut wood equal to a stack 8 ft 
long, 4 ft wide, and 4 ft high. How many cords are in 1.0 m°? 
SSM 


40 One molecule of water (H,O) contains two atoms of 
hydrogen and one atom of oxygen. A hydrogen atom has a mass 
of 1.0 u and an atom of oxygen has a mass of 16 u, approximately. 
(a) What is the mass in kilograms of one molecule of water? (b) 
How many molecules of water are in the world’s oceans, which 
have an estimated total mass of 1.4 X 107! kg? 


41 A ton is a measure of volume frequently used in ship- 
ping, but that use requires some care because there are at 
least three types of tons: A displacement ton is equal to 7 bar- 
rels bulk, a freight ton is equal to 8 barrels bulk, and a register 
ton 1s equal to 20 barrels bulk. A barrel bulk is another mea- 
sure of volume: 1 barrel bulk = 0.1415 m*. Suppose you spot 
a shipping order for “73 tons” of M&M candies, and you are 
certain that the client who sent the order intended “ton” to 
refer to volume (instead of weight or mass, as discussed in 
Chapter 5). If the client actually meant displacement tons, 
how many extra U.S. bushels of the candies will you erro- 
neously ship if you interpret the order as (a) 73 freight tons 
and (b) 73 register tons? (1 m? = 28.378 U.S. bushels.) SSM 


42 Strangely, the wine for a large wedding reception is to be 
served in a stunning cut-glass receptacle with the interior 
dimensions of 40 cm X 40 cm X 30 cm (height). The recepta- 
cle is to be initially filled to the top. The wine can be 
purchased in bottles of the sizes given in the following table. 
Purchasing a larger bottle instead of multiple smaller bottles 
decreases the overall cost of the wine. To minimize the cost, 
(a) which bottle sizes should be purchased and how many of 
each should be purchased and, once the receptacle is filled, 
how much wine is left over in terms of (b) standard bottles 
and (c) liters? 


1 standard bottle 

1 magnum = 2 standard bottles 

1 jeroboam = 4 standard bottles 

1 rehoboam = 6 standard bottles 

1 methuselah = 8 standard bottles 

1 salmanazar = 12 standard bottles 

1 balthazar = 16 standard bottles = 11.356 L 

1 nebuchadnezzar = 20 standard bottles 

43 A typical sugar cube has an edge length of 1 cm. If you 


had a cubical box that contained a mole of sugar cubes, what 
would its edge length be? (One mole = 6.02 X 10” units.) 


44 Using conversions and data in the chapter, determine 
the number of hydrogen atoms required to obtain 1.0 kg of 
hydrogen. A hydrogen atom has a mass of 1.0 u. 


45 An astronomical unit (AU) is the average distance 
between Earth and the Sun, approximately 1.50 X 10° km. 
The speed of light is about 3.0 < 10° m/s. Express the speed 
of light in astronomical units per minute. SSM 


46 What mass of water fell on the town in Problem 9? Water 
has a density of 1.0 x 10° kg/m’. 


47 A person on a diet might lose 2.3 kg per week. Express 
the mass loss rate in milligrams per second, as if the dieter 
could sense the second-by-second loss. 
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48 The corn—hog ratio is a financial term used in the pig mar- 
ket and presumably is related to the cost of feeding a pig until it 
is large enough for market. It is defined as the ratio of the mar- 
Ket price of a pig with a mass of 3.108 slugs to the market price of 
a US. bushel of corn. (The word “slug” is derived from an old 
German word that means “to hit”; we have the same meaning 
for “slug” as a verb in modern English.) A U.S. bushel is equal to 
35.238 L. If the corn—hog ratio is listed as 5.7 on the market ex- 
change, what is it in the metric units of 


price of 1 kilogram of pig : 
price of 1 literofcorn 


(Hint: See the Mass table in Appendix D.) 


49 You are to fix dinners for 400 people at a convention of 
Mexican food fans. Your recipe calls for 2 jalapeno peppers 
per serving (one serving per person). However, you have only 
habanero peppers on hand. The spiciness of peppers is mea- 
sured in terms of the scoville heat unit (SHU). On average, 
one jalapefio pepper has a spiciness of 4000 SHU and one 
habanero pepper has a spiciness of 300 000 SHU. To get the de- 
sired spiciness, how many habanero peppers should you substi- 
tute for the jalapefio peppers in the recipe for the 400 dinners? 


50 A unit of area often used in measuring land areas is the 
hectare, defined as 10* m*. An open-pit coal mine consumes 
75 hectares of land, down to a depth of 26 m, each year. What 
volume of earth, in cubic kilometers, is removed in this time? 


51 (a) A unit of time sometimes used in microscopic 
physics is the shake. One shake equals 10~* s. Are there more 
shakes in a second than there are seconds in a year? 
(b) Humans have existed for about 10° years, whereas the 
universe is about 10’° years old. If the age of the universe is 
defined as 1 “universe day,” where a universe day consists of 
“universe seconds” as a normal day consists of normal sec- 
onds, how many universe seconds have humans existed? 


52 As a contrast between the old and the modern and 
between the large and the small, consider the following: In 
old rural England 1 hide (between 100 and 120 acres) was the 
area of land needed to sustain one family with a single 
plough for one year. (An area of 1 acre is equal to 4047 m7.) 
Also, 1 wapentake was the area of land needed by 100 such 
families. In quantum physics, the cross-sectional area of a nu- 
cleus (defined in terms of the chance of a particle hitting and 
being absorbed by it) is measured in units of barns, where 
1 barn is 1 X 10778 m*. (In nuclear physics jargon, if a nucleus 
is “large,” then shooting a particle at it is like shooting a bul- 
let at a barn door, which can hardly be missed.) What is the 
ratio of 25 wapentakes to 11 barns? 


53. A traditional unit of length in Japan is the ken (1 ken = 
1.97 m). What are the ratios of (a) square kens to square 
meters and (b) cubic kens to cubic meters? What is the vol- 
ume of a cylindrical water tank of height 5.50 kens and radius 
3.00 kens in (c) cubic kens and (d) cubic meters? 


your salvage ship directly over a sunken pirate ship. 
However, when your divers probe the ocean floor at that 
location and find no evidence of a ship, you radio back to 
your source of information, only to discover that the sailing 
distance was supposed to be 24.5 nautical miles, not regular 
miles. Use the Length table in Appendix D. 


55 A standard interior staircase has steps each with a rise 
(height) of 19cm and a run (horizontal depth) of 23 cm. 
Research suggests that the stairs would be safer for descent if 
the run were, instead, 28 cm. For a particular staircase of total 
height 4.57 m, how much farther into the room would the 
staircase extend if this change in run were made? 


56 The common Eastern mole, a mammal, typically has a 
mass of 75 g, which corresponds to about 7.5 moles of atoms. 
(A mole of atoms is 6.02 x 10% atoms.) In atomic mass 
units (u), what is the average mass of the atoms in the com- 


mon Eastern mole? 
An angle of 


57 An astronomical unit exactly 1 second 


(AU) is equal to the average 
distance from Earth to the 
Sun, about 92.9 x 10° mi. A 
parsec (pc) is the distance at 
which a length of 1 AU 
would subtend an angle of 
exactly 1 second of arc (Fig. 1-8). A light-year (ly) is the dis- 
tance that light, traveling through a vacuum with a speed of 
186 000 mi/s, would cover in 1.0 year. Express the Earth—Sun 
distance in (a) parsecs and (b) light-years. ssM 






1 pe 
FIG. 1-8 Problem 57. 
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58 In purchasing food for a political rally, you erroneously or- 
der shucked medium-size Pacific oysters (which come 8 to 12 per 
US. pint) instead of shucked medium-size Atlantic oysters (which 
come 26 to 38 per US. pint). The filled oyster container shipped to 
you has the interior measure of 1.0m x 12 cm X 20cm, and a 
US. pint is equivalent to 0.4732 liter. By how many oysters is the 
order short of your anticipated count? 


59 The cubit is an ancient unit of length based on the 
distance between the elbow and the tip of the middle finger 
of the measurer. Assume that the distance ranged from 43 to 
53 cm, and suppose that ancient drawings indicate that a 
cylindrical pillar was to have a length of 9 cubits and a diame- 
ter of 2 cubits. For the stated range, what are the lower value 
and the upper value, respectively, for (a) the cylinder’s length 
in meters, (b) the cylinder’s length in millimeters, and (c) the 
cylinder’s volume in cubic meters? 


60 An old English cookbook carries this recipe for cream of 
nettle soup: “Boil stock of the following amount: 1 break- 
fastcup plus 1 teacup plus 6 tablespoons plus 1 dessertspoon. 
Using gloves, separate nettle tops until you have 0.5 quart; 
add the tops to the boiling stock. Add 1 tablespoon of cooked 
rice and 1 saltspoon of salt. Simmer for 15 min.” The follow- 
ing table gives some of the conversions among old (premet- 
ric) British measures and among common (still premetric) U.S. 
measures. (These measures scream for metrication.) For liquid 
measures, 1 British teaspoon = 1 U.S. teaspoon. For dry mea- 
sures, | British teaspoon = 2 US. teaspoons and 1 British quart 
= 1 US. quart. In U.S. measures, how much (a) stock, (b) nettle 
tops, (c) rice, and (d) salt are required in the recipe? 


Old British Measures U.S. Measures 


teaspoon = 2 saltspoons tablespoon = 3 teaspoons 


dessertspoon = 2 teaspoons half cup = 8 tablespoons 
tablespoon = 2 dessertspoons cup = 2 half cups 
teacup = 8 tablespoons 


breakfastcup = 2 teacups 
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A woodpecker hammers its 


beak into the limb of a tree to 
search for insects to eat, to 
Greate Storage seace, OF tO 
audibly advertise for a mate. 
The motion toward the limb 
may be very rapid, but the 
stopping once the limb is 
reached is extremely rapid 
and would be fatal to a 
human. Thus, a woodpecker 
should seemingly fall from 
the tree either dead or un- 
conscious every time it slams 
its beak into the tree. Not 
only does it survive, but it 
rapidly repeats the motion, 
sending out a rat-tat-tat 


signal through the air. 





The answer is in this chapter. 


1 


Positive direction 


Negative direction 
lL cl ell cell Ly (1) 
3 —2 -!l (0) ] 2 5 

Origin 
FIG. 2-1 Position is determined 
on an axis that is marked in units 
of length (here meters) and that 
extends indefinitely in opposite 
directions. The axis name, here x, 
is always on the positive side of the 
origin. 
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2-1 WHAT IS PHYSICS? 


One purpose of physics is to study the motion of objects — how fast they move, 
for example, and how far they move in a given amount of time. NASCAR 
engineers are fanatical about this aspect of physics as they determine the 
performance of their cars before and during a race. Geologists use this physics to 
measure tectonic-plate motion as they attempt to predict earthquakes. Medical 
researchers need this physics to map the blood flow through a patient when diag- 
nosing a partially closed artery, and motorists use it to determine how they might 
slow sufficiently when their radar detector sounds a warning. There are countless 
other examples. In this chapter, we study the basic physics of motion where the 
object (race car, tectonic plate, blood cell, or any other object) moves along a sin- 
gle axis. Such motion is called one-dimensional motion. 


2-2 | Motion 


The world, and everything in it, moves. Even seemingly stationary things, such as 
a roadway, move with Earth’s rotation, Earth’s orbit around the Sun, the Sun’s or- 
bit around the center of the Milky Way galaxy, and that galaxy’s migration relative 
to other galaxies. The classification and comparison of motions (called kinematics) 
is often challenging. What exactly do you measure, and how do you compare? 

Before we attempt an answer, we shall examine some general properties of 
motion that is restricted in three ways. 


1. The motion is along a straight line only. The line may be vertical, horizontal, or 
slanted, but it must be straight. 


2. Forces (pushes and pulls) cause motion but will not be discussed until Chapter 
5. In this chapter we discuss only the motion itself and changes in the motion. 
Does the moving object speed up, slow down, stop, or reverse direction? If the 
motion does change, how 1s time involved in the change? 


3. The moving object is either a particle (by which we mean a point-like object 
such as an electron) or an object that moves like a particle (such that every 
portion moves in the same direction and at the same rate). A stiff pig slipping 
down a straight playground slide might be considered to be moving like a par- 
ticle; however, a tumbling tumbleweed would not. 
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To locate an object means to find its position relative to some reference point, of- 
ten the origin (or zero point) of an axis such as the x axis in Fig. 2-1. The positive 
direction of the axis is in the direction of increasing numbers (coordinates), which 
is to the right in Fig. 2-1. The opposite 1s the negative direction. 

For example, a particle might be located at x = 5 m, which means it is 5 m in 
the positive direction from the origin. If it were at x = —5 m, it would be just as 
far from the origin but in the opposite direction. On the axis, a coordinate of 
—5 m is less than a coordinate of —1m, and both coordinates are less than a 
coordinate of +5 m.A plus sign for a coordinate need not be shown, but a minus 
sign must always be shown. 

A change from position x, to position x, is called a displacement Ax, where 

Ax =X) — X}. (2-1) 
(The symbol A, the Greek uppercase delta, represents a change in a quantity, and 
it means the final value of that quantity minus the initial value.) When numbers 
are inserted for the position values x, and x, in Eq. 2-1, a displacement in the 
positive direction (to the right in Fig. 2-1) always comes out positive, and a dis- 
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placement in the opposite direction (left in the figure) always comes out negative. 
For example, if the particle moves from x; = 5 m to x, = 12 m, then Ax = (12 m) 
— (5m) = +7 m. The positive result indicates that the motion is in the positive 
direction. If, instead, the particle moves from x,=5m to x,=1m, then 
Ax = (1 m) — (5 m) = —4 m. The negative result indicates that the motion is in 
the negative direction. 

The actual number of meters covered for a trip is irrelevant; displacement in- 
volves only the original and final positions. For example, if the particle moves 
from x = 5 m out to x = 200 m and then back to x = 5 m, the displacement from 
start to finish is Ax = (5 m) — (5 m) = 0. 

A plus sign for a displacement need not be shown, but a minus sign must 
always be shown. If we ignore the sign (and thus the direction) of a displacement, 
we are left with the magnitude (or absolute value) of the displacement. For exam- 
ple, a displacement of Ax = —4 m has a magnitude of 4 m. 

Displacement is an example of a vector quantity, which is a quantity that has 
both a direction and a magnitude. We explore vectors more fully in Chapter 3 (in 
fact, some of you may have already read that chapter), but here all we need is the 
idea that displacement has two features: (1) Its magnitude is the distance (such as 
the number of meters) between the original and final positions. (2) Its direction, 
from an original position to a final position, can be represented by a plus sign or a 
minus sign if the motion is along a single axis. x (m) 


What follows is the first of many checkpoints you will see in this book. Each 
consists of one or more questions whose answers require some reasoning or a 
mental calculation, and each gives you a quick check of your understanding 
of a point just discussed. The answers are listed in the back of the book. 





CHECKPOINT 1 Here are three pairs of initial and final positions, respec- 
tively, along an x axis. Which pairs give a negative displacement: (a) —3 m, +5 m; FIG. 2-2. The graph of x(t) for 
(b) =35me (am: (ce) ems m7 an armadillo that is stationary at 
x = —2 m.The value of x is —2 m for 
all times ¢. 
2-4 | Average Velocity and Average Speed 
26 0)) 
A compact way to describe position is with a graph of position x plotted as a func- 
tion of time t—a graph of x(t). (The notation x(t) represents a function x of ¢, not 
the product x times t.) As a simple example, Fig. 2-2 shows the position function 


x(t) for a stationary armadillo (which we treat as a particle) over a 7 s time inter- | _ *O) 1 
val. The animal’s position stays atx = —2 m. | A LO) 


m PDO © 


Figure 2-3a is more interesting, because it involves motion. The armadillois 9% =} + fey * | 
apparently first noticed at t = 0 when it is at the position x = —5 m. It moves | | 
toward x = 0, passes through that point at t = 3 s, and then moves on to increas- 
ingly larger positive values of x. Figure 2-3b depicts the straight-line motion of 
the armadillo and is something like what you would see. The graph in Fig. 2-3a is a | | 
more abstract and quite unlike what you would see, but it is richer in information. \™Position at = 0 
It also reveals how fast the armadillo moves. 

Actually, several quantities are associated with the phrase “how fast.” One of (a) 
them is the average velocity v,,,, which is the ratio of the displacement Ax that oc- 
curs during a particular time interval Af to that interval: 





a Ax _ Th 22) ° 
eos! At tb — t (b) 


init all , FIG. 2-3 (a) The graph of x(¢) fora 
The notation means that the position is x, at time ¢; and then x, at time H.Acom-  jovin g armadillo, (b) The path 


mon unit for vy, is the meter per second (m/s). You may see other units in the — associated with the graph. The scale 
problems, but they are always in the form of length/time. below the x axis shows the times at 

On a graph of x versus f, v,,, 1s the slope of the straight line that connects two which the armadillo reaches various 
particular points on the x(t) curve: one is the point that corresponds to x, and ft, x values. 
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Vayg = Slope of this line 





and the other is the point that corresponds to x; and t,. Like displacement, Vavg has 
both magnitude and direction (it is another vector quantity). Its magnitude is the 
magnitude of the line’s slope. A positive vy, (and slope) tells us that the line 
slants upward to the right; a negative v,,, (and slope) tells us that the line slants 
downward to the right. The average velocity v,,, always has the same sign as the 
displacement Ax because At in Eq. 2-2 is always positive. 

Figure 2-4 shows how to find v,,, in Fig. 2-3 for the time intervalf = 1stor=4s. 
We draw the straight line that connects the point on the position curve at the be- 
ginning of the interval and the point on the curve at the end of the interval. Then 
we find the slope Ax/At of the straight line. For the given time interval, the aver- 





Ax=2 m-—-(-4m)=6m age velocity 1S 


— ieee ee ae ee 
y 
y 


ere eee 


Vavg = ae = 2 m/s. 


Average speed s,,, is a different way of describing “how fast” a particle 


FIG. 2-4 Calculation of the average 
velocity betweent = 1 sandt=4s 
as the slope of the line that connects 
the points on the x(f) curve repre- 
senting those times. 


moves. Whereas the average velocity involves the particle’s displacement Ax, the 
average speed involves the total distance covered (for example, the number of 
meters moved), independent of direction; that is, 


total distance 


Save = At (Zo) 


Because average speed does not include direction, it lacks any algebraic sign. 
Sometimes Sy, is the same (except for the absence of a sign) as Vay. However, as 
is demonstrated in Sample Problem 2-1, the two can be quite different. 


Sample Problem ae 


You drive a beat-up pickup truck along a straight road 
for 8.4 km at 70 km/h, at which point the truck runs out 
of gasoline and stops. Over the next 30 min, you walk an- 
other 2.0 km farther along the road to a gasoline station. 


(a) What is your overall displacement from the begin- 
ning of your drive to your arrival at the station? 


cSt Assume, for convenience, that you move in 


the positive direction of an x axis, from a first position of 
x, = 0 to a second position of x, at the station. That 
second position must be at x, = 8.4 km + 2.0 km = 
10.4 km. Then your displacement Ax along the x axis is 
the second position minus the first position. 


Calculation: From Eq. 2-1, we have 
Ax =x,—x,=104km—-0=104km. (Answer) 


Thus, your overall displacement is 10.4 km in the posi- 
tive direction of the x axis. 


(b) What is the time interval At from the beginning of 
your drive to your arrival at the station? 


cSt We already know the walking time interval 


Atwix (= 0.50 h), but we lack the driving time interval 
At,,. However, we know that for the drive the displace- 
ment Ax, is 8.4km and the average velocity Vaya, 18 
70 km/h. Thus, this average velocity is the ratio of the dis- 
placement for the drive to the time interval for the drive. 


Calculations: We first write 
Nae 
v -- 
avg,dr A i 
Rearranging and substituting data then give us 
Axa  84km 
Vavedr 70 km/h 
So, At = Ata: “te Atv 
= 0.12h + 0.50h = 0.62 h. 





Ata = = 0.12h. 


(Answer) 


(c) What is your average velocity v,y, from the begin- 
ning of your drive to your arrival at the station? Find it 
both numerically and graphically. 


cei From Eq. 2-2 we know that v,,. for the entire 


trip is the ratio of the displacement of 10.4 km for the en- 
tire trip to the time interval of 0.62 h for the entire trip. 


Calculation: Here we find 
Ax 10.4 km 
"ave “Ap 0.62h 
16.8 km/h ~ 17 km/h. 


(Answer) 


To find v,,,. graphically, first we graph the function x(f) 
as shown in Fig. 2-5, where the beginning and arrival 
points on the graph are the origin and the point labeled 
as “Station.” Your average velocity is the slope of the 
straight line connecting those points; that is, v,,, is the 








12 Truck stops — 
; Station 
10 Walking 
(a | 
& 
2% 8 1 
¢ | 
© | 
= 6 = 10.4 km) 
e ' 
oy 


s At (= 0.62 h) 
0 G2 0.4 0.6 
Time (h) 
FIG. 2-5 The lines marked “Driving” and “Walking” are the 
position—time plots for the driving and walking stages. (The 
plot for the walking stage assumes a constant rate of walking.) 
The slope of the straight line joining the origin and the point 
labeled “Station” is the average velocity for the trip, from the 
beginning to the station. 
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ratio of the rise (Ax = 10.4 km) to the run (At = 0.62 h), 
which gives us Vayg = 16.8 km/h. 


(d) Suppose that to pump the gasoline, pay for it, and 
walk back to the truck takes you another 45 min. What 
is your average speed from the beginning of your drive 
to your return to the truck with the gasoline? 


rei Your average speed is the ratio of the total 


distance you move to the total time interval you take to 
make that move. 


Calculation: The total distance is 8.4 km + 2.0 km + 
2.0 km = 12.4 km. The total time interval is 0.12 h + 
0.50 h + 0.75 h = 1.37 h. Thus, Eq. 2-3 gives us 


12.4 km 


eee Oa 
save 137 hh = 


(Answer) 


PROBLEM-SOLVING TACTICS 


Tactic 1: Do You Understand the Problem? The com- 
mon difficulty is simply not understanding the problem. The best 
test of understanding is this: Can you explain the problem? 

Write down the given data, with units, using the symbols 
of the chapter. (In Sample Problem 2-1, the given data allow 
you to find your net displacement Ax in part (a) and the 
corresponding time interval At in part (b).) Identify the 
unknown and its symbol. (In the sample problem, the unknown 
in part (c) is your average velocity v.y,.) Then find the connec- 
tion between the unknown and the data. (The connection is pro- 
vided by Eq. 2-2, the definition of average velocity.) 


Tactic 2: Are the Units OK? Be sure to use a consistent 
set of units when putting numbers into the equations. In Sample 
Problem 2-1, the logical units in terms of the given data are kilo- 
meters for distances, hours for time intervals, and kilometers per 
hour for velocities. You may sometimes need to convert units. 


Tactic 3: Is Your Answer Reasonable? Does your an- 
swer make sense, or is it far too large or far too small? Is the 
sign correct? Are the units appropriate? In part (c) of Sample 
Problem 2-1, for example, the correct answer is 17 km/h. If you 
find 0.00017 km/h, —17 km/h, 17 km/s, or 17 000 km/h, you 
should realize at once that you have done something wrong. 
The error may lie in your method, in your algebra, or in your 
keystroking of numbers on a calculator. 


Tactic 4: Reading a Graph Figures 2-2, 2-3a, 2-4, and 
2-5 are graphs you should be able to read easily. In each graph, 
the variable on the horizontal axis is the time ¢, with the direc- 
tion of increasing time to the right. In each, the variable on 
the vertical axis is the position x of the moving particle with 
respect to the origin, with the positive direction of x upward. 
Always note the units (seconds or minutes; meters or kilome- 
ters) in which the variables are expressed. 


You have now seen two ways to describe how fast something moves: average 
velocity and average speed, both of which are measured over a time interval Ar. 
However, the phrase “how fast” more commonly refers to how fast a particle is 
moving at a given instant — its instantaneous velocity (or simply velocity) v. 

The velocity at any instant is obtained from the average velocity by shrinking 
the time interval At closer and closer to 0. As At dwindles, the average velocity ap- 
proaches a limiting value, which is the velocity at that instant: 


Be dx 


v= lim — = —. 
At—o At dt 


(2-4) 


Note that v is the rate at which position x is changing with time at a given instant; 
that is, v is the derivative of x with respect to t. Also note that v at any instant is 
the slope of the position—time curve at the point representing that instant. 
Velocity is another vector quantity and thus has an associated direction. 
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Speed is the magnitude of velocity; that is, speed is velocity that has been 
Stripped of any indication of direction, either in words or via an algebraic sign. 
(Caution: Speed and average speed can be quite different.) A velocity of +5 m/s 
and one of —5 m/s both have an associated speed of 5 m/s. The speedometer in a 
car measures speed, not velocity (it cannot determine the direction). 


CHECKPOINT 2 


Figure 2-6a is an x(t) plot for an elevator cab that is ini- 
tially stationary, then moves upward (which we take to 
be the positive direction of x), and then stops. Plot v(t). 


cory We can find the velocity at any time from 


the slope of the x(t) curve at that time. 


Calculations: The slope of x(t), and so also the velocity, 
is Zero in the intervals from 0 to 1s and from 9 s on, so 
then the cab is stationary. During the interval bc, the 
slope is constant and nonzero, so then the cab moves with 
constant velocity. We calculate the slope of x(t) then as 

Ax 24m — 4.0m 

Rw coon 5 fees 
The plus sign indicates that the cab is moving in the pos- 
itive x direction. These intervals (where v = 0 and v = 
4 m/s) are plotted in Fig. 2-6. In addition, as the cab ini- 
tially begins to move and then later slows to a stop, 
v varies as indicated in the intervals 1s to3s and 8s to 
9 s. Thus, Fig. 2-65 is the required plot. (Figure 2-6c is 
considered in Section 2-6.) 

Given a v(t) graph such as Fig. 2-65, we could “work 
backward” to produce the shape of the associated x(t) 
graph (Fig. 2-6a). However, we would not know the ac- 
tual values for x at various times, because the v(t) graph 
indicates only changes in x. To find such a change in x 
during any interval, we must, in the language of calculus, 
calculate the area “under the curve” on the v(t) graph for 
that interval. For example, during the interval 3 s to 8s in 
which the cab has a velocity of 4.0 m/s, the change in x is 


Ax = (4.0 m/s)(8.0 s — 3.0s) = +20 m. 


(This area is positive because the v(t) curve is above the 
t axis.) Figure 2-6a shows that x does indeed increase by 
20 m in that interval. However, Fig. 2-65 does not tell us 
the values of x at the beginning and end of the interval. 
For that, we need additional information, such as the 
value of x at some instant. 


The following equations give the position x(t) of a particle 
in four situations (in each equation, x is in meters, ¢ is in seconds, and t > 0): (1) x = 
3t — 2;(2) x = —4t? — 2; (3) x = 2/t*; and (4) x = —2. (a) In which situation is the veloc- 
ity v of the particle constant? (b) In which is v in the negative x direction? 


Sample Problem P22 


Position (m) 


Velocity (m/s) 


Acceleration (m/ s*) 


NO 
Or 


NO 
© 


— 
or 
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(c) 


FIG. 2-6 (a) The x(t) curve for an elevator cab that moves upward along an x axis. (b) The v(t) curve 
for the cab. Note that it is the derivative of the x(t) curve (v = dx/dt). (c) The a(t) curve for the cab. It is 
the derivative of the v(t) curve (a = dv/dt). The stick figures along the bottom suggest how a passenger’s 


body might feel during the accelerations. 
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The position of a particle moving on an x axis is given by —2.1 m/s*. Taking the derivative of Eq. 2-5, we write 
eo O27 ale 2-5 d d 
Cy yo a (esi Oi Ole) 
with x in meters and ¢ in seconds. What is its velocity at . dt dt 
t = 3.5 s? Is the velocity constant, or is it continuously which becomes 
changing? Vi) 9D = 3) (2-9 6:3 (2-6) 


Att=3.5s, 
Velocity is the first derivative (with respect v = 9.2 — (6.3)(3.5) = —68 m/s. (Answer) 


to time) of the position function x(t). ——_ — 
CO Att = 3.5 s, the particle is moving in the negative direc- 


Calculations: For simplicity, the units have been omit- tion of x (note the minus sign) with a speed of 68 m/s. 
ted from Eq. 2-5, but you can insert them if you like Since the quantity ¢ appears in Eq. 2-6, the velocity v 
by changing the coefficients to 7.8m, 9.2 m/s, and depends on ¢ and so is continuously changing. 
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When a particle’s velocity changes, the particle is said to undergo acceleration (or 
to accelerate). For motion along an axis, the average acceleration Gaye OVET a time 
interval At is 


Ve = Ve Av 


Aoyvg = = 2-7 
ne b—h At (27) 





where the particle has velocity v, at time ¢, and then velocity v, at time t,. The 
instantaneous acceleration (or simply acceleration) is 


ody 


= (2-8) 


In words, the acceleration of a particle at any instant is the rate at which its velocity 
is changing at that instant. Graphically, the acceleration at any point is the slope of 
the curve of v(f) at that point. We can combine Eq. 2-8 with Eq. 2-4 to write 


ws Sse Schaal 
dt adt\dt/ ~ dt?’ 





(2-9) 


In words, the acceleration of a particle at any instant is the second derivative of 
its position x(t) with respect to time. 

A common unit of acceleration is the meter per second per second: m/(s-s) 
or m/s*. Other units are in the form of length/(time-time) or length/time?. 
Acceleration has both magnitude and direction (it is yet another vector quan- 
tity). Its algebraic sign represents its direction on an axis just as for displacement 
and velocity; that is, acceleration with a positive value is in the positive direction 
of an axis, and acceleration with a negative value is in the negative direction. 

Figure 2-6c is a plot of the acceleration of the elevator cab discussed in 
Sample Problem 2-2. Compare this a(¢) curve with the v(t) curve—each point on 
the a(t) curve shows the derivative (slope) of the v(t) curve at the corresponding 
time. When v is constant (at either 0 or 4 m/s), the derivative is zero and so also is the 
acceleration. When the cab first begins to move, the v(t) curve has a positive deriva- 
tive (the slope is positive), which means that a(t) is positive. When the cab slows to a 
stop, the derivative and slope of the v(t) curve are negative; that is, a(t) is negative. 

Next compare the slopes of the v(t) curve during the two acceleration peri- 
ods. The slope associated with the cab’s slowing down (commonly called “decel- 
eration”) is steeper because the cab stops in half the time it took to get up to 
speed. The steeper slope means that the magnitude of the deceleration is larger 
than that of the acceleration, as indicated in Fig. 2-6c. 
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FIG. 2-7 Colonel J.P Stappina 


rocket sled as it is brought up to high The sensations you would feel while riding in the cab of Fig. 2-6 are indicated 


; by the sketched figures at the bottom. When the cab first accelerates, you feel as 
speed (acceleration out of the page) 
and then very rapidly braked (accel- though you are pressed downward; when later the cab 1s braked to a stop, you 
eration into the page). (Courtesy U.S. seem to be stretched upward. In between, you feel nothing special. In other 
Air Force) words, your body reacts to accelerations (it is an accelerometer) but not to 
velocities (it is not a speedometer). When you are in a car traveling at 90 km/h or 
an airplane traveling at 900 km/h, you have no bodily awareness of the motion. 
However, if the car or plane quickly changes velocity, you may become keenly 
aware of the change, perhaps even frightened by it. Part of the thrill of an amuse- 
ment park ride is due to the quick changes of velocity that you undergo (you pay 
for the accelerations, not for the speed). A more extreme example is shown in the 
photographs of Fig. 2-7, which were taken while a rocket sled was rapidly ee 
ated along a track and then rapidly braked to a stop. 
Large accelerations are sometimes expressed in terms of g units, with 


1g = 9.8 m/s? (g unit). (2-10) 


(As we shall discuss in Section 2-9, g is the magnitude of the acceleration of a 
falling object near Earth’s surface.) On a roller coaster, you may experience brief 
accelerations up to 3g, which is (3)(9.8 m/s’), or about 29 m/s’, more than enough 
to justify the cost of the ride. 


PROBLEM-SOLVING TACTICS 


Tactic 5: An Acceleration’s Sign In common lan- Here then is the proper way to bonny the signs: 
guage, the sign of an acceleration has a nonscientific meaning: gees 
positive acceleration means that the speed of an object is 
increasing, and negative acceleration means that the speed is 
decreasing (the object is decelerating). In this book, however, 
the sign of an acceleration indicates a direction, not whether 

































































an object’s speed is increasing or decreasing. CHECKPOINT 3 A wombat moves along an x 

For example, if a car with an initial velocity v = —25 m/s axis. What is the sign of its acceleration if it is moving (a) in 
is braked to a stop in 5.0 s, then a,,, = +5.0 m/s’. The he ers. the positive direction with increasing speed, (b) in the posi- 
tion is positive, but the car’s speed has decreased. The reason tive direction with decreasing speed, (c) in the negative 
is the difference in signs: the direction of the acceleration is direction with increasing speed, and (d) in the negative 
opposite that of the velocity. direction with decreasing speed? 





A particle’s position on the x axis of Fig. 2-1 is given by | KEY IDEAS | | 
(1) To get the velocity function v(t), we 


od ta differentiate the position function x(t) with respect to 
sR eee a ACN time. (2) To get the acceleration function a(t), we differ- 
entiate the velocity function v(t) with respect to time. 


(a) Because position x depends on time f¢, the particle ; . — _ 
must be moving. Find the particle’s velocity function Calculations: Differentiating the position function, we find 


v(t) and acceleration function a(t). v= —27 + 322, (Answer) 





FIG, 2-7 Continued 


with v in meters per second. Differentiating the velocity 
function then gives us 


a= +6t, 
with a in meters per second squared. 


(Answer) 


(b) Is there ever a time when v = 0? 
Calculation: Setting v(t) = 0 yields 
0 = -27 + 30’, 
which has the solution 
t= +3s. (Answer) 


Thus, the velocity is zero both 3 s before and 3 s after 
the clock reads 0. 


(c) Describe the particle’s motion for t = 0. 


Reasoning: We need to examine the expressions for 
x(t), v(t), and a(t). 
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Att = 0, the particle is at x(0) = +4 m and is moving 
with a velocity of v(0) = —27 m/s—that is, in the nega- 
tive direction of the x axis. Its acceleration is a(0) = 0 be- 
cause just then the particle’s velocity is not changing. 

For 0<t<3s, the particle still has a negative 
velocity, so it continues to move in the negative direction. 
However, its acceleration is no longer 0 but is increasing 
and positive. Because the signs of the velocity and the ac- 
celeration are opposite, the particle must be slowing. 

Indeed, we already know that it stops momentarily 
at t = 3 s. Just then the particle is as far to the left of the 
origin in Fig. 2-1 as it will ever get. Substituting t = 3 s 
into the expression for x(t), we find that the particle’s posi- 
tion just then is x = —50 m. Its acceleration is still positive. 

For t > 3s, the particle moves to the right on the 
axis. Its acceleration remains positive and grows pro- 
gressively larger in magnitude. The velocity is now posi- 
tive, and it too grows progressively larger in magnitude. 
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Special Case 


In many types of motion, the acceleration is either constant or approximately so. 
For example, you might accelerate a car at an approximately constant rate when 
a traffic light turns from red to green. Then graphs of your position, velocity, and 
acceleration would resemble those in Fig. 2-8. (Note that a(t) in Fig. 2-8c is con- 
stant, which requires that v(t) in Fig. 2-8b have a constant slope.) Later when you Xp 
brake the car to a stop, the acceleration (or deceleration in common language) 
might also be approximately constant. 

Such cases are so common that a special set of equations has been derived 
for dealing with them. One approach to the derivation of these equations is given 
in this section. A second approach is given in the next section. Throughout both 
sections and later when you work on the homework problems, keep in mind that 
these equations are valid only for constant acceleration (or situations in which you 
can approximate the acceleration as being constant). 

When the acceleration is constant, the average acceleration and instantaneous ac- 
celeration are equal and we can write Eq. 2-7, with some changes in notation, as 


Position 


Slope varies 





Slope = a 





_ _ Vo~ VW 
a Ons 7-0" ne 
= a(t) 
; Slope = 0 
FIG. 2-8 (a) The position x(£) of a particle moving with constant acceleration. (b) Its 8 
velocity v(t), given at each point by the slope of the curve of x(t). (c) Its (constant) acceler- <9 : 


ation, equal to the (constant) slope of the curve of v(t). (c) 
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Here vy is the velocity at time tf = 0 and vis the velocity at any later time ¢. We can 
recast this equation as 


V = Vo t+ at. (2-11) 


As acheck, note that this equation reduces to v = vy for tf = 0, as it must. As a fur- 
ther check, take the derivative of Eq. 2-11. Doing so yields dv/dt = a, which is the 
definition of a. Figure 2-8b shows a plot of Eq. 2-11, the v(t) function; the function 
is linear and thus the plot is a straight line. 

In a similar manner, we can rewrite Eq. 2-2 (with a few changes in notation) as 





a Xo 
Vave = t La 0 
and then as 
= oA ale Vavel, (2-12) 


in which xp is the position of the particle at ¢ = 0 and v,,, is the average velocity 
between ¢ = 0 and a later time ¢. 

For the linear velocity function in Eq. 2-11, the average velocity over any time 
interval (say, from ¢ = 0 to a later time ¢) is the average of the velocity at the be- 
ginning of the interval (= vo) and the velocity at the end of the interval (= v). For 
the interval from ¢ = 0 to the later time ¢ then, the average velocity is 


Vee = (vo + Vv). (2-13) 
Substituting the right side of Eq. 2-11 for v yields, after a little rearrangement, 
Vago: = Wig 5 at. (2-14) 


Finally, substituting Eq. 2-14 into Eq. 2-12 yields 
X — Xo = Vot + 5 at?. (2-15) 


As a check, note that putting ¢t = 0 yields x = xp, as it must. As a further check, 
taking the derivative of Eq. 2-15 yields Eq. 2-11, again as it must. Figure 2-8a 
shows a plot of Eq. 2-15; the function is quadratic and thus the plot is curved. 

Equations 2-11 and 2-15 are the basic equations for constant acceleration; 
they can be used to solve any constant acceleration problem in this book. 
However, we can derive other equations that might prove useful in certain 
specific situations. First, note that as many as five quantities can possibly be 
involved in any problem about constant acceleration—namely, x — Xo, v, t, a, and 
Vo. Usually, one of these quantities is not involved in the problem, either as a given 
or as an unknown. We are then presented with three of the remaining quantities 
and asked to find the fourth. 

Equations 2-11 and 2-15 each contain four of these quantities, but not the 
same four. In Eq. 2-11, the “missing ingredient” is the displacement x — xo. In Eq. 
2-15, it is the velocity v. These two equations can also be combined in three ways 
to yield three additional equations, each of which involves a different “missing 
variable.” First, we can eliminate ¢ to obtain 


Vi = Vice LOC He) (2-16) 


This equation 1s useful if we do not know ¢ and are not required to find it. Second, 
we can eliminate the acceleration a between Eqs. 2-11 and 2-15 to produce an 
equation in which a does not appear: 


X — Xy = 5(Vo + ve. (2-17) 
Finally, we can eliminate v,, obtaining 
x — Xp = vt — sat? (2-18) 


Note the subtle difference between this equation and Eq. 2-15. One involves the 
initial velocity vo; the other involves the velocity v at time t. 


‘Table 2-1 lists the basic constant acceleration equations (Eqs. 
2-11 and 2-15) as well as the specialized equations that we have 
derived. To solve a simple constant acceleration problem, you can 
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TABLE 2-1 


Equations for Motion with Constant Acceleration? 


usually use an equation from this list (if you have the list with Equation Missing 

you). Choose an equation for which the only unknown variable is | Number Equation Quantity 

the variable requested in the problem. A simpler plan is to remem- 

ber only Eqs. 2-11 and 2-15, and then solve them as simultaneous 7! Sed? ls 

equations whenever needed. 2-15 X — Xq = Vot + jal? Y 

2-16 v? = v6 + 2a(x — Xo) t 

CHECKPOINT 4 The following equations give the position Za i M0 = 3(Y + vit a 
x(t) of a particle in four situations: (1) x = 3t — 4; (2) x = —5t° + 4?? 2-18 xX — Xp = vt ~ at? Vo 


+ 6; (3) x = 2/t? — 4/t; (4) x = 5t? — 3. To which of these situations do eae see eran aremnee ate Saree roe 


the equations of Table 2-1 apply? 


“Make sure that the acceleration is indeed constant before 
using the equations in this table. 


Sample Problem Ee 


The head of a woodpecker is moving forward at a speed 
of 7.49 m/s when the beak makes first contact with a tree 
limb. The beak stops after penetrating the limb by 1.87 
mm. Assuming the acceleration to be constant, find the 
acceleration magnitude in terms of g. Se 


cet We can use the constant-acceleration equa- 


tions; in particular, we can use Eq. 2-16 (v?7 = v6 + 
2a(x — Xo)), which relates velocity and displacement. 


Calculations: Because the woodpecker’s head stops, 
the final velocity is v = 0. The initial velocity is vg = 
7.49 m/s, and the displacement during the constant 
acceleration is x — X%)=1.87 X10 %m. Substituting 
these values into Eq. 2-16, we have 


0* = (7.49 m/s)* + 2a(1.87 X 1077 m), 
or a = —1.500  10* m/s?. 


Figure 2-9 gives a particle’s velocity v versus its position 
as it moves along an x axis with constant acceleration. 
What is its velocity at position x = 0? 


cSt We can use the constant-acceleration equa- 


tions; in particular, we can use Eq. 2-16 (v? = v6 + 
2a(x — Xy)), which relates velocity and position. 


First try: Normally we want to use an equation that 
includes the requested variable. In Eq. 2-16, we can 
identify x) as O and vy as being the requested variable. 
Then we can identify a second pair of values as being 
v and x. From the graph, we have two such pairs: (1) v = 
8m/s and x = 20m, and (2) v = 0 and x = 70m. For 
example, we can write Eq. 2-16 as 


(8 m/s)? = vj + 2a(20 m — 0). 


However, we know neither vy nor a. 


(2-19) 


Second try: Instead of directly involving the requested 


Dividing by g = 9.8 m/s’ and taking the absolute value, 
we find that the magnitude of the head’s acceleration is 


A— (53. 0) (Answer) 


Comment: This typical acceleration magnitude for a 
woodpecker is about 70 times the acceleration magni- 
tude of Colonel Stapp in Fig. 2-7 and certainly would 
have been lethal to him. The ability of a woodpecker to 
withstand such huge acceleration magnitudes is not well 
understood, but there are two main arguments. (1) The 
woodpecker’s motion is almost along a straight line. Some 
researchers believe that concussion can occur in humans 
and animals when the head is rapidly rotated around the 
neck (and brain stem), but that it is less likely in straight- 
line motion. (2) The woodpecker’s brain is attached so 
well to the skull that there is little residual movement or 
oscillation of the brain just after the impact and no chance 
for the tissue connecting the skull and brain to tear. 





Vv (m/s) 


=] 
OO 00 70 


x (m) 
FIG. 2-9 Velocity versus position. 
variable, let’s use Eq. 2-16 with the two pairs of known 
data, identifying v9 = 8 m/s and x) = 20m as the first 


pair and v = 0 m/s and x = 70m as the second pair. 
Then we can write 


(0 m/s)* = (8 m/s)? + 2a(70 m — 20 m), 


which gives us a = —0.64 m/s’. Substituting this value 
into Eq. 2-19 and solving for vg (the velocity associated 
with the position of x = 0), we find 


Vo = 9.5 m/s. (Answer) 
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Comment: Some problems involve an equation that in- physics courage because it is so indirect. However, if 
cludes the requested variable. A more challenging prob- you build your solving skills by solving lots of problems, 
lem requires you to first use an equation that does not the procedure gradually requires less courage and may 
include the requested variable but that gives you a even become obvious. Solving problems of any kind, 


value needed to find it. Sometimes that procedure takes whether physics or social, requires practice. 
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The first two equations in Table 2-1 are the basic equations from which the others 
are derived. Those two can be obtained by integration of the acceleration with 
the condition that a is constant. To find Eq. 2-11, we rewrite the definition of ac- 
celeration (Eq. 2-8) as 

dv = adt. 


We next write the indefinite integral (or antiderivative) of both sides: 


favm fo 


Since acceleration a is a constant, it can be taken outside the integration. We obtain 


fav=a fa 


or v=at+C. (2-20) 


To evaluate the constant of integration C, we let t = 0, at which time v = vo. 
Substituting these values into Eq. 2-20 (which must hold for all values of 1, 
including t = 0) yields 

vo = (a)\(0) + C=C. 


Substituting this into Eq. 2-20 gives us Eq. 2-11. 
To derive Eq. 2-15, we rewrite the definition of velocity (Eq. 2-4) as 


dx = vdt 


and then take the indefinite integral of both sides to obtain 


= 


Next, we substitute for v with Eq. 2-11: 


| a = fo ee(E) GE. 


Since Vo is a constant, as is the acceleration a, this can be rewritten as 


[ax = vf ar+ af eae 


= Val sat? +C’, (On) 


Integration now yields 


where C’ is another constant of integration. At time t= 0, we have x = Xp. 
Substituting these values in Eq. 2-21 yields x) = C’. Replacing C” with x in Eq. 
2-21 gives us Eq. 2-15. 
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If you tossed an object either up or down and could somehow eliminate the 
effects of air on its flight, you would find that the object accelerates downward at 
a certain constant rate. That rate is called the free-fall acceleration, and its magni- 
tude is represented by g. The acceleration is independent of the object’s charac- 
teristics, such as mass, density, or shape; it is the same for all objects. 


*This section is intended for students who have had integral calculus. 


Two examples of free-fall acceleration are shown in Fig. 2-10, which is a series 
of stroboscopic photos of a feather and an apple. As these objects fall, they 
accelerate downward — both at the same rate g. Thus, their speeds increase at the 
same rate, and they fall together. 

The value of g varies slightly with latitude and with elevation. At sea level in 
Earth’s midlatitudes the value is 9.8 m/s? (or 32 ft/s”), which is what you should 
use as an exact number for the problems in this book unless otherwise noted. 

The equations of motion in Table 2-1 for constant acceleration also apply to 
free fall near Earth’s surface; that is, they apply to an object in vertical flight, 
either up or down, when the effects of the air can be neglected. However, note 
that for free fall: (1) The directions of motion are now along a vertical y axis 
instead of the x axis, with the positive direction of y upward. (This is important 
for later chapters when combined horizontal and vertical motions are examined.) 
(2) The free-fall acceleration is negative — that is, downward on the y axis, toward 
Earth’s center —and so it has the value 8 in the canons 
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Suppose you toss a tomato directly upward with an initial (positive) Reine Vo 
and then catch it when it returns to the release level. During its free-fall flight (from 
just after its release to just before it is caught), the equations of Table 2-1 apply to its 
motion. The acceleration is always a = —g = —9.8 m/s’, negative and thus down- 
ward. The velocity, however, changes, as indicated by Eqs. 2-11 and 2-16: during the 
ascent, the magnitude of the positive velocity decreases, until it momentarily be- 
comes zero. Because the tomato has then stopped, it is at its maximum height. 
During the descent, the magnitude of the (now negative) velocity increases. 


CHECKPOINT 5 (a) If you toss a ball straight up, what is the sign of the ball’s 
displacement for the ascent, from the release point to the highest point? (b) What is it 
for the descent, from the highest point back to the release point? (c) What is the ball’s 
acceleration at its highest point? 
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FIG. 2-10 A feather and an apple 
free fall in vacuum at the same 
magnitude of acceleration g. The 
acceleration increases the distance 
between successive images. In the ab- 
sence of air, the feather and apple fall 
together. (Jim Sugar/Corbis Images) 


Sample Problem ee 


On September 26, 1993, Dave Munday went over the 
Canadian edge of Niagara Falls in a steel ball equipped 
with an air hole and then fell 48 m to the water (and 
rocks). Assume his initial velocity was zero, and neglect 
the effect of the air on the ball during the fall. eS 


(a) How long did Munday fall to reach the water surface? 


coi Because Munday’s fall was a free fall, the 


constant-acceleration equations of Table 2-1 apply. 


Calculations: Let us place a y axis along the path of his 
fall, with y = 0 at his starting point and the positive 
direction up the axis (Fig. 2-11). Then the acceleration 
is a= —g along that axis, and the water level is at 
y = —48 m (negative because it is below y = 0). Let the 
fall begin at time ¢ = 0, with initial velocity vy = 0. 

From Table 2-1 we choose Eq. 2-15 (but in y nota- 
tion) because it contains the requested time t. We find 


Ve = Vol = sgt, 
—48 m — 0 = 0t — 5(9.8 m/s*)r?, 
t? = 48/4.9, 
and t= 3.1s. (Answer) 


Note that Munday’s displacement y — yo is a negative 
quantity — Munday fell down, in the negative direction 
of the y axis (he did not fall up!). Also note that 48/4.9 
has two square roots: 3.1 and —3.1. Here we choose the 
positive root because Munday obviously reaches the 
water surface after he begins to fall at t = 0. 


t y v a 
(m/s) (m/s*) 


0 0 0 —9.8 


| 49 -98 -9.8 


2 -19.6 -19.6 -9.8 


FIG. 2-11. The position, 
velocity, and acceleration 
of a freely falling object, 
here the steel ball ridden 
by Dave Munday over 
Niagara Falls. 





5 44.1 -29.4 -9.8 





—48.0 —9.8 
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(b) Munday could count off the three seconds of free 
fall but could not see how far he had fallen with each 
count. Determine his position at each full second. 


Calculations: We again use Eq. 2-15 but now we substi- 
tute, in turn, the values t = 1.0s, 2.0 s, and 3.0 s, and solve 
for Munday’s position y. The results are shown in Fig. 2-11. 


(c) What was Munday’s velocity as he reached the wa- 
ter surface? 


Calculation: To find the velocity from the original data 
without using the time of fall from (a), we rewrite Eq. 
2-16 in y notation and then substitute known data: 


v? = v4 — 22(y — yo) = 0 — (2)(9.8 m/s*)(—48 m), 
so. v= —30.67 m/s ~ —31 m/s = —110 km/h. 
(Answer) 


We chose the negative root here because the velocity 
was in the negative direction. 


(d) What was Munday’s velocity at each count of one 
full second? Was he aware of his increasing speed? 


Calculations: To find the velocities from the original 
data without using the positions from (b), we let a = —g 
in Eq. 2-11 and then substitute, in turn, the values 
t = 1.0 s,2.0 s, and 3.0 s. Here is an example: 


Vis Vo.= eet 


= 0 — (9.8 m/s*)(1.0 s) = —9.8 m/s. (Answer) 


The other results are shown in Fig. 2-11. 

Once he was in free fall, Munday was unaware of 
the increasing speed because the acceleration during 
the fall was always —9.8 m/s’, as noted in the last col- 
umn of Fig. 2-11. He was, of course, sharply aware of 
hitting the water because then the acceleration abruptly 
changed. (Munday survived the fall but then faced stiff 
legal fines for his daredevil action.) 


Sample Problem ay 


In Fig. 2-12, a pitcher tosses a baseball up along a y axis, 
with an initial speed of 12 m/s. 


(a) How long does the ball take to reach its maximum 
height? 





lisaemaatie’ (1) Once the ball leaves the pitcher and 
before it returns to his hand, its acceleration 1s the free- 
fall acceleration a= —g. Because this is constant, 
Table 2-1 applies to the motion. (2) The velocity v at the 
maximum height must be 0. 


Calculation: Knowing v, a, and the initial velocity 
Vo = 12 m/s, and seeking ft, we solve Eq. 2-11, which con- 


Ball + y 


v=Oat Lee 


highest point 


During 
descent, 
a=-, 
speed 
increases, 
and velocity 
becomes 
more 
negative 


During ascent, ~_! 
a-—g, 

speed decreases, 
and velocity 
becomes less 
positive 


~ 


FIG. 2-12 A pitcher 
tosses a baseball 
straight up into the air. 
The equations of free 
fall apply for rising as 
well as for falling ob- 
jects, provided any ef- 
fects from the air can be 
neglected. 





' 


I 
| 
| 
| 
| 
| 
| 
I 
I 
% 






tains those four variables. This yields 


bea VV iit asl 2s 
a —9.8 m/s” 





= 12s. (Answer) 
(b) What is the ball’s maximum height above its release 
point? 


Calculation: We can take the ball’s release point to 
be yp = 0. We can then write Eq. 2-16 in y notation, set 
y —yo=y and v =0 (at the maximum height), and 
solve for y. We get 


y cea ah Oar (Cl 2 ins) 


= 73m, (A 
2a 2(—9.8 m/s?) CE 


oe 


(c) How long does the ball take to reach a point 5.0 m 
above its release point? 


Calculations: We know vo, a = —g, and displacement 
y — yo = 5.0 m, and we want ft, so we choose Eq. 2-15. 
Rewriting it for y and setting yp = 0 give us 

ye Vol -_ 5gt?, 
or 5.0m = (12 m/s)t — (5)(9.8 m/s”)t?. 


If we temporarily omit the units (having noted that they 
are consistent), we can rewrite this as 


4.9t? — 12t+ 5.0 = 0. 
Solving this quadratic equation for t yields 
t=053s and t=1.9s. (Answer) 


There are two such times! This is not really surprising 
because the ball passes twice through y = 5.0 m, once 
on the way up and once on the way down. 
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PROBLEM-SOLVING TACTICS 


Tactic 6: Meanings of Minus Signs In Sample 
Problems 2-7 and 2-8, we established a vertical axis (the 
y axis) and we chose — quite arbitrarily —its upward direction 
to be positive. We then chose the origin of the y axis (that is, 
the y = 0 position) to suit the problem. In Sample Problem 
2-7, the origin was at the top of the falls, and in Sample 
Problem 2-8 it was at the pitcher’s hand. A negative value of y 
then means that the body is below the chosen origin. A nega- 
tive velocity means that the body is moving in the negative 
direction of the y axis—that is, downward. This is true no 
matter where the body 1s located. 

We take the acceleration to be negative (—9.8 m/s’) in all 
problems dealing with falling bodies. A negative acceleration 
means that, as time goes on, the velocity of the body becomes 


either less positive or more negative. This is true no matter 
where the body is located and no matter how fast or in what 
direction it is moving. In Sample Problem 2-8, the acceleration 
of the ball is negative (downward) throughout its flight, 
whether the ball is rising or falling. 


Tactic 7: Unexpected Answers Mathematics often 
generates answers that you might not have thought of as pos- 
sibilities, as in Sample Problem 2-8c. If you get more answers 
than you expect, do not automatically discard the ones that do 
not seem to fit. Examine them carefully for physical meaning. 
If time 1s your variable, even a negative value can mean some- 
thing; negative time simply refers to time before t = 0, the 
(arbitrary) time at which you decided to start your stopwatch. 
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When we have a graph of an object’s acceleration versus time, we can integrate 
on the graph to find the object’s velocity at any given time. Because acceleration 
a is defined in terms of velocity as a = dv/dt, the Fundamental Theorem of 
Calculus tells us that 
ty 
Vi —Vy = | a dt. 
ly 


The right side of the equation is a definite integral (it gives a numerical result 
rather than a function), vo is the velocity at time fp, and v, is the velocity at later 
time ¢,. The definite integral can be evaluated from an a(t) graph, such as in Fig. 
2-13a. In particular, 


(2-22) 


A area between acceleration curve 
| adt = ( (2-23) 
ly 


and time axis, from { to 4, 


If a unit of acceleration is 1 m/s* and a unit of time is 1 s, then the corre- 
sponding unit of area on the graph is 


(1 m/s’)(1 s) = 1 m/s, 


which is (properly) a unit of velocity. When the acceleration curve is above the 
time axis, the area is positive; when the curve is below the time axis, the area is 


negative. 
Similarly, because velocity v is defined in terms of the position x as v = dx/dt, a aoe 
then 
fy 
Xx, — X= | v dt, (2-24) 
ly lo ty 
where XQ is the position at time fy) and x, is the position at time ¢,. The definite (a) 


integral on the right side of Eq. 2-24 can be evaluated from a v(t) graph, like that 


shown in Fig. 2-135. In particular, Svea 
(2-25) lo : 


2) 
FIG. 2-13 The area betweena 
plotted curve and the horizontal time 
axis, from time fy to time f,, is indi- 
cated for (a) a graph of acceleration 
a versus t and (b) a graph of velocity 
v versus f. 


ty ce area between velocity — 
i val \ and time axis, from f,tot, / 


If the unit of velocity is 1 m/s and the unit of time is 1 s, then the corre- 
sponding unit of area on the graph is 


(1 m/s)(1 s) = 1m, 


which is (properly) a unit of position and displacement. Whether this area is posi- 
tive or negative is determined as described for the a(t) curve of Fig. 2-13a. 


Chapter 2 | Motion Along a Straight Line 


Sample Problem 2 


“Whiplash injury” commonly occurs in a rear-end colli- 
sion where a front car is hit from behind by a second 
car. In the 1970s, researchers concluded that the injury 
was due to the occupant’s head being whipped back over 
the top of the seat as the car was slammed forward. As a 
result of this finding, head restraints were built into cars, 
yet neck injuries in rear-end collisions continued to occur. 

In a recent test to study neck injury in rear-end colli- 
sions, a volunteer was strapped to a seat that was then 
moved abruptly to simulate a collision by a rear car mov- 
ing at 10.5 km/h. Figure 2-14a gives the accelerations of 
the volunteer’s torso and head during the collision, which 
began at time t = 0. The torso acceleration was delayed by 
40 ms because during that time interval the seat back had 
to compress against the volunteer. The head acceleration 
was delayed by an additional 70 ms. What was the torso 
speed when the head began to accelerate? eS 


cone We can calculate the torso speed at any 


time by finding an area on the torso a(t) graph. 


Calculations: We know that the initial torso speed is 
Vo = 0 at time ¢ = 0, at the start of the “collision.” We 
want the torso speed v, at time ¢, = 110 ms, which is 
when the head begins to accelerate. 

Combining Eqs. 2-22 and 2-23, we can write 


area between acceleration curve 
Ve= p= ; 
all and time axis, from fy to ¢, 


— 


For convenience, let us separate the area into three 
regions (Fig. 2-145). From 0 to 40 ms, region A has no 
area: 

area, = 0. 


From 40 ms to 100 ms, region B has the shape of a trian- 
gle, with area 


area g = 5(0.060 s)(50 m/s”) = 1.5 m/s. 


From 100 ms to 110 ms, region C has the shape of a rec- 
tangle, with area 


areac = (0.010 s)(50 m/s”) = 0.50 m/s. 
Substituting these values and vp = 0 into Eq. 2-26 gives us 
vy, ~0=0+4 1.5 m/s + 0.50 m/s, 


or v, = 2.0 m/s = 7.2 km/h. (Answer) 
Comments: When the head is just starting to move 
forward, the torso already has a speed of 7.2 km/h. 
Researchers argue that it is this difference in speeds 
during the early stage of a rear-end collision that injures 
the neck. The backward whipping of the head happens 
later and could, especially if there is no head restraint, 
increase the injury. 


100 
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FIG. 2-14 (a) The a(t) curve of the torso and head of a volun- 
teer in a simulation of a rear-end collision. (b) Breaking up the 
region between the plotted curve and the time axis to calcu- 
late the area. 


REVIEW & SUMMARY 


Position The position x of a particle on an x axis locates the 
particle with respect to the origin, or zero point, of the axis. 
The position is either positive or negative, according to which 
side of the origin the particle is on, or zero if the particle is at 
the origin. The positive direction on an axis is the direction of 
increasing positive numbers; the opposite direction is the neg- 
ative direction. 


Displacement The displacement Ax of a particle is the 
change in its position: 


Ax =X XY. (2-1) 


Displacement is a vector quantity. It is positive if the particle 


has moved in the positive direction of the x axis and negative 
if the particle has moved in the negative direction. 


Average Velocity When a particle has moved from posi- 
tion x; to position x, during a time interval At = ft, — t, its 
average velocity during that interval is 


Ax ae 
Vive = ee = (2-2) 


At Lb a h 
The algebraic sign of v,,, indicates the direction of motion 
(Vayg iS a vector quantity). Average velocity does not depend 
on the actual distance a particle moves, but instead depends 
on its original and final positions. 


On a graph of x versus ¢, the average velocity for a time in- 
terval At is the slope of the straight line connecting the points 
on the curve that represent the two ends of the interval. 


Average Speed The average speed Savg Of a particle dur- 
ing a time interval At depends on the total distance the parti- 
cle moves in that time interval: 


total distance 
Save — as ie 


Instantaneous Velocity The instantaneous velocity (or 
simply velocity) v of a moving particle is 


(2-3) 


Ax dx 
"seo At dt’ C4) 
where Ax and At are defined by Eq. 2-2. The instantaneous ve- 
locity (at a particular time) may be found as the slope (at that 
particular time) of the graph of x versus t. Speed is the magni- 
tude of instantaneous velocity. 


Average Acceleration Average acceleration is the ratio 
of a change in velocity Av to the time interval At in which the 


change occurs: 
Av 


Gaye = At’ (2-7) 


The algebraic sign indicates the direction of aay. 


Instantaneous Acceleration = /nstantaneous acceleration 
(or simply acceleration) a is the first time derivative of veloc- 


QUESTIONS 


ity v(t) and the second time derivative of position x(z): 


72 we #e 
dt dt? — 





(Q'39°9) 


On a graph of v versus ft, the acceleration a at any time f is the 
slope of the curve at the point that represents ¢. 


Constant Acceleration The five equations in Table 2-1 
describe the motion of a particle with constant acceleration: 


V = Vo + at, (2-11) 

X — Xp = Vol ae (2-15) 
v? = vg + 2a(x — Xp), (2-16) 

X — Xp = 5(% + v)t, (2-17) 
xX — Xp = vt — fat’. (2-18) 


These are not valid when the acceleration is not constant. 


Free-Fall Acceleration An important example of 
straight-line motion with constant acceleration is that of an 
object rising or falling freely near Earth’s surface. The con- 
stant acceleration equations describe this motion, but we 
make two changes in notation: (1) we refer the motion to the 
vertical y axis with +y vertically up; (2) we replace a with —g, 
where g is the magnitude of the free-fall acceleration. Near 
Earth’s surface, g = 9.8 m/s? (= 32 ft/s’). 





1 Figure 2-15 shows four paths 
along which objects move from a 
starting point to a final point, all 
in the same time interval. The 
paths pass over a grid of equally 
spaced straight lines. Rank the 
paths according to (a) the aver- 
age velocity. of the objects and 
(b) the average speed of the ob- 
jects, greatest first. 





2 Figure 2-16 is a graph of a 
particle’s position along an x 
axis versus time. (a) At time t = 
0, what is the sign of the 
particle’s position? Is the parti- 
cle’s velocity positive, negative, 
or Oat (b) t = 15,(c)t = 2s, and 
(d) t=3s? (e) How many 
times does the particle go 
through the point x = 0? 


FIG. 2-16 Question 2. 


y 


3 Figure 2-17 gives the veloc- 
ity of a particle moving on an x 
axis. What are (a) the initial and 
(b) the final directions of travel? 
(c) Does the particle stop mo- 
mentarily? (d) Is the accelera- 
tion positive or negative? (e) Is 


it constant or varying? FIG. 2-17 Question 3. 





4 Figure 2-18 gives the acceleration a(t) of a Chihuahua as it 
chases a German shepherd along an axis. In which of the time 
periods indicated does the Chihuahua move at constant speed? 


a 





eas: 
al 
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FIG. 2-18 Question 4. 


5 Figure 2-19 gives the veloc- y» 
ity of a particle moving along an 
axis. Point | is at the highest 
point on the curve; point 4 is at 
the lowest point; and points 2 
and 6 are at the same height. 
What is the direction of travel at 
(a) time ¢ = 0 and (b) point 4? 
(c) At which of the six numbered points does the particle re- 
verse its direction of travel? (d) Rank the six points according 
to the magnitude of the acceleration, greatest first. 





FIG. 2-19 Question 5. 


6 The following equations give the velocity v(t) of a 
particle in four situations: (a) v = 3; (b) v = 4t? + 2t— 6; 
(c) v = 3t — 4; (d) v = 5t? — 3. To which of these situations do 
the equations of Table 2-1 apply? 


Chapter 2 | Motion Along a Straight Line 


* In Fig. 2-20, a cream tan- 
gerine is thrown directly 
upward past three evenly 
spaced windows of equal 
heights. Rank the windows ac- 
cording to (a) the average 
speed of the cream tangerine 
while passing them, (b) the 
time the cream tangerine takes 
to pass them, (c) the magni- 
tude of the acceleration of the 
cream tangerine while passing 
them, and (d) the change Av in 
the speed of the cream tanger- 
ine during the passage, greatest 
first. 








8 At t=0,a particle moving 


along an x axis is at position FIG. 2-20 Ouestion7. 


Xy = —20m. The signs of the particle’s initial velocity vy (at 
time f)) and constant acceleration a are, respectively, for four 
Sit ations.” Cy eer) ny oe ee 4) ee eh 
situations will the particle (a) 
stop momentarily, (b) pass 
through the origin, and (c) 
never pass through the origin? 


9 Hanging over the railing of 
a bridge, you drop an egg (no 
initial velocity) as you throw a 
second egg downward. Which 
curves in Fig. 2-21 give the ve- 
locity v(t) for (a) the dropped 
ege and (b) the thrown egg? 
(Curves A and B are parallel; 
so are C, D, and FE; so are F 
and G.) 





FIG. 2-21 Question 9. 


PROBLEMS 





eS Tutoring problem available (at instructor's discretion) in WileyPLUS and WebAssign 


SSM Worked-out solution available in Student Solutions Manual 


@ —@@@ Number of dots indicates level of problem difficulty 


WWW Worked-out solution is at 


® mt Ps * 
feet Beeler http://www.wiley.com/college/halliday 


eas Additional information available in The Flying Circus of Physics and at flyingcircusofphysics.com 


Click here to view all step-by-step solutions 


sec. 2-4 Average Velocity and Average Speed 

e{ An automobile travels on a straight road for 40 km at 
30 km/h. It then continues in the same direction for another 40 
km at 60 km/h. (a) What is the average velocity of the car dur- 
ing this 80 km trip? (Assume that it moves in the positive x di- 
rection.) (b) What is the average speed? (c) Graph x versus ¢ 
and indicate how the average velocity is found on the graph. 
SSM WWW 


e2 Acar travels up a hill at a constant speed of 40 km/h and 
returns down the hill at a constant speed of 60 km/h. Calculate 
the average speed for the round trip. 


°3 During a hard sneeze, your eyes might shut for 0.50 s. If 
you are driving a car at 90 km/h during such a sneeze, how far 
does the car move during that time? 


°4 The 1992 world speed record for a bicycle (human pow- 
ered vehicle) was set by Chris Huber. His time through the 
measured 200m stretch was a sizzling 6.509 s, at which he 
commented, “Cogito ergo zoom!” (I think, therefore I go 
fast!). In 2001, Sam Whittingham beat Huber’s record by 
19.0 km/h. What was Whittingham’s time through the 200 m? 


°5 The position of an object moving along an x axis is given 
by x = 3t — 4t + t, where x is in meters and ¢ in seconds. Find 
the position of the object at the following values of ¢: (a) 1s, 
(b) 2s, (c) 3s, and (d) 4s. (e) What is the object’s 
displacement between t = 0 and t = 48? (f) What is its aver- 
age velocity for the time interval from t=2s to t=4s? 
(g) Graph x versus t for 0<t=4s and indicate how the 
answer for (f) can be found on the graph. SSM 


«6 Compute your average velocity in the following two 
cases: (a) You walk 73.2 m at a speed of 1.22 m/s and then run 
73.2m at a speed of 3.05 m/s along a straight track. (b) 


You walk for 1.00 min at a speed of 1.22 m/s and then run for 
1.00 min at 3.05 m/s along a straight track. (c) Graph x versus ¢ 
for both cases and indicate how the average velocity is found 
on the graph. 


°®7 In1kmraces,runner 1 on track 1 (with time 2 min, 27.95 
s) appears to be faster than runner 2 on track 2 (2 min, 28.15 s). 
However, length L, of track 2 might be slightly greater than 
length L, of track 1. How large can L, — L, be for us still to 
conclude that runner 1 is faster? !LW 


ee8 To set a speed record in a measured (straight-line) 
distance d, a race car must be driven first in one direction (in 
time f,) and then in the opposite direction (in time 4). (a) To 
eliminate the effects of the wind and obtain the car’s speed v, 
in a windless situation, should we find the average of d/t, and 
d/t, (method 1) or should we divide d by the average of t, and 
t,? (b) What is the fractional difference in the two methods 
when a steady wind blows along the car’s route and the ratio of 
the wind speed v,, to the car’s speed v, is 0.0240? Se 


e@9 You are to drive to an interview in another town, at a dis- 
tance of 300 km on an expressway. The interview is at 11:15 
A.M. You plan to drive at 100 km/h, so you leave at 8:00 A.M. to 
allow some extra time. You drive at that speed for the first 100 
km, but then construction work forces you to slow to 40 km/h 
for 40 km. What would be the least speed needed for the rest 
of the trip to arrive in time for the interview? 
°@10 Panic escape. Figure 2-22 

shows a general situation in ie, see er aaa 
which a stream of people at- > | 
tempt to escape through an exit eee eee ae ne 
door that turns out to be locked. footed 
The people move toward the a@on 
door at speed v, = 3.50 m/s, are FIG. 2-22 Problem 10. 









each d = 0.25 m in depth, and are separated by L = 1.75 m. 
The arrangement in Fig. 2-22 occurs at time f = 0. (a) At what 
average rate does the layer of people at the door increase? (b) 
At what time does the layer’s depth reach 5.0 m? (The an- 
swers reveal how quickly such a situation becomes danger- 


ous.) =e 


e747 Two trains, each having a speed of 30 km/h, are headed 
at each other on the same straight track. A bird that can fly 
60 km/h flies off the front of one train when they are 60 km 
apart and heads directly for the other train. On reaching the 
other train, the bird flies directly back to the first train, and so 
forth. (We have no idea why a bird would behave in this way.) 
What is the total distance the bird travels before the trains col- 
lide? 


e¢@12 Traffic shock wave. An abrupt slowdown in concen- 
trated traffic can travel as a pulse, termed a shock wave, along 
the line of cars, either downstream (in the traffic direction) or 
upstream, or it can be stationary. Figure 2-23 shows a uni- 
formly spaced line of cars moving at speed v = 25.0 m/s to- 
ward a uniformly spaced line of slow cars moving at speed 
v, = 5.00 m/s. Assume that each faster car adds length L = 12.0 
m (car length plus buffer zone) to the line of slow cars when it 
joins the line, and assume it slows abruptly at the last instant. 
(a) For what separation distance d between the faster cars 
does the shock wave remain stationary? If the separation is 
twice that amount, what are the (b) speed and (c) direction 
(upstream or downstream) of the shock wave? == 


foe — J —>|x—— ¢] ——>}e— J >} I >< [| > — [> >| 












Car Buffer 5 
FIG. 2-23 Problem 12. 


eee°13 You drive on Interstate 10 from San Antonio to 
Houston, half the time at 55 km/h and the other half at 
90 km/h. On the way back you travel half the distance at 
55 km/h and the other half at 90 km/h. What is your average 
speed (a) from San Antonio to Houston, (b) from Houston 
back to San Antonio, and (c) for the entire trip? (d) What is 
your average velocity for the entire trip? (e) Sketch x versus 
t for (a), assuming the motion is all in the positive x direc- 
tion. Indicate how the average velocity can be found on the 
sketch. !LW 


sec. 2-5 Instantaneous Velocity and Speed 

e14 The position function x(t) of a particle moving along an 
x axis is x = 4.0 — 6.0f7, with x in meters and ¢ in seconds. 
(a) At what time and (b) where does the particle (momentar- 
ily) stop? At what (c) negative time and (d) positive time does 
the particle pass through the origin? (e) Graph x versus t for 
the range —5s to +5s. (f) To shift the curve rightward on the 
graph, should we include the term +20¢ or the term —20t in 
x(t)? (g) Does that inclusion increase or decrease the value of 
x at which the particle momentarily stops? 


°15 (a) If a particle’s position is given by x = 4 — 12t + 397 
(where f is in seconds and x is in meters), what is its velocity at 
t = 1 s? (b) Is it moving in the positive or negative direction of 
x just then? (c) What is its speed just then? (d) Is the speed 
increasing or decreasing just then? (Try answering the next 
two questions without further calculation.) (e) Is there ever an 


instant when the velocity is zero? If so, give the time 1; if not, 
answer no. (f) Is there a time after t = 3 s when the particle is 
moving in the negative direction of x? If so, give the time ¢; if 
not, answer no. & 


e16 An electron moving along the x axis has a position 
given by x = 16te-'m, where f is in seconds. How far 1s the 
electron from the origin when it momentarily stops? 


e«77 The position of a particle moving along the x axis 
is given in centimeters by x = 9.75 + 1.50f°, where ¢ is in 
seconds. Calculate (a) the average velocity during the time 
interval t = 2.00 s to t = 3.00 s; (b) the instantaneous velocity 
at t= 2.00s; (c) the instantaneous velocity at t= 3.005; 
(d) the instantaneous velocity at t=2.50s; and (e) the 
instantaneous velocity when the particle is midway between 
its positions at t= 2.00s and ¢t = 3.00s. (f) Graph x versus 
t and indicate your answers graphically. 


sec. 2-6 Acceleration 

e718 (a) If the position of a particle is given by x = 201 — St’, 
where x is in meters and ¢ is in seconds, when, if ever, is the 
particle’s velocity zero? (b) When is its acceleration a zero? 
(c) For what time range (positive or negative) is a negative? 
(d) Positive? (e) Graph x(t), v(t), and a(t). 

°19 At a certain time a particle had a speed of 18 m/s in 
the positive x direction, and 2.4s later its speed was 30 m/s 
in the opposite direction. What is the average acceleration of 
the particle during this 2.4 sinterval? SSM 


20 The position of a particle moving along an x axis is 
given by x = 12t* — 2t°, where x is in meters and f¢ is in 
seconds. Determine (a) the position, (b) the velocity, and 
(c) the acceleration of the particle at t = 3.0s. (d) What is the 
maximum positive coordinate reached by the particle and 
(e) at what time is it reached? (f) What is the maximum posi- 
tive velocity reached by the particle and (g) at what time is 
it reached? (h) What is the acceleration of the particle at the 
instant the particle is not moving (other than at t= 0)? 
(1) Determine the average velocity of the particle between t = 
Oandt=3s. 


ee21 The position of a particle moving along the x axis 
depends on the time according to the equation x = ct? — bt’, 
where x is in meters and f in seconds. What are the units of (a) 
constant c and (b) constant b? Let their numerical values be 
3.0 and 2.0, respectively. (c) At what time does the particle 
reach its maximum positive x position? From ¢ = 0.0s to t = 
4.0 s, (d) what distance does the particle move and (e) what is 
its displacement? Find its velocity at times (f) 1.0 s, (g) 2.05, 
(h) 3.0 s, and (i) 4.0 s. Find its acceleration at times (j) 1.0 s, (k) 
2.0 s, (1) 3.0 s, and (m) 4.0 s. 


ee22 Fromt = Otot=5.00 min,a man stands still, and from 
t = 5.00 min to t = 10.0 min, he walks briskly in a straight line 
at a constant speed of 2.20 m/s. What are (a) his average 
velocity v,y, and (b) his average acceleration a,,, in the time 
interval 2.00 min to 8.00 min? What are (C) vay, and (d) days in 
the time interval 3.00 min to 9.00 min? (e) Sketch x versus ft 
and v versus t, and indicate how the answers to (a) through (d) 
can be obtained from the graphs. 


sec. 2-7 Constant Acceleration: A Special Case 

23 Anelectron has a constant acceleration of +3.2 m/s*. At 
a certain instant its velocity is +9.6 m/s. What is its velocity (a) 
2.5 s earlier and (b) 2.5 s later? 
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e24 A muon (an elementary particle) enters a region with a 
speed of 5.00 x 10° m/s and then is slowed at the rate of 
1.25 X 10'4 m/s’. (a) How far does the muon take to stop? 
(b) Graph x versus t and v versus t for the muon. 


°25 Suppose a rocket ship in deep space moves with con- 
stant acceleration equal to 9.8 m/s’, which gives the illusion of 
normal gravity during the flight. (a) If it starts from rest, how 
long will it take to acquire a speed one-tenth that of hght, 
which travels at 3.0 X 10° m/s? (b) How far will it travel in so 
doing? SSM 


°26 On a dry road, a car with good tires may be able to 
brake with a constant deceleration of 4.92 m/s”. (a) How long 
does such a car, initially traveling at 24.6 m/s, take to stop? (b) 
How far does it travel in this time? (c) Graph x versus t and v 
versus ¢ for the deceleration. 


27 An electron with an ini- Nomnaccelerating Accelerating 


tial velocity vo = 1.50 X 10° one Sou 
m/s enters a region of length L 

= 1.00 cm where it is electri- Soo 
cally accelerated (Fig. 2-24). It 

emerges with v=5.70X10° pathoe Mea ee s 
m/s. What is its acceleration, as- electron 


sumed constant? SSM 


°28 Catapulting mushrooms. 
Certain mushrooms launch 
their spores by a catapult mechanism. As water condenses 
from the air onto a spore that is attached to the mushroom, a 
drop grows on one side of the spore and a film grows on the 
other side. The spore is bent over by the drop’s weight, but 
when the film reaches the drop, the drop’s water suddenly 
spreads into the film and the spore springs upward so rapidly 
that it is slung off into the air. Typically, the spore reaches a 
speed of 1.6 m/s in a 5.0 um launch; its speed is then reduced 
to zero in 1.0mm by the air. Using that data and assuming 
constant accelerations, find the acceleration in terms of g dur- 
ing (a) the launch and (b) the speed reduction. =< 


29 An electric vehicle starts from rest and accelerates at a 
rate of 2.0 m/s’ in a straight line until it reaches a speed of 
20 m/s. The vehicle then slows at a constant rate of 1.0 m/s? un- 
til it stops. (a) How much time elapses from start to stop? (b) 
How far does the vehicle travel from start to stop? 


FIG. 2-24 Problem 27. 


°30 A world’s land speed record was set by Colonel John 
P. Stapp when in March 1954 he rode a rocket-propelled sled 
that moved along a track at 1020 km/h. He and the sled were 
brought to a stop in 1.4 s. (See Fig. 2-7.) In terms of g, what ac- 
celeration did he experience while stopping? == 


°31 A certain elevator cab has a total run of 190m anda 
maximum speed of 305 m/min, and it accelerates from rest 
and then back to rest at 1.22 m/s*. (a) How far does the cab 
move while accelerating to full speed from rest? (b) How long 
does it take to make the nonstop 190 m run, starting and end- 
ing atrest? !Lw 


32 The brakes on your car can slow you at a rate of 
5.2 m/s’. (a) If you are going 137 km/h and suddenly see a 
state trooper, what is the minimum time in which you can get 
your car under the 90 km/h speed limit? (The answer reveals 
the futility of braking to keep your high speed from being 
detected with a radar or laser gun.) (b) Graph x versus ¢ and v 
versus ¢ for such a slowing. 


e33 Acar traveling 56.0 km/h is 24.0 m from a barrier when 
the driver slams on the brakes. The car hits the barrier 2.00 s 
later. (a) What is the magnitude of the car’s constant accel- 
eration before impact? (b) How fast is the car traveling at 
impact? ssm iLw 


ee34 A car moves along an x axis through a distance of 
900 m, starting at rest (at x = 0) and ending at rest (at x = 900 
m). Through the first 4 of that distance, its acceleration 
is +2.25 m/s*. Through the next 3 of that distance, its acceler- 
ation is —0.750 m/s’. What are (a) its travel time through the 
900 m and (b) its maximum speed? (c) Graph position x, 
velocity v, and acceleration a versus time f¢ for the trip. 

ee35 Figure 2-25 depicts the 
motion of a particle moving along 
an x axis with a constant accelera- 
tion. The figure’s vertical scaling 
is set by x, = 6.0 m.What are the 
(a) magnitude and (b) direction 
of the particle’s acceleration? 


x (m) 


°@36 (a) If the maximum accel- 
eration that is tolerable for pas- 
sengers in a subway train is 1.34 
m/s”? and subway stations are lo- 
cated 806m apart, what is the 
maximum speed a subway train can attain between stations? (b) 
What is the travel time between stations? (c) If a subway train 
stops for 20s at each station, what is the maximum average 
speed of the train, from one start-up to the next? (d) Graph x, v, 
and a versus ¢ for the interval from one start-up to the next. 


e°®37 Cars A and B move in 
the same direction in adjacent 





FIG. 2-25 Problem 35. 





lanes. The position x of car Ais ¢& 

given in Fig.2-26,fromtimet=0 & 

to t= 7.0s. The figure’s vertical | 

scaling is set by x, = 32.0m.Att ) do 8 4 & 9GNe7 
= (0, car B is at x = 0, with a ve- t (s) 


locity of 12 m/s and a negative 
constant acceleration ap. (a) 
What must ag be such that the cars are (momentarily) side by side 
(momentarily at the same value of x) at t= 4.0s? (b) For that 
value of ag, how many times are the cars side by side? (c) Sketch 
the position x of car B versus time t on Fig. 2-26. How many times 
will the cars be side by side if the magnitude of acceleration ag is 
(d) more than and (e) less than the answer to part (a)? 


FIG. 2-26 Problem 37. 


ee38 You are driving toward a traffic signal when it turns 
yellow. Your speed is the legal speed limit of vg = 55 km/h; 
your best deceleration rate has the magnitude a = 5.18 m/s’. 
Your best reaction time to begin braking is T = 0.75 s. To 
avoid having the front of your car enter the intersection after 
the light turns red, should you brake to a stop or continue to 
move at 55 km/h if the distance to the intersection and the du- 
ration of the yellow light are (a) 40 m and 2.8 s, and (b) 32 m 
and 1.8 s? Give an answer of brake, continue, either (if either 
strategy works), or neither (if neither strategy works and the 
yellow duration is inappropri- 
ate). aie 

*°39 As two trains move along 
a track, their conductors sud- 
denly notice that they are headed 
toward each other. Figure 2-27 


v (m/s) 





FIG. 2-27 Problem 39. 


gives their velocities v as functions of time t as the conductors 
slow the trains. The figure’s vertical scaling is set by v, = 40.0 m/s. 
The slowing processes begin when the trains are 200 m apart. 
What is their separation when both trains have stopped? 


°°4 In Fig. 2-28, a red car and a green car, identical except for 
the color, move toward each other in adjacent lanes and parallel 
to an x axis. At time t = 0, the red car is at x, = 0 and the green car 
is at x, = 220 m. If the red car has a constant velocity of 20 km/h, 
the cars pass each other at x = 44.5 m, and if it has a constant ve- 
locity of 40 km/h, they pass each other at x = 76.6 m. What are 
(a) the initial velocity and (b) the acceleration of the green car? 





FIG. 2-28 Problems 40 and 41. 


ee47 Figure 2-28 shows a red x 
car and a green car that move 
toward each other. Figure 2-29 © 
is a graph of their motion, & 


showing the positions x,9 = 270 0 : 
m and x,) = —35.0m at time X70 12 
t = 0. The green car has a con- t (s) 


stant speed of 20.0 m/s and the FIG. 2-29 Problem 41. 


red car begins from rest. What 
is the acceleration magnitude of the red car? 


eee42 When a high-speed passenger train traveling at 
161 km/h rounds a bend, the engineer is shocked to see that a 
locomotive has improperly entered onto the track from a 
siding and is a distance D = 676m ahead (Fig. 2-30). The 
locomotive is moving at 29.0 km/h. The engineer of the high- 
speed train immediately applies the brakes. (a) What must 
be the magnitude of the resulting constant deceleration if a 
collision is to be just avoided? (b) Assume that the engineer is 

at x = 0 when, at ¢ = 0, he first spots the locomotive. Sketch 
x(t) curves for the locomotive and high-speed train for 
the cases in which a collision is just avoided and is not 
quite avoided. S 










7) > 






Sen Hy 
High-speed 
train 


z. x 23S% 


FIG. 2-30 Problem 42. 


eee43 You are arguing over a cell phone while trailing an 
unmarked police car by 25 m; both your car and the police car 
are traveling at 110 km/h. Your argument diverts your attention 
from the police car for 2.0 s dong enough for you to look at the 
phone and yell, “I won’t do that!”). At the beginning of that 2.0 s, 
the police officer begins braking suddenly at 5.0 m/s”. (a) What is 
the separation between the two cars when your attention finally 
returns? Suppose that you take another 0.40 s to realize your 
danger and begin braking. (b) If you too brake at 5.0 m/s’, what 
is your speed when you hit the police car? 


sec. 2-9 Free-Fall Acceleration 
e44 Raindrops fall 1700 m from a cloud to the ground. (a) If 
they were not slowed by air resistance, how fast would the 


drops be moving when they struck the ground? (b) Would it 
be safe to walk outside during a rainstorm? 


e45 At aconstruction site a pipe wrench struck the ground 
with a speed of 24 m/s. (a) From what height was it inadver- 
tently dropped? (b) How long was it falling? (c) Sketch graphs 
of y, v,and a versus tfor the wrench. SSM 


®46 <A hoodlum throws a stone vertically downward with 
an initial speed of 12.0 m/s from the roof of a building, 
30.0 m above the ground. (a) How long does it take the stone 
to reach the ground? (b) What is the speed of the stone at 
impact? 


e47 (a) With what speed must a ball be thrown vertically 
from ground level to rise to a maximum height of 50 m? 
(b) How long will it be in the air? (c) Sketch graphs of y, v, and 
a versus ¢ for the ball. On the first two graphs, indicate the time 
at which 50 misreached. ssm www 


e48 When startled, an armadillo will leap upward. Suppose 
it rises 0.544 m in the first 0.200 s. (a) What is its initial speed 
as it leaves the ground? (b) What is its speed at the height of 
0.544 m? (c) How much higher does it go? 


°49 A hot-air balloon is ascending at the rate of 12 m/s and 
is 80 m above the ground when a package is dropped over the 
side. (a) How long does the package take to reach the ground? 
(b) With what speed does it hit the ground? SSM 


e@50 A bolt is dropped from a bridge under construction, 
falling 90 m to the valley below the bridge. (a) In how much 
time does it pass through the last 20% of its fall? What is its 
speed (b) when it begins that last 20% of its fall and (c) when 
it reaches the valley beneath the bridge? 


ee51 A key falls from a bridge that is 45 m above the water. 
It falls directly into a model boat, moving with constant 
velocity, that is 12 m from the point of impact when the key is 
released. What is the speed of the boat? ‘ssm iLw 


ee52 At time t= 0, apple 1 is dropped from a bridge onto a 
roadway beneath the bridge; somewhat later, apple 2 is 
thrown down from the same height. Figure 2-31 gives the 
vertical positions y of the apples versus ¢ during the falling, un- 
til both apples have hit the roadway. With approximately what 
speed is apple 2 thrown down? 





t (s) 
FIG. 2-31 Problem 52. 


ee53 As a runaway scientific 
balloon ascends at 19.6 m/s, one 
of its instrument packages 
breaks free of a harness and 
free-falls. Figure 2-32 gives the 
vertical velocity of the package 
versus time, from before it 
breaks free to when it reaches 
the ground. (a) What maximum 


= 





FIG. 2-32 Problem 53. 
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height above the break-free point does it rise? (b) How high is 
the break-free point above the ground? 


ee54 Figure 2-33 shows the speed v versus height y of a ball 
tossed directly upward, along a y axis. Distance d is 0.40 m.The 
speed at height y, is v4. The speed at height yz, is v4. What is 
speed v4? 


VA 


69 | 


() | | y 
eee ee ee 
YA YB 


FIG. 2-33 Problem 54. 


e535 A ball of moist clay falls 15.0 m to the ground. It is 
in contact with the ground for 20.0 ms before stopping. 
(a) What is the magnitude of the average acceleration of the ball 
during the time it is in contact with the ground? (Treat the ball as 
a particle.) (b) Is the average acceleration up or down? ssmM 


°¢@56 A stone is dropped into a river from a bridge 43.9 m 
above the water. Another stone is thrown vertically down 1.00 
s after the first is dropped. The stones strike the water at the 
same time. (a) What is the initial speed of the second stone? 
(b) Plot velocity versus time on a graph for each stone, taking 
zero time as the instant the first stone is released. 


e@57 ‘To test the quality of a tennis ball, you drop it onto 
the floor from a height of 4.00 m. It rebounds to a height of 2.00 
m. If the ball is in contact with the floor for 12.0 ms, (a) what is 
the magnitude of its average acceleration during that contact 
and (b) is the average acceleration up or down? 


°°58 A rock is thrown vertically upward from ground level 
at time ¢ = 0. Att = 1.5 s it passes the top of a tall tower, and 
1.0 s later it reaches its maximum height. What is the height of 
the tower? 


ee59 Water drips from the nozzle of a shower onto the floor 
200 cm below. The drops fall at regular (equal) intervals of 
time, the first drop striking the floor at the instant the fourth 
drop begins to fall. When the first drop strikes the floor, how 
far below the nozzle are the (a) second and (b) third drops? 


ee60 An object falls a distance h from rest. If it travels 0.50h 
in the last 1.00 s, find (a) the time and (b) the height of its fall. 
(c) Explain the physically unacceptable solution of the qua- 
dratic equation in ¢ that you obtain. 


e267 A drowsy cat spots a 
flowerpot that sails first up 
and then down past an open win- 
dow. The pot is in view for a total 
of 0.50 s, and the top-to-bottom 
height of the window is 2.00 m. 
How high above the window top 
does the flowerpot go? 


#ee62 A ball is shot vertically 
upward from the surface of an- 
other planet. A plot of y versus ¢ t (s) 

for the ball is shown in Fig. 2-34, FIG. 2-34 Problem 62. 


y (m) 





where y is the height of the ball above its starting point and ft 
= OQ at the instant the ball is shot. The figure’s vertical scaling is 
set by y, = 30.0 m. What are the magnitudes of (a) the free-fall 
acceleration on the planet and (b) the initial velocity of the 
ball? 


eee63 A steel ball is dropped from a building’s roof and 
passes a window, taking 0.125 s to fall from the top to the 
bottom of the window, a distance of 1.20 m. It then falls to a 
sidewalk and bounces back past the window, moving from 
bottom to top in 0.125 s. Assume that the upward flight is an 
exact reverse of the fall. The time the ball spends below the 
bottom of the window is 2.00 s. How tall is the building? © 


ee¢64 A basketball player grabbing a rebound jumps 
76.0 cm vertically. How much total time (ascent and descent) 
does the player spend (a) in the top 15.0 cm of this jump and 
(b) in the bottom 15.0 cm? Do your results explain why such 
players seem to hang in the air at the top of ajump? == 


sec. 2-10 Graphical Integration in Motion Analysis 


65 In Sample Problem 2-9, at maximum head acceleration, 
what is the speed of (a) the head and (b) the torso? <a 


°66 A salamander of the 
genus Hydromantes captures 





prey by launching its tongue as  “~ 

a projectile: The skeletal part £& 

of the tongue is shot forward, * : : 
unfolding the rest of the 0 10 20 30 40 
tongue, until the outer portion ¢ (ms) 


lands on the prey, sticking to it. FIG. 2-35 Problem 66. 
Figure 2-35 shows the accelera- 

tion magnitude a versus time ¢ for the acceleration phase of 
the launch in a typical situation. The indicated accelerations are 
a, = 400 m/s? and a, = 100 m/s*. What is the outward speed of 
the tongue at the end of the 


acceleration phase? == 


®®67 How far does the runner 
whose velocity—time graph is 
shown in Fig, 2-36 travel in 16 s? 
The figure’s vertical scaling is set 
by v, = 8.0m/s. tw 


°e68 In a forward punch in t (s) 

karate, the fist begins at rest at FIG. 2-36 Problem 67. 
the waist and is_ brought 

rapidly forward until the arm is fully extended. The speed v(t) 
of the fist is given in Fig. 2-37 for someone skilled in karate. 
How far has the fist moved at (a) time t = 50 ms and (b) when 
the speed of the fist is maximum? == 








0 50. 100 140 
¢ (ms) 


FIG. 2-37. Problem 68. 
#69 When a soccer ball is kicked toward a player and 


the player deflects the ball by “heading” it, the acceleration 
of the head during the collision can be significant. Figure 2-38 


gives the measured acceleration a(t) of a soccer player’s head 
for a bare head and a helmeted head, starting from rest. At 
time ¢ = 7.0 ms, what is the difference in the speed acquired by 
the bare head and the speed acquired by the helmeted head? 





t (ms) 
FIG. 2-38 Problem 69. 


eee7Q ‘Two particles move along an x axis. The position of 
particle 1 is given by x = 6.007 + 3.00t + 2.00 (in meters and 
seconds); the acceleration of particle 2 is given by a = —8.00t 
(in meters per seconds squared and seconds) and, at ¢ = 0, its 
velocity is 20 m/s. When the velocities of the particles match, 
what is their velocity? 


Additional Problems 

71 At the instant the traffic light turns green, an automobile 
starts with a constant acceleration a of 2.2 m/s*. At the same 
instant a truck, traveling with a constant speed of 9.5 m/s, 
overtakes and passes the automobile. (a) How far beyond the 
traffic signal will the automobile overtake the truck? (b) How 
fast will the automobile be traveling at that instant? @ 


72 Figure 2-39 shows part of a street where traffic flow is to 
be controlled to allow a platoon of cars to move smoothly 
along the street. Suppose that the platoon leaders have just 
reached intersection 2, where the green appeared when they 
were distance d from the intersection. They continue to travel 
at a certain speed v, (the speed limit) to reach intersection 3, 
where the green appears when they are distance d from it. The 
intersections are separated by distances D3 and D;,. (a) What 
should be the time delay of the onset of green at intersection 3 
relative to that at intersection 2 to keep the platoon moving 
smoothly? 

Suppose, instead, that the platoon had been stopped by a 
red light at intersection 1. When the green comes on there, the 
leaders require a certain time ¢, to respond to the change and 
an additional time to accelerate at some rate a to the cruising 
speed v,. (b) If the green at intersection 2 is to appear when 
the leaders are distance d from that intersection, how long 
after the light at intersection 1 turns green should the light at 
intersection 2 turn green? = 


] 2 3 
=D y+ Das 


FIG. 2-39 Problem 72. 


73 In an arcade video game, a spot is programmed to move 
across the screen according to x = 9.00t — 0.7507, where x is 
distance in centimeters measured from the left edge of the 
screen and fis time in seconds. When the spot reaches a screen 


edge, at either x = 0 or x = 15.0 cm, fis reset to 0 and the spot 
starts moving again according to x(t). (a) At what time after 
starting is the spot instantaneously at rest? (b) At what value 
of x does this occur? (c) What is the spot’s acceleration (in- 
cluding sign) when this occurs? (d) Is it moving right or left 
just prior to coming to rest? (e) Just after? (f) At what time 
t > 0 does it first reach an edge of the screen? 


74 A lead ball is dropped in a lake from a diving board 
5.20 m above the water. It hits the water with a certain veloc- 
ity and then sinks to the bottom with this same constant 
velocity. It reaches the bottom 4.80s after it is dropped. 
(a) How deep is the lake? What are the (b) magnitude and (c) 
direction (up or down) of the average velocity of the ball for 
the entire fall? Suppose that all the water is drained from the 
lake. The ball is now thrown from the diving board so that it 
again reaches the bottom in 4.80 s. What.are the (d) magni- 
tude and (e) direction of the initial velocity of the ball? 


73. The single cable supporting an unoccupied construction 
elevator breaks when the elevator is at rest at the top of a 120- 
m-high building. (a) With what speed does the elevator strike 
the ground? (b) How long is it falling? (c) What is its speed 
when it passes the halfway point on the way down? (d) How 
long has it been falling when it passes the halfway point? 


76 Two diamonds begin a free fall from rest from the same 
height, 1.0 s apart. How long after the first diamond begins to 
fall will the two diamonds be 10 m apart? 


77 If a baseball pitcher throws a fastball at a horizontal 
speed of 160 km/h, how long does the ball take to reach home 
plate 18.4 m away? 


78 A proton moves along the x axis according to the equa- 
tion x = 50¢ + 10f7, where x is in meters and ¢ is in seconds. 
Calculate (a) the average velocity of the proton during the 
first 3.0 s of its motion, (b) the instantaneous velocity of the 
proton at ¢=3.0s, and (c) the instantaneous acceleration 
of the proton at ¢ = 3.0s. (d) Graph x versus ¢ and indicate 
how the answer to (a) can be obtained from the plot. (e) 
Indicate the answer to (b) on the graph. (f) Plot v versus t and 
indicate on it the answer to (c). 


79 A motorcycle is moving at 30 m/s when the rider applies 
the brakes, giving the motorcycle a constant deceleration. 
During the 3.0 s interval immediately after braking begins, the 
speed decreases to 15 m/s. What distance does the motorcycle 
travel from the instant braking begins until the motorcycle 
stops? 

80 A pilot flies horizontally at 1300 km/h, at height h = 
35 m above initially level ground. However, at time ¢ = 0, the 
pilot begins to fly over ground sloping upward at angle 
6 = 4,3° (Fig. 2-40). If the pilot does not change the airplane’s 
heading, at what time ¢t does the plane strike the ground? 





FIG. 2-40 Problem 80. 


87 A shuffleboard disk is accelerated at a constant rate from 
rest to a speed of 6.0 m/s over a 1.8m distance by a player 
using a cue. At this point the disk loses contact with the cue 
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and slows at a constant rate of 2.5 m/s’ until it stops. (a) How 
much time elapses from when the disk begins to accelerate 
until it stops? (b) What total distance does the disk travel? 


82 The head of a rattlesnake can accelerate at 50 m/s’ in 
striking a victim. If a car could do as well, how long would it 
take to reach a speed of 100 km/h from rest? 


83 A jumbo jet must reach a speed of 360 km/h on the run- 
way for takeoff. What is the lowest constant acceleration 
needed for takeoff from a 1.80 km runway? 


84 An automobile driver increases the speed at a constant 
rate from 25 km/h to 55 km/h in 0.50 min. A bicycle rider 
speeds up at a constant rate from rest to 30 km/h in 0.50 min. 
What are the magnitudes of (a) the driver’s acceleration and 
(b) the rider’s acceleration? 


85 To stop a car, first you require a certain reaction time to 
begin braking; then the car slows at a constant rate. Suppose 
that the total distance moved by your car during these two 
phases is 56.7 m when its initial speed is 80.5 km/h, and 24.4 m 
when its initial speed is 48.3 km/h. What are (a) your reaction 
time and (b) the magnitude of the acceleration? 


86 A red train traveling at 72 km/h and a green train travel- 
ing at 144 km/h are headed toward each other along a straight, 
level track. When they are 950 m apart, each engineer sees the 
other’s train and applies the brakes. The brakes slow each 
train at the rate of 1.0 m/s’. Is there a collision? If so, answer 
yes and give the speed of the red train and the speed of the 
green train at impact, respectively. If not, answer no and give 
the separation between the trains when they stop. 


87 At time ¢t=0,a rock 
climber accidentally allows 

a piton to fall freely from a 
high pomt on the rock wall. 
to the valley below him. 
Then, after a short delay, 

bis climbing partner, who 

is 10 m higher on the wall, 
throws a piton downward. t (s) 

The positions y of the FIG. 2-41 Problem 87. 
pitons versus ¢ during the 

falling are given in Fig. 2-41. With what speed is the second piton 
thrown? 





88 A rock is shot vertically upward from the edge of the top 
of a tall building. The rock reaches its maximum height above 
the top of the building 1.60 s after being shot. Then, after 
barely missing the edge of the building as it falls downward, 
the rock strikes the ground 6.00 s after it is launched. In SI 
units: (a) with what upward velocity is the rock shot, (b) what 
maximum height above the top of the building is reached by 
the rock, and (c) how tall is the building? 


89 A particle’s acceleration along an x axis is a = 5.0t, with t 
in seconds and a in meters per second squared. At t = 2.0, its 
velocity is +17 m/s. What is its velocity att = 4.0 s? SSM 


90 A train started from rest and moved with constant accel- 
eration. At one time it was traveling 30 m/s, and 160 m farther 
on it was traveling 50 m/s. Calculate (a) the acceleration, (b) 
the time required to travel the 160 m mentioned, (c) the time 
required to attain the speed of 30 m/s, and (d) the distance 
moved from rest to the time the train had a speed of 30 m/s. 
(ec) Graph x versus ¢ and v versus ¢ for the train, from rest. 


91 A hot rod can accelerate from 0 to 60 km/h in 5.45. 
(a) What is its average acceleration, in m/s’, during this time? 
(b) How far will it travel during the 5.4 s, assuming its acceler- 
ation is constant? (c) From rest, how much time would it 
require to go a distance of 0.25 km if its acceleration could be 
maintained at the value in(a)? SSM 


92 A rocket-driven sled running on a straight, level track is 
used to investigate the effects of large accelerations on 
humans. One such sled can attain a speed of 1600 km/h in 
1.8 s, starting from rest. Find (a) the acceleration (assumed 
constant) in terms of g and (b) the distance traveled. —@ 


93 Figure 2-42 shows a simple device for measuring your 
reaction time. It consists of a cardboard strip marked with a 
scale and two large dots. A friend holds the strip vertically, 
with thumb and forefinger at the dot on the right in Fig. 2-42. 
You then position your thumb and forefinger at the other dot 
(on the left in Fig. 2-42), being careful not to touch the strip. 
Your friend releases the strip, and you try to pinch it as soon as 
possible after you see it begin to fall. The mark at the place 
where you pinch the strip gives your reaction time. (a) How 
far from the lower dot should you place the 50.0 ms mark? 
How much higher should you place the marks for (b) 100, 
(c) 150, (d) 200, and (e) 250 ms? (For example, should the 
100 ms marker be 2 times as far from the dot as the 50 ms 
marker? If so, give an answer of 2 times. Can you find any pat- 
tern in the answers?) 


Reaction time (ms) 









— NO NO 
So or So Or 
a) —) cn) © 


FIG. 2-42 Problem 93. 


a (m/s°) 
a 


94 Figure 2-43 gives the ac- 
celeration a versus time ¢ for a 
particle moving along an x axis. 
The a-axis scale is set by a, = 
12.0 m/s*. Att = —2.0 s, the par- 
ticle’s velocity is 7.0 m/s. What 
is its velocity at t = 6.0 s? 





93 A mining cart is pulled up 
a hill at 20km/h and then 
pulled back down the hill at 35 
km/h through its original level. (The time required for the 
cart’s reversal at the top of its climb is negligible.) What is the 
average speed of the cart for its round trip, from its original 
level back to its original level? 


FIG. 2-43 Problem 94. 


96 On average, an eye blink lasts about 100 ms. How far 
does a MiG-25 “Foxbat” fighter travel during a pilot’s blink if 
the plane’s average velocity is 3400 km/h? 


97 When the legal speed limit for the New York Thruway 
was increased from 55 mi/h to 65 mi/h, how much time was 
saved by a motorist who drove the 700km between the 
Buffalo entrance and the New York City exit at the legal 
speed limit? SSM 

98 A motorcyclist who is moving along an x axis directed to- 
ward the east has an acceleration given by a = (6.1 — 1.2) 
m/s* for0 <t = 6.0s. At t = 0, the velocity and position of the 
cyclist are 2.7 m/s and 7.3 m. (a) What is the maximum speed 


achieved by the cyclist? (b) What total distance does the 
cyclist travel between ¢t = 0 and 6.0 s? 


99 Acertain juggler usually tosses balls vertically to a height 
H.To what height must they be tossed if they are to spend 
twice asmuchtime inthe air? SSM —aS 


100 A car moving with constant acceleration covered the 
distance between two points 60.0 m apart in 6.00 s. Its speed as 
it passed the second point was 15.0 m/s. (a) What was the 
speed at the first point? (b) What was the magnitude of the ac- 
celeration? (c) At what prior distance from the first point was 
the car at rest? (d) Graph x versus ¢ and v versus t¢ for the car, 
from rest (¢ = 0). 


1071. A rock is dropped from a 100-m-high cliff. How long 
does it take to fall (a) the first 50 m and (b) the second 50 m? 


102 Two subway stops are separated by 1100 m. If a subway 
train accelerates at +1.2 m/s* from rest through the first half 
of the distance and decelerates at —1.2 m/s* through the sec- 
ond half, what are (a) its travel time and (b) its maximum 
speed? (c) Graph x, v, and a versus t for the trip. 


103 A certain sprinter has a top speed of 11.0 m/s. If the 
sprinter starts from rest and accelerates at a constant rate, he 
is able to reach his top speed in a distance of 12.0 m. He 1s 
then able to maintain this top speed for the remainder of a 100 
m race. (a) What is his time for the 100 m race? (b) In order to 
improve his time, the sprinter tries to decrease the distance re- 
quired for him to reach his top speed. What must this distance 
be if he is to achieve a time of 10.0 s for the race? 


104 A particle starts from the 
origin at ¢ = 0 and moves along 





the positive x axis. A graph of G 
the velocity of the particle asa_ ¢ 
function of the time is shown in = 
Fig. 2-44; the v-axis scale is set Pt oLN 
by v, = 4.0 m/s. (a) What is the i aaa 


coordinate of the particle at ¢t = 
5.0 s? (b) What is the velocity of 
the particle at t =5.0s? (c) 
What is the acceleration of the particle at t = 5.0 s? (d) What 
is the average velocity of the particle between ¢ = 1.0s and 
t = 5.0 s? (e) What is the average acceleration of the particle 
between t = 1.0sandt =5.0s? 


t (s) 
FIG. 2-44 Problem 104. 


105 A stone is thrown vertically upward. On its way up it 
passes point A with speed v, and point B, 3.00 m higher than 
A, with speed 5 v. Calculate (a) the speed v and (b) the maxi- 
mum height reached by the stone above point B. 


106 A rock is dropped (from rest) from the top of a 60-m- 
tall building. How far above the ground is the rock 1.2 s before 
it reaches the ground? 


107 An iceboat has a constant velocity toward the east 
when a sudden gust of wind causes the iceboat to have a con- 
stant acceleration toward the east for a period of 3.0 s. A plot 
of x versus ¢ is shown in Fig. 2-45, where t = 0 is taken to be the 
instant the wind starts to blow and the positive x axis is toward 
the east. (a) What is the acceleration of the iceboat during the 
3.0 s interval? (b) What is the velocity of the iceboat at the 
end of the 3.0 s interval? (c) If the acceleration remains con- 
stant for an additional 3.0 s, how far does the iceboat travel 


x (ail) 





05. 1-15 2 25 3 
t (s) 
FIG. 2-45 Problem 107. 


108 A ball is thrown vertically downward from the top of 
a 36.6-m-tall building. The ball passes the top of a window that 
is 12.2 m above the ground 2.00 s after being thrown. What is 
the speed of the ball as it passes the top of the window? 


109 The speed of a bullet is measured to be 640 m/s as the 
bullet emerges from a barrel of length 1.20 m. Assuming con- 
stant acceleration, find the time that the bullet spends in the 
barrel after it is fired. 


110 A parachutist bails out and freely falls 50 m. Then the 
parachute opens, and thereafter she decelerates at 2.0 m/s’. 
She reaches the ground with a speed of 3.0 m/s. (a) How long 
is the parachutist in the air? (b) At what height does the fall 
begin? 


111 The Zero Gravity Research Facility at the NASA 
Glenn Research Center includes a 145 m drop tower. This 1s 
an evacuated vertical tower through which, among other pos- 
sibilities, a 1 m diameter sphere containing an experimental 
package can be dropped. (a) How long is the sphere in free 
fall? (b) What is its speed just as it reaches a catching device at 
the bottom of the tower? (c) When caught, the sphere 
experiences an average deceleration of 25g as its speed is 
reduced to zero. Through what distance does it travel during 
the deceleration? 


112 A ball is thrown down vertically with an initial speed of 
Vo from a height of h. (a) What is its speed just before it strikes 
the ground? (b) How long does the ball take to reach the 
ground? What would be the answers to (c) part a and (d) part 
b if the ball were thrown upward from the same height and 
with the same initial speed? Before solving any equations, de- 
cide whether the answers to (c) and (d) should be greater 
than, less than, or the same as in (a) and (b). 


1173 Acar can be braked to a stop from the autobahn-like 
speed of 200 km/h in 170 m. Assuming the acceleration is con- 
stant, find its magnitude in (a) SI units and (b) in terms of g. 
(c) How much time 7), is required for the braking? Your 
reaction time T, is the time you require to perceive an emer- 
gency, move your foot to the brake, and begin the braking. If 
T, = 400 ms, then (d) what is 7; in terms of 7,, and (e) is most 
of the full time required to stop spent in reacting or braking? 
Dark sunglasses delay the visual signals sent from the eyes to 
the visual cortex in the brain, increasing T,. (f) In the extreme 
case in which T, is increased by 100 ms, how much farther 
does the car travel during your reaction time? =e 


114 The sport with the fastest moving ball is jai alai, where 
measured speeds have reached 303 km/h. If a professional jai 
alai player faces a ball at that speed and involuntarily blinks, 
he blacks out the scene for 100 ms. How far does the ball 
move during the blackout? 


ea 
10m 





Courtesy Rudiger Wehner, Zoologisches Institut der Universitat Zurich 


The desert ant Cataglyphis fortis lives in the plains 
of the Sahara desert. When one of the ants forages How does the ant 


for food, it travels from its home nest along a know the way home 
haphazard search path like the one shown here. The : aes 
ant may travel more than 500 m along such a com- with NO guiding clues 
plicated path over flat, featureless sand that con- on the desert plain ? 


tains no landmarks. Yet, when the ant decides to re- 


turn home, it turns and then runs directly home. The answer is in this chapter. 
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3-1 WHAT IS PHYSICS? 


Physics deals with a great many quantities that have both size and direction, and 

it needs a special mathematical language—the language of vectors—to describe 

those quantities. This language is also used in engineering, the other sciences, and 

even in common speech. If you have ever given directions such as “Go five blocks 

down this street and then hang a left,” you have used the language of vectors. In 

fact, navigation of any sort is based on vectors, but physics and engineering also 

need vectors in special ways to explain phenomena involving rotation and mag- B! 
netic forces, which we get to in later chapters. In this chapter, we focus on the ba- 

sic language of vectors. 


y 
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A particle moving along a straight line can move in only two directions. We can 

take its motion to be positive in one of these directions and negative in the other. i 

For a particle moving in three dimensions, however, a plus sign or minus sign is no (a) 
longer enough to indicate a direction. Instead, we must use a vector. 

A vector has magnitude as well as direction, and vectors follow certain 
(vector) rules of combination, which we examine in this chapter. A vector 
quantity is a quantity that has both a magnitude and a direction and thus can be 
represented with a vector. Some physical quantities that are vector quantities are 
displacement, velocity, and acceleration. You will see many more throughout this 
book, so learning the rules of vector combination now will help you greatly in 
later chapters. 

Not all physical quantities involve a direction. Temperature, pressure, energy, 
mass, and time, for example, do not “point” in the spatial sense. We call such 
quantities scalars, and we deal with them by the rules of ordinary algebra. A sin- 
gle value, with a sign (as in a temperature of —40°F), specifies a scalar. 

The simplest vector quantity is displacement, or change of position. A vector 
that represents a displacement is called, reasonably, a displacement vector. 
(Similarly, we have velocity vectors and acceleration vectors.) If a particle 
changes its position by moving from A to B in Fig. 3-1a, we say that it undergoes a 
displacement from A to B, which we represent with an arrow pointing from A to B. 
The arrow specifies the vector graphically. To distinguish vector symbols from other 
kinds of arrows in this book, we use the outline of a triangle as the arrowhead. 

In Fig. 3-1a, the arrows from A to B, from A’ to B’, and from A” to B" have 
the same magnitude and direction. Thus, they specify identical displacement vec- 
tors and represent the same change of position for the particle. A vector can be Z 
shifted without changing its value ifits length and direction are not changed. Actual { 

The displacement vector tells us nothing about the actual path that the parti- 
cle takes. In Fig. 3-1b, for example, all three paths connecting points A and B cor- /, 
respond to the same displacement vector, that of Fig. 3-la. Displacement vectors 
represent only the overall effect of the motion, not the motion itself. 


" 
L 





(0) 
FIG. 3-1 (a) All three arrows have 
the same magnitude and direction 
and thus represent the same dis- 
placement. (b) All three paths con- 
necting the two points correspond to 
the same displacement vector. 





Net displacement 
is the vector sum 


(a) 
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Suppose that, as in the vector diagram of Fig. 3-2a, a particle moves from A to B ae ae 

and then later from B to C. We can represent its overall displacement (no matter J | 

what its actual path) with two successive displacement vectors, AB and BC. Zz 4 

The net displacement of these two displacements is a single displacement from A 5 

to C. We call AC the vector sum (or resultant) of the vectors AB and BC. This (0) 

sum is not the usual algebraic sum. FIG. 3-2 (a) AC is the vector sum of 


In Fig. 3-2b, we redraw the vectors of Fig. 3-2a and relabel them in the way the vectors AB and BC. (b) The same 
that we shall use from now on, namely, with an arrow over an italic symbol, as _ vectors relabeled. 
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Start 


FIG. 3-3 The two vectors @ and b 
can be added in either order; see 
Eq. 3-2. 





FIG. 3-5 The vectors b and —b have 
the same magnitude and opposite di- 
rections. 


—bh 


oY 


(a) 


Note head-to-tail 
> arrangement for 
addition 






FIG. 3-6 (a) Vectors a, b,and —b. 
(b) To subtract vector b from vector 
a,add vector — Db to vector @. 








FIG. 3-4 The three vectors @, b, and @ can be grouped in any way as they are added; see 
Eq. 3-3. 


in a. If we want to indicate only the magnitude of the vector (a quantity that lacks 
a sign or direction), we shall use the italic symbol, as in a, b, and s. (You can use 
just a handwritten symbol.) A symbol with an overhead arrow always implies 
both properties of a vector, magnitude and direction. 

We can represent the relation among the three vectors in Fig. 3-2b with the 
vector equation 


aie (3-1) 


which says that the vector Sis the vector sum of vectors @ and b. The symbol + in 
Eq. 3-1 and the words “sum” and “add” have different meanings for vectors than 
they do in the usual algebra because they involve both magnitude and direction, 

Figure 3-2 suggests a procedure for adding two-dimensional vectors @ and b 
geometrically. (1) On paper, sketch vector a to some convenient scale and at the 
proper angle. (2) Sketch vector b to the same scale, with its tail at the head of vec- 
tor a, again at the proper angle. (3) The vector sum sis the vector that extends 
from the tail of @ to the head of b. 

Vector addition, defined in this way, has two important properties. First, the 
order of addition does not matter. Adding a to b gives the same result as adding 
b to a (Fig. 3-3); that is, 

a + b =b+ a (commutative law). (3-2) 
Second, when there are more than two vectors, we can group them in any order 
as we add them. Thus, if we want to add vectors a, b, and @ c, we can add @ and b 
first and then add their vector sum to @. We can also add b and @ first and then 
add that sum to a. We get the same result either way, as shown in Fig. 3-4. That is, 
(ge: b) sa est (b + €) (associative law). (3-3) 

The vector —b is a vector with the same magnitude as b but the opposite 

direction (see Fig. 3-5). Adding the two vectors in Fig. 3-5 would yield 


b + (-b) = 0. 


Thus, adding — —b has the effect of subtracting b. . We use this property to define 
the difference between two vectors: let d = @ — b.Then 

aes (—b) (vector subtraction); (3-4) 
that is, we find the difference vector d by adding the vector —b to the vector @. 
Figure 3-6 shows how this is done geometrically. 

As in the usual algebra, we can move a term that includes a vector symbol 
from one side of a vector equation to the other, but we must change its sign. 
For example, if we are given Eq. 3-4 and need to solve for @, we can rearrange the 
equation as 


d+b=@ or @=dt+b. 
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Remember that, although we have used displacement vectors here, the rules 
for addition and subtraction hold for vectors of all kinds, whether they represent 
velocities, accelerations, or any other vector quantity. However, we can add 
only vectors of the same kind. For example, we can add two displacements, or two 
velocities, but adding a displacement and a velocity makes no sense. In the arith- 
metic of scalars, that would be like trying to add 21 s and 12 m. 


CHECKPOINT 1 The magnitudes of displacements @ and b are 3 m and 4 m, 
respectively, and ¢ = ad + b. Considering various orientations of @ and b, what is 
(a) the maximum posible magnitude for ¢ and (b) the minimum possible magnitude? 


Sample Problem ae 


In an orienteering class, you have the goal of moving as 
far (straight-line distance) from base camp as possible . 
by making three straight-line moves. You may use the i b 


following displacements in any order: (a) ad, 2.0 km due 





east (directly toward the east); (b) b, 2.0 km 30° north <fonmannae meet: 

of east (at an angle of 30° toward the north from due . = 

east); (c) ¢, 1.0 km due west. Alternatively, you may Scale of km 

substitute either —b for b or —@ for @. What is the , 1 2 

greatest distance you can be from base camp at the end (a) (b) 


° ° 9 
of the third displacement: FIG. 3-7 (a) Displacement vectors; three are to be used. (b) 


Your distance from base camp is greatest if you undergo dis- 


eae Using a convenient scale, we draw vectors i bes 
placements a,b, and — Cc, in any order. 


,b, @, —b, and —@ as in Fig. 3-7a. We then mentally 
slide the vectors over the page, connecting three of 
them at a time in head-to-tail arrangements to find their 
vector sum d. The tail of the first vector represents base 

camp. The head of the third vector represents the point 


arrangement of vectors ad, b, and —¢c. They can be in any 
order, because their vector sum is the same for any 
order. The order shown in Fig. 3-75 is for the vector sum 


at which you stop. The vector sum d extends from the 
tail of the first vector to the head of the third vector. Its 
magnitude d is your distance from base camp. 


d=b+@+(-2). 
Using the scale given in Fig. 3-7a, we measure the length 
d of this vector sum, finding 


We find that distance d is greatest for a head-to-tail d = 4.8 m. 


(Answer) 
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Adding vectors geometrically can be tedious. A neater and easier technique 
involves algebra but requires that the vectors be placed on a rectangular coordi- 
nate system. The x and y axes are usually drawn in the plane of the page, as shown 
in Fig. 3-8a. The z axis comes directly out of the page at the origin; we ignore it for 
now and deal only with two-dimensional vectors. 

A component of a vector is the projection of the vector on an axis. In Fig. 
3-8a, for example, a, is the component of vector @ on (or along) the x axis and a, 
is the component along the y axis. To find the projection of a vector along an axis, 
we draw perpendicular lines from the two ends of the vector to the axis, as shown. 
The projection of a vector on an x axis 1s its x component, and similarly the pro- 
jection on the y axis is the y component. The process of finding the components of 
a vector is called resolving the vector. 

A component of a vector has the same direction (along an axis) as the vector. 
In Fig. 3-8, a, and a, are both positive because a extends in the positive direction 
of both axes. (Note the small arrowheads on the components, to indicate their di- 
rection.) If we were to reverse vector a, then both components would be negative 
and their arrowheads would point toward negative x and y. Resolving vector bin 
Fig. 3-9 yields a positive component b, and a negative component b,. 

In general, a vector has three components, although for the case of Fig. 3-8a 





FIG. 3-8 (a)The components a, and a, 
of vector @. (b) The components are un- 
changed if the vector is shifted, as long as 
the magnitude and orientation are main- 
tained. (c) The components form the legs 
of a right triangle whose hypotenuse is 
the magnitude of the vector. 
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FIG. 3-9 The component of b on the 
X axis 1S positive, and that on the y 
axis 1s negative. 


the component along the z axis is zero. As Figs. 3-8a and b show, if you shift a vec- 
tor without changing its direction, its components do not change. 

We can find the components of @ in Fig. 3-8a geometrically from the right tri- 
angle there: 


a,=acos@ and a,=asin@, (3-5) 


where @ is the angle that the vector @ makes with the positive direction of the 
x axis, and a is the magnitude of a. Figure 3-8c shows that d and its x and y com- 
ponents form a right triangle. It also shows how we can reconstruct a vector from 
its components: we arrange those components head to tail. Then we complete a 
right triangle with the vector forming the hypotenuse, from the tail of one com- 
ponent to the head of the other component. 

Once a vector has been resolved into its components along a set of axes, the 
components themselves can be used in place of the vector. For example, a in 
Fig. 3-8a is given (completely determined) by a and 9. It can also be given by its 
components a, and a,. Both pairs of values contain the same information. If we 
know a vector in component notation (a, and a,) and want it in magnitude-angle 
notation (a and 0), we can use the equations 


a 
a=Va,+a; and tané@= (3-6) 


a, 


to transform it. 
In the more general three-dimensional case, we need a magnitude and two 
angles (say, a, 0,and ¢) or three components (a,,a,, and a,) to specify a vector. 


CHECKPOINT 2 
In the figure, which of 
the indicated methods 
for combining the x 
and y components of 
vector a are proper to 
determine that vector? 





(e) 


Sample Problem ees 


A small airplane leaves an airport on an overcast day : 
and is later sighted 215 km away, in a direction making Po 
an angle of 22° east of due north. How far east and 200 

north is the airplane from the airport when sighted? 


cry We are given the magnitude (215 km) and 


the angle (22° east of due north) of a vector and need to 
find the components of the vector. 


Calculations: We draw an xy coordinate system with FIG.3-10 A plane takes off 


Distance (km) 
S 
S 





the positive direction of x due east and that of y due from an airport at the origin 120 “100 


north (Fig. 3-10). For convenience, the origin is placed at and is later sighted at P 


FSR 


7 Distance (km) 


the airport. The airplane’s displacement d points from 
the origin to where the airplane is sighted. 

To find the components of d, we use Eq. 3-5 with 
0 = 68° (= 90° — 22°): 
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+ = dcos 6 = (215 km)(cos 68°) 


= 81 km (Answer) 
d, = dsin 6 = (215 km)(sin 68°) 
= 199 km ~ 2.0 X 10? km. (Answer) 


Thus, the airplane is 81 km east and 2.0 X 10? km north 
of the airport. 


Sample Problem be 


For two decades, spelunking teams sought a connection 
between the Flint Ridge cave system and Mammoth 
Cave, which are in Kentucky. When the connection was 
finally discovered, the combined system was declared 
the world’s longest cave (more than 200 km long). The 
team that found the connection had to crawl, climb, and 
squirm through countless passages, traveling a net 
2.6 km westward, 3.9 km southward, and 25 m upward. 
What was their displacement from start to finish? 


ry We have the components of a three-dimen- 


sional vector, and we need to find the vector’s magni- 
tude and two angles to specify the vector’s direction. 


Horizontal Components: We first draw the compo- 
nents as in Fig. 3-lla. The horizontal components 
(2.6 km west and 3.9km south) form the legs of a 
horizontal right triangle. The team’s horizontal displace- 
ment forms the hypotenuse of the triangle, and its 


Up 






North 







2.6 km 


West East 


| ee 
NS Start 


Down 


si > 
Finish a 
Oy” 


FIG. 3-11 (a) The (a) 
components of the 
spelunking team’s 
overall displacement 
and their horizontal 
displacement d,,. (b) 
A side view showing 
d,, and the team’s 0.025 km 

overall displacement Down 
vector d. (bd) 





magnitude d, is given by the Pythagorean theorem: 
d, = \(2.6 km)? + (3.9 km)? = 4.69 km. 


Also from the horizontal triangle in Fig. 3-11a, we see 
that this horizontal displacement is directed south of 
due west by an angle 6, given by 


re 3.9 km 
Diane 
3.9 km 
= he = - 
SO 6, = tan Waa 56°, (Answer) 


which is one of the two angles we need to specify the 
direction of the overall displacement. 


Overall Displacement: To include the vertical compo- 
nent (25 m = 0.025 km), we now take a side view of Fig. 
3-11a, looking northwest. We get Fig. 3-11b, where the 
vertical component and the horizontal displacement d, 
form the legs of another right triangle. Now the team’s 
overall displacement forms the hypotenuse of that tri- 
angle, with a magnitude d given by 


d = \(4.69 km)? + (0.025 km)? = 4.69 km 


= 4/7 km. 


This displacement is directed upward from the horizon- 
tal displacement by the angle 


0025 km 
4.69 km 


Thus, the team’s displacement vector had a magnitude 
of 4.7 km and was at an angle of 56° south of west and at 
an angle of 0.3° upward. The net vertical motion was, 
of course, insignificant compared with the horizontal 
motion. However, that fact would have been of no 
comfort to the team, which had to climb up and down 
countless times to get through the cave. The route they 
actually covered was quite different from the displace- 
ment vector. 


(Answer) 


6, = tan = 0.3°. (Answer) 


PROBLEM-SOLVING TACTICS : 


Tactic 7: Angles—Degrees and Radians_ Angles that 
are measured relative to the positive direction of the x axis are 
positive if they are measured in the counterclockwise direc- 
tion and negative if measured clockwise. For example, 210° 
and —150° are the same angle. 


Angles may be measured in degrees or radians (rad). To 
relate the two measures, recall that a full circle is 360° and 277 
rad. To convert, say, 40° to radians, write 


=, 27m cad 
360° 





40 = (0.70 rad. 
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ae leg opposite 6 Quadrants 
ee hypotenuse | ee ew eel iit IV 
Hypotenuse | 
leg adjacent to 0 me | 
ypotenuse 0 %, 
; Leg adjacent to 0 N 
nes leg opposite 0 8 acy 180° 360° 


leg adjacent to 0 


= F 
Nie, aff 
Tire pune - 


FIG. 3-12 A triangle used to define the trigonometric func- 
tions. See also Appendix E. 


(a) 


Tactic 2: Trig Functions You need to know the defini- 
tions of the common trigonometric functions—sine, cosine, 
and tangent—because they are part of the language of sci- 
ence and engineering. They are given in Fig. 3-12 in a form that 
does not depend on how the triangle is labeled. 

You should also be able to sketch how the trig functions 
vary with angle, as in Fig. 3-13, in order to be able to judge 
whether a calculator result is reasonable. Even knowing the 
signs of the functions in the various quadrants can be of help. 





Tactic 3: Inverse Trig Functions When the inverse trig (2) 
functions sin~!, cos~', and tan“! are taken on a calculator, you 

must consider the reasonableness of the answer you get, | 
because there is usually another possible answer that the | 


calculator does not give. The range of operation for a calcula- | p42 rn 
tor in taking each inverse trig function is indicated in Fig. 3-13. / | 
As an example, sin“! 0.5 has associated angles of 30° (which is +3 } 





displayed by the calculator, since 30° falls within its range of 
operation) and 150°. To see both values, draw a horizontal line 
through 0.5 in Fig. 3-13a and note where it cuts the sine curve. 
How do you distinguish a correct answer? It is the one 
that seems more reasonable for the given situation. As an 
example, reconsider the calculation of 6, in Sample Problem 
3-3, where tan 6, = 3.9/2.6 = 1.5. Taking tan! 1.5 on your cal- 
culator tells you that 6, = 56°, but 6, = 236° (= 180° + 56°) 
also has a tangent of 1.5. Which is correct? From the physical Me 
situation (Fig. 3-11a), 56° is reasonable and 236° is clearly not. FIG. 3-13 Three useful curves to remember. A calculator’s 
range of operation for taking inverse trig functions is indicated 
by the darker portions of the colored curves. 


360 


Tactic 4: Measuring Vector Angles The equations for 
cos @ and sin 6in Eq. 3-5 and for tan @ in Eq. 3-6 are valid only 


if the angle is measured from the positive direction of the x 
axis. If it is measured relative to some other direction, then the 
trig functions in Eq. 3-5 may have to be interchanged and the 


ratio in Eq. 3-6 may have to be inverted. A safer method is to 
convert the angle to one measured from the positive direction 
of the x axis. 


3-5 | Unit Vectors 


A unit vector is a vector that has a magnitude of exactly 1 and points in a particu- 
lar direction. It lacks both dimension and unit. Its sole purpose is to point —that 
is, to specify a direction. The unit vectors in the positive directions of the x, y, and 
z axes are labeled if ie and k, where the hat ~* is used instead of an overhead arrow 
as for other vectors (Fig. 3-14). The arrangement of axes in Fig. 3-14 is said to be a 
right-handed coordinate system. The system remains right-handed if it is rotated 
rigidly. We use such coordinate systems exclusively in this book. 

Unit vectors are very useful for expressing other vectors; for example, we can 
express a and b of Figs. 3-8 and 3-9 as 





= a,i + a,j (3-7) 


A 
e 


= bi + b,j. (3-8) 


FIG. 3-14 Unit vectors i, i. and k de- 
fine the directions of a right-handed 
coordinate system. and 


So) XI 
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These two equations are illustrated in Fig. 3-15. The quantities a,i and ay are vec- y 
tors, called the vector components of @. The quantities a, and a, are scalars, called 
the scalar components of a (or, as before, simply its components). 

As an example, let us write the displacement d of the spelunking team of 
Sample Problem 3-3 in terms of unit vectors. First, superimpose the coordinate 
system of Fig. 3-14 on the one shown in Fig. 3-11a. Then the directions of i,j, and 
k are toward the east, up, and toward the south, respectively. Thus, displacement 
d from start to finish is neatly expressed in unit-vector notation as 


d = —(2.6km)i + (0.025 km)j + (3.9 km)k. (3-9) 


Here —(2.6 km)i is the vector component d,i along the x axis, and —(2.6 km) is 
the x component d,. 
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Using a sketch, we can add vectors geometrically. On a vector-capable calculator, 
we can add them directly on the screen. A third way to add vectors is to combine 
their components axis by axis, which is the way we examine here. 

To start, consider the statement 





which says that the vector 7 is the same as the vector (@ + b). Thus, each FIG.3-15 (a) The vector compo- 
component of 7 must be the same as the corresponding component of (@ + b): nents of vector d. (b) The vector 
components of vector b. 
r. =a, + b, (3-11) 
r,=a,+b, (3-12) 
r,=a,+ b,. (3-13) 


In other words, two vectors must be equal if their corresponding components are 
equal. Equations 3-10 to 3-13 tell us that to add vectors @ and b, we must (1) re- 
solve the vectors into their scalar components; (2) combine these scalar compo- 
nents, axis by axis, to get the components of the sum 7; and (3) combine 
the components of 7 to get 7 itself. We have a choice in step 3. We can express 7 
in unit-vector notation (as in Eq. 3-9) or in magnitude-angle notation (as in the 
answer to Sample Problem 3-3). 

This procedure for adding vectors by components | also applies to vector 
subtractions. Recall that a subtraction such as d= a — b can be rewritten as an 


addition d = @ + (—b).To subtract, we add @ and —b by components, to get 
A toe Oe = On ald CO 
where a dit dj + dx. 


CHECKPOINT 3 (a) In the figure here, what 
are the signs of the x components of dy, and dy? (b) What 
are the signs of the y components of d; and | dy? (c) What 
are the signs of the x and y components of d, i dy? 





Sample Problem Ee 


Figure 3-16a shows the following three vectors: What is their vector sum 7 which is also shown? 


= (42 m)i — (1.5 m)j, MTT vc can add the three vectors by compo. 
2 2 We can add the three vectors by compo- 


=—{— 16 + (2. 
( ey (2.9 m)j, nents, axis by axis, and then combine the components to 
= (2) m)j- write the vector sum 7. 


Gl) Se) Ss] 


and 
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Calculations: For the x axis, we add the x components of 
a, b, and ©, to get the x component of the vector sum 7: 


f= GU ey 
= 42m — om 4) — 2.0 mi. 


Similarly, for the y axis, 


r 


ae Cy Oyeattee 


=— (5 m+ 2.9m = 3.7) m — —2. 3m 


We then combine these components of 7 to write the 
vector in unit-vector notation: 


F = (2.6m)i — (2.3 m)j, (Answer) 


where (2.6 m)i is the vector component of Ff along the 
x axis and — (2.3 m)j is that along the y axis. Figure 3-165 
shows one way to arrange these vector components to 
form 7. (Can you sketch the other way?) 

We can also answer the question by giving the mag- 
nitude and an angle for 7. From Eq. 3-6, the magnitude is 


r= \(2.6m)* + (—2.3m)* ~3.5m_ (Answer) 


and the angle (measured from the +x direction) is 


= 73) 
2.6m 
where the minus sign means clockwise. 


d= tan-( = —41°, (Answer) 





(0) 


EIG. 3-16 Vector 7 is the vector sum of the other three 
vectors. 


Sample Problem Eas 


According to experiments, the desert ant shown in the 
chapter opening photograph keeps track of its move- 
ments along a mental coordinate system. When it wants 
to return to its home nest, it effectively sums its dis- 
placements along the axes of the system to calculate a 
vector that points directly home. As an example of the 
calculation, let’s consider an ant making five runs of 


nee y 








FIG. 3-17 (a) A search path of five runs. (b) The x and y compo- 
nents of dye. (c) Vector dime points the way to the home nest. 


6.0 cm each on an xy coordinate system, in the direc- 
tions shown in Fig. 3-17a, starting from home. At the 
end of the fifth run, what are the magnitude and angle 
of the ant’s net displacement vector ie and what are 
those of the homeward vector drome that extends from 
the ant’s final position back to home? ie 


feta (1) To find the net displacement ee we 


need to sum the five individual displacement vectors: 
One = a, + do + d,+d,+ ds. 


(2) We evaluate this sum for the x components alone, 


dices > diy a A, + d3y a Ag, a sy, (3-14) 
and for the y components alone, 
Ave Gig Gynt Gay Gy nds. = (5-19) 


(3) We construct dnet from its x and y components. 


Calculations: To evaluate Eq. 3-14, we apply the x part 
of Eq. 3-5 to each run: 

d,, = (6.0 cm) cos 0° = +6.0 cm 

d>,, = (6.0 cm) cos 150° = —5.2 cm 

dz, = (6.0 cm) cos 180° = —6.0 cm 

d,, = (6.0 cm) cos(—120°) = —3.0 cm 

ds, = (6.0 cm) cos 90° = 0. 


Equation 3-14 then gives us 
A, = 7O.0.cmer (= 52-em) + (6:0 em) 
taal see OSC Ia) aia) 
= —8.2 cm. 
Similarly, we evaluate the individual y components of 
the five runs using the y part of Eq. 3-5. The results are 
shown in Table 3-1. Substituting the results into Eq. 3-15 


then gives us 
Aes: Se On, 


Vector d net and its x and y components are shown 1 in Fig. 
3-17b. To find the magnitude and angle of d net rom its 
components, we use Eq. 3-6. The magnitude 1s 


Anet = id eae x T dea y 
= \(—8.2 cm)? + (3.8 cm)? = 9.0 cm. 


To find the angle (measured from the positive direction 
of x), we take an inverse tangent: 


d 
=a je 
Ce 


3.8 | 
fail (=| = —24.86°. 





—8.2. cm 


Caution: Recall from Problem-Solving Tactic 3 that 
taking an inverse tangent on a calculator may not give 
the correct answer. The answer —24.86° indicates that 


ee, 





Here is a problem involving vector addition that cannot be 
solved directly on a vector-capable calculator, using the 
vector notation of the calculator. A fellow camper is to 
walk away from you in a straight line (vector A), turn, walk 
in a second straight line (vector B) and then stop. How far 
must you walk in a straight line (vector C) to reach her? 
The three vectors (shown in Fig. 3-18) are related by 


C=A+B. (3-16) 


A has a magnitude of 22.0 m and is directed at an angle 
of —47.0° (clockwise) from the positive direction of an 
x axis. B has a magnitude of 17.0 m and is directed coun- 
terclockwise from the positive direction of the x axis by 
angle ¢. Cis in the positive direction of the x axis. What 
is the magnitude of Cr 


cSicy We cannot answer the question by adding 


A and B directly on a vector-capable calculator, say, in 


the generic form of 
[magnitude A Z angle A] + [magnitude B Z angle B] 


because we do not know the value for the angle ¢ of B. 
However, we can express Eq. 3-16 in terms of compo- 
nents for either the x axis or the y axis. 


Calculations: Since C is directed along the x axis, we 
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Wee. 


the direction of Ge. is in 
the fourth quadrant of our 


xy coordinate system. Run & (cm), Gem) 
However, when we con- 16 6 0 
struct the vector from its 5 59 130 
components (Fig. 3-176), , 60 0 
we see that the direction of 

= 4 = a0) =5.2 
det 1S In the second quad- 

rant. Thus, we must “fix” > ee. 
the calculator’s answer by net —8.2 +3.8 


adding 180°: 
0 = —24.86° + 180° = 155.14° ~ 155°. 


Thus, the ant’s displacement G net has magnitude and 
angle 


det = 9.0 cm at 155°. (Answer) 


Vector d, me directed from the ant to its home has 
the same magnitude as d net DUt the opposite direction 
(Fig. 3-17c). We already have the angle (—24.86° ~ 
—25°) for the direction opposite fd Thus, ae. me Das 
magnitude and angle 


fe = OMemimtl —25°, (Answer) 


A desert ant traveling more than 500 m from its home 
will actually make thousands of individual runs. Yet, it 
somehow knows how to calculate d,. ne (Without study- 
ing this chapter). 


choose that axis and write 
C, =A, + B,. 


We next express each x component in the form of the 
x part of Eq. 3-5 and substitute known data. We then have 


C cos 0° = 22.0 cos(—47.0°) + 17.0 cos ¢. (3-17) 


However, this hardly seems to help, because we still 
cannot solve for C without knowing ¢. 
Let us now express Eq. 3-16 in terms of components 
along the y axis: 
Cy = Agrk By. 


We then cast these y components in the form of the 
y part of Eq. 3-5 and substitute known data, to write 


C sin 0° = 22.0 sin(—47.0°) + 17.0 sin @, 







Fellow 
camper 


You x 


FIG. 3-18 C equals the sum A+B. 
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which yields 


Substituting this result into Eq. 3-17 leads us to 


0 = 22.0 sin(—47.0°) + 17.0sin ¢. @— 25m (Answer) 


Solving for ¢ then gives us 


— a 
ae 17.0 











ce) 


FIG. 3-19 (a) The vector d and its 
components. (b) The same vector, 
with the axes of the coordinate sys- 
tem rotated through an angle ¢. 


_ 22.0 sin(—47.0°) 


Note the technique of solution: When we got stuck with 
components on the x axis, we worked with components 

= 71.17°. on the y axis, to evaluate @. We next moved back to the 
x axis, to evaluate C. 


3-7 | Vectors and the Laws of Physics 


So far, in every figure that includes a coordinate system, the x and y axes are par- 
allel to the edges of the book page. Thus, when a vector a is included, its compo- 
nents a, and a, are also parallel to the edges (as in Fig. 3-19a). The only reason for 
that orientation of the axes is that it looks “proper”; there is no deeper reason. 
We could, instead, rotate the axes (but not the vector a) through an angle ¢ as in 
Fig. 3-195, in which case the components would have new values, call them a, and 
a,. Since there are an infinite number of choices of @, there are an infinite number 
of different pairs of components for a. 

Which then is the “right” pair of components? The answer is that they are all 
equally valid because each pair (with its axes) just gives us a different way of de- 
scribing the same vector a; all produce the same magnitude and direction for the 
vector. In Fig. 3-19 we have 


a= \a2 + a5 = Ya? + a} (3-18) 


6=0' +6. (3-19) 


and 


The point is that we have great freedom in choosing a coordinate system, be- 
cause the relations among vectors do not depend on the location of the origin or 
on the orientation of the axes. This is also true of the relations of physics; they are 
all independent of the choice of coordinate system. Add to that the simplicity and 
richness of the language of vectors and you can see why the laws of physics are al- 
most always presented in that language: one equation, like Eq. 3-10, can repre- 
sent three (or even more) relations, like Eqs. 3-11, 3-12, and 3-13. 
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There are three ways in which vectors can be multiplied, but none is exactly like 
the usual algebraic multiplication. As you read this section, keep in mind that a 
vector-capable calculator will help you multiply vectors only if you understand 
the basic rules of that multiplication. 


Multiplying a Vector by a Scalar 


If we multiply a vector a by a scalar s, we get a new vector. Its magnitude is 
the product of the magnitude of @ and the absolute value of s. Its direction is the 
direction of a if s is positive but the opposite direction if s is negative. To divide a 
by s, we multiply @ by 1/s. 


Multiplying a Vector by a Vector 


There are two ways to multiply a vector by a vector: one way produces a scalar 
(called the scalar product), and the other produces a new vector (called the vector 
product). (Students commonly confuse the two ways.) 


*This material will not be employed until later (Chapter 7 for scalar products and Chapter 11 for vec- 
tor products), and so your instructor may wish to postpone assignment of this section. 
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The Scalar Product 
The scalar product of the vectors @ and b in Fig. 3-20a is written as @-b and a 
defined to be o 
b 
a:b =abcos ¢, (3-20) (a) 


where a is the magnitude of a, b is the magnitude of b,and ¢ is the angle between 
@ and b (or, more properly, Benen the directions of @ and b). There are actually 
two such angles: ¢@ and 360° — @¢. Either can be used in Eq. 3-20, because their 
cosines are the same. 

Note that there are only scalars on the right side of Eq. 3-20 (including the 
value of cos $). Thus @ a@-b on the left side represents a scalar eaabity. Because of 
the notation, @- b is also known as the dot product and is spoken as “a dot b.” 

A dot product can be regarded as the product of two quantities: (1) the mag- 
nitude of one of the vectors and (2) the scalar component of the second vector 
along the direction of the first vector. For example, in Fig. 3- 20b, a@ has a scalar 2) 
component a cos g along the direction of b; note that a perpendicular dropped 
from the head of @ onto b determines that component. Similarly, b has a scalar 
compencrt b cos iY alone the direction of a. 


Component of b 







along direction of 
ais bcos 


Component of a 
along direction of 


reas 
bis acos @ 


FIG. 3-20 (a)Two vectors @ and b, 
with an angle @ between them. 

(b) Each vector has a component 
along the direction of the other 
vector. 

















is zero, ovand s $01 so is the dot produc 


Equation 3-20 can be rewritten as follows to emphasize the components: 
a@-b = (acos $)(b) = (a)(b cos ). (3-21) 


The commutative law applies to a scalar product, so we can write 


= = 


a+b = bea. 
When two vectors are in unit-vector notation, we write their dot product as 
a@-b = (ait ay) + a,k)+(byi + b,j + b,k), (3-22) 


which we can expand according to the distributive law: Each vector component 
of the first vector is to be dotted with each vector component of the second vec- 
tor. By doing so, we can show that 


Va HECKPOINT 4 __ Vectors C and D have magnitudes of 3 units and 4 units, 
eengeataly: What is the angle between the directions of C and D if C-D equals 
(a) zero, (b) 12 units, and (c) —12 units? 


> 


@-b =a,b, + ayb, + a,b,. (3-23) 





Sample Problem 





What is the angle ¢ between @ = 3.01 — 4.0) and b = 


: Z = V3.0? + (—4.0)? = 5.00, (3-25) 
—2.01 + 3.0k? (Caution: Although many of the follow- . . = 
ing steps can be bypassed with a vector-capable calcula- and b is the magnitude of 5, or 
tor, you will learn more about scalar products if, at least : \(—2.0)2 + 3.02 _ 
here, you use these steps.) = V(—2.0)" + 3.0° = 3.61. (3-26) 


We can separately evaluate the left side of Eq. 3-24 by 
writing the vectors in unit-vector notation and using the 


ceaZe The angle between the directions of two 


vectors is included in the definition of their scalar prod- 
uct (Eq. 3-20): 


a:b = abcos &. (3-24) 


Calculations: In Eq. 3-24, a is the magnitude of @, or 


distributive law: 
G+ b = (3.01 — 4.0})-(—2.01 + 3.0k) 
= (3.01) -(—2.01) + (3.01) - (3.0k) 
+ (—4.0}) «(—2.01) + (—4.0]) - (3.0k). 
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We next apply Eq. 3-20 to each term in this last expres- 
sion. The angle between the unit vectors in the first term ( 


Substituting this result and the results of Eqs. 3-25 and 
3-26 into Eq. 3-24 yields 


and i) is 0°, and in the other terms it is 90°. We then have ~6.0 = (5.00)(3.61) cos &, 


a:b = —(6.0)(1) + (9.0)(0) + (8.0)(0) — (12)(0) AG 


so d= cos |'————— = 109° ~ 110°. 


(5.00)(3.61) (Answer) 


= —6.0. 


The Vector Product 


The vector product of a and b, written @ x b, produces a third vector ¢ whose 
magnitude 1s 

c = absin ¢, (3-27) 
where ¢ is the smaller of the two angles between a and b. (You must use the 
smaller of the two angles between the vectors because sin @ and sin(360° — ¢) 


differ in algebraic sign.) Because of the notation, a X b is also known as the cross 
product, and in speech it is “a cross b.” 


= 


ihe men 





1 sete Gand ab are 
| are perpe 


areal iy ae ee +} 


The direction of ¢ is perpendicular to the pa that contains d and b. Figure 
3-21a shows how to determine the direction of € = @ x b with what is known as 
a right-hand rule. Place the vectors @ and b tail to tail without altering their ori- 
entations, and imagine a line that is perpendicular to their plane where they 
meet. Pretend to place your right hand around that line in such a way that your 
fingers would sweep a into b through the smaller angle between them. Your out- 
stretched thumb points in the direction of ¢. 

The order of the vector a ees is important. In Fig. 3-21b, we are 
determining the direction of @’= b x @,so the fingers are placed to sweep b into 
a through the smaller angle. The thumb ends up in the opposite direction from 





FiG. 3-24 Illustration of the 
right-hand rule for vector products. 
(a) Sweep vector @ into vector b 
with the fingers of your right hand. 
Your outstretched thumb shows the 


necnononecore 2a bap) previously, and so it must be that c’ = —Cc; that is, 
Showing that b x @is the reverse of bxa@=-(a@~x b). (3-28) 
a In other words, the commutative law does not apply to a vector product. 
In unit-vector notation, we write 
a x b = (aa + a,j + a,k) x (byl + by] + bk), (3-29) 


which can be expanded according to the distributive law; that is, each component 
of the first vector is to be crossed with each component of the second vector. The 
cross products of unit vectors are given in Appendix E (see “Products of 
Vectors”). For example, in the expansion of Eq. 3-29, we have 


ai X bi = a,b,(i X i) = 0 
because the two unit vectors 1 and i are parallel and thus have a zero cross prod- 


uct.Similarly,we have . fe - 
Di aD, (1a) = a, OK 


In the last step we used Eq. 3-27 to evaluate the magnitude of i x i as unity. 
(These vectors i and j each have a magnitude of unity, and the angle between 
them is 90°.) Also, we used the right-hand rule to get the direction of i x j as 
being in the positive direction of the z axis (thus in the direction of k). 


Continuing to expand Eq. 3-29, you can show that 
a xX b = (a,b, — bya,)i + (a,b, — b,a,)j + (ayby — b,a,)k. (3-30) 


A determinant (Appendix E) or a vector-capable calculator can also be used. 
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To check whether any xyz coordinate system is a right-handed coordinate system, 
use the right-hand rule for the cross product i x j = k with that system. If your fingers 
sweep i (positive direction of x) into j (positive direction of y) with the outstretched 
thumb pointing in the positive direction of z, then the system is right-handed. 


CHECKPOINT 5 


Vectors C and D have magnitudes of 3 units and 4 units, 


respectively. What is the angle between the directions of Cand D if the magnitude of 


the vector product C x Dis (a) zero and (b) 12 units? 


Sample Problem pe 


In Fig. 3-22, vector d lies in the xy plane, has a magni- 
tude of 18 units and points in a direction 250° from the 
+x direction. Also, vector b has a magnitude of 12 units 
and points in the +z direction. What is the vector product 
C=aX bd?) 


rei When we have two vectors in magnitude- 


angle notation, we find the magnitude of their cross 
product with Eq. 3-27 and the direction of their cross 
product with the right-hand rule of Fig. 3-21. 


Calculations: For the magnitude we write 
c = absin ¢ = (18)(12)(sin 90°) = 216. (Answer) 


To determine the direction in Fig. 3-22, imagine placing 
the fingers of your right hand around a line perpendicu- 
lar to the plane of @ and b (the line on which @ is 
shown) such that your fingers sweep a into b. Your out- 


FIG. 3-22 Vector 
¢ (in the xy plane) 
is the vector (or 
cross) product of 
vectors @ and Db. 





stretched thumb then gives the direction of ¢. Thus, as 
shown in the figure, ¢ lies in the xy plane. Because its di- 
rection is perpendicular to the direction of @, it is at an 
angle of 


250° — 90° = 160° (Answer) 


from the positive direction of the x axis. 


Sample Problem Eee 


If @ = 31 — 4j and b = —2i + 3k, what is @ = @ x Bb? 


PSs When two vectors are in unit-vector nota- 


tion, we can find their cross product by using the distrib- 
utive law. 


Calculations: Here we write 
¢ = (31 — 4j) x (—2i + 3k) 
= 31 x (—2i) + 3i x 3k + (—4j) x (—21) 
+ (—4j) X 3k. 


We next evaluate each term with Eq. 3-27, finding the 
direction with the right-hand rule. For the first term 
here, the angle @ between the two vectors being crossed 
is 0. For the other terms, ¢ is 90°. We find 


—6(0) + 9(—]) + 8(—k) — 121 
= —12i — 9j — 8k. 


ie 
(Answer) 


— ° 


This vector ¢ is perpendicular to both @ and b, a fact 
you can check by showing that ¢: a =0 and ¢: b =0; that 
is, there is no component of ¢ along the direction of 
either d or b. 


PROBLEM-SOLVING TACTICS 


Tactic 5: Common Errors with Cross Products  Sev- 
eral errors are common in finding a cross product. (1) Failure 
to arrange vectors tail to tail is tempting when an illustration 
presents them head to tail; you must mentally shift (or better, 
redraw) one vector to the proper arrangement without chang- 
ing its orientation. (2) Failing to use the right hand in applying 
the right-hand rule is easy when the right hand is occupied 
with a calculator or pencil. (3) Failure to sweep the first vector 


of the product into the second vector can occur when the orien- 
tations of the vectors require an awkward twisting of your hand 
to apply the right-hand rule. Sometimes that happens when you 
try to make the sweep mentally rather than actually using your 
hand. (4) Failure to work with a right-handed coordinate sys- 
tem results when you forget how to draw such a system. See 
Fig. 3-14 for one perspective. Practice drawing other perspec- 
tives, such as the (correct ones) shown in Fig. 3-25 on page 53. 
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REVIEW & SUMMARY 


Scalars and Vectors Scalars, such as temperature, have 
magnitude only. They are specified by a number with a unit 
(10°C) and obey the rules of arithmetic and ordinary algebra. 
Vectors, such as displacement, have both magnitude and 
direction (5 m, north) and obey the rules of vector algebra. 


Adding Vectors Geometrically Two vectors d and b may 
be added geometrically by drawing them to a common scale and 
placing them head to tail. The vector connecting the tail of the 
first to the head of the second is the vector sum §.To subtract b 
from @, reverse the direction of b to get —b; then add —b to @ 
Vector addition is commutative and obeys the associative law. 


Components of a Vector The (scalar) components a, 
and a, of any two-dimensional vector @ along the coordinate 
axes are found by dropping perpendicular lines from the ends 
of ad onto the coordinate axes. The components are given by 


a,=acos@ and a,=asin8@, (3-5) 


where @ is the angle between the positive direction of the x 
axis and the direction of a. The algebraic sign of a component 
indicates its direction along the associated axis. Given its com- 
ponents, we can find the magnitude and orientation of the vec- 
tor d@ with 


a=Vai+a> and tané@= a (3-6) 
a 


x 


Unit-Vector Notation Unit vectors i,j, and k have magni- 
tudes of unity and are directed in the positive directions of the 
x, y, and z axes, respectively, in a right-handed coordinate 
system. We can write a vector d in terms of unit vectors as 


G@=ait ay} + a,k, (3-7) 


in which a,i, a,j, and a,k are the vector components of @ and 
a,, ay, and a, are its scalar components. 


Adding Vectors in Component Form To add vectors 


QUESTIONS 


in component form, we use the rules 


ND tly Dy Teel 4 Ds. Wo 3-1 toes) 


Here @ and b are the vectors to be added, and F is the vector sum. 


Product of a Scalar and a Vector The product of a 
scalar s and a vector V is a new vector whose magnitude is sv 
and whose direction is the same as that of V if s is positive, and 
opposite that of V if s is negative. To divide V by s, multiply V 
by 1/s. 


The Scalar Product The scalar (or dot) product of two 
vectors @ and b is written @: b and is the scalar quantity given 
by 


a:b = abcos 4, (3-20) 


in which ¢ is the angle between the directions of @ and Db. 
A scalar product is the product of the magnitude of one vector 
and the scalar component of the second vector along the di- 
rection of the first vector. In unit-vector notation, 

a+b = (a, + ayj + a,k)- (byl + byj + b,k), (3-22) 
which may be expanded according to the distributive law. 
Note eres b= ba. 


The vecter Product The vector (or cross) product of 
two vectors @ and b is written @ x B and is a vector € whose 
magnitude c is given by 


c = absin ¢, (3-27) 


in which @ is the smaller of the angles between the directions 
of @ and b. The direction of ¢ is perpendicular to the plane 
defined by @ and b and is given, bya right-hand rule, as shown 
in Fig. 3-21. Note that @ x b = —~(b x @). In unit-vector 


notation, 
a@ x b = (aa + a,j + a,k) x (by + b,j + bk), (3-29) 


which we may expand with the distributive law. 





4. Being part of the “Gators,” the » 

‘University of Florida golfing team | | 
must play on a putting green with an al- 
ligator pit. Figure 3-23 shows an over- 
head view of one putting challenge of 
the team; an xy coordinate system is su- 
perimposed. Team members must putt 
from the origin to the hole, which is at 
xy coordinates (8m, 12m), but they 
can putt the golf ball using only one or 
more of the following displacements, one or more times: 

=(8m)it+(6m)j, dd, = (6m)j, =4(S mn) 

The pit is at coordinates (8 m, 6 m). If a team member putts the 
ball into or through the pit, the member is automatically trans- 





FIG. 3-23 Question 1. 





ferred to Florida State University, the arch rival. What sequence 
of displacements should a team member use to avoid the pit? 


\Z Equation 3-2 shows that the addition of two vectors a and b 
is commutative. Does that mean subtraction is commutative, 
so thatad — b = b - a? 


% Can the sum of the magni- ) 
tudes of two vectors ever be 

equal to the magnitude of the e 

sum of the same two vectors? If dy 


no, why not? If yes, when? 


4 The two vectors shown in Fig. 
3-24 lie in an xy plane. What are 
the signs of the x and y compo- d, 
nents, respectively, of ols Es + dh, 


(b) d, — d>,and (c) d, ~ FIG. 3-24 Question 4. 


J If d = @ + b + (—@), does (a) @ + (—d) = 
Me icie buts andl DoC ALi be 


XA, Describe two vectors @ and b such that 
(a)@+b=¢ and at+b=c: 
(b)@ +b =a —b; 

()@+b=@ and &+bh?=c2. 


¥ Which of the arrangements of axes in Fig. 3-25 can be 


Zz 
. a 
J 


(a) 3 


kt 


(d) (2) 
FIG. 3-25 Question 7. 


PROBLEMS 


labeled “right-handed coordinate system”? As usual, each axis 
label indicates the positive side of the axis. 


B Figure 3-26 shows vector 
A and four other vectors 
that have the same magnitude 
but differ im _ orientation. 
(a) Which of those other four 
vectors have the same dot 
product with A? (b) Which 
have a negative dot product 
with A? 


\e If F = q(v X B) and Vv 

"perpendicular to B, then et is the direction of B in the three 
situations shown in Fig. 3-27 when constant g is (a) positive 
and (b) negative? 





FIG. 3-26 Question 8. 


my 


Sy 





(1) (2) (3) 
FIG. 3-27 Question 9. 


40 Ifd-b = @-?,must b equal 2? 





© Tutoring problem available (at instructor's discretion) in WileyPLUS and WebAssign 


WWW Worked-out solution is at 


. ie http://www.wiley.com/college/halliday 
Interactive solution is at 


<— Additional information available in The Flying Circus of Physics and at flyingcircusofphysics.com 


Se ee ee eet hs 


sec. 3-4 Components of Vectors starting point. (a) How far and (b) in ) 


SSM Worked-out solution available in Student Solutions Manual 
@ —@e@@ Number of dots indicates level of problem difficulty iLW 


— 


The x component of vector A is —25.0m and the y com- what direction must it now sail to 
ponent is +40.0 m. (a) What is the magnitude of A? (b) What 
is the angle between the direction of A and the positive 
direction of x? ssM 


22 Express the following angles in radians: (a) 20.0°, 
(b) 50.0°, (c) 100°. Convert the following angles to degrees: 
(d) 0.330 rad, (e) 2.10 rad, (f) 7.70 rad. 


®3 What are (a) the x component and (b) the y component 
of a vector @ in the xy plane if its direction is 250° counter- 
clockwise from the positive direction of the x axis and its mag- 
nitude is 7.3m? SSM 


°4 In Fig. 3-28, a heavy piece 
of machinery 1s raised by sliding 
it a distance d = 12.5 m along a 
plank oriented at angle 6 = 
20.0° to the horizontal. How far 
is it moved (a) vertically and 
(b) horizontally? 


Problem 4. 





°8 A ship sets out to sail to a 
point 120 km due north. An un- 
expected storm blows the ship to a point 100 km due east of its 





7 
e6 A displacement vector 7 in the ; x 
xy plane is 15 m long and directed at FIG. 3-29 Problem 6. 
angle @ = 30° in Fig. 3-29. Determine 

(a) the x component and (b) the y component of the vector. 


reach its original destination? 


ee? A room has dimensions 3.00m (height) x 3.70 m Xx 
4.30 m. A fly starting at one corner flies around, ending up at 
the diagonally opposite corner. (a) What is the magnitude of 
its displacement? (b) Could the length of its path be less than 
this magnitude? (c) Greater? (d) Equal? (e) Choose a suitable 
coordinate system and express the components of the displace- 
ment vector in that system in unit-vector notation. (f) If the fly 
walks, what is the length of the shortest path? (Hint: This can 
be answered without calculus. The room is like a box. Unfold 
its walls to flatten them into a plane.) ssm www 


sec. 3-6 Adding Vectors by Components 

*8 Acaris driven east for a distance of 50 km, then north for 30 
km, and then in a direction 30° east of north for 25 km. Sketch the 
vector diagram and determine (a) the magnitude and (b) the an- 
gle of the car’s total displacement from its starting point. 


oe Chapter 3 | Vectors 


ay (a) In unit-vector notation, what is the sum a +b 
if a = (4.0m)i + (3.0m)j and b = (—13.0m)i + (7.0 m)j? 
What are the (b) magnitude and (c) direction of d + b? SSM 


°10 A person walks in the following pattern: 3.1 km north, 
then 2.4 km west, and finally 5.2 km south. (a) Sketch the vec- 
tor diagram that represents this motion. (b) How far and (c) in 
what direction would a bird fly in a straight line from the same 
starting point to the same final point? 


ond A person desires to reach a point that is 3.40 km from 
her present location and in a direction that is 35.0° north of 
east. However, she must travel along streets that are oriented 
either north-south or east-west. What is the minimum 
distance she could travel to reach her destination? 


e12 For the vectors @ = (3.0m)i + (4.0m)j and b= 
(5.0 m)i + (—2.0 m)j, give @ + Bb in (a) unit-vector notation, 
and as (b) a magnitude and (c) an angle (relative to i). 
Now give b — @ in (d) unit-vector notation, and as (e) a mag- 
nitude and (f) an angle. 


°13 Two vectors are given by 

@ = (4.0 m)i — (3.0 m)j + (1.0 m)k 
and b = (-1.0m)i + (1.0 m)} + (4.0 m)k. 
In unit-vector notation, find (a) @ + b, (b) @ — b, and (c) a 
third vector ¢C such thatd@ — b + ¢ = 0. 


°14 Find the (a) x, (b) y, and (c) z components of the sum 7 
of the displacements ¢ and d whose components in meters 
along thesthtee akes alec. =) 4,1, === 3,8..0, = 0.1, a 
AA dea 0,0 9.3. 


e45 An ant, crazed by the Sun on a hot Texas afternoon, 
darts over an xy plane scratched in the dirt. The x and y 
components of four consecutive darts are the following, 
all in centimeters: (30.0, 40.0), (b,, —70.0), (—20.0, c,), 
(—80.0, —70.0). The overall displacement of the four darts has 
the xy components (— 140, —20.0). What are (a) b, and (b) c,? 
What are the (c) magnitude and (d) angle (relative to the posi- 
tive direction of the x axis) of the overall displacement? 


°16 InthesumA + B = C,vector A hasa magnitude of 12.0 
m and is angled 40.0° counterclockwise from the +x direction, 
and vector C has a magnitude of 15.0m and is angled 20.0° 
counterclockwise from the —x direction. What are (a) the mag- 
nitude and (b) the angle (rela- 

tive to +x) of B? 


°4Z7 The two vectors d and b 

in Fig. 3-30 have equal magni- 
tudes of 10.0 m and the angles 

are 6@,=30° and @, = 105°. 
Find the (a) x and (b) y compo- 
nents of their vector sum 7, (c) 

the magnitude of 7, and (d) the 
angle 7 makes with the posi- 
tive direction of the x axis. O 
SSM ILW WWW 





FIG. 3-30 Problem 17. 


°18 You are to make four 

straight-line moves over a flat desert floor, starting at the or1- 
gin of an xy coordinate system and ending at the xy coordi- 
nates (—140 m, 30 m). The x component and y component of 
your moves are the following, respectively, in meters: (20 and 


60), then (b, and —70), then (—20 and c,), then (—60 and 
—70). What are (a) component b, and (b) component c,? 
What are (c) the magnitude and (d) the angle (relative to the 
positive direction of the x axis) of the overall displacement? 


°19 Three vectors a, b, and ¢ each have a magnitude of 
50 m and lie in an xy plane. Their directions relative to the 
positive direction of the x axis are 30°, 195°, and 315°, respec- 
tively. What are (a) the magnitude and (b) the angle of the 
vector d + b + @,and (c) the magnitude and (d) the angle of 


a — b + €? What are the (ec) magnitude and (f) angle of a 
fourth vector d such that (@ + b) — (€ + d) = 0? tw 


¢20 (a) What is the sum of the following four vectors in unit- 
vector notation? For that sum, what are (b) the magnitude, (c) 
the angle in degrees, and (d) the angle in radians? 


=> 


E: 6.00 mat +0.900rad =F: 5.00 mat —75.0° 
G: 4.00 m at +1.20 rad H: 6.00 m at —210° 


e217 In a game of lawn chess, where pieces are moved 
between the centers of squares that are each 1.00 m on edge, a 
knight is moved in the following way: (1) two squares forward, 
one square rightward; (2) two squares leftward, one square 
forward; (3) two squares forward, one square leftward. What 
are (a) the magnitude and (b) the angle (relative to “for- 
ward”) of the knight’s overall displacement for the series of 
three moves? 


ee22 An explorer is caught in a whiteout (in which the 
snowfall is so thick that the ground cannot be distinguished 
from the sky) while returning to base camp. He was supposed 
to travel due north for 5.6 km, but when the snow clears, he 
discovers that he actually traveled 7.8 km at 50° north of due 
east. (a) How far and (b) in what direction must he now travel 
toreach base camp? =e 


ee23 Oasis B is 25 km due east of oasis A. Starting from 
oasis A, a camel walks 24 km in a direction 15° south of east 
and then walks 8.0 km due north. How far is the camel then 
from oasis B? & 


ee24 ‘Two beetles run across flat sand, starting at the same 
point. Beetle 1 runs 0.50 m due east, then 0.80 m at 30° north 
of due east. Beetle 2 also makes two runs; the first is 1.6 m at 
40° east of due north. What must be (a) the magnitude and (b) 
the direction of its second run if it is to end up at the new loca- 
tion of beetle 1? 


ee25 If B is added to C = 3.01 + 4.0}, the result is a vector 
in the positive direction of the y axis, with a magnitude equal 
to that of C. What is the magnitude of B? 


ee26 Vector A, which is directed along an x axis, is to be 
added to vector B, which has a magnitude of 7.0 m. The sum is 
a third vector that is directed along the y axis, with a magni- 
tude that is 3.0 times that of A. What is that magnitude of A? 


ee27 ‘Typical backyard ants often create a network of chemi- 
cal trails for guidance. Extending outward from the nest, a 
trail branches (bifurcates) repeatedly, with 60° between the 
branches. If a roaming ant chances upon a trail, it can tell the 
way to the nest at any branch point: If it is moving away from 
the nest, it has two choices of path requiring a small turn in 
its travel direction, either 30° leftward or 30° rightward. If 
it is moving toward the nest, it has only one such choice. 
Figure 3-31 shows a typical ant trail, with lettered straight sec- 
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Problem 27. 


tions of 2.0 cm length and symmetric bifurcation of 60°. What 
are the (a) magnitude and (b) angle (relative to the positive 
direction of the superimposed x axis) of an ant’s displacement 
from the nest (find it in the figure) if the ant enters the trail at 
point A? What are the (c) magnitude and (d) angle if it enters 


at point B? =e 


®e28 Here are two vectors: 
@ = (4.0m)i — 3.0m)j and 5 = (6.0m)i + (8.0 m)j. 


What are (a) the magnitude and (b) the angle (relative to i) of 
a? What are (c) the magnitude and (d) the angle of b? What 
are (e) the magnitude and (f) the angle of @ + b; (g) the mag- 
nitude and (h) the angle of b — @; and (i) the magnitude 
and (j) the angle of @ — b? (k) What is the angle between the 
directions of 6 — @and@ — b? 

ee29 If d,+ d, = 5d;,d, — d,=3d;, and d,=2i + 4j, 
then what are, in unit-vector notation, (a) d, and (b) d>? 

°°30 What is the sum of the following four vectors in (a) 
unit-vector notation, and as (b) a magnitude and (c) an angle? 


B: 4.00 m, at +65.0° 
D: 5.00 m, at —235° 


A = (2.00 m)i + (3.00 m)j 
C = (—4.00 m)i + (—6.00 m)j 


00331 In F1g53-32,. cqicube Ob 
edge length a sits with one corner 
at the origin of an xyz coordinate 
system. A body diagonal is a line 
that extends from one corner to 
another through the center. In 
unit-vector notation, what is the 
body diagonal that extends from !G. 3-32 Problem 31. 
the corner at (a) coordinates (0, 0, 0), (b) coordinates (a, 0, 0), 
(c) coordinates (0, a, 0), and (d) coordinates (a, a, 0)? (e) 
Determine the angles that the body diagonals make with the 
adjacent edges. (f) Determine the length of the body diagonals 
in terms of a. 





sec. 3-7 Vectors and 
the Laws of Physics 

32 In Fig. 3-33, a vec- 
tor ad with a magnitude of 
17.0 m is directed at angle 
6 = 56.0° counterclock- 
wise from the +x axis. 
What are the components 
fe) ae and’ (iba Por 
the vector? A second co- 
ordinate system is in- 
clined by angle 6’ = 18.0° FIG. 3-33 Problem 32. 





with respect to the first. What are the components (c) aj and 
(d) a, in this primed coordinate system? 


sec. 3-8 Multiplying Vectors 

*33 Two vectors, rf and 3, lie in the xy plane. 
Their magnitudes are 4.50 and 7.30 units, respectively, and their 
directions are 320° and 85.0°, respectively, as measured counter- 
clockwise from the positive x axis. What are the values of (a) 
r:sand(b)7r x s? 


°34 If d, =3i- 2} + 4k and d, = —Si+ 2} — k, then 
what iS (d, a d>) 5 (d, x Ad,)? 


e35 Three vectors are given by @ = 3.01 + 3.0} bi 2.0k, 
b = —1.01 — 4.0) + 2.0k, and ¢ = 2.01 + 2.0) + 1.0k. Find 
(a) a"(b xe) (b)a“(b €) and (cya x tb 4c): 


°36 Two vectors are given by @ = 3.0i + 5.0} and 
b = 2.01 + 4.0). Find (a) @ x b, (b) @-b, (c) (@ + b)-5, 
and (d) the component of @ along the direction of b. (Hint: 
For (d), consider Eq. 3-20 and Fig. 3-20.) 


®37 For the vectors in Fig. 
3-34, with a = 4,b = 3,andc 
= 5, what are (a) the magni- 
tude and (b) the direction of 
@ x b, (c) the magnitude 
and (d) the direction of 
a X ¢, and (e) the magni- 
tude and (f) the direction of 
b x @? (The z axis is not 
shown.) 





FIG. 3-34 Problems 37 and 50. 


e@38 Displacement d, is 

in the yz plane 63.0° from the positive direction of the y axis, 
has a positive z component, and has a magnitude of 4.50 m. 
Displacement d, is in the xz plane 30.0° from the positive di- 
rection of the x axis, has a positive z component, and has mag- 
nitude 1.40 m. What are (a) d;-d>,(b) d, X d>, and (c) the an- 
gle between a and a 


®°39 Use the definition of scalar product, a-b = abcos 0, 
and the fact that @-b = a,b, + ayb, + a,b, to calculate the 
angle between the two vectors given by d= 3.01 + 
3.0) + 3.0k and b = 2.01 + 1.0) + 3.0k. ssm itw www 

2°40 For the following three vectors, what is 3C- (2A x B)? 


A = 2.001 + 3.00; — 4.00k 


B = —3.00i + 4.00} + 2.00k C= 7.001 — 8.00; 


°e41 Vector A hasa magnitude of 6.00 units, vector Bhasa 
magnitude of 7.00 units, and A - B has a value of 14.0. What is 
the angle between the directions of A and B? 


ee42 Inthe product F= qv Xx B,take q = 2, 

V¥ = 2.01 + 4.0) + 6.0k and F = 4.0i — 20) + 12k. 
What then is B in unit-vector 5 y 
notation if B, = B,? & : 


©e43 The three vectors in Fig. 
3-35 have magnitudes a = 3.00 
m, 5 =4.00m, and c=10.0m 


and angle 6 = 30.0°. What are 
(a) the x component and (b) - g e 
the y component of a; (c) the x a 


component and (d) the y com- FIG. 3-35 Problem 43. 


36. Chapter 3 | Vectors 


ponent of b; and (e) the x component and (f) the y component 
of @? If @ = pa + qb, what are the values of (g) p and (h) g? 
SSM ILW 


eeff Ina lei of mimes, mime 1 goes through a dis- 
placement = (40m)i+ (5.0m)j} and mime 2. goes 
through a jen d= = (-3.0 m)i + (4.0 m)j. What 
are (a) d, X dy, (b) d,+d>, (c) (d, + ad): dy, and (d) the 
component of as along the direction of d,? (Hint: For (d), see 
Eq. 3-20 and Fig. 3-20.) 


Additional Problems 

45 Rock faults are ruptures along which opposite faces of 
tock-have slid past each other. In Fig. 3-36, points A and B 
coincided before the rock in the foreground slid down to the 
right. The net displacement AB is along the plane of the fault. 
The horizontal component of AB is the strike-slip AC. The 
component of AB that is directed down the plane of the fault 
is the dip-slip AD. (a) What is the magnitude of the net dis- 
placement AB if the strike-slip is 22.0 m and the dip-slip 1s 
17.0 m? (b) If the plane of the fault is inclined at angle 6 = 
52.0° to the horizontal, what is the vertical component of AB ? 


Strike-slip 





Fault plane 
FIG. 3-36 Problem 45. 


46 Two vectors @ and b have the components, in meters, 
a, = 3.2, dy =1.6, b, = 0.50, by = 4.5. (a) Find the angle 
between the directions of @ te b. There are two vectors in 
the xy plane that are perpendicular to ad and have a magnitude 
of 5.0 m. One, vector ¢, has a positive x component and the 
other, vector d, a negative x component. What are (b) the x 
component and (c) the y component of ¢, and (d) the x com- 
ponent and (e) the y component of vector d? 


47 A vector d of magnitude 10 units and another vector b of 
magnitude 6.0 units differ in directions by 60°. Find (a) the 
scalar product of the > two vectors and (b) the magnitude of the 
vector product @ X b. SSM 


48 Vector a ad has a magnitude of 5.0 m and is directed east. 
Vector b has a magnitude of 4.0 m and is directed 35° west of 
due north. What are (a) the magnitude and (b) the direction 
of a a + b? What are (c) the magnitude and (d) the direction of 
b- @? (ec) Draw a vector diagram for each combination. 


49 A particle undergoes three successive displacements in a 
plane, as follows: lis 4.00 m southwest; then a: 5.00 m east; 
and finally ds, 6.00 m in a direction 60.0° north of east. Choose 
a coordinate system with the y axis pointing north and the x 
axis pointing east. What are (a) the x component and (b) the 
y component of d,? What are (c) the x component and (d) 
the y component of dy? What are (e) the x component and 
(f) the y component of d;? Next, consider the net displacement 


of the particle for the three successive displacements. What 
are (g) the x component, (h) the y component, (i) the magni- 
tude, and (j) the direction of the net displacement? If the par- 
ticle is to return directly to the starting point, (k) how far and 
(1) in what direction should it move? 


50 For the vectors in Fig. 3-34, with a=4,b=3,andc=5, 
calculate (a) a: b,(b) a> c,and (c) b: @. 


571 A sailboat sets out from the U.S. side of Lake Erie for a 
point on the Canadian side, 90.0km due north. The sailor, 
however, ends up 50.0km due east of the starting point. 
(a) How far and (b) in what direction must the sailor now sail 
to reach the original destination? SsM 


52 Find the sum of the following four vectors in (a) unit- 
vector notation, and as (b) a magnitude and (c) an angle rela- 
tIVetOre 


P: 10.0 m, at 25.0° counterclockwise from +x 
O: 12.0 m,at 10.0° counterclockwise from + y 
R: 8.00 m, at 20.0° clockwise from — y 

S: 9.00 m, at 40.0° counterclockwise from — y 


53 Vectors A and B lie in an xy plane. A has magnitude 
8.00 and angle 130°; B has components B, = —7.72 and 
B, = —9.20. What are the angles between the negative 
direction of the y axis and (a) the direction of A, (b) the di- 
rection of the product A x B, and (c) the direction of 
A x (B + 3.00k)? 


54 Here are three displacements, each in meters: 
d; = 4.01 + 5.0) — 6.0k, d, = —1.01 + 2.0) + 3.0k, and d; = 
4.01 + 3.0} + 2.0k. (a) What is fF = d; — d, + d3? (b) What is 
the angle between 7 and the positive z axis? (c) What is the 
component of d, along the direction of dy? (d) What is the 
component of d, that i is perpendicular to the direction of dy 
and in the plane of d, and d,? (Hint: For (c), consider 
Eq. 3-20 and Fig. 3-20; for (d), consider Eq. 3-27.) 


55 Vectors A and B lie . 
in an xy plane. A has 
magnitude 8.00 and angle 
Hole B has ee 
B,=—7.72 and By, 
—9.20. (a) What i is 5A: 'B 
What is 4A x 3B in (b) 
unit-vector notation and 
(c) magnitude-angle nota- 
tion with spherical co- 
ordinates (see Fig. 3-37)? 
(d) What is the angle between the directions of A and 
4A x 3B? (Hint: Think a bit before you resort to a calcula- 
tion.) What is A + 3.00k in (e) unit-vector notation and (f) 
magnitude-angle notation with spherical coordinates? 





FIG. 3-37 Problem 55. 


56 Vector d, is in the negative direction of a y axis, and vec- 
tor d> is in the positive direction of an x axis. What are the 
directions of (a) dy/4 and (b) d,l(—4)2 What are the magni- 
tudes of products (c) d,-d, and (d) d,: (d,/4)? What is the 
direction of the vector resulting from (e) d, X dy and (f) 
d, x d,? What is the magnitude of the vector product in (g) 
part (e) and (h) part (f)? What are the (1) magnitude and 
(j) direction of d, x (d,/4)2 


? ~6© Here are three vectors in meters: 


d, = —3.01 + 3.0} + 2.0k 
dy = —2.01 — 4.0) + 2.0k 
d; = 2.01 + 3.0) + 1.0k. 


What results from (a) d,+(dy + ds), (b) d,: (d, x d;), and 
(c) d, x (d, + 3)? 


58 <A golfer takes three putts to get the ball into the hole. 
The first putt displaces the ball 3.66m north, the second 
1.83 m southeast, and the third 0.91 m southwest. What are (a) 
the magnitude and (b) the direction of the displacement 
needed to get the ball into the hole on the first putt? 


59 Consider a in the positive direction of x, b in the positive 
direction of y, and a scalar d. What is the direction of bid if 
d is ‘— positive and (b) negative? What is the magnitude of 
(c) a:b and (d) a: bid? What 1 iS the direction of the vector 
resulting from (e) @ xX b and (f) b x @? (g) What is the mag- 
nitude of the vector product in (e)? (h) What is the magnitude 
of the vector product in (f)? What are (i) the magnitude and 
(j) the direction of @ x b/d if dis positive? 


60 A vector d has a magnitude of 2.5m and points north. 
What are (a) the magnitude and (b) the direction of 4.0d? 
What are (c) the magnitude and (d) the direction of —3.0d? 


61 Let 1 be directed to the east, j be directed to the north, 
and k be directed upward. What are the values of products (a) 
ik, (b) (—k)-(—}j), and (c) j:(—j)? What are the directions 
(such as east or down) of products (d) k x j, (e) (i) x (-j), 
and (f) (—k) x (-j)? 


62 Consider two displacements, one of magnitude 3 m and 
another of magnitude 4 m. Show how the displacement vec- 
tors may be combined to get a resultant displacement of mag- 
nitude (a) 7 m,(b) 1 m,and (c) 5 m. 


63 A bank in downtown Boston is robbed (see the map in 
Fig. 3-38). To elude police, the robbers escape by helicopter, 
making three successive flights described by the following dis- 
placements: 32 km, 45° south of east; 53 km, 26° north of west; 
26 km, 18° east of south. At the end of the third flight they are 
captured. In what town are they apprehended? 
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G. 3-38 Problem 63. 


64 A wheel with a radius of P 
45.0 cm rolls without slipping 
along a horizontal floor (Fig. 
3-39). At time ¢,, the dot P 
painted on the rim of the 
wheel is at the point of contact 
between the wheel and the 
floor. At a later time hb, the 
wheel has rolled through one- 
half of a revolution. What are (a) the magnitude and (b) the 
angle (relative to the floor) of the displacement of P? 





FIG. 3-39 Problem 64. 


65 A has the magnitude 12.0 m and is angled 60.0° counter- 
clockwise from the positive direction of the x axis of an xy 
coordinate system. Also, B = (12.0 m)i + (8.00 m)j on that 
same coordinate system. We now rotate the ee counterclock- 
wise about the origin | by 20.0° to form an x'y’ system. On this new 
system, what are (a) A and (b) B, both in unit-vector notation? 


66 A woman walks 250 m in the direction 30° east of north, 
then 175 m directly east. Find (a) the magnitude and (b) the 
angle of her final displacement from the starting point. (c) 
Find the distance she walks. (d) Which is greater, that distance 
or the magnitude of her displacement? 


67 (a) In unit-vector notation, what is F=a-b+4+ Cif 
ig = 5:01 + 4.0) - 6.0k, b = —2.01 + 2.0} + 3.0k, and @ 

4.01 + 3.0} + 2.0k? (b) Calculate the angle between 7 and ~ 
positive z axis. (c) What is the component of a along the 
direction of 5? (d) What is the component of a perpendicular 
to the direction of b but in the plane of @ and b? (Hint: For 
(c), see Eq. 3-20 and Fig. 3-20; for (d), see Eq. 3-27.) 


68 Ifa@—b=2¢,a + b = 4é,and @ = 31 + 4j, then what 
are (a) d and (b) b? 


69 A protester carries his sign of protest, starting from the 
origin of an xyz coordinate system, with the xy plane horizon- 
tal. He moves 40 m in the negative direction of the x axis, then 
20 m along a perpendicular path to his left, and then 25 m up a 
water tower. (a) In unit-vector notation, what is the displace- 
ment of the sign from start to end? (b) The sign then falls to 
the foot of the tower. What is the magnitude of the displace- 
ment of the sign from start to this new end? 


70 A vector d has a magnitude 3.0 m and is directed south. 
What are (a) the magnitude and (b) the direction of the vector 
5.0d? What are (c) the magnitude and (d) the direction of the 
vector —2.0d? 


71 If B is added to A, the result is 6.01 + 1.0}. If B is 
subtracted from A, the result is —4.01 + 7.0}. What is the mag- 
nitude of A? SSM 


7é@ A fire ant, searching for hot sauce in a picnic area, goes 
through three displacements along level ground: a for 0.40 m 
southwest (that is, at 45° from directly south and from directly 
west), d> for 0.50 m due east, ds for 0.60 m at 60° north of east. 
Let the positive x direction be east and the positive y direction 
be north. What are (a) the x component and (b) the y compo- 
nent of d,? What are (c) the x component and (d) the y com- 
ponent of d,? What are (e) the x component and (f) the 
y component of ae 

What are (g) the x component, (h) the y component, (1) 
the magnitude, and (j) the direction of the ant’s net displace- 
ment? If the ant is to return directly to the starting point, (k) 
how far and (1) in what direction should it move? 


oS Motion in Two and 
Three Dimensions 





lh 
: 





Source: Rob Tringali/Sports Chrome Inc. 


When a high fly ball is hit to the outfield, how does the outfielder in the 
area know where to be in order to catch it? Often the outfielder will jog What clue iS 


or run at a measured pace to the catch site, arriving just as the ball ° ® 

| ae = hidden in the 
does. Playing experience surely helps, but some other factor seems to , : 
be involved. ball Ss motion ? 


The answer is in this chapter. 
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4-1 WHAT IS PHYSICS? 





In this chapter we continue looking at the aspect of physics that analyzes motion, 
but now the motion can be in two or three dimensions. For example, medical 
researchers and aeronautical engineers might concentrate on the physics of the 
two- and three-dimensional turns taken by fighter pilots in dogfights because a 
modern high-performance jet can take a tight turn so quickly that the pilot 
immediately loses consciousness. A sports engineer might focus on the physics of 
basketball. For example, in a free throw (where a player gets an uncontested shot 
at the basket from about 4.3 m), a player might employ the overhand push shot, 
in which the ball is pushed away from about shoulder height and then released. 
Or the player might use an underhand loop shot, in which the ball is brought 
upward from about the belt-line level and released. The first technique is the 
overwhelming choice among professional players, but the legendary Rick Barry 
set the record for free-throw shooting with the underhand technique. eS 

Motion in three dimensions is not easy to understand. For example, you are 
probably good at driving a car along a freeway (one-dimensional motion) but 
would probably have a difficult time in landing an airplane on a runway (three- 
dimensional motion) without a lot of training. 

In our study of two- and three-dimensional motion, we start with position 
and displacement. 


4-2 | Position and Displacement 


One general way of locating a particle (or particle-like object) is with a position 
vector 7, which is a vector that extends from a reference point (usually the ori- 
gin) to the particle. In the unit-vector notation of Section 3-5, r can be written 


F—7i + yj Ts zk, (4-1) 


where xi, yj, and zk are the vector components of 7 and the coefficients x, y, and 
z are its scalar components. 

The coefficients x, y, and z give the particle’s location along the coordinate 
axes and relative to the origin; that is, the particle has the rectangular coordinates 
(x, y, Z). For instance, Fig. 4-1 shows a particle with position vector 


7 = (—-3m)i + (2m)j + (5m)k 


and rectangular coordinates (—3 m, 2 m,5 m). Along the x axis the particle is 3 m 
from the origin, in the —i direction. Along the y axis it is 2 m from the origin, in 
the +] direction. Along the z axis it is 5 m from the origin, in the +k direction. 

As a particle moves, its position vector changes in such a way that the vector 
always extends to the particle from the reference point (the origin). If the posi- 
tion vector changes— say, from 7, to r, during a certain time interval—then the 
particle’s displacement A7 during that time interval is 





AY =e Fy. 4-2 PV ct 

: oe (mk / (4m). 
. . ee f | _(-3 m)i 
Using the unit-vector notation of Eq. 4-1, we can rewrite this displacement as fe ee 





AF = (mi + yoj + 2k) — (el + yj + ak) 
OF as Ar = (p= x,)1 sl (Boies yj Te Zk (4-3) 


where coordinates (x, yj, z;) correspond to position vector 7, and coordinates 
(X2, Yo, Z2) correspond to position vector 7. We can also rewrite the displacement 


by substituting Ax for (x, — x,), Ay for (y2 — y,), and Az for (z2 — 2): FIG. 4-1 The position vector 7 for a 
particle is the vector sum of its vector 


AF = Axi + Ayj + Azk. (4-4) components. 
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Sample Problem 





In Fig. 4-2, the position vector for a particle initially is 
7, = (-3.0m)i + (2.0m)j + (5.0 m)k 

and then later is 
Fo = (9.0m)i + (2.0m)j + (8.0 m)k. 


What is the particle’s displacement AF from 7, to r,? 


cei The displacement A7 is obtained by sub- 


tracting the initial 7, from the later 7}. 


Calculation: The subtraction gives us 
Ar = Ps a 4 
= [9.0 — (—3.0)]i + [2.0 — 2.0]} + [8.0 — 5.0]k 


= (12 m)i + (3.0 m)k. (Answer) 
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FIG.4-2. The displacement Af = 7, — 7, extends from the 
head of the initial position vector 7’, to the head of the later 
position vector 75. 


This displacement vector is parallel to the xz plane 
because it lacks a y component. 





Sample Problem 


A rabbit runs across a parking lot on which a set of 
coordinate axes has, strangely enough, been drawn. The 
coordinates (meters) of the rabbit’s position as func- 
tions of time t (seconds) are given by 


x = —0.31f? + 7.2t + 28 
y = 0.2272 — 9.1t + 30. 


(4-5) 
(4-6) 


(a) Att = 15s, what is the rabbit’s position vector 7 in 
unit-vector notation and in magnitude-angle notation? 


and 





The x and y coordinates of the rabbit’s 
position, as given by Eqs. 4-5 and 4-6, are the scalar 
components of the rabbit’s position vector 7. 


Calculations: We can write 


T(t) = x(t)i + y()j. 
(We write 7(t) rather than r because the components 


are functions of ¢, and thus 7 is also.) 
Att = 15s, the scalar components are 


x = (—0.31)(15)? + (7.2)(15) + 28 = 66m 
and = y = (0.22)(15)? — (9.1)(15) + 30 = —57m, 


(4-7) 


SO F = (66 m)i — (57 m)j, (Answer) 


which is drawn in Fig. 4-3a. To get the magnitude and 
angle of 7, we use Eq. 3-6: 


r= Vx? + y? = (66 m) + (—57 my 


= 87m, (Answer) 





and @= tan! ca tan-( =a =) = —4]1°. 
x 66 m 


(Answer) 
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FIG. 4-3. (a) A rabbit’s position vector 7 at time t = 15 s. The 
scalar components of F are shown along the axes. (b) The rab- 
bit’s path and its position at five values of t. 


Check: Although 6 = 139° has the same tangent as 
—41°, the components of 7 indicate that the desired an- 
gleis 139° — 180° = —41°. 


4-3 | Average Velocity and Instantaneous Velocity 


Graphing: We can repeat part (a) for several values of t 
and then plot the results. Figure 4-3b shows the plots for 
five values of t and the path connecting them. We can 
also plot Eqs. 4-5 and 4-6 on a calculator. 


(b) Graph the rabbit’s path fort = Otot = 25s. 


4-3 | Average Velocity and Instantaneous Velocity 


If a particle moves from one point to another, we might need to know how fast it 
moves. Just as in Chapter 2, we can define two quantities that deal with “how 
fast”: average velocity and instantaneous velocity. However, here we must con- 
sider these quantities as vectors and use vector notation. 

If a particle moves through a displacement Are in a time interval Ar, then its 
average velocity V.,,, is 


displacement 
average velocity = ee eae 


Lad tr 
or V aia wis (4-8) 


This tells us that the direction of V.,, (the vector on the left side of Eq. 4-8) must 


be the same as that of the displacement AY (the vector on the right side). Using 
Eq. 4-4, we can write Eq. 4-8 in vector components as 
a Axi + Ayj + Azk DO eA ee aes 
emmy wan ant ai 
For example, if the particle in Sample Problem 4-1 moves from its initial position 
to its later position in 2.0 s, then its average velocity during that move is 
_ AF — (12m) + 3.0m)k 
NE 2.0 s 
That is, the average velocity (a vector quantity) has a component of 6.0 m/s along 
the x axis and a component of 1.5 m/s along the z axis. 
When we speak of the velocity of a particle, we usually mean the particle’s in- 
stantaneous velocity Vv at some instant. This v is the value that Wipe approaches in 


the limit as we shrink the time interval At to 0 about that instant. Using the lan- 
guage of calculus, we may write V as the derivative 


an 
v 


= (6.0 m/s)i + (1.5 m/s)k. 


Aut der 
v ca (4-10) 

Figure 4-4 shows the path of a particle that is restricted to the xy plane. As 
the particle travels to the right along the curve, its position vector sweeps to the 
right. During time interval At, the position vector changes from 7, to r, and the 
particle’s displacement is AT. 

To find the instantaneous velocity of the particle at, say, instant t, (when the 
particle is at position 1), we shrink interval Aft to 0 about ¢,. Three things happen 
as we do so. (1) Position vector 7, in Fig. 4-4 moves toward 7, so that A7 shrinks 
toward zero. (2) The direction of Ar/At (and thus of V,,.) approaches the 
direction of the line tangent to the particle’s path at position 1. (3) The average 
velocity ee approaches the instantaneous velocity v at f,. 

In the limit as At—>0, we have v,,.—>v and, most important here, 
= takes on the direction of the tangent line. ans v has that direction as well: 


s tangent tot 
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FIG. 4-4 The displacement AT of 
a particle during a time interval Ar, 
from position 1 with position vector 


T, at time t, to position 2 with 


position vector 7, at time t,.The 
tangent to the particle’s path at 
position 1 is shown. 
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FIG. 4-5 The velocity V of a particle, 
along with the scalar components of v. 


Sample Problem 


The result is the same in three dimensions: v is always tangent to the particle’s path. 
To write Eq. 4-10 in unit-vector form, we substitute for 7 from Eq. 4-1: 


say d a n A dx n dy n Oe ez 
oe PW) ea) Sed a ee 
ge at rege 
This equation can be simplified somewhat by writing it as 
v=vit vy] + vik, (4-11) 
where the scalar components of Vv are 
dx dy dz 
= — = d = —, 4-12 
gd ce os) me ies volt ae 


For example, dx/dt is the scalar component of v along the x axis. Thus, we can find 
the scalar components of v by differentiating the scalar components of 7. 

Figure 4-5 shows a velocity vector v and its scalar x and y components. Note 
that Vv is tangent to the particle’s path at the particle’s position. Caution: When a 
position vector 1s drawn, as in Figs. 4-1 through 4-4, it is an arrow that extends 
from one point (a “here”’) to another point (a “there”). However, when a velocity 
vector is drawn, as in Fig. 4-5, it does not extend from one point to another. 
Rather, it shows the instantaneous direction of travel of a particle at the tail, and 
its length (representing the velocity magnitude) can be drawn to any scale. 


CHECKPOINT 1 The figure shows a circular 


path taken by a particle. If the instantaneous velocity of 

the particle is V = (2 m/s)i — (2 m/s)j, through which 

quadrant is the particle moving at that instant if it is trav- 

eling (a) clockwise and (b) counterclockwise around the x 
circle? For both cases, draw Vv on the figure. 





For the rabbit in Sample Problem 4-2 find the velocity v 


at time f= 15s. 


“adeaiieeaetet We can find V by taking derivatives of the 


components of the rabbit’s position vector. 


Calculations: Applying the v, part of Eq. 4-12 to 
Eq. 4-5, we find the x component of v to be 


dx d 
= — = — (—031r? + 7.2t + 28 
ve a, dt ( ) 
= —(0,.62t + 7.2. (4-13) 


Att= 15s, this gives v, = —2.1 m/s. Similarly, applying 
the v, part of Eq. 4-12 to Eq. 4-6, we find 


_ dy 
~ dt 


d 
= —- (0.228? — 9.18 + 30) 


y (m) 





FIG. 4-6 The rabbit’s velocity v att = 15s. 


= 0.44t — 9.1. (4-14) 


Att = 15s, this gives v, = —2.5 m/s. Equation 4-11 then 
yields 


Y¥ = (-2.1 m/s)i + (—2.5 m/s)j, (Answer) 


which is shown in Fig. 4-6, tangent to the rabbit’s path 
and in the direction the rabbit is running att = 15s. 


4-4. | Average Acceleration and Instantaneous Acceleration 





To get the magnitude and angle of V, either we use a a er ane ee = 2-5 eS 
vector-capable calculator or we follow Eq. 3-6 to write ee a Ve —21m/s 


vy = Vv2 + v2 = V(-2.1 m/s)? + (—2.5 m/s)? = tan41.19 = -130°. (Answer) 


= 3.3 m/s (Answer) Check: Is the angle —130° or —130° + 180° = 50°? 


4-4 | Average Acceleration and Instantaneous 
Acceleration 


When a particle’s velocity changes from Vv, to V, in a time interval At, its average 
acceleration @,,, during At is 


average change in velocity 
acceleration _ time interval 
eS vw, = Vi, Av 
or Cah ae pe aera 4-15 
a At At See 


If we shrink At to zero about some instant, then in the limit ies approaches the 
instantaneous acceleration (or acceleration) a at that instant; that is, 


ae 
dt 


a= (4-16) 


If the velocity changes in either magnitude or direction (or both), the particle 
must have an acceleration. 

We can write Eq. 4-16 in unit-vector form by substituting Eq. 4-11 for v to 
obtain 


—= d * ° a 
a = a vs + vyj + v,k) 

















_ View 2 aa, 
a dt COodt Sod 
We can rewrite this as 
@ =a,it a,j + ak, (4-17) 
where the scalar components of a@ are 
Ee dv, dv, 
BO ao and a, = re (4-18) 


To find the scalar components of @, we differentiate the scalar components of V. 
Figure 4-7 shows an acceleration vector a and its scalar components for a 
particle moving in two dimensions. Caution: When an acceleration vector is 
drawn, as in Fig. 4-7, it does not extend from one position to another. Rather, it 
shows the direction of acceleration for a particle located at its tail, and its length 
(representing the acceleration magnitude) can be drawn to any scale. 


CHECKPOINT 2 Here are four descriptions of the position (in meters) of 
a puck as it moves in an xy plane: 

(1) x= -30?+4t-2 and y=6t2-4¢ (3) F = 2271 — (4t + 3)j 

(2) oc =— 31 4r_ and. "yy ="51" 6 (4) F = (423 — 201 + 3] FIG.4-7 The acceleration a ofa 
particle and the scalar components 
of a. 





Are the x and y acceleration components constant? Is acceleration @ constant? 
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Sample Problem Bea 


For the rabbit in Sample Problems 4-2 and 4-3, find the 
acceleration a at timet = 15s. 


cay We can find a by taking derivatives of the 


rabbit’s velocity components. 


Calculations: Applying the a, part of Eq. 4-18 to Eq. 
4-13, we find the x component of a to be 
dv, 


d 
= —+ = — (-0.62t + 7.2) = —0.62 m/s’. 
a, = a. (h62¢ + 7.2) 0.62 m/s 





Similarly, applying the a, part of Eq. 4-18 to Eq. 4-14 
yields the y component as 
wads d 


= of Pen Wide = 2 
ay i 7 (0.44¢ — 9.1) = 0.44 m/s°. 





We see that the acceleration does not vary with time (it 
is a constant) because the time variable ¢ does not ap- 
pear in the expression for either acceleration compo- 
nent. Equation 4-17 then yields 


a@ = (—0.62 m/s*)i + (0.44 m/s2)j, (Answer) 


which is superimposed on the rabbit’s path in Fig. 4-8. 

To get the magnitude and angle of a, either we use a 
vector-capable calculator or we follow Eq. 3-6. For the 
magnitude we have 


a = Vaz + a; = \(—0.62 m/s’)? + (0.44 m/s’)? 


= 0.76 m/s’. (Answer) 


y (m) 


FIG. 4-8 The accel- 
eration a of the 
rabbit att = 15s. 
The rabbit happens 
to have this same 
acceleration at all 
points on its path. 





For the angle we have 


a 0.44 m/s? 
é=tan-!— =t (24a) - — 35°, 
a a —0.62 m/s?” 


Xx 


However, this angle, which is the one displayed on a cal- 
culator, indicates that @ is directed to the right and 
downward in Fig. 4-8. Yet, we know from the compo- 
nents that a must be directed to the left and upward. To 
find the other angle that has the same tangent as —35° 
but is not displayed on a calculator, we add 180°: 


—35° + 180° = 145°. (Answer) 


This is consistent with the components of a. Note that a 
has the same magnitude and direction throughout the 
rabbit’s run because the acceleration is constant. 


Sample Problem ey 


A particle with velocity ¥) = —2.0i + 4.0] (in meters 
per second) at t = 0 undergoes a constant acceleration a 
of magnitude a = 3.0 m/s? at an angle 6 = 130° from the 
positive direction of the x axis. What is the particle’s 
velocity v att = 5.0 s? 





Because the acceleration 1s constant, Eq. 2- 
11 (v = vy + at) applies, but we must use it separately 
for motion parallel to the x axis and motion parallel to 
the y axis. 


Calculations: We find the velocity components v, and v, 
from the equations 


VV Gt and VY) = Yer aye 


In these equations, vo, (= —2.0 m/s) and vo, (= 4.0 m/s) 
are the x and y components of Vo, and a, and a, are the 
x and y components of a. To find a, and a,, we resolve 
a either with a vector-capable calculator or with 
Eq. 3-5: 


a, = acos 6 = (3.0 m/s*)(cos 130°) = —1.93 m/s’, 
ay = asin 6 = (3.0 m/s*)(sin 130°) = +2.30 m/s’. 


When these values are inserted into the equations for v, 
and v,, we find that, at time t = 5.0, 


Ve = 20 m/s 1.93 m/s-) 0s) = 11865: mys; 
v, = 4.0 m/s + (2.30 m/s*)(5.0 s) = 15.50 m/s. 
Thus, at t = 5.0 s, we have, after rounding, 
Vv = (—12m/s)i + (16m/s)j. (Answer) 


Either using a vector-capable calculator or following 
Eq. 3-6, we find that the magnitude and angle of V are 


i V\v2 + v2 = 19.4~19m/s_ (Answer) 


and @ = tan! E= Dy =130, 
Vy 


(Answer) 


Check: Does 127° appear on your calculator’s display, 
or does —53° appear? Now sketch the vector V with its 
components to see which angle is reasonable. 


4-5 | Projectile Motion 


We next consider a special case of two-dimensional motion: A particle moves in a 
vertical plane with some initial velocity V) but its acceleration is always the free- 
fall acceleration g, which is downward. Such a particle is called a projectile (mean- 
ing that it is projected or launched), and its motion is called projectile motion. A 
projectile might be a tennis ball (Fig. 4-9) or baseball in flight, but it is not an air- 
plane or a duck in flight. Many sports (from golf and football to lacrosse and rac- 
quetball) involve the projectile motion of a ball, and much effort is spent in trying 
to control that motion for an advantage. For example, the racquetball player who 
discovered the Z-shot in the 1970s easily won his games because the ball’s peculiar 
flight to the rear of the court always perplexed his opponents. 

Our goal here is to analyze projectile motion using the tools for two- 
dimensional motion described in Sections 4-2 through 4-4 and making the 
assumption that air has no effect on the projectile. Figure 4-10, which is analyzed 
in the next section, shows the path followed by a projectile when the air has no 
effect. The projectile is launched with an initial velocity V, that can be written as 


v= veel + Voie (4-19) 


The components vo, and vo, can then be found if we know the angle 6) between vy 
and the positive x direction: 


Vox = Vo COS A and Vo, = vo sin 6. (4-20) 


During its two-dimensional motion, the projectile’s position vector 7 and velocity 
vector v change continuously, but its acceleration vector a is constant and always 
directed vertically downward. The projectile has no horizontal acceleration. 

Projectile motion, like that in Figs. 4-9 and 4-10, looks complicated, but we 
have the following simplifying feature (known from experiment): 
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This feature allows us to break up a problem involving two-dimensional motion 
into two separate and easier one-dimensional problems, one for the horizontal 
motion (with zero acceleration) and one for the vertical motion (with constant 
downward acceleration). Here are two experiments that show that the horizontal 
motion and the vertical motion are independent. 


FIG. 4-10 The path ofa 
projectile that is launched at 
xX) = Oand yp = O, with an 
initial velocity Vo. The initial 
velocity and the velocities at 
various points along its path 
are shown, along with their 
components. Note that the 
horizontal velocity compo- 
nent remains constant but 
the vertical velocity compo- 
nent changes continuously. 
The range R is the 
horizontal distance the pro- 
jectile has traveled when it 
returns to its launch height. 
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FIG. 4-9 A stroboscopic photograph 
of a yellow tennis ball bouncing off a 
hard surface. Between impacts, the 
ball has projectile motion. Source: 
Richard Megna/Fundamental 
Photographs. 
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FIG. 4-11 One ball is released from 
rest at the same instant that another 
ball is shot horizontally to the right. 
Their vertical motions are identical. 
Source: Richard Megna/ Fundamental 
Photographs. 
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FIG. 4-12 The projectile ball always 
hits the falling can. Each falls a dis- 
tance h from where it would be were 
there no free-fall acceleration. 


Two Golf Balls 


Figure 4-11 is a stroboscopic photograph of two golf balls, one simply released 
and the other shot horizontally by a spring. The golf balls have the same vertical 
motion, both falling through the same vertical distance in the same interval of 
time. The fact that one ball is moving horizontally while it is falling has no effect on 
its vertical motion; that is, the horizontal and vertical motions are independent of 
each other. 


A Great Student Rou 


Figure 4-12 shows a demonstration that has enlivened many a physics lecture. It 
involves a blowgun G, using a ball as a projectile. The target is a can suspended 
from a magnet M, and the tube of the blowgun is aimed directly at the can. The 
experiment is arranged so that the magnet releases the can just as the ball leaves 
the blowgun. 

If g (the magnitude of the free-fall acceleration) were zero, the ball would 
follow the straight-line path shown in Fig. 4-12 and the can would float in place 
after the magnet released it. The ball would certainly hit the can. 

However, g is not zero, but the ball still hits the can! As Fig. 4-12 shows, 
during the time of flight of the ball, both ball and can fall the same distance h 
from their zero-g locations. The harder the demonstrator blows, the greater is the 
ball’s initial speed, the shorter the flight time, and the smaller the value of h. 





CHECKPOINT 3 At a certain instant, a fly ball has velocity V = 251 — 4.9} 
(the x axis is horizontal, the y axis is upward, and v is in meters per second). Has the 
ball passed its highest point? 


4-6 | Projectile Motion Analyzed 
Now we are ready to analyze projectile motion, horizontally and vertically. 


The Horizontal Motion 


Because there 1s no acceleration in the horizontal direction, the horizontal 
component v, of the projectile’s velocity remains unchanged from its initial value 
Vo, throughout the motion, as demonstrated in Fig. 4-13. At any time ¢, the projec- 
tile’s horizontal displacement x — x) from an initial position x9 is given by Eq. 
2-15 with a = 0, which we write as 
B= Xe = Voxl. 

Because Vo, = Vo COS Op, this becomes 

X — Xp = (Vo COS Op)t. (4-21) 
The Vertical Motion 


The vertical motion is the motion we discussed in Section 2-9 for a particle in free 
fall. Most important is that the acceleration is constant. Thus, the equations of 
Table 2-1 apply, provided we substitute —g for a and switch to y notation. Then, 
for example, Eq. 2-15 becomes 


Y — Yo = Voyt — 590? 
(Vo SiN 6))t — 3gt?, (4-22) 


where the initial vertical velocity component vo, is replaced with the equivalent 
Vg Sin 4. Similarly, Eqs. 2-11 and 2-16 become 


Vy = Vo Sin 0 — gt (4-23) 


and V5 = (vo Sin 6)* — 2g(y — Yo). (4-24) 


4-6 | Projectile Motion Analyzed 


As is illustrated in Fig. 4-10 and Eq. 4-23, the vertical velocity component be- 
haves just as for a ball thrown vertically upward. It is directed upward initially, 
and its magnitude steadily decreases to zero, which marks the maximum height of 
the path. The vertical velocity component then reverses direction, and its magni- 
tude becomes larger with time. 


The Equation of the Path 


We can find the equation of the projectile’s path (its trajectory) by eliminating 
time t between Eqs. 4-21 and 4-22. Solving Eq. 4-21 for t and substituting into Eq. 
4-22, we obtain, after a little rearrangement, 


gx? 


eee 4-25 
2(Vp COS O)* oe) 


y = (tan ))x — (trajectory). 
This is the equation of the path shown in Fig. 4-10. In deriving it, for simplicity we 
let x) = 0 and yy = 0 in Eqs. 4-21 and 4-22, respectively. Because g, 6, and vo are 
constants, Eq. 4-25 is of the form y = ax + bx’, in which a and b are constants. 


This is the equation of a parabola, so the path 1s parabolic. 


The Horizontal Range 


The horizontal range R of the projectile, as Fig. 4-10 shows, is the horizontal 
distance the projectile has traveled when it returns to its initial (launch) height. 
To find range R, let us put x — x) = R in Eq. 4-21 and y — yy = 0 in Eq. 4-22, 
obtaining 

R = (v9 Cos 65)t 
and O = (vp sin 6)t — 5gt?. 
Eliminating t between these two equations yields 


Dik 





R= SIN J COS 6p. 


Using the identity sin 26) = 2 sin @ cos 4 (see Appendix E), we obtain 


ve. 
R = — sin 26. (4-26) 
§ 
Caution: This equation does not give the horizontal distance traveled by a projec- 
tile when the final height is not the launch height. 
Note that R in Eq. 4-26 has its maximum value when sin 26) = 1, which 
EOes pens to 20) = 90° or @ = 45°. 
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However, when the launch and landing heights differ, as in shot Bue hammer 
throw, and basketball, a launch angle of 45° does not yield the maximum horizon: 
tal distance. 


4 


The Effects of the Air 


We have assumed that the air through which the projectile moves has no effect on 
its motion. However, in many situations, the disagreement between our calcula- 
tions and the actual motion of the projectile can be large because the air resists 
(opposes) the motion. Figure 4-14, for example, shows two paths for a fly ball that 
leaves the bat at an angle of 60° with the horizontal and an initial speed of 44.7 
m/s. Path I (the baseball player’s fly ball) is a calculated path that approximates 
normal conditions of play, in air. Path II (the physics professor’s fly ball) is the 
path the ball would follow in a vacuum. 





FIG. 4-13 The vertical component 
of this skateboarder’s velocity is 
changing but not the horizontal 
component, which matches the 
skateboard’s velocity. As a result, the 
skateboard stays underneath him, 
allowing him to land on it. Source: 
Jamie Budge/Liaison/ Getty Images, Inc. 





LIN TG LIV LOO LT LLL, 


FIG. 4-14 (I) The path of a fly ball 
calculated by taking air resistance 
into account. (II) The path the ball 
would follow in a vacuum, calculated 
by the methods of this chapter. See 
Table 4-1 for corresponding data. 
(Adapted from “The Trajectory of 

a Fly Ball,” by Peter J. Brancazio, The 
Physics Teacher, January 1985.) 


A = me 


Two Fly Balls“ 
Path I Path IT 
(Air) (Vacuum) 
Range 98.5 m 177 m 
Maximum 
height 53.0 m 76.8 m 
Time 
of flight 6.6 s 1s 


“See Fig. 4-14. The launch angle is 60° and 
the launch speed 1s 44.7 m/s. 
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CHECKPOINT 4 


A fly ball is hit to the outfield. During its flight (ignore the 


effects of the air), what happens to its (a) horizontal and (b) vertical components of ve- 
locity? What are the (c) horizontal and (d) vertical components of its acceleration dur- 
ing ascent, during descent, and at the topmost point of its flight? 


rw 





In Fig. 4-15, a rescue plane flies at 198 km/h (= 55.0 m/s) 
and constant height = 500 m toward a point directly 
over a victim, where a rescue capsule is to land. 


(a) What should be the angle ¢ of the pilot’s line of sight 
to the victim when the capsule release is made? 


eto Once released, the capsule is a projectile, 


so its horizontal and vertical motions can be considered 
separately (we need not consider the actual curved path 
of the capsule). 


Calculations: In Fig. 4-15, we see that dis given by 


= tan! 7 (4-27) 
where x is the horizontal coordinate of the victim (and 
of the capsule when it hits the water) and h = 500 m. We 
should be able to find x with Eq. 4-21: 


X — Xy = (Vp COS Op)t. (4-28) 


Here we know that x) = 0 because the origin is placed 
at the point of release. Because the capsule is released 
and not shot from the plane, its initial velocity Vo is 
equal to the plane’s velocity. Thus, we know also that 
the initial velocity has magnitude vp = 55.0 m/s and 
angle 6, = 0° (measured relative to the positive 
direction of the x axis). However, we do not know 
the time ¢ the capsule takes to move from the plane to 
the victim. 
To find ¢, we next consider the vertical motion and 
specifically Eq. 4-22: 
Y — yo = (vp sin 6)t — 5gt?. (4-29) 


Here the vertical displacement y — yy of the capsule is 
—500 m (the negative value indicates that the capsule 
moves downward). So, 


—500 m = (55.0 m/s)(sin 0°)t — 5(9.8 m/s”)t?. 


Solving for ¢, we find ¢ = 10.1 s. Using that value in Eq. 
4-28 yields 


x — 0 = (55.0 m/s)(cos 0°)(10.1 s), 
or x = 555.5 m. 





FIG. 4-15 A plane drops a rescue capsule while moving at 
constant velocity in level flight. While falling, the capsule 
remains under the plane. 


Then Eq. 4-27 gives us 


_, 555.5m 


= 48.0°. 
500 m a 


d = tan (Answer) 


(b) As the capsule reaches the water, what is its velocity V 
in unit-vector notation and in magnitude-angle notation? 


ezzo (1) The horizontal and vertical components 


of the capsule’s velocity are independent. (2) Component 
v, does not change from its initial value vo, = vo cos A be- 
cause there is no horizontal acceleration. (3) Component 
v, changes from its initial value vo, = vgsin 6) because 
there is a vertical acceleration. 


Calculations: When the capsule reaches the water, 
V, = Vo COS 6 = (55.0 m/s)(cos 0°) = 55.0 m/s. 


Using Eq. 4-23 and the capsule’s time of fall t = 10.1 s, 
we also find that when the capsule reaches the water, 

Vy = Vo Sin 6 — gt (4-30) 
= (55.0 m/s)(sin 0°) — (9.8 m/s*)(10.1 s) 


= —99.0 m/s. 
Thus, at the water 
V = (55.0 m/s)i — (99.0 m/s)j. (Answer) 


Using Eq. 3-6 as a guide, we find that the magnitude and 
the angle of V are 


v=113m/s and 6= —60.9°. (Answer) 
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Figure 4-16 shows a pirate ship 560 m from a fort de- 
fending a harbor entrance. A defense cannon, located at 
sea level, fires balls at initial speed vy) = 82 m/s. 


(a) At what angle 6, from the horizontal must a ball be 
fired to hit the ship? 


[azz (1) A fired cannonball is a projectile. We 


want an equation that relates the launch angle 4 to the 
ball’s horizontal displacement as it moves from cannon 
to ship. (2) Because the cannon and the ship are at the 
same height, the horizontal displacement is the range. 


Calculations: We can relate the launch angle 6 to the 
range R with Eq. 4-26 (R = (v#/g) sin 26), which, after 
rearrangement, gives 
1 ._,gR 1 . _, (9.8 m/s’)(560 m) 
= — el gUO Nia. pS at — 1 pk ne, 
pe eyes oe (82 m/s)? 

ik 
== sin! 0.816. (4-31) 
One solution of sin~! (54.7°) is displayed by a calcula- 


tor; we subtract it from 180° to get the other solution 
(125.3°). Thus, Eq. 4-31 gives us 
O = 27° and 


6) = 63°. (Answer) 








FIG.4-16 A pirate ship under fire. 


(b) What is the maximum range of the cannonballs? 


Calculations: We have seen that maximum range corre- 
sponds to an elevation angle 6) of 45°. Thus, 


vi. 82 m/s)? . a 
R= = si 26 = one sin (2 x 45°) 
= 686 m ~ 690 m. (Answer) 


As the pirate ship sails away, the two elevation angles at 
which the ship can be hit draw together, eventually merging 
at 0 = 45° when the ship is 690 m away. Beyond that dis- 
tance the ship is safe. 


Sample Problem rey 


Suppose a baseball batter B hits a high fly ball to the 
outfield, directly toward an outfielder F and with a 
launch speed of vy = 40 m/s and a launch angle of 
6) = 35°. During the flight, a line from the outfielder to 
the ball makes an angle ¢ with the ground. Plot eleva- 
tion angle ¢ versus time ft, assuming that the outfielder is 
already positioned to catch the ball, is 6.0 m too close to 
the batter, and is 6.0 m too far away. << 


cea (1) If we neglect air drag, the ball is a pro- 


jectile for which the vertical motion and the horizontal 
motion can be analyzed separately. (2) Assuming the 
ball is caught at approximately the height it is hit, the 
horizontal distance traveled by the ball is the range R, 
given by Eq. 4-26 (R = (vi/g) sin 26). 


Calculations: The ball can be caught if the outfielder’s 
distance from the batter is equal to the range R of the 
ball. Using Eq. 4-26, we find 


vA _ (40 m/s)’ 


R= - oi 26 = 9.8 m/s? sin (70°) = 153.42 m. 


(4-32) 


90 







Too close f 






t (s) 
(5) 

FIG. 4-17 The elevation angle ¢ for a ball hit toward an out- 

fielder is (a) defined and (b) plotted versus time t. 


Figure 4-17a shows a snapshot of the ball in flight when 
the ball is at height y and horizontal distance x from the 
batter (who is at the origin). The horizontal distance of 
the ball from the outfielder is R — x, and the elevation 
angle # of the ball in the outfielder’s view is given by 
tan @ = y/(R — x). For the height y, we use Eq. 4-22 
(y — yo = (v% sin 6)t — 5gf), setting yy = 0. For the 
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horizontal distance x, we substitute with Eq. 4-21 
(x —X 9 = (Vv cos @)t), setting x) = 0. Thus, using 
Vo = 40 m/s and 4 = 35°, we have 


(40 sin 35°)t — 4.927 
153.42 — (40 cos 35 )r 


Graphing this function versus t gives the middle 
plot in Fig. 4-17b. We see that the ball’s angle in the 
outfielder’s view increases at an almost steady rate 
throughout the flight. 

If the outfielder is 6.0 m too close to the batter, 
we replace the distance of 153.42 m in Eq. 4-33 with 


o@ = tan! (4-33) 


4-9 


At time t = 0, a golf ball is shot from ground level into 
the air, as indicated in Fig. 4-18a. The angle @ between 
the ball’s direction of travel and the positive direction 
of the x axis is given 1n Fig. 4-185 as a function of time t. 
The ball lands at t = 6.00 s. What is the magnitude vp of 
the ball’s launch velocity, at what height (y — yg) above 
the launch level does the ball land, and what ts the ball’s 
direction of travel just as it lands? 


[eae (1) The ball is a projectile, and so its hori- 


zontal and vertical motions can be considered sepa- 
rately. (2) The horizontal component v, (= vp cos 65) of 
the ball’s velocity does not change during the flight. 
(3) The vertical component v, of its velocity does 
change and is zero when the ball reaches maximum 
height. (4) The ball’s direction of travel at any time dur- 
ing the flight is at the angle of its velocity vector V just 
then. That angle is given by tan 6 = v,/v,, with the veloc- 
ity components evaluated at that time. 


Calculations: When the ball reaches its maximum height, 
vy = 0. So, the direction of the velocity v is horizontal, at 
angle 6 = 0°. From the graph, we see that this condition 
occurs at t = 4.0 s. We also see that the launch angle @ (at 
t = 0) is 80°. Using Eq. 4-23 (v, = vo sin 6 — gt), with t = 
4.0, g = 9.8 m/s’, 6 = 80°, and v, = 0, we find 


153.42 m — 6.0 m = 147.42 m. Regraphing the function 
gives the “Too close” plot in Fig. 4-17b. Now the eleva- 
tion angle of the ball rapidly increases toward the end 
of the flight as the ball soars over the outfielder’s head. 
If the outfielder is 6.0 m too far away from the batter, 
we replace the distance of 153.42 m in Eq. 4-33 with 
159.42 m. The resulting plot is labeled “Too far” in the 
figure: The angle first increases and then rapidly 
decreases. Thus, if a ball is hit directly toward an 
outfielder, the player can tell from the change in the 
ball’s elevation angle @ whether to stay put, run toward 
the batter, or back away from the batter. 





t (s) 
(d) 





FIG. 4-18 (a) Path of a golf ball shot onto a plateau. (b) The 
angle 0 that gives the ball’s direction of motion during the 
flight is plotted versus time t. 


Vo = 39.80 ~ 40 m/s. (Answer) 


The ball lands at t = 6.00 s. Using Eq. 4-22 (y — yo = 
(Vo sin 6))t — ; gt’) with t = 6.00 s, we obtain 


y — Yo = 58.77 m = 59 m. (Answer) 


Just as the ball lands, its horizontal velocity v, is still 
Vo COS 6; Substituting for vg and 6 gives us v, = 6.911 m/s. 
We find its vertical velocity just then by using Eq. 4-23 
(v, = Vo sin 6) — gt) with t= 6.00 s, which yields 
v, = —19.60 m/s. Thus, the angle of the ball’s direction of 
travel at landing is 

1 Yy , —19.60 m/s 


— = tan” 


=p mn 
rs 6.911 mis 


~ —71°. (Answer) 


4-7 | Uniform Circular Motion 


A particle is in uniform circular motion if it travels around a circle or a circular 
arc at constant (uniform) speed. Although the speed does not vary, the particle is 
accelerating because the velocity changes in direction. 

Figure 4-19 shows the relationship between the velocity and acceleration 
vectors at various stages during uniform circular motion. Both vectors have 
constant magnitude, but their directions change continuously. The velocity is 
always directed tangent to the circle in the direction of motion. The acceleration 
is always directed radially inward. Because of this, the acceleration associated 
with uniform circular motion is called a centripetal (meaning “center seeking”) 








acceleration. As we prove next, the magnitude of this acceleration a is 


ps 
*; 
es Ba (centripetal acceleration), (4-34) 


where r is the radius of the circle and v is the speed of the particle. 
In addition, during this acceleration at constant speed, the particle travels the 
circumference of the circle (a distance of 27r) in time 


T= 2ur 





(period). (4-35) 


T is called the period of revolution, or simply the period, of the motion. It is, in 
general, the time for a particle to go around a closed path exactly once. 





Proof of Eq. 4-34 


To find the magnitude and direction of the acceleration for uniform circular 
motion, we consider Fig. 4-20. In Fig. 4-20a, particle p moves at constant speed 
v around a circle of radius r. At the instant shown, p has coordinates x, and y,. 
Recall from Section 4-3 that the velocity v of a moving particle is always tan- 
gent to the particle’s path at the particle’s position. In Fig. 4-20a, that means V is 
perpendicular to a radius r drawn to the particle’s position. Then the angle @ that 
v makes with a vertical at p equals the angle 6 that radius r makes with the x axis. 
The scalar components of V are shown in Fig. 4-20b. With them, we can write 
the velocity v as 
V=vi + vj = (—vsin 6)i + (v cos 0)j. (4-36) 


Now, using the right triangle in Fig. 4-20a, we can replace sin @ with y,/r and 


cos @ with x,/r to write 
— VYp a VXp 
= {| —-—— }]i + | —— J}. 4-37 
ae 37 


To find the acceleration a of particle p, we must take the time derivative of 
this equation. Noting that speed v and radius r do not change with time, we obtain 


Deda. v dy, ji ( v dx, )i 
= — = [| -— ee ee 4-38 
dt ( r dt) \r a} a2) 
Now note that the rate dy,/dt at which y, changes is equal to the velocity 


component v,. Similarly, dx,/dt = v,, and, again from Fig. 4-20b, we see that v, = 
—v sin @and v, = vcos @. Making these substitutions in Eq. 4-38, we find 


v2 s v2 5 
a= (~~ cos ) + (= sin a). (4-39) 
r P 
This vector and its components are shown in Fig. 4-20c. Following Eq. 3-6, we find 
2 2 2 
a = Va? + a2 = —V(cos 6 + (sin 02 = —Vi = —, 
E r r 


as we wanted to prove. To orient @, we find the angle ¢ shown in Fig. 4-20c: 


re ay —(v’/r) sin 6 
a, —(v2/r) cos 0 








= tan @. 


Thus, @ = 0, which means that a is directed along the radius r of Fig. 4-20a, 
toward the circle’s center, as we wanted to prove. 


CHECKPOINT 5 An object moves at constant speed along a circular path in 
a horizontal xy plane, with the center at the origin. When the object is at x = —2 m, its 
velocity is —(4 m/s)}j. Give the object’s (a) velocity and (b) acceleration at y = 2 m. 


A-7 | Uniform Circular Motion 





FIG. 4-19 Velocity and acceleration 
vectors for uniform circular motion. 





(a) 








(¢) 
FIG. 4-20 Particle p moves in coun- 
terclockwise uniform circular mo- 
tion. (a) Its position and velocity v at 
a certain instant. (b) Velocity V. 

(c) Acceleration a. 
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Sample Problem cary 


required to complete a full circle is the period given by 
Eq. 4-35 (T = 27R/v). 


“Top gun” pilots have long worried about taking a turn 
too tightly. As a pilot’s body undergoes centripetal 
acceleration, with the head toward the center of curva- 
ture, the blood pressure in the brain decreases, leading 
to loss of brain function. 

There are several warning signs. When the cen- 
tripetal acceleration is 2g or 3g, the pilot feels heavy. At 
about 4g, the pilot’s vision switches to black and white 
and narrows to “tunnel vision.” If that acceleration is 
sustained or increased, vision ceases and, soon after, the 
pilot is unconscious —a condition known as g-LOC for 
“‘g-induced loss of consciousness.” 

What is the magnitude of the acceleration, in 
g units, of a pilot whose aircraft enters a horizontal cir- 
cular turn with a velocity of ¥, = (4001 + 500}) m/s 
and 24.0 s later leaves the turn with a velocity of 
v= (—400i — 5003) m/s? SS 


Sia We assume the turn is made with uniform 


circular motion. Then the pilot’s acceleration is 
centripetal and has magnitude a given by Eq. 4-34 
(a = v’/R), where R is the circle’s radius. Also, the time 


Calculations: Because we do not know radius R, let’s 
solve Eq. 4-35 for R and substitute into Eq. 4-34. We find 


27V 
a = —. 
T 
Speed v here is the (constant) magnitude of the velocity 


during the turning. Let’s substitute the components of 
the initial velocity into Eq. 3-6: 


v = ¥(400 m/s)? + (500 m/s)? = 640.31 m/s. 


To find the period T of the motion, first note that the fi- 
nal velocity is the reverse of the initial velocity. This 
means the aircraft leaves on the opposite side of the cir- 
cle from the initial point and must have completed half 
a circle in the given 24.0 s. Thus a full circle would have 
taken T = 48.0 s. Substituting these values into our 
equation for a, we find 


_ 22(640.31 m/s) 


— a~ 
rE 83.81 m/s* ~ 8.6g. (Answer) 





4-8 | Relative Motion in One Dimension 


Suppose you see a duck flying north at 30 km/h. To another duck flying alongside, 
the first duck seems to be stationary. In other words, the velocity of a particle de- 
pends on the reference frame of whoever is observing or measuring the velocity. 
For our purposes, a reference frame is the physical object to which we attach our 
coordinate system. In everyday life, that object is the ground. For example, the 
speed listed on a speeding ticket is always measured relative to the ground. The 
speed relative to the police officer would be different if the officer were moving 
while making the speed measurement. 

Suppose that Alex (at the origin of frame A in Fig. 4-21) is parked by the side 
of a highway, watching car P (the “particle”) speed past. Barbara (at the origin of 
frame B) is driving along the highway at constant speed and is also watching car 
P. Suppose that they both measure the position of the car at a given moment. 
From Fig. 4-21 we see that 





Xp, = Xpp t Xpy. 4-40 
Frame A Frame B PA PB BA ( ) 






The equation is read: “The coordinate xp, of P as measured by A is equal to the 
coordinate xp, of P as measured by B plus the coordinate xz, of B as measured 
x» by A.” Note how this reading is supported by the sequence of the subscripts. 
Taking the time derivative of Eq. 4-40, we obtain 


Q@p 


x 
XBA Xpa = Xppt XBa 


FIG. 4-21 Alex (frame A) and 
Barbara (frame B) watch car P, as 
both B and P move at different 
velocities along the common x axis of 
the two frames. At the instant shown, 
Xp, 1S the coordinate of B in the A 


d d d 
ee (Xpa) = ue (Xpg) + 7 (Xga). 
Thus, the velocity components are related by 


(4-41) 


Vea = 'V pp VBA: 


frame. Also, P is at coordinate xp z in 
the B frame and coordinate xp, = 
Xpp + Xp, in the A frame. 


This equation is read: “The velocity vp, of P as measured by A is equal to the 
velocity vpz of P as measured by B plus the velocity vg, of B as measured by A.” 
The term vz, is the velocity of frame B relative to frame A. 


4-9 | Relative Motion in Two Dimensions 


Here we consider only frames that move at constant velocity relative to each 
other. In our example, this means that Barbara (frame B) drives always at con- 
stant velocity vg, relative to Alex (frame A). Car P (the moving particle), how- 
ever, can change speed and direction (that is, it can accelerate). 

To relate an acceleration of P as measured by Barbara and by Alex, we take 


the time derivative of Eq. 4-41: 
d 


Because vz, is constant, the last term is zero and we have 


Apa — App. 


In other words, 











d d 
an (Vp,) = on (Vpg) + dt (Vga): 








fhe 

















Sample Probiem 


In Fig. 4-21, suppose that Barbara’s velocity relative to 
Alex is a constant vz, = 52 km/h and car P is moving in 
the negative direction of the x axis. 


(a) If Alex measures a constant vp, = —78 km/h for car 
P, what velocity vppz will Barbara measure? 


Cena We can attach a frame of reference A to 


Alex and a frame of reference B to Barbara. Because 
the frames move at constant velocity relative to each other 
along one axis, we can use Eq. 4-41 (vp, = Vpg + Vg,) to 
relate Vpg to Vp, and Vay. 


Calculation: We find 
—78 km/h = vpg + 52 km/h. 


Thus, Vpg = —130 km/h. (Answer) 


Comment: If car P were connected to Barbara’s car by 
a cord wound on a spool, the cord would be unwinding 
at a speed of 130 km/h as the two cars separated. 


(b) If car P brakes to a stop relative to Alex (and thus 
relative to the ground) in time ¢ = 10s at constant ac- 
celeration, what is its acceleration ap, relative to Alex? 


Steg To calculate the acceleration of car P rela- 


tive to Alex, we must use the car’s velocities relative to 
Alex. Because the acceleration is constant, we can use 
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Eq. 2-11 (v = vo + at) to relate the acceleration to the 
initial and final velocities of P. 


Calculation: The initial velocity of P relative to Alex is 
Vp, = —78 km/h and the final velocity is 0. Thus, 


Ve gO (kaa) et mys 
a Ss eS 
a t 10s 3.6 km/h 
= 2.2 mis’. (Answer) 


(c) What is the acceleration apg of car P relative to 
Barbara during the braking? 


cSt To calculate the acceleration of car P rela- 


tive to Barbara, we must use the car’s velocities relative 
to Barbara. 


Calculation: We know the initial velocity of P relative to 
Barbara from part (a) (vpg = —130 km/h). The final veloc- 
ity of P relative to Barbara is —52 km/h (this is the velocity 
of the stopped car relative to the moving Barbara). Thus, 


— v¥—v — —52km/h —- (-130km/h) 1m/s 
2S 10s 3.6 km/h 
= 2.2 m/s*, (Answer) 


Comment: We should have foreseen this result: 
Because Alex and Barbara have a constant relative 
velocity, they must measure the same acceleration for 
the car. 


Our two observers are again watching a moving particle P from the origins of refer- 
ence frames A and B, while B moves at a constant velocity Vz, relative to A. (The 
corresponding axes of these two frames remain parallel.) Figure 4-22 shows a cer- 
tain instant during the motion. At that instant, the position vector of the origin of B 
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relative to the origin of A is 7,4. Also, the position vectors of particle P are 7 p, rel- 
ative to the origin of A and F pz relative to the origin of B. From the arrangement of 
heads and tails of those three position vectors, we can relate the vectors with 

(4-43) 


— — — 
pyr pao BAG 


By taking the time derivative of this equation, we can relate the velocities Vp, 
and V pp of particle P relative to our observers: 


Frame B 





(4-44) 


\, Vp4 = Vpg + Vea. 
Frame A 
FIG. 4-22 Frame B has the constant 
two-dimensional velocity Vz, rela- 
tive to frame A. The position vector 
of B relative to A is F,4.The position 
vectors of particle P are 7p, relative 
to A and F pp relative to B. 


By taking the time derivative of this relation, we can relate the accelerations ap, 
and dp, of the particle P relative to our observers. However, note that because 
V pa is constant, its time derivative is zero. Thus, we get 
as, = ape. (4-45) 
As for one-dimensional motion, we have the following rule: Observers on differ- 


ent frames of reference that move at constant velocity relative to each other will 
measure the same acceleration for a moving particle. 


Sample Problem 








In Fig. 4-23a, a plane moves due east while the pilot 
points the plane somewhat south of east, toward a 
steady wind that blows to the northeast. The plane has 
velocity Vpy relative to the wind, with an airspeed 
(speed relative to the wind) of 215 km/h, directed at 
angle @ south of east. The wind has velocity Vw, relative 
to the ground with speed 65.0 km/h, directed 20.0° east 
of north. What is the magnitude of the velocity Vpg of 
the plane relative to the ground, and what is 0? 


Rear J YG 
The situation is like the one in Fig. 4-22. 


Here the moving particle P is the plane, frame A 1s at- 
tached to the ground (call it G), and frame B is 
“attached” to the wind (call it W). We need a vector dia- 
gram like Fig. 4-22 but with three velocity vectors. 









Vpw 
(0) x 
FIG. 4-23 A plane flying in a wind. 


Calculations: First we construct a sentence that relates 


the three vectors shown in Fig. 4-23b: ; 
Solving for 6 gives us 


velocity of plane _ velocity of plane velocity of wind 3 
relative to ground ~ relative to wind relative to ground. @é= sin7! {65.0 km/h)(cos 20.0") = 16.5°. (Answer) 
(PG) (PW) (WG) 215 km/h 


This relation is written in vector notation as 


(4-46) 


— _=> — 
Vpg = Vpw t+ Vwe- 


We need to resolve the vectors into components on the 
coordinate system of Fig. 4-23b and then solve Eq. 4-46 
axis by axis. For the y components, we find 


Vecy = Vewy + Vway 
or 0 = —(215 km/h) sin 6 + (65.0 km/h)(cos 20.0°). 


Similarly, for the x components we find 


Vea,x = Vewx + Vwex: 
Here, because Vp, is parallel to the x axis, the compo- 
nent vpg, 1s equal to the magnitude vpg. Substituting 
this notation and the value 6 = 16.5°, we find 
Vpg = (215 km/h)(cos 16.5°) + (65.0 km/h) (sin 20.0°) 
= 228 km/h. (Answer) 


Review & Summary 


REVIEW & SUMMARY 


Position Vector The location of a particle relative to the 
origin of a coordinate system is given by a position vector T, 
which in unit-vector notation 1s 


F=xi + yy + zk. (4-1) 


Here xi yj, and zk are the vector components of position vec- 
tor 7, and x, y, and z are its scalar components (as well as the 
coordinates of the particle). A position vector is described 
either by a magnitude and one or two angles for orientation, 
or by its vector or scalar components. 


Displacement If a particle moves so that its position vec- 
tor changes from 7, to f,, the particle’s displacement AT is 


Ap = Te, (4-2) 
The displacement can also be written as 
AF =(x%.-— mi t+ (H-—ywitle-2ak (43) 
= Axi + Ayj + Azk. (4-4) 
Average Velocity and Instantaneous Velocity If a 


particle undergoes a displacement A? in time interval Ar, its 
average velocity V4, for that time interval is 


— 
ee Ar 


Vas ree (4-8) 


As At in Eq. 4-8 is shrunk to 0, vere reaches a limit called either 
the velocity or the instantaneous velocity V: 


, dar 
v=—, 4-10 
eP (4-10) 
which can be rewritten in unit-vector notation as 
v=vyitvyj t vk, (4-11) 


where v, = dx/dt, v, = dy/dt, and v, = dz/dt. The instanta- 
neous velocity V of a particle is always directed along the 
tangent to the particle’s path at the particle’s position. 


Average Acceleration and Instantaneous Accele- 

ration [If a particle’s velocity changes from V, to V, in time 

interval At, its average acceleration during At is 
iV a V1 = Av 


avo = = ——. 4-15 
ae At At a) 
As At in Eq. 4-15 is shrunk to 0, ees reaches a limiting value 
called either the acceleration or the instantaneous accel- 
eration a: 


ea 
= —_., 4-16 
it (4-16) 
In unit-vector notation, 
@=a,ita,j + ak, (4-17) 


where a, = dv,/dt, a, = dv,/dt, and a, = dv,/dt. 


Projectile Motion Projectile motion is the motion of a 
particle that is launched with an initial velocity Vo. During its 
flight, the particle’s horizontal acceleration is zero and its 
vertical acceleration is the free-fall acceleration —g. (Upward 
is taken to be a positive direction.) If Vj is expressed as a 
magnitude (the speed vy) and an angle 6 (measured from the 
horizontal), the particle’s equations of motion along the hori- 
zontal x axis and vertical y axis are 


X — Xp = (Vo COS A)b (4-21) 
Y — Yo = (Vo sin O)t — 380’, (4-22) 
Vy = Vo Sin 6 — gt, (4-23) 
Vy = (v9 sin 4) — 2g(y — yo). (4-24) 


The trajectory (path) of a particle in projectile motion is 
parabolic and is given by 


gx? 


= (tan )x — - =, 
Ye Cane 2(Vp COS Oy)? 


(4-25) 
if x9 and yy of Eqs. 4-21 to 4-24 are zero. The particle’s 
horizontal range R, which is the horizontal distance from the 
launch point to the point at which the particle returns to 
the launch height, 1s 


ve, 
R = — sin 26. (4-26) 
§ 


Uniform Circular Motion Ifa particle travels along a cir- 
cle or circular arc of radius r at constant speed v, it is said to be 
in uniform circular motion and has an acceleration a@ of con- 
stant magnitude 


a=—. (4-34) 
r 
The direction of a is toward the center of the circle or circular 
arc, and @ is said to be centripetal. The time for the particle to 
complete a circle is 


T= 2ar 





4-35 
: (4-35) 
T is called the period of revolution, or simply the period, of the 
motion. 


Relative Motion When two frames of reference A and B 
are moving relative to each other at constant velocity, the 
velocity of a particle P as measured by an observer in frame A 
usually differs from that measured from frame B. The two 
measured velocities are related by 


Vpa = Veg + Vea, (4-44) 


where Vz, is the velocity of B with respect to A. Both 
observers measure the same acceleration for the particle: 


eh — aoe (4-45) 
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QUESTIONS | 


1 Figure 4-24 shows the initial position 7 and the final posi- 


tion f of a particle. What are the (a) initial position vector 7; 


and (b) final position vector 7, both in unit-vector notation? 
(c) What is the x component of displacement AT? 





FIG. 4-24 Question 1. 


2 Figure 4-25 shows the path 
taken by a skunk foraging 
for trash food, from initial point 7. 
The skunk took the same time 7 
to go from each labeled point to 
the next along its path. Rank 
pointsa,b,andcaccordingtothe 
magnitude of the average VelOC@ e-em bl 
ity of the skunk to reach them EjG. 4-25 Question 2. 
from initial point i, greatest first. 





3 You are to launch a rocket, from just above the ground, 
with one of the following initial velocity vectors: (1) Vo = 
201 + 70j, (2) ¥o = —20i + 70}, (3) Vo = 201 — 70j, (4) Vo 
—201 — 70). In your coordinate system, x runs along level ground 
and y increases upward. (a) Rank the vectors according to the 
launch speed of the projectile, greatest first. (b) Rank the vectors 
according to the time of flight of the projectile, greatest first. 


4 Figure 4-26 shows three situations in which identical pro- 
jectiles are launched (at the same level) at identical initial 
speeds and angles. The projectiles do not land on the same ter- 
rain, however. Rank the situations according to the final 
speeds of the projectiles just before they land, greatest first. 





(a) (d) (0) 
FIG. 4-26 Question 4. 


5 When Paris was shelled from 100 km away with the WWI 
long-range artillery piece “Big Bertha,” the shells were fired 
at an angle greater than 45° to give them a greater range, pos- 
sibly even twice as long as at 45°. Does that result mean that 
the air density at high altitudes increases with altitude or 


decreases? Ge 


6 In Fig. 4-27, a cream tangerine is thrown up past windows 
1, 2, and 3, which are identical in size and regularly spaced 


j 


vertically. Rank those three windows according to (a) the time 
the cream tangerine takes to pass them and (b) the average 
speed of the cream tangerine during the passage, greatest first. 

The cream tangerine then moves down past windows 4, 5, 
and 6, which are identical in size and irregularly spaced hori- 
zontally. Rank those three windows according to (c) the time 
the cream tangerine takes to pass them and (d) the average 
speed of the cream tangerine during the passage, greatest first. 





FIG. 4-27 Question 6. 


7 Figure 4-28 shows three 
paths for a football kicked from 
ground level. Ignoring the ef- 
fects of air, rank the paths 
according to (a) time of flight, 
(b) initial vertical velocity com- 
ponent, (c) initial horizontal ve- 
locity component, and (d) ini- 
tial speed, greatest first. y 





FIG. 4-28 Question 7. 


8 The only good use of a 

fruitcake is in catapult prac- 

tice. Curve 1 in Fig. 4-29 gives 

the height y of a catapulted 

fruitcake versus the angle 6 

between its velocity vector and 0 
its acceleration vector during - 2 
flight. (a) Which of the lettered FIG. 4-29 Question 8. 
points on that curve corre- 

sponds to the landing of the fruitcake on the ground? (b) 
Curve 2 is a similar plot for the same launch speed but for a 
different launch angle. Does the fruitcake now land farther 
away or closer to the launch point? 


9 An airplane flying horizontally at a constant speed of 
350 km/h over level ground releases a bundle of food supplies. 
Ignore the effect of the air on the bundle. What are the bundle’s 
initial (a) vertical and (b) horizontal components of velocity? (c) 
What is its horizontal component of velocity just before hitting 
the ground? (d) If the airplane’s 

speed were, instead, 450 km/h, R 

would the time of fall be longer, 

shorter, or the same? 


10 A _ ball is shot from 
ground level over level ground 
at a certain initial speed. 
Figure 4-30 gives the range R 


0 
FIG. 4-30 Question 10. 


of the ball versus its launch angle 
@. Rank the three lettered points 
on the plot according to (a) the 
total flight time of the ball and 
(b) the ball’s speed at maximum 
height, greatest first. 


11 In Fig. 4-31, particle P is in 
uniform circular motion, cen- 
tered on the origin of an xy coor- 
dinate system. (a) At what values 
of 0 is the vertical component r, of 
the position vector greatest in magnitude? (b) At what values of 
6 is the vertical component v, of the particle’s velocity greatest 
in magnitude? (c) At what values of 6 is the vertical component 


a, Of the particle’s acceleration 
ereatest in magnitude? 


12 (a) Is it possible to be acceler- 
ating while traveling at constant 
speed? Is it possible to round a curve 
with (b) zero acceleration and (c) a 
constant magnitude of acceleration? 


13 Figure 4-32 shows four tracks 
(either half- or quarter-circles) 
that can be taken by a train, which 
moves at a constant speed. Rank 
the tracks according to the magni- 
tude of a train’s acceleration on 
the curved portion, greatest first. 


PROBLEMS 


Tutoring problem available (at instructor's discretion) in WileyPLUS and WebAssign 


WWW Worked-out solution is at 
, : Nat http://www.wiley.com/college/halliday 
ILW Interactive solution is at 


<8 Additional information available in The Flying Circus of Physics and at flyingcircusofphysics.com 


Click here to view all step-by-step solutions 





FIG. 4-31 Question 11. 





FIG. 4-32 Question 13. 





SSM Worked-out solution available in Student Solutions Manual 


e —e@ee Number of dots indicates level of problem difficulty 


sec. 4-2 Position and Displacement 

°1 A positron undergoes a displacement Ar = 2.01 — 
3.0) + 6.0k, ending with the position vector 7 = 3.0) — 4.0k, 
in meters. What was the positron’s initial position vector? 


e2 A watermelon seed has the following coordinates: x = 
—5.0 m, y = 8.0 m, and z = 0 m. Find its position vector (a) in 
unit-vector notation and as (b) a magnitude and (c) an angle 
relative to the positive direction of the x axis. (d) Sketch the 
vector on a right-handed coordinate system. If the seed is 
moved to the xyz coordinates (3.00 m, 0 m, 0 m), what is its 
displacement (e) in unit-vector notation and as (f) a magni- 
tude and (g) an angle relative to the positive x direction? 


3 The position vector for an electron is 7 = (5.0 m)i = 
(3.0 m)j + (2.0 m)k. (a) Find the magnitude of 7. (b) Sketch 
the vector on a right-handed coordinate system. 


ee4 The minute hand of a wall clock measures 10 cm from 
its tip to the axis about which it rotates. The magnitude and 
angle of the displacement vector of the tip are to be deter- 
mined for three time intervals. What are the (a) magnitude 
and (b) angle from a quarter after the hour to half past, the (c) 
magnitude and (d) angle for the next half hour, and the (e) 
magnitude and (f) angle for the hour after that? 


sec. 4-3 Average Velocity and Instantaneous Velocity 
«5 An ion’s position vector is initially 7 = 5.0i — 6.0} + 
2.0k,and 10 s later itis? = —2.0i + 8.0} — 2.0k, all in meters. 
In unit-vector notation, what is its V,,, during the 10 s? 

e6 An electron’s position is given by 7 = 3.00fi — 
4.0017; + 2.00k, with ¢ in seconds and 7 in meters. (a) In unit- 
vector notation, what is the electron’s velocity v(t)? At t = 
2.00 s, what is V (b) in unit-vector notation and as (c) a magni- 
tude and (d) an angle relative to the positive direction of the x 
axis? 


e7 A train at a constant 60.0 km/h moves east for 40.0 min, 
then in a direction 50.0° east of due north for 20.0 min, and 


then west for 50.0 min. What are the (a) magnitude and 
(b) angle of its average velocity during this trip? ssm 


ee8 A plane flies 483 km east from city A to city B in 
45.0 min and then 966 km south from city B to city C in 1.50 h. 
For the total trip, what 
are the (a) magnitude 5 
and (b) direction of the 

plane’s displacement, 

the (c) magnitude and = 25 
(d) direction of its aver- 

age velocity, and (e) its ! 
average speed? 0 | x (m) 
ee9 Figure 4-33 gives 
the path of a squirrel 





moving about on level + 
ground, from point A 
(at time t=0), to 5 


points B (at t= 5.00 
min), C (at += 10.0 
min), and finally D (at t 
= 15.0 min). Consider the average velocities of the squirrel 
from point A to each of the other three points. Of them, what 
are the (a) magnitude and (b) angle of the one with the least 
magnitude and the (c) magnitude and (d) angle of the one 
with the greatest magnitude? 


FIG. 4-33 Problem 9. 


eee10 The position vector 
F = 5.00ti + (et + ft?)j locates 99° 
a particle as a function of time ¢. 

Vector 7 isin meters,tisinsec- 4 
onds, and factors e and f are 0° 
constants. Figure 4-34 gives 

the angle 6 of the particle’s di- 

rection of travel as a function -20° 
of ¢ (@ is measured from the 
positive x direction). What are 
(a) e and (b) f, including units? 





t (s) 
FIG. 4-34 Problem 10. 
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sec. 4-4 Average Acceleration and Instantaneous 
Acceleration 

e711 A particle moves so that its Position (in meters) as 
a function of time (in seconds) is 7 = i + 47} + tk. Write 
expressions for (a) its velocity and (b) its acceleration as func- 
tions of time. sSsM 


°12 A proton initially has v = 4.0i = 2.0) + 3.0k and then 
4.0 s later has V = —2.0i — 2.0) + 5.0k (in meters per second). 
For that 4.0s, what are (a) the proton’s average acceleration 
yg in unit-vector notation, (b) the magnitude of Gaye, and (c) 
the angle between @,,, and the positive direction of the x axis? 


°13 The position 7 of a particle moving in an xy plane is 
given by rf = (2.00¢3 — 5.002)i + (6.00 — 7.00r4)j, with 7 in 
meters and ¢ in seconds. In unit-vector notation, calculate (a) 
T,(b) V, and (c) @ for t = 2.00 s. (d) What is the angle between 
the positive direction of the x axis and a line tangent to the 
particle’s path at t = 2.00 s? 


e74 At one instant a bicyclist is 40.0 m due east of a park’s 
flagpole, going due south with a speed of 10.0 m/s. Then 30.0 s 
later, the cyclist is 40.0 m due north of the flagpole, going due 
east with a speed of 10.0 m/s. For the cyclist in this 30.0s 
interval, what are the (a) magnitude and (b) direction of 
the displacement, the (c) magnitude and (d) direction of the 
average velocity, and the (e) magnitude and (f) direction of 
the average acceleration? 


e®75 Acart is propelled over an xy plane with acceleration 
components a, = 4.0 m/s* and a, = —2.0 m/s’. Its initial 
velocity has components vo, = 8.0 m/s and vo, = 12 m/s. In 
unit-vector notation, what is the velocity of the cart when it 
reaches its greatest y coordinate? 


ee16 A moderate wind accelerates a pebble over a horizon- 
tal xy plane with a constant acceleration @ = (5.00 m/s”)i + 
(7.00 m/s*)j. At time ¢ = 0, the velocity is (4.00 m/s)i. What are 
the (a) magnitude and (b) angle of its velocity when it has 
been displaced by 12.0 m parallel to the x axis? 


e°17 A particle leaves the origin with an initial velocity Vv = 
(3: 00i) m/s and a constant acceleration @ = (—1. 00; — 
0.500) m/s?. When it reaches its maximum x coordinate, what 
are its (a) velocity and (b) position vector? ssm iLw 


e018 The 2 velocity V v of a particle moving in the xy plane is 
given by V = (6.0t — 4. 07)i + 8.0j, with Vv in meters per 
second and ¢ (> 0) in seconds. (a) What is the acceleration 
when t = 3.0 s? (b) When (if ever) is the acceleration zero? (c) 
When (if ever) is the velocity zero? (d) When (if ever) does 
the speed equal 10 m/s? 


eee19 The acceleration of a particle moving only on a hort- 
zontal xy plane is given by a = = 3ti + Ati, where @ is in meters 
per second- -squared and ¢ is in seconds. At ¢ = 0, the position 
vector 7 = (20.0 m)i + (40.0 m)j locates the particle, which 
then has the velocity vector 
v = (5.00 m/s)i + (2.00 m/s)j. 

At t = 4.00 s, what are (a) its po- 
sition vector in unit-vector nota- 
tion and (b) the angle between 
its direction of travel and the 
positive direction of the x axis? 


e¢e20 In Fig. 4-35, particle A 
moves along the line y = 30m 
with a constant velocity v of 
magnitude 3.0 m/s and parallel 


} 





FIG. 4-35 Problem 20. 


to the x axis. At the instant particle A passes the y axis, particle B 
leaves the origin with zero initial speed and constant acceleration 
a of magnitude 0.40 m/s’. What angle 6 between @ and the 
positive direction of the y axis would result in a collision? 


sec. 4-6 Projectile Motion Analyzed 

°21 A projectile is fired horizontally from a gun that is 
45.0 m above flat ground, emerging from the gun with a speed 
of 250 m/s. (a) How long does the projectile remain in the air? 
(b) At what horizontal distance from the firing point does it 
strike the ground? (c) What is the magnitude of the vertical 
component of its velocity as it strikes the ground? 


22 In the 1991 World Track and Field Championships in 
Tokyo, Mike Powell jumped 8.95 m, breaking by a full 5 cm 
the 23-year long-jump record set by Bob Beamon. Assume 
that Powell’s speed on takeoff was 9.5 m/s (about equal to that 
of a sprinter) and that g = 9.80 m/s’ in Tokyo. How much less 
was Powell’s range than the maximum possible range for a 
particle launched at the same speed? ~—qggt 


e23 The current world-record motorcycle jump is 77.0 m, set 
by Jason Renie. Assume that he left the take-off ramp at 12.0° to 
the horizontal and that the take-off and landing heights are the 
same. Neglecting air drag, determine his take-off speed. == 


24 A small ball rolls horizontally off the edge of a tabletop 
that is 1.20 m high. It strikes the floor at a point 1.52 m hori- 
zontally from the table edge. (a) How long is the ball in the 
air? (b) What is its speed at the instant it leaves the table? 


e25 A dart is thrown horizontally with an initial speed of 
10 m/s toward point P, the bull’s-eye on a dart board. It hits at 
point Q on the rim, vertically below P, 0.19 s later. (a) What is 
the distance PQ? (b) How far away from the dart board is the 
dart released? 


«26 In Fig. 4-36, a stone is projected at a cliff of height h 
with an initial speed of 42.0 m/s directed at angle 4) = 60.0° 
above the horizontal. The stone strikes at A, 5.50s after 
launching. Find (a) the height / of the cliff, (b) the speed of the 
stone just before impact at A, and (c) the maximum height H 
reached above the ground. 





FIG. 4-36 Problem 26. 


°27 Acertain airplane hasa 
speed of 290.0 km/h and is 
diving at an angle of 6 = 30.0° 
below the horizontal when 
the pilot releases a radar de- 
coy (Fig. 4-37). The horizontal 
distance between the release 
point and the point where the 
decoy strikes the ground is d = 
700 m. (a) How long is the de- 
coy in the air? (b) How high 
was the release point? !Lw 





FIG. 4-37 Beane 27. 


e28 A stone is catapulted at time ¢ = 0, with an initial veloc- 
ity of magnitude 20.0 m/s and at an angle of 40.0° above the 
horizontal. What are the magnitudes of the (a) horizontal and 
(b) vertical components of its displacement from the catapult 
site att = 1.10 s? Repeat for the (c) horizontal and (d) vertical 
components at ¢ = 1.80s, and for the (e) horizontal and (f) 
vertical components at t = 5.00 s. 


¢@29 A lowly high diver pushes off horizontally with a speed 
of 2.00 m/s from the platform edge 10.0 m above the surface 
of the water. (a) At what horizontal distance from the edge is 
the diver 0.800 s after pushing off? (b) At what vertical dis- 
tance above the surface of the water is the diver just then? (c) 
At what horizontal distance from the edge does the diver 
strike the water? ssm www 


¢e30Q A trebuchet was a hurling machine built to attack the 
walls of a castle under siege. A large stone could be hurled 
against a wall to break apart the wall. The machine was not 
placed near the wall because then arrows could reach it from 
the castle wall. Instead, it was positioned so that the stone hit 
the wall during the second half of its flight. Suppose a stone is 
launched with a speed of vp = 28.0 m/s and at an angle of 6 = 
40.0°. What is the speed of the stone if it hits the wall (a) just 
as it reaches the top of its parabolic path and (b) when it has 
descended to half that height? (c) As a percentage, how much 
faster is it moving in part (b) than in part (a)? 


ee31 A plane, diving with constant speed at an angle of 
53.0° with the vertical, releases a projectile at an altitude of 
730 m. The projectile hits the ground 5.00s after release. 
(a) What is the speed of the plane? (b) How far does the 
projectile travel horizontally during its flight? What are the (c) 
horizontal and (d) vertical components of its velocity just be- 
fore striking the ground? ssm 


ee32 During a tennis match, a player serves the ball at 
23.6 m/s, with the center of the ball leaving the racquet hor1- 
zontally 2.37 m above the court surface. The net is 12 m away 
and 0.90 m high. When the ball reaches the net, (a) does the 
ball clear it and (b) what is the distance between the center of 
the ball and the top of the net? Suppose that, instead, the ball 
is served as before but now it leaves the racquet at 5.00° below 
the horizontal. When the ball reaches the net, (c) does the ball 
clear it and (d) what now is the distance between the center of 
the ball and the top of the net? 


ee33 Ina jump spike, a volleyball player slams the ball from 
overhead and toward the opposite floor. Controlling the angle 
of the spike is difficult. Suppose a ball is spiked from a height of 
2.30 m with an initial speed of 20.0 m/s at a downward angle of 
18.00°. How much farther on the opposite floor would it have 
landed if the downward angle were, instead, 8.00°? Se 


e@34 A soccer ball is kicked from the ground with an initial 
speed of 19.5 m/s at an upward angle of 45°. A player 55 m 
away in the direction of the kick starts running to meet the 
ball at that instant. What must be his average speed if he is to 
meet the ball just before it hits the ground? 


e@35 A projectile’s launch speed is five times its speed at 
maximum height. Find launch angle 6. 


e@36 Suppose that a shot putter can put a shot at the world- 
class speed vy = 15.00 m/s and at a height of 2.160 m. What 
horizontal distance would the shot travel if the launch angle 6) 
is (a) 45.00° and (b) 42.00°? The answers indicate that the 


angle of 45°, which maximizes the range of projectile motion, 
does not maximize the horizontal distance when the launch 
and landing are at different heights. =a 


¢@37 A ball is shot from the ground into the air. At a height 
of 9.1 m, its velocity is ¥ = (7.61 + 6.1j) m/s, with i horizontal 
and j upward. (a) To what maximum height does the ball rise? 
(b) What total horizontal distance does the ball travel? What 
are the (c) magnitude and (d) angle (below the horizontal) of 
the ball’s velocity just before it hits the ground? — iLw 


e@38 You throw a ball toward 
a wall at speed 25.0 m/s and at 
angle 0) = 40.0° above the hori- 
zontal (Fig. 4-38). The wall is 
distance d= 22.0m from the 
release point of the ball. 
(a) How far above the release 
point does the ball hit the wall? FG 
What are the (b) horizontal and 

(c) vertical components of its velocity as it hits the wall? (d) 
When it hits, has it passed the highest point on its trajectory? 





blem 38. 


e¢39 A rifle that shoots bullets at 460 m/s is to be aimed at 
a target 45.7 m away. If the center of the target is level with 
the rifle, how high above the target must the rifle barrel be 
pointed so that the bullet hits dead center? ssm 


ee4 A baseball leaves a pitcher’s hand horizontally at 
a speed of 161 km/h. The distance to the batter is 18.3 m. 
(a) How long does the ball take to travel the first half of that 
distance? (b) The second half? (c) How far does the ball fall 
freely during the first half? (d) During the second half? 
(e) Why aren’t the quantities in (c) and (d) equal? 


2°44 In Fig. 4-39, a ball is 
thrown leftward from the left 
edge of the roof, at height h 
above the ground. The ball hits 
the ground 1.50 s later, at dis- 
tance d=25.0m from the 
building and at angle 6 = 60.0° 
with the horizontal. (a) Find h. (Hint: One way 1s to reverse the 
motion, as if on videotape.) What are the (b) magnitude and (c) 
angle relative to the horizontal of the velocity at which the ball 
is thrown? (d) Is the angle above or below the horizontal? 


ee42 A golf ball is struck at 
ground level. The speed of the 
golf ball as a function of the 
time is shown in Fig. 4-40, where 
t= 0 at the instant the ball is 
struck. (a) How far does the golf 
ball travel horizontally before 
returning to ground level? (b) 
What is the maximum height 
above ground level attained by 
the ball? 


e043 In Fig. 4-41, a ball is 
launched with a velocity of 
magnitude 10.0 m/s, at an angle 
of 50.0° to the horizontal. The 
launch point is at the base of a ramp of horizontal length d, = 
6.00 m and height d, = 3.60 m. A plateau is located at the top 
of the ramp. (a) Does the ball land on the ramp or 







h 


FIG. 4-39 Problem 41. 
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FIG. 4-40 Problem 42. 





FIG. 4-41 Problem 43. 
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the plateau? When it lands, what are the (b) magnitude and 
(c) angle of its displacement from the launch point? 


®e®44 In 1939 or 1940, Emanuel Zacchini took his human- 
cannonball act to an extreme: After being shot from a cannon, 
he soared over three Ferris wheels and into a net (Fig. 4-42). (a) 
Treating him as a particle, calculate his clearance over the first 
wheel. (b) If he reached maximum height over the middle wheel, 
by how much did he clear it? (c) How far from the cannon should 
the net’s center have been positioned (neglect air drag)? == 











FIG. 4-42 Problem 44. 


e®45 Upon spotting an insect Teecet 
on a twig overhanging water, an 7” on twig 
archer fish squirts water drops ar" 

at the insect to knock it into the # 


water (Fig. 4-43). Although the 
fish sees the imsect along a 
straight-line path at angle ¢ and 
distance d, a drop must be 
launched at a different angle 6 
if its parabolic path is to inter- 
sect the insect. If @ = 36.0°,d = 
0.900 m, and the launch speed 
is 3.56 m/s, what 6) is required 
for the drop to be at the top of 
the parabolic path when it 
reaches the insect? =e 


e746 In Fig. 4-44, a ball is 
thrown up onto a roof, landing 
4.00 s later at height h = 20.0 
m above the release level. The 
ball’s path just before landing 
is angled at 6 = 60.0° with the roof. (a) Find the horizontal dis- 
tance d it travels. (See the hint to Problem 41.) What are the 
(b) magnitude and (c) angle (relative to the horizontal) of the 
ball’s initial velocity? 


ee47 A batter hits a pitched ball when the center of the ball 
is 1.22 m above the ground. The ball leaves the bat at an angle 
of 45° with the ground. With that launch, the ball should have 
a horizontal range (returning to the launch level) of 107 m. (a) 
Does the ball clear a 7.32-m-high fence that is 97.5 m horizon- 
tally from the launch point? (b) At the fence, what is the dis- 
tance between the fence top and the ball center? ssm www 






Z 


FIG. 4-43 Problem 45. 
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FIG. 4-44 Problem 46. 


ee48 In basketball, hang is an illusion in which a player 
seems to weaken the gravitational acceleration while in 
midair. The illusion depends much on a skilled player’s ability 
to rapidly shift the ball between hands during the flight, but it 
might also be supported by the longer horizontal distance the 





player travels in the upper part of the jump than in the lower 
part. If a player jumps with an initial speed of vy = 7.00 m/s at 
an angle of 6 = 35.0°, what percent of the jump’s range does 
the player spend in the upper half of the jump (between maxi- 
mum height and half maximum height)? = 


eee49 A skilled skier knows to jump upward before reach- 
ing a downward slope. Consider a jump in which the launch 
speed is vy = 10 m/s, the launch angle is 6 = 9.0°, the initial 
course is approximately flat, and the steeper track has a 
slope of 11.3°. Figure 4-45a shows a prejump that allows 
the skier to land on the top portion of the steeper track. 
Figure 4-45b shows a jump at the edge of the steeper track. In 
Fig. 4-45a, the skier lands at approximately the launch level. 
(a) In the landing, what is the angle @ between the skier’s path 
and the slope? In Fig. 4-455, (b) how far below the launch 
level does the skier land and (c) what is @? (The greater fall and 
greater dcan result in loss of control in the landing.) == 


(a) (D) 
FIG. 4-45 Problem 49. 


e@e@50 A ball is to be shot from level ground toward a wall at 
distance x (Fig. 4-46a). Figure 4-46b shows the y component v, 
of the ball’s velocity just as it would reach the wall, as a func- 
tion of that distance x. What is the launch angle? 


5 
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FIG. 4-46 Problem 50. 


eee51 A football kicker can give the ball an initial speed of 
25 m/s. What are the (a) least and (b) greatest elevation 
angles at which he can kick the ball to score a field goal 
from a point 50 m in front of goalposts whose horizontal bar 
is 3.44 m above the ground? ssm 


eee52 A ball is to be shot 
from level ground with a cer- 900 
tain speed. Figure 4-47 shows 
the range R it will have versus 


the launch angle 6. The value 100 

of 6) determines the flight time; 

let thax represent the maximum 

flight time. What is the least 0 

speed the ball will have during O% 


its flight if @) is chosen such that 
the flight time 1s 0.5004? 


FIG. 4-47 Problem 52. 


eee53 A ball rolls horizontally off the top of a stairway with 
a speed of 1.52 m/s. The steps are 20.3 cm high and 20.3 cm 
wide. Which step does the ball hit first? ssm 


eee54 ‘Two seconds after being projected from ground level, 
a projectile is displaced 40 m horizontally and 53 m vertically 
above its launch point. What are the (a) horizontal and 
(b) vertical components of the initial velocity of the projec- 
tile? (c) At the instant the projectile achieves its maximum 
height above ground level, how far is it displaced horizontally 
from the launch point? & 


eee55 In Fig. 4-48, a baseball is hit at a height h = 1.00m 
and then caught at the same height. It travels alongside a wall, 
moving up past the top of the wall 1.00 s after it is hit and then 
down past the top of the wall 4.00 s later, at distance D = 50.0 
m farther along the wall. (a) What horizontal distance is trav- 
eled by the ball from hit to catch? What are the (b) magnitude 
and (c) angle (relative to the horizontal) of the ball’s velocity 
just after being hit? (d) How high is the wall? 


oun 








FIG. 4-48 Problem 55. 


sec. 4-7 Uniform Circular Motion 

e56 Acentripetal-acceleration addict rides in uniform circu- 
lar motion with period T = 2.0s and radius r = 3.00 m. At t¢, 
his acceleration is @ = (6.00 m/s2)i + (—4.00 m/s?)j. At that 
instant, what are the values of (a) V- da and (b) F X a? 


°57 A woman rides a carnival Ferris wheel at radius 15 m, 
completing five turns about its horizontal axis every minute. 
What are (a) the period of the motion, the (b) magnitude and 
(c) direction of her centripetal acceleration at the highest 
point, and the (d) magnitude and (e) direction of her cen- 
tripetal acceleration at the lowest point? ILw 


°58 What is the magnitude of the acceleration of a sprinter 
running at 10 m/s when rounding a turn of a radius 25 m? 


e59 When a large star becomes a supernova, its core may be 
compressed so tightly that it becomes a neutron star, with a ra- 
dius of about 20 km (about the size of the San Francisco area). 
If a neutron star rotates once every second, (a) what is the 
speed of a particle on the star’s equator and (b) what is the 
magnitude of the particle’s centripetal acceleration? (c) If the 
neutron star rotates faster, do the answers to (a) and (b) in- 
crease, decrease, or remain the same? 


60 An Earth satellite moves in a circular orbit 640 km 
above Earth’s surface with a period of 98.0 min. What are the 
(a) speed and (b) magnitude of the centripetal acceleration of 
the satellite? 


°61 A carnival merry-go-round rotates about a vertical axis 
at a constant rate. A man standing on the edge has a constant 
speed of 3.66 m/s and a centripetal acceleration a of mag- 
nitude 1.83 m/s’. Position vector F locates him relative to 
the rotation axis. (a) What is the magnitude of 7? What is the 
direction of 7 when a is directed (b) due east and (c) due 
south? 


°62 A rotating fan completes 1200 revolutions every 
minute. Consider the tip of a blade, at a radius of 0.15 m. 


(a) Through what distance does the tip move in one revolu- 
tion? What are (b) the tip’s speed and (c) the magnitude of its 
acceleration? (d) What is the period of the motion? 


ee63 A purse at radius 2.00 m and a wallet at radius 3.00 m 
travel in uniform circular motion on the floor of a merry- 
go-round as the ride turns. They are on the same radial line. 
At one instant, the acceleration of the purse is (2.00 m/s?)i + 
(4.00 m/s?)}. At that instant and in unit-vector notation, what 
is the acceleration of the wallet? 


®e64 A particle moves along a circular path over a hort- 
zontal xy coordinate system, at constant speed. At time t, = 
4.00 s, it is at point (5.00 m, 6.00 m) with velocity (3.00 m/s)j 
and acceleration in the positive x direction. At time f, = 10.0, 
it has velocity (—3.00 m/s)i and acceleration in the positive 
y direction. What are the (a) x and (b) y coordinates of the 
center of the circular path if t — t, is less than one period? 


2°65 Att, = 2.00s, the acceleration of a particle in counter- 
clockwise circular motion is (6.00 m/s?)i + (4.00 m/s?)j. It 
moves at constant speed. At time ft, = 5.00 s, its acceleration 1s 
(4.00 m/s?)i + (—6.00 m/s*)j. What is the radius of the path 
taken by the particle if t, — t, is less than one period? @ 


e®66 A particle moves horizontally in uniform circular 
motion, over a horizontal xy plane. At one instant, it moves 
through the point at coordinates (4.00m, 4.00m) with a 
velocity of —5.00i m/s and an acceleration of +12.5j m/s. 
What are the (a) x and (b) y coordinates of the center of the 
circular path? 


eee67 A boy whirls a stone in a horizontal circle of radius 
1.5m and at height 2.0m above level ground. The string 
breaks, and the stone flies off horizontally and strikes the 
ground after traveling a horizontal distance of 10 m. What is 
the magnitude of the centripetal acceleration of the stone dur- 
ing the circular motion? ssm www 


eee68 A cat rides a merry-go-round turning with uniform 
circular motion. At time t, = 2.00s, the cat’s velocity is V, = 
(3.00 m/s)i + (4.00 m/s)j, measured on a horizontal xy coordi- 
nate system. At t, = 5.00, its velocity is V, = (—3.00 m/s)i + 
(—4.00 m/s)j. What are (a) the magnitude of the cat’s cen- 
tripetal acceleration and (b) the cat’s average acceleration 
during the time interval t, — t,, which 1s less than one period? 


sec. 4-8 Relative Motion in One Dimension 

e69 A cameraman on a pickup truck is traveling westward 
at 20 km/h while he videotapes a cheetah that is moving west- 
ward 30 km/h faster than the truck. Suddenly, the cheetah 
stops, turns, and then runs at 45 km/h eastward, as measured 
by a suddenly nervous crew member who stands alongside the 
cheetah’s path. The change in the animal’s velocity takes 2.0 s. 
What are the (a) magnitude and (b) direction of the animal’s 
acceleration according to the cameraman and the (c) magni- 
tude and (d) direction according to the nervous crew member? 


°70 A boat is traveling upstream in the positive direction of 
an x axis at 14 km/h with respect to the water of a river. The 
water 1s flowing at 9.0 km/h with respect to the ground. What 
are the (a) magnitude and (b) direction of the boat’s velocity 
with respect to the ground? A child on the boat walks from 
front to rear at 6.0 km/h with respect to the boat. What are the 
(c) magnitude and (d) direction of the child’s velocity with re- 
spect to the ground? 
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ee7{ A suspicious-looking man runs as fast as he can along 
a moving sidewalk from one end to the other, taking 2.50 s. 
Then security agents appear, and the man runs as fast as he 
can back along the sidewalk to his starting point, taking 10.0 s. 
What is the ratio of the man’s running speed to the sidewalk’s 
speed? 


sec. 4-9 Relative Motion in Two Dimensions 

e72 A rugby player runs with the ball directly toward his 
opponent’s goal, along the positive direction of an x axis. He 
can legally pass the ball to a teammate as long as the ball’s 
velocity relative to the field does not have a positive x compo- 
nent. Suppose the player runs at speed 4.0 m/s relative to the 
field while he passes the ball with velocity Vp relative to him- 
self. If Vpp has magnitude 6.0 m/s, what is the smallest angle it 
can have for the pass to be legal? 


¢°73 ‘Twoships, A and B, leave port at the same time. Ship A 
travels northwest at 24 knots, and ship B travels at 28 knots in 
a direction 40° west of south. (1 knot = 1 nautical mile per 
hour; see Appendix D.) What are the (a) magnitude and 
(b) direction of the velocity of ship A relative to B? (c) After 
what time will the ships be 160 nautical miles apart? (d) What 
will be the bearing of B (the direction of B’s position) relative 
to A at that time? ‘ssm iw 


ee74 A light plane attains an airspeed of 500 km/h. The pilot 
sets out for a destination 800 km due north but discovers that 
the plane must be headed 20.0° east of due north to fly there 
directly. The plane arrives in 2.00 h. What were the (a) magni- 
tude and (b) direction of the wind velocity? 


e@75 Snows falling vertically at a constant speed of 8.0 m/s. 
At what angle from the vertical do the snowflakes appear to 
be falling as viewed by the driver of a car traveling on a 
straight, level road with a speed of 50 km/h? ssm 


ee76 After flying for 15 min in a wind blowing 42 km/h at an 
angle of 20° south of east, an airplane pilot is over a town that 
is 55 km due north of the starting point. What is the speed of 
the airplane relative to the air? 


ee77 A train travels due south at 30 m/s (relative to the 
ground) in a rain that is blown toward the south by the wind. 
The path of each raindrop makes an angle of 70° with the ver- 
tical, as measured by an observer stationary on the ground. An 
observer on the train, however, sees the drops fall perfectly 
vertically. Determine the speed of the raindrops relative to the 
eround. SSM 


¢e78 A 200-m-wide river flows due east at a uniform speed 
of 2.0 m/s. A boat with a speed of 8.0 m/s relative to the water 
leaves the south bank pointed in a direction 30° west of north. 
What are the (a) magnitude and (b) direction of the boat’s ve- 
locity relative to the ground? (c) How long does the boat take 
to cross the river? @ 


°e79 ‘Two highways intersect as shown in Fig. 4-49. At the 
instant shown, a police car P is distance dp = 800 m from the 
intersection and moving at speed vp = 80 km/h. Motorist M 
is distance dy = 600m from the intersection and moving 
at speed vy = 60 km/h. (a) In unit-vector notation, what is the 
velocity of the motorist with respect to the police car? (b) For 
the instant shown in Fig. 4-49, what is the angle between the 
velocity found in (a) and the line of sight between the two 


cars? (c) If the cars maintain their velocities, do the answers to 
(a) and (b) change as the cars move nearer the intersection? 





FIG. 4-49 Problem 79. 


¢e80 In the overhead 
view of Fig. 4-50, Jeeps P 
and B race along straight 
lines, across flat terrain, 
and past stationary bor- 
der guard A. Relative to 
the guard, B travels at a 
constant speed of 20.0 
m/s, at the angle 6,= 
30.0°. Relative to the 
guard, P has accelerated 
from rest at a constant 
rate of 0.400 m/s’ at the angle 0, = 60.0°. At a certain time 
during the acceleration, P has a speed of 40.0 m/s. At that 
time, what are the (a) magnitude and (b) direction of the ve- 
locity of P relative to B and the (c) magnitude and (d) direc- 
tion of the acceleration of P relative to B? 


ee¢84 Ship A is located 4.0 km north and 2.5 km east of ship 
B. Ship A has a velocity of 22 km/h toward the south, and ship 
B has a velocity of 40 km/h in a direction 37° north of east. (a) 
What is the velocity of A relative to B in unit-vector notation 
with 1 toward the east? (b) Write an expression (in terms of i 
and j) for the position of A relative to B as a function of f, 
where t = 0 when the ships are in the positions described 
above. (c) At what time is the separation between the ships 
least? (d) What is that least separation? 





FIG. 4-50 Problem 80. 


eee82 A 200-m-wide river has a uniform flow speed of 
1.1 m/s through a jungle and toward the east. An explorer 
wishes to leave a small clearing on the south bank and 
cross the river in a powerboat that moves at a constant speed 
of 4.0 m/s with respect to the water. There is a clearing on 
the north bank 82 m upstream from a point directly opposite 
the clearing on the south bank. (a) In what direction must the 
boat be pointed in order to travel in a straight line and land in 
the clearing on the north bank? (b) How long will the boat 
take to cross the river and land in the clearing? 


Additional Problems 

83 You are kidnapped by political-science majors (who are 
upset because you told them political science is not a real 
science). Although blindfolded, you can tell the speed of their 
car (by the whine of the engine), the time of travel (by men- 


tally counting off seconds), and the direction of travel (by 
turns along the rectangular street system). From these clues, 
you know that you are taken along the following course: 
50 km/h for 2.0 min, turn 90° to the right, 20 km/h for 4.0 min, 
turn 90° to the right, 20 km/h for 60s, turn 90° to the left, 
50 km/h for 60 s, turn 90° to the right, 20 km/h for 2.0 min, turn 
90° to the left, 50 km/h for 30s. At that point, (a) how far are 
you from your starting point, and (b) in what direction relative 
to your initial direction of travel are you? 


84 Curtain of death. A large metallic asteroid strikes Earth 
and quickly digs a crater into the rocky material below ground 
level by launching rocks upward and outward. The following 
table gives five pairs of launch speeds and angles (from the 
horizontal) for such rocks, based on a model of crater forma- 
tion. (Other rocks, with intermediate speeds and angles, are 
also launched.) Suppose that you are at x = 20 km when the 
asteroid strikes the ground at time t = 0 and position x = 0 
(Fig. 4-51). (a) At t = 20s, what are the x and y coordinates of 
the rocks headed in your direction from launches A through 
E? (b) Plot these coordinates and then sketch a curve through 
the points to include rocks with intermediate launch speeds 
and angles. The curve should indicate what you would see as 
you look up into the approaching rocks and what dinosaurs 
must have seen during asteroid strikes long ago. == 


Launch Speed(m/s) Angle (degrees) 
A 520 14.0 
B 630 16.0 
Cc 750 18.0 
2 870 20.0 
E 1000 22.0 





10 20 
FIG. 4-57 Problem 8&4. 


85 In Fig. 4-52, a lump of wet 

putty moves in uniform circu-  —— Wheel 

lar motion as it rides at a radius 

of 20.0cm on the rim of a SO 
wheel rotating counterclock- | 
wise with a period of 5.00 ms. 
The lump then happens to fly 
off the rim at the 5 o’clock 
position (as if on a clock face). It leaves the rim at a height of 


h = 1.20 m from the floor and at a distance d = 2.50 m from 
a wall. At what height on the wall does the lump hit? 





FIG. 4-52 Problem 85. 


86 A particle is in uniform circular motion about the origin 
of an xy coordinate system, moving clockwise with a period 
of 7.00 s. At one instant, its position vector (from the origin) is 
YF = (2.00 m)i — (3.00 m)j. At that instant, what is its veloc- 
ity in unit-vector notation? 


87 In Fig. 4-53, a ball is shot directly upward from the 
ground with an initial speed of vg = 7.00 m/s. Simultaneously, 
a construction elevator cab begins to move upward from the 






ground with a constant speed of 
v. = 3.00 m/s. What maximum 
height does the ball reach rela- 
tive to (a) the ground and (b) 
the cab floor? At what rate does 
the speed of the ball change rel- 
ative to (c) the ground and (d) 
the cab floor? 





88 In Fig. 4-54a, a sled moves in the negative x direction at 
constant speed v, while a ball of ice is shot from the sled with 
a velocity Vy = Voi + Vo,j relative to the sled. When the ball 
lands, its horizontal displacement Ax,, relative to the ground 
(from its launch position to its landing position) is measured. 
Figure 4-545 gives Ax,, as a function of v,. Assume the ball 
lands at approximately its launch height. What are the values 
of (a) Vo, and (b) vo? The ball’s displacement Ax,, relative to 
the sled can also be measured. Assume that the sled’s velocity 
is not changed when the ball is shot. What is Ax,, when v, is (c) 


5.0 m/s and (d) 15 m/s? Mh 





v, (m/s) 


(0) 


FIG. 4-54 Problem 88. 


89 A woman who can row a boat at 6.4 km/h in still water 
faces a long, straight river with a width of 6.4 km and a current 
of 3.2 km/h. Let i point directly across the river and j point di- 
rectly downstream. If she rows in a straight line to a point di- 
rectly opposite her starting position, (a) at what angle to i 
must she point the boat and (b) how long will she take? (c) 
How long will she take if, instead, she rows 3.2 km down the 
river and then back to her starting point? (d) How long if she 
rows 3.2 km up the river and then back to her starting point? 
(e) At what angle to i should she point the boat if she wants to 
cross the river in the shortest possible time? (f) How long is 
that shortest time? 


90 In Fig. 4-55, a radar station detects an airplane approach- 
ing directly from the east. At first observation, the airplane is at 
distance d, = 360m from the station and at angle 0, = 40° 
above the horizon. The airplane is tracked through an angular 
change A@ = 123° in the vertical east-west plane; its distance 
is then d, = 790 m. Find the (a) magnitude and (b) direction of 
the airplane’s displacement during this period. 
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FIG. 4-55 Problem 90. 
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91 A rifle is aimed horizontally at a target 30 m away. The 
bullet hits the target 1.9 cm below the aiming point. What are 
(a) the bullet’s time of flight and (b) its speed as it emerges 
from the rifle? ssm 


92 The fast French train known as the TGV (Train 4 Grande 
Vitesse) has a scheduled average speed of 216 km/h. (a) If the 
train goes around a curve at that speed and the magnitude of 
the acceleration experienced by the passengers is to be limited 
to 0.050g, what is the smallest radius of curvature for the 
track that can be tolerated? (b) At what speed must the train 
go around a curve with a 1.00 km radius to be at the accelera- 
tion limit? 


93 A magnetic field can force a charged particle to move 
in a circular path. Suppose that an electron moving in 
a circle experiences a radial acceleration of magnitude 
3.0 X 104 m/s? in a particular magnetic field. (a) What is the 
speed of the electron if the radius of its circular path is 15 cm? 
(b) What is the period of the motion? 


94 The position vector for a proton is initially 7 = 
5.01 — 6.0} + 2.0k and then later is 7 = —2.0i + 6.0] + 2.0k, 
all in meters. (a) What is the proton’s displacement vector, and 
(b) to what plane is that vector parallel? 


95 A particle P travels with 
constant speed on a circle of 
radius r = 3.00m (Fig. 4-56) 
and completes one revolution 
in 20.0s. The particle passes 
through O at time t = 0. State 
the following vectors in mag- 
nitude-angle notation (angle 
relative to the positive direc- 
tion of x). With respect to O, 
find the particle’s position vec- 
tor at the times ¢ of (a) 5.00, 
(b) 7.50 s, and (c) 10.0 s. 


(d) For the 5.00 s interval from the end of the fifth second 
to the end of the tenth second, find the particle’s displace- 
ment. For that interval, find (e) its average velocity and its ve- 
locity at the (f) beginning and (g) end. Next, find the 
acceleration at the (h) beginning and (i) end of that interval. 





FIG. 4-56 Problem 95. 


96 An iceboat sails across the surface of a frozen lake with 
constant acceleration produced by the wind. At a certain 
instant the boat’s velocity is (6.301 — 8.42}) m/s. Three seconds 
later, because of a wind shift, the boat is instantaneously at 
rest. What is its average acceleration for this 3 s interval? 


97 In 3.50h, a balloon drifts 21.5 km north, 9.70 km east, 
and 2.88 km upward from its release point on the ground. Find 
(a) the magnitude of its average velocity and (b) the angle its 
average velocity makes with the horizontal. 


98 A ball is thrown horizontally from a height of 20 m and 
hits the ground with a speed that is three times its initial 
speed. What is the initial speed? 


99 A projectile is launched with an initial speed of 30 m/s at 
an angle of 60° above the horizontal. What are the (a) magni- 
tude and (b) angle of its velocity 2.0 s after launch, and (c) is 
the angle above or below the horizontal? What are the (d) 
magnitude and (e) angle of its velocity 5.0 s after launch, and 
(f) is the angle above or below the horizontal? 


100 An airport terminal has a moving sidewalk to speed 


passengers through a long corridor. Larry does not use the 
moving sidewalk; he takes 150s to walk through the corridor. 
Curly, who simply stands on the moving sidewalk, covers the 
same distance in 70s. Moe boards the sidewalk and walks 
along it. How long does Moe take to move through the corri- 
dor? Assume that Larry and Moe walk at the same speed. 


101 A football player punts the football so that it will have a 
“hang time” (time of flight) of 4.5 s and land 46 m away. If the 
ball leaves the player’s foot 150 cm above the ground, what 
must be the (a) magnitude and (b) angle (relative to the hori- 
zontal) of the ball’s initial velocity? 


102 For women’s volleyball the top of the net is 2.24m 
above the floor and the court measures 9.0 m by 9.0 m on each 
side of the net. Using a jump serve, a player strikes the ball at a 
point that 1s 3.0 m above the floor and a horizontal distance of 
8.0 m from the net. If the initial velocity of the ball is horizon- 
tal, (a) what minimum magnitude must it have if the ball is to 
clear the net and (b) what maximum magnitude can it have if 
the ball is to strike the floor inside the back line on the other 
side of the net? 


103 Figure 4-57 shows the straight path of a 
particle across an xy coordinate system as the 
particle is accelerated from rest during time in- | 

terval At,. The acceleration is constant. The xy | A 
coordinates for point A are (4.00 m, 6.00 m); x 
those for point B are (12.0 m, 18.0 m). (a) What FIG. 4-57 

is the ratio a,/a, of the acceleration compo- Problem 103. 
nents? (b) What are the coordinates of the par- 

ticle if the motion is continued for another interval equal to At,? 


B 


104 An astronaut is rotated in a horizontal centrifuge at a 
radius of 5.0 m. (a) What is the astronaut’s speed if the cen- 
tripetal acceleration has a magnitude of 7.0g? (b) How many 
revolutions per minute are required to produce this accelera- 
tion? (c) What is the period of the motion? 


105 (a) What is the magnitude of the centripetal accelera- 
tion of an object on Earth’s equator due to the rotation of 
Earth? (b) What would Earth’s rotation period have to be for 
objects on the equator to have a centripetal acceleration of 
magnitude 9.8 m/s”? 


106 A person walks up a stalled 15-m-long escalator in 90 s. 
When standing on the same escalator, now moving, the person 
is carried up in 60 s. How much time would it take that person 
to walk up the moving escalator? Does the answer depend on 
the length of the escalator? 


107 A baseball is hit at ground level. The ball reaches its 
maximum height above ground level 3.0 s after being hit. Then 
2.5 S after reaching its maximum height, the ball barely clears a 
fence that is 97.5 m from where it was hit. Assume the ground 
is level. (a) What maximum height above ground level is 
reached by the ball? (b) How high is the fence? (c) How far 
beyond the fence does the ball strike the ground? ssm 





108 The range of a projectile depends not only on vp and 4 
but also on the value g of the free-fall acceleration, which 
varies from place to place. In 1936, Jesse Owens established a 
world’s running broad jump record of 8.09 m at the Olympic 
Games at Berlin (where g = 9.8128 m/s’). Assuming the same 
values of Vo and 6), by how much would his record have dif- 
fered if he had competed instead in 1956 at Melbourne (where 
g = 9.7999 m/s’)? 


109 During volcanic eruptions, chunks of solid rock can be 
blasted out of the volcano; these projectiles are called volcanic 
bombs. Figure 4-58 shows a cross section of Mt. Fuji, in Japan. 
(a) At what initial speed would a bomb have to be ejected, at 
angle 6) = 35° to the horizontal, from the vent at A in order to 
fall at the foot of the volcano at B, at vertical distance h = 3.30 
km and horizontal distance d = 9.40 km? Ignore, for the mo- 
ment, the effects of air on the bomb’s travel. (b) What would 
be the time of flight? (c) Would the effect of the air increase or 
decrease your answer in (a)? 
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FIG. 4-58 Problem 109. 


110 Long flights at midlatitudes in the Northern 
Hemisphere encounter the jet stream, an eastward airflow 
that can affect a plane’s speed relative to Earth’s surface. If a 
pilot maintains a certain speed relative to the air (the plane’s 
airspeed), the speed relative to the surface (the plane’s ground 
speed) is more when the flight is in the direction of the jet 
stream and less when the flight is opposite the jet stream. 
Suppose a round-trip flight is scheduled between two cities 
separated by 4000 km, with the outgoing flight in the direction 
of the jet stream and the return flight opposite it. The airline 
computer advises an airspeed of 1000 km/h, for which the dif- 
ference in flight times for the outgoing and return flights is 
70.0 min. What jet-stream speed is the computer using? 


111 A particle starts from the origin at t = 0 with a velocity 
of 8.0] m/s and moves in the xy plane with constant accelera- 
tion (4.01 + 2.0}) m/s?. When the particle’s x coordinate is 
29 m, what are its (a) y coordinate and (b) speed? ssm 


112 A sprinter running on a circular track has a velocity of 
constant magnitude 9.2 m/s and a centripetal acceleration of 
magnitude 3.8 m/s”. What are (a) the track radius and (b) the 
period of the circular motion? 


113 An electron having an initial horizontal velocity of 
magnitude 1.00 X 10’ cm/s travels into the region between 
two horizontal metal plates that are electrically charged. 
In that region, the electron travels a horizontal distance of 
2.00 cm and has a constant downward acceleration of magni- 
tude 1.00 x 10!’ cm/s’ due to the charged plates. Find (a) the 
time the electron takes to travel the 2.00 cm, (b) the vertical 
distance it travels during that time, and the magnitudes of its 
(c) horizontal and (d) vertical velocity components as it 
emerges from the region. 


114 An elevator without a ceiling is ascending with a con- 
stant speed of 10 m/s. A boy on the elevator shoots a ball 
directly upward, from a height of 2.0m above the elevator 
floor, just as the elevator floor is 28 m above the ground. The 
initial speed of the ball with respect to the elevator is 20 m/s. 
(a) What maximum height above the ground does the ball 
reach? (b) How long does the ball take to return to the eleva- 
tor floor? 


115 Suppose that a space probe can withstand the stresses 
of a 20g acceleration. (a) What is the minimum turning radius 
of such a craft moving at a speed of one-tenth the speed of 
light? (b) How long would it take to complete a 90° turn at 
this speed? 


1716 At what initial 
speed must the basket- 
ball player in Fig. 4-59 
throw the ball, at angle 
Q) = 55° above the hori- 
zontal, to make the foul 
shot? The horizontal dis- 
tances are d,=1.0ft 
and d, = 14ft, and the 
heights are h, = 7.0 ft 
and h, = 10 ft. 


117 A wooden boxcar is moving along a straight railroad 
track at speed v,. A sniper fires a bullet (initial speed v,) at it 
from a high-powered rifle. The bullet passes through both 
lengthwise walls of the car, its entrance and exit holes being 
exactly opposite each other as viewed from within the car. 
From what direction, relative to the track, is the bullet fired? 
Assume that the bullet is not deflected upon entering the car, 
but that its speed decreases by 20%. Take v; = 85 km/h and v, 
= 650 m/s. (Why don’t you need to know the width of the box- 


car?) 
‘Target 4 





FIG. 4-59 Problem 116. 


118 You are to throw a ball 
with a speed of 12.0 m/s at a 
target that is height 4 = 5.00 
m above the level at which you 
release the ball (Fig. 4-60). You 
want the ball’s velocity to 
be horizontal at the instant it 
reaches the target. (a) At what 
angle @ above the horizontal 
must you throw the ball? (b) What is the horizontal distance 
from the release point to the target? (c) What is the speed of 
the ball just as it reaches the target? 


119 Figure 4-61 shows the 
path taken by a drunk skunk 
over level ground, from initial 
point 7 to final point f The an- 
gles are 0; = 30.0°, 6, = 50.0°, 
and @, = 80.0°, and the dis- 
tances are d,; =5.00m, d,= 
8.00 m, and d; = 12.0 m. What 
are the (a) magnitude and (b) 
angle of the skunk’s displace- 
ment from ito f? 

120 Aprojectile is fired with */ 

an initial speed vo = 30.0 m/s FIG. 4-61 Problem 119. 
from level ground at a target 
that is on the ground, at dis- 
tance R = 20.0 m, as shown in 
Fig. 4-62. What are the (a) 
least and (b) greatest launch 
angles that will allow the pro- 
jectile to hit the target? 


4121 Oasis A is 90km due 
west of oasis B. A desert camel 








High trajectory 





FIG. 4-62 Problem 120. 
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leaves A and takes 50 h to walk 75 km at 37° north of due east. 
Next it takes 35 h to walk 65 km due south. Then it rests for 
5.0h. What are the (a) magnitude and (b) direction of the 
camel’s displacement relative to A at the resting point? From 
the time the camel leaves A until the end of the rest period, 
what are the (c) magnitude and (d) direction of its average ve- 
locity and (e) its average speed? The camel’s last drink was at 
A; it must be at B no more than 120 h later for its next drink. If 
it is to reach B just in time, what must be the (f) magnitude and 
(g) direction of its average velocity after the rest period? ssm 


122 A graphing surprise. At time t = 0, a burrito 1s launched 
from level ground, with an initial speed of 16.0 m/s and launch 
angle 6). Imagine a position vector 7 continuously directed 
from the launching point to the burrito during the flight. 
Graph the magnitude r of the position vector for (a) 0) = 
40.0° and (b) 6) = 80.0°. For 6) = 40.0°, (c) when does r reach 
its maximum value, (d) what is that value, and how far (e) hor- 
izontally and (f) vertically is the burrito from the launch 
point? For 6) = 80.0°, (g) when does r reach its maximum 
value, (h) what is that value, and how far (i) horizontally and 
(j) vertically is the burrito from the launch point? 


123 In Sample Problem 4-7b, a ball is shot through a hori- 
zontal distance of 686 m by a cannon located at sea level and 
angled at 45° from the horizontal. How much greater would 


the horizontal distance have been had the cannon been 30 m 
higher? 


124 (a) If an electron is projected horizontally with a speed 
of 3.0 X 10° m/s, how far will it fall in traversing 1.0 m of hori- 
zontal distance? (b) Does the answer increase or decrease if 
the initial speed is increased? 


125 The magnitude of the velocity of a projectile when it is 
at its maximum height above ground level is 10 m/s. (a) What 
is the magnitude of the velocity of the projectile 1.0 s before it 
achieves its maximum height? (b) What is the magnitude of 
the velocity of the projectile 1.0s after it achieves its maxi- 
mum height? If we take x = 0 and y = 0 to be at the point of 
maximum height and positive x to be in the direction of the 
velocity there, what are the (c) x coordinate and (d) y coordi- 
nate of the projectile 1.0s before it reaches its maximum 
height and the (e) x coordinate and (f) y coordinate 1.0 s after 
it reaches its maximum height? 


126 A frightened rabbit moving at 6.0 m/s due east runs 
onto a large area of level ice of negligible friction. As the rab- 
bit slides across the ice, the force of the wind causes it to have 
a constant acceleration of 1.4 m/s’, due north. Choose a coor- 
dinate system with the origin at the rabbit’s initial position on 
the ice and the positive x axis directed toward the east. In unit- 
vector notation, what are the rabbit’s (a) velocity and (b) posi- 
tion when it has slid for 3.0 s? 


127 The pilot of an aircraft flies due east relative to the 
ground in a wind blowing 20 km/h toward the south. If the 
speed of the aircraft in the absence of wind is 70 km/h, what is 
the speed of the aircraft relative to the ground? 


128 The pitcher in a slow-pitch softball game releases the 
ball at a point 3.0 ft above ground level. A stroboscopic plot of 
the position of the ball is shown in Fig. 4-63, where the read- 
ings are 0.25 s apart and the ball is released at t = 0. (a) What 
is the initial speed of the ball? (b) What is the speed of the ball 
at the instant it reaches its maximum height above ground 
level? (c) What is that maximum height? 
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FIG. 4-63 Problem 128. 


129 The New Hampshire State Police use aircraft to enforce 
highway speed limits. Suppose that one of the airplanes has a 
speed of 135 mi/h in still air. It is flying straight north so that it 
is at all times directly above a north-south highway. A ground 
observer tells the pilot by radio that a 70.0 mi/h wind is blow- 
ing but neglects to give the wind direction. The pilot observes 
that in spite of the wind the plane can travel 135 mi along 
the highway in 1.00 h. In other words, the ground speed is the 
same as if there were no wind. (a) From what direction is the 
wind blowing? (b) What is the heading of the plane; that is, in 
what direction does it point? 


130 The position Y of a particle moving in the xy plane is 
given by 7 = 2ti + 2 sin[(7/4 rad/s)t]j, where 7 is in meters 
and fis in seconds. (a) Calculate the x and y components of the 
particle’s position at t = 0, 1.0, 2.0, 3.0, and 4.0 s and sketch the 
particle’s path in the xy plane for the interval 0 = ¢t = 4.0s. (b) 
Calculate the components of the particle’s velocity at t = 1.0, 
2.0, and 3.0 s. Show that the velocity is tangent to the path of 
the particle and in the direction the particle is moving at each 
time by drawing the velocity vectors on the plot of the parti- 
cle’s path in part (a). (c) Calculate the components of the par- 
ticle’s acceleration at t = 1.0,2.0, and 3.0 s. 


131 A golfer tees off from the top of a rise, giving the golf 
ball an initial velocity of 43 m/s at an angle of 30° above the 
horizontal. The ball strikes the fairway a horizontal distance of 
180 m from the tee. Assume the fairway is level. (a) How high 
is the rise above the fairway? (b) What is the speed of the ball 
as it strikes the fairway? 


132 A track meet is held on a planet in a distant solar sys- 
tem. A shot-putter releases a shot at a point 2.0m above 
ground level. A stroboscopic plot of the position of the shot is 
shown in Fig. 4-64, where the readings are 0.50 s apart and the 
shot is released at time t = 0. (a) What is the initial velocity of 
the shot in unit-vector notation? (b) What is the magnitude of 
the free-fall acceleration on the planet? (c) How long after it 
is released does the shot reach the ground? (d) If an identical 
throw of the shot is made on the surface of Earth, how long af- 
ter it is released does it reach the ground? 
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FIG. 4-64 Problem 132. 
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Many roller-coaster enthusi- 
asts prefer riding in the first 
car because they enjoy being 
the first to go over an “edge” 
and onto a downward slope. 
However, many other enthu- 
siasts preter the rear car— 
they claim that going over 
the edge is far more frighten- 
ing there. The roller coaster 
is certainly moving faster 
when the last car is dragged 
over the edge by the rest of 
the roller coaster. But there 
seems to be some other, 
more subtle element that 
brings out the fear as that last 


car comes to the edge. 


What is the 
subtle fear 
factor in riding 
the last car 

in aroller 
coaster? 


The answer is in this chapter. 


Chapter 5 | Force and Motion— 
5-1 WHAT IS PHYSICS? 


We have seen that part of physics is a study of motion, including accelerations, 
which are changes in velocities. Physics is also a study of what can cause an object 
to accelerate. That cause is a force, which 1s, loosely speaking, a push or pull on 
the object. The force is said to act on the object to change its velocity. For exam- 
ple, when a dragster accelerates, a force from the track acts on the rear tires to 
cause the dragster’s acceleration. When a defensive guard knocks down a quar- 
terback, a force from the guard acts on the quarterback to cause the quarter- 
back’s backward acceleration. When a car slams into a telephone pole, a force on 
the car from the pole causes the car to stop. Science, engineering, legal, and med- 
ical journals are filled with articles about forces on objects, including people. 


5-2 | Newtonian Mechanics 


The relation between a force and the acceleration it causes was first understood 
by Isaac Newton (1642-1727) and is the subject of this chapter. The study of that 
relation, as Newton presented it, is called Newtonian mechanics. We shall focus 
on its three primary laws of motion. 

Newtonian mechanics does not apply to all situations. If the speeds of the in- 
teracting bodies are very large—an appreciable fraction of the speed of light— 
we must replace Newtonian mechanics with Einstein’s special theory of relativity, 
which holds at any speed, including those near the speed of light. If the inter- 
acting bodies are on the scale of atomic structure (for example, they might be 
electrons in an atom), we must replace Newtonian mechanics with quantum me- 
chanics. Physicists now view Newtonian mechanics as a special case of these two 
more comprehensive theories. Still, it is a very important special case because it 
applies to the motion of objects ranging in size from the very small (almost on the 
scale of atomic structure) to astronomical (galaxies and clusters of galaxies). 


5-3 | Newton’s First Law 


Before Newton formulated his mechanics, it was thought that some influence, 
a “force,” was needed to keep a body moving at constant velocity. Similarly, a 
body was thought to be in its “natural state” when it was at rest. For a body to 
move with constant velocity, it seemingly had to be propelled in some way, by 
a push or a pull. Otherwise, it would “naturally” stop moving. 

These ideas were reasonable. If you send a puck sliding across a wooden 
floor, it does indeed slow and then stop. If you want to make it move across the 
floor with constant velocity, you have to continuously pull or push it. 

Send a puck sliding over the ice of a skating rink, however, and it goes a lot 
farther. You can imagine longer and more slippery surfaces, over which the puck 
would slide farther and farther. In the limit you can think of a long, extremely 
slippery surface (said to be a frictionless surface), over which the puck would 
hardly slow. (We can in fact come close to this situation by sending a puck sliding 
over a horizontal air table, across which it moves on a film of air.) 

From these observations, we can conclude that a body will keep moving with 
constant velocity if no force acts on it. That leads us to the first of Newton’s three 
laws of motion: 
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In other words, if the body is at rest, it stays at rest. If it is moving, it continues to 
move with the same velocity (same magnitude and same direction). 






5-41 Force 


We now wish to define the unit of force. We know that a force can cause the 
acceleration of a body. Thus, we shall define the unit of force in terms of the 
acceleration that a force gives to a standard reference body, which we take to 
be the standard kilogram of Fig. 1-3. This body has been assigned, exactly and 
by definition, a mass of 1 kg. 

We put the standard body on a horizontal frictionless table and pull the body 
to the right (Fig. 5-1) so that, by trial and error, it eventually experiences a mea- 
sured acceleration of 1 m/s*. We then declare, as a matter of definition, that the 
force we are exerting on the standard body has a magnitude of 1 newton 
(abbreviated N). 

We can exert a 2N force on our standard body by pulling it so that its 
measured acceleration is 2 m/s’, and so on. Thus in general, if our standard body 
of 1 kg mass has an acceleration of magnitude a, we know that a force F must be 
acting on it and that the magnitude of the force (in newtons) is equal to the mag- 
nitude of the acceleration (in meters per second per second). 

Thus, a force is measured by the acceleration it produces. However, accelera- 
tion is a vector quantity, with both magnitude and direction. Is force also a vector 
quantity? We can easily assign a direction to a force (just assign the direction of 
the acceleration), but that is not sufficient. We must prove by experiment that 
forces are vector quantities. Actually, that has been done: forces are indeed vector 
quantities; they have magnitudes and directions, and they combine according to 
the vector rules of Chapter 3. 

This means that when two or more forces act on a body, we can find their net 
force, or resultant force, by adding the individual forces vectorially. A single force 
that has the magnitude and direction of the net force has the same effect on the 
body as all the individual forces together. This fact is called the principle of super- 
position for forces. The world would be quite strange if, for example, you and a 
friend were to pull on the standard body in the same direction, each with a force 
of 1 N, and yet somehow the net pull was 14 N. 

__ In this book, forces are most often represented with a vector symbol such as 
F, and a net force is represented with the vector symbol Fc. As with other 
vectors, a force or a net force can have components along coordinate axes. When 
forces act only along a single axis, they are single-component forces. Then we can 
drop the overhead arrows on the force symbols and just use signs to indicate the 
directions of the forces along that axis. 

Instead of the wording used in Section 5-3, the more proper statement of 
Newton’s First Law is in terms of a net force: 

: pe Newton’ s First Law: If n no ) net force acts ona abody (F, 
“cannot ¢ change; that i is, the body: cannot accelerate. 
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There may be multiple forces acting on a body, but if their net force is zero, the 
body cannot accelerate. 


Inertial Reference Frames 


Newton’s first law is not true in all reference frames, but we can always find 
reference frames in which it (as well as the rest of Newtonian mechanics) is true. 
Such frames are called inertial reference frames, or simply inertial frames. 
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For example, we can assume that the ground is an inertial frame provided we can 
neglect Earth’s astronomical motions (such as its rotation). 





FIG. 5-1 A force F on the standard 
kilogram gives that body an accelera- 
tion a. 
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FIG. 5-2 (a) The path of a puck 
sliding from the north pole as seen 
from a stationary point in space. 
Earth rotates to the east. (b) The 
path of the puck as seen from the 
ground. 


That assumption works well if, say, a puck is sent sliding along a short strip of 
frictionless ice—we would find that the puck’s motion obeys Newton’s laws. 
However, suppose the puck is sent sliding along a long ice strip extending from 
the north pole (Fig. 5-2a). If we view the puck from a stationary frame in space, 
the puck moves south along a simple straight line because Earth’s rotation 
around the north pole merely slides the ice beneath the puck. However, if we 
view the puck from a point on the ground so that we rotate with Earth, the puck’s 
path is not a simple straight line. Because the eastward speed of the ground be- 
neath the puck is greater the farther south the puck slides, from our ground- 
based view the puck appears to be deflected westward (Fig. 5-2b). However, this 
apparent deflection is caused not by a force as required by Newton’s laws but by 
the fact that we see the puck from a rotating frame. In this situation, the ground is 
a noninertial frame. eS 

In this book we usually assume that the ground is an inertial frame and that 
measured forces and accelerations are from this frame. If measurements 
are made in, say, an elevator that is accelerating relative to the ground, then the 
measurements are being made in a noninertial frame and the results can be sur- 
prising. We see an example of this in Sample Problem 5-8. 


CHECKPOINT 1 Which of the figure’s six arrangements correctly show the 
vector addition of forces F, and F, to yield the third vector, which is meant to represent 
their net force F,.,? 


(a) Fy (b) 9 (c) ‘9 


(d) (2) 
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5-5 Mass 


Everyday experience tells us that a given force produces different magnitudes of 
acceleration for different bodies. Put a baseball and a bowling ball on the floor 
and give both the same sharp kick. Even if you don’t actually do this, you know 
the result: The baseball receives a noticeably larger acceleration than the bowling 
ball. The two accelerations differ because the mass of the baseball differs from 
the mass of the bowling ball — but what, exactly, is mass? 

We can explain how to measure mass by imagining a series of experiments in 
an inertial frame. In the first experiment we exert a force on a standard body, 
whose mass Mp is defined to be 1.0 kg. Suppose that the standard body acceler- 
ates at 1.0 m/s*. We can then say the force on that body is 1.0 N. 

We next apply that same force (we would need some way of being certain it 
is the same force) to a second body, body X, whose mass is not known. Suppose 
we find that this body X accelerates at 0.25 m/s*. We know that a less massive 
baseball receives a greater acceleration than a more massive bowling ball when 
the same force (kick) is applied to both. Let us then make the following conjec- 
ture: The ratio of the masses of two bodies is equal to the inverse of the ratio of 
their accelerations when the same force is applied to both. For body X and the 


standard body, this tells us that 
mx _ dy 


Solving for my yields 


1.0 m/s? 


es Toe 
0.25 m/s? S 


my = my, — = (1.0 kg) 
ax 
Our conjecture will be useful, of course, only if it continues to hold when 
we change the applied force to other values. For example, if we apply an 8.0 N 
force to the standard body, we obtain an acceleration of 8.0 m/s*. When the 8.0 N 
force is applied to body X, we obtain an acceleration of 2.0 m/s’. Our conjecture 
then gives us 


m/s? 
sm = 40kg, 


My = My CLO 2) rere 
xX 


consistent with our first experiment. Many experiments yielding similar results 
indicate that our conjecture provides a consistent and reliable means of assigning 
a mass to any given body. 

Our measurement experiments indicate that mass is an intrinsic character- 
istic of a body—that is, a characteristic that automatically comes with the 
existence of the body. They also indicate that mass is a scalar quantity. However, 
the nagging question remains: What, exactly, is mass? 

Since the word mass is used in everyday English, we should have some intu- 
itive understanding of it, maybe something that we can physically sense. Is it 
a body’s size, weight, or density? The answer is no, although those characteristics 
are sometimes confused with mass. We can say only that the mass of a body is 
the characteristic that relates a force on the body to the resulting acceleration. Mass 
has no more familiar definition; you can have a physical sensation of mass only 
when you try to accelerate a body, as in the kicking of a baseball or a bowling ball. 
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All the definitions, experiments, and observations we have discussed so far can be 
summarized in one neat statement: 


mass at and Lits acceleration. Oe a tase os ns ie ee 1% eet ie eee 





Ny 


In equation form, 


— 


Pees HUG, (Newton’s second law). (5-1) 


This equation is simple, but we must use it cautiously. First, we must be 
certain about which body we are applying it to. Then F,,, must be the vector sum 
of all the forces that act on that body. Only forces that act on that body are to be 
included in the vector sum, not forces acting on other bodies that might be 
involved in the given situation. For example, if you are in a rugby scrum, the net 
force on you is the vector sum of all the pushes and pulls on your body. It does 
not include any push or pull on another player from you. 

Like other vector equations, Eq. 5-1 is equivalent to three component equa- 
tions, one for each axis of an xyz coordinate system: 


Line be NG soli oe = VLA 5. Mai ady bas: (5-2) 
Each of these equations relates the net force component along an axis to the 


acceleration along that same axis. For example, the first equation tells us that the 
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pe ee 


Units in Newton's Second Law (Eqs. 5-1 and 5-2) 


System Force Mass Acceleration 
SI newton (N) kilogram (kg) m/s” 
CGS? dyne gram (g) cm/s? 
British? pound (Ib) slug ft/s? 


71 dyne = 1 g-cm/s’. 
1 lb = 1 slug - ft/s. 


sum of all the force components along the x axis causes the x component a, of the 
body’s acceleration, but causes no acceleration in the y and z directions. Turned 
around, the acceleration component a, is caused only by the sum of the force 
components along the x axis. In general, 


ong a 





Equation 5-1 tells us that if the net force on a body is zero, the body’s 
acceleration a = 0. If the body is at rest, it stays at rest; if it is moving, it continues 
to move at constant velocity. In such cases, any forces on the body balance one 
another, and both the forces and the body are said to be in equilibrium. 
Commonly, the forces are also said to cancel one another, but the term “cancel” 1s 
tricky. It does not mean that the forces cease to exist (canceling forces is not like 
canceling dinner reservations). The forces still act on the body. 

For SI units, Eq. 5-1 tells us that 


1N=(1 kg)(1 m/s’) = 1 kg- m/s’. (5-3) 


Some force units in other systems of units are given in Table 5-1 and Appendix D. 

To solve problems with Newton’s second law, we often draw a free-body 
diagram in which the only body shown is the one for which we are summing 
forces. A sketch of the body itself is preferred by some teachers but, to save space 
in these chapters, we shall usually represent the body with a dot. Also, each force 
on the body is drawn as a vector arrow with its tail on the body. A coordinate sys- 
tem is usually included, and the acceleration of the body is sometimes shown with 
a vector arrow (labeled as an acceleration). 

A system consists of one or more bodies, and any force on the bodies inside 
the system from bodies outside the system is called an external force. If the bod- 
ies making up a system are rigidly connected to one another, we can treat the sys- 
tem as one composite body, and the net force Fe, on it is the vector sum of all 
external forces. (We do not include internal forces—that is, forces between two 
bodies inside the system.) For example, a connected railroad engine and car form 
a system. If, say, a tow line pulls on the front of the engine, the force due to the 
tow line acts on the whole engine-car system. Just as for a single body, we can re- 
late the net external force on a system to its acceleration with Newton’s second 
law, Fie = ma, where mis the total mass of the system. 


CHECKPOINT 2 The figure here shows two horizontal forces acting on a 
block on a frictionless floor. If a third horizontal force F; also acts on the block, what 
are the magnitude and direction of F; when the 
block is (a) stationary and (b) moving to the left with 
a constant speed of 5 m/s? 


3N 5N 
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Sample Problem se 


Figures 5-3a to c show three situations in which one or 
two forces act on a puck that moves over frictionless ice 
along an x axis, in one-dimensional motion. The puck’s 
mass is m = ().20 kg. Forces F, and F, are directed along 
the axis and have magnitudes F, = 4.0N and F, = 
2.0 N. Force F, is directed at angle 6 = 30° and has 
magnitude F; = 1.0 N. In each situation, what is the 
acceleration of the puck? 


cer In each situation we can relate the acceler- 


ation a to the net force he acting on the puck with 
Newton’s second law, Fi. = = ma. However, because the 
motion is along only the x axis, we can simplify each sit- 
uation by writing the second law for x components only: 


ieey = ma,. (5-4) 


The free-body diagrams for the three situations are 
given in Figs. 5-3d to f with the puck represented by a 
dot. 


Situation A: For Fig. 5-3d, where only one horizontal 
force acts, Eq. 5-4 gives us 

Fy — May, 
which, with given data, yields 


_F,  40N 


= — = ————_ = 9 2 
aa eae aes 


(Answer) 


The positive answer indicates that the acceleration is in 
the positive direction of the x axis. 


Situation B: In Fig. 5-3e, two horizontal forces act on 
the puck, bai in the positive direction of x and Fy i in the 
negative direction. Now Eq. 5-4 gives us 


Lie a 





(d) (e) (f) 
FIG. 5-3 (a)-(c) In three situations, forces act on a puck that 
moves along an x axis. (d)—(f ) Free-body diagrams. 


which, with given data, yields 


Fo a = 10 mis? 
m 0.20 ke ms 


(Answer) 
Thus, the net force accelerates the puck in the positive 
direction of the x axis. 


ay, = 


Situation C: In Fig. 5-3f, force F; is not directed along 
the direction of the puck’s acceleration; only x compo- 
nent F3 , is. (Force F3i is two-dimensional but the motion 
is only one-dimensional.) Thus, we write Eq. 5-4 as 


ay = F, = ma,. (5-5) 


From the figure, we see that F;,, = F3 cos 6. Solving for 
the acceleration and substituting for F3 , yield 


jee F; cos 0 — F, 
a, = + = 
* m m 
(1.0 N)(cos 30°) — 2.0 NS 
= = 5.7 mS? 
0.20 kg oie 
(Answer) 


Thus, the net force accelerates the puck in the negative 
direction of the x axis. 


Sample Problem Eee 


In the overhead view of Fig. 5-4a, a 2.0 kg cookie tin is 
accelerated at 3.0 m/s’ in the direction shown by a, over 
a frictionless horizontal surface. The acceleration is 
caused by three horizontal forces, only two of which are 
shown: fF’; of magnitude 10 N and F, of magnitude 20 N. 
What is the third force F 3 In unit-vector notation and in 
magnitude-angle notation? 


cet The net force F net ON the tin is the sum of 


the three forces and is related to the acceleration d via 


Newton’s second law (F',, = mda ).Thus, 

Fi + F,+ F3 = ma, (5-6) 
which gives us 

F;= ma — F, — Fp. (557) 





FIG. 5-4 (a) An overhead view of two of three horizontal 
forces that act on a cookie tin, resulting in acceleration d. F,is 
not shown. (b) An arrangement of vectors ma, —F,,and —F, 
to find force F. 
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Calculations: Because this is a two-dimensional prob- 
lem, we cannot find F; merely by substituting the 
magnitudes for the vector quantities on the right s side of 
Eq. 5-7. Instead, we must vectorially add ma, —F;, (the 
reverse of F ,), and —F’, (the reverse of F,), as shown in 
Fig. 5-4b. This addition can be done directly on a vector- 
capable calculator because we know both magnitude 
and angle for all three vectors. However, here we shall 
evaluate the right side of Eq. 5-7 in terms of compo- 
nents, first along the x axis and then along the y axis. 


x components: Along the x axis we have 
bg Nd el oy 
= m(acos 50°) — F, cos(—150°) — F, cos 90°. 
Then, substituting known data, we find 
F; , = (2.0 kg)(3.0 m/s’) cos 50° — (10 N) cos(—150°) 
— (20 N) cos 90° 
= 12.5N. 


y components: Similarly, along the y axis we find 
5. ne, = TE = ey, 
= m(asin 50°) — F, sin(—150°) — F, sin 90° 
= (2.0 kg)(3.0 m/s’) sin 50° — (10 N) sin(—150°) 
— (20 N) sin 90° 
—10.4N. 


Vector: In unit-vector notation, we can write 
F, = F;,i + F;,j = (12.5 N)i — (10.4N)j 
~= (13 N)i — (A0N)j. (Answer) 
We can now use a vector-capable calculator to get the 
magnitude and the angle of F’,. We can also use Eq. 3-6 


to obtain the magnitude and the angle (from the posi- 
tive direction of the x axis) as 


F, = \F3, + F3, =16N 


and 6= tan! = —40°. (Answer) 





3.x 


PROBLEM-SOLVING TACTICS 


Tactic 7: Dimensions and Vectors When you are 
dealing with forces, you cannot just add or subtract their mag- 
nitudes to find their net force unless they happen to be 
directed along the same axis. If they are not, you must use 
vector addition, either by means of a vector-capable calculator 
or by finding components along axes, one axis at a time, as is 
done in Sample Problem 5-2. 


Tactic 2: Reading Force Problems Read the problem 
statement several times until you have a good mental picture 
of what the situation is, what data are given, and what is 
requested. If you know what the problem is about but don’t 
know what to do next, put the problem aside and reread the 
text. If you are hazy about Newton’s second law, reread that 
section. Study the sample problems. And remember that 
solving physics problems (like repairing cars and designing 
computer chips) takes training. 


Tactic 3: Draw Two Types of Figures You may need 
two figures. One is a rough sketch of the actual situation. 
When you draw the forces, place the tail of each force vector 
either on the boundary of or within the body on which that 
force acts. The other figure is a free-body diagram: the forces 
on a single body are drawn, with the body represented by a 
dot or a sketch. Place the tail of each force vector on the dot 
or sketch. 


Tactic 4: What Is Your System? If you are using 
Newton’s second law, you must know what body or system 
you are applying it to. In Sample Problem 5-1 it is the puck 
(not the ice). In Sample Problem 5-2, it is the cookie tin. 


Tactic 5: Choose Your Axes Wisely Often, we can 
save a lot of work by choosing one of our coordinate axes to 
coincide with one of the forces. 
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The Gravitational Force 


A gravitational force F, on a body is a certain type of pull that is directed toward 
a second body. In these early chapters, we do not discuss the nature of this force 
and usually consider situations in which the second body is Earth. Thus, when we 
speak of the gravitational force F, on a body, we usually mean a force that pulls 
on it directly toward the center rr Earth—that is, directly down toward the 
ground. We shall assume that the ground is an inertial frame. 

Suppose a body of mass m is in free fall with the free-fall acceleration of 
magnitude g. Then, if we neglect the effects of the air, the only force acting on the 
body is the gravitational force F,, We can relate this downward force and 


downward acceleration with Newton’s second law (F = ma ).We place a vertical 
y axis along the body’s path, with the positive direction upward. For this axis, 
Newton’s second law can be written in the form Fy, = ma,, which, in our 
situation, becomes 


le a m(—g) 
or eae (5-8) 


In words, the magnitude of the gravitational force is equal to the product mg. 

This same gravitational force, with the same magnitude, still acts on the body 
even when the body is not in free fall but is, say, at rest on a pool table or moving 
across the table. (For the gravitational force to disappear, Earth would have to 
disappear.) 

We can write Newton’s second law for the gravitational force in these vector 
forms: 

F,=-F 


g Al ae —mg] _ mg, (eo) 
where j is the unit vector that points upward along a y axis, directly away from the 
ground, and g is the free-fall acceleration (written as a vector), directed down- 


ward. 


Weight 


The weight W of a body is the magnitude of the net force required to prevent the 
body from falling freely, as measured by someone on the ground. For example, to 
keep a ball at rest in your hand while you stand on the ground, you must provide 
an upward force to balance the gravitational force on the ball from Earth. 
Suppose the magnitude of the gravitational force is 2.0 N. Then the magnitude of 
your upward force must be 2.0 N, and thus the weight W of the ball is 2.0 N. We 
also say that the ball weighs 2.0 N and speak about the ball weighing 2.0 N. 

A ball with a weight of 3.0 N would require a greater force from you— 
namely, a 3.0 N force—to keep it at rest. The reason is that the gravitational force 
you must balance has a greater magnitude —namely, 3.0 N. We say that this sec- 
ond ball is heavier than the first ball. 

Now let us generalize the situation. Consider a body that has an acceleration 
a of zero relative to the ground, which we again assume to be an inertial frame. 
Two forces act on the body: a downward gravitational force F, and a balancing 
upward force of magnitude W. We can write Newton’s second law for a vertical y 
axis, with the positive direction upward, as 


neta Tel 
In our situation, this becomes 
We 110) (5-10) 
or W=F, (weight, with ground as inertial frame). (5-11) 


This equation tells us (assuming the ground is an inertial frame) that 





Substituting mg for F, from Eq. 5-8, we find 


W = mg (weight), (5-12) 


which relates a body’s weight to its mass. 
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POR = Mpe 


For = mg 


FIG. 5-5 An equal-arm balance. 
When the device is in balance, the 
gravitational force FE y on the body 
being weighed (on the left pan) and 
the total gravitational force Fp on 
the reference bodies (on the right 
pan) are equal. Thus, the mass m, of 
the body being weighed is equal to 
the total mass mp of the reference 
bodies. 


Scale marked 
in either 
weight or 
mass units 





FIG. 5-6 A spring scale. The reading 
is proportional to the weight of the 
object on the pan, and the scale gives 


that weight if marked in weight units. 


If, instead, it is marked in mass units, 
the reading is the object’s weight 
only if the value of g at the location 
where the scale is being used is the 
same as the value of g at the location 
where the scale was calibrated. 
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To weigh a body means to measure its weight. One way to do this is to place 
the body on one of the pans of an equal-arm balance (Fig. 5-5) and then place ref- 
erence bodies (whose masses are known) on the other pan until we strike a bal- 
ance (so that the gravitational forces on the two sides match). The masses on the 
pans then match, and we know the mass of the body. If we know the value of g for 
the location of the balance, we can also find the weight of the body with Eq. 5-12. 

We can also weigh a body with a spring scale (Fig. 5-6). The body stretches 
a spring, moving a pointer along a scale that has been calibrated and marked in 
either mass or weight units. (Most bathroom scales in the United States work this 
way and are marked in the force unit pounds.) If the scale is marked in 
mass units, it is accurate only where the value of g is the same as where the scale 
was calibrated. 

The weight of a body must be measured when the body is not accelerating 
vertically relative to the ground. For example, you can measure your weight on a 
scale in your bathroom or on a fast train. However, if you repeat the measure- 
ment with the scale in an accelerating elevator, the reading differs from your 
weight because of the acceleration. Such a measurement is called an apparent 
weight. 

Caution: A body’s weight is not its mass. Weight is the magnitude of a force 
and is related to mass by Eq. 5-12. If you move a body to a point where the value 
of g is different, the body’s mass (an intrinsic property) is not different but the 
weight is. For example, the weight of a bowling ball having a mass of 7.2 kg is 71 N 
on Earth but only 12 N on the Moon. The mass is the same on Earth and Moon, 
but the free-fall acceleration on the Moon is only 1.6 m/s’. 


The Normal Force 


If you stand on a mattress, Earth pulls you downward, but you remain stationary. 
The reason is that the mattress, because it deforms downward due to you, pushes 
up on you. Similarly, if you stand on a floor, it deforms (it is compressed, bent, or 
buckled ever so slightly) and pushes up on you. Even a seemingly rigid concrete 
floor does this (if it is not sitting directly on the ground, enough people on the 
floor could break it). 

The push on you from the mattress or floor is a normal force Fy. The name 
comes from the mathematical term normal, meaning perpendicular: The force on 
you from, say, the floor is Beane! to the floor. 


a 


ws 
oie 


ta surface, t the: e § sur surface (evens asec 

















Figure 5-7a shows an example. A block of mass m presses down on a table, 
deforming it somewhat because of the gravitational force F, on the block. The 
table pushes up on the block with normal force F F, the free- body diagram for the 
block is given in Fig. 5-7b. Forces F, and Fy are the only two forces on the block 
and they are both vertical. Thus, fon the block we can write Newton’s second law 
for a positive-upward y axis (Pye, = may,) as 

ee TLC 
From Eq. 5-8, we substitute mg for F,, finding 

x12 1, 
Then the magnitude of the normal force is 


(Gx13) 


for any vertical acceleration a, of the table and block (they might be in an accel- 
erating elevator). If the table and block are not accelerating relative to the 


Ey Mie iGe— 111 gid.) 


ground, then a, = 0 and Eq. 5-13 yields 


CHECKPOINT 3 __ In Fig.5-7,is the magnitude of the normal force Fy greater 
than, less than, or equal to mg if the block and table are in an elevator moving upward 
(a) at constant speed and (b) at increasing speed? 


Friction 


If we either slide or attempt to slide a body over a surface, the motion is resisted 
by a bonding between the body and the surface. (We discuss this bonding more in 
the next chapter.) The resistance is considered to be a single force ie called either 
the frictional force or simply friction. This force is directed along the surface, op- 
posite the direction of the intended motion (Fig. 5-8). Sometimes, to simplify a sit- 
uation, friction is assumed to be negligible (the surface is frictionless). 


Tension 


When a cord (or a rope, cable, or other such object) is attached to a body and 
pulled taut, the cord pulls on the body with a force T directed away from the 
body and along the cord (Fig. 5-9a). The force is often called a tension force 
because the cord is said to be in a state of tension (or to be under tension), which 
means that it is being pulled taut. The tension in the cord is the magnitude 7 of the 
force on the body. For example, if the force on the body from the cord has magni- 
tude T = 50 N, the tension in the cord is 50 N. 

A cord is often said to be massless (meaning its mass is negligible compared 
to the body’s mass) and unstretchable. The cord then exists only as a connection 
between two bodies. It pulls on both bodies with the same force magnitude T, 
even if the bodies and the cord are accelerating and even if the cord runs around 
a massless, frictionless pulley (Figs. 5-9b and c). Such a pulley has negligible mass 
compared to the bodies and negligible friction on its axle opposing its rotation. If 
the cord wraps halfway around a pulley, as in Fig. 5-9c, the net force on the pulley 
from the cord has the magnitude 2T. 


CHECKPOINT 4 _ The suspended body in Fig. 5-9c weighs 75 N. Is T equal to, 
greater than, or less than 75 N when the body is moving upward (a) at constant speed, 
(b) at increasing speed, and (c) at decreasing speed? 
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y 





Normal force i 





(a) 


FIG. 5-7 (a) A block resting ona 
table experiences a normal force KE 
perpendicular to the tabletop. (b) 
The free-body diagram for the block. 


Direction of 
attempted 
slide 







asec AN) 


= Saas 


FIG. 5-8 A frictional force ie Op- 
poses the attempted slide of a body 
over a surface. 





(a) (0) (¢) 


FIG. 5-9 (a) The cord, pulled taut, is under tension. If its mass is negligible, the cord pulls 
on the body and the hand with force T,, even if the cord runs around a massless, frictionless 
pulley as in (5) and (c). 
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PROBLEM-SOLVING TACTICS 


Tactic 6: Normal Force Equation 5-14 for the normal 
force on a body holds only when Fy is directed upward and 
the body’s vertical acceleration 1s zero; so we do not apply it 
for other orientations of Fy or when the vertical acceleration 
is not zero. Instead, we must derive a new expression for Fy 
from Newton’s second law. 

We are free to move Fy around ina figure as long as we 


maintain its orientation. For example, in Fig. 5-7a we can slide 
it downward so that its head is at the boundary between block 
and tabletop. However, Fyi is least likely to be misinterpreted 
when its tail is either at that boundary or somewhere within 
the block (as shown). An even better technique is to draw a 
free-body diagram as in Fig. 5-7b, with the tail of Fy directly 
on the dot or sketch representing the block. 


Sample Problem s3. 


Takeoff illusion. A jet plane taking off from an aircraft 
carrier is propelled by its powerful engines while being 
thrown forward by a catapult mechanism installed 
in the carrier deck. The resulting high acceleration 
allows the plane to reach takeoff speed in a short 
distance on the deck. However, that high acceleration 
also compels the pilot to angle the plane sharply nose- 
down as it leaves the deck. Pilots are trained to ignore 
this compulsion, but occasionally a plane is flown 
straight into the ocean. Let’s explore the physics behind 
the compulsion. 

Your sense of vertical depends on visual clues and 
on the vestibular system located in your inner ear. That 
system contains tiny hair cells in a fluid. When you hold 
your head upright, the hairs are vertically in line with 
the gravitational force F, on you and the system signals 
your brain that your head is upright. When you tilt your 
head backward by some angle ¢, the hairs are bent and 
the system signals your brain about the tilt. The hairs 
are also bent when you are accelerated forward by an 
applied horizontal force F,,,. The signal sent to your 
brain then indicates, erroneously, that your head is tilted 
back, to be 1n line with an extension through the vector 
sum Foun = F, + Fopp (Fig. 5-102). However, the erro- 
neous signal is ignored when visual clues clearly indicate 
no tilt, such as when you are accelerated in a car. 

A pilot being hurled along the deck of an aircraft 
carrier at night has almost no visual clues. The illusion 
of tilt is strong and very convincing, with the result that 
the pilot feels as though the plane leaves the deck 
headed sharply upward. Without proper training, a pilot 
will attempt to level the plane by bringing its nose 
sharply down, sending the plane into the ocean. 

Suppose that, starting from rest, a pilot undergoes 
constant horizontal acceleration to reach a takeoff 
speed of 85 m/s in 90 m. What is the angle @¢ of the illu- 
sionary tilt experienced by the pilot? aS 


fete (1) We can use Newton’s second law to re- 


late the magnitude F,,,,, of the force on the pilot (from 
the seatback) to the resulting acceleration a,: Fp) = 
ma,, where m is the mass of the pilot. (2) Because the 
acceleration is constant, we can use the equations of 
Table 2-1 to find a,. 


Calculations: We need to find the tilt angle ¢ of the line 
that extends through Fam the vector sum of the vertical 
gravitational force 1 F, acting on the pilot and the horizon- 
tal applied force F..., We can find ¢ by rearranging the 
force vectors as in Fig. 5-105 and then writing 





Fi, 
tan d = — : 
Fe 
taunt |e 
or do = tan (5-15) 
Ms 
Since we know the initial speed (Vv) = 0), the final 


speed (v, = 85 m/s), and the Se (x — xX) = 
90 m), we use Eq. 2-16 (v* = vj + 2a(x — x9)) to write 


(85 m/s)? = 0? + 2a,(90 m), 


or a, = 40.1 m/s’. 


Then, by Newton’s second law, F,), = m(40.1 m/s’). 
Substituting this result and the result F, = m(9.8 m/s’) 
in Eq. 5-15 gives us 


ene ( m(40.1 m/s’) 


= 76°. (A 
eS | 76°. (Answer) 


Thus, as the plane is accelerated along the carrier deck, 
the pilot feels an illusion of a backward tilt of 76°, as 
though the plane is angled nose-up by 76°. The illusion 
may compel the pilot to put the plane nose-down by 76° 
just after takeoff. 


a 
Illusionary 
tlt=¢e. 








(a) 


FIG. 5-10 (a) Force Eis directed to the right, is applied 
to the pilot during takeoff. The pilot’s head feels as though it 
is tilted back along the red dashed line. (b) The vector sum 


Foum (= F, te Fypp) i is at angle ¢ from the vertical. 
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Two bodies are said to interact when they push or pull on each other—that is, 
when a force acts on each body due to the other body. For example, suppose you 
position a book B so it leans against a crate C (Fig. 5-11a). Then the book and 
crate interact: There is a horizontal force F zc on the book from the crate (or due 
to the crate) and a horizontal force F cg on the crate from the book (or due to the 
cee This pair of forces is shown in Fig. 5-11b. Newton’s third law states that 


p 
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the forces ag bodies f 1 
te in ¢ | direction. 
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For the book and crate, we can write this law as the scalar relation 


Pace = leg 


(equal magnitudes) 


or as the vector relation 


Fac = —F ep (equal magnitudes and opposite directions), 


where the minus sign means that these two forces are in opposite directions. We 
can call the forces between two interacting bodies a third-law force pair. When 
any two bodies interact in any situation, a third-law force pair is present. The 
book and crate in Fig. 5-11a are stationary, but the third law would still hold if 
they were moving and even if they were accelerating. 

As another example, let us find the third-law force pairs involving the can- 
taloupe in Fig. 5-12a, which lies on a table that stands on Earth. The cantaloupe 
interacts with the table and with Earth (this time, there are three bodies whose 
interactions we must sort out). 

Let’s first focus on the forces acting on the cantaloupe (Fig. 5- 12b). Force FE cris 
the normal force on the cantaloupe from the table, and force Fo, is the gravitational 
force on the cantaloupe due to Earth. Are they a third-law force pair? No, because 
they are forces on a single body, the cantaloupe, and not on two interacting bodies. 

To find a third-law pair, we must focus not on the cantaloupe but on the 
interaction between the cantaloupe and one other body. In the cantaloupe-— 
Earth interaction (Fig. 5-12c), Earth pulls on the cantaloupe with a gravitational 
force Fc, and the cantaloupe pulls on Earth with a gravitational force F Ec: Are 
these forces a third-law force pair? Yes, because they are forces on two interact- 
ing bodies, the force on each due to the other. Thus, by Newton’s third law, 


= —> 
LG ige 


(cantaloupe — Earth interaction). 


Next, in the cantaloupe-table interaction, the force on the cantaloupe from 
the table is F, cr and, conversely, the force on the table from the cantaloupe is F. TC 
(Fig. 5-12d). These forces are also a third-law force pair, and so 


— —> 
For = —F rc 


(cantaloupe—table interaction). 


CHECKPOINT 5 _— Suppose that the cantaloupe and table of Fig. 5- 12 are in an 
elevator cab that begins to accelerate upward. (a) Do the magnitudes of ie and For 
increase, decrease, or stay the same? (b) Are those two forces still equal in magnitude 
and opposite in direction? (c) Do the magnitudes of F-, and Fc increase, decrease, or 
stay the same? (d) Are those two forces still equal in magnitude and opposite in direction? 





| Applying Newton’s Laws 


The rest of this chapter consists of sample problems. You should pore over 
them, learning their procedures for attacking a problem. Especially important is 
knowing how to translate a sketch of a situation into a free-body diagram with 
appropriate axes, so that Newton’s laws can be applied. 
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FIG. 5-11 (a) Book B leans against 
crate C.(b) Forces Fy (the force on 
the book from the crate) and Fiz 
(the force on the crate from the 
book) have the same magnitude and 
are opposite in direction. 


Cantaloupe C 





Earth Ef 





(a) 






ey 
F'@p (normal force from table) 

_ . : : . 

Fe, (gravitational force) 


(5) 


Cantaloupe 








FIG. 5-72 (a) Acantaloupe lies ona 
table that stands on Earth. (b) The 
forces on the cantaloupe are ie and 
Fer. (c) The third-law force pair for 
the cantaloupe—Earth interaction. 
(d) The third-law force pair for the 
cantaloupe-table interaction. 
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cw 


Figure 5-13 shows a block S (the sliding block) with 
mass M = 3.3 kg. The block 1s free to move along a hori- 
zontal frictionless surface and connected, by a cord that 
wraps over a frictionless pulley, to a second block H 
(the hanging block), with mass m = 2.1 kg. The cord 
and pulley have negligible masses compared to the 
blocks (they are “massless”). The hanging block H falls 
as the sliding block S accelerates to the right. Find (a) 
the acceleration of block S, (b) the acceleration of block 
H, and (c) the tension in the cord. 





Q. What is this problem all about? 


You are given two bodies—sliding block and hang- 
ing block—but must also consider Earth, which pulls 
on both bodies. (Without Earth, nothing would happen 
here.) A total of five forces act on the blocks, as shown 
in Fig. 5-14: 


1. The cord pulls to the right on sliding block S with a 
force of magnitude 7. 


2. The cord pulls upward on hanging block H witha 
force of the same magnitude 7. This upward force 
keeps block H from falling freely. 


3. Earth pulls down on block S with the gravitational 
force Fs, which has a magnitude equal to Mg. 


4. Earth pulls down on block H with the gravitational 
force F,7, which has a magnitude equal to mg. 


5. The table pushes up on block S$ with a normal force F, Ne 


There is another thing you should note. We assume 
that the cord does not stretch, so that if block A falls 
1 mm in a certain time, block S moves 1 mm to the right 
in that same time. This means that the blocks move 
together and their accelerations have the same magni- 
tude a. 


Q How do I classify this problem? Should it suggest a 
particular law of physics to me? 
Yes. Forces, masses, and accelerations are involved, 
and they should suggest Newton’s second law of 
motion, F net = Mma.That is our starting Key Idea. 


Shding 





Frictionless 
surface 





Hanging 
block H 


FIG. 5-13 A block S of mass M is connected to a block H of 
mass m by acord that wraps over a pulley. 





FIG. 5-14 The forces acting on the two blocks of Fig. 5-13. 


Q If l apply Newton’s second law to this problem, to 
which body should I apply it? 


We focus on two bodies, the sliding block and the 
hanging block. Although they are extended objects (they 
are not points), we can still treat each block as a particle 
because every part of it moves in exactly the same way. 
A second Key Idea is to apply Newton’s second law 
separately to each block. 


Q What about the pulley? 


We cannot represent the pulley as a particle 
because different parts of it move in different ways. 
When we discuss rotation, we shall deal with pulleys in 
detail. Meanwhile, we eliminate the pulley from consid- 
eration by assuming its mass to be negligible compared 
with the masses of the two blocks. Its only function is to 
change the cord’s orientation. 


Q OK. Now how do I apply Fret = ma to the sliding 
block? 


Represent block S as a particle of mass M and draw 
all the forces that act on it, as in Fig. 5-15a. This is the 
block’s free-body diagram. Next, draw a set of axes. It 
makes sense to draw the x axis parallel to the table, in 
the direction in which the block moves. 


Q = Lhanks, but you still haven't told me how to apply 
F xt = ma to the sliding block. All you’ve done is 
explain how to draw a free-body diagram. 


You are right, and here’s the third Key Idea: The 
expression F’,., = Ma is a vector equation, so we can 
write it as three component equations: 


Frets = Ma, Freyy= Ma, Freez = Ma, (5-16) 


¥ y 


in Which Fyex, Frety, aNd Poet, are the components of 
the net force along the three axes. Now we apply each 
component equation to its corresponding direction. 
Because block S does not accelerate vertically, Fret,» = 
Ma, becomes 

By hag OR Mb =e 





Thus in the y direction, the magnitude of the normal force 
is equal to the magnitude of the gravitational force. 

No force acts in the z direction, which is perpendic- 
ular to the page. 

In the x direction, there is only one force compo- 
nent, which is 7. Thus, Fy, = Ma, becomes 


T = Ma. (5-17) 


This equation contains two unknowns, T and a; so we 
cannot yet solve it. Recall, however, that we have not 
said anything about the hanging block. 


Q agree. How do I apply F., = ma to the hanging 
block? 


We apply it just as we did for block S$: Draw a free- 
body diagram for block H, as in Fig. 5-155. Then apply 
Fret = ma in component form. This time, because 
the acceleration is along the y axis, we use the y part of 
Eq. 5-16 (Fret,y = ma,) to write 


L = dee = 1G, 


We can now substitute mg for F,,, and —a for a, (nega- 
tive because block H accelerates in the negative direc- 
tion of the y axis). We find 


T — mg = —™ma. (5-18) 


Now note that Eqs. 5-17 and 5-18 are simultaneous 
equations with the same two unknowns, T and a. 
Subtracting these equations eliminates T. Then solving 
for a yields 

m 


 M+m 


a 


g. (5-19) 









Fn Hanging 


> Sliding a « 
es block S | 7 block H 


(a) (0) 


FIG. 5-15 (a) A free-body diagram for block S of Fig. 5-13. (b) 
A free-body diagram for block H of Fig. 5-13. 
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Substituting this result into Eq.5-17 yields 


Mm 


; 3 ————— 
M+m 


g. (5-20) 


Putting in the numbers gives, for these two quantities, 


m 2.1 kg 


8 em ee (9) 8/8? 
ioe ike 
= 3.8 m/s” (Answer) 
Mm (3.3 kg)(2.1 kg) 
d F = ——_——_— —<< 9.8 2 
a fin’ 3300 mie 
= 13N. (Answer) 


Q. The problem is now solved, right? 


That’s a fair question, but the problem is not really 
finished until we have examined the results to see 
whether they make sense. (If you made these calculations 
on the job, wouldn’t you want to see whether they made 
sense before you turned them in?) 

Look first at Eq. 5-19. Note that it is dimensionally 
correct and that the acceleration a will always be less 
than g. This is as it must be, because the hanging block is 
not in free fall. The cord pulls upward on it. 

Look now at Eq. 5-20, which we can rewrite in the 
form 


M 


eS 
M+m 


mg. (5-21) 
In this form, it is easier to see that this equation is also 
dimensionally correct, because both T and mg have di- 
mensions of forces. Equation 5-21 also lets us see that 
the tension in the cord 1s always less than mg, and thus is 
always less than the gravitational force on the hanging 
block. That is a comforting thought because, if 7 were 
greater than mg, the hanging block would accelerate 
upward. 

We can also check the results by studying special 
cases, in which we can guess what the answers must be. 
A simple example is to put g = 0, as if the experiment 
were carried out in interstellar space. We know that in 
that case, the blocks would not move from rest, there 
would be no forces on the ends of the cord, and so there 
would be no tension in the cord. Do the formulas pre- 
dict this? Yes, they do. If you put g = 0 in Eqs. 5-19 and 
5-20, you find a = 0 and T = 0. Iwo more special cases 
you might try are MW = Oandm— ~, 


Sample Problem Eee 


In Fig. 5-16a, a cord pulls on a box of sea biscuits up 
along a frictionless plane inclined at @ = 30°. The box 
has mass m = 5.00 kg, and the force from the cord has 
magnitude 7 = 25.0 N. What is the box’s acceleration 
component a along the inclined plane? 


cSt The acceleration along the plane is set by 


the force components along the plane (not by force 
components perpendicular to the plane), as expressed 
by Newton’s second law (Eq. 5-1). 
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Calculation: For convenience, we draw a coordinate 
system and a free-body diagram as shown in Fig. 5-16b. 
The positive direction of the x axis is up the plane. Force 
T from the cord is up the plane and has magnitude 
T= 25.0 N. The gravitational force Fy is downward 
and has magnitude mg = (5.00 kg)(9.8 m/s’) = 49.0 N. 
More important, its component along the plane is down 
the plane and has magnitude mg sin 6 as indicated in Fig. 
5-16c. (To see why that trig function is involved, compare 
the right triangles in Figs. 5-165 and c.) To indicate the 
(a) (2) direction, we can write the component as —mg sin 6. The 
normal force Fy is perpendicular to the plane and thus 
does not determine acceleration along the plane. 





FIG.5-16 (a) A boxis 


pulleduprarplancibe We write Newton’s second law (F,, = ma) for 
cord. (b) The three motion along the x axis as 

forces actingonthe T — mg sin 6 = ma. (5-22) 
box: the cord’s force 7; 

the gravittional force Substituting data and solving for a, we find 

F,, and the normal force Bodoni (nenen) 


Fy. (c) The components 
of F, along the plane 
and pependiculae 

to it. 


where the positive result indicates that the box acceler- 
ates up the plane. 





Let’s return to the chapter opening question: What 
produces the fear factor in the last car of a traditional 
eravity-driven roller coaster? Let’s consider a coaster 
having 10 identical cars with total mass M and massless 
interconnections. Figure 5-17a shows the coaster just 
after the first car has begun its descent along a friction- 
less slope with an angle 6. Figure 5-17b shows the 
coaster just before the last car begins its descent. 
What is the acceleration of the coaster in these two 
situations? eS 


TT os the net force on an obicct causes the T 
(1) The net force on an object causes the \iesing 


object’s acceleration, as related by Newton’s second law 
(Eq. 5-1, F. = ma). (2) When the motion is along a (c) oh 
single axis, We write that law in component form (such FIG. 5-17 A roller 


as Fi, = ma,) and we use only force components coaster with (a) the first 
car on a slope and (b) 








along that axis. (3) When several objects move together = 
; . all but the last car L vg 
at the same velocity and with the same acceleration, —— > x 
on the slope. (c) Free- N = 

they can be regarded as a single composite object. Jnternal body diagrams for the - . 
forces act between the individual objects, but only external cars on the plateau and ig eine 
forces can cause the composite object to accelerate. the car on the 

slope in (a). (d) Free- NS 
Calculations for Fig. 5-17a: Figure 5-17c shows free- body diagrams for (b). (d) 
body diagrams associated with Fig. 5-17a, with conve- 
nient axes superimposed. The tilted x’ axis has its posi- car on the ope! is +;M and the mass of the cars on the 
tive direction up the slope. T is the magnitude of the plateau is aM. Only a single external force acts along the 
interconnection force between the car on the slope and x axis on the nine-car composite — namely, the intercon- 
the cars still on the plateau. Because the coaster consists nection force with magnitude 7. (The forces between the 


of 10 identical cars with total mass M, the mass of the nine cars are internal forces.) Thus, Newton’s second law 


for motion along the x axis (Ke, = ma,) becomes 


T = {9Ma, (5-23) 


where a is the magnitude of the acceleration a, along 
the x axis. 

Along the tilted x’ axis, two forces act on the car on 
the slope: the interconnection force with magnitude T 
(in the positive direction of the axis) and the x’ compo- 
nent of the gravitational force (in the negative direction 
of the axis). From Sample Problem 5-5, we know to 
write that gravitational component as —mg sin 6, where 
m is the mass. Because we know that the car accelerates 
down the slope in the negative x’ direction with magni- 
tude a, we can write the acceleration as —a. Thus, for 
this car, with mass ~M we write Newton’s second law 
for motion along the x’ axis as 


T — Mg sin 6 = 4M(—a). (5-24) 


Substituting for 7 from Eq. 5-23 and solving for a, we have 


a = 7g sin 0. (Answer) 
Calculations for Fig. 5-17b: Figure 5-17d shows free- 
body diagrams associated with Fig. 5-17b. For the car 


ers 


Figure 5-18a shows the general arrangement in which 
two forces are applied to a 4.00 kg block on a friction- 
less floor, but only force F, is indicated. That force has a 
fixed magnitude but can be applied at angle 6 to the 
positive direction of the x axis. Force F, is horizontal 
and fixed in both magnitude and angle. Figure 5-18b 
gives the horizontal acceleration a, of the block for any 
given value of 6 from 0° to 90°. What is the value of a, 
for 6 = 180°? 


fee (1) The horizontal acceleration a, depends 


on the net horizontal force F,4, ,, as given by Newton’s 
second law. (2) The net horizontal force is the sum of 
the horizontal components of forces F; and F5. 


Calculations: The x component of F, is F, because the 
vector is horizontal. The x component of F, is F, cos 0. 
Using these expressions and a mass m of 4.00 kg, we can 
write Newton’s second law (F, net = Ma) for motion 
along the x axis as 


F,cos @+ F, = 4.00a,. (5-25) 


From this equation we see that when 6 = 90°, F, cos 6 
is zero and F, = 4.00a,. From the graph we see that 
the corresponding acceleration is 0.50 m/s’. Thus, 
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still on the plateau, we rewrite Eq. 5-23 as 
T = 4Ma. 


For the nine cars on the slope, we rewrite Eq. 5-24 as 
T — aMg sin 0 = ZM(—a). 


Again solving for a, we now find 


a = agsin 0. (Answer) 
The fear factor: This last answer is 9 times the first 
answer. Thus, in general, the acceleration of the cars 
greatly increases as more of them go over the edge and 
onto the slope. That increase in acceleration occurs re- 
gardless of your car choice, but your interpretation of 
the acceleration depends on the choice. In the first car, 
most of the acceleration occurs on the slope and is due 
to the component of the gravitational force along the 
slope, which is reasonable. In the last car, most of the ac- 
celeration occurs on the plateau and is due to the push 
on you from the back of your seat. That push rapidly 
increases as you approach the edge, giving you the 
frightening sensation that you are about to be hurled off 
the plateau and into the air. 


Ff, = 2.00 N and io must be in the positive direction of 
the x axis. 
From Eq. 5-25, we find that when 0 = 0°, 


F, cos 0° + 2.00 = 4.00a,.. (5-26) 


From the graph we see that the corresponding accel- 
eration is 3.0 m/s*. From Eq. 5-26, we then find that 
F, =10N. 

Substituting F, = 10 N, Ff, = 2.00 N, and 6 = 180° 
into Eq. 5-25 leads to 


a= —2,00an/s-, 


(Answer) 





FIG. 5-18 (a) One of the two forces applied to a block is 
shown. Its angle @can be varied. (b) The block’s acceleration 
component a, versus 0. 
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or °) 


In Fig. 5-19a, a passenger of mass m = 72.2 kg stands on 
a platform scale in an elevator cab. We are concerned 
with the scale readings when the cab is stationary and 
when it is moving up or down. 


(a) Find a general solution for the scale reading, what- 
ever the vertical motion of the cab. 


[eae (1) The reading is equal to the magnitude of 


the normal force Fy on the passenger from the scale. The 
only other force acting on the passenger is the gravita- 
tional force F , aS Shown in the free-body diagram of Fig. 5- 
19b. (2) We can relate the forces on the passenger to his ac- 
celeration a by using Newton’s second law (F'ye, = ma). 
However, recall that we can use this law only in an inertial 
frame. If the cab accelerates, then it is not an inertial frame. 
So we choose the ground to be our inertial frame and make 
any measure of the passenger’s acceleration relative to it. 





Calculations: Because the two forces on the passenger 
and his acceleration are all directed vertically, along the 
y axis in Fig. 5-19b, we can use Newton’s second law 
written for y components (Fyet,, = may) to get 

he Fy nia 


or Pye i ok ne: (5-27) 


This tells us that the scale reading, which is equal to Fy, 
depends on the vertical acceleration. Substituting mg 
for F, gives us 


Fy=m(g+a) (Answer) (5-28) 


for any choice of acceleration a. 


(b) What does the scale read if the cab is stationary or 
moving upward at a constant 0.50 m/s? 


FIG. 5-19 (a) A pas- 
senger stands on a plat- 
form scale that indi- 
cates either his weight 
or his apparent weight. 
(b) The free-body dia- 
gram for the passenger, 
showing the normal 
force Fy on him from 
the scale and the gravi- 
tational force F. (a) (6) 


\ Passenger 


Ky 





In Fig. 5-20a, a constant horizontal force ie of magni- 
tude 20 N is applied to block A of mass m, = 4.0 Kg, 


cSt For any constant velocity (zero or other- 


wise), the acceleration a of the passenger is zero. 
Calculation: Substituting this and other known values 
into Eq. 5-28, we find 


Fy = (72.2 kg)(9.8 m/s? + 0) = 708 N. 
(Answer) 


This is the weight of the passenger and is equal to the 
magnitude F, of the gravitational force on him. 


(c) What does the scale read if the cab accelerates 
upward at 3.20 m/s? and downward at 3.20 m/s’? 


Calculations: For a = 3.20 m/s’, Eq. 5-28 gives 
Fy = (72.2 kg)(9.8 m/s? + 3.20 m/s?) 


= 939 N, (Answer) 
and for a = —3.20 m/s’, it gives 
Fy = (72.2 kg)(9.8 m/s? — 3.20 m/s”) 
= 477 N. (Answer) 


For an upward acceleration (either the cab’s upward 
speed is increasing or its downward speed is decreas- 
ing), the scale reading is greater than the passenger’s 
weight. That reading is a measurement of an apparent 
weight, because it is made in a noninertial frame. For 
a downward acceleration (either decreasing upward 
speed or increasing downward speed), the scale reading 
is less than the passenger’s weight. 


(d) During the upward acceleration in part (c), what is 
the magnitude F,,, of the net force on the passenger, 
and what is the magnitude a,.4, of his acceleration as 
measured in the frame of the cab? Does F,,., = Tes cast 


Calculation: The magnitude F, of the gravitational 
force on the passenger does not depend on the motion 
of the passenger or the cab; so, from part (b), F, is 708 N. 
From part (c), the magnitude Fy of the normal force on the 
passenger during the upward acceleration is the 939 N 
reading on the scale. Thus, the net force on the passenger is 


Ls = bee, a oo Nt a US Nee SN 
(Answer) 


during the upward acceleration. However, his accelera- 
tion Ap cap Felative to the frame of the cab is zero. Thus, in 
the noninertial frame of the accelerating cab, F,,.; is not 
equal to ma, a», and Newton’s second law does not hold. 





which pushes against block B of mass mg = 6.0 kg. The 
blocks slide over a frictionless surface, along an x axis. 








(a) What is the acceleration of the blocks? 


Serious Error: Because force ne is applied directly 
to block A, we use Newton’s second law to relate that 
force to the acceleration a of block A. Because the mo- 
tion is along the x axis, we use that law for x components 


(Fact. = ma,), writing it as 
Papp = 
However, this is seriously wrong because F,,, 1s not the 


only horizontal force acting on block A. There is also 
the force F,, from block B (Fig. 5-20b). 


IN AQ. 


Dead-End Solution: Let us now include force Fup by 
writing, again for the x axis, 


FP 


iy ne = Me 
(We use the minus sign to include the direction of F,,.) 
Because Fp is a second unknown, we cannot solve this 


equation for a. 


Successful Solution: Because of the direction in which 


= 
fORCE 4s 


is applied, the two blocks form a rigidly con- 





FIG. 5-20 (a) Aconstant horizontal force i de is applied to 
block A, which pushes against block B. (b) Two horizontal 
forces act on block A. (c) Only one horizontal force acts on 


block B. 





nected system. We can relate the net force on the system to 
the acceleration of the system with Newton’s second law. 
Here, once again for the x axis, we can write that law as 


- 


app = (m, a Mp)a, 
where now we properly apply _ to the system with 
total mass m, + mg. Solving for a and substituting 


known values, we find 


van) a eel 2 laa ol 5 
mm, +m, 40ke+60kg “ 
(Answer) 


Thus, the acceleration of the system and of each block is 
in the positive direction of the x axis and has the magni- 
tude 2.0 m/s’. 


(b) What is the (horizontal) force Fz, on block B from 
block A (Fig. 5-20c)? 


rere We can relate the net force on block B to 


the block’s acceleration with Newton’s second law. 
Calculation: Here we can write that law, still for com- 
ponents along the x axis, as 
Fpa = Mga, 
which, with known values, gives 
Fp, = (6.0 kg)(2.0 m/s?) = 12 N. (Answer) 


Thus, force F za 1S in the positive direction of the x axis 
and has a magnitude of 12 N. 


REVIEW & SUMMARY 


Newtonian Mechanics The velocity of an object can 
change (the object can accelerate) when the object is acted on 
by one or more forces (pushes or pulls) from other objects. 
Newtonian mechanics relates accelerations and forces. 


Force Forces are vector quantities. Their magnitudes are 
defined in terms of the acceleration they would give the stan- 
dard kilogram. A force that accelerates that standard body by 
exactly 1 m/s? is defined to have a magnitude of 1 N. The 
direction of a force is the direction of the acceleration it 
causes. Forces are combined according to the rules of vector 
algebra. The net force on a body is the vector sum of all the 
forces acting on the body. 


Newton’s First Law If there is no net force on a body, the 
body remains at rest if it is initially at rest or moves in 
a straight line at constant speed if it is in motion. 


Inertial Reference Frames Reference frames in which 
Newtonian mechanics holds are called inertial reference 
frames or inertial frames. Reference frames in which 
Newtonian mechanics does not hold are called noninertial ref- 
erence frames or noninertial frames. 


Mass The mass of a body is the characteristic of that body 
that relates the body’s acceleration to the net force causing 
the acceleration. Masses are scalar quantities. 


Newton's Second Law The net force F,, on a body with 
mass 7 is related to the body’s acceleration a by 


Be = ma, (Sly) 


which may be written in the component versions 


Freleng me, Od ee = Wid, (5-2) 
The second law indicates that in SI units 
1N=1 kg: m/s’. (5-3) 


A free-body diagram is a stripped-down diagram in 
which only one body is considered. That body is represented 
by either a sketch or a dot. The external forces on the body are 
drawn, and a coordinate system is superimposed, oriented so 
as to simplify the solution. 


Some Particular Forces A gravitational force F, on a 
body is a pull by another body. In most situations in this book, 
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the other body is Earth or some other astronomical body. For 
Earth, the force is directed down toward the ground, which is 
assumed to be an inertial frame. With that assumption, the 
magnitude of F, is 

aie (5-8) 


where m is the body’s mass and g is the magnitude of the free- 
fall acceleration. 

The weight W of a body is the magnitude of the upward 
force needed to balance the gravitational force on the body. A 
body’s weight is related to the body’s mass by 


W = meg. (5-12) 
A normal force Fy is the force on a body from a surface 


against which the body presses. The normal force is always 
perpendicular to the surface. 





1 In Fig. 5-21, forces F, and F, 
F, are applied to a lunchbox as 
it slides at constant velocity 
over a frictionless floor. We are 
to decrease angle 6 without 
changing the magnitude of ite 
For constant velocity, should 
we increase, decrease, or main- 
tain the magnitude of F,? 





FIG. 5-21 





Urges 
Se 


Sp oes 
pee os 


Question 1. 





2 At time ¢ = 0, constant F begins to act on a rock moving 
through deep space in the +x direction. (a) For time ¢ > 0, 
which are possible functions x(t) for the rock’s position: (1) 
x = 4t-— 3, (2) x = —42? + 6t — 3, (3) x = 427 + 6t — 3? (b) 
For which function is F directed opposite the rock’s initial di- 
rection of motion? 


3 Figure 5-22 shows overhead views of four situations in 
which forces act on a block that lies on a frictionless floor. 
If the force magnitudes are chosen properly, in which situa- 
tions is it possible that the block is (a) stationary and (b) mov- 
ing with a constant velocity? 








(4) 





FIG. 5-22 Question 3. 


4 Two horizontal forces, 
F,=(3N)i—(4N)j and F,=—-(1N)i-(2N)j 


pull a banana split across a frictionless lunch counter. Without 
using a calculator, determine which of the vectors in the free- 
body diagram of Fig. 5-23 best represent (a) F, and (b) Fy. 


QUESTIONS 


A frictional force f is the force on a body when the body 
slides or attempts to slide along a surface. The force is always 
parallel to the surface and directed so as to oppose the sliding. 
On a frictionless surface, the frictional force is negligible. 

When a cord is under tension, each end of the cord pulls 
on a body. The pull is directed along the cord, away from the 
point of attachment to the body. For a massless cord (a cord 
with negligible mass), the pulls at both ends of the cord have 
the same magnitude 7, even if the cord runs around a mass- 
less, frictionless pulley (a pulley with negligible mass and 
negligible friction on its axle to oppose its rotation). 


Newton's Third Law Ifa force Fx, acts on body B due to 
body C, then there is a force F¢,z on body C due to body B: 


pe = — Hog 


What is the net-force compo- 
nent along (c) the x axis and 
(d) the y axis? Into which quad- 
rants do (e) the net-force vector 
and (f) the split’s acceleration 
vector point? 


5 Figure 5-24 gives the free- 
body diagram for four situations 
in which an object is pulled by 
several forces across a friction- 
less floor, as seen from over- 
head. In which situations does the 
object’s acceleration a have (a) 
an x component and (b) a y component? (c) In each situation, 
give the direction of @ by naming either a quadrant or a direction 
along an axis. (This can be done with a few mental calculations.) 





FIG. 5-23 Question 4. 





(3) (4) 
FIG. 5-24 Question 5. 


6 Figure 5-25 gives three graphs of velocity component 
v,(t) and three graphs of velocity component v,(t). The graphs 
are not to scale. Which v,(t) graph and which v,(t) graph best 
correspond to each of the four situations in Question 5 and 
Fig. 5-24? 


Vy Vx v 


(a) 1) (¢) 


(d) (e) (f) 
FIG. 5-25 Question 6. 


7 Figure 5-26 shows a train of four blocks being pulled 
across a frictionless floor by force F’. What total mass is accel- 
erated to the right by (a) force F, (b) cord 3, and (c) cord 1? 
(d) Rank the blocks according to their accelerations, greatest 
first. (e) Rank the cords according to their tension, greatest 
first. (Warm-up for Problems 50 and 51) 


Cord Cord Cord 






FIG. 5-26 Question 7. 


8 Figure 5-27 shows the same breadbox in four situations 
where horizontal forces are applied. Rank the situations accord- 
ing to the magnitude of the box’s acceleration, greatest first. 
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FIG. 5-27 Question 8. 


9 A vertical force F is applied to a block of mass m that 
lies on a floor. What happens to the magnitude of the 
normal force Ee on the block from the floor as magnitude 
Fis increased from zero if force F is (a) downward and (b) up- 
ward? 


10 Figure 5-28 shows four choices for the direction of a force of 
magnitude F to be applied to a block on an inclined plane. The di- 


rections are either horizontal or vertical. (For choices a and b, the 
force is not enough to lift the block off the plane.) Rank the 
choices according to the magnitude of the normal force on the 
block from the plane, greatest first. 





FIG. 5-28 Question 10. 


11 July 17, 1981, Kansas City: The newly opened Hyatt 
Regency is packed with people listening and dancing to a 
band playing favorites from the 1940s. Many of the people are 
crowded onto the walkways that hang like bridges across 
the wide atrium. Suddenly two of the walkways collapse, 
falling onto the merrymakers on the main floor. 

The walkways were suspended one above another on ver- 
tical rods and held in place by nuts threaded onto the rods. In 
the original design, only two long rods were to be used, each 
extending through all three walkways (Fig. 5-29a). If each 
walkway and the merrymakers on it have a combined mass of 
M, what is the total mass supported by the threads and two 
nuts on (a) the lowest walkway and (b) the highest walkway? 

Threading nuts on a rod is impossible except at the ends, 
so the design was changed: Instead, six rods were used, each 
connecting two walkways (Fig. 5-29b). What now is the total 
mass supported by the threads and two nuts on (c) the lowest 
walkway, (d) the upper side of the highest walkway, and 
(e) the lower side of the highest walkway? It was this design 
that failed. <= 


Walkways 





(d) 
FIG. 5-29 Question 11. 


12 Figure 5-30 shows three blocks being pushed across 
a frictionless floor by horizontal force F. What total mass is 
accelerated to the right by (a) force F, (b) force F,, on block 
2 from block 1, and (c) force F3) on block 3 from block 2? 
(d) Rank the blocks according to their acceleration magni- 
tudes, greatest first. (e) Rank forces F, Fy, and Fy according 
to magnitude, greatest first. (Warm-up for Problem 53) 


10k 





FIG. 5-30 Question 12. 
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PROBLEMS 


SSM 


@ —@e@ Number of dots indicates level of problem difficulty 


Worked-out solution available in Student Solutions Manual 


Tutoring problem available (at instructor's discretion) in WileyPLUS and WebAssign 


WWW) Worked-out solution is at 


ILW 


http://www.wiley.com/college/halliday 
Interactive solution is at 


—< Additional information available in The Flying Circus of Physics and at flyingcircusofphysics.com 


ee Oe eS ee ey SO eS Ore errs 


sec. 5-6 Newton's Second Law 

e1 Ifthe 1 kg standard body has an acceleration of 2.00 m/s? 
at 20.0° to the positive direction of an x axis, what are (a) the x 
component and (b) the y component of the net force acting on 
the body, and (c) what is the net force in unit-vector notation? 


°2 Two horizontal forces act on a 2.0 kg chopping block that 
can slide over a frictionless kitchen counter, which lies in an xy 
plane. One force is F, = (3.0N)i + (4.0 N)j. Find the acceler- 
ation of the chopping block in unit-vector notation when the 
other force is (a) F, =(- 3.0 N)i + (—4.0N)j, (b) F, = 
(—3.0N)i + (4.0 N)j, and (c) F, = (3.0 N)i ae 4.0 N)j. 


°3 Only two horizontal forces act on a 3.0 kg body that can 
move over a frictionless floor. One force is 9.0 N, acting due 
east, and the other is 8.0 N, acting 62° north of west. What is 
the magnitude of the body’s acceleration? 


ee4 A 2.00 kg object is subjected to three forces that give 
it an acceleration @ = —(8.00 m/s2)i + (6.00 m/s*)j. If two of 
the three forces are F, = (30.0 N)i + (16.0 N)j and F, = 
—(12.0 N)i + (8.00 N)j, find the third force. 


eeS There are two forces on 
the 2.00 kg box in the over- 
head view of Fig. 5-31, but 
only one is shown. For F; = 
20.0 N, a = 12.0 m/s”, and 6 = 
30.0°, find the second force (a) 
in unit-vector notation and as 
(b) a magnitude and (c) an 
angle relative to the positive 
direction of the x axis. SSM 





FIG. 5-31 Problem 5. 

°ee6 While two forces act on 

it, a particle is to move at the 

constant velocity V v= = (3 m/s)i — (4 m/s)j. One of the forces 


is F, = (2N)i + (—6N)j. What is the other force? 


ee7 Three astronauts, pro- 
pelled by jet backpacks, push 
and guide a 120 kg asteroid to- 
ward a processing dock, exert- 
ing the forces shown in Fig. 5- 
32, with F; = 32 N, Ff, = 55 N, 
F; = 41 N, 6; = 30°, and 6; = 
60°. What is the asteroid’s ac- 
celeration (a) in unit-vector 
notation and as (b) a magni- 
tude and (c) a direction rela- 
tive to the positive direction of 
the x axis? © 


ee8 In a two-dimensional tug-of-war, Alex, Betty, and 
Charles pull horizontally on an automobile tire at the angles 





Problem 7. 


FIG. 5-32 


shown in the overhead view 
of Fig. 5-33. The tire remains 
stationary in spite of the three 
pulls. Alex pulls with force F, 
of magnitude 220N, and 
Charles pulls with force F. of 
magnitude 170N. Note that 
the direction of F. is not 
given. What is the magnitude 
of Betty’s force F, ? 


ee9 A 2.0 kg particle moves 
along an x axis, being pro- 
pelled by a variable force di- 
rected along that axis. Its posi- 
tion is given by x = 3.0m + (4.0 m’s)t + ct? — (2.0 m/s°)r°, 
with x in meters and ¢ in seconds. The factor c is a constant. At 
t = 3.0 s, the force on the particle has a magnitude of 36 N and 
is in the negative direction of the axis. What 1s c? 





FIG. 5-33 Problem 8. 


°e10 A 0.150 kg particle moves along an x axis according 
to x(t) = —13.00 + 2.00 + 4.007 — 3.00’, with x in meters and 
t in seconds. In unit-vector notation, what is the net force act- 
ing on the particle at t = 3.40 s? 


ee11 A 0.340 kg particle moves in an xy plane according 
to x(t) = —15.00 + 2.00t — 4.008 and y(t) = 25.00 + 7.00t — 
9.007°, with x and y in meters and ¢ in seconds. At t = 0.700 s, 
what are (a) the magnitude and (b) the angle (relative to the 
positive direction of the x axis) of the net force on the particle, 
and (c) what is the angle of the particle’s direction of travel? 


eee72 Two horizontal forces 
F, and BE act on a 4.0 kg disk 
that slides over frictionless 
ice, on which an xy coordinate 
system is laid out. Force F, 1S 
in the positive direction of the 
x axis and has a magnitude of 
7.0 N. Force F, has a magni- 
tude of 9.0N. Figure 5-34 
gives the x component v, of 
the velocity of the disk as a 
function of time ¢ during the sliding. What is the angle between 
the constant directions of forces F, and F,? 





Problem 12. 


FIG. 5-34 


sec. 5-7 Some Particular Forces 

°13  (a)An11.0 kg salami is supported by a cord that runs to 
a spring scale, which is supported by a cord hung from the ceil- 
ing (Fig. 5-35a). What is the reading on the scale, which is 
marked in weight units? (b) In Fig. 5-35b the salami is sup- 
ported by a cord that runs around a pulley and to a scale. The 
opposite end of the scale is attached by a cord to a wall. What 
is the reading on the scale? (c) In Fig. 5-35c the wall has been 


replaced with a second 11.0 kg salami, and the assembly is sta- 
tionary. What is the reading on the scale? SSM 





| Spring 
_ | scale 





(d) 


Spring scale 


(a) 





(¢) 
FIG. 5-35 Problem 13. 


e714 A block with a weight of 3.0 N is at rest on a horizontal 
surface. A 1.0 N upward force is applied to the block by means 
of an attached vertical string. What are the (a) magnitude and 
(b) direction of the force of the block on the horizontal surface? 


e15 Figure 5-36 shows an 
arrangement in which four 
disks are suspended by cords. 
The longer, top cord loops over 
a frictionless pulley and pulls 
with a force of magnitude 98 N 
on the wall to which it 1s at- 
tached. The tensions in the 
shorter cords are 7, = 58.8 N, 
T, = 49.0N, and 7T;=9.8N. 
What are the masses of (a) disk 
A, (b) disk B, (c) disk C, and 
(d) disk D? 


ee16 Some insects can walk 
below a thin rod (such as a 

twig) by hanging from it. Leg 
Suppose that such an insect has joint VA 
mass m and hangs from a hori- 
zontal rod as shown in 
Fig. 5-37, with angle 6 = 40°. Its 
six legs are all under the same 
tension, and the leg sections 
nearest the body are horizontal. (a) What is the ratio of the ten- 
sion in each tibia (forepart of a leg) to the insect’s weight? (b) If 
the insect straightens out its legs somewhat, does the tension in 
each tibia increase, decrease, or stay the same? 





FIG. 5-36 Problem 15. 
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FIG. 5-37. Problem 16. 


sec. 5-9 Applying Newton's Laws 

e717 Accustomer sits in an amusement park ride in which the 
compartment is to be pulled downward in the negative direc- 
tion of a y axis with an acceleration magnitude of 1.24g, with 
g = 9.80 m/s’. A 0.567 g coin rests on the customer’s knee. 


Once the motion begins and in unit-vector notation, what is 
the coin’s acceleration relative to (a) the ground and (b) the 
customer? (c) How long does the coin take to reach the 
compartment ceiling, 2.20 m above the knee? In unit-vector 
notation, what are (d) the actual force on the coin and (e) the 
apparent force according to the customer’s measure of the 
coin’s acceleration? == 


e718 Tarzan, who weighs 820 N, swings from a cliff at the 
end of a 20.0 m vine that hangs from a high tree limb and ini- 
tially makes an angle of 22.0° with the vertical. Assume that an 
x axis extends horizontally away from the cliff edge and a y 
axis extends upward. Immediately after Tarzan steps off the 
cliff, the tension in the vine is 760 N. Just then, what are (a) the 
force on him from the vine in unit-vector notation and the net 
force on him (b) in unit-vector notation and as (c) a magni- 
tude and (d) an angle relative to the positive direction of the x 
axis? What are the (e) magnitude and (f) angle of Tarzan’s ac- 
celeration just then? 


e19 In Fig. 5-38, let the 
mass of the block be 8.5 
kg and the angle @ be 30°. 
Find (a) the tension in the 
cord and (b) the normal 
force acting on the block. 
(c) If the cord is cut, find 
the magnitude of the re- 
sulting acceleration of the 
block. ssm www 





FIG. 5-38 Problem 19. 


e20 There are two hort- 
zontal forces on the 2.0 kg 
box in the overhead view 
of Fig. 5-39 but only one 
(of magnitude F, = 20 N) 
is Shown. The box moves 
along the x axis. For each of the following values for the acceler- 
ation a, of the box, find the second force in unit-vector notation: 
(a) 10 m/s’, (b) 20 m/s?, (c) 0, (d) —10 m/s”, and (e) —20 m/s”. 


°21 A constant horizontal force F. pushes a 2.00 kg FedEx 
package across a frictionless floor on which an xy coordinate 
system has been drawn. Figure 5-40 gives the package’s x and 


y velocity components versus time t. What are the (a) magni- 
tude and (b) direction of F,? 





FIG. 5-39 Problem 20. 






Vx (m/s) Vy (m/s) 





Be (s) 
FIG. 5-40 Problem 21. 


e22 In April 1974, John Massis of Belgium managed to 
move two passenger railroad cars. He did so by clamping his 
teeth down on a bit that was attached to the cars with a rope 
and then leaning backward while pressing his feet against the 
railway ties. The cars together weighed 700 kN (about 80 
tons). Assume that he pulled with a constant force that was 
2.5 times his body weight, at an upward angle 6 of 30° from the 
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horizontal. His mass was 80 kg, and he moved the cars by 
1.0 m. Neglecting any retarding force from the wheel rotation, 
find the speed of the cars at the end of the pull. =a 


°23 Sunjamming. A “sun yacht” is a spacecraft with a large 
sail that is pushed by sunlight. Although such a push is tiny in 
everyday circumstances, it can be large enough to send the 
spacecraft outward from the Sun on a cost-free but slow trip. 
Suppose that the spacecraft has a mass of 900 kg and receives 
a push of 20 N. (a) What is the magnitude of the resulting 
acceleration? If the craft starts from rest, (b) how far will it 
travel in 1 day and (c) how fast will it then be moving? 


e24 The tension at which a fishing line snaps is commonly 
called the line’s “strength.” What minimum strength is needed for 
a line that is to stop a salmon of weight 85 N in 11 cm if the fish is 
initially drifting at 2.8 m/s? Assume a constant deceleration. 


25 A 500 kg rocket sled can be accelerated at a constant 
rate from rest to 1600 km/h in 1.8 s. What is the magnitude of 
the required net force? SSM 


e26 A car traveling at 53 km/h hits a bridge abutment. 
A passenger in the car moves forward a distance of 65 cm 
(with respect to the road) while being brought to rest by an in- 
flated air bag. What magnitude of force (assumed constant) 
acts on the passenger’s upper torso, which has a mass of 41 kg? 


e27 AQ firefighter who weighs 712 N slides down a vertical 
pole with an acceleration of 3.00 m/s’, directed downward. 
What are the (a) magnitude and (b) direction (up or down) of 
the vertical force on the firefighter from the pole and the (c) 
magnitude and (d) direction of the vertical force of the pole 
on the firefighter? 


°28 The high-speed winds around a tornado can drive pro- 
jectiles into trees, building walls, and even metal traffic signs. 
In a laboratory simulation, a standard wood toothpick was 
shot by pneumatic gun into an oak branch. The toothpick’s 
mass was 0.13 g, its speed before entering the branch was 
220 m/s, and its penetration depth was 15 mm. If its speed was 
decreased at a uniform rate, what was the magnitude of the 
force of the branch on the toothpick? == 


°29 An electron with a speed of 1.2 X 10’ m/s moves hori- 
zontally into a region where a constant vertical force of 4.5 X 
10-'° N acts on it. The mass of the electron is 9.11 X 107! kg. 
Determine the vertical distance the electron is deflected 
during the time it has moved 30 mm horizontally. Ss™ 


°30 A car that weighs 1.30 x 10‘N is initially moving at 
40 km/h when the brakes are applied and the car is brought to 
a stop in 15 m. Assuming the force that stops the car is con- 
stant, find (a) the magnitude of that force and (b) the time 
required for the change in speed. If the initial speed is 
doubled, and the car experiences the same force during the 
braking, by what factors are (c) the stopping distance and 
(d) the stopping time multiplied? (There could be a lesson 
here about the danger of driving at high speeds.) 


ee31 The velocity of a 3.00 kg particle is given by V = 
(8.0011 + 3.002} ) m/s, with time t in seconds. At the instant the 
net force on the particle has a magnitude of 35.0 N, what are 
the direction (relative to the positive direction of the x axis) of 
(a) the net force and (b) the particle’s direction of travel? 


ee32 In Fig. 5-41, a crate of mass m = 100 kg is pushed at 
constant speed up a frictionless ramp (@ = 30.0°) by a horizon- 


tal force F. What are the magni- 
tudes of (a) F and (b) the force 
on the crate from the ramp? © 


2°33 A 40 kg girl and an 8.4 
kg sled are on the frictionless 
ice of a frozen lake, 15 m apart 
but connected by a rope of negli- 
gible mass. The girl exerts a hori- 
zontal 5.2 N force on the rope. 
What are the acceleration magni- 
tudes of (a) the sled and (b) the 
girl? (c) How far from the girl’s 
initial position do they meet? 





FIG. 5-41 Problem 32. 


ee34 Figure 5-42 shows an 
overhead view of a 0.0250 kg 
lemon half and two of the three 
horizontal forces that act on 
it as it is on a frictionless table. 
Force F; has a magnitude of 6.00 
N and is at 6, = 30.0°. Force F, has a magnitude of 7.00 N and is 
at 8, = 30.0°. In unit-vector notation, what is the third force if 
the lemon half (a) is stationary, (b) has constant velocity 
V = (13.0i — 14.0j) m/s, and (c) has varying velocity V = 
(13.0ti — 14.0tj) m/s, where fis time? 





FIG. 5-42 Problem 34. 


ee35 A block is projected up a frictionless inclined plane 
with initial speed vp = 3.50 m/s. The angle of incline is 6 = 
32.0°. (a) How far up the plane does the block go? (b) How 
long does it take to get there? (c) What is its speed when it 
gets back to the bottom? ssm www 


°°36 A 40 kg skier skis directly down a frictionless slope an- 
gled at 10° to the horizontal. Assume the skier moves in the 
negative direction of an x axis along the slope. A wind force 
with component F’, acts on the skier. What is F, if the magni- 
tude of the skier’s velocity is (a) constant, (b) increasing at a 
rate of 1.0 m/s’, and (c) increasing at a rate of 2.0 m/s’? 


°°37 A sphere of mass 3.0 X 10-*kg is suspended from 
a cord. A steady horizontal breeze pushes the sphere so that 
the cord makes a constant angle of 37° with the vertical. Find 
(a) the push magnitude and (b) the tension in the cord. !Lw 


2°38 A dated box of dates, of Ee) 
mass 5.00 kg, is sent sliding up “4. — 

a frictionless ramp at an angle —) 

of @ to the horizontal. Figure al 
5-43 gives, as a function of time f, 

the component v, of the box’s 

velocity along an x axis that ex- 

tends directly up the ramp.What -4 

is the magnitude of the normal FIG. 5-43 Problem 38. 
force on the box from the ramp? 





ee39 An elevator cab and its load have a combined mass of 
1600 kg. Find the tension in the supporting cable when the 
cab, originally moving downward at 12 m/s, is brought to rest 
with constant acceleration in a distance of 42 m. 


ee40Q Holding on to a towrope moving parallel to a friction- 
less ski slope, a 50 kg skier is pulled up the slope, which is at an 
angle of 8.0° with the horizontal. What is the magnitude F,o,. 
of the force on the skier from the rope when (a) the magni- 
tude v of the skier’s velocity is constant at 2.0 m/s and (b) v = 
2.0 m/s as v increases at a rate of 0.10 m/s”? 


ee44 An elevator cab that weighs 27.8kN moves upward. 
What is the tension in the cable if the cab’s speed is 
(a) increasing at a rate of 1.22 m/s’ and (b) decreasing at a rate 
of 1.22 m/s*? 


ee42 A lamp hangs vertically from a cord in a descending 
elevator that decelerates at 2.4 m/s”. (a) If the tension in the 
cord is 89 N, what is the lamp’s mass? (b) What is the cord’s 
tension when the elevator ascends with an upward accelera- 
tion of 2.4 m/s’? 


ee43 Using a rope that will snap if the tension in it exceeds 
387 N, you need to lower a bundle of old roofing material 
weighing 449N from a point 6.1m above the ground. 
(a) What magnitude of the bundle’s acceleration will put the 
rope on the verge of snapping? (b) At that acceleration, with 
what speed would the bundle hit the ground? 


ee44 An elevator cab is pulled upward by a cable. The cab 
and its single occupant have a combined mass of 2000 kg. 
When that occupant drops a coin, its acceleration relative to 
the cab is 8.00 m/s* downward. 
What is the tension in the cable? 


e045 In Fig. 5-44, a chain consist- 
ing of five links, each of mass 0.100 
kg, is lifted vertically with constant 
acceleration of magnitude a = 2.50 
m/s’. Find the magnitudes of (a) the 
force on link 1 from link 2, (b) the 
force on link 2 from link 3, (c) the 
force on link 3 from link 4, and (d) 
the force on link 4 from link 5. Then 
find the magnitudes of (e) the force 
F on the top link from the person 
lifting the chain and (f) the net force 
accelerating each link. SSM 


ee46 In Fig. 5-45, elevator cabs A 
and B are connected by a short ca- 
ble and can be pulled upward or 
lowered by the cable above cab A. 
Cab A has mass 1700 kg; cab B has 
mass 1300 kg. A 12.0 kg box of cat- 
nip lies on the floor of cab A. The 
tension in the cable connecting the 
cabs is 1.91 xX 10*.N. What is the 
magnitude of the normal force on 
the box from the floor? 


°¢47 In Fig. 5-46, a block of mass m = 5.00 kg is pulled 
along a horizontal frictionless floor by a cord that exerts 
a force of magnitude F=12.0N at an angle 6= 25.0°. 
(a) What is the magnitude of the 
block’s acceleration? (b) The 
force magnitude F is slowly in- 
creased. What is its value just 
before the block is lifted (com- 
pletely) off the floor? (c) What 
is the magnitude of the block’s , 
acceleration just before it is FIG. 5-46 Problems 47 
lifted (completely) off the and 62. 

floor? 








FIG. 5-45 Problem 46. 


°e48 In earlier days, horses pulled barges down canals in the 
manner shown in Fig. 5-47. Suppose the horse pulls on 


the rope with a force of 7900 N at an angle of 6 = 18° to the 
direction of motion of the barge, which is headed straight 
along the positive direction of an x axis. The mass of the barge 
is 9500 kg, and the magnitude of its acceleration is 0.12 m/s’. 
What are the (a) magnitude and (b) direction (relative to posi- 
tive x) of the force on the barge from the water? 





FIG. 5-47 Problem 48. 


°e49 The Zacchini family was renowned for their human- 
cannonball act in which a family member was shot from a 
cannon using either elastic bands or compressed air. In one 
version of the act, Emanuel Zacchini was shot over three 
Ferris wheels to land in a net at the same height as the open 
end of the cannon and at a range of 69 m. He was propelled in- 
side the barrel for 5.2 m and launched at an angle of 53°. If his 
mass was 85 kg and he underwent constant acceleration inside 
the barrel, what was the magnitude of the force propelling 
him? (Hint: Treat the launch as though it were along a ramp at 
53°. Neglect air drag.) =e 


ee50 Figure 5-48 shows four penguins that are being play- 
fully pulled along very slippery (frictionless) ice by a curator. 
The masses of three penguins and the tension in two of the 
cords are m, = 12 kg, m; = 15 kg, m, = 20 kg, TJ, = 111N, 
and T, = 222 N. Find the penguin mass m, that is not given. 





FIG. 5-48 Problem 50. 


e¢51 In Fig. 5-49, three connected blocks are pulled to 
the right on a horizontal frictionless table by a force of 
magnitude 73 = 65.0 N. If m, = 12.0 kg, m, = 24.0 kg, and 
mz = 31.0 kg, calculate (a) the magnitude of the system’s 
acceleration, (b) the tension 7, and (c) the tension 75. 





FIG. 5-49 Problem 51. 


ee52 In Fig. 5-50a,a constant horizontal force FE, is applied to 
block A, which pushes against block B with a 20.0 N force di- 
rected horizontally to the right. In Fig. 5-50b, the same force FE 
is applied to block B; now block A pushes on block B with a 





FIG. 5-50 Problem 52. 
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10.0 N force directed horizontally to the left. The blocks have 
a combined mass of 12.0 kg. What are the magnitudes of (a) 
their acceleration in Fig. 5-50a and (b) force F,? 


¢®53 Two blocks are in contact on m 
a frictionless table. A horizontal 
force is applied to the larger block, 
as shown in Fig. 5-51. (a) If m, = 2.3 
kg, m, = 1.2 kg, and F = 3.2.N, find 
the magnitude of the force between F1G.5-51 Problem 53. 
the two blocks. (b) Show that if a 

force of the same magnitude F is applied to the smaller block 
but in the opposite direction, the magnitude of the force be- 
tween the blocks is 2.1 N, which is not the same value calcu- 
lated in (a). (c) Explain the difference. ssm ILw www 





e@54 In Fig. 5-52, three ballot boxes are connected by cords, one 
of which wraps over a pulley having negligible friction on its axle 
and negligible mass. The three masses are m, = 30.0 kg, 
Mg = 40.0 kg, and mc = 10.0 kg. 
When the assembly is released 
from rest, (a) what is the tension 
in the cord connecting B and C, 
and (b) how far does A move in 
the first 0.250 s (assuming it does 


FIG. 5-52 Problem 54. 
not reach the pulley)? 


e@55 Figure 5-53 shows two blocks 
connected by a cord (of negligible 
mass) that passes over a frictionless 
pulley (also of negligible mass). The 
arrangement is known as Atwood’s 
machine. One block has mass m, = 1.30 
kg; the other has mass m, = 2.80 kg. 
What are (a) the magnitude of the 
blocks’ acceleration and (b) the tension 
inthe cord? 





e°56 In shot putting, many athletes pig 553 problems 
elect to launch the shot at an angle that is Be Gs 
smaller than the theoretical one (about 

42°) at which the distance of a projected ball at the same speed 
and height is greatest. One reason has to do with the speed the 
athlete can give the shot during the acceleration phase of the 
throw. Assume that a 7.260 kg shot is accelerated along a straight 
path of length 1.650 m by a constant applied force of magnitude 
380.0 N, starting with an initial speed of 2.500 m/s (due to the ath- 
lete’s preliminary motion). What 
is the shot’s speed at the end of 
the acceleration phase if the an- 
gle between the path and the 
horizontal is (a) 30.00° and (b) 
42.00°? (Hint: Treat the motion 
as though it were along a ramp 
at the given angle.) (c) By 
what percent is the launch 
speed decreased if the athlete 
increases the angle from 
30.00° to 42.00°? ae 


ee@57 A 10kg monkey climbs 
up a massless rope that runs 
over a frictionless tree limb 
and back down to a 15 kg pack- 
age on the ground (Fig. 5-54). 





FIG. 5-54 Problem 57. 





(a) What is the magnitude of the least acceleration the mon- 
key must have if it is to lift the package off the ground? If, af- 
ter the package has been lifted, the monkey stops its climb and 
holds onto the rope, what are the (b) magnitude and (c) direc- 
tion of the monkey’s acceleration and (d) the tension in the 
rope? SSM 


©®58 An 85 kg man lowers himself to the ground from a 
height of 10.0 m by holding onto a rope that runs over a fric- 
tionless pulley to a 65 kg sandbag. With what speed does the 
man hit the ground if he started from rest? 


©@59 A block of mass m, = 
3.70 kg on a frictionless plane 
inclined at angle 6 = 30.0° is 
connected by a cord over a 
massless, frictionless pulley to a 
second block of mass m, = 2.30 
kg (Fig. 5-55). What are (a) the 
magnitude of the acceleration 
of each block, (b) the direction of the acceleration of the hang- 
ing block, and (c) the tension in the cord? iLw 


°®60 Figure 5-56 shows a 
man sitting in a bosun’s chair 
that dangles from a massless 
rope, which runs over a mass- 
less, frictionless pulley and back 
down to the man’s hand. The 
combined mass of man and 
chair is 95.0 kg. With what force 
magnitude must the man pull 
on the rope if he is to rise 
(a) with a constant velocity and 
(b) with an upward accelera- 
tion of 1.30 m/s”? (Hint: A free- 
body diagram can really help.) 

If the rope on the right ex- 
tends to the ground and is 
pulled by a co-worker, with what force magnitude must the co- 
worker pull for the man to rise (c) with a constant velocity and 
(d) with an upward acceleration of 1.30 m/s*? What is the mag- 
nitude of the force on the ceiling from the pulley system in (e) 
part a, (f) part b, (g) part c, and (h) part d? 





FIG. 5-55 Problem 59. 





FIG. 5-56 Problem 60. 


e671 A hot-air balloon of mass M is descending vertically with 
downward acceleration of magnitude a. How much mass (ballast) 
must be thrown out to give the balloon an upward acceleration of 
magnitude a? Assume that the upward force from the air (the lift) 
does not change because of the decrease in mass. ssm ILw 


ee62 Figure 5-46 shows a 5.00 kg block being pulled along a 
frictionless floor by a cord that applies a force of constant 
magnitude 20.0 N but with an angle 6(t) that varies with time. 
When angle @ = 25.0°, at what rate is the block’s accelera- 
tion changing if (a) 6(t) = (2.00 X 107? deg/s)t and (b) A(t) = 
—(2.00 x 10~? deg/s)t? (Hint: Switch to radians.) 


eee63 Figure 5-53 shows Atwood’s machine, in which two 
containers are connected by a cord (of negligible mass) pass- 
ing over a frictionless pulley (also of negligible mass). At time 
t = 0, container 1 has mass 1.30 kg and container 2 has mass 2.80 
kg, but container 1 is losing mass (through a leak) at the con- 
stant rate of 0.200 kg/s. At what rate is the acceleration magni- 
tude of the containers changing at (a) ¢t = 0 and (b) t = 3.00s? 
(c) When does the acceleration reach its maximum value? 


eee64 A shot putter launches a 7.260 kg shot by pushing it 
along a straight line of length 1.650 m and at an angle of 34.10° 
from the horizontal, accelerating the shot to the launch speed 
from its initial speed of 2.500 m/s (which is due to the athlete’s 
preliminary motion). The shot leaves the hand at a height of 
2.110 m and at an angle of 34.10°, and it lands at a horizontal 
distance of 15.90 m. What is the magnitude of the athlete’s av- 
erage force on the shot during the acceleration phase? (Hint: 
Treat the motion during the acceleration phase as though it 
were along a ramp at the given angle.) 


eee65 Figure 5-57 shows 
three blocks attached by cords 
that loop over frictionless pul- 
leys. Block B lies on a friction- 
less table; the masses are m, = 
6.00 kg, mg = 8.00 kg, and mc = 
10.0 kg. When the blocks are re- 
leased, what is the tension in the 
cord at the right? 


FIG. 5-57 Problem 65. 


eee66 Figure 5-58 shows a box of mass m, = 1.0 kg on a fric- 
tionless plane inclined at angle 6 = 30°. It is connected by a 
cord of negligible 
mass to a box of 
mass m, = 3.0 kg 
on a_ horizontal 
frictionless — sur- 
face. The pulley is 
frictionless and 
massless. (a) If 
the magnitude of 
horizontal force F is 2.3 N, what is the tension in the connect- 
ing cord? (b) What is the largest value the magnitude of F 
may have without the cord becoming slack? 


FIG. 5-58 Problem 66. 


e2e67 Figure 5-59 gives, as a function of time ¢, the force 
component fF, that 
acts on a 3.00 kg ice 
block that can move 
only along the x axis. 
At t= 0, the block is 
moving in the positive 
direction of the axis, 
with a speed of 3.0 m/s. 
What are its (a) speed -4 
and (b) direction of 
travel att = 11s? 





FIG. 5-59 Problem 67. 


eee68 Figure 5-60 shows a 
section of a cable-car system. 
The maximum permissible mass 
of each car with occupants is 
2800 kg. The cars, riding on a 
support cable, are pulled by a 
second cable attached to the 
Support tower on each car. 
Assume that the cables are taut 
and inclined at angle @ = 35°. 
What is the difference in ten- 
sion between adjacent sections 
of pull cable if the cars are at 
the maximum permissible mass 
and are being accelerated up 
the incline at 0.81 m/s’? 


FIG. 5-60 Problem 68. 











Additional Problems 


69 Blowing off units. Throughout your physics course, your 
instructor will expect you to be careful with units in your 
calculations. Yet some students tend to neglect them and just 
trust that they always work out properly. Maybe this real- 
world example will keep you from such a sloppy habit. 

On July 23, 1983, Air Canada Flight 143 was being readied 
for its long trip from Montreal to Edmonton when the flight 
crew asked the ground crew to determine how much fuel was 
already on board. The flight crew knew they needed to begin 
the trip with 22 300 kg of fuel. They knew that amount in kilo- 
grams because Canada had recently switched to the metric 
system; previously fuel had been measured in pounds. The 
eround crew could measure the onboard fuel only in liters, 
which they reported as 7682 L. Thus, to determine how much 
fuel was on board and how much additional fuel was needed, 
the flight crew asked the ground crew for the conversion factor 
from liters to kilograms of fuel. The response was 1.77, which 
the flight crew used (1.77 kg corresponds to 1 L). (a) How 
many kilograms of fuel did the flight crew think they had? (In 
this problem, take all given data as being exact.) (b) How 
many liters did they ask to be added? 

Unfortunately, the response from the ground crew was 
based on pre-metric habits—1.77 was the conversion factor 
not from liters to kilograms but rather from liters to pounds of 
fuel (1.77 lb corresponds to 1 L). (c) How many kilograms of 
fuel were actually on board? (Except for the given 1.77, use 
four significant figures for other conversion factors.) (d) How 
many liters of additional fuel were actually needed? (ec) When 
the airplane left Montreal, what percentage of the required 
fuel did it have? 

En route to Edmonton, at an altitude of 7.9 km, the air- 
plane ran out of fuel and began to fall. Although the airplane 
had no power, the pilot managed to put it into a downward 
glide. Because the nearest working airport was too far to reach 
by gliding only, the pilot angled the glide toward an old, non- 
working airport. 

Unfortunately, the runway at that airport had been 
converted to a track for race cars, and a steel barrier had been 
constructed across it. Fortunately, as the airplane hit the run- 
way, the front landing gear collapsed, dropping the nose of the 
airplane onto the runway. The skidding slowed the airplane so 
that it stopped just short of the steel barrier, with stunned race 
drivers and fans looking on. All on board the airplane 
emerged safely. The point here is this: Take care of the units. 


70 The only two forces acting on a body have magnitudes of 
20 N and 35 N and directions that differ by 80°. The resulting 
acceleration has a magnitude of 20 m/s’. What is the mass of 
the body? 


71 Figure 5-61 is an overhead 
view of a 12 kg tire that is to be 
pulled by three horizontal 
ropes. One rope’s force (F; = 
50 N) is indicated. The forces 
from the other ropes are to be 
oriented such that the tire’s ac- 
celeration magnitude a is least. 
What is that least a if (a) F, = 30 N, F; = 20 N; (b) F, = 30N, 
F; = 10 N;and (c) F, = F; = 30 N? 


72 A block of mass M is pulled along a horizontal friction- 
less surface by a rope of mass m, as shown in Fig. 5-62. A hori- 








FIG. 5-61 Problem 71. 
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zontal force F acts on one end 
of the rope. (a) Show that the 
rope must sag, even if only by an 
imperceptible amount. Then, as- 
suming that the sag is negligible, 
find (b) the acceleration of rope 
and block, (c) the force on the block from the rope, and (d) 
the tension in the rope at its midpoint. 


73 A worker drags a crate across a factory floor by pulling 
on a rope tied to the crate. The worker exerts a force of magni- 
tude F = 450 N on the rope, which is inclined at an upward 
angle 6 = 38° to the horizontal, and the floor exerts a horizon- 
tal force of magnitude f= 125 N that opposes the motion. 
Calculate the magnitude of the acceleration of the crate if 
(a) its mass is 310 kg and (b) its weight is 310 N. ssm 


74 ‘Three forces act on a particle that moves with unchang- 
ing velocity Vv = (2m/s)i— (7m/s)j. Two of the forces 
are F, = (2N)i + (3N)j + (-2N)k and Fy = (—5N)i + 
(8 N)j + (—2 N)k. What is the third force? 


73 A 52 kg circus performer is to slide down a rope that will 
break if the tension exceeds 425 N. (a) What happens if the 
performer hangs stationary on the rope? (b) At what magni- 
tude of acceleration does the performer just avoid breaking 
the rope? 


76 An 80 kg man drops to a concrete patio from a window 
0.50 m above the patio. He neglects to bend his knees on land- 
ing, taking 2.0 cm to stop. (a) What is his average acceleration 
from when his feet first touch the patio to when he stops? (b) 
What is the magnitude of the average stopping force exerted 
on him by the patio? <3 

77 In Fig. 5-63, 4.0 kg block A and 6.0 kg block B are con- 
nected by a string of negligible mass. Force F, = (12 N)i acts 


on block A; force F; = (24N)i acts on block B. What is the 
tension in the string? 





FIG. 5-63 Proble 


78 In the overhead view of y 
Fig. 5-64, five forces pull on a 
box of mass m = 4.0 kg. The 
force magnitudes are F, = 11 
N, Fy =17N, F; =3.0N, Fy = 
14 .N, and F; = 5.0 N, and angle 
@, is 30°. Find the box’s acceler- 
ation (a) in unit-vector nota- 
tion and as (b) a magnitude and 
(c) an angle relative to the posi- 
tive direction of the x axis. 





FIG. 5-64 Problem 78. 


79 <A certain force gives an object of mass m, an accelera- 
tion of 12.0 m/s? and an object of mass m, an acceleration of 
3.30 m/s’. What acceleration would the force give to an object 
of mass (a) m, — m, and (b)m, + m,? SSM 


80 Imagine a landing craft approaching the surface of 
Callisto, one of Jupiter’s moons. If the engine provides an 
upward force (thrust) of 3260 N, the craft descends at constant 





FIG. 5-62 Problem 72. 


speed; if the engine provides only 2200 N, the craft accelerates 
downward at 0.39 m/s’. (a) What is the weight of the landing 
craft in the vicinity of Callisto’s surface? (b) What is the mass 
of the craft? (c) What is the magnitude of the free-fall acceler- 
ation near the surface of Callisto? 


81 An object is hung from a spring balance attached to the 
ceiling of an elevator cab. The balance reads 65 N when the 
cab is standing still. What is the reading when the cab is mov- 
ing upward (a) with a constant speed of 7.6 m/s and (b) with a 
speed of 7.6 m/s while decelerating at a rate of 2.4 m/s? 


82 In Fig. 5-65, a force F of magnitude 12 N is applied to 
a FedEx box of mass m, = 1.0 
kg. The force 1s directed up a 
plane tilted by 6 = 37°. The 
box is connected by a cord to 
a UPS box of mass m, = 3.0 kg 
on the floor. The floor, plane, 
and pulley are frictionless, and 
the masses of the pulley and 
cord are negligible. What is the tension in the cord? 





FIG. 5-65 Problem 82. 


83 A certain particle has a weight of 22 N at a point where 
g = 9.8 m/s’. What are its (a) weight and (b) mass at a point 
where g = 4.9 m/s*? What are its (c) weight and (d) mass if it 
is moved to a point in space where g = 0? 


84 Compute the weight of a 75 kg space ranger (a) on 
Earth, (b) on Mars, where g = 3.7 m/s’, and (c) in interplane- 
tary space, where g = 0. (d) What is the ranger’s mass at each 
location? 


85 A 1400 kg jet engine is fastened to the fuselage of a 
passenger jet by just three bolts (this is the usual practice). 
Assume that each bolt supports one-third of the load. 
(a) Calculate the force on each bolt as the plane waits in line 
for clearance to take off. (b) During flight, the plane encoun- 
ters turbulence, which suddenly imparts an upward vertical 
acceleration of 2.6 m/s” to the plane. Calculate the force on 
each bolt now. 


86 An 80 kg person is parachuting and experiencing a 
downward acceleration of 2.5 m/s’. The mass of the parachute 
is 5.0 kg. (a) What is the upward force on the open parachute 
from the air? (b) What is the downward force on the para- 
chute from the person? 


87 Suppose that in Fig. 5-13, the masses of the blocks are 2.0 
kg and 4.0 kg. (a) Which mass should the hanging block have 
if the magnitude of the acceleration is to be as large as possi- 
ble? What then are (b) the magnitude of the acceleration and 
(c) the tension in the cord? 


88 You pull a short refrigerator with a constant force F 
across a greased (frictionless) floor, either with F horizontal 
(case 1) or with F tilted upward at an angle @ (case 2). 
(a) What is the ratio of the refrigerator’s speed in case 2 to its 
speed in case 1 if you pull for a certain time ft? (b) What is this 
ratio if you pull for a certain distance d? 


89 A spaceship lifts off vertically from the Moon, where g = 
1.6 m/s’. If the ship has an upward acceleration of 1.0 m/s’ as it 
lifts off, what is the magnitude of the force exerted by the ship 
on its pilot, who weighs 735 N on Earth? 


90 Compute the initial upward acceleration of a rocket of 
mass 1.3 X 10* kg if the initial upward force produced by its 


engine (the thrust) is 2.6 X 10° N. Do not neglect the gravita- 
tional force on the rocket. 


91 Figure 5-66a shows a mobile hanging from a ceiling; it 
consists of two metal 
pieces (m,=3.5kg 
and m, = 4.5 kg) that 
are strung together by 
cords of negligible 
mass. What is_ the 
tension in (a) the bot- 
tom cord and (b) the 
top cord? Figure 5-66b 
shows a mobile con- 
sisting of three metal 
pieces. Two of the 
masses are m3 = 4.8 kg and m; = 5.5 kg. The tension in the 
top cord is 199 N. What is the tension in (c) the lowest cord 
and (d) the middle cord? SSM 


92 If the 1 kg standard body is accelerated by only F, = 

(3.0N)i 4 + (4.0N)} and F, = (-2.0N)i + (-6.0N)j, then 
what is F,,, (a) in unit-vector notation and as (b) a magnitude 
and (c) an angle relative to the positive x direction? What are 
the (d) magnitude and (e) angle of @? 


FIG. 5-66 Problem 91. 


93 A nucleus that captures a stray neutron must bring the neu- 
tron to a stop within the diameter of the nucleus by means of the 
strong force. That force, which “glues” the nucleus together, is ap- 
proximately zero outside the nucleus. Suppose that a stray neutron 
with an initial speed of 1.4 X 10’ m/s is just barely captured by a 
nucleus with diameter d = 1.0 X 10°“ m. Assuming the strong 
force on the neutron is constant, find the magnitude of that force. 
The neutron’s mass is 1.67 X 10°’ kg. 


94 A 15000 kg helicopter lifts a 4500 kg truck with an 
upward acceleration of 1.4 m/s’. Calculate (a) the net upward 
force on the helicopter blades from the air and (b) the tension 
in the cable between helicopter and truck. 


95 A motorcycle and 60.0 kg rider accelerate at 3.0 m/s* up 
a ramp inclined 10° above the horizontal. What are the magni- 
tudes of (a) the net force on the rider and (b) the force on the 
rider from the motorcycle? SSM 


96 An interstellar ship has a mass of 1.20 X 10° kg and is ini- 
tially at rest relative to a star system. (a) What constant 
acceleration is needed to bring the ship up to a speed of 0.10c 
(where c is the speed of light, 3.0 x 10° m/s) relative to the star 
system in 3.0 days? (b) What is that acceleration in g units? (c) 
What force is required for the acceleration? (d) If the engines are 
shut down when 0.10c is reached (the speed then remains con- 
stant), how long does the ship take (start to finish) to journey 5.0 
light-months, the distance that light travels in 5.0 months? 


97 For sport, a 12 kg armadillo runs onto a large pond of 
level, frictionless ice. The armadillo’s initial velocity is 5.0 m/s 
along the positive direction of an x axis. Take its initial posi- 
tion on the ice as being the origin. It slips over the ice while 
being pushed by a wind with a force of 17 N in the positive direc- 
tion of the y axis. In unit-vector notation, what are the animal’s 
(a) velocity and (b) position vector when it has slid for 3.0 s? 


98 A 50 kg passenger rides in an elevator cab that starts 
from rest on the ground floor of a building at t = 0 and rises to 
the top floor during a 10 s interval. The cab’s acceleration as a 
function of the time is shown in Fig. 5-67, where positive val- 





ues of the acceleration mean that it is directed upward. What 
are the (a) magnitude and (b) direction (up or down) of the 
maximum force on the passenger from the floor, the (c) mag- 
nitude and (d) direction of the minimum force on the passen- 
ger from the floor, and the (e) magnitude and (f) direction of 
the maximum force on the floor from the passenger? 


0! (s) 





FIG. 5-67 Problem 98. 


99 Figure 5-68 shows a 
box of dirty money (mass 
m, = 3.0 kg) on a fric- 
tionless plane inclined at 
angle 6, = 30°. The box is 
connected via a cord of 
negligible mass to a box of 
laundered money (mass 

= 2.0 kg) on a friction- 
i plane inclined at angle 6, = 60°. The pulley is frictionless and 
has negligible mass. What is the tension in the cord? SSM 





FIG. 5-68 Problem 99. 


100 Suppose the 1 kg standard body accelerates at 4.00 m/s? 
at 160° from the positive direction of an x axis due to two 
forces; one is F, = (2.50 N)i + (4.60 N)j. What is the other 
force (a) in unit-vector notation and as (b) a magnitude and 
(c) an angle? 


101 In Fig. 5-69, a tin of an- 
tioxidants (m,=1.0kg) on a 
frictionless inclined surface is 
connected to a tin of corned beef 
(m, =2.0 kg). The pulley is 
massless and frictionless. An 
upward force of magnitude F = 
6.0 N acts on the corned beef tin, 
which has a downward accelera- 
tion of 5.5 m/s’. What are (a) the 
tension in the connecting cord 
and (b) angle B? ssM 


102 A rocket and its payload 
have a total mass of 5.0 Xx 
10* kg. How large is the force 
produced by the engine (the thrust) when the rocket is (a) 
“hovering” over the launchpad just after ignition and (b) ac- 
celerating upward at 20 m/s’? 





FIG. 5-69 Problem 101. 


103 A motorcycle of weight 2.0 KN accelerates from 0 to 
88.5 km/h in 6.0 s. What are the magnitudes of (a) the constant 
acceleration and (b) the net force causing the acceleration? 


104 An initially stationary electron (mass = 9.11 x 10°*! kg) 
undergoes a constant acceleration through 1.5 cm, reaching 
6.0 X 10° m/s. What are (a) the magnitude of the force accel- 
erating the electron and (b) the electron’s weight? 





The Great Pyramid, built 


about 4500 years ago, 
consists of about 

2 300 000 stone blocks, 
most with a mass of 2000 
to 3000 kg. How did the 
engineers and workers 
manage to lift the stones 
into place to construct this 
pyramid, which is over 140 
m high? Some researchers 
argue that during the con- 
struction a large team of 
men would pull a block up 
a giant earthen ramp that 
ran at a modest angle up 
one side of the pyramid. 
However, no evidence 
(such as rubble or painted 
pictures) exists to support 
this theory. Other re- 
searchers argue that a spi- 
ral ramp ran around the 
pyramid. However, such a 
ramp would have been 
highly unstable and, be- 
sides, maneuvering a 2000 
kg stone around the 90° 
corners along the ramp 
would have been daunting, 


if not impossible. 
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The answer is in this chapter. 
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6-1 WHAT IS PHYSICS? 





In this chapter we focus on the physics of three common types of force: frictional 
force, drag force, and centripetal force. An engineer preparing a car for the 
Indianapolis 500 must consider all three types. Frictional forces acting on the tires 
are crucial to the car’s acceleration out of the pit and out of a curve (if the car hits 
an oil slick, the friction is lost and so is the car). Drag forces acting on the car 
from the passing air must be minimized or else the car will consume too much 
fuel and have to pit too early (even one 14s pit stop can cost a driver the race). 
Centripetal forces are crucial in the turns (if there is insufficient centripetal force, 
the car slides into the wall). We start our discussion with frictional forces. 


6-2 | Friction 


Frictional forces are unavoidable in our daily lives. If we were not able to coun- 
teract them, they would stop every moving object and bring to a halt every 
rotating shaft. About 20% of the gasoline used in an automobile is needed to 
counteract friction in the engine and in the drive train. On the other hand, if fric- 
tion were totally absent, we could not get an automobile to go anywhere, and we 
could not walk or ride a bicycle. We could not hold a pencil, and, if we could, it 
would not write. Nails and screws would be useless, woven cloth would fall apart, 
and knots would untie. 

Here we deal with the frictional forces that exist between dry solid surfaces, 
either stationary relative to each other or moving across each other at slow 
speeds. Consider three simple thought experiments: 


1. Send a book sliding across a long horizontal counter. As expected, the book 
slows and then stops. This means the book must have an acceleration parallel 
to the counter surface, in the direction opposite the book’s velocity. From 
Newton’s second law, then, a force must act on the book parallel to the counter 
surface, in the direction opposite its velocity. That force is a frictional force. 


2. Push horizontally on the book to make it travel at constant velocity along the 
counter. Can the force from you be the only horizontal force on the book? 
No, because then the book would accelerate. From Newton’s second law, there 
must be a second force, directed opposite your force but with the same magni- 
tude, so that the two forces balance. That second force is a frictional force, 
directed parallel to the counter. 


3. Push horizontally on a heavy crate. The crate does not move. From Newton’s 
second law, a second force must also be acting on the crate to counteract your 
force. Moreover, this second force must be directed opposite your force and 
have the same magnitude as your force, so that the two forces balance. That 
second force is a frictional force. Push even harder. The crate still does not 
move. Apparently the frictional force can change in magnitude so that the two 
forces still balance. Now push with all your strength. The crate begins to slide. 
Evidently, there is a maximum magnitude of the frictional force. When you 
exceed that maximum magnitude, the crate slides. 


Figure 6-1 shows a similar situation. In Fig. 6-1a, a block rests on a tabletop, 
with the gravitational force F, balanced by a normal force F v- In Fig. 6-15, you 
exert a force ie on the block, i to pull it to the left. In response, a fric- 
tional force fii is directed to the right, exactly balancing your force. The force ie 
is called the static frictional force. The block does not move. 

Figures 6-1c and 6-1d show that as you increase the - magnitude of your 
applied force, the magnitude of the static frictional force a also increases and 
the block remains at rest. When the applied force reaches a certain magnitude, 
however, the block “breaks away” from its intimate contact with the tabletop and 
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FIG. 6-1 (a) The forces on a stationary 
block. (b—d) An external force F, ap- 
plied to the block, is balanced by a sta- 
tic frictional force ee As Fis increased, 
f, also increases, until f, reaches a cer- 
tain maximum value. (e) The block 
then “breaks away,” accelerating 
suddenly in the direction of F.( f) If 
the block is now to move with constant 
velocity, f must be reduced from the 
maximum value it had just before the 
block broke away. (g) Some experi- 
mental results for the sequence (a) 
through (f). 
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FiG. 6-2. The mechanism of sliding 
friction. (a) The upper surface is slid- 
ing to the right over the lower sur- 
face in this enlarged view. (b) A de- 
tail, showing two spots where 
cold-welding has occurred. Force is 
required to break the welds and 
maintain the motion. 


accelerates leftward (Fig. 6-1e). The frictional force that then opposes the motion 
is called the kinetic frictional force fee 

Usually, the magnitude of the kinetic frictional force, which acts when there 
is motion, is less than the maximum magnitude of the static frictional force, which 
acts when there is no motion. Thus, if you wish the block to move across the sur- 
face with a constant speed, you must usually decrease the magnitude of the 
applied force once the block begins to move, as in Fig. 6-1f. As an example, 
Fig. 6-1g shows the results of an experiment in which the force on a block was 
slowly increased until breakaway occurred. Note the reduced force needed to 
keep the block moving at constant speed after breakaway. 

A frictional force is, in essence, the vector sum of many forces acting between 
the surface atoms of one body and those of another body. If two highly polished 
and carefully cleaned metal surfaces are brought together in a very good vacuum 
(to keep them clean), they cannot be made to slide over each other. Because the 
surfaces are so smooth, many atoms of one surface contact many atoms of the 
other surface, and the surfaces cold-weld together instantly, forming a single piece 
of metal. If a machinist’s specially polished gage blocks are brought together in 
air, there is less atom-to-atom contact, but the blocks stick firmly to each other and 
can be separated only by means of a wrenching motion. Usually, however, this 
much atom-to-atom contact is not possible. Even a highly polished metal surface 
is far from being flat on the atomic scale. Moreover, the surfaces of everyday ob- 
jects have layers of oxides and other contaminants that reduce cold-welding. 

When two ordinary surfaces are placed together, only the high points touch 
each other. (It is like having the Alps of Switzerland turned over and placed down 
on the Alps of Austria.) The actual microscopic area of contact is much less than 
the apparent macroscopic contact area, perhaps by a factor of 10*. Nonetheless, 
many contact points do cold-weld together. These welds produce static friction 
when an applied force attempts to slide the surfaces relative to each other. 

If the applied force is great enough to pull one surface across the other, there 
is first a tearing of welds (at breakaway) and then a continuous re-forming and 
tearing of welds as movement occurs and chance contacts are made (Fig. 6-2). 
The kinetic frictional force ie that opposes the motion is the vector sum of the 
forces at those many chance contacts. 

If the two surfaces are pressed together harder, many more points cold-weld. 
Now getting the surfaces to slide relative to each other requires a greater applied 
force: The static frictional force re has a greater maximum value. Once the sur- 
faces are sliding, there are many more points of momentary cold-welding, so the 
kinetic frictional force a also has a greater magnitude. 

Often, the sliding motion of one surface over another is “jerky” because the 
two surfaces alternately stick together and then slip. Such repetitive stick-and-slip 
can produce squeaking or squealing, as when tires skid on dry pavement, 
fingernails scratch along a chalkboard, or a rusty hinge is opened. It can also produce 
beautiful sounds, as when a bow 1s drawn properly across a violin string. es 


6-3 | Properties of Friction 


Experiment shows that when a dry and unlubricated body presses against a sur- 
face in the same condition and a force F attempts to slide the body along the sur- 
face, the resulting frictional force has three properties: 


Property 1. If the body does not move, then the static frictional force ip and 
the component of F that is parallel to the surface balance each other. They 
are equal in magnitude, and f, is directed opposite that component of F. 


Property 2. The magnitude of i has a maximum value f, ..., that is given by 


cane a EN, (6-1) 
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where p, is the coefficient of static friction and Fy is the magnitude of the 
normal force on the body from the surface. If the magnitude of the compo- 
nent of F that is parallel to the surface exceeds f; max, then the body begins to 
slide along the surface. 


Property 3. If the body begins to slide along the surface, the magnitude of the 
frictional force rapidly decreases to a value f;, given by 


tie as bln; (6-2) 


where p, is the coefficient of kinetic friction. Thereafter, during the sliding, 
a kinetic frictional force ie with magnitude given by Eq. 6-2 opposes the 
motion. 


The magnitude Fy of the normal force appears in properties 2 and 3 as a 
measure of how firmly the body presses against the surface. If the body presses 
harder, then, by Newton’s third law, Fy is greater. Properties 1 and 2 are worded 
in terms of a single applied force F, but they also hold for the net force of several 
applied forces acting on the body. Equations 6-1 and 6-2 are not vector equations; 
the direction of i or i is always parallel to the surface and opposed to the at- 
tempted sliding, and the normal force Fy is perpendicular to the surface. 

The coefficients , and py, are dimensionless and must be determined experi- 
mentally. Their values depend on certain properties of both the body and the 
surface; hence, they are usually referred to with the preposition “between,” as in 
“the value of uw, between an egg and a Teflon-coated skillet is 0.04, but that 
between rock-climbing shoes and rock is as much as 1.2.” We assume that 
the value of x, does not depend on the speed at which the body slides along the 
surface. 


CHECKPOINT 1 A block lies on a floor. (a) What is the magnitude of the 
frictional force on it from the floor? (b) If a horizontal force of 5 N is now applied to 
the block, but the block does not move, what is the magnitude of the frictional force on 
it? (c) If the maximum value f, na, Of the static frictional force on the block is 10 N, will 
the block move if the magnitude of the horizontally applied force is 8 N? (d) If it is 12 
N? (e) What is the magnitude of the frictional force in part (c)? 


Sample Problem cy 


If a car’s wheels are “locked” (kept from rolling) during 





: : Vo v=0 
emergency braking, the car slides along the road. | ae > a 
Ripped-off bits of tire and small melted sections of road = —* => Se be 
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form the “skid marks” that reveal that cold-welding 
occurred during the slide. The record for the longest 
skid marks on a public road was reportedly set in 1960 (a) 
by a Jaguar on the M1 highway in England (Fig. 6-3a) — 
the marks were 290 m long! Assuming that p, = 0.60 
and the car’s acceleration was constant during the brak- 
ing, how fast was the car going when the wheels became 


locked? ne 


eto (1) Because the acceleration a is assumed 


constant, we can use the constant-acceleration equa- 


290 m 


FIG. 6-3 (a) Acar sliding to the right and finally stopping after 
a displacement of 290 m. (b) A free-body diagram for the car. 
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tions of Table 2-1 to find the car’s initial speed vo. (2) If 
we neglect the effects of the air on the car, acceleration 
a was due only to a kinetic frictional force f, on the car 
from the road, directed opposite the direction of the 
car’s motion, assumed to be in the positive direction of 
an x axis (Fig. 6-35). We can relate this force to the 
acceleration by writing Newton’s second law for x 
components (Fe, = ma,) as 


cae — ma, (6-3) 


where m is the car’s mass. The minus sign indicates the 
direction of the kinetic frictional force. 


Calculations: From Eq. 6-2, the frictional force has the 
magnitude f, = p,Fy, where Fy is the magnitude of the 
normal force on the car from the road. Because the car 
is not accelerating vertically, we know from Fig. 6-3b 
and Newton’s second law that the magnitude of Fy is 
equal to the magnitude of the gravitational force F, 
on the car, which is mg. Thus, Fy = meg. 


Now solving Eq. 6-3 for a and substituting f, = 
by = pymg for fi, yield 
fr MINS 
=—--t=— =— 6-4 
a m m MK&> ( ) 
where the minus sign indicates that the acceleration is 


in the negative direction of the x axis, opposite the 
direction of the velocity. Next, let’s use Eq. 2-16, 


v* = vg + 2a(x — Xo), 
from the constant-acceleration equations of Chapter 2. 
We know that the displacement x — x) was 290 m and 


assume that the final speed v was 0. Substituting for a 
from Eq. 6-4 and solving for vo give 


Vo = V2uxe(x — Xo) = V(2)(0.60)(9.8 m/s?)(290 m) 
= 58 m/s = 210 km/h. (Answer) 
We assumed that v = 0 at the far end of the skid marks. 


Actually, the marks ended only because the Jaguar left 
the road after 290 m. So vp was at least 210 km/h. 


Sample Problem 7 


In Fig. 6-4a, a block of mass m = 3.0 kg slides along a 
floor while a force F of magnitude 12.0 N is applied to it 
at an upward angle @. The coefficient of kinetic friction 
between the block and the floor is p, = 0.40. We can 
vary 6 from 0 to 90° (the block remains on the floor). 
What 6 gives the maximum value of the block’s acceler- 
ation magnitude a? 





iatiuemitee! Because the block is moving, a kinetic fric- 
tional force acts on it. The magnitude is given by Eq. 6-2 
(f, = Fy, where Fy is the normal force). The direction 
is opposite the motion (the friction opposes the sliding). 


Calculating Fy; Because we need the magnitude f, of 
the frictional force, we first must calculate the magni- 
tude Fy of the normal force. Figure 6-45 is a free-body 
diagram showing the forces along the vertical y axis. The 





(d) 

FIG. 6-4 (a) A force is applied to a moving block. (b) The ver- 
tical forces. (c) The components of the applied force. (d) The 
horizontal forces and acceleration. 


normal force is upward, the gravitational force FE with 
magnitude mg is downward, and (note) the vertical 
component F', of the applied force is upward. That 
component is shown in Fig. 6-4c, where we can see that 
F, = Fsin 6. We can write Newton’s second law (Fe 7 
ma) for those forces along the y axis as 


Fy + Fsin 6—-— mg = m(0), (6-5) 


where we substituted zero for the acceleration along the 
y axis (the block does not even move along that axis). 
Thus, 

Fy = mg — Fsin 6. (6-6) 


Calculating acceleration a: Figure 6-4d is a free-body 
diagram for motion along the x axis. The horizontal 
component F, of the applied force is rightward; from 
Fig. 6-4c, we see that F, = F cos @. The frictional force 
has magnitude f, (= u,Fy) and is leftward. Writing 
Newton’s second law for motion along the x axis gives 
us 

Fcos 0 — p,Fy = ma. (6-7) 


Substituting for Fy from Eq. 6-6 and solving for a lead to 
PF PF 

a = —— cos 0 — ai{g = Sil a) (6-8) 
m m 


Finding a maximum: To find the value of @ that maxi- 
mizes a, we take the derivative of a with respect to 0 and 
set the result equal to zero: 


da 


te lg 
——= = ——— sin 0 + p,— cos 0 = 0. 
dé m m 


Rearranging and using the identity (sin 0)/(cos 6) = 
tan 0 give us 


tan 6 = py. 


Solving for 6 and substituting the given pu, = 0.40, we 
find that the acceleration will be maximum if 


g= tan! Px 


= 21.8° = 22°. (Answer) 
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Comment: As we increase @ from 0, more of the 
applied force F is upward, relieving the normal force. 
The decrease in the normal force causes a decrease in 
the frictional force, which opposes the block’s motion. 
Thus, the block’s acceleration tends to increase. How- 
ever, the increase in @ also decreases the horizontal 
component of F, and so the block’s acceleration tends 
to decrease. These opposing tendencies produce a maxi- 
mum acceleration at 9 = 22°. 


Sample Problem Loe 


Although many ingenious schemes have been attrib- 
uted to the building of the Great Pyramid, the stone 
blocks were probably hauled up the side of the pyramid 
by men pulling on ropes. Figure 6-5a represents a 2000 
kg stone block in the process of being pulled up the fin- 
ished (smooth) side of the Great Pyramid, which forms 
a plane inclined at angle 6 = 52°. The block is secured 
to a wood sled and is pulled by multiple ropes (only one 
is shown). The sled’s track is lubricated with water to 
decrease the coefficient of static friction to 0.40. Assume 
negligible friction at the (lubricated) point where the 
ropes pass over the edge at the top of the side. If each 
man on top of the pyramid pulls with a (reasonable) 
force of 686 N, how many men are needed to put the 
block on the verge of moving? 





tekideeeteal (1) Because the block is on the verge of 
moving, the static frictional force must be at its maxi- 
mum possible value; that 1s, f; = fomax- (2) Because the 
block is on the verge of moving up the plane, the fric- 
tional force must be down the plane (to oppose the 
pending motion). (3) From Sample Problem 5-5, we 
know that the component of the gravitational force 
down the plane is mg sin 6 and the component perpen- 
dicular to (and inward from) the plane is mg cos 6 
(Fig. 6-5D). 


Calculations: Figure 6-5c is a free-body diagram for the 
block, showing the force F applied by the ropes, the sta- 
tic frictional force fe and the two components of the 
gravitational force. We can write Newton’s second law 
(F net = a) for forces along the x axis as 


F — mg sin 6 — f, = m(0). (6-9) 


Because the block is on the verge of sliding and the fric- 

tional force is at the maximum possible value f, jax, We 

use Eq. 6-1 to replace f, with u.Fy: 
ih = sig 

7 [sEy. (6-10) 


From Figure 6-5c, we see that along the y axis Newton’s 


second law becomes 
Fy — mg cos 6 = m(0). (6-11) 


Solving Eq. 6-11 for Fy and substituting the result into 
Eq. 6-10, we have 


f, = psmg cos 6. 


Substituting this expression into Eq. 6-9 and solving for 
F lead to 


(6-12) 


F = pymg cos 6 + mg sin 0. (6-13) 


Substituting m = 2000 kg, 0 = 52°, and p, = 0.40, we 
find that the force required to put the stone block on 
the verge of moving is 2.027 X 104.N. Dividing this by 
the assumed pulling force of 686 N from each man, we 
find that the required number of men 1s 


_ 2.027 x 104N 


= 295 = 
686 N 9.5 ~ 30 men 


(Answer) 


Comment: Once the stone block began to move, the 
friction was kinetic friction and the coefficient was 
about 0.20. You can show that the required number of 
men was then 26 or 27. Thus, the huge stone blocks of 
the Great Pyramid could be pulled up into position by 
reasonably small teams of men. 





—> 
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é * mg sin JEN cos 0 

(0) (c) 
FIG. 6-5 (a) Astone block on the verge of being pulled up 
the side of the Great Pyramid. (b) The components of the 
gravitational force. (c) A free-body diagram for the block. 





FIG. 6-6 This skier crouches in 

an “egg position” so as to minimize 
her effective cross-sectional area 
and thus minimize the air drag 
acting on her. (Karl-Josef 
Hildenbrand/dpa/Landov LLC) 
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(0) (c) 
FIG. 6-7 The forces that act on 

a body falling through air: (a) the 
body when it has just begun to fall 
and (b) the free-body diagram a 
little later, after a drag force has 
developed. (c) The drag force has 
increased until it balances the 
gravitational force on the body. 
The body now falls at its constant 
terminal speed. 
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6-4 | The Drag Force and Terminal Speed 


A fluid is anything that can flow— generally either a gas or a liquid. When there is 
a relative velocity between a fluid and a body (either because the body moves 
through the fluid or because the fluid moves past the body), the body experiences 
a drag force D that opposes the relative motion and points in the direction in 
which the fluid flows relative to the body. 

Here we examine only cases in which air is the fluid, the body is blunt (like 
a baseball) rather than slender (like a javelin), and the relative motion is fast 
enough so that the air becomes turbulent (breaks up into swirls) behind the body. 
In such cases, the magnitude of the drag force D is related to the relative speed v 
by an experimentally determined drag coefficient C according to 

D = 5CpAv’, (6-14) 
where pis the air density (mass per volume) and A is the effective cross-sectional 
area of the body (the area of a cross section taken perpendicular to the velocity 
Vv). The drag coefficient C (typical values range from 0.4 to 1.0) is not truly a 
constant for a given body because if v varies significantly, the value of C can vary 
as well. Here, we ignore such complications. 

Downhill speed skiers know well that drag depends on A and v’. To reach 
high speeds a skier must reduce D as much as possible by, for example, riding the 
skis in the “egg position” (Fig. 6-6) to minimize A. 

When a blunt body falls from rest through air, the drag force D is directed 
upward; its magnitude gradually increases from zero as the speed of the body 
increases. This upward force D opposes the downward gravitational force F, on 
the body. We can relate these forces to the body’s acceleration by eine 
Newton’s second law for a vertical y axis (Fue = may) as 


DS Ene, (6-15) 


where m is the mass of the body. As suggested in Fig. 6-7, if the body falls long 
enough, D eventually equals F,. From Eq. 6-15, this means that a = 0, and so the 
body’s speed no longer increases. The body then falls at a constant speed, called 
the terminal speed v,. 

To find v,, we set a = 0 in Eq. 6-15 and substitute for D from Eq. 6-14, 
obtaining 





sCpAv? — F, = 0, 
hich gi = a 6-16 
which gives v= Coa (6-16) 


Table 6-1 gives values of v, for some common objects. 

According to calculations* based on Eq. 6-14, a cat must fall about six floors 
to reach terminal speed. Until it does so, F, > D and the cat accelerates down- 
ward because of the net downward force. Recall from Chapter 2 that your body is 
an accelerometer, not a speedometer. Because the cat also senses the accelera- 
tion, it is frightened and Keeps its feet underneath its body, its head tucked 
in, and its spine bent upward, making A small, v, large, and injury likely. 

However, if the cat does reach v, during a longer fall, the acceleration vanishes 
and the cat relaxes somewhat, stretching its legs and neck horizontally outward and 
straightening its spine (it then resembles a flying squirrel). These actions increase 
area A and thus also, by Eq. 6-14, the drag D. The cat begins to slow because now 
D > F, (the net force is upward), until a new, smaller v, is reached. The decrease 


*W. O. Whitney and C. J. Mehlhaff, “High-Rise Syndrome in Cats.” The Journal of the American 
Veterinary Medical Association, 1987. 
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TABLE 6-1 


Some Terminal Speeds in Air 


Object Terminal Speed (m/s) 95% Distance? (m) 

Shot (from shot put) 145 2500 
Sky diver (typical) 60 430 
Baseball 42 210 
Tennis ball i dls 
Basketball 20 47 
Ping-Pong ball 9 10 
Raindrop (radius = 1.5 mm) 7 

Parachutist (typical) 5 3 


“This is the distance through which the body must fall from rest to reach 95% of its terminal speed. 
Source: Adapted from Peter J. Brancazio, Sport Science, 1984, Simon & Schuster, New York. 


in v, reduces the possibility of serious injury on landing. Just before the end of the 
fall, when it sees it is nearing the ground, the cat pulls its legs back beneath its 
body to prepare for the landing. SS 

Humans often fall from great heights for the fun of skydiving. However, in 
April 1987, during a jump, sky diver Gregory Robertson noticed that fellow sky 
diver Debbie Williams had been knocked unconscious in a collision with a third 
sky diver and was unable to open her parachute. Robertson, who was well above 
Williams at the time and who had not yet opened his parachute for the 4km 
plunge, reoriented his body head-down so as to minimize A and maximize his 
downward speed. Reaching an estimated v, of 320 km/h, he caught up with 
Williams and then went into a horizontal “spread eagle” (as in Fig. 6-8) to 
increase D so that he could grab her. He opened her parachute and then, after 
releasing her, his own, a scant 10s before impact. Williams received extensive 
internal injuries due to her lack of control on landing but survived. <a 





FIG. 6-8 Sky divers in a horizontal 
“spread eagle” maximize air drag. 
(Steve Fitchett/Taxi/Getty Images) 


Sample Problem ga 


If a falling cat reaches a first terminal speed of 97 km/h 
while it is tucked in and then stretches out, doubling A, 
how fast is it falling when it reaches a new terminal speed? 


rete The terminal speeds of the cat depend on 


(among other things) the effective cross-sectional areas 
A of the cat, according to Eq. 6-16. Thus, we can use that 


equation to set up a ratio of speeds. We let v,, and v,, 
represent the original and new terminal speeds, and A, 
and A,, the original and new areas. Then by Eq. 6-16, 


Vn _ N2E/CpA, - 4 


Vio oF \2F,/CpA, 
which means that v,, ~ 0.7v,,, or about 68 km/h. 











= V0.5 = 0.7, 


Sample Problem Ea 


A raindrop with radius R = 1.5 mm falls from a cloud 
that is at height h = 1200 m above the ground. The drag 
coefficient C for the drop is 0.60. Assume that the drop 
is spherical throughout its fall. The density of water p,, is 
1000 kg/m?, and the density of air p, is 1.2 kg/m°. 


(a) What is the terminal speed of the drop? 


cory The drop reaches a terminal speed v, when 


the gravitational force on it is balanced by the air drag 
force on it, so its acceleration is zero. We could then 


apply Newton’s second law and the drag force equation 
to find v,, but Eq. 6-16 does all that for us. 


Calculations: To use Eq. 6-16, we need the drop’s effec- 
tive cross-sectional area A and the magnitude F, of the 
gravitational force. Because the drop is spherical, A is 
the area of a circle (77R”) that has the same radius as the 
sphere. To find F,, we use three facts: (1) F, = mg, where 
mis the drop’s mass; (2) the (spherical) drop’s volume is 
V = $aR?; and (3) the density of the water in the drop is 
the mass per volume, or p,, = m/V.Thus, we find 


F, = Vpyg = 37R°p,g. 
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We next substitute this, the expression for A, and the given 
data into Eq. 6-16. Being careful to distinguish between 
the air density p, and the water density p,,, we obtain 


: | 2F, | 87R°p. _ | 8Rpy8 
Y= = cs as 
Cp,A 3Cp,7R? 3Cp, 








(8)(1.5 X 1077 m)(1000 kg/m?)(9.8 m/s?) 
(3)(0.60)(1.2 kg/m?) 
= 7.4m/s ~ 27 km/h. 


(Answer) 


Note that the height of the cloud does not enter into the 
calculation. As Table 6-1 indicates, the raindrop reaches 
terminal speed after falling just a few meters. 


(b) What would be the drop’s speed just before impact 
if there were no drag force? 


cSt With no drag force to reduce the drop’s 


speed during the fall, the drop would fall with the 
constant free-fall acceleration g, so the constant- 
acceleration equations of Table 2-1 apply. 


Calculation: Because we know the acceleration is g, the 
initial velocity vg is 0, and the displacement x — xg is —h, 
we use Eq. 2-16 to find v: 


» = Vagh = ¥(2)(9.8 mis?)(1200 m) 


= 153 m/s ~ 550 km/h. (Answer) 


Had he known this, Shakespeare would scarcely have 
written, “it droppeth as the gentle rain from heaven, 
upon the place beneath.” In fact, the speed is close to 
that of a bullet from a large-caliber handgun! 


6-5 | Uniform Circular Motion 


From Section 4-7, recall that when a body moves in a circle (or a circular arc) at 
constant speed v, it is said to be in uniform circular motion. Also recall that the 
body has a centripetal acceleration (directed toward the center of the circle) of 
constant magnitude given by 


Vv 
a 


= (6-17) 


(centripetal acceleration), 


where & is the radius of the circle. 
Let us examine two examples of uniform circular motion: 


1. Rounding a curve in a car. You are sitting in the center of the rear seat of a car 
moving at a constant high speed along a flat road. When the driver suddenly 
turns left, rounding a corner in a circular arc, you slide across the seat toward 
the right and then jam against the car wall for the rest of the turn. What is 
going on? 

While the car moves in the circular arc, it is in uniform circular motion; 
that is, it has an acceleration that is directed toward the center of the circle. 
By Newton’s second law, a force must cause this acceleration. Moreover, the 
force must also be directed toward the center of the circle. Thus, it is a cen- 
tripetal force, where the adjective indicates the direction. In this example, the 
centripetal force is a frictional force on the tires from the road; it makes the 
turn possible. 

If you are to move in uniform circular motion along with the car, there 
must also be a centripetal force on you. However, apparently the frictional 
force on you from the seat was not great enough to make you go in a circle 
with the car. Thus, the seat slid beneath you, until the right wall of the car 
jammed into you. Then its push on you provided the needed centripetal force 
on you, and you joined the car’s uniform circular motion. 


2. Orbiting Earth. This time you are a passenger in the space shuttle Atlantis. As 
it and you orbit Earth, you float through your cabin. What is going on? 

Both you and the shuttle are in uniform circular motion and have acceler- 
ations directed toward the center of the circle. Again by Newton’s second law, 
centripetal forces must cause these accelerations. This time the centripetal 
forces are gravitational pulls (the pull on you and the pull on the shuttle) ex- 
erted by Earth and directed radially inward, toward the center of Earth. 


In both car and shuttle you are in uniform circular motion, acted on by a cen- 
tripetal force—yet your sensations in the two situations are quite different. In 
the car, jammed up against the wall, you are aware of being compressed by the 
wall. In the orbiting shuttle, however, you are floating around with no sensation 
of any force acting on you. Why this difference? 

The difference is due to the nature of the two centripetal forces. In the car, 
the centripetal force is the push on the part of your body touching the car wall. 
You can sense the compression on that part of your body. In the shuttle, the 
centripetal force is Earth’s gravitational pull on every atom of your body. Thus, 
there is no compression (or pull) on any one part of your body and no sensation 
of a force acting on you. (The sensation is said to be one of “weightlessness,” but 
that description is tricky. The pull on you by Earth has certainly not disappeared 
and, in fact, is only a little less than it would be with you on the ground.) 

Another example of a centripetal force is shown in Fig. 6-9. There a hockey 
puck moves around in a circle at constant speed v while tied to a string looped 
around a central peg. This time the centripetal force is the radially inward pull on 
the puck from the string. Without that force, the puck would slide off in a straight 
line instead of moving in a circle. 

Note again that a centripetal force is not a new kind of force. The name merely 
indicates the direction of the force. It can, in fact, be a frictional force, a gravitational 
force, the force from a car wall or a string, or any other force. For any situation: 
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From Newton’s second law and Eq. 6-17 (a = v?/R), we can write the magnitude 
F of a centripetal force (or a net centripetal force) as 


2 


. 
F=m Be (magnitude of centripetal force). (6-18) 


Because the speed v here is constant, the magnitudes of the acceleration and the 
force are also constant. 

However, the directions of the centripetal acceleration and force are not con- 
stant; they vary continuously so as to always point toward the center of the circle. 
For this reason, the force and acceleration vectors are sometimes drawn along a 
radial axis r that moves with the body and always extends from the center of the 
circle to the body, as in Fig. 6-9. The positive direction of the axis is radially out- 
ward, but the acceleration and force vectors point radially inward. 


CHECKPOINT 2 When you ride in a Ferris wheel at constant speed, what are 
the directions of your acceleration a and the normal force Fy on you (from the always 
upright seat) as you pass through (a) the highest point and (b) the lowest point of the 
ride? 
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FIG. 6-9 An overhead view of a 
hockey puck moving with constant 
speed v in a circular path of radius R 
on a horizontal frictionless surface. 
The centripetal force on the puck is 
ies the pull from the string, directed 
inward along the radial axis r extend- 
ing through the puck. 





Sample Problem Rea 


Igor is a cosmonaut on the International Space Station, Calculation: The radius R of Igor’s motion is Rz + h, 
in a circular orbit around Earth, at an altitude h of where R, is Earth’s radius (6.37 X 10°m, from Ap- 


520 km and with a constant speed v of 7.6 km/s. Igor’s pendix C). Thus, 


mass m is 79 kg. 
= 
(a) What is his acceleration? Hie 


cei Igor is in uniform circular motion and thus = 


has a centripetal acceleration of magnitude given by 
Eq. 6-17 (a = v7/R). 


y2 


R  R,th 


(7.6 X 103 m/s)? 


6.37% VOCE 0525< 10%m 
8.38 m/s* ~ 8.4 m/s’. (Answer) 
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This is the value of the free-fall acceleration at Igor’s 
altitude. If he were lifted to that altitude and released, 
instead of being put into orbit there, he would fall 
toward Earth’s center, starting out with that value for 
his acceleration. The difference in the two situations is 
that when he orbits Earth, he always has a “sideways” 
motion as well: As he falls, he also moves to the side, so 
that he ends up moving along a curved path around 
Earth. 


(b) What force does Earth exert on Igor? 


cSteo (1) There must be a centripetal force on Igor 


if he is to be in uniform circular motion. (2) That force is 


the gravitational force F, on him from Earth, directed to- 
ward his center of rotation (at the center of Earth). 


Calculation: From Newton’s second law, written along 
the radial axis r, this force has the magnitude 


F, = ma = (79 kg)(8.38 m/s’) 


= 662 N = 660 N. (Answer) 


If [gor were to stand on a scale placed on the top of a 
tower of height h = 520 km, the scale would read 660 N. 
In orbit, the scale Gf Igor could “stand” on it) would 
read zero because he and the scale are in free fall 
together, and therefore his feet do not actually press 
against it. 


Sample Problem ea 


In a 1901 circus performance, Allo “Dare Devil” 
Diavolo introduced the stunt of riding a bicycle in a 
loop-the-loop (Fig. 6-10a). Assuming that the loop is a 
circle with radius R = 2.7 m, what is the least speed v 
Diavolo could have at the top of the loop to remain in 
contact with it there? “SS 


csi We can assume that Diavolo and his 


bicycle travel through the top of the loop as a single 
particle in uniform circular motion. Thus, at the top, the 
acceleration d@ of this particle must have the magnitude 
a = v’/R given by Eq. 6-17 and be directed downward, 
toward the center of the circular loop. 


Calculations: The forces on the particle when it is at the 
top of the loop are shown in the free-body diagram of 
Fig 6-105. The gravitational force F, is directed down- 
ward along a y axis; so is the normal force F, 7 on the 
particle from the loop; so also is the centripetal acceler- 
ation of the particle. Thus, Newton’s second law for 
y components (Fret, = may) gives us 


—Fy — FF, = mt—@) 


pe 
and — hy - mg = m= Sl. 


> (6-19) 


If the particle has the least speed v needed to re- 
main in contact, then it is on the verge of losing contact 
with the loop (falling away from the loop), which means 
that Fy = 0 at the top of the loop (the particle and loop 
touch but without any normal force). Substituting 0 for 
Fy in Eq. 6-19, solving for v, and then substituting 
known values give us 


=). m/s; 


V(9.8 m/s”)(2.7 m) 


(Answer) 


Orde Oke ied aS) SUAUIETESS SHOWS UNITED 





y 





Diavolo 
and bicycle 


(6) 


FIG. 6-10 (a) Contemporary advertisement for Diavolo and 
(b) free-body diagram for the performer at the top of the loop. 
(Photograph in part a reproduced with permission of Circus 
World Museum) 


Comments: Diavolo made certain that his speed at the 
top of the loop was greater than 5.1 m/s so that he did 
not lose contact with the loop and fall away from it. 
Note that this speed requirement is independent of the 
mass of Diavolo and his bicycle. Had he feasted on, say, 
pierogies before his performance, he still would have 
had to exceed only 5.1 m/s to maintain contact as he 
passed through the top of the loop. 


6-8 


Even some seasoned roller-coaster riders blanch at the 
thought of riding the Rotor, which is essentially a large, 
hollow cylinder that is rotated rapidly around its central 
axis (Fig. 6-11). Before the ride begins, a rider enters the 
cylinder through a door on the side and stands on a 
floor, up against a canvas-covered wall. The door is 
closed, and as the cylinder begins to turn, the rider, wall, 
and floor move in unison. When the rider’s speed 
reaches some predetermined value, the floor abruptly 
and alarmingly falls away. The rider does not fall with it 
but instead is pinned to the wall while the cylinder 
rotates, as if an unseen (and somewhat unfriendly) 
agent 1s pressing the body to the wall. Later, the floor is 
eased back to the rider’s feet, the cylinder slows, and the 
rider sinks a few centimeters to regain footing on the 
floor. (Some riders consider all this to be fun.) 

Suppose that the coefficient of static friction p, 
between the rider’s clothing and the canvas is 0.40 and 
that the cylinder’s radius R is 2.1 m. <a 


(a) What minimum speed v must the cylinder and rider 
have if the rider is not to fall when the floor drops? 


CM 


1. The gravitational force F, on the rider tends to slide 
her down the wall, but she does not move because a 
frictional force from the wall acts upward on her 
(Fig. 6-11). 

2. If she is to be on the verge of sliding down, that 
upward force must be a static frictional force Te 
at its maximum value pw,Fy, where Fy is the 
magnitude of the normal force F, 7 On her from the 
cylinder (Fig. 6-11). 

3. This normal force is directed horizontally toward 
the central axis of the cylinder and is the centripetal 
force that causes the rider to move in a circular 


FIG. 6-11 A Rotor inan 
amusement park, showing 
the forces on a rider. The 
centripetal force is the 
normal force F, ~ With 
which the wall pushes in- 
ward on the rider. 
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path, with centripetal acceleration of magnitude 
a = v’/R and directed toward the center of the circle. 


We want speed v in that last expression, for the condi- 
tion that the rider is on the verge of sliding. 


Vertical calculations: We first place a vertical y axis 
through the rider, with the positive direction upward. 
We can then apply Newton’s second law to the rider, 
writing it for y components (Frey = may) as 


jie TAO), 


where mm is the rider’s mass and mg is the magnitude of 
Ee Because the rider is on the verge of sliding, we sub- 
stitute the maximum value p,F’y for f, in this equation, 
getting 


bln a IN§ = 0, 
or bape (6-20) 
iy 


Radial calculations: Next we place a radial r axis 
through the rider, with the positive direction outward. 
We can then write Newton’s second law for components 


along that axis as 
Fa= mF 
— Fi = | —— |}. 
‘ R 


Substituting Eq. 6-20 for Fy, and then solving for v, we find 


_4/8R _ ,[@8mis’)2.1m) 
— Fe 0.40 


Ss 


= 7.17 m/s ~ 7.2 m/s. 


(6-21) 


(Answer) 


Note that the result is independent of the rider’s mass; it 
holds for anyone riding the Rotor, from a child to a 
sumo wrestler, which is why no one has to “weigh in” to 
ride the Rotor. 


(b) If the rider’s mass is 49 kg, what is the magnitude of 
the centripetal force on her? 


Calculation: According to Eq. 6-21, 


* sl (7.17 m/s) 
Fy =m— = (49 kg) me 


~= 1200 N. (Answer) 


Although this force is directed toward the central axis, 
the rider has an overwhelming sensation that the force 
pinning her against the wall is directed radially out- 
ward. Her sensation stems from the fact that she is in a 
noninertial frame (she and it are accelerating). As mea- 
sured from such frames, forces can be illusionary. The 
illusion is part of the Rotor’s attraction. 
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Upside-down racing: A modern race car is designed so 
that the passing air pushes down on it, allowing the car to 
travel much faster through a flat turn in a Grand Prix 
without friction failing. This downward push is called neg- 
ative lift. Can a race car have so much negative lift that it 
could be driven upside down on a long ceiling, as done fic- 
tionally by a sedan in the first Men in Black movie? 

Figure 6-12a represents a Grand Prix race car of 
mass m = 600 kg as it travels on a flat track in a circular 
arc of radius R = 100 m. Because of the shape of the car 
and the wings on it, the passing air exerts a negative lift 
ja ,, downward on the car. The coefficient of static 
friction between the tires and the track is 0.75. (Assume 
that the forces on the four tires are identical.) —S 


(a) If the car is on the verge of sliding out of the turn 
when its speed is 28.6 m/s, what is the magnitude of F,? 


ey 1DeAs 


1. A centripetal force must act on the car because the 
car 1s moving around a circular arc; that force must 
be directed toward the center of curvature of the arc 
(here, that is horizontally). 


2. ‘The only horizontal force acting on the car 1s a fric- 
tional force on the tires from the road. So the 
required centripetal force is a frictional force. 


3. Because the car is not sliding, the frictional force 
must be a static frictional force f, (Fig. 6-12a). 


4. Because the car is on the verge of sliding, the magni- 
tude f, is equal to the maximum value fj nax = Msln; 
where Fy is the magnitude of the normal force Fy 
acting on the car from the track. 


Radial calculations: The frictional force f, is shown in 
the free-body diagram of Fig. 6-125. It is in the negative di- 
rection of a radial axis 7 that always extends from the center 
of curvature through the car as the car moves. The force 
produces a centripetal acceleration of magnitude v7/R. We 
can relate the force and acceleration by writing Newton’s 
second law for components along the r axis (Fyet, = ma,) as 


aa 
—f.= rem 6-22 
f=m(— (6-22) 
Substituting f; max = Msly for f, leads us to 
Be 
Fy = —— if 6-23 
Msn m| R ( ) 


Vertical calculations: Next, let’s consider the vertical 
forces on the car. The normal force F; v 1S directed up, in 
the positive direction of the y axis in Fig. 6-12b. The 
gravitational force F = mg and the negative lift F,, are 
directed down. The acceleration of the car along the 
y axis is zero. Thus we can write Newton’s second law 





(a) (0) 


FIG. 6-12 (a) A race car moves around a flat curved track at 
constant speed v. The frictional force fe provides the necessary 
centripetal force along a radial axis r. (b) A free-body diagram 
(not to scale) for the car, in the vertical plane containing r. 


for components along the y axis (Fey = may) as 
Fy — mg — F, = 0, 

Or Fy — Ng = F,. (6-24) 

Combining results: Now we can combine our results 

along the two axes by substituting Eq. 6-24 for Fy in Eq. 

6-23. Doing so and then solving for F,, lead to 





yp2 
F — an 
aoe ( [oR : 
(28.6 m/s) 
= (600 kg) | ————~+>—. — 9.8 m/s? 
(oS) ( (0.75)(100 m) ee 
= 663.7 N =~ 660 N. (Answer) 


(b) The magnitude F, of the negative lift on a car 
depends on the square of the car’s speed v’, just as the 
drag force does (Eq. 6-14). Thus, the negative lift on the 
car here is greater when the car travels faster, as it does 
on a straight section of track. What is the magnitude of 
the negative lift for a speed of 90 m/s? 


cote F, is proportional to v?. 


Calculations: Thus we can write a ratio of the negative 
lift F799 at v = 90 m/s to our result for the negative lift 
F, atv = 28.6 m/s as 
Fro — (90 m/s) 
F;, (28.6 m/s)? 





Substituting F, = 663.7 N and solving for F7, 99 give us 
Fi 99 = 6572 N ~ 6600 N. (Answer) 
Upside-down racing: The gravitational force is 
F, = mg = (600 kg)(9.8 m/s’) 
= 5880 N. 


With the car upside down, the negative lift is an upward 
force of 6600 N, which exceeds the downward 5880 N. 
Thus, the car could run on a long ceiling provided that it 
moves at about 90 m/s (= 324 km/h = 201 mi/h). 





Review & Summary 


Sample Problem | 6-10 


Curved portions of highways are always banked (tilted) 
to prevent cars from sliding off the highway. When a 
highway is dry, the frictional force between the tires and 
the road surface may be enough to prevent sliding. 
When the highway is wet, however, the frictional force 
may be negligible, and banking is then essential. Figure 
6-13a represents a car of mass m as it moves at a con- 
stant speed v of 20 m/s around a banked circular track 
of radius R = 190 m. (It is a normal car, rather than a 
race car, which means any vertical force from the pass- 
ing air is negligible.) If the frictional force from the 
track is negligible, what bank angle @ prevents sliding? 


cei Unlike Sample Problem 6-9, the track 1s 


banked so as to tilt the normal force F w~ on the car to- 








(5) 
FIG. 6-13 (a) Acar moves around a curved banked road at 
constant speed v. The bank angle is exaggerated for clarity. (b) A 
free-body diagram for the car, assuming that friction between tires 
and road is zero and that the car lacks negative lift. The radially 
inward component Fy, of the normal force (along radial axis r) 
provides the necessary centripetal force and radial acceleration. 


ward the center of the circle (Fig. 6-13b). Thus, Fy now has 
a centripetal component of magnitude F'’y,, directed in- 
ward along a radial axis r. We want to find the value of the 
bank angle 0 such that this centripetal component keeps 
the car on the circular track without need of friction. 


Radial calculation: As Fig. 6-13b shows (and as you 
should verify), the angle that force F, 7 Makes with the 
vertical is equal to the bank angle @ of the track. Thus, 
the radial component Fy, is equal to Fy sin 6. We can 
now write Newton’s second law for components along 
the r axis (Fyet,, = ma,) as 


-) 
—Fy sin @ = m(-——}. 
NeSiE m| = 


We cannot solve this equation for the value of 6 because 
it also contains the unknowns Fy and m. 


(6-25) 


Vertical calculations: We next consider the forces and 
acceleration along the y axis in Fig. 6-13b. The vertical 
component of the normal force is Fy, = Fy cos 6, the 
gravitational force F, on the car has the magnitude mg, 
and the acceleration of the car along the y axis Is zero. 
Thus we can write Newton’s second law for components 
along the y axis (Fret, = may) as 


Fy cos 6 — mg = m(0), 
from which 


Fy cos 6 = mg. (6-26) 


Combining results: Equation 6-26 also contains the un- 
knowns Fy and m, but note that dividing Eq. 6-25 by Eq. 6- 
26 neatly eliminates both those unknowns. Doing so, replac- 
ing (sin 9)/(cos 0) with tan 6, and solving for @ then yield 


2 


6 = tan“! —— 
gR 
_ (20 m/s)? 
— t i 
“(9.8 m/s?)(190 m) EEE) 


REVIEW & SUMMARY 


Friction When a force F tends to slide a body along a surface, 
a frictional force from the surface acts on the body. The frictional 
force is parallel to the surface and directed so as to oppose the 
sliding. It is due to bonding between the body and the surface. 

If the body does not slide, the frictional force is a static 
frictional force ra If there is sliding, the frictional force is 
a kinetic frictional force ie 


1. If a body does not move, the static frictional force in and 
the component of F parallel to the surface are equal in 
magnitude, and ae is directed opposite that component. 
If the component increases, f, also increases. 


2. The magnitude of ie has a maximum value f; nax given by 


is mex = bsFn, (6-1) 
where pL, is the coefficient of static friction and Fy is the mag- 
nitude of the normal force. If the component of F parallel to 
the surface exceeds f, max, the body slides on the surface. 

3. If the body begins to slide on the surface, the magnitude of the 
frictional force rapidly decreases to a constant value f, given by 


tr ms Mk, (6-2) 

where yu; is the coefficient of kinetic friction. 
Drag Force When there is relative motion between air (or 
some other fluid) and a body, the body experiences a drag 


force D that opposes the relative motion and points in the 
direction in which the fluid flows relative to the body. The 
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magnitude of D is related to the relative speed v by an experi- 
mentally determined drag coefficient C according to 


D = 5CpAv?, (6-14) 


where p is the fluid density (mass per unit volume) and A is 
the effective cross-sectional area of the body (the area of a 
cross section taken perpendicular to the relative velocity V). 


Terminal Speed When a blunt object has fallen far 
enough through air, the magnitudes of the drag force D and 
the gravitational force F, on the body become equal. The body 
then falls at a constant terminal speed v, given by 


=\ a 6-16 
= CoA’ (6- ) 








1 In Fig. 6-14, horizontal force 
F, of magnitude 10 N is applied 
to a box on a floor, but the box 
does not slide. Then, as the 
magnitude of vertical force F, is 
increased from zero, do the fol- 
lowing quantities increase, decrease, or stay the same: (a) the 
magnitude of the frictional force f, on the box; (b) the magni- 
tude of the normal force Fy on the box from the floor; (c) the 
maximum value f, max Of the magnitude of the static frictional 
force on the box? (d) Does the box eventually slide? 


FIG. 6-14 Question 1. 


2 In three experiments, three different horizontal forces are 
applied to the same block lying on the same countertop. The 
force magnitudes are F, = 12 N, F, =8N, and fF; =4N. In 
each experiment, the block remains stationary in spite of the 
applied force. Rank the forces according to (a) the magnitude f, 
of the static frictional force on the block from the countertop 
and (b) the maximum value f; max Of that force, greatest first. 


3 In Fig. 6-15, if the box is sta- 
tionary and the angle 6 between 
the horizontal and force F is in- 
creased somewhat, do the follow- 
ing quantities increase, decrease, 
or remain the same! (a): (b) jf: (c) fy (dG) finag’ (e) Ib instead, 
the box is sliding and @ is increased, does the magnitude of the 
frictional force on the box increase, decrease, or remain the same? 





FIG. 6-15 Question 3. 


4 Repeat Question 3 for force F angled upward instead of 
downward as drawn. 


5 If you press an apple crate against a wall so hard that the 
crate cannot slide down the wall, what is the direction of 
(a) the static frictional force Te on the crate from the wall and 
(b) the normal force Fy on the crate from the wall? If you 
increase your push, what happens to (c) f,, (d) Fy, and 
(€) frmax? 

6 In Fig. 6-16, a block of mass m is = 
held stationary on a ramp by the is 
frictional force on it from the ramp. , a 

A force F , directed up the ramp, is - 

then applied to the block and gradu- iE. 

ally increased in magnitude from FIG.6-16 Question 6. 





Uniform Circular Motion If a particle moves in a circle 
or a circular arc of radius R at constant speed v, the particle is 
said to be in uniform circular motion. It then has a centripetal 
acceleration d with magnitude given by 
2 
, 
a=—. 6-17 

= (6-17) 
This acceleration is due to a net centripetal force on the parti- 
cle, with magnitude given by 

mv? 


F= ; 6-18 
F (6-18) 





where m is the particle’s mass. The vector quantities @ and F 
are directed toward the center of curvature of the particle’s 
path. 


QUESTIONS 


zero. During the increase, what happens to the direction and 
magnitude of the frictional force on the block? 


7 Reconsider Question 6 but with the force F now directed 
down the ramp. As the magnitude of F is increased from zero, 
what happens to the direction and magnitude of the frictional 
force on the block? 


8 In Fig. 6-17, a horizon- Block 
tal force of 100 N is to be Slab 

applied to a 10 kg slab that FITZ 
is initially stationary on a 
frictionless floor, to accel- 
erate the slab. A 10 kg block lies on top of the slab; the coeffi- 
cient of friction js between the block and the slab is not known, 
and the block might slip. (a) Considering that possibility, what 
is the possible range of values for the magnitude of the slab’s 
acceleration dy,,? (Hint: You don’t need written calculations; 
just consider extreme values for yp.) (b) What is the possible 
range for the magnitude ay), of the block’s acceleration? 







100 N 


PrN Ceri ee peal 


FIG. 6-17 Question 8. 


9 A person riding a Ferris wheel moves through positions 
at (1) the top, (2) the bottom, and (3) midheight. If the wheel ro- 
tates at a constant rate, rank these three positions according to 
(a) the magnitude of the person’s centripetal acceleration, (b) 
the magnitude of the net centripetal force on the person, and (c) 
the magnitude of the normal force on the person, greatest first. 


10 In 1987, as a Halloween stunt, two sky divers passed a 
pumpkin back and forth between them while they were in free 
fall just west of Chicago. The stunt was great fun until the last 
sky diver with the pumpkin opened his parachute. The pump- 
kin broke free from his grip, plummeted about 0.5 km, ripped 
through the roof of a house, slammed into the kitchen floor, 
and splattered all over the newly remodeled kitchen. From the 
sky diver’s viewpoint and from the pumpkin’s viewpoint, why 
did the sky diver lose control of the pumpkin? =< S& 


11 Figure 6-18 shows the 
path of a park ride that travels 
at constant speed through five 
circular arcs of radii Ro, 2Ro, 
and 3Ry. Rank the arcs accord- 
ing to the magnitude of the 





FIG. 6-18 Question 11. 


centripetal force on a rider traveling in the arcs, greatest first. 


PROBLEMS 


© Tutoring problem available (at instructor's discretion) in WileyPLUS and WebAssign 


SSM Worked-out solution available in Student Solutions Manual 


e —ee@ Number of dots indicates level of problem difficulty 


WWW Worked-out solution is at 





as http://www.wiley.com/college/halliday 
Interactive solution is at 


—S Additional information available in The Flying Circus of Physics and at flyingcircusofphysics.com 


Click here to view all step-by-step solutions 


sec. 6-3 Properties of Friction 

*? A bedroom bureau with a mass of 45 kg, including 
drawers and clothing, rests on the floor. (a) If the coefficient of 
Static friction between the bureau and the floor is 0.45, what is 
the magnitude of the minimum horizontal force that a person 
must apply to start the bureau moving? (b) If the drawers and 
clothing, with 17 kg mass, are removed before the bureau is 
pushed, what is the new minimum magnitude? ssm www 


®2 The mysterious sliding stones. Along the remote Race- 
track Playa in Death Valley, California, stones sometimes 
gouge out prominent trails in the desert floor, as if the stones 
had been migrating (Fig. 6-19). For years curiosity mounted 
about why the stones moved. One explanation was that strong 
winds during occasional rainstorms would drag the rough 
stones over ground softened by rain. When the desert dried 
out, the trails behind the stones were hard-baked in place. 
According to measurements, the coefficient of kinetic friction 
between the stones and the wet playa ground is about 0.80. 
What horizontal force must act on a 20 kg stone (a typical 
mass) to maintain the stone’s motion once a gust has started it 
moving? (Story continues with Problem 39.) == 





FIG. 6-19 Problem 2. What moved the stone? (Jerry Schad/ 
Photo Researchers) 


3 A person pushes horizontally with a force of 220 N on 
a 55 kg crate to move it across a level floor. The coefficient 
of kinetic friction is 0.35. What is the magnitude of (a) the fric- 
tional force and (b) the crate’s acceleration? ssm itw 


e4, A baseball player with mass m = 79 kg, sliding into sec- 
ond base, is retarded by a frictional force of magnitude 470 N. 
What is the coefficient of kinetic friction wu, between the 
player and the ground? 


°5 The floor of a railroad flatcar is loaded with loose crates 
having a coefficient of static friction of 0.25 with the floor. If 
the train is initially moving at a speed of 48 km/h, in how short 
a distance can the train be stopped at constant acceleration 
without causing the crates to slide over the floor? 


#6 A slide-loving pig slides down a certain 35° slide in twice 
the time it would take to slide down a frictionless 35° slide. 
What is the coefficient of kinetic friction between the pig and 
the slide? 


*7 A 3.5 kg block is pushed 
along a horizontal floor by a 
force F of magnitude 15 N at 
an angle 6 = 40° with the hori- 
zontal (Fig. 6-20). The coeffi- 
cient of kinetic friction be- 
tween the block and the floor 
is 0.25. Calculate the magnitudes of (a) the frictional force on 
the block from the floor and (b) the block’s acceleration. @® 


«8 Ina pickup game of dorm shuffleboard, students crazed 
by final exams use a broom to propel a calculus book along 
the dorm hallway. If the 3.5 kg book is pushed from rest 
through a distance of 0.90 m by the horizontal 25 N force 
from the broom and then has a speed of 1.60 m/s, what is the 
coefficient of kinetic friction between the book and floor? 


®9 A 2.5 kg block is initially at 
rest on a horizontal surface. A 
horizontal force F of magnitude 
6.0 N and a vertical force P are 
then applied to the block (Fig. 6- 
21). The coefficients of friction 
for the block and surface are p, 
= 0.40 and pu, = 0.25. Determine the magnitude of the frictional 
force acting on the block if the magnitude of P is (a) 8.0 N, (b) 10 
N,and(c)12N. @ 


e710 In about 1915, Henry 
Sincosky of Philadelphia sus- 
pended himself from a rafter 
by gripping the rafter with the 
thumb of each hand on one 
side and the fingers on the 
opposite side (Fig. 6-22). 
Sincosky’s mass was 79 kg. If 
the coefficient of static friction 
between hand and rafter was 
0.70, what was the least magni- 
tude of the normal force on the 
rafter from each thumb or op- 
posite fingers? (After suspend- 
ing himself, Sincosky chinned 
himself on the rafter and then 
moved hand-over-hand along 
the rafter. If you do not think 
Sincosky’s grip was remark- 
able, try to repeat his stunt.) 





FIG. 6-20 
Problems 7 and 24. 





FIG. 6-21 Problem 9. 





FIG. 6-22 Problem 10. 


e447 A worker pushes horizontally on a 35 kg crate with a 
force of magnitude 110 N. The coefficient of static friction 
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between the crate and the floor is 0.37. (a) What is the value of 
fomax UNder the circumstances? (b) Does the crate move? 
(c) What is the frictional force on the crate from the floor? 
(d) Suppose, next, that a second worker pulls directly upward 
on the crate to help out. What is the least vertical pull that will 
allow the first worker’s 110 N push to move the crate? (e) If, 
instead, the second worker pulls horizontally to help out, what 
is the least pull that will get the 
crate moving? 


e712 Higure 6-23 shows the 
cross section of a road cut into 
the side of a mountain. The 
solid line AA’ represents a 
weak bedding plane along 
which sliding is possible. Block 
B directly above the highway is *!G-6#3 Problem 12. 

separated from uphill rock by a large crack (called a joint), so 
that only friction between the block and the bedding plane pre- 
vents sliding. The mass of the block is 1.8 X 10’ kg, the dip angle 
6 of the bedding plane is 24°, and the coefficient of static friction 
between block and plane is 0.63. (a) Show that the block will not 
slide. (b) Water seeps into the joint and expands upon freezing, 
exerting on the block a force F parallel to AA’. What minimum 
value of force magnitude F will trigger a slide down the plane? 





Joint with ice 


e13 A 68 kg crate is dragged across a floor by pulling on 
a rope attached to the crate and inclined 15° above the hori- 
zontal. (a) If the coefficient of static friction is 0.50, what mini- 
mum force magnitude is required from the rope to start the 
crate moving? (b) If uw, = 0.35, what is the magnitude of the 
initial acceleration of the crate? SSM 


°44 Figure 6-24 shows an initially stationary block of mass 
m on a floor. A force of magnitude 0.500mg is then applied at 
upward angle @ = 20°. What is the magnitude of the accelera- 
tion of the block across the 

floor if (a) u, = 0.600 and p,= ? 
0.500 and (b) pu, = 0.400 and | | 
pL, = 0.300? . 


°15 The coefficient of static ~~~ — 
friction between Teflon and FIG. 6-24 Problem 14. 
scrambled eggs is about 0.04. What is the smallest angle from 
the horizontal that will cause the eggs to slide across the bot- 
tom of a Teflon-coated skillet? 







¢®16 You testify as an expert witness in a case involving an 
accident in which car A slid into the rear of car B, which was 
stopped at a red light along a road headed down a hill (Fig. 
6-25). You find that the slope of the hill is 6 = 12.0°, that the 
cars were separated by distance d = 24.0 m when the driver of 
car A put the car into a slide (it lacked any automatic anti- 
brake-lock system), and that the speed of car A at the onset of 
braking was vy) = 18.0 m/s. With what speed did car A hit car B 
if the coefficient of kinetic friction was (a) 0.60 (dry road sur- 
face) and (b) 0.10 (road surface covered with wet leaves)? 





FIG. 6-25 Problem 16. 


ee17 A 12N horizontal force F 
pushes a block weighing 5.0N 
against a vertical wall (Fig. 6-26). 
The coefficient of static friction be- 
tween the wall and the block is 
0.60, and the coefficient of kinetic 
friction is 0.40. Assume that the 
block is not moving initially. (a) Will the block move? (b) In 
unit-vector notation, what is the force on the block from the 
wall? : 


e718 A 410kg_ block is 





FIG. 6-26 Problem 17. 





pushed along a floor by acon- © 

stant applied force that is hori- = 

zontal and has a magnitude of ~ 

40.0N. Figure 6-27 gives the 

block’s speed v versus time t as 0 0.5 1.0 
the block moves along an x axis t (s) 


on the floor. The scale of the fig- 
ure’s vertical axis is set by v, = 5.0 
m/s. What is the coefficient of kinetic friction between the block 
and the floor? 


FIG. 6-27 Problem 18. 


e°79 An initially stationary box of sand is to be pulled 
across a floor by means of a cable in which the tension should 
not exceed 1100 N. The coefficient of static friction between 
the box and the floor is 0.35. (a) What should be the angle 
between the cable and the horizontal in order to pull the 
greatest possible amount of sand, and (b) what is the weight of 
the sand and box in that situation? 


°e20 A loaded penguin sled 
weighing 80N rests on a 
plane inclined at angle 6 = 20° 
to the horizontal (Fig. 6-28). 
Between the sled and the 
plane, the coefficient of static 
friction is 0.25, and the coeffi- 
cient of kinetic friction is 0.15. 
(a) What is the least magni- 
tude of the force F, parallel to the plane, that will prevent the 
sled from slipping down the plane? (b) What is the minimum 
magnitude F that will start the sled moving up the plane? (c) 
What value of F is required to move the sled up the plane at 
constant velocity? 


e921 In Fig. 6-29, a force P acts 
on a block weighing 45 N. The 
block is initially at rest on a 
plane inclined at angle 0 = 15° to 
the horizontal. The positive di- 
rection of the x axis is up the plane. The coefficients of friction 
between block and plane are p, = 0.50 and py, = 0.34. In unit- 
vector notation, what is the frictional force on the block from the 
plane when P is (a) (—5.0 N)i, (b) (—8.0 N)i, and (c) (—15 N)i? 


e222 In Fig. 6-30, a box of Cheerios (mass mc = 1.0 kg) and 
a box of Wheaties (mass my = 3.0 kg) are accelerated across a 
horizontal surface by a horizontal force F applied to the 
Cheerios box. The magnitude 
of the frictional force on the 
Cheerios box is 2.0 N, and the 
magnitude of the frictional 
force on the Wheaties box is 
4.0 N. If the magnitude of F is 





FIG. 6-28 
Problems 20 and 26. 









mcentierecsst tie, 


FIG. 6-29 Problem 21. 








FIG. 6-30 Problem 22. 


12 N, what is the magnitude of the force on the Wheaties box 
from the Cheerios box? 


223 Block B in Fig. 6-31 
weighs 711 N. The coefficient of 
static friction between block 
and table is 0.25; angle 0 is 30°; 
assume that the cord between 
B and the knot is horizontal. 
Find the maximum weight of 
block A for which the system 
will be stationary. ssm www 


e¢24 A block is pushed 
across a floor by a con- 
stant force that is applied 
at downward angle 6 (Fig. 
6-20). Figure 6-32 gives 
the acceleration magni- 
tude a versus a range of 
values for the coefficient 
of kinetic friction p, be- 
tween block and floor: a, 
= 3.0 m/s”, pf = 0.20, and 
(y3 = 0.40. What is the 
value of 6” 


ee25 When the three blocks 
in Fig. 6-33 are released from 
rest, they accelerate with a 
magnitude of 0.500 m/s*. Block 
1 has mass M, block 2 has 2M, 
and block 3 has 2M. What is the 
coefficient of kinetic friction 
between block 2 and the table? 


ee26 In Fig. 6-28, a sled is 
held on an inclined plane 
by a cord pulling directly 
up the plane. The sled is to 
be on the verge of moving 
up the plane. In Fig. 6-34, 
the magnitude F required 
of the cord’s force on the 
sled is plotted versus a 
range of values for the co- 
efficient of static friction yz, between sled and plane: F; = 2.0 
N, Fp = 5.0 N, and p, = 0.50. At what angle @ is the plane in- 
clined? 


ee27 ‘Two blocks, of weights 3.6 N and 7.2 N, are connected 
by a massless string and slide down a 30° inclined plane. The 
coefficient of kinetic friction between the lighter block and 
the plane is 0.10; that between the heavier block and the plane 
is 0.20. Assuming that the lighter block leads, find (a) the mag- 
nitude of the acceleration of the blocks and (b) the tension in 
the string. SSM 


FIG. 6-31 Problem 23. 





FIG. 6-32 Problem 24. 


i 


FIG. 6-33 Problem 25 





FIG. 6-34 Problem 26. 


e«28 Figure 6-35 shows three crates being pushed over a 
concrete floor by a horizontal force F of magnitude 440 N. 
The masses of the crates are m, 
= 30.0 kg, m,=10.0 kg, and 
m3 = 20.0 kg. The coefficient of 
kinetic friction between the 
floor and each of the crates is 
0.700. (a) What is the magni- 











tude F3 of the force on crate 3 from crate 2? (b) If the crates 
then slide onto a polished floor, where the coefficient of 
kinetic friction is less than 0.700, is magnitude F3, more 
than, less than, or the same as it was when the coefficient 
was 0.700? S 


ee29 Body A in Fig. 6-36 
weighs 102N, and body B 
weighs 32 N. The coefficients of 
friction between A and the in- 
cline are p,=0.56 and py = 
0.25. Angle 6 1s 40°. Let the 
positive direction of an x axis 
be up the incline. In unit-vec- 
tor notation, what is the accel- 
eration of A if A is initially (a) 
at rest, (b) moving up the in- 
cline, and (c) moving down the incline? 


Frictionless, 
massless pulley 






FIG. 6-36 Problems 
29 and 30. 





2@30 In Fig. 6-36, two blocks are connected over a pulley. 
The mass of block A is 10 kg, and the coefficient of kinetic fric- 
tion between A and the incline is 0.20. Angle 6 of the incline is 
30°. Block A slides down the incline at constant speed. What is 
the mass of block B? 


e¢3% In Fig. 6-37, blocks A 
and B have weights of 44 N and 
22 N, respectively. (a) Deter- 
mine the minimum weight of 
block C to keep A from sliding 
if uw, between A and the table is 
0.20. (b) Block C suddenly is 
lifted off A. What is the acceler- 
ation of block A if pu, between A 
and the table is 0.15? 


e¢32 A toy chest and its contents have a combined weight of 
180 N. The coefficient of static friction between toy chest and 
floor is 0.42. The child in Fig. 6-38 attempts to move the chest 
across the floor by pulling on an attached rope. (a) If 6 is 42°, 
what is the magnitude of the force F that the child must exert 
on the rope to put the chest on the verge of moving? (b) Write 
an expression for the magnitude F required to put the chest 
on the verge of moving as a function of the angle 0. Determine 
(c) the value of 6 for which F is a minimum and (d) that mini- 
mum magnitude. 


Frictionless, 
massless pulley 









FIG. 6-37 Problem 31. 


FIG. 6-38 Problem 32. 


e@33 The two blocks (m = 16 
kg and M = 88 kg) in Fig. 6-39 
are not attached to each other. 
The coefficient of static friction 
between the blocks is p, = 
0.38, but the surface beneath 
the larger block is frictionless. 






Frictionless 


FIG. 6-39 Problem 33. 


Chapter 6 | Force and Motion—Il 


What is the minimum magnitude of the horizontal force F re- 
quired to keep the smaller block from slipping down the 
larger block? = !LW 


eee34 In Fig. 6-40, a slab of i an 
mass m,=40kg rests on a 4= one 
frictionless floor, and a block 
of mass m,= 10kg rests on 
top of the slab. Between block and slab, the coefficient of sta- 
tic friction is 0.60, and the coefficient of kinetic friction is 0.40. 
The block is pulled by a horizontal force of magnitude 100 
N. In unit-vector notation, what are the resulting accelerations 
of (a) the block and (b) the slab? GO 


eee35 A 1000 kg boat is traveling at 90 km/h when its engine 
is shut off. The magnitude of the frictional force ie between boat 
and water is proportional to the speed v of the boat: f, = 70v, 
where v is in meters per second and f;, is in newtons. Find the 
time required for the boat to slow to 45 km/h. SSM 








ii 


eet ae 
Problem 34. 


pe 


FIG. 6-40 





sec. 6-4 The Drag Force and Terminal Speed 

e36 The terminal speed of a sky diver is 160 km/h in the 
spread-eagle position and 310 km/h in the nosedive position. 
Assuming that the diver’s drag coefficient C does not change 
from one position to the other, find the ratio of the effective 
cross-sectional area A in the slower position to that in 
the faster position. 


e@37 Calculate the ratio of the drag force on a jet flying 
at 1000 km/h at an altitude of 10km to the drag force 
on a prop-driven transport flying at half that speed and alti- 
tude. The density of air is 0.38 kg/m? at 10 km and 0.67 kg/m° 
at 5.0 km. Assume that the airplanes have the same effective 
cross-sectional area and drag coefficient C. 


e®38 In downhill speed skiing a skier is retarded by both the 
air drag force on the body and the kinetic frictional force on 
the skis. (a) Suppose the slope angle is 6 = 40.0°, the snow is 
dry snow with a coefficient of kinetic friction py, = 0.0400, the 
mass of the skier and equipment is m = 85.0 kg, the cross- 
sectional area of the (tucked) skier is A = 1.30 m’, the drag 
coefficient is C = 0.150, and the air density is 1.20 kg/m’. 
(a) What is the terminal speed? (b) If a skier can vary C by a 
slight amount dC by adjusting, say, the hand positions, what is 
the corresponding variation in the terminal speed? =S= 


®¢39 Continuation of Problem 2. Now assume that Eq. 6-14 
gives the magnitude of the air drag force on the typical 20 kg 
stone, which presents to the wind a vertical cross-sectional 
area of 0.040 m? and has a drag coefficient C of 0.80. Take the 
air density to be 1.21 kg/m’, and the coefficient of kinetic 
friction to be 0.80. (a) In kilometers per hour, what wind speed 
V along the ground is needed to maintain the stone’s motion 
once it has started moving? Because winds along the ground 
are retarded by the ground, the wind speeds reported for 
storms are often measured at a height of 10 m. Assume wind 
speeds are 2.00 times those along the ground. (b) For your 
answer to (a), what wind speed would be reported for the 
storm? (c) Is that value reasonable for a high-speed wind in a 
storm? (Story continues with Problem 61.) == 


ee49 Assume Eq. 6-14 gives the drag force on a pilot 
plus ejection seat just after they are ejected from a plane trav- 
eling horizontally at 1300 km/h. Assume also that the mass of 
the seat is equal to the mass of the pilot and that the drag coef- 
ficient is that of a sky diver. Making a reasonable guess of the 


pilot’s mass and using the appropriate v, value from Table 6-1, 
estimate the magnitudes of (a) the drag force on the pilot + 
seat and (b) their horizontal deceleration (in terms of g), both 
just after ejection. (The result of (a) should indicate an engi- 
neering requirement: The seat must include a protective 
barrier to deflect the initial wind blast away from the pilot’s 
head.) 


sec. 6-5 Uniform Circular Motion 

°44 What is the smallest radius of an unbanked (flat) track 
around which a bicyclist can travel if her speed is 29 km/h and 
the uw, between tires and track is 0.32? !LW 


e42 During an Olympic bobsled run, the Jamaican team 
makes a turn of radius 7.6 m at a speed of 96.6 km/h. What is 
their acceleration in terms of g? 


°43 Acat dozes on a stationary merry-go-round, at a radius 
of 5.4m from the center of the ride. Then the operator turns 
on the ride and brings it up to its proper turning rate of one 
complete rotation every 6.0 s. What is the least coefficient of 
static friction between the cat and the merry-go-round that 
will allow the cat to stay in place, without sliding? 


°44 Suppose the coefficient of static friction between the 
road and the tires on a car is 0.60 and the car has no negative 
lift. What speed will put the car on the verge of sliding as it 
rounds a level curve of 30.5 m radius? 


ee45 A circular-motion addict of mass 80 kg rides a Ferris 
wheel around in a vertical circle of radius 10 m at a constant 
speed of 6.1 m/s. (a) What is the period of the motion? What is 
the magnitude of the normal force on the addict from the seat 
when both go through (b) the highest point of the circular 
path and (c) the lowest point? == 


2e46 A roller-coaster car has a mass of 1200 kg when fully 
loaded with passengers. As the car passes over the top of a cir- 
cular hill of radius 18 m, its speed is not changing. At the top 
of the hill, what are the (a) magnitude Fy and (b) direction 
(up or down) of the normal force on the car from the track if 
the car’s speed is v = 11 m/s? What are (c) Fy and (d) the 
direction if v = 14 m/s? =e 


e477 In Fig. 6-41, a car is driven at constant speed over a cir- 
cular hill and then into a circular valley with the same radius. 
At the top of the hill, the normal force on the driver from the 
car seat is 0. The driver’s mass is 70.0 kg. What is the magni- 
tude of the normal force on the driver from the seat when the 
car passes through the bottom of the valley? 


: x ! 
/ 
/ \ 
/ Radius \ 
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| \ 
| | 


FIG. 6-41 Problem 47. 





ee48 A police officer in hot pursuit drives her car through a cir- 
cular turn of radius 300m with a constant speed of 80.0 km/h. 
Her mass is 55.0 kg. What are (a) the magnitude and (b) the angle 
(relative to vertical) of the net force of the officer on the car seat? 
(Hint: Consider both horizontal and vertical forces.) 


°e49 A student of weight 667N rides a steadily rotating 
Ferris wheel (the student sits upright). At the highest point, 


the magnitude of the normal force F, x On the student from the 
seat is 556N. (a) Does the student feel “light” or “heavy” 
there? (b) What is the magnitude of Fy at the lowest point? 
If the wheel’s speed is doubled, what is the magnitude Fy at 
the (c) highest and (d) lowest point? ssmiw =e 


ee50 An amusement park ride consists of a car moving in a 
vertical circle on the end of a rigid boom of negligible mass. 
The combined weight of the car and riders is 5.0 KN, and the 
circle’s radius is 10 m. At the top of the circle, what are the (a) 
magnitude Fx and (b) direction (up or down) of the force on 
the car from the boom if the car’s speed is v = 5.0 m/s? What 
are (c) Fz and (d) the direction if v = 12 m/s? =e 


e517 Anoldstreetcar rounds a flat corner of radius 9.1 m, at 
16 km/h. What angle with the vertical will be made by the 
loosely hanging hand straps? 


ee52 In designing circular rides for amusement parks, 
mechanical engineers must consider how small variations in 
certain parameters can alter the net force on a passenger. 
Consider a passenger of mass m riding around a horizontal 
circle of radius r at speed v. What is the variation dF in the net 
force magnitude for (a) a variation dr in the radius with v 
held constant, (b) a variation dv in the speed with r held 
constant, and (c) a variation dT in the period with r held 


constant? Mme 


ee53 Anairplane is flyingina 
horizontal circle at a speed of 
480 km/h (Fig. 6-42). If its wings 
are tilted at angle 6 = 40° to the 
horizontal, what is the radius of 
the circle in which the plane is 
flying? Assume that the re- 
quired force is_ provided 
entirely by an “aerodynamic 
lift” that is perpendicular to the 
wing surface. ssm www 





FIG. 6-42 Problem 53. 


e@54 An85.0 kg passenger is made to move along a circular 
path of radius r=3.50m in uniform circular motion. 
(a) Figure 6-43a is a plot of the required magnitude F of the 
net centripetal force for a range of possible values of the 
passenger’s speed v. What is the plot’s slope at v = 8.30 m/s? 
(b) Figure 6-43b is a plot of F for a range of possible values 
of 7, the period of the motion. What is the plot’s slope at 
T= 2.508? 


F ee 
7 y LO 7 
FIG. 6-43 Problem 54. 


®e55 A puck of mass m = 1.50 kg slides in a circle of radius 
r = 20.0 cm on a frictionless table while attached to a hanging 
cylinder of mass M = 2.50 kg by a cord through a hole in the 


table (Fig. 6-44). What speed 
keeps the cylinder at rest? @ 


®@56 Brake or turn? Figure 6-45 
depicts an overhead view of a car’s 
path as the car travels toward a 
wall. Assume that the driver begins 
to brake the car when the distance 
to the wall is d = 107 m, and take 
the car’s mass as m = 1400 kg, its 
initial speed as vg = 35 m/s, and the 
coefficient of static friction as pu, = 
0.50. Assume that the car’s weight 
is distributed evenly on the four 
wheels, even during braking. (a) 
What magnitude of static friction is 
needed (between tires and road) to 
stop the car just as it reaches the 
wall? (b) What is the maximum 
possible static friction fi max? (c) If 
the coefficient of kinetic friction 
between the (sliding) tires and the 
road is py = 0.40, at what speed 
will the car hit the wall? To avoid 
the crash, a driver could elect to turn the car so that it just barely 
misses the wall, as shown in the figure. (d) What magnitude of 
frictional force would be required to Keep the car in a circular 
path of radius d and at the given speed vy? (e) Is the required 
force less than f, max So that a circular path is possible? , 





FIG. 6-44 Problem 55. 


Car path 





FIG. 6-45 Problem 56. 


ee57 A _ bolt is_ threaded 
onto one end of a thin hori- 
zontal rod, and the rod is then 
rotated horizontally about its 
other end. An engineer moni- 
tors the motion by flashing a 
strobe lamp onto the rod and 
bolt, adjusting the strobe rate 
until the bolt appears to be in 
the same eight places during 
each full rotation of the rod (Fig. 6-46). The strobe rate is 2000 
flashes per second; the bolt has mass 30 g and is at radius 3.5 cm. 
What is the magnitude of the force on the bolt from the rod? 


Bolt 






Strobed 
positions 


FIG. 6-46 Problem 57. 


e@58 A banked circular highway curve is designed for traffic 
moving at 60 km/h. The radius of the curve is 200 m. Traffic is 
moving along the highway at 40 km/h on a rainy day. What is 
the minimum coefficient of friction between tires and road 
that will allow cars to take the turn without sliding off the 
road? (Assume the cars do not have negative lift.) 


e0e59 In Fig. 6-47, a 1.34 ke 
ball is connected by means of 
two massless strings, each of 

length L = 1.70 m, to a vertical, | 
rotating rod. The strings are tied 
to the rod with separation d = 

1.70 m and are taut. The tension | Z 
in the upper string is 35 N. What Vo — 
are the (a) tension in the lower 
string, (b) magnitude of the net 
force F.., on the ball, and (c) 
speed of the ball? (d) What is 
the direction of F,.,.? ssm iLw 


Rotating rod 


FIG. 6-47 Problem 59. 
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Additional Problems 





60 Figure 6-48 shows a coni- 
cal pendulum, in which the | 
bob (the small object at the ! 
lower end of the cord) moves , 
in a horizontal circle at con- . 
stant speed. (The cord sweeps : 
| 
| 
| 
| 
| 
| 
| 


v7 Cord 
out a cone as the bob rotates.) 
The bob has a mass of 0.040 
kg, the string has length L = L 


0.90m and negligible mass, 
and the bob follows a circular 
path of circumference 0.94 m. 
What are (a) the tension in the 
string and (b) the period of the 
motion? 





61 Continuation of Problems 
2 and 39. Another explanation 
is that the stones move only 
when the water dumped on the playa during a storm freezes 
into a large, thin sheet of ice. The stones are trapped in place in 
the ice. Then, as air flows across the ice during a wind, the air- 
drag forces on the ice and stones move them both, with the 
stones gouging out the trails. The magnitude of the air-drag 
force on this horizontal “ice sail” is given by Di, = 
AC icePAiceV*, Where Cj. is the drag coefficient (2.0 x 1073), pis 
the air density (1.21 kg/m), Aj,. is the horizontal area of the 
ice, and v is the wind speed along the ice. 

Assume the following: The ice sheet measures 400 m by 
500 m by 4.0 mm and has a coefficient of kinetic friction of 
0.10 with the ground and a density of 917 kg/m’. Also assume 
that 100 stones identical to the one in Problem 2 are trapped 
in the ice. To maintain the motion of the sheet, what are the 
required wind speeds (a) near the sheet and (b) at a height of 
10 m? (c) Are these reasonable values for high-speed winds in 
a storm? 


FIG. 6-48 Problem 60. 


62 Engineering a highway curve. If a car goes through 
a curve too fast, the car tends to slide out of the curve. For a 
banked curve with friction, a frictional force acts on a fast car 
to oppose the tendency to slide out of the curve; the force is 
directed down the bank (in the direction water would drain). 
Consider a circular curve of radius R = 200 m and bank angle 
0, where the coefficient of static friction between tires and 
pavement is y,. A car (without negative lift) is driven around 
the curve as shown in Fig. 6-13. (a) Find an expression for the 
car speed v,,,, that puts the car on the verge of sliding out. 
(b) On the same graph, plot v,,,, versus angle 6 for the range 
0° to 50°, first for uw, = 0.60 (dry pavement) and then for 
bts = 0.050 (wet or icy pavement). In kilometers per hour, 
evaluate v,,,, for a bank angle of 6 = 10° and for (c) pu, = 0.60 
and (d) yu, = 0.050. (Now you can see why accidents occur in 
highway curves when icy conditions are not obvious to drivers, 
who tend to drive at normal speeds.) 


63 In Fig. 6-49, the coefficient of 
kinetic friction between the block 
and inclined plane is 0.20, and an- 
gle 6 is 60°. What are the (a) mag- 
nitude a and (b) direction (up or 
down the plane) of the block’s ac- 
celeration if the block is sliding 





FIG. 6-49 Problem 63. 


down the plane? What are (c) a and (d) the direction if the 
block is sent sliding up the plane? 


64 In Fig. 6-50, block 1 of my 
mass m, = 2.0kg and block 2 | | 
of mass m, = 3.0 kg are con- 
nected by a string of negligible 
mass and are initially held in 
place. Block 2 is on a friction- 
less surface tilted at 6 = 30°. 
The coefficient of kinetic friction between block 1 and the 
horizontal surface is 0.25. The pulley has negligible mass and 
friction. Once they are released, the blocks move. What then is 
the tension in the string? 


65 A block of mass m, = 4.0 
kg is put on top of a block of 
mass m, = 5.0 kg. To cause the 
top block to slip on the bottom 
one while the bottom one is 
held fixed, a horizontal force 
of at least 12 N must be ap- 
plied to the top block. The assembly of blocks is now placed 
on a horizontal, frictionless table (Fig. 6-51). Find the magni- 
tudes of (a) the maximum horizontal force F that can be ap- 
plied to the lower block so that the blocks will move together 
and (b) the resulting acceleration of the blocks. ssM 





FIG. 6-50 Problem 64. 





FIG. 6-51 Problem 65. 


66 A box of canned goods slides down a ramp from street 
level into the basement of a grocery store with acceleration 
0.75 m/s? directed down the ramp. The ramp makes an angle 
of 40° with the horizontal. What is the coefficient of kinetic 
friction between the box and the ramp? 


67 An 8.00 kg block of steel is at rest on a horizontal table. 
The coefficient of static friction between the block and the 
table is 0.450. A force is to be applied to the block. To three 
significant figures, what is the magnitude of that applied force 
if it puts the block on the verge of sliding when the force is 
directed (a) horizontally, (b) upward at 60.0° from the hori- 
zontal, and (c) downward at 60.0° from the horizontal? 


68 In Fig. 6-52, a box of ant 
aunts (total mass m, = 1.65 
kg) and a box of ant uncles (to- 
tal mass m, = 3.30 kg) slide 
down an inclined plane while 
attached by a massless rod par- 
allel to the plane. The angle of 
incline is 6 = 30.0°. The coeffi- 
cient of kinetic friction be- 
tween the aunt box and the incline is pw, = 0.226; that between 
the uncle box and the incline is p. = 0.113. Compute (a) the 
tension in the rod and (b) the magnitude of the common ac- 
celeration of the two boxes. (c) How would the answers to (a) 
and (b) change if the uncles trailed the aunts? 





FIG. 6-52 Problem 68. 


69 In Fig. 6-53, a crate slides down an inclined right-angled 


90" 





FIG. 6-53 Problem 69. 


trough. The coefficient of kinetic friction between the crate 
and the trough is y,. What is the acceleration of the crate in 
terms of p,, 6,and g? 


70 A student wants to determine the coefficients of static 
friction and kinetic friction between a box and a plank. She 
places the box on the plank and gradually raises one end of 
the plank. When the angle of inclination with the horizontal 
reaches 30°, the box starts to slip, and it then slides 2.5 m down 
the plank in 4.0s at constant acceleration. What are (a) the 
coefficient of static friction and (b) the coefficient of kinetic 
friction between the box and the plank? 


77 A locomotive accelerates a 25-car train along a level 
track. Every car has a mass of 5.0 X 10* kg and is subject to a 
frictional force f = 250v, where the speed v is in meters per 
second and the force f is in newtons. At the instant when the 
speed of the train is 30 km/h, the magnitude of its acceleration 
is 0.20 m/s’. (a) What is the tension in the coupling between 
the first car and the locomotive? (b) If this tension is equal to 
the maximum force the locomotive can exert on the train, 
what is the steepest grade up which the locomotive can pull 
the train at 30 km/h? 


7@ A house is built on the top of a hill with a nearby slope at 
angle 6 = 45° (Fig. 6-54). An engineering study indicates that 
the slope angle should be reduced because the top layers of 
soil along the slope might slip past the lower layers. If the 
coefficient of static friction between two such layers is 0.5, 
what is the least angle @ through which the present slope 
should be reduced to prevent slippage? 






New slope 


Original slope 


FIG. 6-54 Problem 72. 


73 What is the terminal speed of a 6.00 kg spherical ball that 
has a radius of 3.00 cm and a drag coefficient of 1.60? The den- 
sity of the air through which the ball falls is 1.20 kg/m°. 


74 A high-speed railway car goes around a flat, horizontal 
circle of radius 470 m at a constant speed. The magnitudes of 
the horizontal and vertical components of the force of the car 
on a 51.0 kg passenger are 210N and SOON, respectively. 
(a) What is the magnitude of the net force (of all the forces) 
on the passenger? (b) What is the speed of the car? 


73 An 11 kg block of steel is at rest on a horizontal table. 
The coefficient of static friction between block and table is 
0.52. (a) What is the magnitude of the horizontal force that 
will put the block on the verge of moving? (b) What is the 
magnitude of a force acting upward 60° from the horizontal 
that will put the block on the verge of moving? (c) If the force 
acts downward at 60° from the horizontal, how large can its 
magnitude be without causing the block to move? 


76 Calculate the magnitude of the drag force on a missile 
53 cm in diameter cruising at 250 m/s at low altitude, where 
the density of air is 1.2 kg/m’. Assume C = 0.75. 


Problems | 4/<¥/ 





77 A bicyclist travels in a circle of radius 25.0 m at a con- 
stant speed of 9.00 m/s. The bicycle—rider mass is 85.0 kg. 
Calculate the magnitudes of (a) the force of friction on the 
bicycle from the road and (b) the net force on the bicycle from 
the road. SSM 


78 A 110g hockey puck sent sliding over ice is stopped in 
15 m by the frictional force on it from the ice. (a) If its initial 
speed is 6.0 m/s, what is the magnitude of the frictional force? 
(b) What is the coefficient of friction between the puck and 
(he 1ce?. 


79 In Fig. 6-55, a 49 kg rock 
climber is climbing a “chimney.” 
The coefficient of static friction 
between her shoes and the rock 
is 1.2; between her back and the 
rock is 0.80. She has reduced her 
push against the rock until her 
back and her shoes are on the 
verge of slipping. (a) Draw a 
free-body diagram of her. (b) 
What is the magnitude of her 
push against the rock? (c) What 
fraction of her weight is sup- 
ported by the frictional force 


on her shoes? == NE 


80 A 5.00 kg stone is rubbed 
across the horizontal ceiling of 
a cave passageway (Fig. 6-56). If 
the coefficient of kinetic fric- 
tion is 0.65 and the force ap- 
plied to the stone is angled at 6 = 70.0°, what must the magni- 
tude of the force be for the stone to move at constant velocity? 


871 Block A in Fig, 6-57 has mass m, = 4.0 kg, and block B has 
mass mg = 2.0 kg. The coefficient of kinetic friction between 
block B and the horizontal plane is x, = 0.50. The inclined plane 
is frictionless and at angle @ = 30°. The pulley serves only to 
change the direction of the 
cord connecting the blocks. 
The cord has negligible 
mass. Find (a) the tension in 
the cord and (b) the magni- 
tude of the acceleration of 
the blocks. SSM 


$2 A skithatis placed on ~ 
snow will stick to the snow. 
However, when the ski 1s 
moved along the snow, the rubbing warms and partially melts 
the snow, reducing the coefficient of kinetic friction and pro- 
moting sliding. Waxing the ski makes it water repellent and re- 
duces friction with the resulting layer of water. A magazine re- 
ports that a new type of plastic ski is especially water repellent 
and that, on a gentle 200 m slope in the Alps, a skier reduced 
his top-to-bottom time from 61s with standard skis to 42s 
with the new skis. Determine the magnitude of his average ac- 
celeration with (a) the standard skis and (b) the new skis. 
Assuming a 3.0° slope, compute the coefficient of kinetic fric- 
tion for (c) the standard skis and (d) the new skis. 


es 








FIG. 6-56 Problem 80. 
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FIG. 6-57 Problem 81. 


83 Playing near a road construction site, a child falls over a 
barrier and down onto a dirt slope that is angled downward 
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at 35° to the horizontal. As the child slides down the slope, he 
has an acceleration that has a magnitude of 0.50 m/s? and that 
is directed up the slope. What is the coefficient of kinetic 
friction between the child and the slope? 


84 In Fig. 6-58, a stuntman 
drives a car (without negative 
lift) over the top of a hill, the 
cross section of which can be 
approximated by a circle of ra- 
dius R= 250m. What is the 
greatest speed at which he can 
drive without the car leaving the road at the top of the hill? 


85 Acar weighing 10.7 KN and traveling at 13.4 m/s without 
negative lift attempts to round an unbanked curve with a 
radius of 61.0 m. (a) What magnitude of the frictional force on 
the tires is required to keep the car on its circular path? (b) If 
the coefficient of static friction between the tires and the road 
is 0.350, is the attempt at taking the curve successful? SSM 





FIG. 6-58 Problem 8&4. 


86 <A 100N force, directed at an angle 6 above a horizontal 
floor, 1s applied to a 25.0 kg chair sitting on the floor. If @ = 0°, 
what are (a) the horizontal component F,, of the applied force 
and (b) the magnitude Fy, of the normal force of the floor on 
the chair? If 6 = 30.0°, what are (c) F, and (d) Fy? If 6= 
60.0°, what are (e) F,, and (f) Fy? Now assume that the coeffi- 
cient of static friction between chair and floor is 0.420. Does 
the chair slide or remain at rest if 6 is (g) 0°, (h) 30.0°, and 
(1) 60.0°? 


37 A student, crazed by final 
exams, uses a force P of magni- 
tude 80 N and angle 6 = 70° to 
push a 5.0 kg block across the 
ceiling of his room (Fig. 6-59). If 
the coefficient of kinetic friction 
between the block and the ceil- 
ing is 0.40, what is the magnitude of the block’s acceleration? 


FIG. 6-59 Problem 87. 


88 A certain string can withstand a maximum tension of 
40 N without breaking. A child ties a 0.37 kg stone to one 
end and, holding the other end, whirls the stone in a vertical cir- 
cle of radius 0.91 m, slowly increasing the speed until the string 
breaks. (a) Where is the stone on its path when the string 
breaks? (b) What is the speed of the stone as the string breaks? 


89 You must push a crate across a floor to a docking bay. 
The crate weighs 165 .N. The coefficient of static friction 
between crate and floor is 0.510, and the coefficient of kinetic 
friction 1s 0.32. Your force on the crate is directed horizontally. 
(a) What magnitude of your push puts the crate on the verge 
of sliding? (b) With what magnitude must you then push to 
keep the crate moving at a constant velocity? (c) If, instead, 
you then push with the same magnitude as the answer to (a), 
what is the magnitude of the crate’s acceleration? 


90 A child weighing 140 N sits at rest at the top of a play- 
ground slide that makes an angle of 25° with the horizontal. 
The child keeps from sliding by holding onto the sides of the 
slide. After letting go of the sides, the child has a constant 
acceleration of 0.86 m/s* (down the slide, of course). (a) What 
is the coefficient of kinetic friction between the child and the 
slide? (b) What maximum and minimum values for the coeffi- 
cient of static friction between the child and the slide are 
consistent with the information given here? 





971 A filing cabinet weighing 556 N rests on the floor. The 
coefficient of static friction between it and the floor is 0.68, 
and the coefficient of kinetic friction is 0.56. In four different 
attempts to move it, it is pushed with horizontal forces of mag- 
nitudes (a) 222 N, (b) 334 N, (c) 445 N, and (d) 556 N. For each 
attempt, calculate the magnitude of the frictional force on it 
from the floor. (The cabinet is initially at rest.) (e) In which of 
the attempts does the cabinet move? SSM 


92 A sling-thrower puts a stone (0.250 kg) in the sling’s 
pouch (0.010 kg) and then begins to make the stone and 
pouch move in a vertical circle of radius 0.650 m. The cord 
between the pouch and the person’s hand has negligible mass 
and will break when the tension in the cord is 33.0 N or more. 
Suppose the sling-thrower could gradually increase the speed 
of the stone. (a) Will the breaking occur at the lowest point of 
the circle or at the highest point? (b) At what speed of the 
stone will that breaking occur? 


93 <A four-person bobsled (total mass = 630 kg) comes 
down a straightaway at the start of a bobsled run. The straight- 
away is 80.0 m long and is inclined at a constant angle of 10.2° 
with the horizontal. Assume that the combined effects of fric- 
tion and air drag produce on the bobsled a constant force of 
62.0 N that acts parallel to the incline and up the incline. 
Answer the following questions to three significant digits. 
(a) If the speed of the bobsled at the start of the run is 
6.20 m/s, how long does the bobsled take to come down the 
straightaway? (b) Suppose the crew is able to reduce the 
effects of friction and air drag to 42.0 N. For the same initial 
velocity, how long does the bobsled now take to come down 
the straightaway? =a 


94 In Fig. 6-60, force F is ap- 
plied to a crate of mass m on a 
floor where the coefficient of 
static friction between crate 
and floor is y,. Angle @ is ini- 
tially O° but is gradually in- 
creased so that the force vector 
rotates clockwise in the figure. During the rotation, the magni- 
tude F of the force is continuously adjusted so that the crate is 
always on the verge of sliding. For uu, = 0.70, (a) plot the ratio 
F/mg versus 6 and (b) determine the angle 6;,; at which the ra- 
tio approaches an infinite value. (c) Does lubricating the floor 
increase or decrease 6,,;, or is the value unchanged? (d) What 
is 6... for uw, = 0.60? 


95 In the early afternoon, a car is parked on a street that 
runs down a steep hill, at an angle of 35.0° relative to the hori- 
zontal. Just then the coefficient of static friction between the 
tires and the street surface is 0.725. Later, after nightfall, a 
sleet storm hits the area, and the coefficient decreases due 
to both the ice and a chemical change in the road surface 
because of the temperature decrease. By what percentage 
must the coefficient decrease if the car 1s to be in danger of 
sliding down the street? 


96 In Fig. 6-61, block 1 of mass m, = 2.0 kg and block 2 of 
mass m,=1.0kg are con- 
nected by a string of negligible 
mass. Block 2 is pushed by 
force F of magnitude 20 N and 
angle @ = 35°. The coefficient 
of kinetic friction between 





FIG. 6-60 Problem 94. 





FIG. 6-61 Problem 96. 


each block and the horizontal surface is 0.20. What is the ten- 
sion in the string? 


97 In Fig. 6-62 a fastidious 
worker pushes directly along 
the handle of a mop with a 
force F. The handle is at an an- 
gle 6 with the vertical, and p, 
and p, are the coefficients of 
static and kinetic friction be- 
tween the head of the mop and 
the floor. Ignore the mass of the 
handle and assume that all the 
mop’s mass m is in its head. (a) 
If the mop head moves along the floor with a constant velocity, 
then what is F? (b) Show that if @ is less than a certain value 6, 
then F (still directed along the handle) is unable to move the 
mop head. Find 6p. 


FIG. 6-62 Problem 97. 


98 Acircular curve of highway is designed for traffic moving 
at 60 km/h. Assume the traffic consists of cars without nega- 
tive lift. (a) If the radius of the curve is 150 m, what is the 
correct angle of banking of the road? (b) If the curve were not 
banked, what would be the minimum coefficient of friction 
between tires and road that would keep traffic from skidding 
out of the turn when traveling at‘60 km/h? 


99 A block slides with constant velocity down an inclined 
plane that has slope angle @. The block is then projected up the 
same plane with an initial speed vo. (a) How far up the plane 
will it move before coming to rest? (b) After the block comes 
to rest, will it side down the plane again? Give an argument to 
back your answer. SSM 


100 In Fig. 6-63, a block weigh- 
ing 22 N is held at rest against a 
vertical wall by a horizontal force 
F of magnitude 60 N. The coeffi- 
cient of static friction between the 
wall and the block is 0.55, and the 
coefficient of kinetic friction be- 
tween them is 0.38. In six experi- 
ments, a second force P is applied *!G. 6-63 Problem 100. 
to the block and directed parallel 

to the wall with these magnitudes and directions: (a) 34 N, up, 
(b) 12 N, up, (c) 48 N, up, (d) 62 N, up, (e) 10 N, down, and (f) 
18 N, down. In each experiment, what is the magnitude of the 
frictional force on the block? In which does the block move 
(g) up the wall and (h) down the wall? (i) In which is the fric- 
tional force directed down the wall? 





701 Whena small 2.0 g coin is placed at a radius of 5.0cm ona 
horizontal turntable that makes three full revolutions in 3.14 s, the 
coin does not slip. What are (a) the coin’s speed, the (b) magni- 
tude and (c) direction (radially inward or outward) of the coin’s 
acceleration, and the (d) magnitude and (e) direction (inward or 
outward) of the frictional force on the coin? The coin is on the 
verge of slipping if it is placed at a radius of 10 cm. (f) What is the 
coefficient of static friction between coin and turntable? 


102 A child places a picnic basket on the outer rim of a 
merry-go-round that has a radius of 4.6 m and revolves once 
every 30s. (a) What is the speed of a point on that rim? 
(b) What is the lowest value of the coefficient of static friction 
between basket and merry-go-round that allows the basket to 
stay on the ride? 





103° A 1.5kg box is initially at rest on a horizontal surface 
when at t= 0 a horizontal force F = (1.82)i N (with ¢ in sec- 
onds) is applied to the box. The acceleration of the box as a func- 
tion of time ¢ is given by a@=0 for 0St=<2.8s and 
@ = (1.2t — 2.4)i m/s? for t > 2.8 s. (a) What is the coefficient of 
static friction between the box and the surface? (b) What is the 
coefficient of kinetic friction between the box and the surface? 


704 A trunk with a weight of 220 N rests on the floor. The 
coefficient of static friction between the trunk and the floor is 
0.41, and the coefficient of kinetic friction is 0.32. (a) What is 
the magnitude of the minimum horizontal force with which a 
person must push on the trunk to start it moving? (b) Once 
the trunk is moving, what magnitude of horizontal force must 
the person apply to keep it moving with constant velocity? 
(c) If the person continued to push with the force used to 
start the motion, what would be the magnitude of the trunk’s 
acceleration? 


105 A warehouse worker exerts a constant horizontal force 
of magnitude 85 N on a 40 kg box that is initially at rest on the 
horizontal floor of the warehouse. When the box has moved a 
distance of 1.4 m, its speed is 1.0 m/s. What 1s the coefficient of 
kinetic friction between the box and the floor? SSM 


106 Imagine that the standard kilogram is placed on Earth’s 
equator, where it moves in a circle of radius 6.40 x 10°m 
(Earth’s radius) at a constant speed of 465 m/s due to Earth’s 
rotation. (a) What is the magnitude of the centripetal force on 
the standard kilogram during the rotation? Imagine that the 
standard kilogram hangs from a spring balance at that loca- 
tion and assume that it would weigh exactly 9.80 N if Earth 
did not rotate. (b) What is the reading on the spring balance; 
that is, what is the magnitude of the force on the spring 
balance from the standard kilogram? 


107 Asa 40N block slides down a plane that is inclined at 
25° to the horizontal, its acceleration is 0.80 m/s’, directed up 
the plane. What is the coefficient of kinetic friction between 
the block and the plane? 


108 Luggage is transported from one location to another in 
an airport by a conveyor belt. At a certain location, the belt 
moves down an incline that makes an angle of 2.5° with the 
horizontal. Assume that with such a slight angle there is no 
slipping of the luggage. Determine the magnitude of the 
frictional force by the belt on a box weighing 69 N when the 
box is on the inclined portion of the belt and the belt speed is 
(a) 0 and constant, (b) 0.65 m/s and constant, (c) 0.65 m/s and in- 
creasing at a rate of 0.20 m/s’, (d) 0.65 m/s and decreasing at a 
rate of 0.20 m/s’, and (e) 0.65 m/s and increasing at a rate of 0.57 
m/s’. (f) For which of these five situations is the frictional force 
directed down the incline? 


109 In Fig. 6-64, a 5.0 kg block 
is sent sliding up a plane inclined 
at @=37° while a_ horizontal 
force F of magnitude 50 N acts 
on it. The coefficient of kinetic 
friction between block and plane 
is 0.30. What are the (a) magni- 
tude and (b) direction (up or 
down the plane) of the block’s 
acceleration? The block’s initial speed is 4.0 m/s. (c) How far up 
the plane does the block go? (d) When it reaches its highest 
point, does it remain at rest or slide back down the plane? 





FIG. 6-64 Problem 109. 
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The driver of a funny car prepares for a timed run along a quarter- 


mile track by spinning the wheels, to make the tires and track sticky 
so that traction is high. Then the driver waits at the starting line until 
the countdown on the Christmas tree lights reaches green. The car's 
forward surge is so powertul that the car is effectively launched like a 
horizontal rocket. The science and engineering of funny cars is now 
so advanced that winning and losing is often determined by elapsed 


times differing by only 1 ms. 


140 





The answer is in this chapter. 


7-1 WHAT IS PHYSICS? 


One of the fundamental goals of physics is to investigate something that every- 
one talks about: energy. The topic is obviously important. Indeed, our civilization 
is based on acquiring and effectively using energy. 

For example, everyone knows that any type of motion requires energy: 
Flying across the Pacific Ocean requires it. Lifting material to the top floor of an 
office building or to an orbiting space station requires it. Throwing a fastball 
requires it. We spend a tremendous amount of money to acquire and use energy. 
Wars have been started because of energy resources. Wars have been ended 
because of a sudden, overpowering use of energy by one side. Everyone knows 
many examples of energy and its use, but what does the term energy really mean? 


7-2 | What Is Energy? 


The term energy is so broad that a clear definition is difficult to write. Technically, 
energy is a scalar quantity associated with the state (or condition) of one or more 
objects. However, this definition is too vague to be of help to us now. 

A looser definition might at least get us started. Energy is a number that we 
associate with a system of one or more objects. If a force changes one of the 
objects by, say, making it move, then the energy number changes. After countless 
experiments, scientists and engineers realized that if the scheme by which we 
assign energy numbers is planned carefully, the numbers can be used to predict 
the outcomes of experiments and, even more important, to build machines, such 
as flying machines. This success is based on a wonderful property of our universe: 
Energy can be transformed from one type to another and transferred from one 
object to another, but the total amount is always the same (energy is conserved). 
No exception to this principle of energy conservation has ever been found. 

Think of the many types of energy as being numbers representing money in 
many types of bank accounts. Rules have been made about what such money 
numbers mean and how they can be changed. You can transfer money numbers 
from one account to another or from one system to another, perhaps electroni- 
cally with nothing material actually moving. However, the total amount (the total 
of all the money numbers) can always be accounted for: It is always conserved. 

In this chapter we focus on only one type of energy (kinetic energy) and on 
only one way in which energy can be transferred (work). In the next chapter we 
examine a few other types of energy and how the principle of energy conserva- 
tion can be written as equations to be solved. 


7-3 | Kinetic Energy 


Kinetic energy K is energy associated with the state of motion of an object. The 
faster the object moves, the greater is its kinetic energy. When the object is 
stationary, its kinetic energy is zero. 

For an object of mass m whose speed v is well below the speed of light, 


K= smv? (kinetic energy). (7-1) 


For example, a 3.0kg duck flying past us at 2.0 m/s has a kinetic energy of 
6.0 kg - m?/s; that is, we associate that number with the duck’s motion. 

The SI unit of kinetic energy (and every other type of energy) is the joule (J), 
named for James Prescott Joule, an English scientist of the 1800s. It is defined 
directly from Eq. 7-1 in terms of the units for mass and velocity: 


1joule = 1J = 1kg- m/7/s’. (7-2) 
Thus, the flying duck has a kinetic energy of 6.0 J. 


7-3 | Kinetic Energy 


Chapter 7 | Kinetic Energy and Work 


Sample Problem ae 


In 1896 in Waco, Texas, William Crush parked two loco- 
motives at opposite ends of a 6.4-km-long track, fired 
them up, tied their throttles open, and then allowed 
them to crash head-on at full speed (Fig. 7-1) in front of 
30,000 spectators. Hundreds of people were hurt by 
flying debris; several were killed. Assuming each loco- 
motive weighed 1.2 X 10° N and its acceleration was a 
constant 0.26 m/s”, what was the total kinetic energy of 
the two locomotives just before the collision? ee 


feizo (1) We need to find the kinetic energy 


of each locomotive with Eq. 7-1, but that means we 
need each locomotive’s speed just before the collision 
and its mass. (2) Because we can assume each locomo- 
tive had constant acceleration, we can use the equations 
in Table 2-1 to find its speed v just before the collision. 


Calculations: We choose Eg. 2-16 because we know 
values for all the variables except v: 


v? = y2 + 2a(x — Xo). 


With v= 0 and —1,= 32 x 10 m 
separation), this yields 
v? = 0 + 2(0.26 m/s’)(3.2 X 10° m), 


or v = 40.8 m/s 


(about 150 km/h). 
We can find the mass of each locomotive by divid- 


(half the initial 





FiG. 7-1 The aftermath of an 1896 crash of two locomotives. 
(Courtesy Library of Congress) 


ing its given weight by g: 
ah IN 
i ene — 122 x 110 ke, 
= 9.8 m/s” : 


Now, using Eq. 7-1, we find the total kinetic energy 
of the two locomotives just before the collision as 


K = 2(5mv’) = (1.22 X 10° kg)(40.8 m/s)? 
— 21021024, (Answer) 


This collision was like an exploding bomb. 





7-4 | Work 


If you accelerate an object to a greater speed by applying a force to the object, 
you increase the kinetic energy K (= 5; mv’) of the object. Similarly, if you decel- 
erate the object to a lesser speed by applying a force, you decrease the kinetic 
energy of the object. We account for these changes in kinetic energy by saying 
that your force has transferred energy to the object from yourself or from the 
object to yourself. In such a transfer of energy via a force, work W is said to be 
done on ee BO OUIEC oy the VOrce More formally, we define wore as follows: 


oO * 
: he 
at 


> 5 
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: 
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“Work: ” then, is panvemed energy; PaO none is the act of qancerene ne 
energy. Work has the same units as energy and is a scalar quantity. 

The term transfer can be misleading. It does not mean that anything material 
flows into or out of the object; that is, the transfer is not like a flow of water. 
Rather, it is like the electronic transfer of money between two bank accounts: 
The number in one account goes up while the number in the other account goes 
down, with nothing material passing between the two accounts. 

Note that we are not concerned here with the common meaning of the word 
“work,” which implies that any physical or mental labor is work. For example, if 
you push hard against a wall, you tire because of the continuously repeated mus- 
cle contractions that are required, and you are, in the common sense, working. 
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However, such effort does not cause an energy transfer to or from the wall and 
thus is not work done on the wall as defined here. 

To avoid confusion in this chapter, we shall use the symbol W only for work 
and shall represent a weight with its equivalent mg. 
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Finding an Expression for Work 


Let us find an expression for work by considering a bead that can slide along 
a frictionless wire that is stretched along a horizontal x axis (Fig. 7-2). A constant 
force F, directed at an angle @ to the wire, accelerates the bead along the wire. 
We can relate the force and the acceleration with Newton’s second law, written 
for components along the x axis: 


me — May, 2) 


where m is the bead’s mass. As the bead moves through a displacement d, the 
force changes the bead’s velocity from an initial value ¥) to some other value v. 
Because the force is constant, we know that the acceleration is also constant. 
Thus, we can use Eq. 2-16 to write, for components along the x axis, 


v2 = 2 + 2ad. (7-4) 


Solving this equation for a,, substituting into Eq. 7-3, and rearranging then give us 


amv? —5mv2 = Fd. (7-5) 
The first term on the left side of the equation is the kinetic energy K; of the bead 
at the end of the displacement d, and the second term is the kinetic energy K; of 
the bead at the start of the displacement. Thus, the left side of Eq. 7-5 tells us 
the kinetic energy has been changed by the force, and the right side tells us the 
change is equal to F,d. Therefore, the work W done on the bead by the force 
(the energy transfer due to the force) is 


W = Fd. (7-6) 


If we know values for F, and d, we can use this equation to calculate the work W 
done on the bead Le the force. 























From mn Fig, 7-2, we see that we can write F, as F' cos a where ¢ is the angle 
between the directions of the displacement d and the force F. Thus, 


W = Fdcos¢ (work done by a constant force). (7-7) 


Because the right side of this equation is equivalent to the scalar (dot) product 
F+ d,wecan also write 





W=F-d (work done by a constant force), (7-8) 


where F is the magnitude of F. (You may wish to review the discussion of scalar "!S- 7-2 Aconstant force F' di- 
products in Section 3-8.) Equation 7-8 is especially useful for calculating the work rected at angle ¢ to the displacement 
when F and d are given in unit-vector notation. ee aes ae os seen Ble 
Cautions: There are two restrictions to using Eqs. 7-6 through 7-8 to calculate as a uN ras a cae 
velocity of the bead from ¥, to v. 
work done on an object by a force. First, the force must be a constant force; that, «pinatic energy gauge” indicates 
Is, 1t must not change in magnitude or direction as the object moves. (Later, we ine resulting change in the kinetic 
shall discuss what to do with a variable force that changes in magnitude.) Second, energy of the bead, from the value K, 


the object must be particle-like. This means that the object must be rigid; all parts to the value KG 
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FIG. 7-3 A contestant in a bed race. 
We can approximate the bed and its 
occupant as being a particle for the 
purpose of calculating the work done 
on them by the force applied by the 
student. 





of it must move together, in the same direction. In this chapter we consider only 
particle-like objects, such as the bed and its occupant being pushed in Fig. 7-3. 
Signs for work. The work done on an object by a force can be either positive 
work or negative work. For example, if the angle @ in Eq. 7-7 is less than 90°, then cos 
¢ is positive and thus so is the work. If ¢ is greater than 90° (up to 180°), then cos ¢ is 
negative and thus so is the work. (Can you see that the work is zero when db = 90°?) 
These results lead to a simple rule. To find the sign of the work done by a force, con- 
sider the force vector component that is parallel to the displacement: 
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meter (N-m). The corresponding unit in the British system is the foot-pound 
(ft - Ib). Extending Eq. 7-2, we have 


1J =1kg-m’/s? = 1 N-m = 0.738 ft-lb. (7-9) 


Net work done by several forces. When two or more forces act on an object, 
the net work done on the object is the sum of the works done by the individual 
forces. We can calculate the net work in two ways. (1) We can find the work done 
by each force and then sum those works. (2) Alternatively, we can first find the net 
force Fa of those forces. Then we can use Eq. 7-7, substituting the magnitude F,,., 
for F and also the angle between the directions of E., and d for db. Similarly, we 
can use Eq. 7-8 with F.., substituted for F. 


Work-— Kinetic Energy Theorem 


Equation 7-5 relates the change in kinetic energy of the bead (from an initial 
K; = ;mvj to a later K; = $mv?) to the work W (= F,d) done on the bead. For 
such particle-like objects, we can generalize that equation. Let AK be the change 
in the kinetic energy of the object, and let W be the net work done on it. Then 


AK = K;— K;= W, (7-10) 
which says that 
change in the kinetic\ _ /net work done on 
energy ofa particle / — the particle 


We can also write 


which says that 


kinetic energy after \ _ kinetic energy the net 
the net work isdone/ —_\ before the net work work done /’ 


These statements are known traditionally as the work—kinetic energy theorem 
for particles. They hold for both positive and negative work: If the net work done 
on a particle is positive, then the particle’s kinetic energy increases by the amount 
of the work. If the net work done is negative, then the particle’s kinetic energy 
decreases by the amount of the work. 

For example, if the kinetic energy of a particle is initially 5 J and there is a 
net transfer of 2 J to the particle (positive net work), the final kinetic energy Is 
7 J. If, instead, there is a net transfer of 2 J from the particle (negative net work), 
the final kinetic energy is 3 J. 


CHECKPOINT 1 A particle moves along an x axis. Does the kinetic energy of 
the particle increase, decrease, or remain the same if the particle’s velocity changes 
(a) from —3 m/s to —2 m/s and (b) from —2 m/s to 2 m/s? (c) In each situation, is the 
work done on the particle positive, negative, or zero? 
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Sample Problem ears 


Figure 7-4a shows two industrial spies sliding an initially 
stationary 225 kg floor safe a displacement d of magni- 
tude 8.50 m, straight toward their truck. The push F; of 
spy 001 is 12.0 N, directed at an angle of 30.0° down- 
ward from the horizontal; the pull 5 of spy 002 is 
10.0 N, directed at 40.0° above the horizontal. The mag- 
nitudes and directions of these forces do not change as 
the safe moves, and the floor and safe make frictionless 
contact. 


(a) What is the net work done on the safe by forces F, 
and F, during the displacement d? 


fetzo (1) The net work W done on the safe by the 


two forces is the sum of the works they do individually. 
(2) Because we can treat the safe as a particle and the 
forces are constant in both magnitude and direction, 
we can use either Eq. 7-7 (W = Fd cos ¢) or Eq. 7-8 
(W = F- d) to calculate those works. Since we know the 
magnitudes and directions of the forces, we choose 
Bq: 7-7. 


Calculations: From Eq. 7-7 and the free-body diagram 
for the safe in Fig. 7-4b, the work done by F; is 


W, = F,dcos ¢, = (12.0 N)(8.50 m)(cos 30.0°) 
= 88.33 J, 
and the work done by F, is 
W, = F,dcos ¢, = (10.0 N)(8.50 m)(cos 40.0°) 
= 65.11 J. 


Spy 002 


Spy 001 





FIG. 7-4 (a) Two spies move a floor safe through a displace- 
ment d. (b) A free-body diagram for the safe. 


Thus, the net work W is 


W=W, + W, = 88.33 J + 65.115 


= 153.4J ~ 153 J. (Answer) 


During the 8.50m displacement, therefore, the spies 
transfer 153 J of energy to the kinetic energy of the safe. 


(b) During the displacement, what is the work W, done 
on the safe by the gravitational force F. and what j is the 
work W, done on the safe by the ponal force Fy from 
the floor? 


cet Because these forces are constant in both 


magnitude and direction, we can find the work they do 
with Eq. 7-7. 


Calculations: Thus, with mg as the magnitude of the 
sravitational force, we write 


W, = mgd cos 90° = mgd(0) = 0 (Answer) 
and Wy = Fyd cos 90° = Fyd(0) = 0. (Answer) 
We should have known this result. Because these forces 
are perpendicular to the displacement of the safe, they 


do zero work on the safe and do not transfer any energy 
to or from it. 


(c) The safe is initially stationary. What is its speed v; at 
the end of the 8.50 m displacement? 


cots The speed of the safe changes because its 


kinetic energy is changed when energy is transferred 
to it by F, and E,. 


Calculations: We relate the speed to the work done by 
combining Eqs. 7-10 and 7-1: 


W = K, — K; = 5mv3 - smvi. 


The initial speed v; is zero, and we now know that the 
work done is 153.4 J. Solving for v;and then substituting 
known data, we find that 


_,[2W _ ,[20534 9) 
‘t Nom YN 225ke 


= 1.17 m/s. (Answer) 


Sample Problem eee 


During a storm, a crate of crepe is sliding across a slick, 
oily parking lot through a displacement d = (-3.0 m)i 
while a steady wind pushes against the crate with a 
force F = (2.0 N)i + (—6.0 N)j. The situation and coor- 
dinate axes are shown in Fig. 7-5. 


(a) How much work does this force do on the crate 
during the displacement? 





FIG. 7-5 Force F slows a crate during displacement d. 
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cry Because we can treat the crate as a particle 


and because the wind force is constant (“steady”) in 
both magnitude and direction during the displacement, 
we can use either Eq. 7-7 (W = Fd cos @¢) or Eq. 7-8 
(W = F+d) to calculate the work. Since we know F 
and d in unit-vector notation, we choose Eq. 7-8. 


Calculations: We write 
W = F-d = [(2.0N)i + (-6.0 N)j]-[(—3.0 m)i]. 


Of the possible unit-vector dot products, only el, J], 
and k-k are nonzero (see Appendix E). Here we obtain 


Thus, the force does a negative 6.0J of work on the 
crate, transferring 6.0J of energy from the kinetic 
energy of the crate. 


(b) If the crate has a kinetic energy of 10J at the 
beginning of displacement d, what is its kinetic energy 
at the end of d? 


cei Because the force does negative work on 
the crate, it reduces the crate’s kinetic energy. 


Calculation: Using the work—kinetic energy theorem 
in the form of Eq. 7-11, we have 


W = (2.0 N)(—3.0 m)i-i + (—6.0 N)(—3.0 m)j-i 
= (-6.0J)(1) +0 = -6.0J. 


Ke eae W NU (6.01) 40: 


Less kinetic energy means that the crate has been slowed. 


(Answer) 


(Answer) 
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We next examine the work done on an object by the gravitational force acting on 
it. Figure 7-6 shows a particle-like tomato of mass m that iS thrown upward with 
initial speed vp and thus with initial kinetic energy K; = Smvj. As the tomato 
rises, it is slowed by a gravitational force Be that is, the tomato’s kinetic energy 
decreases because F. does work on the tomate as it rises. Because we can treat 
the tomato as a particle, we can use Eq. 7-7 (W = Fd cos ¢) to express the work 
done during a displacement d. For the force magnitude F, we use mg as the mag- 
nitude of F.. Thus, the work W, done by the gravitational force F, is 
W, = mgd cos } (work done by gravitational force). (7-12) 

For a rising object, force F, is directed opposite the displacement d, as indi- 

cated in Fig. 7-6. Thus, @ = 180° and 


W, = mgd cos 180° = mgd(—1) = —megd. (7-13) 


The minus sign tells us that during the object’s rise, the gravitational force acting 
on the object transfers energy in the amount mgd from the kinetic energy of the 
object. This is consistent with the slowing of the object as it rises. 
After the object has reached its maximum height and is falling back down, 
Y the angle ¢ between force F, and displacement d is zero. Thus, 
a 


W, = mgd cos 0° = mgd(+1) = +megd. (7-14) 


The plus sign tells us that the gravitational force now transfers energy in the amount 
med to the kinetic energy of the object. This is consistent with the speeding up of the 
object as it falls. (Actually, as we shall see in Chapter 8, energy transfers associated 
with lifting and lowering an object involve the full object—Earth system.) 


- 
Yo 
= K; 
f', 
g 


FiG. 7-6 Because the gravitational 
force F. acts on it, a particle-like 
tomato of mass m thrown upward 
slows from velocity ¥, to velocity ¥ 
during displacement d.A kinetic 
energy gauge indicates the resulting 
change in the kinetic energy of the 
tomato, from K; (= 5 mv) to 

K; (= 3 mv’). 


Work Done in Lifting and Lowering an Object 


Now suppose we lift a particle-like object by applying a vertical force F to it. 
During the upward displacement, our applied force does positive work W, on the 
object while the gravitational force does negative work W, on it. Our applied 
force tends to transfer energy to the object while the gravitational force tends to 
transfer energy from it. By Eq. 7-10, the change AK in the kinetic energy of the 
object due to these two energy transfers is 


AK = K;— K; = W, + Wy, (7-15) 
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in which K; is the kinetic energy at the end of the displacement and K; 1s that at 
the start of the displacement. This equation also applies if we lower the object, 
but then the gravitational force tends to transfer energy to the object while our 
force tends to transfer energy from it. 

In one common situation, the object is stationary before and after the lift— 
for example, when you lift a book from the floor to a shelf. Then K; and K; are 
both zero, and Eq. 7-15 reduces to 


W,+ W=0 
or W,= —W 


3 (7-16) 
Note that we get the same result if Ky and K; are not zero but are still equal. 
Either way, the result means that the work done by the applied force is the nega- 
tive of the work done by the gravitational force; that is, the applied force transfers 
the same amount of energy to the object as the gravitational force transfers from 


the object. Using Eq. 7-12, we can rewrite Eq. 7-16 as 


W, = —mgdcosq@ (work done in lifting and lowering; K; = K)), (7-17) 


with ¢ being the angle between F, and d. If the displacement is vertically upward 
(Fig. 7-7a), then @ = 180° and the work done by the applied force equals mgd. 
If the displacement is vertically downward (Fig. 7-7b), then @ = 0° and the work 
done by the applied force equals —megd. 

Equations 7-16 and 7-17 apply to any situation in which an object is lifted or 
lowered, with the object stationary before and after the lift. They are independent 
of the magnitude of the force used. For example, if you lift a mug from the floor to 
over your head, your force on the mug varies considerably during the lift. Still, 
because the mug is stationary before and after the lift, the work your force does 
on the mug is given by Eqs. 7-16 and 7-17, where, in Eq. 7-17, mg is the weight of 
the mug and dis the distance you lift it. 


Sample Problem 


cw, 


: i 
Object, 
e F, 
FE 
Object — 
F d 


(a) (0) 
FIG. 7-7 (a) Anapplied force F lifts 
an object. The object’s displacement 
d makes an angle @ = 180° with the 
gravitational force FE on the object. 
The applied force does positive work 
on the object. (b) An applied force F 
lowers an object. The displacement d 
of the object makes an angle @ = 0° 
with the gravitational force F g: Lhe 
applied force does negative work on 
the object. 





One of the lifts of Paul Anderson (Fig. 7-8) in the 1950s 
remains a record: Anderson stooped beneath a rein- 
forced wood platform, placed his hands on a short stool 
to brace himself, and then pushed upward on the plat- 
form with his back, lifting the platform straight up by 1.0 
cm. The platform held automobile parts and a safe filled 
with lead, with a total weight of 27 900 N (6270 Ib). <q 


(a) As Anderson lifted the load, how much work was 
done on it by the gravitational force F,? 


corey We can treat the load as a single particle 


because the components moved rigidly together. Thus 
we can use Eq. 7-12 (W, = mgd cos ¢) to find the work 
W, done on the load by Fy. 





FIG. 7-8 Using a harness across his back, Paul Anderson 





Calculation: The angle ¢ between the directions of the 
downward gravitational force and the upward displace- 
ment was 180°. Substituting this and the given data into 
Eq. 7-12, we find 
W, = mgd cos ¢ = (27 900 N)(0.010 m)(cos 180°) 
= —280 J. (Answer) 


(b) How much work was done by the force Anderson 
applied to make the lift? 


lifted a platform and a scout troop off the ground. 
(QA P/WideWorld Photos) 


[Sia Anderson’s force was certainly not con- 


stant. Thus, we cannot just substitute a force magnitude 
into Eq. 7-7 to find the work done. However, we know 
that the load was stationary both at the start and at the 
end of the lift. Therefore, we know that the work W, done 
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by Anderson’s applied force was the negative of the 
work W, done by the gravitational force F,. 


Calculation: Equation 7-16 gives us 


Wr = W280 0: (Answer) 


Sample Problem 


Comments: This is hardly more than the work needed 
to lift a stuffed school backpack from the floor to shoul- 
der level. So, why was Anderson’s lift so amazing? Work 
(energy transfer) and force are different quantities; 
although Anderson’s lift required an unremarkable 
energy transfer, it required a truly remarkable force. 





An initially stationary 15.0 kg crate of cheese wheels is 
pulled, via a cable, a distance d = 5.70 m up a frictionless 
ramp to a height h of 2.50 m, where it stops (Fig. 7-9a). 


(a) How much work W, is done on the crate by the 
gravitational force F, anny the lift? 


corey We treat the crate as a particle and use Eq. 


7-12 (W, = mgd cos ¢) to find the work W, done by F,. 


Calculations: - We do not know the angle ¢ between the 
directions of F. and displacement d. However, from the 
crate’s free- Body diagram in Fig. 7-9b, we find that ¢ is 
6 + 90°, where @ is the (unknown) angle of the ramp. 
Equation 7-12 then gives us 


W, = mgd cos(@ + 90°) = —mgd sin 6, (7-18) 


where we have used a trigonometic identity to simplify 
the expression. The result seems to be useless because 6 
is unknown. But (continuing with physics courage) we 
see from Fig. 7-9a that d sin 0 = h, where h is a known 
quantity. With this substitution, Eq. 7-18 gives us 


eee (7-19) 
= —(15.0 kg)(9.8 m/s*)(2.50 m) 
= —368 J. (Answer) 


Note that Eq. 7-19 tells us that the work W, done by the 
gravitational force depends on the vertical displace- 
ment but (surprisingly) not on the horizontal displace- 
ment. (We return to this point in Chapter 8.) 


(b) How much work W, is done on the crate by the 
force T from the cable during the lift? 


cere We cannot just substitute the force magni- 


tude 7 for F in Eq. 7-7 (W = Fd cos ¢@) because we do 
not know the value of T. However, to get us going we 
can treat the crate as a particle and then apply the 
work —kinetic energy theorem (AK = W) to it. 





An elevator cab of mass m = 500 kg is descending with 
speed v; = 4.0 m/s when its supporting cable begins to 
slip, allowing it to fall with constant acceleration 
a = @/5 (Fig. 7-10a). 


(a) During the fall through a distance d = 12 m, what 





(0) 
FIG. 7-9 (a) A crate is pulled up a frictionless ramp by a force 
T parallel to the ramp. (b) A free-body diagram for the crate, 
showing also the displacement d. 


Calculations: Because the crate is stationary before and 
after the lift, the change AK in its kinetic energy is zero. 
For the net work W done on the crate, we must sum the 
works done by all three forces acting on the crate. From 
(a), the work W, done by the gravitational force F, is 
—368 J. The Wore Ww done by the normal force F,, on ihe 
crate from the ramp is zero because F, n 1s perpendicular 
to the displacement. We want the work W; done by T. 
Thus, the work —kinetic energy theorem gives us 

AK = W,;+ W, + Wn 
or 0 = W, —- 368 J + 0, 
Wr = 368 J. 


and so (Answer) 


is the work W, done on the cab by the gravitational 
force F, 2 


csi We can treat the cab as a particle and thus 


use Eq. 7-12 (W, = mgd cos @) to find the work W,. 


Calculation: From Fig. 7-10b, we see that the angle 
between the directions of F, and the cab’s displacement 
d is 0°. Then, from Eq. 7-12, we find 


W, = mgd cos 0° = (500 kg)(9.8 m/s*)(12 m)(1) 
= 5.88 x 104 J ~ 59 kJ. 


(b) During the 12 m fall, what is the work W; done on 
the cab by the upward pull T of the elevator cable? 


KEY IDEAS | (1) We can calculate the work W; with 


Eq. 7-7 (W = Fd cos ¢) if we first find an expression for 
the magnitude T of the cable’s pull. (2) We can find that 
expression by writing Newton’s second law for compo- 
nents along the y axis in Fig. 7-10b (Fety = may). 


(Answer) 


Calculations: We get 
Le: 


Solving for 7, substituting mg for F,, and then substitut- 
ing the result in Eq. 7-7, we obtain 


W, = Tdcos ¢ = m(a + g)d cos ¢. 


Next, substituting —g/5 for the (downward) accelera- 
tion a and then 180° for the angle @ between the direc- 
tions of forces T and m ¢, we find 


4 
Wr= m( -& als g) dcos 4 = 5 mgd cos 


4 
er (500 kg)(9.8 m/s*)(12 m) cos 180° 


= —4,70 x 104 J = —47kJ. (Answer) 
Caution: Note that W; is not simply the negative of W,,. 
The reason is that, because the cab accelerates during 
the fall, its speed changes during the fall, and thus its 
kinetic energy also changes. Therefore, Eq. 7-16 (which 
assumes that the initial and final kinetic energies are 
equal) does not apply here. 


(c) What is the net work W done on the cab during the 
fall? 
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ay. 


Cab 


wy 
Sf 





(0) 

FIG. 7-10 Anelevator cab, descending with speed v,, sud- 
denly begins to accelerate downward. (a) It moves through a 
displacement d with constant acceleration @ = = g/5.(b)A 
free-body diagram for the cab, displacement included. 


Calculation: The net work is the sum of the works done 
by the forces acting on the cab: 


W = W, + W; = 5.88 X 10* J — 4.70 x 104J 
= 1.18 x 10*J ~ 12 kJ. 


(d) What is the cab’s kinetic energy at the end of the 
12 m fall? 


ce The kinetic energy changes because of the 


net work done on the cab, according to Eq. 7-11 (K; = 


K, + W). 


Calculation: From Eq. 7-1, we can punt the kinetic 
energy at the start of the fall as K; = smv} . We can then 
write Eq. 7-11 as 


K,;=K,;+ W= smv} + W 
= (500 kg)(4.0 m/s)? + 1.18 x 104J 
= 1.58 x 10*J ~ 16kJ. (Answer) 


(Answer) 


We next want to examine the work done on a particle-like object by a particular 
type of variable force—namely, a spring force, the force from a spring. Many 
forces in nature have the same mathematical form as the spring force. Thus, by 
examining this one force, you can gain an understanding of many others. 


The Spring Force 


Figure 7-11a shows a spring in its relaxed state —that is, neither compressed nor 
extended. One end is fixed, and a particle-like object —a block, say —is attached 
to the other, free end. If we stretch the spring by pulling the block to the right as 
in Fig. 7-11b, the spring pulls on the block toward the left. (Because a spring 
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=) Block 
attached 


to spring 








— . 
d x negative 
f.. positive 


(¢) 


FIG. 7-11 (a) A spring in its relaxed 
state. The origin of an x axis has been 
placed at the end of the spring that is 
attached to a block. (b) The block is 
displaced by d,and the spring 1s 
stretched by a positive amount x. 
Note the restoring force F exerted 
by the spring. (c) The spring is com- 
pressed by a negative amount x. 
Again, note the restoring force. 


force acts to restore the relaxed state, it is sometimes said to be a restoring force. ) 
If we compress the spring by pushing the block to the left as in Fig. 7-11c, the 
spring now pushes on the block toward the right. 

To a good approximation for many springs, the force F. froma spring is pro- 
portional to the displacement d of the free end from its position when the spring 
is in the relaxed state. The spring force is given by 


F. = —kd (Hooke’s law), (7-20) 


which is known as Hooke’s law after Robert Hooke, an English scientist of the 
late 1600s. The minus sign in Eq. 7-20 indicates that the direction of the spring 
force is always opposite the direction of the displacement of the spring’s free end. 
The constant k is called the spring constant (or force constant) and is a measure 
of the stiffness of the spring. The larger k 1s, the stiffer the spring; that 1s, the larger 
k is, the stronger the spring’s pull or push for a given displacement. The SI unit for 
k is the newton per meter. 

In Fig. 7-11 an x axis has been placed parallel to the length of the spring, with 
the origin (x = 0) at the position of the free end when the spring is in its relaxed 
state. For this common arrangement, we can write Eq. 7-20 as 


FF, = —kx (Hooke’s law), (7-21) 


where we have changed the subscript. If x is positive (the spring is stretched 
toward the right on the x axis), then F, is negative (it is a pull toward the left). If 
x is negative (the spring is compressed toward the left), then F,, is positive (it is a 
push toward the right). Note that a spring force is a variable force because it is a 
function of x, the position of the free end. Thus F,, can be symbolized as F(x). Also 
note that Hooke’s law is a linear relationship between F, and x. 


The Work Done by a Spring Force 


To find the work done by the spring force as the block in Fig. 7-11a moves, let us 
make two simplifying assumptions about the spring. (1) It is massless; that is, its 
mass is negligible relative to the block’s mass. (2) It is an ideal spring; that is, it 
obeys Hooke’s law exactly. Let us also assume that the contact between the block 
and the floor is frictionless and that the block is particle-like. 

We give the block a rightward jerk to get it moving and then leave it alone. 
As the block moves rightward, the spring force Ff, does work on the block, 
decreasing the kinetic energy and slowing the block. However, we cannot find 
this work by using Eq. 7-7 (W = Fd cos ¢) because that equation assumes a con- 
stant force. The spring force is a variable force. 

To find the work done by the spring, we use calculus. Let the block’s initial 
position be x; and its later position x,. Then divide the distance between those two 
positions into many segments, each of tiny length Ax. Label these segments, start- 
ing from x;, as segments 1, 2, and so on. As the block moves through a segment, 
the spring force hardly varies because the segment is so short that x hardly varies. 
Thus, we can approximate the force magnitude as being constant within the seg- 
ment. Label these magnitudes as F’, in segment 1, F,, in segment 2, and so on. 

With the force now constant in each segment, we can find the work done 
within each segment by using Eq. 7-7. Here ¢@ = 180°, and so cos @ = —1. Then 
the work done is —F,,, Ax in segment 1, —F,, Ax in segment 2, and so on. The net 
work W, done by the spring, from x; to x7, 1s the sum of all these works: 


W, = D-Fy Ax, (7-22) 


where / labels the segments. In the limit as Ax goes to zero, Eq. 7-22 becomes 


W, = | "—F, dx. Gos 





7-7 | Work Done by a Spring Force key 


From Eq. 7-21, the force magnitude F’, 1s kx. Thus, substitution leads to 


ag Xf 
w= | ~kx dx = ~& | ie 


= (SAE = (= eg = x). (7-24) 


Multiplied out, this yields 

W, = skx? a 5 kx? (work by a spring force). (7-25) 
This work W, done by the spring force can have a positive or negative value, 
depending on whether the net transfer of energy is to or from the block as the 
block moves from x; to x;. Caution: The final position x» appears in the second 
term on the bee side of Eq. 7-25. Therefore, Eq. 7-25 tells us: 
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If x; = 0 and if we call the final sacilion x, then Eq. 7-25 becomes 


W,= —5 ka (work by a spring force). 


The Work Done by an Applied Force 


Now suppose that we displace the block along the x axis while continuing to 
apply a force EF, to it. During the displacement, our applied force does work W, 
on the block while the spring force does work W,. By Eq. 7-10, the change AK in 
the kinetic energy of the block due to these two energy transfers 1s 


in which K;is the kinetic energy at the end of the displacement and K; is that at 
the start of the displacement. If the block 1s stationary before and after the dis- 
placement, then K,and K; are both zero and Eq. 7-27 reduces to 













































































































































































































































































Caution: If the block is not stationary before and after the displacement, then this 
statement is not true. 


CHECKPOINT 2 For three situations, the initial and final positions, respec- 
tively, along the x axis for the block in Fig. 7-11 are (a) —3 cm, 2 cm; (b) 2 cm, 3 cm; and 
(c) —2 cm, 2 cm. In each situation, is the work done by the spring force on the block 
positive, negative, or zero? 


Sample Problem 7-7 | 


A package of spicy Cajun pralines lies on a frictionless 
floor, attached to the free end of a spring in the arrange- 
ment of Fig. 7-1la. A rightward applied force of magni- 
tude fF, = 4.9 N would be needed to hold the package at 
x, = 12mm. 





Etat As the package moves from one position to 
another, the spring force does work on it as given by 


Eq. 7-25 or Eq. 7-26. 


Calculations: We know that the initial position x; is 0 


(a) How much work does the spring force do on the 
package if the package is pulled rightward from x) = 0 
tox, = 17 mm? 


and the final position x, is 17 mm, but we do not know 
the spring constant k. We can probably find k with Eq. 
7-21 (Hooke’s law), but we need this fact to use it: Were 
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the package held stationary at x, = 12 mm, the spring 
force would have to balance the applied force 
(according to Newton’s second law). Thus, the spring 
force F,, would have to be —4.9N (toward the left in 
Fig. 7-11b);so Eq. 7-21 (F,, = —kx) gives us 

ee —4.9N 


[iS aS eee ee 
a 12 x 10°7>m 





= 408 N/m. 
Now, with the package at x, = 17 mm, Eq. 7-26 yields 


W, = —$kx3 = —3(408 N/m)(17 X 10° my 


= —0.059 J. (Answer) 


(b) Next, the package is moved leftward to x3; = 
—12 mm. How much work does the spring force do on 


the package during this displacement? Explain the sign 
of this work. 


Calculation: Now x; = +17 mm and x; = —12 mm, and 
Eq. 7-25 yields 


W, = 5kx? — 5 kx? = 5 k(x? = i,) 
= (408 N/m)[(17 < 10-3 m)? — (—12 x 1073 m)’] 
= 0.030 J = 30 mJ. (Answer) 


This work done on the block by the spring force is 
positive because the spring force does more positive 
work as the block moves from x; = +17 mm to the 
spring’s relaxed position than it does negative work as 
the block moves from the spring’s relaxed position to 
1 Ze 


Sample Problem E27 


In Fig. 7-12, a cumin canister of mass m = 0.40 kg slides 
across a horizontal frictionless counter with speed v = 
0.50 m/s. It then runs into and compresses a spring of 
spring constant k = 750 N/m. When the canister is 
momentarily stopped by the spring, by what distance d 
is the spring compressed? 


1. The work W, done on the canister by the spring 
force is related to the requested distance d by Eq. 
7-26 (W, = —}kx?), with d replacing x. 

2. The work W, is also related to the kinetic energy of 
the canister by Eq. 7-10 (K; — K; = W). 

3. The canister’s kinetic energy has an initial value of 
K= smv? and a value of zero when the canister is 
momentarily at rest. 


Calculations: Putting the first two of these ideas 
together, we write the work—kinetic energy theorem for 





FIG. 7-12 A canister of mass m moves at velocity V toward a 
spring that has spring constant k. 


the canister as 
K, — K; = —5kd?. 


Substituting according to the third idea makes this 
expression 
0 —5mv? = —jkd?. 


Simplifying, solving for d, and substituting known data 
then give us 


_ [ m _ | 0.40 kg 
d=v k = (0.50 m/s) 750 Nim 


= OX Nee me 2 cm, (Answer) 


7-8 | Work Done by a General Variable Force 


One-Dimensional Analysis 


Let us return to the situation of Fig. 7-2 but now consider the force to be in the 
positive direction of the x axis and the force magnitude to vary with position x. 
Thus, as the bead (particle) moves, the magnitude F(x) of the force doing work on 
it changes. Only the magnitude of this variable force changes, not its direction, 
and the magnitude at any position does not change with time. 

Figure 7-13a shows a plot of such a one-dimensional variable force. We want an 
expression for the work done on the particle by this force as the particle moves from 
an initial point x; to a final point x». However, we cannot use Eq. 7-7 (W = Fd cos dp) 
because it applies only for a constant force F. Here, again, we shall use calculus. We 
divide the area under the curve of Fig. 7-13a into a number of narrow strips of width 
Ax (Fig. 7-135). We choose Ax small enough to permit us to take the force F(x) as be- 
ing reasonably constant over that interval. We let F,,,, be the average value of F(x) 


J,avg 
within the jth interval. Then in Fig. 7-135, F; ay. is the height of the jth strip. 
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With F;.,, considered constant, the increment (small amount) of work AW; 


done by the force in the jth interval is now approximately given by Eq. 7-7 and is 


AW, = Fiave AX. (7-29) 


j,avg 
In Fig. 7-13b, AW, is then equal to the area of the jth rectangular, shaded strip. 
To approximate the total work W done by the force as the particle moves 
from x; to x,, we add the areas of all the strips between x; and x,in Fig. 7-130: 
W = > AW, = > Fave Ax. 


J,avg 


(7-30) 


Equation 7-30 is an approximation because the broken “skyline” formed by the tops 
of the rectangular strips in Fig. 7-13b only approximates the actual curve of F(x). 

We can make the approximation better by reducing the strip width Ax and 
using more strips (Fig. 7-13c). In the limit, we let the strip width approach zero; 
the number of strips then becomes infinitely large and we have, as an exact result, 

We = diam SF A, (7-31) 
Ax >0 


J,avg 


This limit is exactly what we mean by the integral of the function F(x) voiced 
the limits x; and x;. Thus, Eq. 7-31 becomes 


i 
W= | F(x) dx (work: variable force). (7-32) 


If we know the function F(x), we can substitute it into Eq. 7-32, introduce the 
proper limits of integration, carry out the integration, and thus find the work. 
(Appendix E contains a list of common integrals.) Geometrically, the work is 
equal to the area between the F(x) curve and the x axis, between the limits x; and 
x, (Shaded in Fig. 7-13d). 


Three-Dimensional Analysis 
Consider now a particle that is acted on by a three-dimensional force 


F = Fit Bj + Ek, (7-33) 


in which the components F,, F,, and F, can depend on the position of the particle; 
that is, they can be functions of that position. However, we make three simplifica- 
tions: fF’, may depend on x but not on y or z, Ff, may depend on y but not on x or z, 
and F’, may depend on z but not on x or y. Now let the particle move through an 
incremental displacement 


d? = dxi + dyj + dzk. (7-34) 


The increment of work dW done on the particle by F during the displacement dr 
is, by Eq. 7-8, 
dW = F-drP = E.dx + Edy + F.dz. (7-35) 


The work W done by F while the particle moves from an initial position r; having 
coordinates (x;, y;, z;) to a final position ry having coordinates (x;, yr, Z,) is then 


up Me a <f 
w= |'aw= | Fdv+ |B dy+ [Rae 
ri Xj yi Si 


If F has only an x component, then the y and z terms in Eq. 7-36 are zero and the 
equation reduces to Eq. 7-32. 


(7-36) 


Work-— Kinetic Energy Theorem with a Variable Force 


Equation 7-32 gives the work done by a variable force on a particle in a one- 
dimensional situation. Let us now make certain that the calculated work is 





F(x) 





F(x) 





FIG. 7-13 (a) A one-dimensional 
force F(x) plotted against the dis- 
placement x of a particle on which it 
acts. The particle moves from x; to xy. 
(6) Same as (a) but with the area un- 
der the curve divided into narrow 
strips. (c) Same as (b) but with the 
area divided into narrower strips. (d) 
The limiting case. The work done by 
the force is given by Eq. 7-32 and is 
represented by the shaded area be- 
tween the curve and the x axis and 
between x; and x,. 
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indeed equal to the change in kinetic energy of the particle, as the work—kinetic 
energy theorem states. 

Consider a particle of mass m, moving along an x axis and acted on by a net 
force F(x) that is directed along that axis. The work done on the particle by this 
force as the particle moves from position x; to position x;is given by Eq. 7-32 as 


W = | F(x) dx = | * pee dx, (7-37) 


in which we use Newton’s second law to replace F(x) with ma. We can write the 
quantity ma dx in Eq. 7-37 as 


d 
ma dx =m = dx. (7-38) 
From the chain rule of calculus, we have 
dv _ dv dx _ dv 


ee EE me —2 SS 7-3 
dt dx dt dx’ a?) 
and Eq. 7-38 becomes 
d 
ma dx = m-—— v dx = mv dv. (7-40) 
dx 
Substituting Eq. 7-40 into Eq. 7-37 yields 
W= [mw dv=m | ¥ dv 
= 5mvi — 5mv?. (7-41) 


Note that when we change the variable from x to v we are required to express the 
limits on the integral in terms of the new variable. Note also that because the 
mass is a constant, we are able to move it outside the integral. 

Recognizing the terms on the right side of Eq. 7-41 as kinetic energies allows 
us to write this equation as 


W = K,;— K; = AK, 


which is the work—kinetic energy theorem. 


Sample Problem 





In an epidural procedure, as used in childbirth, a sur- 
geon or an anesthetist must run a needle through the 
skin on the patient’s back, through various tissue layers 
and into a narrow region called the epidural space that 
lies within the spinal canal surrounding the spinal cord. 
The needle is intended to deliver an anesthetic fluid. 
This tricky procedure requires much practice so that the 
doctor knows when the needle has reached the epidural 








0 10 . 20) 30 
x (mm) 


(a) 


Space and not overshot it, a mistake that could result in 
serious complications. 

The feel a doctor has for the needle’s penetration 1s 
the variable force that must be applied to advance the 
needle through the tissues. Figure 7-14a is a graph of the 
force magnitude F versus displacement x of the needle 
tip in a typical epidural procedure. (The line segments 
have been straightened somewhat from the original 
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FIG. 7-14 (a) The force magnitude F versus the displacement x of the needle in an epidural procedure. (b) Breaking up the region 
between the plotted curve and the displacement axis to calculate the area. 


data.) As x increases from 0, the skin resists the needle, 
but at x = 8.0mm the force is finally great enough to 
pierce the skin, and then the required force decreases. 
Similarly, the needle finally pierces the interspinous lig- 
ament at x = 18 mm and the relatively tough ligamen- 
tum flavum at x = 30mm. The needle then enters the 
epidural space (where it is to deliver the anesthetic 
fluid), and the force drops sharply. A new doctor must 
learn this pattern of force versus displacement to recog- 
nize when to stop pushing on the needle. (This is the 
pattern to be programmed into a virtual-reality simula- 
tion of an epidural procedure.) How much work W is 
done by the force exerted on the needle to get the nee- 
dle to the epidural space at x = 30 mm? 


feieo (1) We can calculate the work W done by a 


variable force F(x) by integrating the force versus posi- 
tion x. Equation 7-32 tells us that 


W= [" rw dx. 





We want the work done by the force during the dis- 
placement from x; = 0 to x, = 0.030 m. (2) We can eval- 
uate the integral by finding the area under the curve on 
the graph of Fig. 7-14a. 


area between force curve 
We= 
and x axis, from x; to xy 


Calculations: Because our graph consists of straight- 
line segments, we can find the area by splitting the 
region below the curve into rectangular and triangular 
regions, as shown in Fig. 7-145. For example, the area in 
triangular region A is 


area , = +(0.0080 m)(12 N) = 0.048 N-m = 0.048 J. 


Once we’ve calculated the areas for all the labeled 
regions in Fig. 7-145, we find that the total work is 


W = (sum of the areas of regions A through K ) 
= 0.048 + 0.024 + 0.012 + 0.036 + 0.009 + 0.001 
+ 0.016 + 0.048 + 0.016 + 0.004 + 0.024 


= 0.238 J. (Answer) 


Sample Problem RAT 


Force F = (3x2N)i + (4N)j, with x in meters, acts on a 
particle, changing only the kinetic energy of the particle. 
How much work is done on the particle as it moves from 
coordinates (2 m, 3 m) to (3 m, 0 m)? Does the speed of 
the particle increase, decrease, or remain the same? 


cSt dai The force is a variable force because its x 


component depends on the value of x. Thus, we cannot 
use Eqs. 7-7 and 7-8 to find the work done. Instead, we 
must use Eq. 7-36 to integrate the force. 


7-9 | Power 


Calculation: We set up two integrals, one along each axis: 


3 0 3 0 
w= | aed+ | 4ay=3[ ear +4] dy 
2 3 2 3 


= 3[hx°f + aly] = [33 — 25] + 4[0 - 3] 
= 7.0 J. (Answer) 


The positive result means that energy is transferred to 
the particle by force F’. Thus, the kinetic energy of the 


' particle increases and, because K = smv°, its speed must 


also increase. 


The time rate at which work is done by a force is said to be the power due to the 
force. If a force does an amount of work W in an amount of time Arf, the average 
power due to the force during that time interval is 


TP (average power). (7-42) 


avg At 


The instantaneous power P is the instantaneous time rate of doing work, which 
we can write as 


_ dW 


eee aE (instantaneous power). (7-43) 


Suppose we know the work W(t) done by a force as a function of time. Then to 
get the instantaneous power P at, say, time t = 3.0s during the work, we would 
first take the time derivative of W(t) and then evaluate the result for t = 3.0 s. 

The SI unit of power is the joule per second. This unit is used so often that it has a 
special name, the watt (W), after James Watt, who greatly improved the rate at which 
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steam engines could do work. In the British system, the unit of power is the foot- 
pound per second. Often the horsepower is used. These are related by 


1 watt = 1 W = 1 J/s = 0.738 ft - Ib/s (7-44) 
and 1 horsepower = 1 hp = 550 ft-lb/s = 746 W. (7-45) 


Inspection of Eq. 7-42 shows that work can be expressed as power multiplied 
by time, as in the common unit kilowatt-hour. Thus, 


1 kilowatt-hour = 1 kW-h = (10° W)(3600 s) 
= 3.60 X 10° J = 3.60 MI. (7-46) 





Perhaps because they appear on our utility bills, the watt and the kilowatt-hour 
FiG.7-15 The power due to the have become identified as electrical units. They can be used equally well as units 
truck’s ome force on the trailing fo other examples of power and energy. Thus, if you pick up a book from the 
See eee eee ole floor and put it on a tabletop, you are free to report the work that you have done 
does work on the load. (REGLAIN 6 .; 
as, say,4 X 10°° kW -h (or more conveniently as 4 mW -h). 

FREDERIC/Gamma-Presse, Inc.) 5 

We can also express the rate at which a force does work on a particle (or 
particle-like object) in terms of that force and the particle’s velocity. For a par- 
ticle that is moving along a straight line (say, an x axis) and is acted on by a 
constant force F directed at some angle ¢ to that line, Eq. 7-43 becomes 


_ dW _ Fecosddx _ dx 
a a’ - Fos 6) 
or P = Fvcos @. (7-47) 


Reorganizing the right side of Eq. 7-47 as the dot product FV, we may also write 
the equation as 


P=F-¥ (instantaneous power). (7-48) 


For example, the truck in Fig. 7-15 exerts a force F on the trailing load, which 
has velocity V at some instant. The instantaneous power due to F is the rate at 
which F’ does work on the load at that instant and is given by Eqs. 7-47 and 7-48. 
Saying that this power is “the power of the truck” is often acceptable, but keep in 
mind what is meant: Power is the rate at which the applied force does work. 


CHECKPOINT 3 A block moves with uniform circular motion because a 
cord tied to the block is anchored at the center of a circle. Is the power due to the force 
on the block from the cord positive, negative, or zero? 


Sample Problem 





Figure 7-16 shows constant forces F , and F, acting ona Fy 
box as the box slides rightward across a frictionless 
floor. Force F , 1s horizontal, with magnitude 2.0 N; 
force F 2 is angled upward by 60° to the floor and has 
magnitude 4.0 N. The speed v of the box at a certain 
instant is 3.0 m/s. What is the power due to each force FIG. 7-16 Two forces F;, and F, act on a box that slides right- 
acting on the box at that instant, and what is the net ward across a frictionless floor. The velocity of the box is V. 
power? Is the net power changing at that instant? 






Frictionless 


Calculation: We use Eq. 7-47 for each force. For force 


Pere F ,;, at angle @, = 180° to velocity V, we have 
We want an instantaneous power, not an 


average power over a time period. Also, we know the P, = Fyv cos $; = (2.0 N)(3.0 m/s) cos 180° 
box’s velocity (rather than the work done on it). = —6.0 W. (Answer) 


This negative result tells us that force F, is transferring 
energy from the box at the rate of 6.0 J/s. 

For force F,, at angle ¢, = 60° to velocity V, we 
have 


P, = F,v cos 2 = (4.0 N)(3.0 m/s) cos 60° 
= 6.0 W. (Answer) 


This positive result tells us that force F, is transferring 
energy to the box at the rate of 6.0 J/s. 


Sample Problem 


Review & Summary 


The net power is the sum of the individual powers: 
PP ce - a ar i) 
=-60W+60W=0, (Answer) 


which tells us that the net rate of transfer of energy to 
or from the box is zero. Thus, the kinetic energy 
(K = }mv’) of the box is not changing, and so the speed 
of the box will remain at 3.0 m/s. With neither the forces 
F , and F > nor the velocity V changing, we see from Eq. 
7-48 that P, and P, are constant and thus so is P,.. 





Provided a funny car does not lose traction, the time it 
takes to race from rest through a distance D depends 
primarily on the engine’s power P. Assuming the power 
is constant, derive the time intermsofDand P. gr 


Cede (1) The power of an engine is the rate at 


which it can do work, as expressed by Eq. 7-43 (P = 
dW/dt). (2) We can relate the work done during the race 
to the kinetic energy with Eq. 7-10, the work—kinetic 
energy theorem (W = K; — Kj). 


Power and kinetic energy: From the work-kinetic 
energy theorem, a small amount of work dW results in 
a small change dK of kinetic energy: dW = dK. 
Substituting this into Eq. 7-43 and rearranging give us 


dK = P dt. 


Integrating both sides and substituting that the kinetic 
energy is K = 0 when the race starts at t = 0, we find 


K t 
[vax = [pa 
0 0 


and Koa Pe 


After substituting smv? for K, we solve for v, the speed 
at the end of the race: 


(7-49) 


Distance and speed: From the definition of velocity in 
Chapter 2, we know that v = dx/dt. Rearranging the 
definition and setting up integration on both sides, we find 


D { 
| ax =| vd 
0 0 


Substituting from Eq. 7-49, we have 


D t Pt 12 oP eh 
| neue | (22) iS (2*) | t!* dt. 
0 0o\ m™ m 0 


Integrating then yields 


p- (2) 2m 
m 3 


Solving for ¢ tells us that a funny car’s elapsed time f 
depends on D and P as given by 


a “( m " 
fee DS eet 
(3 2P 


Comments: In words, the elapsed time depends on the 
inverse cube root of the power. If the racing crew can 
coax more power out of the engine, the elapsed time 
decreases because of the inverse dependence, but only 
modestly because of the cube root dependence. 


(Answer) 


REVIEW & SUMMARY 


Kinetic Energy ‘The kinetic energy K associated with the 
motion of a particle of mass m and speed v, where v is well 
below the speed of light, is 


K= smv? (kinetic energy). (7-1) 
Work Work W is energy transferred to or from an object 


via a force acting on the object. Energy transferred to the 
object is positive work, and from the object, negative work. 


Work Done by a Constant Force The work done ona 
particle by a constant force F during displacement d 1s 


W = Fd cos ¢ = F-d (work, constant force), (7-7, 7-8) 


in which ¢ is the constant angle between the directions of F 
and d. Only the component of F that is along the displace- 
ment d can do work on the object. When two or more forces act 
on an object, their net work is the sum of the individual works 
done by the forces, which is also equal to the work that would be 
done on the object by the net force Fn of those forces. 


Work and Kinetic Energy Fora particle,a change AK in 
the kinetic energy equals the net work W done on the particle: 


AK = K;— K;= W_  (work-kinetic energy theorem), (7-10) 


in which K; is the initial kinetic energy of the particle and Kris 
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the kinetic energy after the work is done. Equation 7-10 
rearranged gives us 


K,= K;+ W. (F210) 


Work Done by the Gravitational Force The work W, 
done by the gravitational force F, on a particle- -like object of 
mass m as the object moves freuen a displacement dis given by 


W, = mgd cos ¢, (7-12) 
in which ¢is the angle between F, and d. 


Work Done in Lifting and Lowering an Object The 
work W, done by an applied force as a particle-like object is either 
lifted or lowered is related to the work W, done by the gravita- 
tional force and the change AK in the object’s kinetic energy by 


AK = K;— K; = W, + W,. (7-15) 
If Ky = K;, then Eq. 7-15 reduces to 
W,= —-W. 


&? 


(7-16) 


which tells us that the applied force transfers as much energy 
to the object as the gravitational force transfers from it. 


Spring Force The force F, froma spring is 


F. =-kd — (Hooke’s law), (7-20) 
where d is the displacement of the spring’s free end from its 
position when the spring is in its relaxed state (neither com- 
pressed nor extended), and k is the spring constant (a measure 
of the spring’s stiffness). If an x axis lies along the spring, with 
the origin at the location of the spring’s free end when the 


spring is in its relaxed state, Eq. 7-20 can be written as 
Fo = —kx (Hooke’s law). (7-21) 


A spring force is thus a variable force: It varies with the 
displacement of the spring’s free end. 


Work Done by a Spring Force If an object is attached 
to the spring’s free end, the work W, done on the object by the 


spring force when the object is moved from an initial position 
x; to a final position x, is 


W, = 5kx? — 5kx?. (7-25) 
If x; = 0 and x; = x, then Eq. 7-25 becomes 
W, = —}kx?. (7-26) 


Work Done by a Variable Force When the force F ona 
particle-like object depends on the position of the object, the 
work done by F' on the object while the object moves from an ini- 
tial position r; with coordinates (x;, y;, Z;) to a final position r; with 
coordinates (x,, yr, zy) must be found by integrating the force. If 
we assume that component F’, may depend on x but not on y or z, 
component Ff, may depend on y but not on x or z, and compo- 
nent F, may depend on z but not on x or y, then the work is 


Xp yf ef 
W=] F,dx+ | Fy,dy+ | F,dz. (7-36) 
X; yi ca 
If F has only an x component, then Eq. 7-36 reduces to 


Wee | Cie (7-32) 


Power The power due to a force is the rate at which that 
force does work on an object. If the force does work W during 
a time interval At, the average power due to the force over that 
time interval is 

WwW 


P.,. =—. 7-42 
avg At ( ) 


Instantaneous power is the instantaneous rate of doing work: 


dW 
P= —— 7-43 
Ht (7-43) 
For a force F at an angle @ to the direction of travel of the in- 
stantaneous velocity Vv, the instantaneous power is 


P = Fvcos $= F°¥. (7-47, 7-48) 





QUESTIONS 


1 Is positive or negative work done by a constant force F on 
a particle during < a Straight-line displacement dif ( a) the angle 
between F and d is 30°; (b) the angle is 100°; (c) F=21-3j 
and d = —4i? 


2 In three situations, a briefly applied horizontal force 
changes the velocity of a hockey puck that slides over fric- 
tionless ice. The overhead views of Fig. 7-17 indicate, for each 


y 





y ‘= 4m/s 





(a) 


FIG. 7-17 Question 2. 


situation, the puck’s initial speed v,, its final speed v,, and 
the directions of the corresponding velocity vectors. Rank the 
situations according to the work done on the puck by the 
applied force, most positive first and 
most negative last. 


3 Rank the following velocities ac- 
cording to the kinetic energy a parti- 
cle will have with each velocity, 
greatest first: (a) V = 4i + 3}, (b) 
v=-41+3j), (c) V=—3i + 4), 
(d) ¥ = 3i — 4j, (e) V = 5i, and (f) v 
= 5 m/s at 30° to the horizontal. 


4 Figure 7-18a shows two horizon- 
tal forces that act on a block that is 
sliding to the right across a friction- 
less floor. Figure 7-185 shows three () 

plots of the block’s kinetic energy K FIG. 7-18 Question 4. 





versus time ¢. Which of the plots best corresponds to the fol- 
lowing three situations: (a) F, = Fy, (b) F, > Fo, (c) Fy, < Fy? 


S In Fig. 7-19, a greased pig has a choice of three frictionless 
slides along which to slide to the ground. Rank the slides 
according to how much work the gravitational force does on 
the pig during the descent, greatest first. 





FIG. 7-19 Question 5. 


6 Figure 7-20a shows four situations in which a horizontal force 
acts on the same block, which is initially at rest. The force magni- 
tudes are Fy = Fy = 2F = 2F;. The horizontal component v, of 
the block’s velocity is shown in Fig. 7-205 for the four situations. 
(a) Which plot in Fig. 7-20b best corresponds to which force in 
Fig. 7-20a? (b) Which plot in Fig. 7-20c (for kinetic energy K 
versus time f) best corresponds to which plot in Fig. 7-205? 


=) => 


fy Fk 








Seay 





(dD) (c) 
FIG. 7-20 Question 6. 


7 Figure 7-21 shows four graphs (drawn to the same scale) 
of the x component F, of a variable force (directed along an 
x axis) versus the position x of a particle on which the force 
acts. Rank the graphs according to the work done by the force 
on the particle from x = 0 to x = x,, from most positive work 
first to most negative work last. 


PROBLEMS 


Problems | 4) hy 





FIG. 7-21 - 
Question 7. (d 





8 Figure 7-22 gives the x 
component F, of a force that 
can act on a particle. If the par- 
ticle begins at rest at x = 0, 
what is its coordinate when it 
has (a) its greatest kinetic en- 
ergy, (b) its greatest speed, and 
(c) zero speed? (d) What is the 
particle’s direction of travel af- 
ter it reaches x = 6 m? 





FIG. 7-22 Question 8. 


9 Spring A is stiffer than spring B (k, > kg). The spring force 
of which spring does more work if the springs are compressed 
(a) the same distance and (b) by the same applied force? 


710 A glob of slime is launched or dropped from the edge of 
a cliff. Which of the graphs in Fig. 7-23 could possibly show 
how the kinetic energy of the glob changes during its flight? 


K K ie K 
l ee /\. ; 
(5) (c) (d) 
K K K 
t | age cat 4 
(f) (g) (Nh) 


FIG. 7-23 Question 10. 


(a) 





Cade InGkiegh Cl Cru One VLCWn d+ Step—by-St epuwSOdcsteaOms 


& Tutoring problem available (at instructor's discretion) in WileyPLUS and WebAssign 


SSM Worked-out solution available in Student Solutions Manual 


@ —@@@ Number of dots indicates level of problem difficulty 


WWW Worked-out solution is at 


—' http://www.wiley.com/college/halliday 
Interactive solution is at 


SS Additional information available in The Flying Circus of Physics and at flyingcircusofphysics.com 


sec. 7-3. Kinetic Energy 

7 On August 10, 1972, a large meteorite skipped across the 
atmosphere above the western United States and western 
Canada, much like a stone skipped across water. The accom- 


panying fireball was so bright that it could be seen in the 
daytime sky and was brighter than the usual meteorite trail. 
The meteorite’s mass was about 4 X 10°kg; its speed was 
about 15 km/s. Had it entered the atmosphere vertically, it 
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would have hit Earth’s surface with about the same speed. (a) 
Calculate the meteorite’s loss of kinetic energy (in joules) that 
would have been associated with the vertical impact. (b) Express 
the energy as a multiple of the explosive energy of 1 megaton of 
TNT, which is 4.2 x 10° J. (c) The energy associated with the 
atomic bomb explosion over Hiroshima was equivalent to 13 
kilotons of TNT. To how many Hiroshima bombs would the 
meteorite impact have been equivalent? == 


e2 Ifa Saturn V rocket with an Apollo spacecraft attached 
had a combined mass of 2.9 X 10° kg and reached a speed of 
11.2 km/s, how much kinetic energy would it then have? 


°e3 A proton (mass m = 1.67 X 10°?’ kg) is being acceler- 
ated along a straight line at 3.6 X 10 m/s’ in a machine. If the 
proton has an initial speed of 2.4 X 107 m/s and travels 3.5 cm, 
what then is (a) its speed and (b) the increase in its kinetic 
energy? SSM 


e4 A force F, is applied to a bead Mo 


as the bead is moved along a 
straight wire through displacement 
+5.0 cm. The magnitude of F, is set 
at a certain value, but the angle 
between F, and the bead’s displace- 0 

ment can be chosen. Figure 7-24 9 

gives the work W done by F,onthe FIG. 7-24 Problem 4. 
bead for a range of ¢ values; Wy = 

25 J. How much work is done by F, if # is (a) 64° and (b) 147°? 


ee5 A father racing his son has half the kinetic energy of the 
son, who has half the mass of the father. The father speeds up 
by 1.0 m/s and then has the same kinetic energy as the son. 
What are the original speeds of (a) the father and (b) the son? 


W (J) 


ee6 A bead with mass 1.8 X 107? kg is moving along a wire 
in the positive direction of an x axis. Beginning at time t = 0, 
when the bead passes through x = 0 with speed 12 m/s, a 
constant force acts on the bead. Figure 7-25 indicates the 
bead’s position at times f) = 0, , = 1.0 s, 4h = 2.0 s, and 4 = 
3.0 s. The bead momentarily stops at t = 3.0 s. What is the ki- 
netic energy of the bead at t = 10s? 


ly a lo ls 

| ee a a 

0 5 10 15 20 
x (m) 


FIG. 7-25 Problem 6. 


sec. 7-5 Work and Kinetic Energy 

e7 The only force acting on a 2.0 kg canister that is moving 
in an xy plane has a magnitude of 5.0 N. The canister initially 
has a velocity of 4.0 m/s in the positive x direction and some 
time later has a velocity of 6.0 m/s in the positive y direction. 
How much work is done on the canister by the 5.0 N force 
during this time? 


°8 A coin slides over a frictionless plane and across an xy 
coordinate system from the origin to a point with xy coordi- 
nates (3.0 m, 4.0 m) while a constant force acts on it. The force 
has magnitude 2.0N and is directed at a counterclockwise 
angle of 100° from the positive direction of the x axis. How 
much work is done by the force on the coin during the dis- 
placement? 


°9 A 3.0 kg body is at rest on a frictionless horizontal air 
track when a constant horizontal force F acting in the positive 


direction of an x axis along the track is applied to the body. 
A stroboscopic graph of the position of the body as it slides to 
the right is shown in Fig. 7-26. The force F is applied to the 
body at t = 0, and the graph records the position of the body 
at 0.50 s intervals. How much work is done on the body by the 
applied force F between t = Oandt = 2.08? 


pee 0.58 pias L.5°s 2.0 $= 

ee ee ee 

0 0.2 0.4 0.6 0.8 
x (m) 


FIG. 7-26 Problem 9. 


10 A floating ice block is pushed through a displacement 
d = (15 m)i — (12 m)j along a straight embankment by rush- 
ing water, which exerts a force F = (210 N)i — (150 N)j on 
the block. How much work does the force do on the block 
during the displacement? 


ee11_ A luge and its rider, with a total mass of 85 kg, emerge 
from a downhill track onto a horizontal straight track with 
an initial speed of 37 m/s. If a force slows them to a stop at 
a constant rate of 2.0 m/s’, (a) what magnitude F is required 
for the force, (b) what distance d do they travel while slowing, 
and (c) what work W is done on them by the force? What are 
(d) F, (e) d, and (f) Wif they, instead, slow at 4.0 m/s? 


e712 An8.0 kg object ismov- K (J) 

ing in the positive direction 

of an x axis. When it passes Ko 

through x = 0, a constant force 

directed along the axis begins 

to act on it. Figure 7-27 gives its 

kinetic energy K versus posi- 4 eo 
tion x as it moves from x = 0 to FIG. 7-27. Problem 12. 

x =5.0m; Kp = 30.0 J. The 
force continues to act. What is v 
when the object moves back 
through x = —3.0 m? 


ee713 Figure 7-28 shows three 
forces applied to a trunk that 
moves leftward by 3.00 m over 
a frictionless floor. The force 
magnitudes are F, = 5.00N, F, 
= 9.00 N, and F; = 3.00 N, and 
the indicated angle is 6 = 60.0°. 
During the displacement, (a) what is the net work done on the 
trunk by the three forces and (b) does the kinetic energy of the 
trunk increase or decrease? 


ee74 Acan of bolts and nuts 
is pushed 2.00m along an x 
axis by a broom along the 
greasy (frictionless) floor of a 
car repair shop in a version of 
shuffleboard. Figure 7-29 gives 
the work W done on the can by 
the constant horizontal force x (m) 

from the broom, versus the FIG. 7-29 Problem 14. 
can’s position x. The scale of 

the figure’s vertical axis is set by W, = 6.0 J. (a) What is the 
magnitude of that force? (b) If the can had an initial kinetic 
energy of 3.00 J, moving in the positive direction of the x axis, 
what is its kinetic energy at the end of the 2.00 m? 





FIG. 7-28 Problem 13. 





ee75 A 12.0N force with a fixed orientation does work on 
a particle as the particle moves through displacement 
d= (2.001 — 4.00) + 3.00k) m. What is the angle between the 
force and the displacement if the change in the particle’s 
kinetic energy is (a) +30.0 J and (b) —30.0 J? 


¢¢16 Figure 7-30 shows an 
overhead view of three hori- 
zontal forces acting on a cargo 
canister that was initially sta- 
tionary but now moves across a 
frictionless floor. The force 
magnitudes are fF; = 3.00 N, F, 
= 4.00 N, and F; = 10.0 N, and 
the indicated angles are 0), = 
50.0° and 4; = 35.0°. What is 
the net work done on the canister by the three forces during 
the first 4.00 m of displacement? 





FIG. 7-30 Problem 16. 


sec. 7-6 Work Done by the Gravitational Force 

e717 A helicopter lifts a 72 kg astronaut 15 m vertically from 
the ocean by means of a cable. The acceleration of the astro- 
naut is g/10. How much work is done on the astronaut by 
(a) the force from the helicopter and (b) the gravitational 
force on her? Just before she reaches the helicopter, what are 
her (c) kinetic energy and (d) speed? ssm www 


¢18 (a) In 1975 the roof of Montreal’s Velodrome, with 
a weight of 360 KN, was lifted by 10cm so that it could be 
centered. How much work was done on the roof by the forces 
making the lift? (b) In 1960 a Tampa, Florida, mother report- 
edly raised one end of a car that had fallen onto her son when 
a jack failed. If her panic lift effectively raised 4000 N (about ; 
of the car’s weight) by 5.0 cm, how much work did her force 
do onthe car? Se 


e749 Acordis used to vertically lower an initially stationary 
block of mass M at a constant downward acceleration of g/4. 
When the block has fallen a distance d, find (a) the work 
done by the cord’s force on the block, (b) the work done by 
the gravitational force on the block, (c) the kinetic energy of 
the block, and (d) the speed of the block. SSM 


e¢20 In Fig. 7-31, a horizon- 
tal force EF, of magnitude 20.0 
N is applied to a 3.00 kg psy- 
chology book as the book 
slides a distance d = 0.500 m 
up a frictionless ramp at angle 
6 = 30.0°. (a) During the dis- 
placement, what is the net 
work done on the book by F,, 
the gravitational force on the 
book, and the normal force on the book? (b) If the book has 
zero kinetic energy at the start of the displacement, what is its 
speed at the end of the displacement? 





FIG. 7-31 Problem 20. 


ee27 In Fig. 7-32, a constant 
force FE, of magnitude 82.0 N is 
applied to a 3.00 kg shoe box at 
angle @ = 53.0°, causing the box 
to move up a frictionless ramp at 
constant speed. How much work 
is done on the box by F, when 
the box has moved through ver- 
tical distance h = 0.150 m? 





FIG. 7-32 Problem 71. 


Problems | aici 





ee22 A block is sent up a fric- 
tionless ramp along which an x 
axis extends upward. Figure 7-33 
gives the kinetic energy of the 
block as a function of position x; 
the scale of the figure’s vertical 
axis is set by K, = 40.0 J. If the 0 1 2 
block’s initial speed is 4.00 m/s, ne) 

what is the normal force on the FIG.7-33 Problem 22. 
block? 


ee23 In Fig. 7-34, a block of ice F. 
slides down a frictionless ramp at 
angle @ = 50° while an ice worker 
pulls on the block (via a rope) 
with a force FE that has a magni- 
tude of 50N and is directed up 
the ramp. As the block slides 
through distance d=0.50m 
along the ramp, its kinetic energy 
increases by 80J. How much 
greater would its kinetic energy 
have been if the rope had not been attached to the block? 








FIG. 7-34 Problem 23. 


ee24 A cave rescue team lifts an injured spelunker directly 
upward and out of a sinkhole by means of a motor-driven 
cable. The lift 1s performed in three stages, each requiring 
a vertical distance of 10.0 m: (a) the initially stationary spe- 
lunker is accelerated to a speed of 5.00 m/s; (b) he is then 
lifted at the constant speed of 5.00 m/s; (c) finally he is decel- 
erated to zero speed. How much work is done on the 80.0 kg 
rescuee by the force lifting him during each stage? 


e¢e25 In Fig. 7-35, a 0.250 kg block of 
cheese lies on the floor of a 900 kg eleva- 
tor cab that is being pulled upward by a ca- 
ble through distance d, = 2.40 m and then 
through distance d, = 10.5 m. (a) Through 
d,, if the normal force on the block from be 
the floor has constant magnitude Fy = FIG. 7-35 
3.00 N, how much work is done on the cab Probleme 
by the force from the cable? (b) Through 

d,,if the work done on the cab by the (constant) force from the 
cable is 92.61 kJ, what is the magnitude of F),? 





sec. 7-7 Work Done by a Spring Force 

e26 During spring semester at MIT, residents of the parallel 
buildings of the East Campus dorms battle one another with 
large catapults that are made with surgical hose mounted on 
a window frame. A balloon filled with dyed water is placed in 
a pouch attached to the hose, which is then stretched through 
the width of the room. Assume that the stretching of the hose 
obeys Hooke’s law with a spring constant of 100 N/m. If the 
hose is stretched by 5.00 m and then released, how much work 
does the force from the hose do on the balloon in the pouch 
by the time the hose reaches its relaxed length? 


°27 A spring and block are in the arrangement of Fig. 7-11. 
When the block is pulled out to x = +4.0cm, we must apply 
a force of magnitude 360 N to hold it there. We pull the block to 
x = 11 cm and then release it. How much work does the spring 
do on the block as the block moves from x; = +5.0.cm to (a) x = 
+3.0 cm, (b)x = —3.0 cm, (c) x = —5.0 cm, and (d) x = —9.0 cm? 


e28 In Fig. 7-11, we must apply a force of magnitude 80N to 
hold the block stationary at x = —2.0 cm. From that position, we 


Chapter 7 | Kinetic Energy and Work 


then slowly move the block so that our force does +4.0 J of work 
on the spring—block system; the block is then again stationary. 
What is the block’s position? (Hint: There are two answers.) 


¢e29 The only force acting on a 2.0kg body as it moves 
along a positive x axis has an x component F,, = —6x N, with 
x in meters. The velocity at x = 3.0 m is 8.0 m/s. (a) What is the 
velocity of the body at x = 4.0 m? (b) At what positive value 
of x will the body have a velocity of 5.0 m/s? ssm www 


ee30 Figure 7-36 gives spring 
force Ff, versus position x for 
the spring—block arrangement 
of Fig. 7-11. The scale is set by F, 
= 160.0 N. We release the block 
at x = 12cm. How much work 
does the spring do on the block 
when the block moves from x; : 
= +8.0cm to (a)x=+5.0cm,  FIG.7-36 Problem 30. 
(b) x = —5.0cm, (c) x = —8.0 
cm, and (d) x = —10.0 cm? 


ee31 In the arrangement of 
Fig. 7-11, we gradually pull the 





block from x =0 tox=+30 § 

cm, where it is stationary. Figure 

7-37 gives the work that our 

force does on the block. The 0 1 9 3 
scale of the figure’s vertical axis x (cm) 


is set by W, = 1.0 J. We then pull FIG. 7-37. Problem 31. 
the block out to x = +5.0cm 

and release it from rest. How much work does the spring do 
on the block when the block moves from x; = +5.0 cm to (a) x 
= +4.0 cm, (b) x = —2.0 cm, and (c) x = —5.0 cm? 

e@32 In Fig. 7-11a, a block of K 
mass m lies on a horizontal _ 
frictionless surface and is at- 2 
tached to one end of a horizon- 


tal spring (spring constant k) 0 305) 1 es 2 


whose other end is fixed. The x (m) 

block is initially at rest at the FIG. 7-38 Problem 32. 
position where the spring is 

unstretched (x = 0) when a constant horizontal force F in the 
positive direction of the x axis is applied to it. A plot of the 
resulting kinetic energy of the block versus its position x is shown 
in Fig. 7-38. The scale of the figure’s vertical axis is set by K, = 4.0 
J.(a) What is the magnitude of F? (b) What is the value of k? 


e#@33 The block in Fig. 7-11a lies on a horizontal frictionless 
surface, and the spring constant is 50 N/m. Initially, the spring 
is at its relaxed length and the block is stationary at position 

= 0. Then an applied force with a constant magnitude of 
3.0 N pulls the block in the positive direction of the x axis, 
stretching the spring until the block stops. When that stopping 
point is reached, what are (a) the position of the block, (b) the 
work that has been done on the block by the applied force, 
and (c) the work that has been done on the block by the spring 
force? During the block’s displacement, what are (d) the 
block’s position when its kinetic energy is maximum and 
(e) the value of that maximum kinetic energy? 


sec. 7-8 Work Done by a General Variable Force 
°®34 A 5.0 kg block moves in a straight line on a horizontal 
frictionless surface under the influence of a force that varies 





with position as shown in Fig. 
7-39. The scale of the figure’s 
vertical axis is set by F, = 10.0 
N. How much work is done by 
the force as the block moves 


from the origin to x = 8.0m? _F | 
20 2074S oS 
Position (m) 


FIG. 7-39 Problem 34. 


Force (N) 





°35 The force on a particle is 
directed along an x axis and 
given by F = Fo(x/xy — 1). Find 
the work done by the force in moving the particle from x = 0 to 
X = 2x by (a) plotting F(x) and measuring the work from the 
graph and (b) integrating F(x). ssm www 


°36 A 10kg brick moves 
along an x axis. Its acceleration 


a 





as a function of its position is << 

shown in Fig. 7-40. The scale of P 

the figure’s vertical axis is set | 

by a, = 20.0 m/s’. What is the 

net work performed on the 0 5 7 as 
brick by the force causing the x (m) 


acceleration as the brick moves 


°e37 A single force acts on a 3.0kg particle-like object 
whose position is given by x = 3.0 — 4.0f + 1.0, with x in 
meters and ¢ in seconds. Find the work done on the object by 
the force from t = O tot = 4.0s. 


38 Acan of sardines is made to move along an x axis from 
x = 0.25 m tox = 1.25 m by a force with a magnitude given by 
F = exp(—4x’), with x in meters and F in newtons. (Here exp 
is the exponential function.) How much work is done on the 
can by the force? 


®°39 Figure 7-41 gives the 
acceleration of a 2.00 kg parti- 
cle as an applied force F, 
moves it from rest along an x 
axis from x = 0 to x = 9.0m. 
The scale of the figure’s verti- 
cal axis is set by a, = 6.0 m/s’. How much work has the force 
done on the particle when the particle reaches (a) x = 4.0 m, 
(b) x = 7.0 m, and (c) x = 9.0 m? What is the particle’s speed 
and direction of travel when it reaches (d) x = 4.0 m, (e) x = 
7.0 m, and (f) x = 9.0 m? 


e740 A 1.5 kg block is initially at rest on a horizontal 
frictionless surface when a horizontal force along an x axis is 
applied to the block. The force is given by F(x) = 
(2.5 — x’)i N, where x is in meters and the initial position of 
the block is x = 0. (a) What is the kinetic energy of the block 
as it passes through x = 2.0 m? (b) What is the maximum ki- 
netic energy of the block between x = 0 and x = 2.0 m? 


, a (m/s?) 





‘S 


FIG. 7-41 Problem 39. 


ee41 A force F = (cx — 3.00x”)i acts on a particle as the 
particle moves along an x axis, with F in newtons, x in meters, 
and c a constant. At x = 0, the particle’s kinetic energy is 
20.0 J; atx = 3.00 m,itis11.0J.Findc. @ 


eee42 Figure 7-42 shows a cord attached to a cart that can 
slide along a frictionless horizontal rail aligned along an x axis. 
The left end of the cord is pulled over a pulley, of negligible 
mass and friction and at cord height h = 1.20 m, so the cart 
slides from x, = 3.00 m to x, = 1.00 m. During the move, the 


tension in the cord is a constant ) 
25.0 N. What is the change in | 
the kinetic energy of the cart 7 
during the move? 


KK > 





sec. 7-9 Power 

43 A 100 kg block is pulled 
at a constant speed of 5.0 m/s 
across a horizontal floor by an applied force of 122 N directed 
37° above the horizontal. What is the rate at which the force 
does work on the block? = ssm iw 


FIG. 7-42 Problem 42. 


°44 The loaded cab of an elevator has a mass of 3.0 X 10° kg 
and moves 210m up the shaft in 23s at constant speed. 
At what average rate does the force from the cable do work 
on the cab? 


°e45 A force of 5.0 N acts on a 15 kg body initially at rest. 
Compute the work done by the force in (a) the first, (b) the 
second, and (c) the third seconds and (d) the instantaneous 
power due to the force at the end of the third second. SSM 


e46 Askier is pulled by a towrope up a frictionless ski slope | 


that makes an angle of 12° with the horizontal. The rope 
moves parallel to the slope with a constant speed of 1.0 m/s. 
The force of the rope does 900 J of work on the skier as the 
skier moves a distance of 8.0 m up the incline. (a) If the rope 
moved with a constant speed of 2.0 m/s, how much work 
would the force of the rope do on the skier as the skier moved 
a distance of 8.0 m up the incline? At what rate 1s the force of 
the rope doing work on the skier when the rope moves with a 
speed of (b) 1.0 m/s and (c) 2.0 m/s? 


ee47? A fully loaded, slow-moving freight elevator has a cab 
with a total mass of 1200 kg, which is required to travel 
upward 54 m in 3.0 min, starting and ending at rest. The ele- 
vator’s counterweight has a mass of only 950 kg, and so the 
elevator motor must help. What average power is required of 
the force the motor exerts on the cab via the cable? SSM 


ee48 (a) At a certain instant, a particle-like object is acted 
on by a force F = (4.0 N)i — (2.0N)j + (9.0 N)k while the 
object’s velocity is ¥ = —(2.0 m/s)i + (4.0 m/s)k. What is 
the instantaneous rate at which the force does work on the 
object? (b) At some other time, the velocity consists of only 
a y component. If the force 1s unchanged and the instanta- 
neous power is —12 W, what is the velocity of the object? 


ee49 A machine carries a 4.0kg package from an initial 
position of d; = (0.50 m)i + (0.75 m)j + (0.20 m)k at t = 0 to 
a final position of d, = (7.50 m)i + (12.0 m)j + (7.20 m)k at 
t = 12s. The constant force applied by the machine on the 
package is F= (2.00 N)i + (4.00 N)j + (6.00 N)k. For that 
displacement, find (a) the work done on the package by the 
machine’s force and (b) the average power of the machine’s 
force on the package. 


ee50 A 0.30 kg ladle sliding on a horizontal frictionless 
surface is attached to one end of a horizontal spring (k = 
500 N/m) whose other end is fixed. The ladle has a kinetic 
energy of 10 J as it passes through its equilibrium position (the 
point at which the spring force is zero). (a) At what rate is the 
spring doing work on the ladle as the ladle passes through its 
equilibrium position? (b) At what rate is the spring doing 
work on the ladle when the spring is compressed 0.10 m and 
the ladle is moving away from the equilibrium position? 


°e57 A force F = (3.00N)i + (7.00N)j + (7.00 N)k acts 
on a 2.00 kg mobile object that moves from an initial position 
of d, = (3.00 m)i — (2.00 m)j + (5.00 m)k to a final position 
of dp = —(5.00 m)i + (4.00 m)j + (7.00 m)k in 4.00 s. Find (a) 
the work done on the object by the force in the 4.00 s interval, 
(b) the average power due to the force during that interval, 


and (c) the angle between vectors d, and dy, 


eee52 A funny car accelerates from rest through a measured 
track distance in time 7 with the engine operating at a con- 
stant power P. If the track crew can increase the engine power 
by a differential amount dP, what is the change in the time re- 
quired for the run? 


Additional Problems 

53 Anexplosion at ground level leaves a crater with a diam- 
eter that is proportional to the energy of the explosion raised 
to the 3 power; an explosion of 1 megaton of TNT leaves a 
crater with a 1 km diameter. Below Lake Huron in Michigan 
there appears to be an ancient impact crater with a 50km 
diameter. What was the kinetic energy associated with that im- 
pact, in terms of (a) megatons of TNT (1 megaton yields 4.2 x 
10!° J) and (b) Hiroshima bomb equivalents (13 kilotons of 
TNT each)? (Ancient meteorite or comet impacts may have 
significantly altered Earth’s climate and contributed to the ex- 
tinction of the dinosaurs and other life-forms.) == 


54 A 250g block is dropped onto a relaxed vertical spring 
that has a spring constant of k = 2.5 N/cm (Fig. 7-43). The block 
becomes attached to the spring and com- 

presses the spring 12 cm before momentarily \ i f 
stopping. While the spring is being com- eS | 
pressed, what work is done on the block by (a) 

the gravitational force on it and (b) the spring 

force? (c) What is the speed of the block just = 
before it hits the spring? (Assume that friction = 

is negligible.) (d) If the speed at impact is dou- = 
bled, what is the maximum compression of the om 
spring? 





FIG. 7-43 
55 How much work is done by a force Problem 54. 
F = (2x N)i + (3N)j, with x in meters, that 

moves a particle from a position 7; = (2 m)i + (3 m)j to a 
position r= —(4 m)i — (3 m)j? 

56 To pull a50 kg crate across a horizontal frictionless floor, 
a worker applies a force of 210 N, directed 20° above the hori- 
zontal. As the crate moves 3.0 m, what work is done on the 
crate by (a) the worker’s force, (b) the gravitational force on 
the crate, and (c) the normal 
force on the crate from the 
floor? (d) What is the total 
work done on the crate? 


5/ In Fig. 7-44, a cord runs 
around two massless, friction- 
less pulleys. A canister with 
mass m=20kg hangs from 
one pulley, and you exert a 
force F on the free end of the 
cord. (a) What must be the 
magnitude of F if you are to lift 
the canister at a constant 
speed? (b) To lift the canister 
by 2.0cm, how far must you 





FIG. 7-44 Problem 57, 
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pull the free end of the cord? During that lift, what is the work 
done on the canister by (c) your force (via the cord) and (d) 
the gravitational force? (Hint: When a cord loops around a 
pulley as shown, it pulls on the pulley with a net force that is 
twice the tension in the cord.) 


58 A force F = (4.0N)i + cj acts on a particle as the 
particle goes through displacement d = (3.0 m)i — (2.0 m)j. 
(Other forces also act on the particle.) What is c if the 
work done on the particle by force F is (a) 0, (b) 17J, and 
(cy = 15 1? 


59 A constant force of magnitude 10 N makes an angle of 
150° (measured counterclockwise) with the positive x direc- 
tion as it acts on a 2.0 kg object moving in an xy plane. How 
much work is done on the object by the force as the object 
moves from the origin to the point having position vector 
(2.0 m)i — (4.0 m)j? 


60 An initially stationary 2.0 kg object accelerates horizon- 
tally and uniformly to a speed of 10 m/s in 3.0s. (a) In that 
3.0 s interval, how much work is done on the object by the 
force accelerating it? What is the instantaneous power due to 
that force (b) at the end of the interval and (c) at the end of 
the first half of the interval? 


61 If a ski lift raises 100 passengers averaging 660 N in 
weight to a height of 150 m in 60.0, at constant speed, what 
average power is required of the force making the lift? 


62 Boxes are transported from one location to another in 
a warehouse by means of a conveyor belt that moves with a 
constant speed of 0.50 m/s. At a certain location the conveyor 
belt moves for 2.0 m up an incline that makes an angle of 10° 
with the horizontal, then for 2.0 m horizontally, and finally for 
2.0m down an incline that makes an angle of 10° with the 
horizontal. Assume that a 2.0 kg box rides on the belt without 
slipping. At what rate is the force of the conveyor belt 
doing work on the box as the box moves (a) up the 10° incline, 
(b) horizontally, and (c) down the 10° incline? 


63 A horse pulls a cart with a force of 40 lb at an angle of 30° 
above the horizontal and moves along at a speed of 6.0 mi/h. (a) 
How much work does the force do in 10 min? (b) What is the av- 
erage power (in horsepower) of the force? SSM 


64 An iceboat is at rest on a frictionless frozen lake when 
a sudden wind exerts a constant force of 200 N, toward the 
east, on the boat. Due to the angle of the sail, the wind causes 
the boat to slide in a straight line for a distance of 8.0m in 
a direction 20° north of east. What is the kinetic energy of the 
iceboat at the end of that 8.0 m? 


65 A 230 kg crate hangs from the 
end of a rope of length L = 12.0m. 
You push horizontally on the crate 
with a varying force F to move it 
distance d=4.00m to the side 
(Fig. 7-45). (a) What is the magnitude 
of F when the crate is in this final po- 
sition? During the crate’s displace- 
ment, what are (b) the total work 


oo 





| is 
done on it, (c) the work done Ef re. 
: : Fe 5 fF 
by the gravitational force on the Be 
crate, and (d) the work done | | 


by the pull on the crate from the FIG.7-45 Problem 65. 


rope? (e) Knowing that the crate is motionless before and af- 
ter its displacement, use the answers to (b), (c), and (d) to find 
the work your force F does on the crate. (f) Why is the work of 
your force not equal to the product of the horizontal displace- 
ment and the answer to (a)? 


66 The only force acting on a 
2.0 kg body as the body moves 
along an x axis varies as shown 
in Fig. 7-46. The scale of the fig- 
ure’s vertical axis is set by F, = 
4.0 N. The velocity of the body at 
x = Ois 4.0 m/s. (a) What is the ki- 
netic energy of the body at x = 3.0 m? (b) At what value of x will 
the body have a kinetic energy of 8.0 J? (c) What is the maxi- 
mum kinetic energy of the body between x = 0 and x = 5.0m? 





FIG. 7-46 Problem 66. 


67 Figure 7-47 shows a cold package of hot dogs sliding 
rightward across a frictionless floor through a distance d = 
20.0 cm while three forces act on the package. Two of them are 
horizontal and have the magnitudes F, = 5.00 N and F, = 1.00 
N; the third is angled down by 6 = 60.0° and has the magni- 
tude F; = 4.00 N. (a) For the 20.0 cm displacement, what is the 
net work done on the package by the three applied forces, the 
gravitational force on the package, and the normal force on 
the package? (b) If the package has a mass of 2.0 kg and an 
initial kinetic energy of 0, what is its speed at the end of the 
displacement? 








A 
FIG. 7-47 Problem 67. 


68 A frightened child is restrained by her mother as the child 
slides down a frictionless playground slide. If the force on the child 
from the mother 1s 100 N up the slide, the child’s kinetic energy in- 
creases by 30 J as she moves down the slide a distance of 1.8 m. (a) 
How much work is done on the child by the gravitational force 
during the 1.8 m descent? (b) If the child is not restrained by her 
mother, how much will the child’s kinetic energy increase as she 
comes down the slide that same distance of 1.8 m? 


69 To push a 25.0 kg crate up a frictionless incline, angled at 
25.0° to the horizontal, a worker exerts a force of 209 N paral- 
lel to the incline. As the crate slides 1.50 m, how much work is 
done on the crate by (a) the worker’s applied force, (b) the 
gravitational force on the crate, and (c) the normal force 
exerted by the incline on the crate? (d) What is the total work 
done on the crate? SSM 


70 If acar of mass 1200 kg is moving along a highway at 
120 km/h, what is the car’s kinetic energy as determined by 
someone standing alongside the highway? 


71 A spring with a pointer attached is hanging next to a 
scale marked in millimeters. Three different packages are 
hung from the spring, in turn, as shown in Fig. 7-48. (a) Which 
mark on the scale will the pointer indicate when no package is 
hung from the spring? (b) What is the weight W of the third 
package? SSM 





240 N 
FIG. 7-48 Problem 71. 


72 AX particle moves along a straight path through dis- 
placement d = (8m)i + cj while force F = (2N)i — (4N)j 
acts on it. (Other forces also act on the particle.) What is the 
value of c if the work done by F on the particle is (a) zero, (b) 
positive, and (c) negative? 


73 An elevator cab has a mass of 4500 kg and can carry 
a maximum load of 1800 kg. If the cab is moving upward at 
full load at 3.80 m/s, what power is required of the force mov- 
ing the cab to maintain that speed? SSM 


74 A 45 kg block of ice slides down a frictionless incline 
1.5 m long and 0.91 m high. A worker pushes up against the 
ice, parallel to the incline, so that the block slides down at 
constant speed. (a) Find the magnitude of the worker’s force. 
How much work is done on the block by (b) the worker’s 
force, (c) the gravitational force on the block, (d) the normal 
force on the block from the surface of the incline, and (e) the 
net force on the block? 


75 A force F in the positive direction of an x axis acts on an 
object moving along the axis. If the magnitude of the force is 
F = 10e*”°N, with x in meters, find the work done by F as 
the object moves from x = 0 to x = 2.0 m by (a) plotting F(x) 
and estimating the area under the curve and (b) integrating to 
find the work analytically. 


76 In Fig. 7-49a, a 2.0 N force is applied to a 4.0 kg block at a 
downward angle @ as the block moves rightward through 
1.0 m across a frictionless floor. Find an expression for the 
speed v, of the block at the end of that distance if the block’s 
initial velocity is (a) O and (b) 1.0 m/s to the right. (c) The situ- 
ation in Fig. 7-495 is similar in that the block is initially moving 
at 1.0 m/s to the right, but now the 2.0 N force is directed 
downward to the left. Find an expression for the speed v; of 
the block at the end of the 1.0 m distance. (d) Graph all three 
expressions for vy; versus downward angle 6 for 6 = 0° to 0 = 
90°. Interpret the graphs. 





FIG. 7-49 Problem 76. 


77 A 2.0kg lunchbox is sent sliding over a frictionless 
surface, in the positive direction of an x axis along the surface. 
Beginning at time t = 0,a steady wind pushes on the lunchbox 
in the negative direction of the x axis. Figure 7-50 shows the 
position x of the lunchbox as a function of time ¢ as the wind 
pushes on the lunchbox. From the graph, estimate the kinetic 
energy of the lunchbox at (a) t=1.0s and (b) t=5.0s. 
(c) How much work does the force from the wind do on the 
lunchbox fromt = 1.0stot=5.0s? SSM 





t (Ss) 
FIG. 7-50 Problem77. 


78 Numerical integration. A breadbox is made to move 
along an x axis from x = 0.15 m to x = 1.20 m by a force with 
a magnitude given by F = exp(—2x’), with x in meters and F in 
newtons. (Here exp is the exponential function.) How much 
work is done on the breadbox by the force? 


79 Asa particle moves along an x axis, a force in the positive 
direction of the axis acts on it. Figure 7-51 shows the magni- 
tude F of the force versus position x of the particle. The curve 
is given by F = a/x’, with a = 9.0 N: m’. Find the work done on 
the particle by the force as the particle moves from x = 1.0m 
to x = 3.0m by (a) estimating the work from the graph and 
(b) integrating the force function. 


EN) 





x (m) 


FIG. 7-51 Problem 79. 


80 A CD case slides along a floor in the positive direction 
of an x axis while an applied force F, acts on the case. The 
force is directed along the x axis and has the x component 
F.,. = 9x — 3x’, with x in meters and F,,, in newtons. The case 
starts at rest at the position x = 0, and it moves until it is again 
at rest. (a) Plot the work F, does on the case as a function 
of x. (b) At what position is the work maximum, and (c) what 
is that maximum value? (d) At what position has the work 
decreased to zero? (e) At what position is the case again 
at rest? 





Courtesy Mark Reid, USGS 


of Energy 


When an avalanche of rocks moves down a mountainside and into a 
valley, friction between the moving rocks and the land slow and 
eventually stop the flow. The runout (the distance the rocks can move 
across a valley) is typically 2/3 of the height from which the rocks de- 
scended. However, in large avalanches, where a large amount of ma- 
terial comes down a mountainside, the runout can be 30 times as 


much, which can take a seemingly safe community by fatal surprise. 
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Potential Energy 
and Conservation 








The answer is in this chapter. 


8-2 | Work and Potential Energy 
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One job of physics is to identify the different types of energy in the world, 
especially those that are of common importance. One general type of energy 1s 
potential energy U. Technically, potential energy is energy that can be associated 
with the configuration (arrangement) of a system of objects that exert forces on 
one another. 

‘This is a pretty formal definition of something that is actually familiar to you. 
An example might help better than the definition: A bungee-cord jumper plunges 
from a staging platform (Fig. 8-1). The system of objects consists of Earth and the 
jumper. The force between the objects is the gravitational force. The configu- 
ration of the system changes (the separation between the jumper and Earth 
decreases—that is, of course, the thrill of the jump). We can account for the 
jumper’s motion and increase in kinetic energy by defining a gravitational poten- 
tial energy U.'This is the energy associated with the state of separation between 
two objects that attract each other by the gravitational force, here the jumper 
and Earth. 

When the jumper begins to stretch the bungee cord near the end of the 
plunge, the system of objects consists of the cord and the jumper. The force 
between the objects is an elastic (spring-like) force. The configuration of the sys- 
tem changes (the cord stretches). We can account for the jumper’s decrease in 
kinetic energy and the cord’s increase in length by defining an elastic potential 
energy U. This is the energy associated with the state of compression or extension 
of an elastic object, here the bungee cord. 

Physics determines how the potential energy of a system can be calculated so 
that energy might be stored or put to use. For example, before any particular 
bungee-cord jumper takes the plunge, someone (probably a mechanical engineer) 
must determine the correct cord to be used by calculating the gravitational and 
elastic potential energies that can be expected. Then the jump 1s only thrilling and 
not fatal. 


8-2 | Work and Potential Energy 


In Chapter 7 we discussed the relation between work and a change in kinetic 
energy. Here we discuss the relation between work and a change in potential 
energy. 

Let us throw a tomato upward (Fig. 8-2). We already know that as the tomato 
rises, the work W, done on the tomato by the gravitational force is negative 
because the force transfers energy from the kinetic energy of the tomato. We can 
now finish the story by saying that this energy is transferred by the gravitational 
force to the gravitational potential energy of the tomato—Earth system. 

The tomato slows, stops, and then begins to fall back down because of the 
gravitational force. During the fall, the transfer is reversed: The work W, done on 
the tomato by the gravitational force is now positive —that force transfers energy 
from the gravitational potential energy of the tomato—Earth system to the 
kinetic energy of the tomato. 

For either rise or fall, the change AU in gravitational potential energy is 
defined as being equal to the negative of the work done on the tomato by the 
gravitational force. Using the general symbol W for work, we write this as 


AU = —W. (8-1) 


This equation also applies to a block-—spring system, as in Fig. 8-3. If we 
abruptly shove the block to send it moving rightward, the spring force acts left- 
ward and thus does negative work on the block, transferring energy from the 
kinetic energy of the block to the elastic potential energy of the spring—block 





FIG. 8-1 The kinetic energy ofa 
bungee-cord jumper increases during 
the free fall, and then the cord begins 
to stretch, slowing the jumper. 
(KOFUJTIWA RA/amana images/ 
Getty Images News and Sport 
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FIG. 8-2. A tomato is thrown up- 
ward. As it rises, the gravitational 
force does negative work on it, de- 
creasing its kinetic energy. As the 
tomato descends, the gravitational 
force does positive work on it, in- 
creasing its kinetic energy. 
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FIG. 8-3 A block, attachedtoa 
spring and initially at rest at x = 0,1s 
set in motion toward the right. (a) As 
the block moves rightward (as indi- 
cated by the arrow), the spring force 
does negative work on it. (b) Then, as 
the block moves back toward x = 0, 
the spring force does positive work 
on it. 


system. The block slows and eventually stops, and then begins to move leftward be- 
cause the spring force is still leftward. The transfer of energy is then reversed —it is 
from potential energy of the spring—block system to kinetic energy of the block. 


Conservative and Nonconservative Forces 
Let us list the key elements of the two situations we just discussed: 


1. The system consists of two or more objects. 


2. A force acts between a particle-like object (tomato or block) in the system and 
the rest of the system. 


3. When the system configuration changes, the force does work (call it W,) on the 
particle-like object, transferring energy between the kinetic energy K of the 
object and some other type of energy of the system. 


4. When the configuration change is reversed, the force reverses the energy 
transfer, doing work W, in the process. 


In a situation in which W, = —W, is always true, the other type of energy is 
a potential energy and the force is said to be a conservative force. As you might 
suspect, the gravitational force and the spring force are both conservative (since 
otherwise we could not have spoken of gravitational potential energy and elastic 
potential energy, as we did previously). 

A force that is not conservative is called a nonconservative force. The kinetic 
frictional force and drag force are nonconservative. For an example, let us send 
a block sliding across a floor that is not frictionless. During the sliding, a kinetic 
frictional force from the floor slows the block by transferring energy from its ki- 
netic energy to a type of energy called thermal energy (which has to do with the 
random motions of atoms and molecules). We know from experiment that this 
energy transfer cannot be reversed (thermal energy cannot be transferred back 
to kinetic energy of the block by the kinetic frictional force). Thus, although we 
have a system (made up of the block and the floor), a force that acts between 
parts of the system, and a transfer of energy by the force, the force is not conserv- 
ative. Therefore, thermal energy 1s not a potential energy. 

When only conservative forces act on a particle-like object, we can greatly 
simplify otherwise difficult problems involving motion of the object. The next sec- 
tion, in which we develop a test for identifying conservative forces, provides one 
means for simplifying such problems. 


8-3 | Path Independence of Conservative Forces 


The primary test for determining whether a force is conservative or nonconserva- 
tive is this: Let the force act on a particle that moves along any closed path, begin- 
ning at some initial position and eventually returning to that position (so that the 
particle makes a round trip beginning and ending at the initial position). The 
force is conservative only if the total energy it transfers to and from the particle 
during the round trip ne this and any other closed path is zero. In other words: 
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We know from experiment that the gravitational force passes this closed- 
path test. An example is the tossed tomato a ae 8-2. The tomato leaves the 
launch point with speed vp and kinetic energy 5 +mv2. The gravitational force acting 
on the tomato slows it, stops it, and then causes it to fall back down. When the 
tomato returns to the launch point, it again has speed vp) and kinetic energy 
Smv5. Thus, the gravitational force transfers as much energy from the tomato 
during the ascent as it transfers to the tomato during the descent back to the 
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launch point. The net work done on the tomato by the gravitational force during 
the round trip 1s zero. 
An important result of the closed-path test is that: 
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For example, suppose that a particle moves from point a to point b in Fig. 8-4a 
along either path 1 or path 2. If only a conservative force acts on the particle, then 
the work done on the particle is the same along the two paths. In symbols, we can 
write this result as 


Wa — W.b25 (8-2) 


where the subscript ab indicates the initial and final points, respectively, and the 
subscripts 1 and 2 indicate the path. 

This result is powerful because it allows us to simplify difficult problems 
when only a conservative force is involved. Suppose you need to calculate the 
work done by a conservative force along a given path between two points, and 
the calculation is difficult or even impossible without additional information. 
You can find the work by substituting some other path between those two points 
for which the calculation is easier and possible. Sample Problem 8-1 gives an 
example, but first we need to prove Eq. 8-2. 


on 8-2 


Figure 8-4b shows an arbitrary round trip for a particle that is acted upon by a 
single force. The particle moves from an initial point a to point b along path 1 and 
then back to point a along path 2. The force does work on the particle as the 
particle moves along each path. Without worrying about where positive work is 
done and where negative work is done, let us just represent the work done from 
a to b along path 1 as W,,,, and the work done from b back to a along path 2 as 
W142. If the force is conservative, then the net work done during the round trip 
must be zero: 





W.oa + Woa2 = 9, 
and thus 
Wap. = — Woa2 (8-3) 


In words, the work done along the outward path must be the negative of the work 
done along the path back. 

Let us now consider the work W,,. done on the particle by the force when 
the particle moves from a to b along path 2, as indicated in Fig. 8-4a. If the force is 
conservative, that work is the negative of W,,, >: 


Wap2 = —Woap- (8-4) 
Substituting W,,,,. for —W,,2 in Eq. 8-3, we obtain 
YW abit ae WV dpe) 


which is what we set out to prove. 


CHECKPOINT 1 The figure shows three paths connecting points a and b.A 
single force F does the indicated work on a particle moving along each path in the 
indicated direction. On the basis of this information, is force F conservative? 


—60 J 


bc TS 


60 J 








(d) 

FIG. 8-4 (a) As aconservative force 
acts on it, a particle can move from 
point a to point b along either path 1 
or path 2. (b) The particle moves in a 
round trip, from point a to point b 
along path 1 and then back to point a 
along path 2. 


Sample Problem 
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Figure 8-5a shows a 2.0 kg block of slippery cheese that 
slides along a frictionless track from point a to point b. 
The cheese travels through a total distance of 2.0m 
along the track, and a net vertical distance of 0.80 m. 
How much work is done on the cheese by the gravita- 
tional force during the slide? 


feZ2o (1) We cannot calculate the work by using 


Eq. 7-12 (W, = mgd cos ¢). The reason is that the 
angle @ between the directions of the gravitational 
force F, and the displacement d varies along the track 
in an coon way. (Even if we did know the shape of 
the track and could calculate ¢ along it, the calculation 
could be very difficult.) (2) Because F, is a conservative 
force, we can find the work by choosing some other path 
between a and b—one that makes the calculation easy. 


Calculations: Let us choose the dashed path in Fig. 8-5); 
it consists of two straight segments. Along the horizontal 
segment, the angle ¢ is a constant 90°. Even though we do 
not know the displacement along that horizontal segment, 
gq. 7-12 tells us that the work W, done there is 


W, = mgd cos 90° = 0. 


Along the vertical segment, the displacement d is 0.80 m 
and, with F, and d both downward, the angle ¢ is a con- 





(a) (0) 


FIG. 8-5 (a) A block of cheese slides along a frictionless track 
from point a to point b. (b) Finding the work done on the 
cheese by the gravitational force is easier along the dashed 
path than along the actual path taken by the cheese; the result 
is the same for both paths. 


stant 0°. Thus, Eq. 7-12 gives us, for the work W,, done 
along the vertical part of the dashed path, 


W,, = med cos 0° 
= (2.0 kg)(9.8 m/s*)(0.80 m)(1) = 15.7 J. 
The total work done on the cheese by F. as the cheese 


moves from point a to point b along the dashed path 1s 
then 


W=W,+W,=0+15.7J ~16J. (Answer) 


This is also the work done as the cheese slides along the 
track from a to b. 
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Here we find equations that give the value of the two types of potential energy 
discussed in this chapter: gravitational potential energy and elastic potential 
energy. However, first we must find a general relation between a conservative 
force and the associated potential energy. 

Consider a particle-like object that is part of a system in which a conservative 
force F acts. When that force does work W on the object, the change AU in 
the potential energy associated with the system is the negative of the work done. 
We wrote this fact as Eq. 8-1 (AU = —W). For the most general case, in which the 
force may vary with position, we may write the work W as in Eq. 7-32: 


w= [ "ro dx. (8-5) 


This equation gives the work done by the force when the object moves from 
point x; to point x,, changing the configuration of the system. (Because the force 
is conservative, the work is the same for all paths between those two points.) 

Substituting Eq. 8-5 into Eq. 8-1, we find that the change in potential energy 
due to the change in configuration is, in general notation, 


geo | “F(x) dx. (8-6) 
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Gravitational Potential Energy 


We first consider a particle with mass m moving vertically along a y axis (the 
positive direction is upward). As the particle moves from point y; to point yr, 
the gravitational force F, does work on it. To find the corresponding change in 
the gravitational potential energy of the particle—Earth system, we use Eq. 8-6 
with two changes: (1) We integrate along the y axis instead of the x axis, because 
the gravitational force acts vertically. (2) We substitute —mg for the force sym- 
bol F, because F, has the magnitude mg and is directed down the y axis. We then 


have 
Vp yp Vf 
su = ~[" (mg) dy = mg | “ay = mel y). 


Yi yi Ji 


which yields 
AU = mg(ys — yi) = mg Ay. (8-7) 


Only changes AU in gravitational potential energy (or any other type of 
potential energy) are physically meaningful. However, to simplify a calculation or 
a discussion, we sometimes would like to say that a certain gravitational potential 
value U is associated with a certain particle—Earth system when the particle is at 
a certain height y. To do so, we rewrite Eq. 8-7 as 


= U= gy = ys). (8-8) 


Then we take U; to be the gravitational potential energy of the system when it is 
in a reference configuration in which the particle is at a reference point y;. 
Usually we take U; = 0 and y; = 0. Doing this changes Eq. 8-8 to 


U(y) = mgy (gravitational potential energy). (8-9) 


This equation tells us: 





























Elastic Potential Energy 


We next consider the block—spring system shown in Fig. 8-3, with the block 
moving on the end of a spring of spring constant k. As the block moves from 
point x; to point x;, the spring force Ff’, = —kx does work on the block. To find the 
corresponding change in the elastic potential energy of the block—spring system, 
we substitute —kx for F(x) in Eq. 8-6. We then have 


Xp Xf Xf 
AU = -| Ge) .Ai = ‘| iA ue ;, 


or AU = 5kx? — 5kx?. (8-10) 


To associate a potential energy value U with the block at position x, we 
choose the reference configuration to be when the spring is at its relaxed length 
and the block is at x; = 0. Then the elastic potential energy U; is 0, and Eq. 8-10 
becomes 


UG =0 = ke = 0, 
which gives us 


U(x) = ; ee (elastic potential energy). (8-1 1) 
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YEHECKPOINT 2 


A particle is to move along an x axis from x = 0 to x, while 


a conservative force, directed along the x axis, acts on the particle. The figure shows three 
situations in which the x component of that force varies with x. The force has the same 
maximum magnitude F; in all three situations. Rank the situations according to the change 
in the associated potential energy during the particle’s motion, most positive first. 


Fy 


(1) 


PROBLEM-SOLVING TACTICS 


fy 


xy 


(2) Cie 





Tactic 7: Using the Term “Potential Energy” A 
potential energy is associated with a system as a whole. 
However, you might see statements that associate it with only 
part of the system. For example, you might read, “An apple 
hanging in a tree has a gravitational potential energy of 30 J.” 
Such statements are often acceptable, but you should always 


Sample Problem 


keep in mind that the potential energy is actually associated 
with a system—here the apple—Earth system. Also keep in 
mind that assigning a particular potential energy value, such 
as 30 J here, to an object or even a system makes sense only if 
the reference potential energy value is known, as explored in 
Sample Problem 8-2. 





A 2.0 kg sloth hangs 5.0 m above the ground (Fig. 8-6). 


(a) What is the gravitational potential energy U of the 
sloth—Earth system if we take the reference point y = 0 
to be (1) at the ground, (2) at a balcony floor that is 
3.0 m above the ground, (3) at the limb, and (4) 1.0m 
above the limb? Take the gravitational potential energy 
to be zero at y = 0. 


csr Once we have chosen the reference point 


for y = 0, we can calculate the gravitational potential 
energy U of the system relative to that reference 
point with Eq. 8-9. 


Calculations: For choice (1) the sloth is at y = 5.0m, 
and 


U = mgy = (2.0 kg)(9.8 m/s*)(5.0 m) 


98 J. (Answer) 


For the other choices, the values of U are 


(2) U=mgy = mg(2.0 m) = 39 J, 
(3) U=mgy = mg(0) = OJ, 
(4) U=mgy = mg(-1.0 m) 


19:6 J-— —20)). 


(Answer) 


(b) The sloth drops to the ground. For each choice of 
reference point, what is the change AU in the potential 
energy of the sloth— Earth system due to the fall? 


cory The change in potential energy does not 


depend on the choice of the reference point for y = 0; 
instead, it depends on the change in height Ay. 





4 





(2) (3) (4) 


FIG. 8-6 Four choices of reference point y = 0. Each y axis is 
marked in units of meters. The choice affects the value of the 
potential energy U of the sloth— Earth system. However, it 
does not affect the change AU in potential energy of the sys- 
tem if the sloth moves by, say, falling. 


Calculation: For all four situations, we have the same 
Ay = —5.0 m. Thus, for (1) to (4), Eq. 8-7 tells us that 


AU = mg Ay = (2.0 kg)(9.8 m/s*)(—5.0 m) 
= —98 J. (Answer) 
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8-5 | Conservation of Mechanical Energy 


The mechanical energy E£,,., of a system is the sum of its potential energy U and 
the kinetic energy K of the objects within it: 
Emec = K+ U (mechanical energy). (8-12) 

In this section, we examine what happens to this mechanical energy when only 
conservative forces cause energy transfers within the system—that is, when 
frictional and drag forces do not act on the objects in the system. Also, we shall 
assume that the system is isolated from its environment; that 1s, no external force 
from an object outside the system causes energy changes inside the system. 

When a conservative force does work W on an object within the system, that 
force transfers energy between kinetic energy K of the object and potential 
energy U of the system. From Eq. 7-10, the change AK in kinetic energy is 


AK = W (8-13) 
and from Eq. 8-1, the change AU in potential energy is 
AU = -W. (8-14) 
Combining Eqs. 8-13 and 8-14, we find that 
AK = —AU. (8-15) 


In words, one of these energies increases exactly as much as the other decreases. 


We can rewrite Eq. 8-15 as 
K, = K, a —(U, aa U,), (8-16) 


where the subscripts refer to two different instants and thus to two different 
arrangements of the objects in the system. Rearranging Eq. 8-16 yields 


K, ate U, ra K, ot U, (8-17) 


(conservation of mechanical energy). 


In words, this equation says: 


the sum of K and U for 
any state of a system 


the sum of K and U for 
any other state of the system /’ 


when the system is isolated and only conservative forces act on the objects in the 
system. In other words: 





This result is called the principle of conservation of mechanical energy. (Now you 
can see where conservative forces got their name.) With the aid of Eq. 8-15, we 
can write this principle in one more form, as 


AE no. = AK + AU =0. 


(8-18) 


The principle of conservation of mechanical energy allows us to solve prob- 
lems that would be quite difficult to solve using only Newton’s laws: 





Figure 8-7 shows an example in which the principle of conservation of 
mechanical energy can be applied: As a pendulum swings, the energy of the 





In olden days, a person would be 
tossed via a blanket to be able to 
see farther over the flat terrain. 
Nowadays, it is done just for fun. 
During the ascent of the person in 
the photograph, energy is trans- 
ferred from kinetic energy to 
gravitational potential energy. The 
maximum height is reached when 
that transfer is complete. Then the 
transfer is reversed during the fall. 
(©AP/Wide World Photos) 





FIG. 8-7 A pendulum, with its mass 
concentrated in a bob at the lower 
end, swings back and forth. One full 
cycle of the motion is shown. During 
the cycle the values of the potential 
and kinetic energies of the pendu- 
lum — Earth system vary as the bob 
rises and falls, but the mechanical en- 
ergy Ene. of the system remains con- 
stant. The energy £,,, can be 
described as continuously shifting 
between the kinetic and potential 
forms. In stages (a) and (e), all the 
energy is kinetic energy. The bob 
then has its greatest speed and is at 
its lowest point. In stages (c) and (g), 
all the energy is potential energy. The 
bob then has zero speed and is at its 
highest point. In stages (b), (d), (f), 
and (i), half the energy is kinetic 
energy and half is potential energy. If 
the swinging involved a frictional 
force at the point where the pendu- 
lum is attached to the ceiling, or a 
drag force due to the air, then E,,., 
would not be conserved, and eventu- 
ally the pendulum would stop. 


CHECKPOINT 3 


the block at point B, greatest first. 





U K 
(¢) 


pendulum —Earth system is transferred back and forth between kinetic energy K and 
gravitational potential energy U, with the sum K + U being constant. If we know the 
gravitational potential energy when the pendulum bob is at its highest point (Fig. 
8-7c), Eq. 8-17 gives us the kinetic energy of the bob at the lowest point (Fig. 8-7e). 

For example, let us choose the lowest point as the reference point, with the 
gravitational potential energy U, = 0. Suppose then that the potential energy at 
the highest point is U; = 20 J relative to the reference point. Because the bob mo- 
mentarily stops at its highest point, the kinetic energy there is K, = 0. Putting 
these values into Eq. 8-17 gives us the kinetic energy K, at the lowest point: 


K,+0=0+20J or K,=20). 


Note that we get this result without considering the motion between the highest 
and lowest points (such as in Fig. 8-7d) and without finding the work done by any 
forces involved in the motion. 


The figure shows four situations— 4 i--~@ 
one in which an initially stationary block is dropped and three in 
which the block is allowed to slide down frictionless ramps. (a) 
Rank the situations according to the kinetic energy of the block 
at point B, greatest first. (b) Rank them according to the speed of 





oie, 


In Fig. 8-8, a child of mass m is released from rest at the 
top of a water slide, at height h = 8.5 m above the bot- 
tom of the slide. Assuming that the slide is frictionless 
because of the water on it, find the child’s speed at the 
bottom of the slide. 


fee (1) We cannot find her speed at the bottom 


by using her acceleration along the slide as we might 
have in earlier chapters because we do not know the 
slope (angle) of the slide. However, because that speed 
is related to her kinetic energy, perhaps we can use the 
principle of conservation of mechanical energy to get 
the speed. Then we would not need to know the slope. 
(2) Mechanical energy is conserved in a system if the 
system is isolated and if only conservative forces cause 
energy transfers within it. Let’s check. 

Forces: Two forces act on the child. The gravita- 
tional force, a conservative force, does work on her. The 
normal force on her from the slide does no work be- 
cause its direction at any point during the descent is al- 
ways perpendicular to the direction in which the child 
moves. 

System: Because the only force doing work on the 
child is the gravitational force, we choose the 
child—Earth system as our system, which we can take to 
be isolated. 

Thus, we have only a conservative force doing work 
in an isolated system, so we can use the principle of con- 
servation of mechanical energy. 


Calculations: Let the mechanical energy be E,,.., when 
the child is at the top of the slide and F,,.., when she is 
at the bottom. Then the conservation principle tells us 


(8-19) 


eee = sores 
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FiG, 8-8 A-child slides 
down a water slide as she 
descends a height h. 





To show both kinds of mechanical energy, we have 


KU, = K+ U, (8-20) 


or smv;, + mgy, = 3mv? + mgy,. 
Dividing by m and rearranging yield 


v5 = ve + 2g(y — Yo). 
Putting v, = Oand y, — y, = hleads to 
vp = V2gh = V(2)(9.8 m/s*)(8.5 m) 
= 13 m/s. (Answer) 


This is the same speed that the child would reach if she 
fell 8.5 m vertically. On an actual slide, some frictional 
forces would act and the child would not be moving 
quite so fast. 


Comments: Although this problem is hard to solve di- 
rectly with Newton’s laws, using conservation of me- 
chanical energy makes the solution much easier. 
However, if we were asked to find the time taken for the 
child to reach the bottom of the slide, energy methods 
would be of no use; we would need to know the shape of 
the slide, and we would have a difficult problem. 


PROBLEM-SOLVING TACTICS 


Tactic 2: Conservation of Mechanical Energy Asking 
the following questions will help you to solve problems involv- 
ing the principle of conservation of mechanical energy. 

For what system is mechanical energy conserved? You 
should be able to separate your system from its environment. 
Imagine drawing a closed surface such that whatever is inside 
is your system and whatever is outside is the environment of 
that system. 

Is friction or drag present? If friction or drag is present, 
mechanical energy is not conserved. 
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Is your system isolated? The principle of conservation of 
mechanical energy applies only to isolated systems. That 
means that no external forces (forces exerted by objects out- 
side the system) should do work on the objects in the system. 

What are the initial and final states of your system? The 
system changes from some initial configuration to some final 
configuration. You apply the principle of conservation of 
mechanical energy by saying that E,,., has the same value in 
both these configurations. Be very clear about what these two 
configurations are. 


Once again we consider a particle that is part of a system in which a conservative 
force acts. This time suppose that the particle is constrained to move along an 
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(0) 
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“Mec 





(J) 





U(x) 


fr 5.0 J at x t 


< Strong force, +x direction 6 


Mild force, —x direction 


x axis while the conservative force does work on it. We can learn a lot about the 
motion of the particle from a plot of the system’s potential energy U(x). 
However, before we discuss such plots, we need one more relationship. 


Finding the Force Analytically 


Equation 8-6 tells us how to find the change AU in potential energy between two 
points in a one-dimensional situation if we know the force F(x). Now we want to 
go the other way; that is, we know the potential energy function U(x) and want 
to find the force. 

For one-dimensional motion, the work W done by a force that acts on a parti- 
cle as the particle moves through a distance Ax is F(x) Ax. We can then write 
Eq. 8-1 as 


AU(x) = —W = —F(x) Ax. (8-21) 
Solving for F(x) and passing to the differential limit yield 


_ dU(x) 


F(x) = ae 


(one-dimensional motion), (8-22) 
which is the relation we sought. 

We can check this result by putting U(x) = + kx?, which is the elastic potential 
energy function for a spring force. Equation 8-22 then yields, as expected, F(x) = 
—kx, which is Hooke’s law. Similarly, we can substitute U(x) = mgx, which is 
the gravitational potential energy function for a particle—Earth system, with 


a particle of mass 7 at height x above Earth’s surface. Equation 8-22 then yields 
F = —mg.which 1s the gravitational force on the particle. 


The Potential Energy Curve 


Figure 8-9a is a plot of a potential energy function U(x) for a system in which a 
particle is in one-dimensional motion while a conservative force F(x) does work 


me 


mec 


= 5:0 J 


K=1.0Jatx> x, 


UJ); Emec () 


tr 


No 
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FIG. 8-9 (a)A plot of U(x), the potential energy function of a system containing a particle confined to move along an x axis. There 
is no friction, so mechanical energy is conserved. (b) A plot of the force F(x) acting on the particle, derived from the potential 
energy plot by taking its slope at various points. (c) The U(x) plot of (a) with three possible values of E,,,.,. shown. 
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on it. We can easily find F(x) by (graphically) taking the slope of the U(x) curve at 
various points. (Equation 8-22 tells us that F(x) is the negative of the slope of the 
U(x) curve.) Figure 8-96 is a plot of F(x) found in this way. 


Turning Points 


In the absence of a nonconservative force, the mechanical energy E of a system 
has a constant value given by 


U(x) + K(x) = Emec: (8-23) 


Here K(x) is the kinetic energy function of a particle in the system (this K(x) gives the 
kinetic energy as a function of the particle’s location x). We may rewrite Eq. 8-23 as 


K(x) — immer = U(x). (8-24) 


Suppose that E,,.. (which has a constant value, remember) happens to be 5.0 J. It 
would be represented in Fig. 8-9a by a horizontal line that runs through the value 
5.0 J on the energy axis. (It is, in fact, shown there.) 

Equation 8-24 tells us how to determine the kinetic energy K for any location 
x of the particle: On the U(x) curve, find U for that location x and then subtract 
U from Emec- For example, if the particle is at any point to the right of x;, then K = 
1.0 J. The value of K is greatest (5.0 J) when the particle is at x, and least (0 J) 
when the particle is at x1. 

Since K can never be negative (because v” is always positive), the particle can 
never move to the left of x,, where EF, — U is negative. Instead, as the particle 
moves toward x, from x2, K decreases (the particle slows) until K = 0 at x, (the 
particle stops there). 

Note that when the particle reaches x,, the force on the particle, given by Eq. 8- 
22, is positive (because the slope dU/dx is negative). This means that the particle 
does not remain at x, but instead begins to move to the right, opposite its earlier mo- 
tion. Hence x, is a turning point, a place where K = 0 (because U = E) and the par- 
ticle changes direction. There is no turning point (where K = 0) on the right side of 
the graph. When the particle heads to the right, it will continue indefinitely. 


Equilibrium Points 


Figure 8-9c shows three different values for E,,.. superposed on the plot of the 
potential energy function U(x) of Fig. 8-9a. Let us see how they change the situa- 
tion. If Emee = 4.0 J (purple line), the turning point shifts from x, to a point 
between x, and x,. Also, at any point to the right of x;, the system’s mechanical 
energy is equal to its potential energy; thus, the particle has no kinetic energy and 
(by Eq. 8-22) no force acts on it, and so it must be stationary. A particle at such a 
position is said to be in neutral equilibrium. (A marble placed on a horizontal 
tabletop is in that state. ) 

If Enec = 3.0 J (pink line), there are two turning points: One is between 
X, and x,, and the other is between x, and x;. In addition, x3 is a point at which 
K = 0. If the particle is located exactly there, the force on it is also zero, and the 
particle remains stationary. However, if it is displaced even slightly in either 
direction, a nonzero force pushes it farther in the same direction, and the particle 
continues to move. A particle at such a position is said to be in unstable equilib- 
rium. (A marble balanced on top of a bowling ball is an example.) 

Next consider the particle’s behavior if F,,.. = 1.0 J (green line). If we place 
it at x4, it is stuck there. It cannot move left or right on its own because to do so 
would require a negative kinetic energy. If we push it slightly left or right, 
a restoring force appears that moves it back to x,. A particle at such a position 
is said to be in stable equilibrium. (A marble placed at the bottom of a 
hemispherical bowl is an example.) If we place the particle in the cup-like poten- 
tial well centered at x, it is between two turning points. It can still move 
somewhat, but only partway to x, or x3. 
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CHECKPOINT 4 
potential energy function U(x) for a system in 
which a particle is in one-dimensional motion. (a) 
Rank regions AB, BC, and CD according to the 
magnitude of the force on the particle, greatest 
first. (b) What is the direction of the force when 


The figure gives the 





the particle is in region AB? 


Sample Problem Eze 


A 2.00 kg particle moves along an x axis in one-dimen- 
sional motion while a conservative force along that axis 
acts on it. The potential energy U(x) associated with the 
force 1s plotted in Fig. 8-10a. That is, if the particle were 
placed at any position between x = 0 and x = 7.00 m, it 
would have the plotted value of U. At x = 6.5m, the 
particle has velocity vy = (—4.00 m/s)i. 


(a) From Fig. 8-10a, determine the particle’s speed at 
x4 = 4.5 m. 


eto (1) The particle’s kinetic energy is given by 


Eq. 7-1 (K = mv’). (2) Because only a conservative 
force acts on the particle, the mechanical energy 
Emec(= K + U) is conserved as the particle moves. (3) 
Therefore, on a plot of U(x) such as Fig. 8-10a, the 
kinetic energy is equal to the difference between F,,., 
and U. 


Calculations: At x = 6.5 m, the particle has kinetic energy 
Ky = 3mvo = 5(2.00 kg)(4.00 m/s)? 
= 16.0 J. 


Because the potential energy there is U = 0, the me- 
chanical energy is 


Emec = Ky + Uy = 16.03 + 0 = 16.05. 


This value for E,,., 1s plotted as a horizontal line in Fig. 
8-10a. From that figure we see that at x = 4.5 m, the po- 
tential energy is U, = 7.0 J.The kinetic energy K, is the 
difference between E,,,., and U;: 


Kee OO os 
Because K, = 5mvi, we find 
v, = 3.0 m/s. (Answer) 


(b) Where is the particle’s turning point located? 


cet The turning point is where the force mo- 


mentarily stops and then reverses the particle’s motion. 
That is, it is where the particle momentarily has v = 0 
and thus K = 0. 


Calculations: Because K is the difference between 
Emec and U, we want the point in Fig. 8-10a where the 
plot of U rises to meet the horizontal line of E,,.., as 
shown in Fig. 8-105. Because the plot of U is a straight 
line in Fig. 8-105, we can draw nested right triangles as 
shown and then write the proportionality of distances 


16-70 20-7.0 
d 4.0 


which gives us d = 2.08 m. Thus, the turning point is at 
x=40m—d=1.9m. (Answer) 


(c) Evaluate the force acting on the particle when it is in 
the region 1.9m < x < 4.0m. 


The force is given by Eq. 8-22 (F(x) = 


—dU(x)/dx). The equation states that the force is equal 
to the negative of the slope on a graph of U(x). 


Calculations: For the graph of Fig. 8-10b, we see that 
for the range 1.0m < x < 4.0 m the force is 


D0 Ue) 


F = —-— 
1.0m — 4.0m 


=43N. (Answer) 
Thus, the force has magnitude 4.3 N and is in the posi- 
tive direction of the x axis. This result is consistent with 
the fact that the initially leftward-moving particle is 


stopped by the force and then sent rightward. 


20 
16 
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mec 
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x (m) 
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FIG. 8-10 (a) A plot of potential energy U versus position x. 
(b) A section of the plot used to find where the particle turns 
around. 
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8-7 | Work Done on a System by an External Force 


In Chapter 7, we defined work as being energy transferred to or from an object 
by means of a force acting on the object. We can now extend that definition to an 
external force acting on a system of objects. 
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Figure 8-lla represents positive work (a transfer of energy to a system), and 
Fig. 8-11b represents negative work (a transfer of energy from a system). When 
more than one force acts on a system, their net work is the energy transferred to 
or from the system. 

These transfers are like transfers of money to and from a bank account. If a 
system consists of a single particle or particle-like object, as in Chapter 7, the 
work done on the system by a force can change only the kinetic energy of the 
system. The energy statement for such transfers is the work—kinetic energy theo- 
rem of Eq. 7-10 (AK = W); that is, a single particle has only one energy account, 
called kinetic energy. External forces can transfer energy into or out of that 
account. If a system is more complicated, however, an external force can change 
other forms of energy (such as potential energy); that is, a more complicated 
system can have multiple energy accounts. 

Let us find energy statements for such systems by examining two basic situa- 
tions, one that does not involve friction and one that does. 


No Friction Involved 


To compete in a bowling-ball-hurling contest, you first squat and cup your hands 
under the ball on the floor. Then you rapidly straighten up while also pulling your 
hands up sharply, launching the ball upward at about face level. During your 
upward motion, your applied force on the ball obviously does work; that is, it is an 
external force that transfers energy, but to what system? 

To answer, we check to see which energies change. There is a change AK in the 
ball’s kinetic energy and, because the ball and Earth become more separated, 
there is a change AU in the gravitational potential energy of the ball—Earth sys- 
tem. To include both changes, we need to consider the ball—-Earth system. Then 
your force is an external force doing work on that system, and the work is 


W = AK + AU, (8-25) 


or W = AE nec (work done on system, no friction involved), (8-26) 
where AE,,., 1s the change in the mechanical energy of the system. These two 
equations, which are represented in Fig. 8-12, are equivalent energy statements 


for work done on a system by an external force when friction is not involved. 


Friction Involved 


We next consider the example in Fig. 8-13a. A constant horizontal force F pulls a 
block along an x axis and through a displacement of magnitude d, increasing the 
block’s velocity from V¥) to V. During the motion, a constant kinetic frictional 
force ie from the floor acts on the block. Let us first choose the block as our 
system and apply Newton’s second law to it. We can write that law for compo- 
nents along the x axis (Fret, = Ma,) as 


F— f, = ma. (8-27) 


Because the forces are constant, the acceleration d@ is also constant. Thus, we can 
use Eq. 2-16 to write 
v2 = ve + 2ad. 


System 
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FIG. 8-11 (a) Positive work W done 
on an arbitrary system means a trans- 
fer of energy to the system. (b) 
Negative work W means a transfer of 
energy from the system. 
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FIG. 8-12 Positive work W is done 
on a system of a bowling ball and 
Earth, causing a change AE,,,, in the 
mechanical energy of the system, a 
change AK in the ball’s kinetic 
energy, and a change AU in the sys- 
tem’s gravitational potential energy. 
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FIG. 8-13 (a) A block is pulled 
across a floor by force J F while a ki- 
netic frictional force pe ; Opposes the 
motion. The block has velocity Vo at 
the start of a displacement d and ve- 
locity V at the end of the displace- 
ment. (b) Positive work W is done on 
the block —floor system by force F, 
resulting in a change AF,,,,. in the 
block’s mechanical energy anda 
change AF, in the thermal energy of 
the block and floor. 
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Solving this equation for a, substituting the result into Eq. 8-27, and rearranging 
then give us 


Fd = 5mv? — mv + fied (8-28) 
or, because 5mv? — mv) = AK for the block, 
Fd = AK + fed. (8-29) 


In a more general situation (say, one in which the block is moving up a ramp), 
there can be a change in potential energy. To include such a possible change, we 
generalize Eq. 8-29 by writing 


Fd = AE mec + fed. (8-30) 


By experiment we find that the block and the portion of the floor along 
which it slides become warmer as the block slides. As we shall discuss in 
Chapter 18, the temperature of an object is related to the object’s thermal energy 
Ej, (the energy associated with the random motion of the atoms and molecules in 
the object). Here, the thermal energy of the block and floor increases because 
(1) there is friction between them and (2) there is sliding. Recall that friction is 
due to the cold-welding between two surfaces. As the block slides over the floor, 
the sliding causes repeated tearing and re-forming of the welds between the 
block and the floor, which makes the block and floor warmer. Thus, the sliding 
increases their thermal energy Fj. 

Through experiment, we find that the increase AEF,, in thermal energy is 
equal to the product of the magnitudes f, and d: 

AF in = fxd (8-31) 


(increase in thermal energy by sliding). 


Thus, we can rewrite Eq. 8-30 as 


Fd = AEme. + AEm- (8-32) 


Fd is the work W done by the external force F (the energy transferred by the 
force), but on which system is the work done (where are the energy transfers 
made)? To answer, we check to see which energies change. The block’s mechani- 
cal energy changes, and the thermal energies of the block and floor also change. 
Therefore, the work done by force F is done on the block—floor system. That 
work is 


W = AEnee + AL (work done on system, friction involved). (8-33) 
This equation, which is represented in Fig. 8-13), is the energy statement for the 


work done on a system by an external force when friction is involved. 


CHECKPOINT 5 In three trials, a block is pushed by a horizontal applied 
force across a floor that is not frictionless, as in Fig. 8-13a. The magnitudes F of the 
applied force and the results of the pushing on the block’s speed are given in the table. 
In all three trials, the block is 


pushed through the same dis-  Jyjaj F Result on Block’s Speed 
tance d. Rank the three trials ac- 

cording to the change in the ther- a 5.0 N decreases 

mal energy of the block and floor b TON remains constant 
that occurs in that distance d, : 80N ORE ANG 


greatest first. 


Sample Problem es 


The prehistoric people of Easter Island carved hundreds 
of gigantic stone statues in a quarry and then moved them 


to sites all over the island (Fig. 8-14). How they managed 
to move the statues by as much as 10 km without the use 





FIG. 8-14 Easter Island stone statues. (OLMR Group/Alamy 
Images) 


of sophisticated machines has been hotly debated. They 
most likely cradled each statue in a wooden sled and then 
pulled the sled over a “runway” consisting of almost iden- 
tical logs acting as rollers. In a modern reenactment of this 
technique, 25 men were able to move a 9000 kg Easter 
Island—type statue 45 m over level ground in 2 min. == 


(a) Estimate the work the net force F from the men did 
during the 45 m displacement of the statue, and deter- 
mine the system on which that force did the work. 


feta (1) We can calculate the work done with 


Eq. 7-7 (W = Fd cos ¢). (2) To determine the system on 
which the work is done we see which energies change. 





Calculations: In Eq. 7-7, d is the distance 45 m, F is the 
magnitude of the net force on the statue from the 
25 men, and @= 0°. Let us estimate that each man 
pulled with a force magnitude equal to twice his weight, 
which we take to be the same value mg for all the men. 
Thus, the magnitude of the net force from the men was 
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F = (25)(2mg) = 50mg. Estimating a man’s mass as 
80 kg, we can then write Eq. 7-7 as 


W = Fdcos ¢ = 50megd cos 
= (50)(80 kg)(9.8 m/s”)(45 m) cos 0° 


= 1.8 x 10°J = 2 MJ. (Answer) 


Because the statue moved, there was certainly a 
change AK in its kinetic energy during the motion. We 
can easily guess that there must have been considerable 
kinetic friction between the sled, logs, and ground, re- 
sulting in a change AF,, in their thermal energies. Thus, 
the system on which the work was done consisted of the 
statue, sled, logs, and ground. 


(b) What was the increase AF,, in the thermal energy 
of the system during the 45 m displacement? 


cSerezy We can relate AF, to the work W done by 


F with the energy statement of Eq. 8-33 for a system 
that involves friction: 


W=e= AE se ate AE w. 





Calculations: We know the value of W from (a). The 
change AF,,., in the statue’s mechanical energy was 
zero because the statue was stationary at the beginning 
and the end of the move and its elevation did not 
change. Thus, we find 


AE, = W=1.8 x 10°J ~2MJ. (Answer) 


(c) Estimate the work that would have been done by 
the 25 men if they had moved the statue 10 km across 
level ground on Easter Island. Also estimate the total 
change AF, that would have occurred in the 
statue —sled—logs— ground system. 


Calculation: We calculate W as in (a), but with 1 x 104m 
substituted for d. Also, we again equate AF, to W. We get 


W = AE», = 3.9 X 108 J ~ 400 MJ. (Answer) 


This would have been a staggering amount of energy for 
the men to have transferred during the movement of a 
statue. Still, the 25 men could have moved the statue 
10 km without some mysterious energy source. 


Sample Problem Era 


A food shipper pushes a wood crate of cabbage heads (to- 
tal mass m = 14 kg) across a concrete floor with a con- 
stant horizontal force F of magnitude 40 N. In a straight- 
line displacement of magnitude d = 0.50 m, the speed of 
the crate decreases from vp = 0.60 m/s to v = 0.20 m/s. 


(a) How much work is done by force F, and on what 
system does it do the work? 


cei Because the applied force F is constant, 


we can calculate the work it does by using Eq. 7-7 
(W = Fd cos 4). 


Calculation: Substituting given data, including the fact 
that force F and displacement d are in the same direc- 
tion, we find 


W = Fd cos ¢ = (40 N)(0.50 m) cos 0° 


= 20 J. (Answer) 


Reasoning: We can determine the system on which the 
work is done to see which energies change. Because the 
crate’s speed changes, there is certainly a change AK in 
the crate’s kinetic energy. Is there friction between the 
floor and the crate, and thus a change in thermal en- 
ergy? Note that F and the crate’s velocity have the 
same direction. Thus, if there is no friction, then F 
should be accelerating the crate to a greater speed. 
However, the crate is slowing, so there must be friction 
and a change AF,, in thermal energy of the crate and 
the floor. Therefore, the system on which the work is 
done is the crate—floor system, because both energy 
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roy We can relate AFy, to the work W done by 


F with the energy statement of Eq. 8-33 for a system 
that involves friction: 


W = AE neo + AEn: (8-34) 


Calculations: We know the value of W from (a). The 
change AF... in the crate’s mechanical energy is just the 
change in its kinetic energy because no potential energy 
changes occur, so we have 

2 1 2 


AE mec = AK = smv — sMV%. 


changes occur in that system. 


(b) What is the increase AF, in the thermal energy of 


the crate and floor? 





FIG. 8-15 ‘To descend, the rock 
climber must transfer energy from 
the gravitational potential energy of 
a system consisting of him, his gear, 
and Earth. He has wrapped the rope 
around metal rings so that the rope 
rubs against the rings. This allows 
most of the transferred energy to go 
to the thermal energy of the rope and 
rings rather than to his kinetic energy. 
(Tyler Stableford/The Image Bank/ 
Getty Images) 





Substituting this into Eq. 8-34 and solving for AE;,, we find 
AE, = W - (Gmv? -- +mv9) =W- sm(v? =a) 
= 20 J — $(14 kg)[(0.20 m/s)? — (0.60 m/s)’] 

= 22.2 J ~ 22 J. (Answer) 
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We now have discussed several situations in which energy is transferred to or 
from objects and systems, much like money is transferred between accounts. 
In each situation we assume that the energy that was involved could always be 
accounted for; that 1s, energy could not magically appear or disappear. In more 
formal language, we assumed (correctly) that energy obeys a law called the law of 
conservation of energy, which is concerned with the total energy EF of a system. 
That total is the sum of the system’s mechanical energy, thermal energy, and any 
type of internal energy in addition to thermal energy. (We have not yet discussed 
other types of internal energy.) The law states that 
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The only type of energy transfer that we have considered is work W done on a 
system. Thus, for us at this point, this law states that 


W = AE = AE pec + AE, + AEint, (8-35) 
where AF ec iS any change in the mechanical energy of the system, AF, is any 
change in the thermal energy of the system, and AE;,, is any change in any 
other type of internal energy of the system. Included in AE, are changes AK in 
kinetic energy and changes AU in potential energy (elastic, gravitational, or any 
other type we might find). 

This law of conservation of energy is not something we have derived from 
basic physics principles. Rather, it is a law based on countless experiments. 
Scientists and engineers have never found an exception to it. 


Isolated System 


If a system is isolated from its environment, there can be no energy transfers to or 
from it. For that case, the law of conservation of energy states: 








Many energy transfers may be going on within an isolated system— between, 
say, kinetic energy and a potential energy or between kinetic energy and thermal 


energy. However, the total of all the types of energy in the system cannot 
change. 

We can use the rock climber in Fig. 8-15 as an example, approximating him, 
his gear, and Earth as an isolated system. As he rappels down the rock face, 
changing the configuration of the system, he needs to control the transfer of 
energy from the gravitational potential energy of the system. (That energy 
cannot just disappear.) Some of it is transferred to his kinetic energy. However, 
he obviously does not want very much transferred to that type or he will be mov- 
ing too quickly, so he has wrapped the rope around metal rings to produce fric- 
tion between the rope and the rings as he moves down. The sliding of the rings on 
the rope then transfers the gravitational potential energy of the system to ther- 
mal energy of the rings and rope in a way that he can control. The total energy of 
the climber-—gear—Earth system (the total of its gravitational potential energy, 
kinetic energy, and thermal energy) does not change during his descent. 

For an isolated system, the law of conservation of energy can be written in 
two ways. First, by setting W = 0 in Eq. 8-35, we get 

DP AE got Add =e (isolated system). (8-36) 
We can also let AF nee = Emec2 — Emeci, Where the subscripts 1 and 2 refer to two 
different instants— say, before and after a certain process has occurred. Then Eq. 
8-36 becomes 
Femee,2 = Pie 7 AE in i AEF int. 


(8-37) 


Equation 8-37 tells us: 











































































































This fact can be a very powerful tool in solving problems about isolated systems 
when you need to relate energies of a system before and after a certain process 
occurs in the system. 

In Section 8-5, we discussed a special situation for isolated systems— namely, 
the situation in which nonconservative forces (such as a kinetic frictional force) 
do not act within them. In that special situation, AF, and AE, are both zero, and 
so Eq. 8-37 reduces to Eq. 8-18. In other words, the mechanical energy of an 
isolated system is conserved when nonconservative forces do not act in it. 


External Forces and Internal Energy Transfers 


An external force can change the kinetic energy or potential energy of an object 
without doing work on the object—that is, without transferring energy to the 
object. Instead, the force is responsible for transfers of energy from one type to 
another inside the object. 

Figure 8-16 shows an example. An initially stationary ice-skater pushes away 
from a railing and then slides over the ice (Figs. 8-16a and b). Her kinetic energy 
increases because of an external force F on her from the rail. However, that force 
does not transfer energy from the rail to her. Thus, the force does no work on 
her. Rather, her kinetic energy increases as a result of internal transfers from the 
biochemical energy in her muscles. 

Figure 8-17 shows another example. An engine increases the speed of a car 
with four-wheel drive (all four wheels are made to turn by the engine). During 
the acceleration, the engine causes the tires to push backward on the road sur- 
face. This push produces frictional forces f that act on each tire in the forward 
direction. The net external force F from the road, which is the sum of these fric- 
tional forces, accelerates the car, increasing its kinetic energy. However, F does 
not transfer energy from the road to the car and so does no work on the car. 
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FIG. 8-16 (a) As askater pushes 
herself away from a railing, the force 
on her from the railing is F’. (b) After 
the skater leaves the railing, she has 
velocity Vv. (c) External force F acts 
on the sKater, at angle # with a hori- 
zontal x axis. When the skater goes 
through displacement d, her velocity 
is changed from Vy (= 0) to V by the 
horizontal component of F. 





FIG. 8-77 A vehicle accelerates to 


the right using four-wheel drive. The 
road exerts four frictional forces 
(two of them shown) on the bottom 
surfaces of the tires. Taken together, 
these four forces make up the net ex- 
ternal force F acting on the car. 
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Rather, the car’s kinetic energy increases as a result of internal transfers from the 
energy stored in the fuel. 

In situations like these two, we can sometimes relate the external force F on 
an object to the change in the object’s mechanical energy if we can simplify the 
situation. Consider the ice-skater example. During her push through distance d in 
Fig. 8-16c, we can simplify by assuming that the acceleration is constant, her 
speed changing from vy, = 0 to v. (That is, we assume F has constant magnitude F 
and angle ¢.) After the push, we can simplify the skater as being a particle and 
neglect the fact that the exertions of her muscles have increased the thermal 
energy in her muscles and changed other physiological features. Then we can 


apply Eq. 7-5 (mv? — ;mvj = Fd) to write 


K — Ky = (Fcos @)d, 


or AK = Fd cos ¢. (8-38) 


If the situation also involves a change in the elevation of an object, we can 
include the change AU in gravitational potential energy by writing 


AU + AK = Fd cos @. (8-39) 


The force on the right side of this equation does no work on the object but is still 
responsible for the changes in energy shown on the left side. 


P Ovver 


Now that you have seen how energy can be transferred from one type to another, 
we can expand the definition of power given in Section 7-9. There power is 
defined as the rate at which work is done by a force. In a more general sense, 
power P is the rate at which energy is transferred by a force from one type to 
another. If an amount of energy AE is transferred in an amount of time Af, the 
average power due to the force is 


AE 
C= 8-40 
avg At ( ) 
Similarly, the instantaneous power due to the force 1s 
dE 
Pe 8-41 
=" (8-41) 


Sample Problem R22 


In Fig. 8-18, a 2.0 kg package of tamales slides along a 
floor with speed v,; = 4.0 m/s. It then runs into and 
compresses a spring, until the package momentarily 
stops. Its path to the initially relaxed spring is friction- 
less, but as it compresses the spring, a kinetic frictional 
force from the floor, of magnitude 15 N, acts on the 
package. If k = 10 000 N/m, by what distance d is the 
spring compressed when the package stops? 


Sia We need to examine all the forces and then 


to determine whether we have an isolated system or a 
system on which an external force is doing work. 

Forces: The normal force on the package from the 
floor does no work on the package because the 
direction of this force is always perpendicular to the di- 
rection of the package’s displacement. For the same rea- 


son, the gravitational force on the package does no 
work. As the spring is compressed, however, a spring 
force does work on the package, transferring energy to 
elastic potential energy of the spring. The spring force 
also pushes against a rigid wall. Because there is friction 
between the package and the floor, the sliding of 





FIG. 8-18 A package slides across a frictionless floor with ve- 
locity v', toward a spring of spring constant k. When the pack- 
age reaches the spring, a frictional force from the floor acts on 
the package. 


the package across the floor increases their thermal 
energies. 

System: The package —spring —floor—wall system in- 
cludes all these forces and energy transfers in one 1so- 
lated system. Therefore, because the system is isolated, 
its total energy cannot change. We can then apply 
the law of conservation of energy in the form of Eq. 
8-37 to the system: 


Ee sesd = Lec 7 AE». (8-42) 
Calculations: In Eq. 8-42, let subscript 1 correspond 
to the initial state of the sliding package and subscript 2 
correspond to the state in which the package is momen- 
tarily stopped and the spring is compressed by distance 
d. For both states the mechanical energy of the system is 
the sum of the package’s kinetic energy (K = 5mv?) and 
the spring’s potential energy (U = +kx?). For state 1, 
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U = 0 (because the spring is not compressed), and the 
package’s speed is v,. Thus, we have 

Ene, = K, + U, = 3mvj + 0. 
For state 2, K = 0 (because the package is stopped), and 
the compression distance is d. Therefore, we have 

Hits = K, als U, =OQOt+ skd?. 
Finally, by Eq. 8-31, we can substitute f,,d for the change 


AF, in the thermal energy of the package and the floor. 
We can now rewrite Eq. 8-42 as 


kd? = smvj — fd. 
Rearranging and substituting known data give us 
5000d* + 15d — 16 = 0. 
Solving this quadratic equation yields 


d = 0.055 m = 5.5 cm. (Answer) 


Sample Problem ee 


Figure 8-19a shows the mountain slope and the valley 
along which a rock avalanche moves. The rocks have a 
total mass m, fall from a height y = H, move a distance 
d, along a slope of angle @ = 45°, and then move a dis- 
tance d, along a flat valley. What is the ratio d,/H of the 
runout to the fall height if the coefficient of kinetic fric- 
tion has the reasonable value of 0.60? os 





tiatdonea@ee (1) The mechanical energy Emo, of the 
rocks—Earth system is the sum of the kinetic energy 
(K =4mv’) and the gravitational potential energy 
(U = mgy). (2) The mechanical energy is not conserved 
during the slide because a (nonconservative) frictional 
force acts on the rocks, transferring an amount of en- 
ergy AF, to the thermal energy of the rocks and 
ground. (3) The transferred energy AE,, is related to the 
magnitude of the kinetic frictional force and the dis- 
tance of sliding by Eq. 8-31 (AE,, = f,d). (4) The me- 
chanical energy E,,.-2 at any point during the slide is re- 
lated to the initial mechanical energy E,,..; and the 
transferred energy AEF, by Eq. 8-37, which can be 
Lewitten as Pas = Ea — Ae: 


Calculations: The final mechanical energy E,n,.e,2 1S 
equal to the initial mechanical energy £,,..; minus the 
amount AF, lost to thermal energy: 


A esd = Eas - AE yp. (8-43) 


Initially the rocks have potential energy U = mgH and 
kinetic energy K = O, and so the initial mechanical en- 
ergy 1S Eee, = mgH. Finally (when the rocks stop) the 
rocks have potential energy U = 0 and kinetic energy 
K = 0, and so Enec2 = 0. The amount of energy trans- 
ferred to thermal energy is AF, = f,,d, during the 


FIG. 8-19 (a) The path 
a rock avalanche takes 
down a mountainside 
and across a valley 
floor. The forces on the 
rock material along (Db) 
the mountainside and 
(c) the valley floor. 





slide down the slope and AEF,» = fi.d, during the 
runout across the valley. Substituting these expressions 
into Eq. 8-43, we have 


0 = mgH — fads — Fad. (8-44) 


From Fig. 8-19a, we see that d, = H/(sin 0). To ob- 
tain expressions for the kinetic frictional forces, we use 
Eq. 6-2 (f, = by). Recall from Chapter 6 that on an 
inclined plane the normal force offsets the component 
mg cos 6 of the gravitational force (Fig. 8-195). Similarly, 
recall from Chapter 5 that on a horizontal surface the nor- 
mal force offsets the full magnitude mg of the 
gravitational force (Fig. 8-19c). Substituting these expres- 
sions into Eq. 8-44 and solving for the ratio d,/H, we find 


H 
0 = mgH — p,(mg cos —)——~ — pymgd, 
sin @ 


and iis = (+ = : ) 
H ez tan 6 





(8-45) 


Substituting uw, = 0.60 and 6 = 45°, we find 


dy 
— = 0.67. 
H 


(Answer) 
Comments: Our result is typical for a small avalanche. 
However, for a large avalanche, the ratio d,/H may be as 
large as 20. If you substitute this ratio into Eq. 8-45 and 
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solve for the coefficient of kinetic friction, you find 
ft, = 0.05. Researchers do not understand how a large 
avalanche of jagged, tumbling rocks can have a value of 
4; small enough to rival that of very slippery ice. One of 
the most promising ideas is that the material is continu- 
ously levitated by a thin layer of small oscillating debris 
and thus almost never touches the mountain slope or 
valley floor until the avalanche stops. 


Sample Problem a 


In Fig. 8-20a, a 20 kg block is about to collide with a 
spring at its relaxed length. As the block compresses the 
spring, a kinetic frictional force between the block and 
floor acts on the block. Figure 8-205 gives the block’s ki- 
netic energy K(x) and the spring’s potential energy 
U(x) as functions of the block’s position x as the spring 
is compressed. What is the coefficient of kinetic friction 
ju, between the block and floor? 






Ehshd onse (1) The mechanical energy E,,..(= K + U) 
is not conserved during the compression because the 
nonconservative frictional force acts on the block, 
transferring an amount of energy AF, to the thermal 
energy of the block and floor. (2) The transferred en- 
ergy AF,, is related to the magnitude of the kinetic fric- 
tional force and the distance of sliding by Eq. 8-31 


(a) 


HO 
_ 
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Energy (J) 


et 
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0 0.10 0.20 
(d) x (m) 
FIG. 8-20 (a) Block on the verge of colliding with a spring. 
(b) The change of kinetic energy K and potential energy U as 
the spring is compressed and the block slows to a stop. 


REVIEW & SUMMARY 


Conservative Forces A force is a conservative force if 
the net work it does on a particle moving around any closed 
path, from an initial point and then back to that point, is zero. 
Equivalently, a force is conservative if the net work it does on 
a particle moving between two points does not depend on the 
path taken by the particle. The gravitational force and the 


(AE, = f,d). (3) The mechanical energy E,,... at any 
point during the compression is related to the initial 
mechanical energy E,,.,, and AE, by Eq. 8-37, which 
can be tewntten asf icc5 = ect ee 


Finding AE,,: From Fig. 8-20b, we see that when the 
block is at x = 0 and is on the verge of compressing the 
spring, its kinetic energy is K = 30 J and the spring’s po- 
tential energy is U = 0. Thus, the sum of K and U is 


Ec = 30 A 


The spring is at its maximum compression when the 
block stops—that is, when the kinetic energy drops 
to 0. From the figure we see that this occurs at 
x = 0.215 m, at which K = 0 and U = 14 J. Thus, at the 
stopping point, the sum of K and U is 


fe eco = 14 J. 
‘To find the amount of energy transferred to thermal en- 
ergy, we write Encco = Emec,s — AE um as 

14J = 30J — AE, 

or AE,, = 16]. 
Finding p,: From Eq. 6-2, we know that a kinetic fric- 
tional force is given by f, = u,fy, where the normal 
force is given by Eq. 5-14 (Fy = mg). Here, the frictional 
force f, transfers 16 J to thermal energy over distance 


d = 0.215 m, according to AF,, = f,d. Pulling these sev- 
eral expressions together, we write 


AF in = fd = bxbyd = byngd 


and then substitute the data AE,, = 16J,m = 20 kg, g = 
9.8 m/s*, and d = 0.215 m, finding 


bh, = 0.38. (Answer) 





spring force are conservative forces; the kinetic frictional 
force is a nonconservative force. 


Potential Energy A potential energy is energy that is 
associated with the configuration of a system in which a con- 
servative force acts. When the conservative force does work W 


on a particle within the system, the change AU in the potential 
energy of the system is 


AU = -—W. (8-1) 


If the particle moves from point x; to point x,, the change in 
the potential energy of the system is 


Ay ais | "FQ de. (8-6) 


Gravitational Potential Energy The potential energy 
associated with a system consisting of Earth and a nearby par- 
ticle is gravitational potential energy. If the particle moves 
from height y; to height y,, the change in the gravitational po- 
tential energy of the particle— Earth system is 


AU = mg(ys — yi) = mg Ay. (8-7) 


If the reference point of the particle is set as y; = 0 and the 
corresponding gravitational potential energy of the system is 
set as U; = 0, then the gravitational potential energy U when 
the particle is at any height y is 


U(y) = mgy. (8-9) 


Elastic Potential Energy Elastic potential energy is the 
energy associated with the state of compression or extension of an 
elastic object. For a spring that exerts a spring force F = —kx when 
its free end has displacement x, the elastic potential energy is 


U(x) = 5kx?. (8-11) 


The reference configuration has the spring at its relaxed 
length, at which x = O and U = 0. 


Mechanical Energy The mechanical energy £,,,.. of a sys- 
tem is the sum of its kinetic energy K and potential energy U: 


Fi wnat) (8-12) 


An isolated system is one in which no external force causes 
energy changes. If only conservative forces do work within an 
isolated system, then the mechanical energy F,,., of the sys- 
tem cannot change. This principle of conservation of mechani- 
cal energy is written as 


K, alr U, = K, ae U,, (8-17) 


in which the subscripts refer to different instants during an 
energy transfer process. This conservation principle can also 
be written as 

AF nec = AK + AU = 0. (8-18) 


Potential Energy Curves If we know the potential en- 
ergy function U(x) for a system in which a one-dimensional 
force F(x) acts on a particle, we can find the force as 


dU(x) 


Os dx 


(8-22) 


If U(x) is given on a graph, then at any value of x, the force 
F(x) is the negative of the slope of the curve there and the 
kinetic energy of the particle is given by 


K(x) = Emec — U(x), (8-24) 


where F,,-, 1s the mechanical energy of the system. A turning 
point is a point x at which the particle reverses its motion 
(there, K = 0). The particle is in equilibrium at points where 
the slope of the U(x) curve is zero (there, F(x) = 0). 


Work Done on a System by an External Force 
Work W is energy transferred to or from a system by means of an 
external force acting on the system. When more than one force 
acts on a system, their net work is the transferred energy. When 
friction is not involved, the work done on the system and the 
change AF,,., in the mechanical energy of the system are equal: 


W = AE... = AK + AU. (8-26, 8-25) 


When a kinetic frictional force acts within the system, then the 
thermal energy Ey, of the system changes. (This energy is asso- 
ciated with the random motion of atoms and molecules in the 
system.) The work done on the system is then 


W = NE vec + AE wp. (8-33) 


The change AF, is related to the magnitude f; of the frictional 
force and the magnitude d of the displacement caused by the 
external force by 

AF wy = fxd. (8-31) 


Conservation of Energy The total energy E of a system 
(the sum of its mechanical energy and its internal energies, 
including thermal energy) can change only by amounts of 
energy that are transferred to or from the system. This experi- 
mental fact is known as the law of conservation of energy. 
If work W is done on the system, then 


W = AE = AE, + AEw + AEint. (8-35) 
If the system is isolated (W = 0), this gives 
AF nec + AEy, + AFiy = 0 (8-36) 
and Ee ee (8-37) 
where the subscripts 1 and 2 refer to two different instants. 


Power The power due to a force is the rate at which that 
force transfers energy. If an amount of energy AF is trans- 
ferred by a force in an amount of time Af, the average power 
of the force is 

AE 


Pes = = 8-40 
avg At ( ) 
The instantaneous power due to a force is 
dE 
pP =—, 8-41 
a (8-41) 


QUESTIONS 


1 Figure 8-21 shows one direct path and four indirect paths 
from point 7 to point f. Along the direct path and three of the 
indirect paths, only a conservative force F, acts on a certain 
object. Along the fourth indirect path, both F, and a noncon- 


servative force F,, act on the object. The change AE,,,,. in the 
object’s mechanical energy (in joules) in going from i to f is 
indicated along each straight-line segment of the indirect 
paths. What is AE, (a) from i to f along the direct path and 


(b) due to F,, along the one 
path where it acts? 


2 In Fig. 8-22, a small, initially 
stationary block is released on 
a frictionless ramp at a height 
of 3.0 m. Hill heights along the 
ramp are as shown. The hills have 
identical circular tops, and the 
block does not fly off any hill. (a) 
Which hill is the first the block cannot cross? (b) What does the 
block do after failing to cross that hill? On which hilltop is (c) the 
centripetal acceleration of the block greatest and (d) the normal 
force on the block least? 





FIG. 8-21 Question 1. 


3.5m 





FIG. 8-22 Question 2. 


3 In Fig. 8-23, a horizontally moving block can take three 
frictionless routes, differing only in elevation, to reach the 
dashed finish line. Rank the routes according to (a) the speed 
of the block at the finish line and (b) the travel time of the 
block to the finish line, greatest first. 


| Finish line 





(3) | 
FIG. 8-23 Question 3. 


4 Figure 8-24 gives the potential energy function of a parti- 
cle. (a) Rank regions AB, BC, CD, and DE according to the 
magnitude of the force on the particle, greatest first. What 
value must the mechanical energy E,,,, of the particle not 
exceed if the particle is to be (b) trapped in the potential well 
at the left, (c) trapped in the potential well at the right, and 
(d) able to move between the two potential wells but not to 
the right of point H? For the situation of (d), in which of 
regions BC, DE, and FG will the particle have (e) the greatest 
kinetic energy and (f) the least speed? 


U(x) (J) 





FIG. 8-24 Question 4. 
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3S Figure 8-25 shows three situations involving a plane that is 
not frictionless and a block sliding along the plane. The block 
begins with the same speed in all three situations and slides 
until the kinetic frictional force has stopped it. Rank the situa- 
tions according to the increase in thermal energy due to the 
sliding, greatest first. 


HH «£ 


(1) (2) (3) 
FIG. 8-25 Question 5. 





6 In Fig. 8-26a, you pull upward on a rope that is attached to 
a cylinder on a vertical rod. Because the cylinder fits tightly 
on the rod, the cylinder slides along the rod with consid- 
erable friction. Your force does work W = +100 J on the cylin- 
der—rod—Earth system (Fig. 8-26b). An “energy statement” 
for the system is shown in Fig. 8-26c: the kinetic energy K in- 
creases by 50 J, and the gravitational potential energy U, in- 
creases by 20 J. The only other change in energy within the sys- 
tem is for the thermal energy E,,. What is the change AE,,? 


W= +100 J 


System's energies: 
AK= +50 J 





AU, = +20J 
AE, =? 





Se 
ee 





| | 

\ Earth J 

(a) (0) (c) 
FIG. 8-26 Question 6. 


7 The arrangement shown in Block 
Fig. 8-27 is similar to that in 
Question 6. Here you pull 
downward on the rope that is 
attached to the cylinder, which 
fits tightly on the rod. Also, 
as the cylinder descends, it 
pulls on a block via a second 
rope, and the block slides over 
a lab table. Again consider 
the cylinder—rod-—Earth sys- 
tem, similar to that shown in ~ 

Fig. 8-26b. Your work on the FIG. 8-27 Question 7. 
system is 200J. The system 

does work of 60 J on the block. Within the system, the kinetic 
energy increases by 130J and the gravitational potential 
energy decreases by 20 J. (a) Draw an “energy statement” for 
the system, as in Fig. 8-26c. (b) What is the change in the ther- 
mal energy within the system? 


8 In Fig. 8-28, a block slides along a track that descends 
through distance h. The track is frictionless except for the 
lower section. There the block slides to a stop in a certain dis- 
tance D because of friction. (a) If we decrease h, will the block 
now slide to a stop in a distance that is greater than, less than, 






|Rod 


} | Cylinder 


/ Rope 


or equal to D? (b) If, instead, we increase the mass of the 
block, will the stopping distance now be greater than, less 
than, or equal to D? 





FIG. 8-28 Question 8. 


9 In Fig. 8-29, a block slides from A to C along a frictionless 
ramp, and then it passes through horizontal region CD, where 
a frictional force acts on it. Is the block’s kinetic energy 


increasing, decreasing, or constant in (a) region AB, (b) region 
BC, and (c) region CD? (d) Is the block’s mechanical energy 
increasing, decreasing, or constant in those regions? 


A 





ee. 
B 
FIG. 8-29 Question 9. 


PROBLEMS 


& Tutoring problem available (at instructor's discretion) in WileyPLUS and WebAssign 


SSM Worked-out solution available in Student Solutions Manual 


@ —@e@ Number of dots indicates level of problem difficulty 


WWW Worked-out solution is at 





Pe http://www.wiley.com/college/halliday 
Interactive solution is at 


— Additional information available in The Flying Circus of Physics and at flyingcircusofphysics.com 


Click here to view all step-by-step solutions 


sec. 8-4 Determining Potential Energy | Values 
e{ You drop a 2.00 kg book to a ) 
friend who stands on the ground at 
distance D = 10.0m below. If your 
friend’s outstretched hands are at 
distance d=150m_ above the 
ground (Fig. 8-30), (a) how much 
work W, does the gravitational force 
do on the book as it drops to her 
hands? (b) What is the change AU in 
the gravitational potential energy of 
the book-—Earth system during the 
drop? If the gravitational potential 
energy U of that system is taken to be 
zero at ground level, what is U (c) 
when the book is released and (d) 
when it reaches her hands? Now take 
U to be 100J at ground level and 
again find (e) W,, (f) AU, (g) U at the 
release point, and (h) U at her hands. 


e2 Figure 8-31 shows a ball with 
mass m= 0.341 kg attached to the 
end of a thin rod with length L = 
0.452m and negligible mass. The 
other end of the rod is pivoted so that 
the ball can move in a vertical circle. 
The rod is held horizontally as shown 
and then given enough of a down- 
ward push to cause the ball to swing down and around and just 
reach the vertically up position, with zero speed there. How 
much work is done on the ball by the gravitational force from 
the initial point to (a) the lowest point, (b) the highest point, 
and (c) the point on the right level with the initial point? If the 
gravitational potential energy of the ball—Earth system is 
taken to be zero at the initial point, what is it when the ball 
reaches (d) the lowest point, (e) the highest point, and (f) the 


FIG. 8-30 Problems 
1 and 10. 





FIG. 8-31 Problems 
Zandi. 





point on the right level with the initial point? (g) Suppose the 
rod were pushed harder so that the ball passed through the 
highest point with a nonzero speed. Would AU, from the low- 
est point to the highest point then be greater than, less than, or 
the same as it was when the ball stopped at the highest point? 


°e3 In Fig. 8-32, a 2.00 g ice flake is released from the edge 
of a hemispherical bowl whose radius r is 22.0cm. The 
flake—bowl contact is friction- 
less. (a) How much work is done 
on the flake by the gravitational 
force during the flake’s descent 
to the bottom of the bowl? (b) 
What is the change in the poten- 
tial energy of the flake—Earth 
system during that descent? (c) 
If that potential energy is taken 
to be zero at the bottom of the 
bowl, what is its value when the 
flake is released? (d) If, instead, 
the potential energy is taken to 
be zero at the release point, what is its value when the flake 
reaches the bottom of the bowl? (e) If the mass of the 
flake were doubled, would the magnitudes of the answers to 
(a) through (d) increase, decrease, or remain the same? ssM 


Ice 
flake 





FIG. 8-32 
Problems 3 and 11. 


e4 In Fig. 8-33, a frictionless roller-coaster car of mass 
m = 825 kg tops the first hill with speed vg = 17.0 m/s at 
height h = 42.0 m. How much work does the gravitational 


First rs i 





FIG. 8-33 Problems 4 and 13. 


force do on the car from that point to (a) point A, (b) point B, 
and (c) point C? If the gravitational potential energy of the 
car—Earth system is taken to be zero at C, what is its value when 
the car is at (d) B and (e) A? (f) If mass m were doubled, would 
the change in the gravitational potential energy of the system 
between points A and B increase, decrease, or remain the same? 


¢5 What is the spring constant of a spring that stores 25 J of 
elastic potential energy when compressed by 7.5 cm? ssm 


¢6 A 1.50 kg snowball is fired from a cliff 12.5 m high. The 
snowball’s initial velocity is 14.0 m/s, directed 41.0° above the 
horizontal. (a) How much work is done on the snowball by 
the gravitational force during its flight to the flat ground 
below the cliff? (b) What is the change in the gravitational 
potential energy of the snowball—Earth system during the 
flight? (c) If that gravitational potential energy is taken to be 
zero at the height of the cliff, what is its value when the snow- 
ball reaches the ground? 


ee7 Figure 8-34 shows a thin rod, 
of length L = 2.00 m and negligible 
mass, that can pivot about one end 
to rotate in a vertical circle. A ball of 
mass m = 5.00 kg is attached to the 
other end. The rod is pulled aside to 
angle 4) = 30.0° and released with 
initial velocity ¥) = 0. As the ball 
descends to its lowest point, (a) how 
much work does the gravitational 
force do on it and (b) what is the LP m 
change in the gravitational potential _ a” 
energy of the ball—Earth system? (c) | Vo 

If the gravitational potential energy FIG. 8-34 

is taken to be Zero at the lowest Problems 7, 16, and 17. 
point, what is its value just as the ball 

is released? (d) Do the magnitudes of the answers to (a) through 
(c) increase, decrease, or remain the same if angle 6 is increased? 


°°8 In Fig. 8-35, a small block -—+-;.p 
of mass m = 0.032 kg can slide 
along the frictionless loop-the- 
loop, with loop radius R= 
12cm. The block is released 
from rest at point P, at height h 
= 5.0R above the bottom of the 
loop. How much work does the 
gravitational force do on the 
block as the block travels from 
point P to (a) point Q and (b) 
the top of the loop? If the grav- 
itational potential energy of the 
block—Earth system is taken to be zero at the bottom of the 
loop, what is that potential energy when the block is (c) at 
point P, (d) at point Q, and (e) at the top of the loop? (f) If, in- 
stead of merely being released, the block is given some initial 
speed downward along the track, do the answers to (a) 
through (e) increase, decrease, or remain the same? 














FIG. 8-35 
Problems 8 and 19. 


sec. 8-5 Conservation of Mechanical Energy 

°9 In Fig. 8-36, a runaway truck with failed brakes is moving 
downgrade at 130 km/h just before the driver steers the truck 
up a frictionless emergency escape ramp with an inclination of 
0 = 15°. The truck’s mass is 1.2 X 10* kg. (a) What minimum 
length L must the ramp have if the truck is to stop (momen- 
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tarily) along it? (Assume the truck is a particle, and justify that 
assumption.) Does the minimum length L increase, decrease, 
or remain the same if (b) the truck’s mass is decreased and 
(c) its speed is decreased? ssm 





FIG. 8-36 Problem 9. 


10 (a) In Problem 1, what is the speed of the book when it 
reaches the hands? (b) If we substituted a second book with 
twice the mass, what would its speed be? (c) If, instead, the 
book were thrown down, would the answer to (a) increase, 
decrease, or remain the same? 


11 (a) In Problem 3, what is the speed of the flake when it 
reaches the bottom of the bowl? (b) If we substituted a sec- 
ond flake with twice the mass, what would its speed be? (c) If, 
instead, we gave the flake an initial downward speed along the 
bowl, would the answer to (a) increase, decrease, or remain 
the same? ssm www 


°12 (a) In Problem 2, what initial speed must be given the 
ball so that it reaches the vertically upward position with zero 
speed? What then is its speed at (b) the lowest point and (c) the 
point on the right at which the ball is level with the initial point? 
(d) If the ball’s mass were doubled, would the answers to (a) 
through (c) increase, decrease, or remain the same? 


°713 In Problem 4, what is the speed of the car at (a) point A, 
(b) point B, and (c) point C? (d) How high will the car go on 
the last hill, which is too high for it to cross? (e) If we substi- 
tute a second car with twice the mass, what then are the 
answers to (a) through (d)? @& 





e174 (a) In Problem 6, using energy techniques rather than 
the techniques of Chapter 4, find the speed of the snowball as 
it reaches the ground below the cliff. What is that speed (b) if 
the launch angle is changed to 41.0° below the horizontal and 
(c) if the mass is changed to 2.50 kg? 


°15 A 5.0 g marble is fired vertically upward using a spring 
gun. The spring must be compressed 8.0 cm if the marble is to 
just reach a target 20 m above the marble’s position on the 
compressed spring. (a) What is the change AU, in the gravita- 
tional potential energy of the marble—Earth system during 
the 20 m ascent? (b) What is the change AU, in the elastic 
potential energy of the spring during its launch of the marble? 
(c) What is the spring constant of the spring? ssm 


e°16 (a) In Problem 7, what is the speed of the ball at the 
lowest point? (b) Does the speed increase, decrease, or re- 
main the same if the mass is increased? 


ee77 Figure 8-34 shows a pendulum of length L = 1.25 m. 
Its bob (which effectively has all the mass) has speed vp when 
the cord makes an angle 4) = 40.0° with the vertical. (a) What 
is the speed of the bob when it is in its lowest position if v9 = 
8.00 m/s? What is the least value that v, can have if the pendu- 
lum is to swing down and then up (b) to a horizontal position, 
and (c) to a vertical position with the cord remaining straight? 
(d) Do the answers to (b) and (c) increase, decrease, or remain 
the same if 6) is increased by a few degrees? 


eeT8 





A 700 g block is released from rest at height hp above a 
vertical spring with spring constant k = 400 N/m and negligi- 
ble mass. The block sticks to the spring and momentarily stops 
after compressing the spring 19.0cm. How much work is 
done (a) by the block on the spring and (b) by the spring on 
the block? (c) What is the value of hy? (d) If the block were 
released from height 2.00h, above the spring, what would be 
the maximum compression of the spring? 


®®19 In Problem 8, what are the magnitudes of (a) the hori- 
zontal component and (b) the vertical component of the 
net force acting on the block at point Q? (c) At what height 
h should the block be released from rest so that it is on the 
verge of losing contact with the track at the top of the loop? 
(On the verge of losing contact means that the normal force on 
the block from the track has just then become zero.) (d) Graph 
the magnitude of the normal force on the block at the top of the 
loop versus initial height h, for the range h = Otoh = OR. 





ee20 A single conservative force F = (6.0x — 12)i N, where 
x iS in meters, acts on a particle moving along an x axis. The 
potential energy U associated with this force is assigned a value 
of 27 J at x = 0. (a) Write an expression for U as a function of x, 
with U in joules and x in meters. (b) What is the maximum posi- 
tive potential energy? At what (c) negative value and (d) posi- 
tive value of x is the potential energy equal to zero”? 


e021 The string in Fig. | 
8-37 is L = 120 cm long, — 
has a ball attached to one \ | 
end, and is fixed at its 4 | | 
other end. The distance d * 
from the fixed end to a ‘ 
fixed peg at point P is 75.0 \ Pp 


d 
cm. When the initially sta- he IN 











tionary ball is released a 
with the string horizontal ~~ 2 
as shown, it will swing 
along the dashed arc. 
What is its speed when it reaches (a) its 
lowest point and (b) its highest point after 
the string catches on the peg? ILw 


e022 A block of mass m=2.0 kg is 
dropped from height h = 40cm onto a 
spring of spring constant k = 1960 N/m 
(Fig. 8-38). Find the maximum distance the 
Spring is compressed. 


ee23 Att=0al1.0kg ball is thrown from 
a tall tower with ¥ = (18 m/s)i + (24 m/s)j. 
What is AU of the ball—Earth system be- 


FIG. 8-37 Problems 21 and 68. 









FIG. 8-38 
tween t = Oandt = 6.0s (still free fall)? Problem 22. 
e024 A 60kg skier starts from rest at 
End of 
ramp we Ne A 
h a 
gO peg ill as lent es 


FIG. 8-39 Problem 24. 


height H = 20 m above the end of a ski-jump ramp (Fig. 8-39) 
and leaves the ramp at angle 0 = 28°. Neglect the effects of air 
resistance and assume the ramp is frictionless. (a) What is the 
maximum height h of his jump above the end of the ramp? (b) 
If he increased his weight by putting on a backpack, would h 
then be greater, less, or the 


same? =e 


e°25 Tarzan, who weighs 
688 N, swings from a cliff at the /ue 
end of a vine 18 m long (Fig. 8- / ae 
40). From the top of the cliff to / Ge 
the bottom of the swing, he de- / fy 
scends by 3.2m. The vine will ; td 
break if the force on it exceeds 
950 N. (a) Does the vine break? 
(b) If no, what is the greatest 
force on it during the swing? If 
yes, at what angle with the ver- 
tical does it break? 








FIG. 8-40 Problem 25. 
2°26 A pendulum consists of 

a 2.0 kg stone swinging on a 4.0 m string of negligible mass. The 
stone has a speed of 8.0 m/s when it passes its lowest point. (a) 
What is the speed when the string is at 60° to the vertical? (b) 
What is the greatest angle with the vertical that the string will 
reach during the stone’s motion? (c) If the potential energy of 
the pendulum—Earth system is taken to be zero at the stone’s 
lowest point, what is the total mechanical energy of the system? 


ee27 Figure 8-41 shows an 8.00 kg 
stone at rest on a spring. The spring is 
compressed 10.0cm by the stone. (a) 
What is the spring constant? (b) The 
stone is pushed down an additional 
30.0 cm and released. What is the elas- 
tic potential energy of the compressed 
spring just before that release? (c) What 
is the change in the gravitational poten- 
tial energy of the stone—Earth system when the stone moves 
from the release point to its maximum height? (d) What is that 
maximum height, measured from the release point? @% 





Problem 27. 


°e28 A 2.0 kg breadbox on a frictionless incline of angle 0 = 
40° is connected, by a cord that runs over a pulley, to a light 
spring of spring constant k = 120 N/m, as shown in Fig. 8-42. The 
box is released from rest when the spring 1s unstretched. Assume 
that the pulley is massless and frictionless. (a) What is the speed 
of the box when it has moved 10 cm down the incline? (b) How 
far down the incline from its point of release does the box slide 
before momentarily stopping, and what are the (c) magnitude 
and (d) direction (up or down the incline) of the box’s accelera- 
tion at the instant the box momentarily stops? 





FIG. 8-42 Problem 28. 





e°29 A block with mass m = 
2.00 kg is placed against a 
spring on a frictionless incline 
with angle 6 = 30.0° (Fig. 8-43). 
(The block is not attached to 
the spring.) The spring, with 
spring constant k = 19.6 N/cm, 
is compressed 20.0 cm and then 
released. (a) What is the elastic 
potential energy of the com- 
pressed spring? (b) What is the 
change in the gravitational po- 
tential energy of the block- 
Earth system as the block 
moves from the release point to 
its highest point on the incline? 
(c) How far along the incline is 
the highest point from the re- 
lease point? Iw 


FIG. 8-43 Problem 29. 


Force (N) 


e300 Figure 8-44a applies to 
the spring in a cork gun (Fig. 
8-445); it shows the spring force 
as a function of the stretch or 
compression of the spring. The 
spring is compressed by 5.5 cm 
and used to propel a 3.8 g cork 
from the gun. (a) What is the 
speed of the cork if it is released as the spring passes through 
its relaxed position? (b) Suppose, instead, that the cork sticks 
to the spring and stretches it 1.5 cm before separation occurs. 
What now is the speed of the cork at the time of release? 


ee31 In Fig. 8-45, a block of 
mass m=12kg is _ released 
from rest on a frictionless in- 
cline of angle 6 = 30°. Below 
the block is a spring that can be 
compressed 2.0 cm by a force 
of 270 N. The block momentar- 
ily stops when it compresses 
the spring by 5.5 cm. (a) How 


Compressed ~ Cork 


(d) 
FIG. 8-44 Problem 30. 


far does the block move down FIG. 8-45 

the incline from its rest posi- Problems 31 and 37. 
tion to this stopping point? (b) oe 
What is the speed of the block Le * 
just as it touches the spring? A) Te 


SSM WWW 





°°32 In Fig. 8-46, a chain is 
held on a frictionless table with a 
one-fourth of its length hang- a 

ing over the edge. If the chain FIG. 8-46 Problem 32. 
has length L = 28 cm and mass 
m = 0.012 kg, how much work 
is required to pull the hanging 
part back onto the table? 


¢e33 In Fig. 8-47, a spring with 
k = 170 N/m is at the top of a 
frictionless incline of angle 6 = 
37.0°. The lower end of the 
incline is distance D = 1.00 m 
from the end of the spring, 
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which is at its relaxed length. A 2.00 kg canister is pushed 
against the spring until the spring is compressed 0.200 m and re- 
leased from rest. (a) What is the speed of the canister at the in- 
stant the spring returns to its relaxed length (which is when the 
canister loses contact with the spring)? (b) What is the speed of 
the canister when it reaches the lower end of the incline? @& 


eee34 Two children are 
playing a game in which 
they try to hit a small box 
on the floor with a marble 
fired from a spring-loaded 
gun that is mounted on a 
table. The target box is hori- 
zontal distance D = 2.20m 
from the edge of the table; 
see Fig. 8-48. Bobby compresses the spring 1.10 cm, but the center 
of the marble falls 27.0 cm short of the center of the box. How far 
should Rhoda compress the spring to score a direct hit? Assume 
that neither the spring nor the ball encounters friction in the gun. 





FIG. 8-48 Problem 34. 


eee35 <A uniform cord of length 25cm and mass 15 g is 
initially stuck to a ceiling. Later, it hangs vertically from the 
ceiling with only one end still stuck. What is the change in the 
gravitational potential energy of the cord with this change in 
orientation? (Hint: Consider a differential slice of the cord 
and then use integral calculus. ) 


e¢¢36 A boy is initially seated 
on the top of a hemispherical ice 
mound of radius KR = 13.8 m. He 
begins to slide down the ice, with 
a negligible initial speed (Fig. 8- 
49). Approximate the ice as being 
frictionless. At what height does 
the boy lose contact with the ice? 


eee37 In Fig. 8-45, a block of mass m = 3.20 kg slides from 
rest a distance d down a frictionless incline at angle 6 = 30.0° 
where it runs into a spring of spring constant 431 N/m. When 
the block momentarily stops, it has compressed the spring by 
21.0 cm. What are (a) distance d and (b) the distance between 
the point of the first block—spring contact and the point where 
the block’s speed is greatest? 





FIG. 8-49 Problem 36. 


sec. 8-6 Reading a Potential Energy Curve 
°¢38 The potential energy of a diatomic molecule (a two- 
atom system like H, or O,) is given by 


A B 


yl2 r° : 


be 


where r is the separation of the two atoms of the molecule and 
A and B are positive constants. This potential energy is associ- 
ated with the force that binds the two atoms together. (a) Find 
the equilibrium separation—that 1s, the distance between the 
atoms at which the force on each atom 1s zero. Is the force 
repulsive (the atoms are pushed apart) or attractive (they are 
pulled together) if their separation is (b) smaller and (c) larger 
than the equilibrium separation? 


¢e39 Figure 8-50 shows a plot of potential energy U versus 
position x of a 0.90 kg particle that can travel only along an 
x axis. (Nonconservative forces are not involved.) Three val- 
ues are U, = 15.0 J, Uz = 35.0 J, and U; = 45.0 J. The particle 
is released at x = 4.5 m with an initial speed of 7.0 m/s, headed 


in the negative x direction. (a) 
If the particle can reach x = 
1.0 m, what is its speed there, 
and if it cannot, what is its 
turning point? What are the 
(b) magnitude and (c) direc- 
tion of the force on the parti- 
cle as it begins to move to the 
left of x = 4.0 m? Suppose, in- 
stead, the particle is headed in 
the positive x direction when it is released at x = 4.5m at 
speed 7.0 m/s. (d) If the particle can reach x = 7.0 m, what is its 
speed there, and if it cannot, what is its turning point? What are 
the (ec) magnitude and (f) direction of the force on the particle 
as it begins to move to the right of x = 5.0 m? 


U (J) 





FIG. 8-50 Problem 39. 


ee@4Q Figure 8-51 shows a plot of potential energy U versus 
position x of a 0.200 kg particle that can travel only along an x 
axis under the influence of a conservative force. The graph has 
these values: U, = 9.00 J, Uc = 20.00 J, and Up = 24.00 J. The 
particle is released at the point where U forms a “potential 
hill” of “height” Uz = 12.00 J, with kinetic energy 4.00 J. What 
is the speed of the particle at (a) x = 3.5 mand (b) x = 6.5 m? 
What is the position of the turning point on (c) the right side 
and (d) the left side? 


Up 


G08) 
FIG. 8-51 Problem 40. 


e204 A single conservative force F(x) acts on a 1.0 kg par- 
ticle that moves along an x axis. The potential energy U(x) as- 
sociated with F(x) is given by 


Gi) =—41.e-"" I, 


where x 1s in meters. At x = 5.0m the particle has a kinetic 
energy of 2.0 J. (a) What is the mechanical energy of the 
system? (b) Make a plot of U(x) as a function of x forO <x S 
10 m, and on the same graph draw the line that represents the 
mechanical energy of the system. Use part (b) to determine 
(c) the least value of x the particle can reach and (d) the great- 
est value of x the particle can reach. Use part (b) to determine 
(e) the maximum kinetic energy of the particle and (f) the 
value of x at which it occurs. (g) Determine an expression in 
newtons and meters for F(x) as a function of x. (h) For what 
(finite) value of x does F(x) = 0? 


sec. 8-7 Work Done on a System by an External Force 
°42 A worker pushed a 27 kg block 9.2 m along a level floor at 
constant speed with a force directed 32° below the horizontal. If 
the coefficient of kinetic friction between block and floor was 


0.20, what were (a) the work done by the worker’s force and (b) 
the increase in thermal energy of the block — floor system? 


°®43 A collie drags its bed box across a floor by applying a 
horizontal force of 8.0 N. The kinetic frictional force acting on 
the box has magnitude 5.0 N. As the box is dragged through 
0.70 m along the way, what are (a) the work done by the col- 
lie’s applied force and (b) the increase in thermal energy of 
the bed and floor? 


e¢44 A horizontal force of magnitude 35.0 N pushes a block 
of mass 4.00 kg across a floor where the coefficient of kinetic 
friction is 0.600. (a) How much work is done by that applied 
force on the block —floor system when the block slides through a 
displacement of 3.00 m across the floor? (b) During that dis- 
placement, the thermal energy of the block increases by 40.0 J. 
What is the increase in thermal energy of the floor? (c) What is 
the increase in the kinetic energy of the block? 


ee45 A rope is used to pull a 3.57 kg block at constant speed 
4.06 m along a horizontal floor. The force on the block from the 
rope is 7.68 N and directed 15.0° above the horizontal. What are 
(a) the work done by the rope’s force, (b) the increase in ther- 
mal energy of the block—floor system, and (c) the coefficient of 
kinetic friction between the block and floor? ssm 


sec. 8-8 Conservation of Energy 

46 A 60 kg skier leaves the end of a ski-jump ramp with a 
velocity of 24 m/s directed 25° above the horizontal. Suppose 
that as a result of air drag the skier returns to the ground with 
a speed of 22 m/s, landing 14 m vertically below the end of the 
ramp. From the launch to the return to the ground, by how 
much is the mechanical energy of the skier—Earth system 
reduced because of air drag? =e 


°47 A 25 kg bear slides, from rest, 12 m down a lodgepole 
pine tree, moving with a speed of 5.6 m/s just before hitting 
the ground. (a) What change occurs in the gravitational 
potential energy of the bear—Earth system during the slide? 
(b) What is the kinetic energy of the bear just before hitting 
the ground? (c) What is the average frictional force that acts 
on the sliding bear? ssm iLw 


e438 An outfielder throws a baseball with an initial speed of 
81.8 mi/h. Just before an infielder catches the ball at the same 
level, the ball’s speed is 110 ft/s. In foot-pounds, by how much 
is the mechanical energy of the ball—Earth system reduced 
because of air drag? (The weight of a baseball is 9.0 oz.) 


*49 A 75 g Frisbee is thrown from a point 1.1 m above the 
ground with a speed of 12 m/s. When it has reached a height of 
2.1 m, its speed is 10.5 m/s. What was the reduction in F,,., of 
the Frisbee — Earth system because of air drag? 


°50 In Fig. 8-52, a block slides Som. 
down an incline. As it moves 
from point A to point B, which 
are 5.0 m apart, force F acts on 
the block, with magnitude 2.0 N => 
and directed down the incline. FIG. 8-52 

The magnitude of the frictional Problems 50 and 69. 
force acting on the block is 10 N. 

If the kinetic energy of the block increases by 35 J between A 
and B, how much work is done on the block by the gravita- 
tional force as the block moves from A to B? 





e51 During a rockslide, a 520 kg rock slides from rest down 


a hillside that is 500 m long and 300 m high. The coefficient of 
kinetic friction between the rock and the hill surface is 0.25. 
(a) If the gravitational potential energy U of the rock—Earth 
system is zero at the bottom of the hill, what is the value of 
U just before the slide? (b) How much energy is transferred to 
thermal energy during the slide? (c) What is the kinetic energy 
of the rock as it reaches the bottom of the hill? (d) What is its 
speed then? 


ee52 You push a 2.0 kg block against a horizontal spring, 
compressing the spring by 15 cm. Then you release the block, 
and the spring sends it sliding across a tabletop. It stops 75 cm 
from where you released it. The spring constant is 200 N/m. 
What is the block —table coefficient of kinetic friction? 


e@53 In Fig. 8-53, a block slides along a track from one level 
to a higher level after passing through an intermediate valley. 
The track is frictionless until the block reaches the higher 
level. There a frictional force stops the block in a distance d. 
The block’s initial speed vy is 6.0 m/s, the height difference h is 
1.1 m, and p, 1s 0.60. Find d. €& 








FIG. 8-53 Problem 53. 


e@54 A large fake cookie sliding on a horizontal surface is 
attached to one end of a horizontal spring with spring con- 
stant k = 400 N/m; the other end of the spring is fixed in place. 
The cookie has a kinetic energy of 20.0 J as it passes through 
the spring’s equilibrium position. As the cookie slides, a 
frictional force of magnitude 10.0 N acts on it. (a) How far will 
the cookie slide from the equilibrium position before coming 
momentarily to rest? (b) What will be the kinetic energy of 
the cookie as it slides back through the equilibrium position? 


ee55 In Fig. 8-54, a 3.5 
kg block is accelerated 
from rest by a compressed 
spring of spring constant i WS 
640 N/m. The block leaves K— No friction —>«— D —+ 
the spring at the spring’s (Uy) 
relaxed length and then EIG.8-54 Problem55. 
travels over a horizontal 

floor with a coefficient of kinetic friction p, = 0.25. The fric- 
tional force stops the block in distance D = 7.8 m. What are 
(a) the increase in the thermal energy of the block—floor sys- 
tem, (b) the maximum kinetic energy of the block, and (c) the 
original compression distance of the spring? €} 


ee56 A 4.0 kg bundle starts up a 30° incline with 128 J of 
kinetic energy. How far will it slide up the incline if the coeffi- 
cient of kinetic friction between bundle and incline is 0.30? 


ee 
> 
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°@57 When a click beetle is upside down on its back, it 
jumps upward by suddenly arching its back, transferring en- 
ergy stored in a muscle to mechanical energy. This launching 
mechanism produces an audible click, giving the beetle its 
name. Videotape of a certain click-beetle jump shows that a 
beetle of mass m = 4.0 X 10°° kg moved directly upward by 
0.77 mm during the launch and then to a maximum height of 
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h = 0.30 m. During the launch, what are the average mag- 
nitudes of (a) the external force on the beetle’s back from 
the floor and (b) the acceleration of the beetle in terms 


of g? Se 


ee5S A child whose weight is 267 N slides down a 6.1 m 
playground slide that makes an angle of 20° with the horizon- 
tal. The coefficient of kinetic friction between slide and child is 
0.10. (a) How much energy is transferred to thermal energy? 
(b) If she starts at the top with a speed of 0.457 m/s, what is her 
speed at the bottom? 


2°59 In Fig. 8-55, a block of 
mass m = 2.5 kg slides head 
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constant k = 320 N/m. When Se ee x 


the block stops, it has com- 
pressed the spring by 7.5 cm. 
The coefficient of kinetic 
friction between block and floor is 0.25. While the block is in 
contact with the spring and being brought to rest, what are (a) 
the work done by the spring force and (b) the increase in ther- 
mal energy of the block—floor system? (c) What is the block’s 
speed just as it reaches the spring? ILw 


FIG. 8-55 Problem 59. 


60 A cookie jar is moving up a 40° incline. At a point 
55 cm from the bottom of the incline (measured along the 
incline), the jar has a speed of 1.4 m/s. The coefficient of 
kinetic friction between jar and incline is 0.15. (a) How much 
farther up the incline will the jar move? (b) How fast will it be 
going when it has slid back to the bottom of the incline? 
(c) Do the answers to (a) and (b) increase, decrease, or remain 
the same if we decrease the coefficient of kinetic friction (but 
do not change the given speed or location)? 


e671 A stone with a weight of 5.29 N is launched vertically 
from ground level with an initial speed of 20.0 m/s, and the air 
drag on it is 0.265 N throughout the flight. What are (a) the 
maximum height reached by the stone and (b) its speed just 
before it hits the ground? 


©°®62 In Fig. 8-56, a block is released from rest at height d = 
40 cm and slides down a frictionless ramp and onto a first 
plateau, which has length d and where the coefficient of 
kinetic friction is 0.50. If the block is still moving, it then slides 
down a second frictionless ramp through height d/2 and onto a 
lower plateau, which has length d/2 and where the coefficient 
of kinetic friction is again 0.50. If the block is still moving, 
it then slides up a frictionless ramp until it (momentarily) 
stops. Where does the block stop? If its final stop is on a 
plateau, state which one and give the distance L from the left 
edge of that plateau. If the block reaches the ramp, give the 
height H above the lower plateau where it momentarily stops. 





FIG. 8-56 Problem 62. 


eee63 A particle can slide 4 

along a track with elevated baal, 
ends and a flat central part, as | 
shown in Fig. 8-57. The flat 

part has length L = 40 cm. The | 
curved portions of the track 
are frictionless, but for the flat 
part the coefficient of kinetic friction is uw, = 0.20. The particle 
is released from rest at point A, which is at height h = L/2. 
How far from the left edge of the flat part does the particle fi- 
nally stop? 





i 


FIG. 8-57 Problem 63. 


eee¢64. In Fig. 8-58, a block slides along a path that is without 
friction until the block reaches the section of length L = 
0.75 m, which begins at height h = 2.0m ona ramp of angle 6 = 
30°. In that section, the coefficient of kinetic friction is 0.40. The 
block passes through point A with a speed of 8.0 m/s. If the 
block can reach point B (where the friction ends), what is its 
speed there, and if it cannot, what is its greatest height above A? 





FIG. 8-58 Problem 64. 
eee65 The cable of the 1800 kg ele- i \, 
vator cab in Fig. 8-59 snaps when the & | J 
cab is at rest at the first floor, where 
the cab bottom is a distance d = 3.7 m 
above a spring of spring constant k = 
0.15 MN/m. A safety device clamps 
the cab against guide rails so that a 
constant frictional force of 4.4 KN op- 
poses the cab’s motion. (a) Find the 
speed of the cab just before it hits the 
spring. (b) Find the maximum dis- 
tance x that the spring is compressed 
(the frictional force still acts during 
this compression). (c) Find the dis- 
tance that the cab will bounce back up the shaft. (d) Using con- 
servation of energy, find the approximate total distance that the 
cab will move before coming to rest. (Assume that the frictional 
force on the cab is negligible when the cab is stationary. ) 


FIG. 8-59 i 
Problem 65. 


Additional Problems 

66 Atacertain factory, 300 kg 
crates are dropped vertically 
from a packing machine onto a 
conveyor belt moving at 
1.20 m/s (Fig. 8-60). (A motor 
maintains the belt’s constant 
speed.) The coefficient of ki- 
netic friction between the belt 
and each crate is 0.400. After a short time, slipping between 
the belt and the crate ceases, and the crate then moves along 
with the belt. For the period of time during which the crate is 
being brought to rest relative to the belt, calculate, for a coor- 
dinate system at rest in the factory, (a) the kinetic energy sup- 
plied to the crate, (b) the magnitude of the kinetic frictional 


FIG. 8-60 Problem 66. 











force acting on the crate, and (c) the energy supplied by the 
motor. (d) Explain why answers (a) and (c) differ. 


67 A playground she is in the form of an arc of a circle that 
has a radius of 12 m. The maximum height of the slide is h = 
4.0 m, and the ground is tangent to the circle (Fig. 8-61). A 25 
kg child starts from rest at the top of the slide and has a speed 
of 6.2 m/s at the bottom. (a) What is the length of the slide? 
(b) What average frictional force acts on the child over this 
distance? If, instead of the ground, a vertical line through the 
top of the slide is tangent to the circle, what are (c) the length 
of the slide and (d) the average frictional force on the child? 








FIG. at 61 PeOICra 67. 





63 In Fig. 8-37, the string is L = 120cm long, has a ball 
attached to one end, and is fixed at its other end. A fixed peg is 
at point P. Released from rest, the ball swings down until the 
string catches on the peg; then the ball swings up, around the 
peg. If the ball is to swing completely around the peg, what 
value must distance d exceed? (Hint: The ball must still be 
moving at the top of its swing. Do you see why?) 


69 In Fig. 8-52, a block is sent sliding down a frictionless 
ramp. Its speeds at points A and B are 2.00 m/s and 2.60 m/s, 
respectively. Next, it is again sent sliding down the ramp, but 
this time its speed at point A is 4.00 m/s. What then is its speed 
at point B? ssm 


70 A certain spring is found not to conform to Hooke’s law. 
The force (in newtons) it exerts when stretched a distance 
x (in meters) is found to have magnitude 52.8x + 38.4x? in the 
direction opposing the stretch. (a) Compute the work 
required to stretch the spring from x = 0.500 m to x = 1.00 m. 
(b) With one end of the spring fixed, a particle of mass 2.17 kg 
is attached to the other end of the spring when it is stretched 
by an amount x = 1.00 m. If the particle is then released from 
rest, what is its speed at the instant the stretch in the spring is 
x = 0.500 m? (c) Is the force exerted by the spring conserva- 
tive or nonconservative? Explain. 


71 A factory worker accidentally releases a 180 kg crate 
that was being held at rest at the top of a ramp that is 3.7 m 
long and inclined at 39° to the horizontal. The coefficient of ki- 
netic friction between the crate and the ramp, and between 
the crate and the horizontal factory floor, is 0.28. (a) How fast 
is the crate moving as it reaches the bottom of the ramp? 
(b) How far will it subsequently slide across the floor? 
(Assume that the crate’s kinetic energy does not change as it 
moves from the ramp onto the floor.) (c) Do the answers to 
(a) and (b) increase, decrease, or remain the same if we halve 
the mass of the crate? 


72 In Fig. 8-62, a small block is sent through point A with a 
speed of 7.0 m/s. Its path is without friction until it reaches the 
section of length L = 12 m, where the coefficient of kinetic fric- 


tion is 0.70. The indicated heights are h, = 6.0m and hy = 2.0 m. 
What are the speeds of the block at (a) point B and (b) point C? 
(c) Does the block reach point D? If so, what is its speed there; if 
not, how far through the section of friction does it travel? 


— 





FIG. 8-62 Problem 72. 


73 A 2.50 kg beverage can is thrown directly downward 
from a height of 4.00 m, with an initial speed of 3.00 m/s. The 
air drag on the can is negligible. What is the kinetic energy of 
the can (a) as it reaches the ground at the end of its fall and (b) 
when it is halfway to the ground? What are (c) the kinetic en- 
ergy of the can and (d) the gravitational potential energy of 
the can—Earth system 0.200s before the can reaches the 
eround? For the latter, take the reference point y = 0 to be at 
the ground. 


74 A 1.50 kg water balloon is shot straight up with an initial 
speed of 3.00 m/s. (a) What is the kinetic energy of the balloon 
just as it is launched? (b) How much work does the gravita- 
tional force do on the balloon during the balloon’s full ascent? 
(c) What is the change in the gravitational potential energy of 
the balloon—Earth system during the full ascent? (d) If the 
gravitational potential energy is taken to be zero at the launch 
point, what is its value when the balloon reaches its maximum 
height? (e) If, instead, the gravitational potential energy is 
taken to be zero at the maximum height, what is its value at 
the launch point? (f) What is the maximum height? 


75 In Fig. 8-63, the pulley 
has negligible mass, and both 
it and the inclined plane are 
frictionless. Block A has a 
mass of 1.0kg, block B has a 
mass of 2.0 kg, and angle @ is 
30°. If the blocks are released 
from rest with the connecting 
cord taut, what is their total 
kinetic energy when block B has fallen 25 cm’? ssm 





Ree 


FIG. 8-63 Problem 75. 


76 From the edge of a cliff, a 0.55 kg projectile is launched 
with an initial kinetic energy of 1550 J. The projectile’s maxi- 
mum upward displacement from the launch point is +140 m. 
What are the (a) horizontal and (b) vertical components of its 
launch velocity? (c) At the instant the vertical component of 
its velocity is 65 m/s, what is its vertical displacement from the 
launch point? 


77 The only force acting on a particle is conservative force 
F. If the particle is at point A, the potential energy of 
the system associated with F and the particle is 40 J. If the par- 
ticle moves from point A to point B, the work done on the par- 
ticle by F is +25 J. What is the potential energy of the system 
with the particle at B? 


78 Aconstant horizontal force moves a 50 kg trunk 6.0 m up 
a 30° incline at constant speed. The coefficient of kinetic fric- 
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tion between the trunk and the incline is 0.20. What are (a) the 
work done by the applied force and (b) the increase in the 
thermal energy of the trunk and incline? 


rd 
ie 


79 Two blocks, of masses M= 
2.0kg and2M,areconnectedtoa % 
spring of spring constant k = 200 
N/m that has one end fixed, as 
shown in Fig. 8-64. The horizontal 
surface and the pulley are fric- 
tionless, and the pulley has negli- 
gible mass. The blocks are re- 
leased from rest with the spring 
relaxed. (a) What is the combined 
kinetic energy of the two blocks when the hanging block has 
fallen 0.090 m? (b) What is the kinetic energy of the hanging 
block when it has fallen that 0.090 m? (c) What maximum dis- 
tance does the hanging block fall before momentarily stopping? 
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FIG. 8-64 Problem 79. 


80 A volcanic ash flow is moving across horizontal ground 
when it encounters a 10° upslope. The front of the flow then 
travels 920 m up the slope before stopping. Assume that the 
gases entrapped in the flow lift the flow and thus make the 
frictional force from the ground negligible; assume also that 
the mechanical energy of the front of the flow is conserved. 
What was the initial speed of the front of the flow? 


87 A 0.50kg banana is thrown directly upward with an 
initial speed of 4.00 m/s and reaches a maximum height of 
0.80 m. What change does air drag cause in the mechanical 
energy of the banana— Earth system during the ascent? 


82 Ifa70kg baseball player steals home by sliding into the 
plate with an initial speed of 10 m/s just as he hits the ground, 
(a) what is the decrease in the player’s kinetic energy and 
(b) what is the increase in the thermal energy of his body and 
the ground along which he slides? 


$3 A spring (k =200N/m) is 
fixed at the top of a frictionless 
plane inclined at angle 6 = 40° 
(Fig. 8-65). A 1.0 kg block is pro- 
jected up the plane, from an initial 
position that is distance d = 0.60 
m from the end of the relaxed 
spring, with an initial kinetic energy 
of 16 J. (a) What is the kinetic en- 
ergy of the block at the instant it 
has compressed the spring 0.20 m? (b) With what kinetic energy 
must the block be projected up the plane if it is to stop momen- 
tarily when it has compressed the spring by 0.40 m? ssm 


84 <A 3.2 kg sloth hangs 3.0 m above the ground. (a) What is 
the gravitational potential energy of the sloth—Earth system if 
we take the reference point y = 0 to be at the ground? If the 
sloth drops to the ground and air drag on it is assumed to be 
negligible, what are the (b) kinetic energy and (c) speed of 
the sloth just before it reaches the ground? 








FIG. 8-65 Problem 83. 


85 A machine pulls a 40 kg trunk 2.0m up a 40° ramp at 
constant velocity, with the machine’s force on the trunk 
directed parallel to the ramp. The coefficient of kinetic friction 
between the trunk and the ramp is 0.40. What are (a) the work 
done on the trunk by the machine’s force and (b) the increase 
in thermal energy of the trunk and the ramp? 


86 The luxury liner Queen Elizabeth 2 has a diesel-electric 


power plant with a maximum power of 92 MW at a cruising 
speed of 32.5 Knots. What forward force is exerted on the ship 
at this speed? (1 knot = 1.852 km/h.) 


87 The temperature of a plastic cube is monitored while the 
cube is pushed 3.0 m across a floor at constant speed by a hori- 
zontal force of 15 N. The thermal energy of the cube increases 
by 20 J. What is the increase in the thermal energy of the floor 
along which the cube slides? ssm 


88 Two snowy peaks are at heights H = 850m and h = 
750 m above the valley between them. A ski run extends 
between the peaks, with a total length of 3.2 km and an aver- 
age slope of 6 = 30° (Fig. 8-66). (a) A skier starts from rest at 
the top of the higher peak. At what speed will he arrive at the 
top of the lower peak if he coasts without using ski poles? 
Ignore friction. (b) Approximately what coefficient of kinetic 
friction between snow and skis would make him stop just at 
the top of the lower peak? 





FIG. 8-66 Problem 88. 


89 A swimmer moves through the water at an average 
speed of 0.22 m/s. The average drag force is 110 N. What aver- 
age power is required of the swimmer? 


90 An automobile with passengers has weight 16 400 N and 
is moving at 113 km/h when the driver brakes, sliding to a stop. 
The frictional force on the wheels from the road has a magni- 
tude of 8230 N. Find the stopping distance. 


971 A 0.63 kg ball thrown directly upward with an initial 
speed of 14 m/s reaches a maximum height of 8.1 m. What is 
the change in the mechanical energy of the ball—Earth system 
during the ascent of the ball to that maximum height? 


92 The summit of Mount Everest is 8850 m above sea level. 
(a) How much energy would a 90 kg climber expend against 
the gravitational force on him in climbing to the summit from 
sea level? (b) How many candy bars, at 1.25 MJ per bar, would 
supply an energy equivalent to this? Your answer should sug- 
gest that work done against the gravitational force is a very 
small part of the energy expended in climbing a mountain. 


93 A sprinter who weighs 670 N runs the first 7.0 m of a race 
in 1.6, starting from rest and accelerating uniformly. What 
are the sprinter’s (a) speed and (b) kinetic energy at the end 
of the 1.6 s? (c) What average power does the sprinter gener- 
ate during the 1.6 s interval? 


94 In Fig. 8-67, a 1400 kg block of granite is pulled up an 
incline at a constant speed of 
1.34 m/s by a cable and winch. 
The indicated distances are d, 
= 40m and d,=30m. The 
coefficient of kinetic friction 
between the block and the 
incline is 0.40. What is the 
power due to the force applied 
to the block by the cable? 


95 A 1.50 kg snowball is shot 


FIG. 8-67 Problem 94. 





upward at an angle of 34.0° to the horizontal with an initial 
speed of 20.0 m/s. (a) What is its initial kinetic energy? (b) By 
how much does the gravitational potential energy of the 
snowball—Earth system change as the snowball moves from 
the launch point to the point of maximum height? (c) What is 
that maximum height? 


96 <A 20 kg object is acted on by a conservative force given 
by F = —3.0x — 5.0x’, with F in newtons and x in meters. Take 
the potential energy associated with the force to be zero when 
the object is at x = 0. (a) What is the potential energy of the 
system associated with the force when the object is at x = 
2.0 m? (b) If the object has a velocity of 4.0 m/s in the negative 
direction of the x axis when it is at x = 5.0 m, what is its speed 
when it passes through the origin? (c) What are the answers to 
(a) and (b) if the potential energy of the system is taken to be 
—8.0 J when the object is at x = 0? 


97 A940 kg projectile is fired vertically upward. Air drag de- 
creases the mechanical energy of the projectile-Earth system 
by 68.0kJ during the projectile’s ascent. How much higher 
would the projectile have gone were air drag negligible? 


98 A metal tool is sharpened by being held against the rim 
of a wheel on a grinding machine by a force of 180 N. The fric- 
tional forces between the rim and the tool grind off small 
pieces of the tool. The wheel has a radius of 20.0 cm and 
rotates at 2.50 rev/s. The coefficient of kinetic friction between 
the wheel and the tool is 0.320. At what rate is energy being 
transferred from the motor driving the wheel to the thermal 
energy of the wheel and tool and to the kinetic energy of the 
material thrown from the tool? 


99 A spring with a spring constant of 3200 N/m is initially 
stretched until the elastic potential energy of the spring is 
1.44 J. (U = 0 for the relaxed spring.) What is AU if the initial 
stretch is changed to (a) a stretch of 2.0 cm, (b) a compression 
of 2.0 cm, and (c) a compression of 4.0 cm? 


100 The spring in the muzzle of a child’s spring gun has a 
spring constant of 700 N/m. To shoot a ball from the gun, first 
the spring is compressed and then the ball is placed on it. The 
gun’s trigger then releases the spring, which pushes the ball 
through the muzzle. The ball leaves the spring just as it leaves 
the outer end of the muzzle. When the gun 1s inclined upward 
by 30° to the horizontal, a 57 g ball is shot to a maximum height 
of 1.83 m above the gun’s muzzle. Assume air drag on the ball 
is negligible. (a) At what speed does the spring launch the ball? 
(b) Assuming that friction on the ball within the gun can be ne- 
glected, find the spring’s initial compression distance. 


107 A 60.0 kg circus performer slides 4.00 m down a pole to 
the circus floor, starting from rest. What is the kinetic energy 
of the performer as she reaches the floor if the frictional force 
on her from the pole (a) is negligible (she will be hurt) and 
(b) has a magnitude of 500 N? 


102 In 1981, Daniel Goodwin climbed 443 m up the exterior 
of the Sears Building in Chicago using suction cups and metal 
clips. (a) Approximate his mass and then compute how much 
energy he had to transfer from biomechanical (internal) 
energy to the gravitational potential energy of the Earth— 
Goodwin system to lift himself to that height. (b) How much 
energy would he have had to transfer if he had, instead, taken 
the stairs inside the building (to the same height)? 


103 A 30g bullet moving a horizontal velocity of 500 m/s 


comes to a stop 12cm within a solid wall. (a) What is the 
change in the bullet’s mechanical energy? (b) What is the 
magnitude of the average force from the wall stopping it? 


104 Resistance to the motion of an automobile consists of 
road friction, which is almost independent of speed, and air 
drag, which is proportional to speed-squared. For a certain car 
with a weight of 12 000 N, the total resistant force F is given by 
F = 300 + 1.8v’, with F in newtons and v in meters per sec- 
ond. Calculate the power (in horsepower) required to acceler- 
ate the car at 0.92 m/s” when the speed is 80 km/h. 


105 A locomotive with a power capability of 1.5 MW can 
accelerate a train from a speed of 10 m/s to 25 m/s in 6.0 min. 
(a) Calculate the mass of the train. Find (b) the speed of the 
train and (c) the force accelerating the train as functions of 
time (in seconds) during the 6.0 min interval. (d) Find the 
distance moved by the train during the interval. 


106 A 5.0 kg block is projected at 5.0 m/s up a plane that is 
inclined at 30° with the horizontal. How far up along the 
plane does the block go (a) if the plane is frictionless and (b) if 
the coefficient of kinetic friction between the block and the 
plane is 0.40? (c) In the latter case, what is the increase in 
thermal energy of block and plane during the block’s ascent? 
(d) If the block then slides back down against the frictional 
force, what is the block’s speed when it reaches the original 
projection point? 


107 A 20kg block on a horizontal surface is attached to 
a horizontal spring of spring constant k = 4.0 kN/m. The block 
is pulled to the right so that the spring is stretched 10 cm 
beyond its relaxed length, and the block is then released from 
rest. The frictional force between the sliding block and the 
surface has a magnitude of 80 N. (a) What is the kinetic energy 
of the block when it has moved 2.0cm from its point of 
release? (b) What is the kinetic energy of the block when it 
first slides back through the point at which the spring is 
relaxed? (c) What is the maximum kinetic energy attained by 
the block as it slides from its point of release to the point at 
which the spring is relaxed? 


108 A 70.0 kg man jumping from a window lands in an ele- 
vated fire rescue net 11.0 m below the window. He momentar- 
ily stops when he has stretched the net by 1.50 m. Assuming 
that mechanical energy is conserved during this process and 
that the net functions like an ideal spring, find the elastic 
potential energy of the net when it is stretched by 1.50 m. 


109 To form a pendulum, a 0.092 kg ball is attached to one 
end of a rod of length 0.62 m and negligible mass, and the 
other end of the rod is mounted on a pivot. The rod is rotated 
until it is straight up, and then it is released from rest so that it 
swings down around the pivot. When the ball reaches its 
lowest point, what are (a) its speed and (b) the tension in the 
rod? Next, the rod is rotated until it is horizontal, and then 
it is again released from rest. (c) At what angle from the ver- 
tical does the tension in the rod equal the weight of the ball? 
(d) If the mass of the ball is increased, does the answer to 
(c) increase, decrease, or remain the same? ssMm 


1710 A skier weighing 600 N goes over a frictionless circular 
hill of radius R = 20 m (Fig. 8-68). Assume that the effects of 
air resistance on the skier are negligible. As she comes up the 
hill, her speed is 8.0 m/s at point B, at angle 9 = 20°. (a) What 
is her speed at the hilltop (point A) if she coasts without using 
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A 
her poles? (b) What minimum 
speed can she have at B and \ | 
still coast to the hilltop? (c) Do eo 
the answers to these two ques- ‘\ 7 R 
tions increase, decrease, or re- \ : 
main the same if the skier ‘ , 

| 


weighs 700 N? ‘ 


111 A 50g ball is thrown 
from a window with an initial 
velocity of 8.0 m/s at an angle of 30° above the horizontal. 
Using energy methods, determine (a) the kinetic energy of the 
ball at the top of its flight and (b) its speed when it is 3.0 m 
below the window. Does the answer to (b) depend on either 
(c) the mass of the ball or (d) the initial angle? ssm 


FIG. 8-68 Problem 110. 


112 A 68 kg sky diver falls at a constant terminal speed of 
59 m/s. (a) At what rate is the gravitational potential energy of 
the Earth—sky diver system being reduced? (b) At what rate 
is the system’s mechanical energy being reduced? 


173  Avriver descends 15 m through rapids. The speed of the 
water is 3.2 m/s upon entering the rapids and 13 m/s upon 
leaving. What percentage of the gravitational potential energy 
of the water—Earth system is transferred to kinetic energy 
during the descent? (Hint: Consider the descent of, say, 10 kg 
of water.) 


114 The magnitude of the gravitational force between a 
particle of mass m, and one of mass m, is given by 


F(x) = Go 

x 
where G is a constant and x is the distance between the parti- 
cles. (a) What is the corresponding potential energy function 
U(x)? Assume that U(x) — 0 as x — ~ and that x is positive. 
(b) How much work is required to increase the separation of 
the particles from x = x, tox = x, + d? 


115 Approximately 5.5 x 10°kg of water falls 50m over 
Niagara Falls each second. (a) What is the decrease in the 
gravitational potential energy of the water—Earth system 
each second? (b) If all this energy could be converted to elec- 
trical energy (it cannot be), at what rate would electrical 
energy be supplied? (The mass of 1 m? of water is 1000 kg.) 
(c) If the electrical energy were sold at 1 cent/kW-h, what 
would be the yearly income? 


1716 A 1500 kg car starts from rest on a horizontal road and 
gains a speed of 72 km/h in 30s. (a) What is its kinetic energy 
at the end of the 30 s? (b) What is the average power required 
of the car during the 30s interval? (c) What is the instanta- 
neous power at the end of the 30 s interval, assuming that the 
acceleration is constant? 


177 A particle can move along only an x axis, where conser- 
vative forces act on it (Fig. 8-69 and the following table). 
The particle is released at x = 5.00 m with a kinetic energy of 
K = 14.0 J and a potential energy of U = 0. If its motion is in 
the negative direction of the x axis, what are its (a) K and 
(b) U at x = 2.00 m and its (c) K and (d) U at x = 0? If its 
motion is in the positive direction of the x axis, what are 
its (ec) K and (f) U at x = 11.0 m, its (g) K and (h) U atx = 
12.0 m, and its (1) K and (j) U at x = 13.0 m? (k) Plot U(x) 
versus x for the range x = Oto x = 13.0 m. 


FIG. 8-69 Problems 117 and 118. 


Next, the particle 1s released from rest at x = 0. What 
are (1) its kinetic energy at x = 5.0m and (m) the maximum 
positive position X,,4, it reaches? (n) What does the particle do 
after it reaches X,,4.? 


Range Force 
0 to 2.00 m F, = +(3.00N)i 
2.00 m to 3.00 m F, = +(5.00N)i 
3.00 m to 8.00 m F=0 
8.00 m to 11.0 m F, = —(4.00N)i 
11.0 m to 12.0 m F, = —(1.00 N)i 
12.0 m to 15.0 m F=0 


1718 For the arrangement of forces in Problem 117, a 2.00 kg 
particle is released at x = 5.00 m with an initial velocity of 
3.45 m/s in the negative direction of the x axis. (a) If the parti- 
cle can reach x = 0 m, what 1s its speed there, and if it cannot, 
what is its turning point? Suppose, instead, the particle 
is headed in the positive x direction when it is released at 
x = 5.00 m at speed 3.45 m/s. (b) If the particle can reach x = 
13.0 m, what is its speed there, and if it cannot, what is its turn- 
ing point? 


179 A 0.42 kg shuffleboard disk is initially at rest when a 
player uses a cue to increase its speed to 4.2 m/s at constant 
acceleration. The acceleration takes place over a 2.0m dis- 
tance, at the end of which the cue loses contact with the disk. 
Then the disk slides an additional 12m before stopping. 
Assume that the shuffleboard court is level and that the force 
of friction on the disk is constant. What is the increase in the 
thermal energy of the disk—court system (a) for that addi- 
tional 12m and (b) for the entire 14m distance? (c) How 
much work is done on the disk by the cue? ssm 


120 We move a particle along an x axis, first outward from 
x = 1.0m to x = 4.0m and then back to x = 1.0 m, while an 
external force acts on it. That force is directed along the x axis, 
and its x component can have different values for the outward 
trip and for the return trip. Here are the values (in newtons) 
for four situations, where x is in meters: 


Outward Inward 
(a) 320) one 
(b) +5.0 +5.0 
Co) 20x —2.0x 
(dl) +3:0x7 30% 


Find the net work done on the particle by the external force 
for the round trip for each of the four situations. (e) For which, 
if any, is the external force conservative? 


121 A conservative force F(x) acts on a 2.0 kg particle that 
moves along an x axis. The potential energy U(x) associated 
with F(x) is graphed in Fig. 8-70. When the particle is at x = 
2.0 m, its velocity is —1.5 m/s. What are the (a) magnitude and 


(b) direction of F(x) at this position? Between what positions 
on the (c) left and (d) right does the particle move? (e) What 
is the particle’s speed atx = 7.0m? ssm 


se (ma) 
0 5 10 i 





FIG. 8-70 Problem 121. 


122 Tomakea pendulum, a 300 g ball is attached to one end 
of a string that has a length of 1.4 m and negligible mass. (The 
other end of the string is fixed.) The ball is pulled to one side 
until the string makes an angle of 30.0° with the vertical; then 
(with the string taut) the ball is released from rest. Find (a) the 
speed of the ball when the string makes an angle of 20.0° with 
the vertical and (b) the maximum speed of the ball. (c) What is 
the angle between the string and the vertical when the speed 
of the ball is one-third its maximum value? 


123 A 1500 kg car begins sliding down a 5.0° inclined road with 
a speed of 30 km/h. The engine is turned off, and the only forces 
acting on the car are a net frictional force from the road and the 
gravitational force. After the car has traveled 50m along the 
road, its speed is 40 km/h. (a) How much is the mechanical en- 
ergy of the car reduced because of the net frictional force? (b) 
What is the magnitude of that net frictional force? ssm 


124 Inacircus act,a 60 kg clown is shot from a cannon with an 
initial velocity of 16 m/s at some unknown angle above the hori- 
zontal. A short time later the clown lands in a net that is 3.9m 
vertically above the clown’s initial position. Disregard air drag. 
What is the kinetic energy of the clown as he lands in the net? 


125 The maximum force you can exert on an object with 
one of your back teeth is about 750 N. Suppose that as you 
gradually bite on a clump of licorice, the licorice resists com- 
pression by one of your teeth by acting like a spring for which 
k = 2.5 X 10° N/m. Find (a) the distance the licorice is com- 
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FIG. 8-71 Problem 125. 


pressed by your tooth and (b) the work the tooth does on the 
licorice during the compression. (c) Plot the magnitude of 
your force versus the compression distance. (d) If there is a 
potential energy associated with this compression, plot it 
versus compression distance. 

In the 1990s the pelvis of a particular Triceratops 
dinosaur was found to have deep bite marks. The shape of the 
marks suggested that they were made by a Tyrannosaurus rex 
dinosaur. To test the idea, researchers made a replica of a 
T: rex tooth from bronze and aluminum and then used a 
hydraulic press to gradually drive the replica into cow bone to 
the depth seen in the Triceratops bone. A graph of the force 
required versus depth of penetration is given in Fig. 8-71 for 
one trial; the required force increased with depth because, as 
the nearly conical tooth penetrated the bone, more of the 
tooth came in contact with the bone. (e) How much work was 
done by the hydraulic press—and thus presumably by the 
T: rex—in such a penetration? (f) Is there a potential energy 
associated with this penetration? (The large biting force and 
energy expenditure attributed to the T rex by this research 
suggest that the animal was a predator and not a scavenger.) 


126 A70kg firefighter slides, from rest, 4.3 m down a verti- 
cal pole. (a) If the firefighter holds onto the pole lightly, so that 
the frictional force of the pole on her is negligible, what is her 
speed just before reaching the ground floor? (b) If the fire- 
fighter grasps the pole more firmly as she slides, so that the 
average frictional force of the pole on her is 500 N upward, 
what is her speed just before reaching the ground floor? 


127 A 15kg block is accelerated at 2.0 m/s’ along a horizon- 
tal frictionless surface, with the speed increasing from 10 m/s 
to 30 m/s. What are (a) the change in the block’s mechanical 
energy and (b) the average rate at which energy is transferred 
to the block? What is the instantaneous rate of that transfer 
when the block’s speed is (c) 10 m/s and (d) 30 m/s? ssm 


128 Repeat Problem 127, but now with the block acceler- 
ated up a frictionless plane inclined at 5.0° to the horizontal. 


129 The surface of the continental United States has an 
area of about 8 X 10° km? and an average elevation of about 
500 m (above sea level). The average yearly rainfall is 75 cm. 
The fraction of this rainwater that returns to the atmosphere 
by evaporation is a the rest eventually flows into the ocean. If 
the decrease in gravitational potential energy of the 
water—Earth system associated with that flow could be fully 
converted to electrical energy, what would be the average 
power? (The mass of 1 m? of water is 1000 kg.) 


130 A spring with spring constant k = 200 N/m 1s sus- 
pended vertically with its upper end fixed to the ceiling and its 
lower end at position y = 0. A block of weight 20 N is attached 
to the lower end, held still for a moment, and then released. 
What are (a) the kinetic energy K, (b) the change (from the 
initial value) in the gravitational potential energy AU,, and (c) 
the change in the elastic potential energy AU, of the 
spring—block system when the block is at y = —5.0 cm? What 
are (d) K, (e) AU,, and (f) AU, when y = —10 cm, (g) K, (h) 
AU,, and (1) AU, when y = —15 cm, and (j) K, (k) AU,, and (1) 
AU, when y = —20 cm? 

131 Each second, 1200 m° of water passes over a waterfall 


100 m high. Three-fourths of the kinetic energy gained by the 
water in falling is transferred to electrical energy by a hydro- 
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electric generator. At what rate | 7 
does the generator produce M@ 


electrical energy? (The mass of 
1 m? of water is 1000 kg.) ssm 


132 Figure 8-72a shows a 
molecule consisting of two 
atoms of masses m and M 
(with m < M) and separation 
r. Figure 8-72b shows the po- 
tential energy U(r) of the mol- 
ecule as a function of r. 
Describe the motion of the 
atoms (a) if the total mechani- 





cal energy F of the two-atom 0 O01 02 03 04 
system is greater than zero (as r (nm) 
is E,), and (b) if E is less than (b) 


zero (as is E,). For EF; =1 X 
1052) and 7= 0.3mm find (c) 
the potential energy of the system, (d) the total kinetic energy 
of the atoms, and (e) the force (magnitude and direction) act- 
ing on each atom. For what values of r is the force (f) repul- 
sive, (g) attractive, and (h) zero? 


FIG. 8-72 Problem 132. 


133 A massless rigid rod of 
length L has a ball of mass m 
attached to one end (Fig. 8-73). 
The other end is pivoted in such 
a way that the ball will move in a 
vertical circle. First, assume that 
there is no friction at the pivot. 
The system is launched down- 
ward from the horizontal posi- 
tion A with initial speed vp. The 
ball just barely reaches point D 
and then stops. (a) Derive an ex- 
pression for vp in terms of L, m, and g. (b) What is the tension in 
the rod when the ball passes through B? (c) A little grit is placed 
on the pivot to increase the friction there. Then the ball just 
barely reaches C when launched from A with the same speed as 
before. What is the decrease in the mechanical energy during 
this motion? (d) What is the decrease in the mechanical energy 
by the time the ball finally comes to rest at B after several oscil- 
lations? ssm 





FIG. 8-73 Problem 133. 


134 Conservative force 
F(x) acts on a particle that 
moves along an x axis. 
Figure 8-74 shows how the 
potential energy U(x) as- 
sociated with force F(x) 
varies with the position of 
the particle. (a) Plot F(x) 
for the range 0 <x <6m. 
(b) The mechanical energy 
E of the system is 4.0 J. Plot 
the kinetic energy K(x) of the particle directly on Fig. 8-74. 





x (m) 


FIG. 8-74 Problem 134. 


135 Fasten one end of a vertical spring to a ceiling, attach a 
cabbage to the other end, and then slowly lower the cabbage 
until the upward force on it from the spring balances the grav- 
itational force on it. Show that the loss of gravitational poten- 
tial energy of the cabbage-Earth system equals twice the gain 
in the spring’s potential energy. 


Center of Mass and ae. + 
Linear Momentum 
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The males of the bighorn sheep (Ovis canadensis) fight one another to 
gain the attention of the females. Two males repeatedly run at each How Can the 
other at full soeed with their heads lowered so that the horns collide, h © 
ead-bangin 
until one of them finally gives up. Such clashes can be costly because if g g 
a horn breaks, the male will likely be seriously hurt or killed in the next sheep 
collision. But even without a broken horn, both sheep should seem- withstand 


ingly fall to the ground with concussions. 


such violent 
clashes? 


The answer is in this chapter. 
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(d) 


FIG. 9-1 (a) A ball tossed into the 
air follows a parabolic path. (b) The 
center of mass (black dot) of a 
baseball bat flipped into the air 
follows a parabolic path, but all 
other points of the bat follow more 
complicated curved paths. (a: Richard 
Megna/Fundamental Photographs) 





9-1 WHAT IS PHYSICS? 


Every mechanical engineer hired as an expert witness to reconstruct a traffic 
accident uses physics. Every trainer who coaches a ballerina on how to leap uses 
physics. Indeed, analyzing complicated motion of any sort requires simplification 
via an understanding of physics. In this chapter we discuss how the complicated 
motion of a system of objects, such as a car or a ballerina, can be simplified if we 
determine a special point of the system—the center of mass of that system. 

Here is a quick example. If you toss a ball into the air without much spin on 
the ball (Fig. 9-1a), its motion is simple—it follows a parabolic path, as we dis- 
cussed in Chapter 4, and the ball can be treated as a particle. If, instead, you flip a 
baseball bat into the air (Fig. 9-15), its motion is more complicated. Because every 
part of the bat moves differently, along paths of many different shapes, you cannot 
represent the bat as a particle. Instead, it is a system of particles each of which fol- 
lows its own path through the air. However, the bat has one special point—the 
center of mass—that does move in a simple parabolic path. The other parts of the 
bat move around the center of mass. (To locate the center of mass, balance the bat 
on an outstretched finger; the point is above your finger, on the bat’s central axis.) 

You cannot make a career of flipping baseball bats into the air, but you can 
make a career of advising long-jumpers or dancers on how to leap properly into 
the air while either moving their arms and legs or rotating their torso. Your 
starting point would be the person’s center of mass because of its simple motion. 


9-2 | The Center of Mass 


We define the center of mass (com) of a system of particles (such as a person) in 
order to a the ‘isan motion of the ae 









’s mass W were e concentrated there and 10) all | external forces v were aed there. 


In this section we discuss how to determine where the center of mass of a system 
of particles is located. We start with a system of only a few particles, and then we 
consider a system of a great many particles (a solid body, such as a baseball bat). 
Later in the chapter, we discuss how the center of mass of a system moves when 
external forces act on the system. 


Systems of Particles 


Figure 9-2a shows two particles of masses m, and m, separated by distance d. We 

have arbitrarily chosen the origin of an x axis to coincide with the particle of mass 1. 

We define the position of the center of mass (com) of this two-particle system to be 
My 


Xcom my zt My d. (9-1) 

Suppose, as an example, that m, = 0. Then there is only one particle, of mass m,, 

and the center of mass must lie at the position of that particle; Eq. 9-1 dutifully re- 
duces tO X.om = 0. If m, = 0, there is again only one particle (of mass m,), and we 
have, as we expect, X.on = d. If m,; = mb, the center of mass should be halfway be- 
tween the two particles; Eq. 9-1 reduces to X.om = sd, again as we expect. Finally, Eq. 
9-1 tells us that if neither 772, nor mp) is Zero, X.9,, can have only values that lie between 
zero and d; that is, the center of mass must lie somewhere between the two particles. 
Figure 9-25 shows a more generalized situation, in which the coordinate sys- 
tem has been shifted leftward. The position of the center of mass is now defined 

MX, + MX, 


= I 9-2 


Note that if we put x, = 0, then x, becomes d and Eq. 9-2 reduces to Eq. 9-1, as 
it must. Note also that in spite of the shift of the coordinate system, the center 
of mass is still the same distance from each particle. 

We can rewrite Eq. 9-2 as 


IN}X4 ate INdX 
Xcom — ee (9-3) 


M 
in which M is the total mass of the system. (Here, M = m, + m).) We can extend 
this equation to a more general situation in which n particles are strung out 
along the x axis. Then the total mass is M = m, + m, +--+ + ™m,, and the loca- 
tion of the center of mass is 


_ IN X4 fe INy X4 aia IN3X3 + = 9 
Xcom — M 


1 n 
= eet TX 
The subscript 7 1s an index that takes on all integer values from 1 ton. 


If the particles are distributed in three dimensions, the center of mass must 
be identified by three coordinates. By extension of Eq. 9-4, they are 


n 
Xcom ay 7” 


ele 


(9-4) 


fT IMs 


1 1 
Yocom — uM IN; Vi» Zcom — M ; fee (CES 
We can also define the center of mass with the language of vectors. First 
recall that the position of a particle at coordinates x,, y;,, and z; is given by a posi- 
tion vector: 


Fo=x,it yj + zk. (9-6) 


Here the index identifies the particle, and i, i, and k are unit vectors pointing, 
respectively, in the positive direction of the x, y, and z axes. Similarly, the posi- 
tion of the center of mass of a system of particles is given by a position vector: 


cor of Ver a7 ae ke (9-7) 


The three scalar equations of Eq. 9-5 can now be replaced by a single vector 
equation, 


—- —_ 
Foom es 


1 n 
= — 9-8 
Foom M 2 mir ( ) 
where again M is the total mass of the system. You can check that this equation 


is correct by substituting Eqs. 9-6 and 9-7 into it, and then separating out the x, 
y, and z components. The scalar relations of Eq. 9-5 result. 


Solid Bodies 


An ordinary object, such as a baseball bat, contains so many particles (atoms) 
that we can best treat it as a continuous distribution of matter. The “particles” 
then become differential mass elements dm, the sums of Eq. 9-5 become inte- 
grals, and the coordinates of the center of mass are defined as 





1 1 1 
Xeom = | GM, Voom = wy | OE atin we j Gelert (920) 


where M is now the mass of the object. 

Evaluating these integrals for most common objects (such as a television set 
or a moose) would be difficult, so here we consider only uniform objects. Such 
objects have uniform density, or mass per unit volume; that is, the density p 
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Xcom 









Xcom 


Mg 


com 








(d) 
FIG. 9-2 (a) Two particles of masses 
m, and my, are separated by distance 
d. The dot labeled com shows the 
position of the center of mass, 
calculated from Eq. 9-1. (b) The 
same as (a) except that the origin is 
located farther from the particles. 
The position of the center of mass is 
calculated from Eq. 9-2. The location 
of the center of mass with respect to 
the particles is the same in both 
cases. 


704, Chapter 9 | Center of Mass and Linear Momentum 


(Greek letter rho) is the same for any given element of an object as for the 
whole object. From Eq. 1-8, we can write 


dm M 
= -10 
p= = (9-10) 
where dV is the volume occupied by a mass element dm, and V is the total vol- 
ume of the object. Substituting dm = (M/V) dV from Eq. 9-10 into Eq. 9-9 gives 


] i 1 
= dV, com — dV, com — V. al 


You can bypass one or more of these integrals if an object has a point, a line, 
or a plane of symmetry. The center of mass of such an object then lies at that point, 
on that line, or in that plane. For example, the center of mass of a uniform sphere 
(which has a point of symmetry) is at the center of the sphere (which is the point 
of symmetry). The center of mass of a uniform cone (whose axis is a line of sym- 
metry) lies on the axis of the cone. The center of mass of a banana (which has a 
plane of symmetry that splits it into two equal parts) lies somewhere in that plane. 

The center of mass of an object need not lie within the object. There is no 
dough at the com of a doughnut, and no iron at the com of a horseshoe. 


Wai ECKPOINT 1 The figure shows a uniform square plate from which four 
identical squares at the corners will be removed. (a) Where is the center of mass of 
the plate originally? Where is it after the removal of (b) square 1; (c) squares 1 and 2; 
(d) squares 1 and 3; (e) squares 1, 2, and 3; (f) all four squares? Answer in terms of 
quadrants, axes, or points (without calculation, of course). 


Sample Problem ca 


Three particles of masses m, = 1.2 kg, m, = 2.5 kg, 





y 


and m3 = 3.4 kg form an equilateral triangle of edge 150 
length a = 140 cm. Where is the center of mass of this 
system? 

100 
iy We are dealing with particles instead of an = FG. 9-3.“ Three particles 
extended solid body, so we can use Eq. 9-5 to locate — f0rm_an equilateral tri- 50 
their center of mass. The particles are in the plane of  28!¢ of edge length a. 

; : The center of mass islo- °°” 
the equilateral triangle, so we need only the first two we 
cated by the position 0 





equations. vector Peon. 


Calculations: We can simplify the calculations by 


choosing the x and y axes so that one of the particlesis |, _ <oh, S eel eae 
located at the origin and the x axis coincides with one Pee M 
of the triangle’s sides (Fig. 9-3). The three particles then (1.2 kg)(0) + (2.5 kg)(140 cm) + (3.4 kg)(70 cm) 
have the following coordinates: = CSR 
Particle Mass (kg) x (cm) y (cm) yop ane!) 
ee 1k _ My, T My. + Msy3 
1 ie 0 0 INGA or as M amy, = M 
2 Ze 140 0 
3 34 70 120 2 (1.2 kg)(O) + (2.5 kg)(0) + (3.4 kg)(120 cm) 
7.1kg 
= 58 cm. (Answer) 


The total mass M of the system is 7.1 kg. 
From Eq. 9-5, the coordinates of the center of mass In Fig. 9-3, the center of mass is located by the position 
are vectOr Tom » Which has components Xgom ANd Yeon: 


9-2 


Figure 9-4a shows a uniform metal plate P of radius 2R 
from which a disk of radius R has been stamped out (re- 
moved) in an assembly line. Using the xy coordinate sys- 
tem shown, locate the center of mass com> of the plate. 


Ceo (1) Let us roughly locate the center of 


plate P by using symmetry. We note that the plate is 
symmetric about the x axis (we get the portion below 
that axis by rotating the upper portion about the axis). 
Thus, comp must be on the x axis. The plate (with the 
disk removed) is not symmetric about the y axis. 
However, because there is somewhat more mass on the 
right of the y axis, comp must be somewhat to the right 
of that axis. Thus, the location of comp should be 
roughly as indicated in Fig. 9-4a. 

(2) Plate P is an extended solid body, so we can use 
Eqs. 9-11 to find the actual coordinates of comp. 
However, that procedure is difficult. Here is a much 
easier way: In working with centers of mass, we can as- 
sume that the mass of a uniform object is concentrated 
in a particle at the object’s center of mass. 


Calculations: First, put the stamped-out disk (call it 
disk S$) back into place (Fig. 9-4b) to form the original 
composite plate (call it plate C). Because of its circular 
symmetry, the center of mass com, for disk S is at the 
center of S, at x = —R (as shown). Similarly, the center 
of mass com; for composite plate C is at the center of 
C, at the origin (as shown). We then have the following: 


Center Location 
Plate of Mass of com Mass 
F COM p Ap ? Mp 
S coms X;=—R Ms 
C COMc 0 le 0 lie = fils + INp 


Assume that mass m5 of disk S 1s concentrated in a par- 
ticle at x; = —R, and mass 7p 1s concentrated in a par- 
ticle at xp (Fig. 9-4c). Next treat these two particles as a 
two-particle system, using Eq. 9-2 to find their center of 
mass X5,p. We get 
teas CSE Steen (9-12) 
Ms + Mp 
Next note that the combination of disk S$ and plate 
P is composite plate C. Thus, the position xs5,p of 
comMs;p must coincide with the position xc of come, 
which is at the origin; so X¥5,p = xc = 0. Substituting 
this into Eq. 9-12 and solving for xp, we get 


Ms 
Xp = Xs eames 


(9-13) 


M p 


We can relate these masses to the face areas of S and 
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mG 
comp 


Plate P 


(a) 


Composite plate 
C= $+ P 





cOM p 


Plate P 


(0) 


(c) coms come comp . 
FIG. 9-4 (a) Plate P is a metal plate of radius 2R, with a circular 
hole of radius R. The center of mass of P is at point comp. (b) 
Disk S has been put back into place to form a composite plate 

C. The center of mass com, of disk S$ and the center of mass 
comc of plate C are shown. (c) The center of mass coms, p of the 
combination of S and P coincides with come, which is at x = 0. 


P by noting that 


mass = density < volume 
= density X thickness X area. 


Ms density, thickness, areas 
Then ee YE YX 
Mp densityp thickness p area p 


Because the plate is uniform, the densities and thick- 
nesses are equal; we are left with 


Ms areas areas 


IN p arCad p areac aa arCas 
_ mRe dL 
am2R)=—amR° 8 
Substituting this and x, = —R into Eq. 9-13, we have 


Xp =3R. (Answer) 
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PROBLEM-SOLVING TACTICS 


Tactic 7: Center-of-Mass Problems Sample Problems 
9-1 and 9-2 provide three strategies for simplifying center-of- 
mass problems. (1) Make full use of the symmetry of the ob- 
ject, be it about a point, a line, or a plane. (2) If the object can 
be divided into several parts, treat each of these parts as a par- 
ticle, located at its own center of mass. (3) Choose your axes 


wisely: If your system is a group of particles, choose one of the 
particles as your origin. If your system is a body with a line of 
symmetry, let that be your x or y axis. The choice of origin can 
be completely arbitrary because the location of the center 
of mass is the same regardless of the origin from which it is 
measured. 


9-3 | Newton's Second Law for a System of Particles 


Now that we know how to locate the center of mass of a system of particles, we 
discuss how external forces can move a center of mass. Let us start with a simple 
system of two billiard balls. 

If you roll a cue ball at a second billiard ball that is at rest, you expect that 
the two-ball system will continue to have some forward motion after impact. 
You would be surprised, for example, if both balls came back toward you or if 
both moved to the right or to the left. 

What continues to move forward, its steady motion completely unaffected 
by the collision, is the center of mass of the two-ball system. If you focus on this 
point — which is always halfway between these bodies because they have identi- 
cal masses— you can easily convince yourself by trial at a billiard table that this 
is so. No matter whether the collision is glancing, head-on, or somewhere in 
between, the center of mass continues to move forward, as if the collision had 
never occurred. Let us look into this center-of-mass motion in more detail. 

‘To do so, we replace the pair of billiard balls with an assemblage of n particles 
of (possibly) different masses. We are interested not in the individual motions of 
these particles but only in the motion of the center of mass of the assemblage. 
Although the center of mass is just a point, it moves like a particle whose mass is 
equal to the total mass of the system; we can assign a position, a velocity, and an 
acceleration to it. We state (and shall prove next) that the vector equation that 
governs the motion of the center of mass of such a system of particles is 

Fn = Ma.om (system of particles). (9-14) 

This equation is Newton’s second law for the motion of the center of mass 
of a system of particles. Note that its form is the same as the form of the equa- 
tion (Fret = ma) for the motion of a single particle. However, the three quanti- 
ties that appear in Eq. 9-14 must be evaluated with some care: 


> 


1. F,., is the net force of all external forces that act on the system. Forces on one 
part of the system from another part of the system (internal forces) are not 
included in Eq. 9-14. 


2. Ms the total mass of the system. We assume that no mass enters or leaves the 
system as it moves, so that M remains constant. The system is said to be closed. 


3. Goom 1S the acceleration of the center of mass of the system. Equation 9-14 
gives no information about the acceleration of any other point of the system. 


Equation 9-14 is equivalent to three equations involving the components of 
Fyet aNd Go, along the three coordinate axes. These equations are 
et = MEG omy ey = Mee ty Jee 7 VL eral (9-15) 
Now we can go back and examine the behavior of the billiard balls. Once 
the cue ball has begun to roll, no net external force acts on the (two-ball) sys- 
tem. Thus, because F,., = 0, Eq. 9-14 tells us that @,,,, = 0 also. Because accelera- 


tion is the rate of change of velocity, we conclude that the velocity of the center 
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of mass of the system of two balls does not change. When the two balls collide, 
the forces that come into play are internal forces, on one ball from the other. 
Such forces do not contribute to the net force Fret which remains zero. Thus, the 
center of mass of the system, which was moving forward before the collision, 
must continue to move forward after the collision, with the same speed and in 
the same direction. 

Equation 9-14 applies not only to a system of particles but also to a solid 
body, such as the bat of Fig. 9-15. In that case, M in Eq. 9-14 is the mass of the 
bat and Fret is the gravitational force on the bat. Equation 9-14 then tells us that 
Geom = &- In other words, the center of mass of the bat moves as if the bat were 
a single particle of mass M, with force F , acting on it. 

Figure 9-5 shows another interesting case. Suppose that at a fireworks dis- 
play, a rocket is launched on a parabolic path. At a certain point, it explodes into 
fragments. If the explosion had not occurred, the rocket would have continued 
along the trajectory shown in the figure. The forces of the explosion are internal 
to the system (at first the system is just the rocket, and later it is its fragments); 
that is, they are forces on parts of the system from other parts. If we ignore air 
drag, the net external force F vet acting on the system is the gravitational force on 
the system, regardless of whether the rocket explodes. Thus, from Eq. 9-14, the 
acceleration @,.,, of the center of mass of the fragments (while they are in flight) 
remains equal to g. This means that the center of mass of the fragments follows 
the same parabolic trajectory that the rocket would have followed had it not ex- 
ploded. 

When a ballet dancer leaps across the stage in a grand jeté, she raises her 
arms and stretches her legs out horizontally as soon as her feet leave the stage 
(Fig. 9-6). These actions shift her center of mass upward through her body. 
Although the shifting center of mass faithfully follows a parabolic path across 
the stage, its movement relative to the body decreases the height that is attained 
by her head and torso, relative to that of a normal jump. The result is that the 
head and torso follow a nearly horizontal path, giving an illusion that the dancer 


is floating. <SS 






Proo 





Now let us prove this important equation. From Eq. 9-8 we have, for a system of 
n particles, 


Vit i te I eat aT (9-16) 
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FIG. 9-5 A fireworks rocket ex- 
plodes in flight. In the absence of air 
drag, the center of mass of the frag- 
ments would continue to follow the 
original parabolic path, until 
fragments began to hit the ground. 







Path of center of mass 








FIG. 9-6 A grand jeté. (Adapted from The Physics of Dance, by Kenneth Laws, Schirmer Books, 1984.) 
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in which M is the system’s total mass and 7;,,, is the vector locating the position 
of the system’s center of mass. 
Differentiating Eq. 9-16 with respect to time gives 


MV wom = mV; = M5V> ae M3V3 is paca at M,V,,. (9-17) 


Here V; (= d7;/dt) is the velocity of the ith particle, and V,,,, (= dF eo,/dt) is the 
velocity of the center of mass. 
Differentiating Eq. 9-17 with respect to time leads to 


VEG a= Wy da Ga (9-18) 


Here a; (= dv;,/dt) is the acceleration of the ith particle, and @.om (= d Veom/dt) 
is the acceleration of the center of mass. Although the center of mass is just a 
geometrical point, it has a position, a velocity, and an acceleration, as if it were 
a particle. 

From Newton’s second law, m;qa; is equal to the resultant force F. that acts 


on the ith particle. Thus, we can rewrite Eq. 9-18 as 
Main = Fy Bt Py (9-19) 


Among the forces that contribute to the right side of Eq. 9-19 will be forces that 
the particles of the system exert on each other (internal forces) and forces 
exerted on the particles from outside the system (external forces). By Newton’s 
third law, the internal forces form third-law force pairs and cancel out in the sum 
that appears on the right side of Eq. 9-19. What remains is the vector sum of 
all the external forces that act on the system. Equation 9-19 then reduces to 
Eq. 9-14, the relation that we set out to prove. 


CHECKPOINT 2 Two skaters on frictionless ice hold opposite ends of a pole 
of negligible mass. An axis runs along the pole, and the origin of the axis is at the 
center of mass of the two-skater system. One skater, Fred, weighs twice as much as 
the other skater, Ethel. Where do the skaters meet if (a) Fred pulls hand over hand 
along the pole so as to draw himself to Ethel, (b) Ethel pulls hand over hand to draw 
herself to Fred, and (c) both skaters pull hand over hand? 


Sample Problem Eee 


The three particles in Fig. 9-7a are initially at rest. Each 





experiences an external force due to bodies outside the 4 "4 e 3 

three-particle system. The directions are indicated, and 4.0 kg 

the magnitudes are F, = 6.0 N, F, = 12N, and F,; = 14 | - é 
N. What is the acceleration of the center of mass of the , come 8.0 kg 


system, and in what direction does it move? 


feteo The position of the center of mass, calcu- 


lated by the method of Sample Problem 9-1, is marked 
by a dot in the figure. We can treat the center of mass 
as if it were a real particle, with a mass equal to the 
system’s total mass M = 16 kg. We can also treat the 





FIG. 9-7 (a) Three particles, initially at rest in the positions 
shown, are acted on by the external forces shown. The cen- 
ter of mass (com) of the system is marked. (b) The forces are 
now transferred to the center of mass of the system, which 
behaves like a particle with a mass M equal to the total mass 
of the system. The net external force Tee and the accelera- 
tiON Geom Of the center of mass are shown. 
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three external forces as if they act at the center of mass , iat Lop lay, 
(Fig. 9-7b). was M 
Calculations: We can now apply Newton’s second law _ —6.0N + (2N) cos 4s" + 14N _ on io 
(F je = ma) to the center of mass, writing 16 kg 
PF vet = ME com (9-20) Along the y axis, we have 
Toes aie 
Or F, +F,+F;= Vie bccn = 
on R+E4+F. ee Aes 
SO O con eines (9-21) _ Oe * = Ady ct) ~ 0.530 m/s. 


Equation 9-20 tells us that the acceleration @,,,, of the 


os Se From these components, we find that @.., has the mag- 
center of mass is in the same direction as the net external 





es nitude 
force F,., on the system (Fig. 9-7b). Because the particles ; 5 
are initially at rest, the center of mass must also be at Las a (Cheasive aarie | Clery) 
rest. As the center of mass then begins to accelerate, it = 1.16 m/s* ~ 1.2 m/s” (Answer) 


must move off in the common direction of d@,,,, and Fx. 

We can evaluate the right side of Eq. 9-21 directly on 
a vector-capable calculator, or we can rewrite Eq. 9-21 in 
component form, find the components of @.om, and then 6 = tan 
find @.om- Along the x axis, we have 


and the angle (from the positive direction of the x axis) 


_ Aoom, y 
L———— = 27°. (Answer) 


Acom, x 





9-4 Linear Momentum 


In this section, we discuss only a single particle instead of a system of particles, 
in order to define two important quantities. Then in Section 9-5, we extend those 
definitions to systems of many particles. 

The first definition concerns a familiar word—momentum—that has sev- 
eral meanings in everyday language but only a single precise meaning in physics 
and engineering. The linear momentum of a particle is a vector quantity p that is 
defined as 


p= mv (linear momentum of a particle), (9-22) 


in which m is the mass of the particle and ¥ is its velocity. (The adjective linear is 
often dropped, but it serves to distinguish p from angular momentum, which 
is introduced in Chapter 11 and which is associated with rotation.) Since m is 
always a positive scalar quantity, Eq. 9-22 tells us that p and V have the same 
direction. From Eq. 9-22, the SI unit for momentum is the kilogram-meter per 
second (kg: m/s). 

Newton expressed his second law of motion in terms of momentum: 


o The time rate of change of the 1 momentum 1 of a particle 3 is equal to to ie net fc t force 


AC acting ¢ on the par particle and i is in the direction o} of that force. | ae Renee wre ee 














In equation form this becomes 


bo = 9-23 
net dt ( ) 


In words, Eq. 9-23 says that the net external force Fo on a particle changes the 
particle’s linear momentum p. Conversely, the linear momentum can be 
changed only by a net external force. If there is no net external force, p cannot 
change. As we shall see in Section 9-7, this last fact can be an extremely power- 
ful tool in solving problems. 
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The collision of a ball with a bat 
collapses part of the ball. (Photo by 
Harold E. Edgerton. ©The Harold 
and Esther Edgerton Family Trust, 
courtesy of Palm Press, Inc.) 


Manipulating Eq. 9-23 by substituting for 7 from Eq. 9-22 gives, for constant 
mass ™, 
—> dp d dv 
Fon = oy (ad =m — = mit 
Thus, the relations F ner = apldt and F net — Ma are equivalent expressions of 
Newton’s second law of motion for a particle. 


CHECKPOINT 3 The figure gives the magni- 
tude p of the linear momentum versus time f for a par- 
ticle moving along an axis. A force directed along the 
axis acts on the particle. (a) Rank the four regions in- 
dicated according to the magnitude of the force, great- 
est first. (b) In which region is the particle slowing? 


p 
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Let’s extend the definition of linear momentum to a system of particles. 
Consider a system of n particles, each with its own mass, velocity, and linear mo- 
mentum. The particles may interact with each other, and external forces may act 
on them. The system as a whole has a total linear momentum P, which is defined 
to be the vector sum of the individual particles’ linear momenta. Thus, 


BD ego eis eee 
= m,V, + MyV, + M3V; ci ss a MV. (9-24) 


If we compare this equation with Eq. 9-17, we see that 


P= MV oom (linear momentum, system of particles), (9-25) 


which is another way to define the linear momentum of a system of particles: 





dP dv 
—— = M22 = Mom: 9-26 
dt dt GA com ( ) 


Comparing Eqs. 9-14 and 9-26 allows us to write Newton’s second law for a SyS- 
tem of particles in the equivalent form 


4 dP 


Piet = Lage (system of particles), (9-27) 


where Fe is the net external force acting on the system. This equation is the 
generalization of the single-particle equation F net — Gp/dt to a system of many 
particles. In words, the equation says that the net external force Be on a system 
of particles changes the linear momentum P of the system. Conversely, the lin- 
car momentum can be changed only by a net external force. If there is no net 
external force, P cannot change. 


9-6 | Collision and Impulse 


The momentum p of any particle-like body cannot change unless a net 
external force changes it. For example, we could push on the body to change its 
momentum. More dramatically, we could arrange for the body to collide with a 


baseball bat. In such a collision (or crash), the external force on the body is 
brief, has large magnitude, and suddenly changes the body’s momentum. 
Collisions occur commonly in our world, but before we get to them, we need to 
consider a simple collision in which a moving particle-like body (a projectile) 
collides with some other body (a target). 


Single Collision 


Let the projectile be a ball and the target be a bat. The collision is brief, and the ball 
experiences a force that is great enough to slow, stop, or even reverse its motion. 
Figure 9-8 depicts the collision at one instant. The ball experiences a force F (t) that 
varies during the collision and changes the linear momentum Pp of the ball. That 
change is related to the force by Newton’s second law written in the form 
F= dp/dt. Thus, in time interval dt, the change in the ball’s momentum is 


dp = F(t) dt. (9-28) 


We can find the net change in the ball’s momentum due to the collision if we in- 
tegrate both sides of Eq. 9-28 from a time ¢; just before the collision to a time ft, 
just after the collision: 


Ef as 
| dp = | F(t) dt. (9-29) 
t; t; 
The left side of this equation gives us the change in momentum: p; — p; = Ap. 


The right side, which is a measure of both the magnitude and the duration of the 
collision force, 1s called the impulse J of the collision: 


i 
J = | F(t) dt (impulse defined). (9-30) 


Thus, the change in an object’s momentum is equal to the impulse on the object: 


Ap = J (linear momentum impulse theorem). (9-31) 


This expression can also be written in the vector form 


Bp - Bi = J (9-32) 
and in such component forms as 
Ap, = ie (2-33) 
ty 
and pe — Px = | F, dt. (9-34) 
e 


t 


If we have a function for F(t), we can evaluate J (and thus the change in 
momentum) by integrating the function. If we have a plot of F versus time ft, we 
can evaluate J by finding the area between the curve and the f axis, such as 
in Fig. 9-9a. In many situations we do not know how the force varies with 
time but we do know the average magnitude F,,, of the force and the duration 
At (= t; — t;) of the collision. Then we can write the magnitude of the impulse as 


eae aa (9-35) 


The average force is plotted versus time as in Fig. 9-9b. The area under that 
curve is equal to the area under the curve for the actual force F(t) in Fig. 9-9a 
because both areas are equal to impulse magnitude J. 

Instead of the ball, we could have focused on the bat in Fig. 9-8. At any 
instant, Newton’s third law tells us that the force on the bat has the same 
magnitude but the opposite direction as the force on the ball. From Eq. 9-30, this 
means that the impulse on the bat has the same magnitude but the opposite 
direction as the impulse on the ball. 
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FIG. 9-8 Force F(t) acts on a ball as 
the ball and a bat collide. 
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FIG. 9-9 (a) The curve shows the 
magnitude of the time-varying force 
F(t) that acts on the ball in the colli- 
sion of Fig. 9-8. The area under the 
curve is equal to the magnitude of 
the impulse J on the ball in the col- 
lision. (b) The height of the rectan- 
gle represents the average force F,,. 
acting on the ball over the time 
interval At. The area within the 
rectangle is equal to the area under 
the curve in (a) and thus is also 
equal to the magnitude of the im- 
pulse J in the collision. 
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FIG. 9-10 A steady stream of pro- 
jectiles, with identical linear mo- 
menta, collides with a target, which 
is fixed in place. The average force 
Fy, on the target is to the right and 
has a magnitude that depends on the 
rate at which the projectiles collide 
with the target or, equivalently, the 
rate at which mass collides with the 
target. 





CHECKPOINT 4 A paratrooper whose chute fails to open lands in snow; he 
is hurt slightly. Had he landed on bare ground, the stopping time would have been 10 
times shorter and the collision lethal. Does the presence of the snow increase, decrease, 
or leave unchanged the values of (a) the paratrooper’s change in momentum, (b) the 
impulse stopping the paratrooper, and (c) the force stopping the paratrooper? == 


Series of Collisions 


Now let’s consider the force on a body when it undergoes a series of identical, 
repeated collisions. For example, as a prank, we might adjust one of those 
machines that fire tennis balls to fire them at a rapid rate directly at a wall. Each 
collision would produce a force on the wall, but that is not the force we are 
secking. We want the average force F,,, on the wall during the bombardment — 
that is, the average force during a large number of collisions. 

In Fig. 9-10, a steady stream of projectile bodies, with identical mass m and 
linear momenta mv, moves along an x axis and collides with a target body that is 
fixed in place. Let n be the number of projectiles that collide in a time interval 
At. Because the motion is along only the x axis, we can use the components of 
the momenta along that axis. Thus, each projectile has initial momentum mv and 
undergoes a change Ap in linear momentum because of the collision. The total 
change in linear momentum for n projectiles during interval At is n Ap. The 
resulting impulse J on the target during Af is along the x axis and has the same 
magnitude of n Ap but is in the opposite direction. We can write this relation in 
component form as 

J = —n Ap, (9-36) 


where the minus sign indicates that J and Ap have opposite directions. 
By rearranging Eq. 9-35 and substituting Eq. 9-36, we find the average force 
Fy, acting on the target during the collisions: 
J n n 
fa ae a ~ yy AP aa yy Av. (9-37) 
This equation gives us F,,, in terms of n/At, the rate at which the projectiles 
collide with the target, and Av, the change in the velocity of those projectiles. 
If the projectiles stop upon impact, then in Eq. 9-37 we can substitute, 
for Av, 
Vet gt eV ae VE (9-38) 


where v; (= v) and vy (= 0) are the velocities before and after the collision, 
respectively. If, instead, the projectiles bounce (rebound) directly backward 
from the target with no change in speed, then vy = —v and we can substitute 


DV Va ee VV, (9-39) 


In time interval At, an amount of mass Am = nm collides with the target. 
With this result, we can rewrite Eq. 9-37 as 


Fyyg = ——— Av. (9-40) 


This equation gives the average force F,,, in terms of Am/At, the rate at which 
mass collides with the target. Here again we can substitute for Av from Eq. 9-38 
or 9-39 depending on what the projectiles do. 


CHECKPOINT 5 The figure shows an overhead view of a ball bouncing 
from a vertical wall without any change in its speed. Consider the change Ap in the 
ball’s linear momentum. (a) Is Ap, positive, negative, or zero? (b) Is Ap, positive, neg- 
ative, or zero? (c) What is the direction of Ap? 
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Sample Problem cra 


When a male bighorn sheep runs head-first into an- 
other male, the rate at which its speed drops to zero 1s 
dramatic. Figure 9-11 gives a typical graph of the accel- 
eration a versus time ¢ for such a collision, with the ac- 
celeration taken as negative to correspond to an ini- 
tially positive velocity. The peak acceleration has 
magnitude 34 m/s’ and the duration of the collision is 
0.27 s. Assume that the sheep’s mass is 90.0 kg. What 
are the magnitudes of the impulse and average force 
due to the collision? eS 


fete (1) Impulse is defined as being the integra- 


tion of force with respect to time, according to Eq. 9-30 
(J = { F(t) dt). (2) Average force is related to the im- 
pulse and the elapsed time by Eq. 9-35 (J = F,,, Ad). 


vg 


Calculations: We do not have a function for the force 
that we can integrate. However, we do have a graph of 
a versus t that we can transform to be F versus t by 
multiplying the scale on the acceleration axis by the 


a (m/s*) 


0.27 
0 t (s) 
FIG. 9-11 The acceleration 
versus time of a bighorn sheep 
during a collision with another 
male. 


mass of 90.0 kg. Then we can graphically integrate by 
finding the area between the plot and the time axis. 
Since the plot is in the shape of a triangle, we have for 
the impulse magnitude 


J = area = 3(0.27 s)(90.0 kg)(34.0 m/s?) 
= 413 X 10*N-s = 4.1 X 107N-s. (Answer) 


For the magnitude of the average force, we can write 


J 413 X 10?N:s 
At | 0.27 s 


=" to 0 NN. 


P oae = 


(Answer) 


Comment: The impulse is equal to the change in the 
sheep’s momentum during the collision. So, the size of 
the impulse depends on the sheep’s mass and its speed 
right before the collision. To win the fight, a male wants 
a large momentum magnitude. However, if the sheep 
were to hit skull-to-skull or skull-to-horn, the collision 
duration would be 1/10 of what we just used and thus 
the average force would be 10 times what we just calcu- 
lated. Such a large force would result in concussion or 
even death; neither result would win the favors of on- 
looking female sheep. A male avoids such results by 
having flexible horns that yield somewhat during the 
collision. Such yielding prolongs the collision and de- 
creases the force to about 1500 N, which the skull, 
brain, and muscles can withstand. Thus, if a horn breaks 
during a collision, the next collision could be fatal. 





Sample Problem 





Race-car wall collision. Figure 9-12a is an overhead 
view of the path taken by a race car driver as his car 
collides with the racetrack wall. Just before the colli- 
sion, he is traveling at speed v;=70m/s along a 
straight line at 30° from the wall. Just after the colli- 
sion, he is traveling at speed vy;=50m/s along a 
straight line at 10° from the wall. His mass 7 is 80 kg. 


(a) What is the impulse J on the driver due to the colli- 
sion? 


tea We can treat the driver as a particle-like 


body and thus apply the physics of this section. 
However, we cannot calculate J directly from Eq. 9-30 
because we do not know anything about the force F(t) 
on the driver during the collision. That is, we do not 
have a function of F(t) or a plot for it and thus cannot 
integrate to find J. However, we can find J from the 
change in the driver’s linear momentum Pp via Eq. 9-32 


(i = Py — pi). 





FIG. 9-12 (a) Overhead view of 
the path taken by a race car and 
its driver as the car slams into the 
racetrack wall. (b) The initial mo- 
mentum 7, and final momentum 
P, of the driver. (c) The impulse J 
on the driver during the collision. 





Calculations: Figure 9-12b shows the driver’s momen- 
tum 7; before the collision (at angle 30° from the posi- 
tive x direction) and his momentum Pp; after the colli- 
sion (at angle —10°). From Egs. 9-32 and 9-22 (p = 


Chapter 9 | Center of Mass and Linear Momentum 


ms 
my), we can write 


Dy at IN 
We could evaluate the right side of this equation di- 
rectly on a vector-capable calculator because we know 
m is 80 kg, Vv; is 50 m/s at —10°, and ¥V;is 70 m/s at 30°. 
Instead, here we evaluate Eq. 9-41 in component form. 


mv, = m(v,— v). (9-41) 


x component: Along the x axis we have 
de os M(Va — Vix 
= (80 kg)[(50 m/s) cos(—10°) — (70 m/s) cos 30°] 
= —910 kg- m/s. 
y component: Along the y axis, 
Sh Va Vy) 
(80 kg)[(S0 m/s) sin(—10°) — (70 m/s) sin 30°] 
—3495 kg-m/s ~ —3500 kg: m/s. 


Impulse: The impulse is then 
J = (—9101 — 3500j) kg-m/s, (Answer) 
which means the impulse magnitude is 


J = VJ + J, = 3616 kg-m/s ~ 3600 kg- m/s. 
The angle of J is given by 


aaa 


@ = tan , (Answer) 


SS 


which a calculator evaluates as 75.4°. Recall that the 


physically correct result of an inverse tangent might be 
the displayed answer plus 180°. We can tell which 1s cor- 
rect here by drawing the components of ii (Fig. 9-12c). 
We find that 6 is actually 75.4° + 180° = 255.4°, which 
we can write as 


d= —105°. 


(b) The collision lasts for 14 ms. What is the magnitude 
of the average force on the driver during the collision? 


corey From Eq. 9-35 (J = Fayg At), the magnitude 


F.yg Of the average force is the ratio of the impulse 
magnitude J to the duration At of the collision. 


(Answer) 


Calculations: We have 
Zz 3616 kg-m/s 
At 0.014 
= 2.583 X 10°N = 2.6 X 10°N. (Answer) 


ae = 


Using F = ma with m = 80 kg, you can show that the 
magnitude of the driver’s average acceleration during 
the collision is about 3.22 x 10° m/s? = 329g. We can 
guess that the collision will probably be fatal. 


Surviving: Mechanical engineers attempt to reduce 
the chances of a fatality by designing and building 
racetrack walls with more “give,” so that a collision 
lasts longer. For example, if the collision here lasted 10 
times longer and the other data remained the same, the 
magnitudes of the average force and average accelera- 
tion would be 10 times less and probably survivable. 
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Suppose that the net external force jie (and thus the net impulse J) acting on a 
system of particles is zero (the system is isolated) and that no particles leave or 
enter the system (the system is closed). Putting — = 0 in Eq. 9-27 then yields 
dP/dt = 0, or 


P = constant (9-42) 


(closed, isolated system). 


In words, 


o ian no net external tree Ace on a a system of particles the total linear momentum ey f 
of the system cannot change. — oe et ao art Pe reat : > 


This result is called the law of conservation of linear momentum. It can also be 
written as oo 
Le (9-43) 


(closed, isolated system). 
In words, this equation says that, for a closed, isolated system, 


total linear momentum \ _ total linear momentum 
at some initial time f; at some later time t, 


Caution: Momentum should not be confused with energy. In the sample prob- 
lems of this section, momentum is conserved but energy 1s definitely not. 
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Equations 9-42 and 9-43 are vector equations and, as such, each is equiva- 
lent to three equations corresponding to the conservation of linear momentum 
in three mutually perpendicular directions as in, say, an xyz coordinate system. 
Depending on the forces acting on a system, linear momentum might be 
conserved in one or two directions but not in all directions. However, 






































































































































As an example, suppose that you toss a grapefruit across a room. During its 
flight, the only external force acting on the grapefruit (which we take as the 
system) is the gravitational force F, , which is directed vertically downward. Thus, 
the vertical component of the aoa momentum of the grapefruit changes, 
but since no horizontal external force acts on the grapefruit, the horizontal 
component of the linear momentum cannot change. 

Note that we focus on the external forces acting on a closed system. 
Although internal forces can change the linear momentum of portions of the 
system, they cannot change the total linear momentum of the entire system. 

The sample problems in this section involve explosions that are either one- 
dimensional (meaning that the motions before and after the explosion are along 
a single axis) or two-dimensional (meaning that they are in a plane containing 
two axes). In the following sections we consider one-dimensional and two- 
dimensional collisions. 


CHECKPOINT 6 An initially stationary device lying on a frictionless floor 
explodes into two pieces, which then slide across the floor. One piece slides in the 
positive direction of an x axis. (a) What is the sum of the momenta of the two pieces 
after the explosion? (b) Can the second piece move at an angle to the x axis? (c) What 
is the direction of the momentum of the second piece? 


Sample Problem czy 


One-dimensional explosion: A ballot box with mass The initial momentum of the system is that of the box: 
m = 6.0 kg slides with speed v = 4.0 m/s across a friction- —_—— 
less floor in the positive direction of an x axis. The box ex- 
plodes into two pieces. One piece, with mass m, = 2.0 kg, 
moves in the positive direction of the x axis at v; = 8.0 m/s. 


Similarly, we can write the final momenta of the two 
pieces as a 
Pry a mV and Pry = MV». 


What is the velocity of the second piece, with mass m,? 


The final total momentum BP of the system is the vector 








Poa 





(1) We could get the velocity of the second 
piece if we knew its momentum, because we already 
know its mass is m, =m — m, = 4.0 kg. (2) We can relate 
the momenta of the two pieces to the original momentum 
of the box if momentum is conserved. 


Calculations: Our reference frame will be that of the 
floor. Our system, which consists initially of the box 
and then of the two pieces, 1s closed but is not isolated, 
because the box and pieces each experience a normal 
force from the floor and a gravitational force. However, 
those forces are both vertical and thus cannot change 
the horizontal component of the momentum of the sys- 
tem. Neither can the forces produced by the explosion, 
because those forces are internal to the system. Thus, the 
horizontal component of the momentum of the system is 
conserved, and we can apply Eq. 9-43 along the x axis. 


sum of the momenta of the two pieces: 
le Pry ale Pro = mV; ae MV». 


Since all the velocities and momenta in this problem are 
vectors along the x axis, we can write them in terms of 
their x components. Doing so while applying Eq. 9-43, we 
now obtain 


ae, 
or MV = MyVy + MoV. 
Inserting known data, we find 
(6.0 kg)(4.0 m/s) = (2.0 kg)(8.0 m/s) + (4.0 kg)v> 
and thus 


vz = 2.0 m/s. (Answer) 


Since the result is positive, the second piece moves in 
the positive direction of the x axis. 
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Sample Problem cea 


One-dimensional explosion: Figure 9-13a shows a space 
hauler and cargo module, of total mass M, traveling along 
an x axis in deep space. They have an initial velocity Vv; of 
magnitude 2100 km/h relative to the Sun. With a small ex- 
plosion, the hauler ejects the cargo module, of mass 0.20M 
(Fig. 9-135). The hauler then travels 500 km/h faster than 
the module along the x axis; that is, the relative speed v,,, 
between the hauler and the module is 500 km/h. What 
then is the velocity ¥;,,of the hauler relative to the Sun? 


core Because the hauler—-module system is 


closed and isolated, its total linear momentum is con- 
served; that is, 


P; = P,, (9-44) 


where the subscripts 7 and f refer to values before and 
after the ejection, respectively. 


Calculations: Because the motion is along a single 
axis, we can write momenta and velocities in terms of 
their x components, using a sign to indicate direction. 
Before the ejection, we have 


Ve = My; (9-45) 


Let vys be the velocity of the ejected module relative to 
the Sun. The total linear momentum of the system after 
the ejection is then 


P, = (0.20M)vys + (0.80Mvyj5, (9-46) 


where the first term on the right is the linear momentum 
of the module and the second term is that of the hauler. 
We do not know the velocity vys> of the module rel- 
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(a) (0) 
FIG. 9-13 (a) A space hauler, with a cargo module, moving 
at initial velocity V;. (b) The hauler has ejected the cargo 
module. Now the velocities relative to the Sun are V yx for the 
module and V,,, for the hauler. 


ative to the Sun, but we can relate it to the known ve- 
locities with 


velocity of velocity of velocity of 
hauler relative | = | hauler relative } + {| module relative |]. 
to Sun to module to Sun 


In symbols, this gives us 
Vis = Vrer + Vs (9-47) 


Or Vus — Vis ~ Vrel- 


Substituting this expression for vys into Eq. 9-46, and 
then substituting Eqs. 9-45 and 9-46 into Eq. 9-44, we find 


My; = 0.20M(vis — Vere) + 0.80M Vis, 
which gives us 
Vis = Vv; + 0.20V,-¢), 
2100 km/h + (0.20)(500 km/h) 
= 2200 km/h. (Answer) 


OT Vas 


Sample Problem cea 


Two-dimensional explosion: A firecracker placed inside 
a coconut of mass M, initially at rest on a frictionless 
floor, blows the coconut into three pieces that slide 
across the floor. An overhead view is shown in Fig. 9-14a. 
Piece C, with mass 0.30M, has final speed v;c = 5.0 m/s. 


(a) What is the speed of piece B, with mass 0.20M? 


cere First we need to see whether linear mo- 


mentum is conserved. We note that (1) the coconut and 
its pieces form a closed system, (2) the explosion forces 
are internal to that system, and (3) no net external force 
acts on the system. Therefore, the linear momentum of 
the system is conserved. 


Calculations: To get started, we superimpose an xy co- 
ordinate system as shown in Fig. 9-145, with the nega- 
tive direction of the x axis coinciding with the direction 
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(a) (0) 
FIG. 9-14 Three pieces of an exploded coconut move off in 
three directions along a frictionless floor. (a) An overhead 
view of the event. (b) The same with a two-dimensional axis 
system imposed. 


of V-4. The x axis is at 80° with the direction of ¥-c and 
50° with the direction of Vep. 
Linear momentum is conserved separately along 


each axis. Let’s use the y axis and write 

Pir = alge (9-48) 
where subscript i refers to the initial value (before the 
explosion), and subscript y refers to the y component 
of P; or Py. 

The component P;,, of the initial linear momentum 
is zero, because the coconut is initially at rest. To get an 
expression for P;,, we find the y component of the final 
linear momentum of each piece, using the y-component 
version of Eq. 9-22 (p, = my,): 

Pray = 0, 

PyBy = —0.20M Vy, = —0.20M vez sin 50°, 

Prcy = 9.30MVecy = 0.30Mv¢c sin 80°. 
(Note that ps4, = 0 because of our choice of axes.) 
Equation 9-48 can now be written as 


iy = i = Pray © Pray © Prcy: 
Then, with vec = 5.0 m/s, we have 
0 = 0 — 0.20Mvyg sin 50° + (0.30M)(5.0 m/s) sin 80°, 
from which we find 


Vrp = 9.64 m/s ~ 9.6 m/s. (Answer) 
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(b) What is the speed of piece A? 


Calculations: Because linear momentum is also con- 


served along the x axis, we have 
Pa = Pe (9-49) 


where P,, = 0 because the coconut is initially at rest. To 
get Py, we find the x components of the final momenta, 
using the fact that piece A must have a mass of 0.50M 
(= M — 0.20M — 0.30M): 

PfA,x == —0.50M vy, 

PyB,x = 0.20M Vip , == 0.20M viz COS 50°, 

Prcx = 0.30MVrcx = 0.30M Vic cos 80°. 


Equation 9-49 can now be written as 


i = lee = PfA,x + Dye x ab; Prox: 
Then, with vec = 5.0 m/s and vyg = 9.64 m/s, we have 


0 = —0.50Mv,, + 0.20M(9.64 m/s) cos 50° 
+ 0.30M(5.0 m/s) cos 80°, 


from which we find 


Vea = 3.0 m/s. (Answer) 


PROBLEM-SOLVING TACTICS 


Tactic 2: Conservation of Linear Momentum For 
problems involving the conservation of linear momentum, 
first make sure that you have chosen a closed, isolated system. 
Closed means that no matter (no particles) passes through the 
system boundary in any direction. /solated means that the net 
external force acting on the system is zero. If it is not isolated, 
then remember that each component of linear momentum 1s 
conserved separately if the corresponding component of the 
net external force is zero. So, you might conserve one compo- 
nent and not another. 


Next, select two appropriate states of the system (which 
you may choose to call the initial state and the final state) 
and write expressions for the linear momentum of the system 
in each of these two states. In writing these expressions, make 
sure that you know what inertial reference frame you are 
using, and make sure also that you include the entire system, 
not missing any part of it and not including objects that do 
not belong to your system. 

Finally, set your expressions for P, and ye equal to each 
other and solve for what is requested. 
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In Section 9-6, we considered the collision of two particle-like bodies but 
focused on only one of the bodies at a time. For the next several sections we 
switch our focus to the system itself, with the assumption that the system is 
closed and isolated. In Section 9-7, we discussed a rule about such a system: The 
total linear momentum P of the system cannot change because there is no net 
external force to change it. This is a very powerful rule because it can allow us to 
determine the results of a collision without knowing the details of the collision 
(such as how much damage is done). 

We shall also be interested in the total kinetic energy of a system of two col- 
liding bodies. If that total happens to be unchanged by the collision, then the 
kinetic energy of the system is conserved (it is the same before and after the 
collision). Such a collision is called an elastic collision. In everyday collisions of 
common bodies, such as two cars or a ball and a bat, some energy is always 
transferred from kinetic energy to other forms of energy, such as thermal energy 
or energy of sound. Thus, the kinetic energy of the system is not conserved. Such 
a collision is called an inelastic collision. 


{ 
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Body 1 Body 2 
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FIG. 9-15 Bodies 1 and 2 move 
along an x axis, before and after they 
have an inelastic collision. 
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FIG. 9-16 A completely inelastic 
collision between two bodies. Before 
the collision, the body with mass m, 
is at rest and the body with mass m, 
moves directly toward it. After the 
collision, the stuck-together bodies 
move with the same velocity V. 





However, in some situations, we can approximate a collision of common 
bodies as elastic. Suppose that you drop a Superball onto a hard floor. If the col- 
lision between the ball and floor (or Earth) were elastic, the ball would lose no 
kinetic energy because of the collision and would rebound to its original height. 
However, the actual rebound height is somewhat short, showing that at least 
some kinetic energy is lost in the collision and thus that the collision is some- 
what inelastic. Still, we might choose to neglect that small loss of kinetic energy 
to approximate the collision as elastic. 

The inelastic collision of two bodies always involves a loss in the kinetic 
energy of the system. The greatest loss occurs if the bodies stick together, in 
which case the collision is called a completely inelastic collision. The coilision of 
a baseball and a bat is inelastic. However, the collision of a wet putty ball and a 
bat is completely inelastic because the putty sticks to the bat. 
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One-Dimensional Inelastic Collision 


Figure 9-15 shows two bodies just before and just after they have a one- 
dimensional collision. The velocities before the collision (subscript 7) and after 
the collision (subscript f) are indicated. The two bodies form our system, which 
is closed and isolated. We can write the law of conservation of linear momentum 
for this two-body system as 


te momentum 2 _ (‘or momentum 4 


before the collision/ \ after the collision 


which we can symbolize as 
Dic yo a aD, (conservation of linear momentum). (9-50) 


Because the motion is one-dimensional, we can drop the overhead arrows for 
vectors and use only components along the axis, indicating direction with a sign. 
Thus, from p = mv, we can rewrite Eq. 9-50 as 


N4V1; a INyV9; = MV 5 a NV 7p. (9-51) 


If we know values for, say, the masses, the initial velocities, and one of the final 
velocities, we can find the other final velocity with Eq. 9-51. 


One-Dimensional Completely Inelastic Collision 





Figure 9-16 shows two bodies before and after they have a completely inelastic 
collision (meaning they stick together). The body with mass m, happens to be 
initially at rest (v2; = 0). We can refer to that body as the target and to the 
incoming body as the projectile. After the collision, the stuck-together bodies 
move with velocity V. For this situation, we can rewrite Eq. 9-51 as 


m1Vi; = (mM, + m)V (9-52) 
or ‘= —1L_. Vij. (9-53) 
m, + My, 


If we know values for, say, the masses and the initial velocity v,; of the projectile, 
we can find the final velocity V with Eq. 9-53. Note that V must be less than v,,; 
because the mass ratio m,/(m, + m,) must be less than unity. 


Velocity of the Center of Mass 


In a closed, isolated system, the velocity V,,,, of the center of mass of the system 
cannot be changed by a collision because, with the system isolated, there is no 
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net external force to change it. To get an expression for V.,m, let us return to the 
two-body system and one-dimensional collision of Fig. 9-15. From Eq. 9-25 
(P = MY¥.on), we can relate V,,,, to the total linear momentum P of that two- 
body system by writing 

es oe = (m, a My Veep 


(9-54) 


The total linear momentum P is conserved during the collision; so it is given by 
either side of Eq. 9-50. Let us use the left side to write 


P= Pins Dov: (2295) 
Substituting this expression for P in Eq. 9-54 and solving for Vom give us 
P oe a ee 
ite. ax es Pii P2i ; (9-56) 
Mm, + My, m, + M» 


The right side of this equation is a constant, and V,,,, has that same constant 
value before and after the collision. 

For example, Fig. 9-17 shows, in a series of freeze-frames, the motion of the 
center of mass for the completely inelastic collision of Fig. 9-16. Body 2 is the 
target, and its initial linear momentum in Eq. 9-56 is p>; = m,Vv>; = 0. Body 1 is 
the projectile, and its initial linear momentum in Eq. 9-56 is p\; = m,V);. Note 
that as the series of freeze-frames progresses to and then beyond the collision, 
the center of mass moves at a constant velocity to the right. After the 
collision, the common final speed V of the bodies is equal to V,,,, because then 
the center of mass travels with the stuck-together bodies. 


CHECKPOINT 7 Body 1 and body 2 are in a completely inelastic one-dimen- 
sional collision. What is their final momentum if their initial momenta are, respectively, 
(a) 10 kg: m/s and 0; (b) 10 kg: m/s and 4 kg: m/s; (c) 10 kg: m/s and —4 kg- m/s? 


| 9-9 


The ballistic pendulum was used to measure the speeds 
of bullets before electronic timing devices were devel- 
oped. The version shown in Fig. 9-18 consists of a large 
block of wood of mass M = 5.4 kg, hanging from two 
long cords. A bullet of mass m = 9.5 g is fired into the 
block, coming quickly to rest. The block + bullet then 
swing upward, their center of mass rising a vertical dis- 
tance h = 6.3cm before the pendulum comes momen- 
tarily to rest at the end of its arc. What is the speed of 
the bullet just prior to the collision? 


FIG. 9-18 A ballistic 





Collision! be 
my + Mo 


FIG. 9-17 Some freeze-frames of 
the two-body system in Fig. 9-16, 
which undergoes a completely 
inelastic collision. The system’s 
center of mass is shown in each 
freeze-frame. The velocity V,,,, of 
the center of mass is unaffected by 
the collision. Because the bodies 
stick together after the collision, 
their common velocity V must be 
equal io ve. 


feo We can see that the bullet’s speed v must de- 


termine the rise height h. However, we cannot use the con- 
servation of mechanical energy to relate these two quanti- 
ties because surely energy is transferred from mechanical 
energy to other forms (such as thermal energy and energy 
to break apart the wood) as the bullet penetrates the 
block. Nevertheless, we can split this complicated motion 
into two steps that we can separately analyze: (1) the bul- 
let—block collision and (2) the bullet—block rise, during 
which mechanical energy is conserved. 


Reasoning step 1: Because the collision within the 
bullet—block system is so brief, we can make two im- 


pendulum, used to 
measure the speeds 
of bullets. 





portant assumptions: (1) During the collision, the gravi- 
tational force on the block and the force on the block 
from the cords are still balanced. Thus, during the colli- 
sion, the net external impulse on the bullet—block sys- 
tem is zero. Therefore, the system is isolated and its to- 
tal linear momentum is conserved. (2) The collision is 
one-dimensional in the sense that the direction of the 
bullet and block just after the collision is in the bullet’s 
original direction of motion. 
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Because the collision is one-dimensional, the block 
is initially at rest, and the bullet sticks in the block, 
we use Eq. 9-53 to express the conservation of linear 
momentum. Replacing the symbols there with the cor- 
responding symbols here, we have 


m 
——_—-y, 
m+M 


Reasoning step 2: As the bullet and block now swing 
up together, the mechanical energy of the bullet— 
block—Earth system is conserved. (This mechanical en- 
ergy is not changed by the force of the cords on the 
block, because that force is always directed perpendicu- 
lar to the block’s direction of travel.) Let’s take the 
block’s initial level as our reference level of zero gravi- 
tational potential energy. Then conservation of mechan- 
ical energy means that the system’s kinetic energy at 
the start of the swing must equal its gravitational poten- 
tial energy at the highest point of the swing. Because 


(9-57) 


9-10 


The most dangerous type of collision between two cars is 
a head-on collision. Surprisingly, data suggest that the 
risk of fatality to a driver is less if that driver has a pas- 
senger in the car. Let’s see why. 

Figure 9-19 represents two identical cars about to 
collide head-on in a completely inelastic, one-dimen- 
sional collision along an x axis. During the collision, the 
two cars form a closed system. Let’s make the reason- 
able assumption that during the collision the impulse 
between the cars is so great that we can neglect the rel- 
atively minor impulses due to the frictional forces on 
the tires from the road. Then we can assume that there 
is no net external force on the two-car system. 

The x component of the initial velocity of car 1 
along the x axis is v,; = +25 m/s, and that of car 2 is 
¥>; = —25 m/s. During the collision, the force (and thus 
the impulse) on each car causes a change Av in the 
car’s velocity. The probability of a driver being killed 
depends on the magnitude of Av for that driver’s car. 
We want to calculate the changes Av, and Av, in the 
velocities of the two cars. — 


(a) First, let each car carry only a driver. The total mass 
of car 1 (including driver 1) is m, = 1400 kg, and the total 
mass of car 2 (including driver 2) is m, = 1400 kg. What 
are the changes Av, and Av, in the velocities of the cars? 


cei Because the system is closed and isolated, 


its total linear momentum is conserved. 
Calculations: From Eq. 9-51, we can write this as 
(9-58) 


Since the collision is completely inelastic, the two cars 
stick together and thus have the same velocity V after 


N1V4; + M V2; = MV ts MV. 





the speed of the bullet and block at the start of the 
swing is the speed V immediately after the collision, we 
may write this conservation as 


s(m + M)V? = (m + M)gh. 
Combining steps: Substituting for V from Eq. 9-57 


leads to 
+M 
v= pala Mii \2gh 
mn 
0.0095 kg + 5.4kg (O28 mis)(0.063 m) 
= {———_2$___®_ | ¥(2)(9.8 m/s2)(0.063 
( 0.0095 kg OG Sits) (Ceo) 
= 630 m/s. (Answer) 


The ballistic pendulum is a kind of “transformer,” ex- 
changing the high speed of a light object (the bullet) 
for the low—and thus more easily measurable—speed 
of a massive object (the block). 


Car Car ? 
p > > 
Before pl i Vo; 4 ; 
m 


Mo 
FIG. 8-19 Twocars about to collide head-on. 





the collision. Substituting V for vy, and v2, into Eq. 9-58 
and solving for V, we have 


_ MV TF MgVy; 


m, + My) Ca) 
Substitution of the given data then results in 
Vy = (1400 kg)(+25 m/s) + (1400 kg)(—25 m/s) _ 0. 
1400 kg + 1400 kg 
Thus, the change in the velocity of car 1 is 
Avy = vip — Vy = V— Vy; 
= 0 — (425 m/s) = —25 m/s, (Answer) 
and the change in the velocity of car 2 is 
Av, = Von = Vo, V — v9; 
= 0 — (-25 m/s) = +25 m/s. (Answer) 


(b) Next, we reconsider the collision, but this time with 
an 80 kg passenger in car 1. What are Av, and Av, now? 


Calculations: Repeating our steps but now substitut- 
ing m, = 1480 kg, we find that 


V = 0.694 m/s, 
which gives 
Av, = —24.3 m/s 
and Av, = +25.7 m/s. (Answer) 


(c) The magnitude of Av, is less with the passenger in 
the car. Because the probability of a driver being killed 





depends on Av, we can reason that the probability is 
less for driver 1. 

The data on head-on car collisions do not include 
values of Av, but they do include the car masses and 
whether or not a collision was fatal. Fitting a function 
to the collected data, researchers have found that the 
fatality risk r, of driver 1 is given by 


(9-60) 
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A driver’s fatality risk depends on the change Av for 
that driver. In Eq. 9-61, we see that the ratio of Av val- 
ues in a collision is the inverse of the ratio of the 
masses, and this is the reason researchers can link fatal- 
ity risk to the ratio of masses in Eq. 9-60. 

From part (a) and Eq. 9-60, without the passenger, 
driver 1 has a fatality risk of 


(9-62) 


ms 1.79 
i = €|— ; 
My 


where c is a constant. Justify why the ratio m,/m, ap- 
pears in this equation, and then use the equation to 
compare the fatality risks for driver 1 with and with- 
out the passenger. 


has a fatality risk of 


Calculations: We first rewrite Eq. 9-58 as 


my (Vir Vi —My(Vo¢ — Vyj). 
Substituting Av; = vip — vy; and Av, = vo¢ — vo; and re- 
arranging give us 
My Ay, 


= 9-61 
mM, Av, ( ) 
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As we discussed in Section 9-8, everyday collisions are inelastic but we can 
approximate some of them as being elastic; that is, we can approximate that the 
total kinetic energy of the colliding bodies is conserved and is not transferred to 
other forms of energy: 


ee kinetic riod a bre kinetic aie 


before the collision/  \ after the collision 


This does not mean that the kinetic energy of each colliding body cannot 
change. Rather, it means this: 










































































Me 





For example, the collision of a cue ball with an object ball in a game of pool 
can be approximated as being an elastic collision. If the collision is head-on 
(the cue ball heads directly toward the object ball), the kinetic energy of the cue 
ball can be transferred almost entirely to the object ball. (Still, the fact that the 
collision makes a sound means that at least a little of the kinetic energy is trans- 
ferred to the energy of the sound.) 


Stationary Target 


Figure 9-20 shows two bodies before and after they have a one-dimensional col- 
lision, like a head-on collision between pool balls. A projectile body of mass m, 
and initial velocity v,;; moves toward a target body of mass mz that is initially at 
rest (v2; = 0). Let’s assume that this two-body system is closed and isolated. 
Then the net linear momentum of the system is conserved, and from Eq. 9-51 we 


can write that conservation as 
INV]; = MyVi¢ 1 MV ¢ 


(9-63) 


If the collision is also elastic, then the total kinetic energy is conserved and we 
can write that conservation as 


(linear momentum). 


SMV 4; = SIN Vip mr SIN pV3 (kinetic energy). (9-64) 


( 1400 kg yr 
ry; == re = 


) ( 1400 kg 
in —_ 
| ©\"1400 ke + 80 ke 


1400 kg 


From part (b) and Eq. 9-60, with the passenger, driver 1 


1.79 
= 0.9053c. 


Substituting for c from Eq. 9-62, we find 
r, = 0.9053r, ~ 0.917. 


(Answer) 


In words, the fatality risk for driver 1 1s about 9% less 
when a passenger is in the car. 


Before vy i 
ie 
my, Mo 


Projectile Target 


After 





FIG. 9-20 Body 1 moves along an x 
axis before having an elastic colli- 
sion with body 2, which is initially at 
rest. Both bodies move along that 
axis after the collision. 
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In each of these equations, the subscript i identifies the initial velocities and the 
subscript f the final velocities of the bodies. If we know the masses of the bodies 
and if we also know vj,;, the initial velocity of body 1, the only unknown quanti- 
ties are v1, and vV»,, the final velocities of the two bodies. With two equations at 
our disposal, we should be able to find these two unknowns. 

To do so, we rewrite Eq. 9-63 as 


my (V4; — Vis) = Ve (9-65) 
and Eq. 9-64 as* 
my (Vy; — vip(Vii a Vip) ie MV5p. (9-66) 
After dividing Eq. 9-66 by Eq. 9-65 and doing some more algebra, we obtain 


mM, —~ My 


= 9-67 
Vig my 4 m> Vii ( ) 
2m, 
d = 9-68 
an vor m, + m) Vii ( ) 


We note from Eq. 9-68 that v2, is always positive (the initially stationary target 
body with mass m, always moves forward). From Eq. 9-67 we see that v,,may be 
of either sign (the projectile body with mass m, moves forward if m, > m), but 
rebounds if m,; < my). 

Let us look at a few special situations. 


1. Equal masses If m, = m), Eqs. 9-67 and 9-68 reduce to 


Vie QO and Vor lie 


which we might call a pool player’s result. It predicts that after a head-on col- 
lision of bodies with equal masses, body 1 (initially moving) stops dead in its 
tracks and body 2 (initially at rest) takes off with the initial speed of body 1. 
In head-on collisions, bodies of equal mass simply exchange velocities. This 1s 
true even if body 2 is not initially at rest. 


2. A massive target In Fig. 9-20, a massive target means that m, > mj. For 
example, we might fire a golf ball at a stationary cannonball. Equations 9-67 
and 9-68 then reduce to 


2 
Vig Ge er Ve and VoF oe (2 bn (9-69) 
2 


This tells us that body 1 (the golf ball) simply bounces back along its incom- 
ing path, its speed essentially unchanged. Initially stationary body 2 (the 
cannonball) moves forward at a low speed, because the quantity in paren- 
theses in Eq. 9-69 is much less than unity. All this is what we should expect. 


3. A massive projectile ‘This is the opposite case; that is, 7, > my . This time, we 
fire a cannonball at a stationary golf ball. Equations 9-67 and 9-68 reduce to 


Vig ~ Vy and voe © 2v4;. (9-70) 


Equation 9-70 tells us that body 1 (the cannonball) simply keeps on going, 
scarcely slowed by the collision. Body 2 (the golf ball) charges ahead at twice 
the speed of the cannonball. 

You may wonder: Why twice the speed? As a starting point in thinking 
about the matter, recall the collision described by Eq. 9-69, in which the ve- 
locity of the incident light body (the golf ball) changed from +v to —v,a 
velocity change of 2v. The same change in velocity (but now from zero to 2v) 
occurs in this example also. 


*In this step, we use the identity a” — b* = (a — b)(a + b). It reduces the amount of algebra needed 
to solve the simultaneous equations Eqs. 9-65 and 9-66. 
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Now that we have examined the elastic collision of a projectile and a stationary 
target, let us examine the situation in which both bodies are moving before they 
undergo an elastic collision. 

For the situation of Fig. 9-21, the conservation of linear momentum is writ- 





FIG. 9-27 Two bodies headed for a 
one-dimensional elastic collision. 


ten as 
WAYAVy; TF INQV2 = MyVip + MpVo¢, (OFT) 
and the conservation of kinetic energy is written as 
1 1 _ i I 
IVI; + 5MgV5; = aN Vip + 5INgV5p. (9-72) 


To solve these simultaneous equations for v1, and v>,;, we first rewrite Eq. 9-71 as 


(9-73) 


mV; — Vip) = —m,(v2; — Vp) 
and Eq. 9-72 as 
my (V4; — Vip i + Vip) = —My(Vv2; — Vp) (V2; =r Ve): (9-74) 


After dividing Eq. 9-74 by Eq. 9-73 and doing some more algebra, we obtain 


m, — My 2M, 
m, + My, m, + M) 
2m My — Mm, 
m, + M») m, + M) 


Note that the assignment of subscripts 1 and 2 to the bodies is arbitrary. If we 
exchange those subscripts in Fig. 9-21 and in Eqs. 9-75 and 9-76, we end up with 
the same set of equations. Note also that if we set v.,; = 0, body 2 becomes a 
stationary target as in Fig. 9-20, and Eqs. 9-75 and 9-76 reduce to Eqs. 9-67 and 
9-68, respectively. 


CHECKPOINT 8 What is the final linear momentum of the target in Fig. 9-20 
if the initial linear momentum of the projectile is 6kg-m/s and the final linear 
momentum of the projectile is (a) 2 kg- m/s and (b) —2 kg- m/s? (c) What is the final 
kinetic energy of the target if the initial and final kinetic energies of the projectile are, 
respectively, 5 J and 2 J? 


Sample Problem can 


Two metal spheres, suspended by vertical cords, initially 
just touch, as shown in Fig. 9-22. Sphere 1, with mass 
m, = 30g, 1s pulled to the left to height h, = 8.0 cm, 
and then released from rest. After swinging down, it 
undergoes an elastic collision with sphere 2, whose 
mass m, = 75 g. What is the velocity v,, of sphere 1 just 
after the collision? 











: as La We can 


split this complicated motion into 
two steps that we can analyze separately: (1) the de- 
scent of sphere 1 (in which mechanical energy is con- 
served) and (2) the two-sphere collision (in which mo- 
mentum is conserved). 


my Mog 


FIG. 9-22 ‘Two metal spheres suspended by cords just touch 
when they are at rest. Sphere 1, with mass m,, is pulled to the 
left to height 4, and then released. 

Step 7: As sphere 1 swings down, the mechanical en- 


ergy of the sphere—Earth system is conserved. (The Calculation: Let’s take the lowest level as our refer- 


mechanical energy is not changed by the force of the 
cord on sphere | because that force is always directed 
perpendicular to the sphere’s direction of travel.) 


ence level of zero gravitational potential energy. Then 
the kinetic energy of sphere 1 at the lowest level must 
equal the gravitational potential energy of the system 
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when sphere 1 is at height h,. Thus, 
INV; = mghy, 


which we solve for the speed v,; of sphere 1 just before 
the collision: 


v4, = V2gh, = V(2)(9.8 m/s?)(0.080 m) 
= 1.252 m/s. 


Step 2: Here we can make two assumptions in addition 
to the assumption that the collision is elastic. First, we 
can assume that the collision is one-dimensional because 
the motions of the spheres are approximately horizontal 
from just before the collision to just after it. Second, 
because the collision is so brief, we can assume that the 


two-sphere system is closed and isolated. This means that 
the total lmear momentum of the system is conserved. 


Calculation: Thus, we can use Eq. 9-67 to find the veloc- 
ity of sphere 1 just after the collision: 
Wy, ~ IM) 
Vv = ———_—— 
ibe m, ae mM, li 


0.030 kg — 0.075 kg 
ee (5) 
0030ke F007S ke oe) 


= —0.537 m/s ~ —0.54 mis. (Answer) 


The minus sign tells us that sphere 1 moves to the left 
just after the collision. 





FIG. 9-23 An elastic collision be- 
tween two bodies in which the colli- 
sion is not head-on. The body with 
mass m, (the target) is initially at 
rest. 
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When two bodies collide, the impulse between them determines the directions 
in which they then travel. In particular, when the collision is not head-on, the 
bodies do not end up traveling along their initial axis. For such two-dimensional 
collisions in a closed, isolated system, the total linear momentum must still be 
conserved: 


= —> 


P, + By = Py + By. 9-77 
ie i, 


If the collision is also elastic (a special case), then the total kinetic energy is also 
conserved: 


K,; aE K3; = Ky Ale Koy. (9-78) 


Equation 9-77 is often more useful for analyzing a two-dimensional collision 
if we write it in terms of components on an xy coordinate system. For example, 
Fig. 9-23 shows a glancing collision (it is not head-on) between a projectile body and 
a target body initially at rest. The impulses between the bodies have sent the bodies 
off at angles 6, and @, to the x axis, along which the projectile initially traveled. In this 
situation we would rewrite Eq. 9-77 for components along the x axis as 


NV; = MyVi¢ COS 0, ae My yVo¢ COS 05, (9-79) 


and along the y axis as 


O= INV 4 ¢ sin 0; ae M Vo sin . (9-80) 


We can also write Eq. 9-78 (for the special case of an elastic collision) in terms 
of speeds: 
1 = 1 
INV; = 5IMVip + 5IMyV5p 


(9-81) 


(kinetic energy). 


Equations 9-79 to 9-81 contain seven variables: two masses, m, and my); three 
speeds, v1;, Vir, and v2"; and two angles, @, and 6). If we know any four of these 
quantities, we can solve the three equations for the remaining three quantities. 


CHECKPOINT 9 In Fig. 9-23, suppose that the projectile has an initial 
momentum of 6 kg- m/s, a final x component of momentum of 4 kg: m/s, and a final 
y component of momentum of —3 kg: m/s. For the target, what then are (a) the final 
x component of momentum and (b) the final y component of momentum? 


9-12 | Systems with Varying Mass: A Rocket 


In the systems we have dealt with so far, we have assumed that the total mass of 
the system remains constant. Sometimes, as in a rocket, it does not. Most of the 
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mass of a rocket on its launching pad is fuel, all of which will eventually be Zo System boundary 
burned and ejected from the nozzle of the rocket engine. 


We handle the variation of the mass of the rocket as the rocket accelerates _ fi v 
by applying Newton’s second law, not to the rocket alone but to the rocket and wait a 
its ejected combustion products taken together. The mass of this system does not 
change as the rocket accelerates. 





Finding the Acceleration (a) 


Assume that we are at rest relative to an inertial reference frame, watching a 

rocket accelerate through deep space with no gravitational or atmospheric drag /_ System boundary 

forces acting on it. For this one-dimensional motion, let M be the mass of the 

rocket and v its velocity at an arbitrary time t (see Fig. 9-24a). em 
Figure 9-24b shows how things stand a time interval dt later. The rocket now Loe 

has velocity v + dv and mass M + dM, where the change in mass dM is a nega- 

tive quantity. The exhaust products released by the rocket during interval dt 

have mass —dM and velocity U relative to our inertial reference frame. 


v+dv 





-aM ee 





Our system consists of the rocket and the exhaust products released during (b) 
interval dt.'The system 1s closed and isolated, so the linear momentum of the sys- ig. 9.24 (a) An accelerating 
tem must be conserved during df; that is, rocket of mass M at time f, as seen 
=P (9-82) from an inertial reference frame. (b) 


Pe nae. The same but at time t + dt. The ex- 
where the subscripts / and f indicate the values at the beginning and end of time _ haust products released during 


interval dt. We can rewrite Eq. 9-82 as interval dt are shown. 
Mv = —dMU+(M+dM)(v + av), (9-83) 


where the first term on the right is the linear momentum of the exhaust products 
released during interval dt and the second term is the linear momentum of the 
rocket at the end of interval dt. 

We can simplify Eq. 9-83 by using the relative speed v,,, between the rocket and 
the exhaust products, which is related to the velocities relative to the frame with 


velocity of rocket\ _ / velocity of rocket velocity of products 
relative toframe / —_\relative to products relative to frame 


In symbols, this means 
(v + dv) = Vig + U, 


or U=vt dv — Vye. (9-84) 
Substituting this result for U into Eq. 9-83 yields, with a little algebra, 
—dM Vv, = M dv. (9-85) 
Dividing each side by dt gives us 
dM dv 
gee! = M—. -86 
dt Vrel dt (9 ) 


We replace dM/dt (the rate at which the rocket loses mass) by —R, where R is 
the (positive) mass rate of fuel consumption, and we recognize that dv/dt is the 
acceleration of the rocket. With these changes, Eq. 9-86 becomes 


Rv.) = Ma (first rocket equation). (9-87) 


Equation 9-87 holds at any instant, with the mass M, the fuel consumption rate 
R, and the acceleration a evaluated at that instant. 

Note the left side of Eq. 9-87 has the dimensions of force (kg/s-m/s = 
kg -m/s* = N) and depends only on design characteristics of the rocket engine — 
namely, the rate R at which it consumes fuel mass and the speed v,,, with which 
that mass is ejected relative to the rocket. We call this term Rv,,; the thrust of 
the rocket engine and represent it with 7. Newton’s second law emerges clearly 
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if we write Eq. 9-87 as T = Ma, in which a is the acceleration of the rocket at the 
time that its mass is M. 


Finding the Velocity 
How will the velocity of a rocket change as it consumes its fuel? From Eq. 9-85 
we have 
dv dM 
= hg 
rel M 


Integrating leads to 


Y M, dM 
dv=-v..| —, 
[ Vv Vrel i“ M 


t 


in which M; is the initial mass of the rocket and M, its final mass. Evaluating the 
integrals then gives 


M; 
Seal ele 


Ve = 
ns i M 
sf 


(9-88) 


(second rocket equation) 


for the increase in the speed of the rocket during the change in mass from M,; to 
M,. (The symbol “In” in Eq. 9-88 means the natural logarithm.) We see here the 
advantage of multistage rockets, in which M; is reduced by discarding successive 
stages when their fuel is depleted. An ideal rocket would reach its destination 
with only its payload remaining. 


Sample Problem cae 


A rocket whose initial mass M; is 850 kg consumes fuel 
at the rate R = 2.3 kg/s. The speed v,,, of the exhaust 
gases relative to the rocket engine is 2800 m/s. What 
thrust does the rocket engine provide? 


cei Thrust 7 is equal to the product of the fuel 


consumption rate R and the relative speed v,,; at which 
exhaust gases are expelled, as given by Eq. 9-87. 


Calculation: Here we find 


T = Rv, = (2.3 kg/s)(2800 m/s) 
= 6440 N = 6400 N. 


(b) What is the initial acceleration of the rocket? 


cei We can relate the thrust 7 of a rocket to 


the magnitude a of the resulting acceleration with 


(Answer) 


T = Ma, where M 1s the rocket’s mass. However, M de- 
creases and a increases as fuel is consumed. Because 
we want the initial value of a here, we must use the in- 
tial value M, of the mass. 


Calculation: We find 
i 6440 N 
a= M, = "850 kg = 7.6 m/s’. (Answer) 


To be launched from Earth’s surface, a rocket must 
have an initial acceleration greater than g = 9.8 m/s’. 
Put another way, the thrust 7 of the rocket engine 
must exceed the initial gravitational force on the 
rocket, which here has the magnitude M;g, which gives 
us (850 kg)(9.8 m/s’), or 8330 N. Because the accelera- 
tion or thrust requirement is not met (here 7 = 6400 N), 
our rocket could not be launched from Earth’s surface by 
itself; it would require another, more powerful, rocket. 





REVIEW & SUMMARY 


Center of Mass The center of mass of a system of n parti- 
cles is defined to be the point whose coordinates are given by 


{1 2 1 2 1 2 
Xcom — M 2 Mix Yeom Me Zcom — M 2 Mj Z;j5 
(3-3) 
1 2 
Or Tie a M 2 mM; 1; : (9-8) 


where M is the total mass of the system. 


Newton's Second Law for a System of Particles 
The motion of the center of mass of any system of particles is 
governed by Newton’s second law for a system of particles, 
which is 


Fret a Viel (9-14) 


Flere loom is the net force of all the external forces acting on 
the system, M is the total mass of the system, and @,,,, is the 
acceleration of the system’s center of mass. 


Linear Momentum and Newton's Second Law For 


a single particle, we define a quantity p called its linear 
momentum as 


p=my, (9-22) 
and can write Newton’s second law in terms of this momentum: 
he dp 

FF... =—. 9-23 
net d t ( ) 
For a system of particles these relations become 
i: ze dP 
P= Mv.,, and Fi = (9-25, 9-27) 


dt 


Collision and Impulse Applying Newton’s second law 
in momentum form to a particle-like body involved in a colli- 
sion leads to the impulse—linear momentum theorem: 


v.— 2, = Ap = J, (9-31, 9-32) 


where p,;— p; = Ap is the change in the body’s linear 
momentum, and J is the impulse due to the force F(t) 
exerted on the body by the other body in the collision: 


jf = | "FO dt. (9-30) 


If Fryy is the average magnitude of F(t) during the colli- 
sion and Aft is the duration of the collision, then for one- 
dimensional motion 


T= FF elt (9-35) 


When a steady stream of bodies, each with mass m and speed 
v, collides with a body whose position is fixed, the average 
force on the fixed body is 


n n 
= =e ys aes E 
ve 7 D i m Ay, (9-37) 


where n/At is the rate at which the bodies collide with the 
fixed body, and Av is the change in velocity of each colliding 
body. This average force can also be written as 

Am 


Fug = ——— 
avg At 


F, 


Av, (9-40) 


where Am/At is the rate at which mass collides with the fixed 
body. In Eqs. 9-37 and 9-40, Av = —v if the bodies stop upon 
impact and Av = —2v if they bounce directly backward with 
no change in their speed. 


Conservation of Linear Momentum If a system is iso- 
lated so that no net external force acts on it, the linear momen- 
tum P of the system remains constant: 


P = constant (closed, isolated system). (9-42) 


This can also be written as 


>-—mUc iil 


P=P, (closed, isolated system), (9-43) 
where the subscripts refer to the values of P at some initial time 


and at a later time. Equations 9-42 and 9-43 are equivalent 
statements of the law of conservation of linear momentum. 


Inelastic Collision in One Dimension In an inelastic 
collision of two bodies, the kinetic energy of the two-body 
system is not conserved. If the system is closed and isolated, 


Review & Summary 


the total linear momentum of the system must be conserved, 
which we can write in vector form as 


Pui t+ Pu = Pig + Pops (9-50) 


where subscripts i and f refer to values just before and just 
after the collision, respectively. 

If the motion of the bodies is along a single axis, the 
collision is one-dimensional and we can write Eq. 9-50 in 
terms of velocity components along that axis: 


IN4V4; ae INy2V2; = MyVi¢ a My Ve. (9-51) 


If the bodies stick together, the collision is a completely 
inelastic collision and the bodies have the same final veloc- 
ity V (because they are stuck together). 


Motion of the Center of Mass _ The center of mass of 
a closed, isolated system of two colliding bodies is not affected 
by a collision. In particular, the velocity V,,,, of the center of 
mass cannot be changed by the collision. 


Elastic Collisions in One Dimension An elastic colli- 
sion is a special type of collision in which the kinetic energy 
of a system of colliding bodies is conserved. If the system is 
closed and isolated, its linear momentum is also conserved. 
For a one-dimensional collision in which body 2 is a target 
and body 1 is an incoming projectile, conservation of kinetic 
energy and linear momentum yield the following expressions 
for the velocities immediately after the collision: 


i; — m1 
Vif = : Vii (9-67) 
m, + M5 
2m, 
and Vo¢ = ———_ I}; 9-68 
4 mt+tm ™ ae) 


Collisions in Two Dimensions If two bodies collide 
and their motion is not along a single axis (the collision is not 
head-on), the collision is two-dimensional. If the two-body 
system is closed and isolated, the law of conservation of 
momentum applies to the collision and can be written as 

Py, + Po, = Pig + Pog. (9-77) 
In component form, the law gives two equations that describe 
the collision (one equation for each of the two dimensions). 
If the collision is also elastic (a special case), the conservation 
of kinetic energy during the collision gives a third equation: 


K,; ar K3; = Ki ar Koy. (9-78) 


Variable-Mass Systems In the absence of external 
forces a rocket accelerates at an instantaneous rate given by 


Rv, = Ma (first rocket equation), (9-87) 


in which M is the rocket’s instantaneous mass (including 
unexpended fuel), R is the fuel consumption rate, and v,.; is 
the fuel’s exhaust speed relative to the rocket. The term Rv,,; 
is the thrust of the rocket engine. For a rocket with constant 
R and v,,.,, whose speed changes from v; to vr when its mass 
changes from M; to M,, 


M; 
Vp — Vi = Vyei In UW. (second rocket equation). (9-88) 
; 
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QUESTIONS 


1 Figure 9-25 shows an over- 
head view of three particles on 
which external forces act. The 
magnitudes and directions of 
the forces on two of the parti- 
cles are indicated. What are the 
magnitude and direction of the 
force acting on the third particle 
if the center of mass of the 
three-particle system is (a) stationary, (b) moving at a constant 
velocity rightward, and (c) accelerating rightward? 





‘FIG. 9-25 Question 1. 


2 Figure 9-26 shows an y (m) 
overhead view of four 
particles of equal mass 
sliding over a frictionless 
surface at constant velo- 
city. The directions of the 
velocities are indicated; 
their magnitudes are 
equal. Consider pairing 
the particles. Which pairs 
form a system with a cen- FIG. 9-26 Question 2. 

ter of mass that (a) is stationary, (b) is stationary and at the ori- 
gin, and (c) passes through the origin? 


3 The free-body diagrams in Fig. 9-27 give, from overhead 
views, the horizontal forces acting on three boxes of choco- 
lates as the boxes move over a frictionless confectioner’s 
counter. For each box, is its linear momentum conserved 
along the x axis and the y axis? 


y 


3N 
4N 


6N IN 
2N 


(a) 





FIG. 9-27 Question 3. 
4 Figure 9-28 shows four groups of three or four identical 


2 





(a) 





(c) I (d) 


FIG. 9-28 Question 4. 





particles that move parallel to either the x axis or the y axis, 
at identical speeds. Rank the groups according to center-of- 
mass speed, greatest first. 


5 Consider a box, like that in Sample Problem 9-6, which ex- 
plodes into two pieces while moving with a constant positive 
velocity along an x axis. If one piece, with mass m,, ends up 
with positive velocity v;, then the second piece, with mass my, 
could end up with (a) a positive velocity v, (Fig. 9-29a), (b) a 
negative velocity v, (Fig. 9-29b), or (c) zero velocity (Fig. 
9-29c). Rank those three possible results for the second piece 
according to the corresponding magnitude of v}, greatest first. 





FIG. 9-29 Question 5. 


6 Figure 9-30 shows graphs of force magnitude versus time 
for a body involved in a collision. Rank the graphs according 
to the magnitude of the impulse on the body, greatest first. 


F F F 
4F, 
OF, OF, 


6% 3h 12h 
(a) () (c) 
FIG. 9-30 Question 6. 


7 Two bodies have undergone x 
an elastic one-dimensional colli- 
sion along an x axis. Figure 9-31 
is a graph of position versus 
time for those bodies and for 
their center of mass. (a) Were 
both bodies initially moving, or 
was one initially stationary? 
Which line segment corresponds to the motion of the center of 
mass (b) before the collision and (c) after the collision? (d) Is 
the mass of the body that was moving faster before the collision 
greater than, less than, or equal to that of the other body? 





FIG. 9-31 Question 7. 


8 Figure 9-32: A block on a horizontal floor is initially either 
stationary, sliding in the positive direction of an x axis, or slid- 
ing in the negative direction of that axis. Then the block ex- 


Pee een 





(a) 2) 





@) -———E— 4 (e) meee. =f — (f) 
FIG. 9-32 Question 8. 


plodes into two pieces that slide along the x axis. Assume the 
block and the two pieces form a closed, isolated system. Six 
choices for a graph of the momenta of the block and the 
pieces are given, all versus time t. Determine which choices 
represent physically impossible situations and explain why. 


9 Block 1 with mass m, slides x 
along an x axis across a 
frictionless floor and then under- 
goes an elastic collision with a 
stationary block 2 with mass my. 
Figure 9-33 shows a plot of posi- 
tion x versus time ¢ of block 1 un- 
til the collision occurs at position 
x, and time ¢,. In which of the let- 
tered regions on the graph will 
the plot be continued (after the 
collision) if (a) m,< mp, and (b) 
m, > My? (c) Along which of the 
numbered dashed lines will the 
plot be continued if m, = m,? 


10 Figure 9-34 shows four 
graphs of position versus time for 
two bodies and their center of 
mass. The two bodies form a 
closed, isolated system and un- 
dergo a completely inelastic, one- 
dimensional collision on an x axis. 
In graph 1, are (a) the two bodies 
and (b) the center of mass moving 
in the positive or negative direction of the x axis? (c) Which 
graphs correspond to a physically impossible situation? Explain. 


] 





FIG. 9-33 Question 9. 
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FIG. 9-34 Question 10. 


PROBLEMS 


Click here to view all step-by-step solutions 


11 A block slides along a frictionless floor and into a sta- 
tionary second block with the same mass. Figure 9-35 shows 
four choices for a graph of the kinetic energies K of the 
blocks. (a) Determine which represent physically impossible 
situations. Of the others, which best represents (b) an elastic 
collision and (c) an inelastic collision? 





(d) 
FIG. 9-35 Question 11. 


12 Figure 9-36 shows a snapshot of block 1 as it slides along an 
x axis on a frictionless floor, before it undergoes an elastic colli- 
sion with stationary block 2. The figure also shows three possible 
positions of the center of mass (com) of the two-block system at 
the time of the snapshot. (Point B is halfway between the centers 
of the two blocks.) Is block 1 sta- 
tionary, moving forward, or mov- 
ing backward after the collision 
if the com is located in the snap- 
shot at (a) A, (b) B, and (c) C? 





FIG. 9-36 Question 12. 


& Tutoring problem available (at instructor's discretion) in WileyPLUS and WebAssign 


SSM Worked-out solution available in Student Solutions Manual 


® — eee Number of dots indicates level of problem difficulty 


WWW Worked-out solution is at 





ee http://www.wiley.com/college/halliday 
Interactive solution is at 


—— Additional information available in The Flying Circus of Physics and at flyingcircusofphysics.com 


sec. 9-2 The Center of Mass 

°1 A 2.00kg particle has the xy coordinates (—1.20m, 
0.500 m), and a 4.00 kg particle has the xy coordinates (0.600 m, 
—0.750 m). Both lie on a horizontal plane. At what (a) x and (b) 
y coordinates must you place a 3.00 kg particle such that the 
center of mass of the three-particle system has the coordinates 
(—0.500 m, —0.700 m)? 


eZ Figure 9-37 shows a three-particle system, with masses 
m, = 3.0kg, m, = 4.0 kg, and m3 = 8.0 kg. The scales on the 


y(m) 





FIG. 9-37 Problem 2. 


axes are set by x, = 2.0 m and 
y,; = 2.0 m. What are (a) the 
x coordinate and (b) the y coor- 
dinate of the system’s center of 
mass? (c) If m3 is gradually in- 
creased, does the center of 
mass of the system shift toward 
or away from that particle, or 
does it remain stationary? 


ee3 What are (a) the x coor- 
dinate and (b) the y coordinate 
of the center of mass for the 
uniform plate shown in Fig. 9- 
38if Lh =5.0cm? @& 
ee4 In Fig. 9-39, three uni- 

form thin rods, each of length L = 22 cm, form an inverted U. 
The vertical rods each have a mass of 14 g; the horizontal rod 
has a mass of 42 g. What are (a) the x coordinate and (b) the 








FIG. 9-38 Problem 3. 
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y coordinate of the system’s cen- 
ter of mass? 


ee5 In the ammonia (NH;) mol- 
ecule of Fig. 9-40, three hydrogen 
(H) atoms form an equilateral tri- 
angle, with the center of the trian- 
gle at distance d = 9.40 X 10°!!! m 
from each hydrogen atom. The ni- | 

trogen (N) atom is at the apex ofa = FIG. 9-39 += Problem 4. 
pyramid, with the three hydrogen 

atoms forming the base. The nitro- y 
gen-to-hydrogen atomic mass ra- 

tio is 13.9, and the nitrogen-to-hy- 

drogen distance is L = 10.14 X L 
107''m. What are the (a) x and 
(b) y coordinates of the mole- 
cule’s center of mass?  ILw 3 





ee6 Figure 9-41 shows a cubical 
box that has been constructed 
from uniform metal plate of negli- 
gible thickness. The box is open at 
the top and has edge length L = 
40 cm. Find (a) the x coordinate, 
(b) the y coordinate, and (c) the z 
coordinate of the center of mass 
of the box. 


FIG. 9-40 Problem 5. 


ee7 Figure 9-42 shows a _ slab 
with dimensions d, = 11.0cm, d, 
= 2.80 cm, and d; = 13.0 cm. Half 
the slab consists of aluminum 
(density = 2.70 g/em*) and half 
consists of iron (density = 7.85 
g/cm). What are (a) the x coordinate, (b) the y coordinate, and 
(c) the z coordinate of the slab’s center of mass? 


FIG. 9-41 Problem 6. 





FIG. 9-42 Problem 7. q i" y 


eee8 A uniform soda can of mass 0.140 kg 
is 12.0cm tall and filled with 1.31 kg of soda 
(Fig. 9-43). Then small holes are drilled in the 
top and bottom (with negligible loss of metal) 
to drain the soda. What is the height / of the 
com of the can and contents (a) initially and 
(b) after the can loses all the soda? (c) What 
happens to / as the soda drains out? (d) If x is 
the height of the remaining soda at any given 
instant, find x when the com reaches its lowest 


FIG. 9-43 
point. Problem 8. 








sec. 9-3 Newton's Second Law for a System of Particles 
°9 A big olive (m= 0.50 kg) lies at the origin of an xy 
coordinate system, and a big Brazil nut (M = 1.5 kg) lies at 
the point (1.0, 2.0) m. At t= 0, a force F, = (2.01 + 3.0)) N 
begins to act on the olive, and a force F, = (—3.01 — 2.0}) N 
begins to act on the nut. In unit-vector notation, what is the 
displacement of the center of mass of the olive—nut system at 
t = 4.0, with respect to its position at t = 0? 


°10 ‘Two skaters, one with mass 65 kg and the other with 
mass 40 kg, stand on an ice rink holding a pole of length 10 m 
and negligible mass. Starting from the ends of the pole, 
the skaters pull themselves along the pole until they meet. 
How far does the 40 kg skater move? 


©1171 A stone is dropped at t = 0. A second stone, with twice 
the mass of the first, is dropped from the same point at 
t = 100 ms. (a) How far below the release point is the center 
of mass of the two stones at t = 300 ms? (Neither stone has 
yet reached the ground.) (b) How fast is the center of mass of 
the two-stone system moving at that time? !Lw 


°12 A 1000 kg automobile is at rest at a traffic signal. At 
the instant the light turns green, the automobile starts to 
move with a constant acceleration of 4.0 m/s”. At the same in- 
stant a 2000 kg truck, traveling at a constant speed of 8.0 m/s, 
overtakes and passes the automobile. (a) How far is the com 
of the automobile—truck system from the traffic light at t = 
3.0 s? (b) What is the speed of the com then? 


ee13 Figure 9-44 shows an arrangement with an air track, in 
which a cart is connected by a cord to a hanging block. The cart 
has mass m,=0.600kg, and its center is initially at xy 
coordinates (—0.500m, Om); the block has mass m), = 
0.400 kg, and its center is initially at xy coordinates 
(0, —0.100 m). The mass of the cord and pulley are negligible. 
The cart is released from rest, and both cart and block move 
until the cart hits the pulley. The friction between the cart and 
the air track and between the pulley and its axle is negligible. 
(a) In unit-vector notation, what is the acceleration of the cen- 
ter of mass of the cart—block system? (b) What is the velocity 
of the com as a function of time f? (c) Sketch the path taken by 
the com. (d) If the path is curved, determine whether it bulges 
upward to the right or downward to the left, and if it is straight, 
find the angle between it and the x axis. 





FIG. 9-44 Problem 13. 


e°14 In Figure 9-45, two particles are launched from the 
origin of the coordinate system at 
time ¢ = 0. Particle 1 of mass m, = 
5.00 g is shot directly along the x 
axis on a frictionless floor, with 
constant speed 10.0 m/s. Particle 
2 of mass m, = 3.00 g is shot with 
a velocity of magnitude 20.0 m/s, 
at an upward angle such that it 





FIG. 9-45 Problem 14. 


always stays directly above particle 1. (a) What is the maximum 
height H,,,, reached by the com of the two-particle system? In 
unit-vector notation, what are the (b) velocity and (c) accelera- 
tion of the com when the com reaches H,,,,? 


e¢15 A shell is shot with an initial velocity ¥) of 20 m/s, at an 
angle of 6) = 60° with the horizontal. At the top of the 
trajectory, the shell explodes into two fragments of equal 
mass (Fig. 9-46). One fragment, whose speed immediately 
after the explosion is zero, falls vertically. How far from the 
gun does the other fragment land, assuming that the terrain is 
level and that air drag is negligible? ssm 


Explosion 


SAUL 
i= 





FIG. 9-46 
Problem 15. 


°e®e76 Ricardo, of mass 80 kg, and Carmelita, who is lighter, are 
enjoying Lake Merced at dusk in a 30 kg canoe. When the canoe 
is at rest in the placid water, they exchange seats, which are 3.0m 
apart and symmetrically located 
with respect to the canoe’s cen- 
ter. If the canoe moves 40cm 
horizontally relative to a pier 
post, what is Carmelita’s mass? 


eee(7 In Kg. 9-47a, a 45kg 
dog stands on an 18 kg flatboat 
at distance D = 6.1m from the 





Dog's displacement d, 


shore. It walks 2.4m along the cade aiaaicoamas 

boat toward shore and then —— 

stops. Assuming no friction be- Boat's displacement d, 
tween the boat and the water, (b) 


find how far the dog is then from 


the shore. (Hint: See Fig. 9-47b.) FIG. 9-47 Problem 17. 


sec. 9-5 The Linear Momentum of a System of Particles 
48 A 0.70 kg ball moving horizontally at 5.0 m/s strikes a 
vertical wall and rebounds with speed 2.0 m/s. What is the 
magnitude of the change in its linear momentum? 


719 A 2100 kg truck traveling north at 41 km/h turns east 
and accelerates to 51 km/h. (a) What is the change in 
the truck’s kinetic energy? What are the (b) magnitude and 
(c) direction of the change in its momentum? iLw 


e620 Figure 9-48 gives an overhead view of the path taken 
by a 0.165kg cue ball as it 
bounces from a rail of a pool 
table. The ball’s initial speed is 
2.00 m/s, and the angle 6, is 30.0°. 
The bounce reverses the y com- 
ponent of the ball’s velocity but 
does not alter the x component. 
What are (a) angle 0, and (b) the 
change in the ball’s linear mo- 
mentum in unit-vector notation? 
(The fact that the ball rolls is ir- 
relevant to the problem.) 


e021 A 0.30 kg softball has a velocity of 15 m/s at an angle of 
35° below the horizontal just before making contact with the bat. 


y 


FIG. 9-48 Problem 20. 








What is the magnitude of the Po 

change in momentum of the ball G 

while in contact with the bat if ¢ 

the ball leaves with a velocity of Bp 

(a) 20 m/s, vertically downward, & 

and (b) 20 m/s, horizontally back 

toward the pitcher? Pi 

ee22 At time t=0, a ball is t (s) 


struck at ground level and sent 
over level ground. Figure 9-49 
gives momentum p versus ft 
during the flight (pp = 6.0kg-m/s and p,; = 4.0kg-m/s). At 
what initial angle is the ball launched? 


FIG. 9-49 Problem 22. 


sec. 9-6 Collision and Impulse 

e23 A force in the negative direction of an x axis is applied 
for 27 ms to a 0.40 kg ball initially moving at 14 m/s in the 
positive direction of the axis. The force varies in magnitude, 
and the impulse has magnitude 32.4 N-s. What are the ball’s 
(a) speed and (b) direction of travel just after the force is 
applied? What are (c) the average magnitude of the force and 
(d) the direction of the impulse on the ball? ssm 


24 In a common but dangerous prank, a chair is pulled 
away as a person is moving downward to sit on it, causing the 
victim to land hard on the floor. Suppose the victim falls by 
0.50 m, the mass that moves downward is 70 kg, and the colli- 
sion on the floor lasts 0.082 s. What are the magnitudes of the 
(a) impulse and (b) average force acting on the victim from 
the floor during the collision? 


°25 Until his seventies, Henri LaMothe (Fig. 9-50) excited 





ois se dean aneee 


FIG. 9-50 Problem 25. Belly-flopping into 30 cm of water. 
(George Long/ Sports Illustrated/©Time, Inc.) 
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audiences by belly-flopping from a height of 12 m into 30 cm 
of water. Assuming that he stops just as he reaches the bot- 
tom of the water and estimating his mass, find the magnitude 
of the impulse on him from the water. = 


°26 In February 1955, a paratrooper fell 370 m from an air- 
plane without being able to open his chute but happened to 
land in snow, suffering only minor injuries. Assume that his 
speed at impact was 56 m/s (terminal speed), that his mass 
(including gear) was 85 kg, and that the magnitude of the 
force on him from the snow was at the survivable limit of 
1.2 X 10° N. What are (a) the minimum depth of snow that 
would have stopped him safely and (b) the magnitude of the 
impulse on him from the snow? =m. 


27 A 1.2kg ball drops vertically onto a floor, hitting with a 
speed of 25 m/s. It rebounds with an initial speed of 10 m/s. 
(a) What impulse acts on the ball during the contact? (b) If 
the ball is in contact with the floor for 0.020 s, what is the 
magnitude of the average force on the floor from the ball? 


e28 In tae-kwon-do, a hand is slammed down onto a target 
at a speed of 13 m/s and comes to a stop during the 5.0 ms col- 
lision. Assume that during the impact the hand is independent 
of the arm and has a mass of 0.70 kg. What are the magnitudes 
of the (a) impulse and (b) average force on the hand from the 
target? <agle 

29 Suppose a gangster sprays Superman’s chest with 3 g 
bullets at the rate of 100 bullets/min, and the speed of each 
bullet is 500 m/s. Suppose too that the bullets rebound 
straight back with no change in speed. What is the magnitude 
of the average force on Superman’s chest? 


ee30 A 5.0 kg toy car can move along an x axis; Fig. 9-51 
gives F, of the force acting on the F.(N) 

car, which begins at rest at time f¢ 
= 0. The scale on the F, axis 1s 
set by F, = 5.0N. In unit-vector 
notation, what is p at (a) t = 4.0s 
and (b) t = 7.0 s, and (c) what is ¥ 
att = 9.0s? 


ee31 KMigure 9-52 shows a 0.300 -F,, 
kg baseball just before and just af- 

ter it collides with a bat. Just be- 
fore, the ball has velocity Vv, of 
magnitude 12.0 m/s and angle 0, = 
35.0°. Just after, it is traveling di- 0; 
rectly upward with velocity Vv, of Ne —> 
magnitude 10.0 m/s. The duration 
of the collision is 2.00 ms. What are 
the (a) magnitude and (b) direc- 
tion (relative to the positive 
direction of the x axis) of the im- 
pulse on the ball from the bat? 
What are the (c) magnitude and (d) direction of the average 
force on the ball from the bat? €% 


e°32 Basilisk lizards can run across the top of a water sur- 
face (Fig. 9-53). With each step, a lizard first slaps its foot 
against the water and then pushes it down into the water 
rapidly enough to form an air cavity around the top of the 
foot. To avoid having to pull the foot back up against water 
drag in order to complete the step, the lizard withdraws the 
foot before water can flow into the air cavity. If the lizard is 





FIG. 9-51 Problem 30. 





FIG. 9-52 Problem 31. 


not to sink, the average upward impulse on the lizard during 
this full action of slap, downward push, and withdrawal must 
match the downward impulse due to the gravitational force. 
Suppose the mass of a basilisk lizard is 90.0 g, the mass of 
each foot is 3.00 g, the speed of a foot as it slaps the water is 
1.50 m/s, and the time for a single step is 0.600 s. (a) What is 
the magnitude of the impulse on the lizard during the slap? 
(Assume this impulse is directly upward.) (b) During the 
0.600 s duration of a step, what is the downward impulse on 
the lizard due to the gravitational force? (c) Which action, 
the slap or the push, provides the primary support for the 
lizard, or are they approximately equal in their support? == 





FIG. 9-53 Problem 32. Lizard running across water. (Stephen 
Dalton/Photo Researchers) 


ee33 Jumping up before the elevator hits. After the cable 
snaps and the safety system fails, an elevator cab free-falls 
from a height of 36 m. During the collision at the bottom of 
the elevator shaft, a 90 kg passenger is stopped in 5.0 ms. 
(Assume that neither the passenger nor the cab rebounds.) 
What are the magnitudes of the (a) impulse and (b) average 
force on the passenger during the collision? If the passenger 
were to jump upward with a speed of 7.0 m/s relative to the 
cab floor just before the cab hits the bottom of the shaft, what 
are the magnitudes of the (c) impulse and (d) average force 
(assuming the same stopping time)? <—Sme 


°°34 Two average forces. A steady stream of 0.250 kg snow- 
balls is shot perpendicularly into a wall at a speed of 4.00 m/s. 
Each ball sticks to the wall. Figure 9-54 gives the magnitude 
F of the force on the wall as a function of time t for two of the 
snowball impacts. Impacts occur with a repetition time inter- 
val At, = 50.0 ms, last a duration time interval At, = 10 ms, 
and produce isosceles triangles on the graph, with each 
impact reaching a force maximum F,,,, = 200 N. During each 
impact, what are the magnitudes of (a) the impulse and 
(b) the average force on the wall? (c) During a time interval 


FIG. 9-54 Problem 34. 


of many impacts, what 1s the magnitude of the average force 
on the wall? 


®@35 A soccer player kicks a soccer ball of mass 0.45 kg 
that is initially at rest. The player’s foot is in contact with the 
ball for 3.0 X 107° s, and the force of the kick is given by 


F(t) = [(6.0 x 10°)t — (2.0 x 10°)?] N 


for 0 <t = 3.0 X 107°s, where t is in seconds. Find the mag- 
nitudes of (a) the impulse on the ball due to the kick, (b) the 
average force on the ball from the player’s foot during 
the period of contact, (c) the maximum force on the ball from 
the player’s foot during the period of contact, and (d) the 
ball’s velocity immediately after it loses contact with the 


player’s foot. SSM ‘ 
| y 
¥, 
oo 


e¢36 In the overhead view of es 
Fig. 9-55, a 300¢ ball with a ay 
FIG. 9-55 Problem 36. 


speed v of 6.0 m/s strikes a wall 
at an angle @ of 30° and then 
rebounds with the same speed 
and angle. It is in contact with 
the wall for 10 ms. In unit-vector notation, what are (a) the 
impulse on the ball from the wall and (b) the average force 
on the wall from the ball? 


ee37 Figure 9-56 shows an 
approximate plot of force 
magnitude F versus time tf 
during the collision of a 58g 
Superball with a wall. The ini- 
tial velocity of the ball is 34 
m/s perpendicular to the wall; t (ms) 

the ball rebounds directl 

back with approximately ss FOUN: 
same speed, also perpendicu- 

lar to the wall. What is F,,,,, the maximum magnitude of the 
force on the ball from the wall during the collision? € 





F(N) 





ee38 A 0.25 kg puck is initially stationary on an ice surface 
with negligible friction. At time ¢t = 0, a horizontal force 
begins to move the puck. The force is given by (f= 2.0 
3.0022)1, with F in newtons and ¢ in seconds, and it acts until 
its magnitude is zero. (a) What is the magnitude of the 
impulse on the puck from the force between t = 0.500 s and 
t = 1.25 s? (b) What is the change in momentum of the puck 
between ¢ = 0 and the instant at which F = 0? 


sec. 9-7 Conservation of Linear Momentum 

e39 A 91kg man lying on a surface of negligible friction 
shoves a 68 g stone away from himself, giving it a speed of 
4.0 m/s. What speed does the man acquire as a result? SSM 


e490 A space vehicle is traveling at 4300 km/h relative to Earth 
when the exhausted rocket motor (mass 47) is disengaged and 
sent backward with a speed of 82 km/h relative to the command 
module (mass m). What is the speed of the command module 
relative to Earth just after the separation? 


ee4% In the Olympiad of 708 B.c., some athletes competing in 
the standing long jump used handheld weights called halteres 
to lengthen their jumps (Fig. 9-57). The weights were swung 
up in front just before liftoff and then swung down and 
thrown backward during the flight. Suppose a modern 78 kg 
long jumper similarly uses two 5.50 kg halteres, throwing them 
horizontally to the rear at his maximum height such that 


their horizontal velocity is 
zero relative to the ground. 
Let his liftoff velocity be 
Vv = (9.51 + 4.0]) m/s with or 
without the halteres, and as- 
sume that he lands at the 
liftoff level. What distance 
would the use of the halteres 
add to his range? =e 


e042 A 4.0 kg mess kit slid- 
ing on a frictionless surface 
explodes into two 2.0 kg parts: 
3.0 m/s, due north, and 5.0 m/s, Nationaux/Art Resource) 
30° north of east. What is the 
original speed of the mess kit? 





FIG. 9-57 Problem 41. 
(Réunion des Musées 


ee43 Figure 9-58 shows a two-ended “rocket” that is ini- 
tially stationary on a frictionless floor, with its center at the 
origin of an x axis. The rocket consists of a central block C (of 
mass M = 6.00 kg) and blocks L and R (each of mass m = 
2.00 kg) on the left and right sides. Small explosions can 
shoot either of the side blocks away from block C and along 
the x axis. Here is the sequence: (1) At time ¢ = 0, block L is 
shot to the left with a speed of 3.00 m/s relative to the velocity 
that the explosion gives the rest of the rocket. (2) Next, at 
time t = 0.80 s, block R is shot 
to the right with a speed 
of 3.00 m/s relative to the ve- 
locity that block C then has. 
At t = 2.80 s, what are (a) the 
velocity of block C and (b) the 
position of its center? 





FIG. 9-58 Problem 43. 


ee44 An object, with mass m and speed v relative to an 
observer, explodes into two pieces, one three times as 
massive as the other; the explosion takes place in deep space. 
The less massive piece stops relative to the observer. How 
much kinetic energy is added to the system during the explo- 
sion, as measured in the observer’s reference frame? 


ee45 A vessel at rest at the origin of an xy coordinate 
system explodes into three pieces. Just after the explosion, 
one piece, of mass m, moves with velocity (—30 m/s)i 
and a second piece, also of mass m, moves with velocity 
(—30 m/s) j. The third piece has mass 3m. Just after the explo- 
sion, what are the (a) magnitude and (b) direction of the 
velocity of the third piece? 


°e46 In Fig. 9-59, a stationary block explodes into two pieces 
L and R that slide across a frictionless floor and then into re- 
gions with friction, where they stop. Piece L, with a mass of 
2.0 kg, encounters a coefficient of kinetic friction uw; = 0.40 and 
slides to a stop in distance d,; = 0.15 m. Piece R encounters a 
coefficient of kinetic friction wr = 0.50 and slides to a stop in 
distance dz = 0.25 m. What was the mass of the block? 


Hy, u=0 HR 





FIG. 9-59 Problem 46. 


ee47 A 20.0 kg body is moving through space in the posi- 
tive direction of an x axis with a speed of 200 m/s when, due 
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to an internal explosion, it breaks into three parts. One part, 
with a mass of 10.0 kg, moves away from the point of explo- 
sion with a speed of 100 m/s in the positive y direction. 
A second part, with a mass of 4.00 kg, moves in the negative 
x direction with a speed of 500 m/s. (a) In unit-vector nota- 
tion, what is the velocity of the third part? (b) How much 
energy is released in the explosion? Ignore effects due to the 
gravitational force. ssm www 


e°e48 Particle A and particle B are held together with a com- 
pressed spring between them. When they are released, the 
spring pushes them apart, and they then fly off in opposite di- 
rections, free of the spring. The mass of A is 2.00 times the mass 
of B, and the energy stored in the spring was 60 J. Assume that 
the spring has negligible mass and that all its stored energy is 
transferred to the particles. Once that transfer is complete, what 
are the kinetic energies of (a) particle A and (b) particle B? 


sec. 9-9 Inelastic Collisions in One Dimension 
*49 A bullet of mass 10g strikes a ballistic pendulum of 
mass 2.0 kg. The center of mass of the pendulum rises a vertical 
distance of 12 cm. Assuming that the bullet remains embedded 
in the pendulum, calculate the bullet’s initial speed. 


50 A5.20 g bullet moving at 672 m/s strikes a 700 g wooden 
block at rest on a frictionless surface. The bullet emerges, trav- 
eling in the same direction with its speed reduced to 428 m/s. 
(a) What is the resulting speed of the block? (b) What is the 
speed of the bullet—block center of mass? 


e571 In Anchorage, collisions of a vehicle with a moose are 
so common that they are referred to with the abbreviation 
MVC. Suppose a 1000 kg car slides into a stationary 500 kg 
moose on a very slippery road, with the moose being thrown 
through the windshield (a common MVC result). (a) What 
percent of the original kinetic energy 1s lost in the collision to 
other forms of energy? A similar danger occurs in Saudi 
Arabia because of camel—vehicle collisions (CVC). (b) What 
percent of the original kinetic energy is lost if the car hits a 
300 kg camel? (c) Generally, does the percent loss increase or 
decrease if the animal mass decreases? 


ee52 In the “before” part of Fig. 9-60, car A (mass 1100 kg) 
is stopped at a traffic light when it is rear-ended by car B 
(mass 1400 kg). Both cars then slide with locked wheels until 
the frictional force from the slick road (with a low p, of 0.13) 
stops them, at distances d, = 8.2 m and dz = 6.1 m. What are 
the speeds of (a) car A and (b) car B at the start of the slid- 
ing, just after the collision? (c) Assuming that linear momen- 
tum is conserved during the collision, find the speed of car B 


Before 








FIG. 9-60 Problem 52. 


just before the collision. (d) Explain why this assumption 
may be invalid. 


2°53 In Fig. 9-61a, a 3.50 g bullet is fired horizontally at two 
blocks at rest on a frictionless table. The bullet passes 
through block 1 (mass 1.20 kg) and embeds itself in block 2 
(mass 1.80 kg). The blocks end up with speeds v, = 0.630 m/s 
and v,=1.40m/s (Fig. 9-61b). Neglecting the material 
removed from block 1 by the bullet, find the speed of the 
bullet as it (a) leaves and (b) enters block 1. @ 






Frictionless 





FIG. 9-61 Problem 53. 


e054 In Fig. 9-62, a 10 g bul- 
let moving directly upward at 
1000 m/s_ strikes and _ passes 
through the center of mass of a 
5.0 kg block initially at rest. 
The bullet emerges from the 
block moving directly upward Bullet 
at 400 m/s. To what maximum 

height does the block then rise 

above its initial position? 


ee55 In Fig. 9-63, a ball of 
mass m=60¢ is shot with 
speed v; = 22 m/s into the bar- 
rel of a spring gun of mass M 
= 240 g initially at rest on a 
frictionless surface. The ball sticks in the barrel at the point of 
maximum compression of the spring. Assume that the in- 
crease in thermal energy due to friction between the ball and 
the barrel is negligible. (a) What is the speed of the spring 
gun after the ball stops in the barrel? (b) What fraction of the 
initial kinetic energy of the ball is stored in the spring? € 





FIG. 9-62 Problem 54. 





©@56 A completely inelastic collision occurs between 
two balls of wet putty that move directly toward each other 
along a vertical axis. Just before the collision, one ball, of 
mass 3.0 kg, is moving upward at 20 m/s and the other ball, 
of mass 2.0 kg, is moving downward at 12 m/s. How high do 
the combined two balls of putty rise above the collision 
point? (Neglect air drag.) 


°@57 A 5.0 kg block with a speed of 3.0 m/s collides with a 
10 kg block that has a speed of 2.0 m/s in the same direction. 
After the collision, the 10 kg block travels in the original 
direction with a speed of 2.5 m/s. (a) What is the velocity of 
the 5.0 kg block immediately after the collision? (b) By how 
much does the total kinetic energy of the system of two 
blocks change because of the collision? (c) Suppose, instead, 
that the 10 kg block ends up with a speed of 4.0 m/s. What 
then is the change in the total kinetic energy? (d) Account 
for the result you obtained in (c).  !Lw 


eee58 In Fig. 9-64, block 2 
(mass 1.0kg) is at rest on a 
frictionless surface and touch- 
ing the end of an unstretched 
spring of spring constant 200 
N/m. The other end of the spring is fixed to a wall. Block 1 
(mass 2.0 kg), traveling at speed v, = 4.0 m/s, collides with 
block 2, and the two blocks stick together. When the blocks 
momentarily stop, by what distance is the spring compressed? 


eee59 In Fig. 9-65, block 1 —_ a 
(mass 2.0 kg) is moving right- 2 oe. 





FIG. 9-64 Problem 58. 





ward at 10m/s and block 2 : : aE E 
(mass 5.0 kg) is moving right- FIG. 9-65 Problems 
ward at 3.0 m/s. The surface is 59 and 126 


frictionless, and a spring with a 

spring constant of 1120 N/m is fixed to block 2. When the 
blocks collide, the compression of the spring is maximum at 
the instant the blocks have the same velocity. Find the maxi- 
mum compression. !LW 


sec. 9-10 Elastic Collisions in One Dimension 

e60 Two titanium spheres approach each other head-on 
with the same speed and collide elastically. After the 
collision, one of the spheres, whose mass is 300 g, remains at 
rest. (a) What is the mass of the other sphere? (b) What is the 
speed of the two-sphere center of mass if the initial speed of 
each sphere is 2.00 m/s? 


e61 Acart with mass 340 g moving on a frictionless linear air 
track at an initial speed of 1.2 m/s undergoes an elastic colli- 
sion with an initially stationary cart of unknown mass. After 
the collision, the first cart continues in its original direction at 
0.66 m/s. (a) What is the mass of the second cart? (b) What is 
its speed after impact? (c) What is the speed of the two-cart 
center of mass? ssM 


e62 In Fig. 9-66, block A 
(mass 1.6 kg) slides into block 
B (mass 2.4 kg), along a friction- 
less surface. The directions of 
three velocities before (i) and 
after (f) the collision are indi- 
cated; the corresponding speeds 
are V4, = 5.5 m/s, Vg; =2.5 m/s, 
and vg, = 4.9 m/s. What are the 
(a) speed and(b) direction (left 
or right) of velocity V_,;? (c) Is the collision elastic? 


> 
Ai VBi 








FIG. 9-46 Problem 62. 


ee63 A body of mass 2.0 kg makes an elastic collision with 
another body at rest and continues to move in the original 
direction but with one-fourth of its original speed. (a) What is 
the mass of the other body? (b) What is the speed of the 
two-body center of mass if the initial speed of the 2.0 kg body 
was 4.0 m/s? ssM 


°¢64 Block 1, with mass m, and speed 4.0 m/s, slides along 
an x axis on a frictionless floor and then undergoes a one- 
dimensional elastic collision with stationary block 2, with mass 
mM, = 0.40m,. The two blocks then slide into a region where 
the coefficient of kinetic friction is 0.50; there they stop. How 
far into that region do (a) block 1 and (b) block 2 slide? 


ee65 In Fig. 9-67, particle 1 of mass m, = 0.30 kg slides 
rightward along an x axis on a frictionless floor with a speed 


of 2.0 m/s. When it reaches x = 0, 
it undergoes a one-dimensional | 
elastic collision with stationary 2 See 
particle 2 of mass m, = 0.40 kg. na ee x (cm) 
When particle 2 then reaches a 

wall at x, =70cm, it bounces 
from the wall with no loss of 
speed. At what position on the x 
axis does particle 2 then collide 
with particle 1? 


ee66 A steel ball of mass 
0.500 kg is fastened to a cord 
that is 70.0 cm long and fixed at 
the far end. The ball is then 
released when the cord is hori- 
zontal (Fig. 9-68). At the bot- 
tom of its path, the ball strikes a 
2.50 kg steel block initially at rest on a frictionless surface. 
The collision is elastic. Find (a) the speed of the ball and (b) 
the speed of the block, both just after the collision. 





Ww 


FIG. 9-67. Problem 65. 





FIG. 9-68 Problem 66. 


¢e67 Block 1 of mass m, slides along a frictionless floor and 
into a one-dimensional elastic collision with stationary block 
2 of mass m, = 3m,. Prior to the collision, the center of mass 
of the two-block system had a speed of 3.00 m/s. Afterward, 
what are the speeds of (a) the center of mass and (b) block 2? 


ee68 In Fig. 9-69, block 1 of mass m, slides from rest along 
a frictionless ramp from height / = 2.50 m and then collides 
with stationary block 2, which has mass m, = 2.00m,. After 
the collision, block 2 slides into a region where the coefficient 
of kinetic friction pu, is 0.500 and comes to a stop in distance 
d within that region. What is the value of distance d if the col- 
lision is (a) elastic and (b) completely inelastic? 





FIG. 9-69 Problem 68. 


eee69 A small ball of mass 
m is aligned above a larger 
ball of mass M=0.63 kg 
(with a slight separation, as 
with the baseball and basket- 
ball of Fig. 9-70a), and the two 
are dropped simultaneously 
from a height of h=1.8m. 
(Assume the radius of each 
ball is negligible relative to h.) 
(a) If the larger ball rebounds 
elastically from the floor and 
then the small ball rebounds === 
elastically from the larger (a) Before 
ball, what value of m results in 
the larger ball stopping when 
it collides with the small ball? (b) What height does the small 
ball then reach (Fig. 9-705)? == 


————> 


Baseball 








(b) Afte 
FIG. 9-70 Problem 69. 
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eee70 In Fig. 9-71, puck 1 of mass m, = 0.20 kg is sent 
sliding across a frictionless lab bench, to undergo a one- 
dimensional elastic collision with stationary puck 2. Puck 2 
then slides off the bench and lands a distance d from the base 
of the bench. Puck 1 rebounds from the collision and slides 
off the opposite edge of the bench, landing a distance 2d 
from the base of the bench. What is the mass of puck 2? 
(Hint: Be careful with signs.) 





: a / 


FIG. 9-71 Problem 70. 


sec. 9-11 Collisions in Two Dimensions 

ee71 A projectile proton with a speed of 500 m/s collides 
elastically with a target proton initially at rest. The two pro- 
tons then move along perpendicular paths, with the projectile 
path at 60° from the original direction. After the collision, 
what are the speeds of (a) the target proton and (b) the pro- 
jectile proton? 


ee72 Two 2.0 kg bodies, A and B, collide. The velocities 
before the collision are ¥, = (151 + 30)) m/s and ¥, = 
(—101 + 5.0})m/s. After the collision, ¥), = (—5.0i + 
20})m/s. What are (a) the final velocity of B and (b) the 
change in the total kinetic energy (including sign)? 


°ee73 In Fig. 9-23, projectile particle 1 is an alpha particle 
and target particle 2 is an oxygen nucleus. The alpha particle 
is scattered at angle 6, = 64.0° and the oxygen nucleus recoils 
with speed 1.20 X 10° m/s and at angle 6, = 51.0°. In atomic 
mass units, the mass of the alpha particle is 4.00 u and the 
mass of the oxygen nucleus is 16.0 u. What are the (a) final 
and (b) initial speeds of the alpha particle? iw 


ee74 Ball B, moving in the positive direction of an x axis at 
speed v, collides with stationary ball A at the origin. A and B 
have different masses. After the collision, B moves in the neg- 
ative direction of the y axis at speed v/2. (a) In what direction 
does A move? (b) Show that the speed of A cannot be deter- 
mined from the given information. 


eee75 After a completely inelastic collision, two objects of 
the same mass and same initial speed move away together at 
half their initial speed. Find the angle between the initial 
velocities of the objects. 


sec. 9-12 Systems with Varying Mass: A Rocket 

°76 Consider a rocket that is in deep space and at rest rela- 
tive to an inertial reference frame. The rocket’s engine is to 
be fired for a certain interval. What must be the rocket’s mass 
ratio (ratio of initial to final mass) over that interval if the 
rocket’s original speed relative to the inertial frame is to be 
equal to (a) the exhaust speed (speed of the exhaust products 
relative to the rocket) and (b) 2.0 times the exhaust speed? 


e77 A rocket that is in deep space and initially at rest 
relative to an inertial reference frame has a mass of 2.55 X 
10° kg, of which 1.81 X 10° kg is fuel. The rocket engine is 
then fired for 250s while fuel is consumed at the rate of 
480 kg/s. The speed of the exhaust products relative to the 


rocket is 3.27 km/s. (a) What is the rocket’s thrust? After 
the 250 s firing, what are (b) the mass and (c) the speed of the 
rocket? SSM iLw 


°78 A 6090kg space probe moving nose-first toward 
Jupiter at 105 m/s relative to the Sun fires its rocket engine, 
ejecting 80.0 kg of exhaust at a speed of 253 m/s relative to 
the space probe. What is the final velocity of the probe? 


°79 In Fig. 9-72, two long barges are moving in the same 
direction in still water, one with a speed of 10 km/h and the 
other with a speed of 20 km/h. While they are passing each 
other, coal is shoveled from the slower to the faster one at a 
rate of 1000 kg/min. How much additional force must be 
provided by the driving engines of (a) the faster barge and (b) 
the slower barge if neither is to change speed? Assume that 
the shoveling is always perfectly sideways and that the fric- 
tional forces between the barges and the water do not depend 
on the mass of the barges. SSM 





FIG. 9-72 Problem 79. 


Additional Problems 

80 Speed amplifier. In Fig. 9-73, block 1 of mass m, slides 
along an x axis on a friction- 
less floor with a speed of v4; = 
4.00 m/s. Then it undergoes a 
one-dimensional elastic colli- 
sion with stationary block 2 
of mass m, = 0.500m,. Next, 
block 2 undergoes a one-dimensional elastic collision with 
stationary block 3 of mass m3 = 0.500m). (a) What then is the 
speed of block 3? Are (b) the speed, (c) the kinetic energy, 
and (d) the momentum of block 3 greater than, less than, or 
the same as the initial values for block 1? =a 


81 Speed deamplifier. In Fig. 
9-74, block 1 of mass m, 
Slides along an x axis on a 
frictionless floor at speed 4.00 
m/s. Then it undergoes a one- 
dimensional elastic collision with stationary block 2 of mass 
Mm, = 2.00m,. Next, block 2 undergoes a one-dimensional 
elastic collision with stationary block 3 of mass m; = 
2.00m,. (a) What then is the speed of block 3? Are (b) the 
speed, (c) the kinetic energy, and (d) the momentum of 
block 3 greater than, less than, or the same as the initial val- 
ues for block 1? = 


=== fi 





FIG. 9-73 Problem 80. 





FIG. 9-74 Problem 81. 


82 Figure 9-75 shows an overhead 
view of two particles sliding at constant 
velocity over a frictionless surface. The 
particles have the same mass and the 
same initial speed v = 4.00 m/s, and 
they collide where their paths intersect. 
An x axis is arranged to bisect the angle 
between their incoming paths, so that 6 
= 40.0°. The region to the right of the 
collision is divided into four lettered 
sections by the x axis and four numbered dashed lines. In 
what region or along what line do the particles travel if the 
collision is (a) completely inelastic, (b) elastic, and (c) inelas- 
tic? What are their final speeds if the collision is (d) com- 
pletely inelastic and (e) elastic? 


FIG. 9-75 
Problem 82. 


83 “Relative” is an important 
word. In Fig. 9-76, block L of 
mass m, = 1.00 kg and block R 
of mass Mp = 0.500 kg are held 
in place with a compressed 
spring between them. When the blocks are released, the 
spring sends them sliding across a frictionless floor. (The 
spring has negligible mass and falls to the floor after the 
blocks leave it.) (a) If the spring gives block L a release 
speed of 1.20 m/s relative to the floor, how far does block R 
travel in the next 0.800 s? (b) If, instead, the spring gives 
block L a release speed of 1.20 m/s relative to the velocity 
that the spring gives block R, how far does block R travel in 
the next 0.800 s? 


84 Pancake collapse of a tall 
building. In the section of a tall 
building shown in Fig. 9-77a, 
the infrastructure of any given 
floor K must support the 
weight W of all higher floors. 
Normally the infrastructure is 
constructed with a safety fac- 
tor s so that it can withstand 
an even greater downward 
force of sW. If, however, the 
support columns between K and L suddenly collapse and al- 
low the higher floors to free-fall together onto floor K (Fig. 9- 
77b), the force in the collision can exceed sW and, after a 
brief pause, cause K to collapse onto floor J, which collapses 
on floor /, and so on until the ground is reached. Assume that 
the floors are separated by d = 4.0m and have the same 
mass. Also assume that when the floors above K free-fall onto 
K, the collision lasts 1.5 ms. Under these simplified condi- 
tions, what value must the safety factor s exceed to prevent 
pancake collapse of the building? = 3g 


85 A railroad car moves under a grain elevator at a 
constant speed of 3.20 m/s. Grain drops into the car at the 
rate of 540 kg/min. What is the magnitude of the force 
needed to keep the car moving at constant speed if friction is 
negligible? 





(dD) 
FIG. 9-77. Problem 84. 


86 Tyrannosaurus rex may have known from experience 
not to run particularly fast because of the danger of tripping, 
in which case its short forearms would have been no help in 
cushioning the fall. Suppose a 7. rex of mass m trips while 
walking, toppling over, with its center of mass falling freely a 








distance of 1.5 m. Then its center of mass descends an addi- 
tional 0.30 m due to compression of its body and the ground. 
(a) In multiples of the dinosaur’s weight, what is the approxi- 
mate magnitude of the average vertical force on the dinosaur 
during its collision with the ground (during the descent of 
0.30 m)? Now assume that the dinosaur is running at a speed 
of 19 m/s (fast) when it trips, falls to the ground, and then 
slides to a stop with a coefficient of kinetic friction of 0.6. 
Assume also that the average vertical force during the colli- 
sion and sliding is that in (a). What, approximately, are 
(b) the magnitude of the average total force on the dinosaur 
from the ground (again in multiples of its weight) and (c) the 
sliding distance? The force magnitudes of (a) and (b) strongly 
suggest that the collision would injure the torso of the 
dinosaur. The head, which would fall farther, would suffer 
even greater injury. 


87 A man (weighing 915 N) stands on a long railroad flat- 
car (weighing 2415 N) as it rolls at 18.2 m/s in the positive 
direction of an x axis, with negligible friction. Then the man 
runs along the flatcar in the negative x direction at 4.00 m/s 
relative to the flatcar. What is the resulting increase in the 
speed of the flatcar? 


88 Figure 9-78 shows a uni- 
form square plate of edge 
length 6d = 6.0 m from which a 
square piece of edge length 2d 
has been removed. What are (a) 
the x coordinate and (b) the y 
coordinate of the center of mass 
of the remaining piece? 


89 The last stage of a rocket, 
which is traveling at a speed of 
7600 m/s, consists of two parts 
that are clamped together: 
a rocket case with a mass of 290.0 kg and a payload capsule 
with a mass of 150.0 kg. When the clamp is released, a com- 
pressed spring causes the two parts to separate with a relative 
speed of 910.0 m/s. What are the speeds of (a) the rocket case 
and (b) the payload after they have separated? Assume that 
all velocities are along the same line. Find the total kinetic 
energy of the two parts (c) before and (d) after they separate. 
(e) Account for the difference. 





FIG. 9-78 Problem 88. 


90 An object is tracked by a radar station and found to 
have a position vector given by 7 = (3500 — 160#)i + 
2700} + 300k, with 7 in meters and ¢ in seconds. The radar 
station’s x axis points east, its y axis north, and its z axis verti- 
cally up. If the object is a 250 kg meteorological missile, what 
are (a) its linear momentum, (b) its direction of motion, and 
(c) the net force on it? 


91 A pellet gun fires ten 2.0 g pellets per second with a 
speed of 500 m/s. The pellets are stopped by a rigid wall. 
What are (a) the magnitude of the momentum of each pellet, 
(b) the kinetic energy of each pellet, and (c) the magnitude of 
the average force on the wall from the stream of pellets? 
(d) If each pellet is in contact with the wall for 0.60 ms, what 
is the magnitude of the average force on the wall from each 
pellet during contact? (ec) Why is this average force so differ- 
ent from the average force calculated in (c)? ssm 


92 A body is traveling at 2.0 m/s along the positive direction 
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of an x axis; no net force acts on the body. An internal explo- 
sion separates the body into two parts, each of 4.0 kg, and in- 
creases the total kinetic energy by 16 J. The forward part con- 
tinues to move in the original direction of motion. What are 
the speeds of (a) the rear part and (b) the forward part? 


93 A 1400 kg car moving at 5.3 m/s is initially traveling 
north along the positive direction of a y axis. After completing 
a 90° right-hand turn in 4.6s, the inattentive operator drives 
into a tree, which stops the car in 350 ms. In unit-vector nota- 
tion, what is the impulse on the car (a) due to the turn and 
(b) due to the collision? What is the magnitude of the 
average force that acts on the car (c) during the turn and 
(d) during the collision? (e) What is the direction of the aver- 
age force during the turn? ssm 


94 A spacecraft is separated into two parts by detonating 
the explosive bolts that hold them together. The masses of 
the parts are 1200kg and 1800 kg; the magnitude of the 
impulse on each part from the bolts is 300 N-s. With what 
relative speed do the two parts separate because of the deto- 
nation? 


95 A ball having a mass of 150 g strikes a wall with a speed 
of 5.2 m/s and rebounds with only 50% of its initial kinetic 
energy. (a) What is the speed of the ball immediately after 
rebounding? (b) What is the magnitude of the impulse on the 
wall from the ball? (c) If the ball is in contact with the wall 
for 7.6 ms, what is the magnitude of the average force on the 
ball from the wall during this time interval? 


96 An old Chrysler with mass 2400 kg is moving along a 
straight stretch of road at 80 km/h. It is followed by a Ford 
with mass 1600 kg moving at 60 km/h. How fast is the center 
of mass of the two cars moving? 


97 A railroad freight car of mass 3.18 X 10* kg collides 
with a stationary caboose car. They couple together, and 
27.0% of the initial kinetic energy is transferred to thermal 
energy, sound, vibrations, and so on. Find the mass of the 
caboose. SSM 


98 Two blocks of masses 1.0 kg and 3.0 kg are connected 
by a spring and rest on a frictionless surface. They are given 
velocities toward each other such that the 1.0 kg block travels 
initially at 1.7 m/s toward the center of mass, which remains 
at rest. What is the initial speed of the other block? 


99 A 75kg man is riding on a 39kg cart traveling at a 
velocity of 2.3 m/s. He jumps off with zero horizontal velocity 
relative to the ground. What is the resulting change in the 
cart’s velocity, including sign? 


100 A certain radioactive (parent) nucleus transforms to a 
different (daughter) nucleus by emitting an electron and 
a neutrino. The parent nucleus was at rest at the origin of an 
xy coordinate system. The electron moves away from the 
origin with linear momentum (—1.2 X 10-”kg-m/s)i; the 
neutrino moves away from the origin with linear momentum 
(—6.4 x 10° kg-m/s)j. What are the (a) magnitude and 
(b) direction of the linear momentum of the daughter 
nucleus? (c) If the daughter nucleus has a mass of 5.8 X 107° 
kg, what is its kinetic energy? !Lw 


101 Inthe arrangement of Fig. 9-23, billiard ball 1 moving at 
a speed of 2.2 m/s undergoes a glancing collision with identi- 
cal billiard ball 2 that is at rest. After the collision, ball 2 


moves at speed 1.1 m/s, at an angle of @, = 60°. What are 
(a) the magnitude and (b) the direction of the velocity of 
ball 1 after the collision? (c) Do the given data suggest the 
collision is elastic or inelastic? SSM 


102 A rocket is moving away from the solar system at a 
speed of 6.0 X 10° m/s. It fires its engine, which ejects exhaust 
with a speed of 3.0 X 10° m/s relative to the rocket. The mass 
of the rocket at this time is 4.0 x 10‘ kg, and its acceleration 
is 2.0 m/s’. (a) What is the thrust of the engine? (b) At what 
rate, in kilograms per second, is exhaust ejected during the 
firing? 


103 The three balls in yi 
the overhead view of Fig. Na © 
9-79 are identical. Balls 2 : 3 
ane ovenac acm oulcy FIG. 9-79 Problem 103. 
and are aligned perpen- 

dicular to the path of ball 1. The velocity of ball 1 has magni- 
tude vp = 10 m/s and is directed at the contact point of balls 1 
and 2. After the collision, what are the (a) speed and (b) di- 
rection of the velocity of ball 2, the (c) speed and (d) direc- 
tion of the velocity of ball 3, and the (e) speed and (f) direc- 
tion of the velocity of ball 1? (Hint: With friction absent, each 
impulse is directed along the line connecting the centers of 
the colliding balls, normal to the colliding surfaces. ) 





104 Ina game of pool, the cue ball strikes another ball of 
the same mass and initially at rest. After the collision, the cue 
ball moves at 3.50 m/s along a line making an angle of 22.0° 
with the cue ball’s original direction of motion, and the sec- 
ond ball has a speed of 2.00 m/s. Find (a) the angle between 
the direction of motion of the second ball and the original 
direction of motion of the cue ball and (b) the original speed 
of the cue ball. (c) Is kinetic energy (of the centers of mass, 
don’t consider the rotation) conserved? 


105 In Fig. 9-80, two identical containers of 
sugar are connected by a cord that passes 
over a frictionless pulley. The cord and pul- 
ley have negligible mass, each container and 
its sugar together have a mass of 500 g, the 
centers of the containers are separated by 50 
mm, and the containers are held fixed at the 
same height. What is the horizontal distance 
between the center of container 1 and the 
center of mass of the two-container system 
(a) initially and (b) after 20g of sugar is Problem 105. 
transferred from container 1 to container 2? 

After the transfer and after the containers are released, (c) in 
what direction and (d) at what acceleration magnitude does 
the center of mass move? 


106 A0.15 kg ball hits a wall with a velocity of (5.00 m/s)i + 
(6.50 m/s)j + (4.00 m/s)k. It rebounds from the wall with a 
velocity of (2.00 m/s)i + (3.50 m/s)j + (—3.20 m/s)k. What 
are (a) the change in the ball’s momentum, (b) the impulse 
on the ball, and (c) the impulse on the wall? 


107 Attime t = 0, force F, = (—4.00i + 5.00}) N acts on an 
initially stationary particle of mass 2.00 x 10°° kg and force 
F, = (2.001 — 4.00}) N acts on an initially stationary particle 
of mass 4.00 x 10°° kg. From time t = 0 to t = 2.00 ms, what 
are the (a) magnitude and (b) angle (relative to the positive 
direction of the x axis) of the displacement of the center of 





FIG. 9-80 


mass of the two-particle system? (c) What is the kinetic 
energy of the center of mass at t = 2.00 ms? ssm 


108 A 0.550 kg ball falls directly down onto concrete, hit- 
ting it with a speed of 12.0 m/s and rebounding directly up- 
ward with a speed of 3.00 m/s. Extend a y axis upward. In 
unit-vector notation, what are (a) the change in the ball’s mo- 
mentum, (b) the impulse on the ball, and (c) the impulse on 
the concrete? 


109 A _ collision occurs between a 2.00kg particle 
traveling with velocity V, = (—4.00 m/s)i + (—5.00 m/s)j and 
a 4.00 kg particle traveling with velocity V, = (6.00 m/s)i+ 
(—2.00 m/s)j. The collision connects the two particles. What 
then is their velocity in (a) unit-vector notation and as a 
(b) magnitude and (c) angle? 


170 An atomic nucleus at rest at the origin of an xy coordi- 
nate system transforms into three particles. Particle 1, mass 
16.7 X 10°? kg, moves away from the origin at velocity 
(6.00 X 10° m/s)i; particle 2, mass 8.35 < 1072’ kg, moves away at 
velocity (—8.00 X 10° m/s)j. (a) In unit-vector notation, what is 
the linear momentum of the third particle, mass 11.7 X 10-7’ kg? 
(b) How much kinetic energy appears in this transformation? 


7117 An electron undergoes a one-dimensional elastic colli- 
sion with an initially stationary hydrogen atom. What 
percentage of the electron’s initial kinetic energy is trans- 
ferred to kinetic energy of the hydrogen atom? (The mass of 
the hydrogen atom is 1840 times the mass of the electron.) 


772 The script for an action 
movie calls for a small race esses 
car (of mass 1500kg and == Eos 
length 3.0m) to accelerate 
along a flattop boat (of mass 
4000 kg and length 14m), from one end of the boat to the 
other, where the car will then jump the gap between the boat 
and a somewhat lower dock. You are the technical advisor for 
the movie. The boat will initially touch the dock, as in Fig. 9- 
81; the boat can slide through the water without significant 
resistance; both the car and the boat can be approximated as 
uniform in their mass distribution. Determine what the width 
of the gap will be just as the car is about to make the jump. 


713 A rocket sled with a mass of 2900 kg moves at 250 m/s 
on a set of rails. At a certain point, a scoop on the sled 
dips into a trough of water located between the tracks and 
scoops water into an empty tank on the sled. By applying the 
principle of conservation of linear momentum, determine the 
speed of the sled after 920 kg of water has been scooped up. 
Ignore any retarding force on the scoop. SSM 





Dock Boat 


114 A 140g ball with speed 7.8 m/s strikes a wall perpen- 
dicularly and rebounds in the opposite direction with the 
same speed. The collision lasts 3.80 ms. What are the magni- 
tudes of the (a) impulse and (b) average force on the wall 
from the ball? 


115 (a) How far is the center of mass of the Earth-Moon 
system from the center of Earth? (Appendix C gives the 
masses of Earth and the Moon and the distance between the 
two.) (b) What percentage of Earth’s radius is that distance? 
SSM 


116 A 500.0kg module is attached to a 400.0 kg shuttle 
craft, which moves at 1000 m/s relative to the stationary main 


spaceship. Then a small explosion sends the module back- 
ward with speed 100.0 m/s relative to the new speed of the 
shuttle craft. As measured by someone on the main space- 
ship, by what fraction did the kinetic energy of the module 
and shuttle craft increase because of the explosion? 


117 A 6100 kg rocket is set for vertical firing from the 
ground. If the exhaust speed is 1200 m/s, how much gas must 
be ejected each second if the thrust (a) is to equal the magni- 
tude of the gravitational force on the rocket and (b) is to give 
the rocket an initial upward acceleration of 21 m/s*? ssm 


1718 A 2140 kg railroad flatcar, which can move with negli- 
gible friction, is motionless next to a platform. A 242 kg sumo 
wrestler runs at 5.3 m/s along the platform (parallel to the 
track) and then jumps onto the flatcar. What is the speed of 
the flatcar if he then (a) stands on it, (b) runs at 5.3 m/s rela- 
tive to it in his original direction, and (c) turns and runs at 
5.3 m/s relative to the flatcar opposite his original direction? 


7119 In Fig. 9-82, block 1 slides 
along an x axis on a frictionless 
floor with a speed of 0.75 m/s. 
When it reaches stationary block ~!°?™ 

2, the two blocks undergo an elas- F!G. 9-82 Problem 119. 
tic collision. The following table 

gives the mass and length of the (uniform) blocks and also 
the locations of their centers at time t = 0. Where is the cen- 
ter of mass of the two-block system located (a) at t = 0, (b) 
when the two blocks first touch, and (c) at t = 4.0 s? 





Block Mass (kg) Length (cm) Center att = 0 
il (25 5.0 x = —1.50m 
2 0.50 6.0 x=0 


120 In Fig. 9-83, an 80 kg man is on 
a ladder hanging from a balloon that 
has a total mass of 320 kg (including 
the basket passenger). The balloon is 
initially stationary relative to the 
ground. If the man on the ladder be- 
gins to climb at 2.5 m/s relative to the 
ladder, (a) in what direction and (b) at 
what speed does the balloon move? 
(c) If the man then stops climbing, 
what is the speed of the balloon? 


121 Particle 1 of mass 200g and 
speed 3.00 m/s undergoes a one-di- 
mensional collision with stationary 
particle 2 of mass 400 g. What is the 
magnitude of the impulse on particle 1 
if the collision is (a) elastic and (b) 
completely inelastic? 





FIG. 9-83 
Problem 120. 


122 During a lunar mission, it is necessary to increase the 
speed of a spacecraft by 2.2 m/s when it is moving at 400 m/s 
relative to the Moon. The speed of the exhaust products from 
the rocket engine is 1000 m/s relative to the spacecraft. What 
fraction of the initial mass of the spacecraft must be burned 
and ejected to accomplish the speed increase? 


123 In Fig. 9-84, a 3.2 kg box of running shoes slides on a 
horizontal frictionless table and collides with a 2.0 kg box of 
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ballet slippers initially at rest 
on the edge of the table, at 
height h = 0.40 m. The speed of 
the 3.2 kg box is 3.0 m/s just be- 
fore the collision. If the two 
boxes stick together because of 
packing tape on their sides, 
what is their kinetic energy just 
before they strike the floor? 


124 In the two-sphere arrangement of Sample Problem 9-11, 
assume that sphere 1 has a mass of 50 g and an initial height 
of h, = 9.0 cm, and that sphere 2 has a mass of 85g. After 
sphere 1 is released and collides elastically with sphere 2, what 
height is reached by (a) sphere 1 and (b) sphere 2? After the 
next (elastic) collision, what height is reached by (c) sphere 1 
and (d) sphere 2? (Hint: Do not use rounded-off values.) 


125 A 3000 kg block falls vertically through 6.0 m and then 
collides with a 500 kg pile, driving it 3.0cm into bedrock. 
Assuming that the block—pile collision is completely inelas- 
tic, find the magnitude of the average force on the pile from 
the bedrock during the 3.0 cm descent. 


126 In Fig. 9-65, block 1 (mass 6.0 kg) is moving rightward 
at 8.0 m/s and block 2 (mass 4.0 kg) is moving rightward at 
2.0 m/s. The surface is frictionless, and a spring with a spring 
constant of 8000 N/m is fixed to block 2. Eventually block 1 
overtakes block 2. At the instant block 1 is moving rightward 
at 6.4 m/s, what are (a) the speed of block 2 and (b) the elas- 
tic potential energy of the spring? 


127 An electron (mass m, = 9.11 X 1073! kg) and a proton 
(mass m, = 1.67 X 107°’ kg) attract each other via an electri- 
cal force. Suppose that an electron and a proton are released 
from rest with an initial separation d = 3.0 X 10°° m. When 
their separation has decreased to 1.0 X 107° m, what is the 
ratio of (a) the electron’s linear momentum magnitude to the 
proton’s linear momentum magnitude, (b) the electron’s 
speed to the proton’s speed, and (c) the electron’s kinetic 
energy to the proton’s kinetic energy? (d) As the separation 
continues to decrease, do the answers to (a) through 
(c) increase, decrease, or remain the same? 


128 A railroad freight car weighing 280 KN and traveling at 
1.52 m/s overtakes one weighing 210 KN and traveling at 
0.914 m/s in the same direction. If the cars couple together, 
find (a) the speed of the cars after the collision and (b) the 
loss of kinetic energy during the collision. If instead, as 1s very 
unlikely, the collision is elastic, find the after-collision speed 
of (c) the lighter car and (d) the heavier car. 


129 A 3.0 kg object moving at 8.0 m/s in the positive direc- 
tion of an x axis has a one-dimensional elastic collision with 
an object of mass M, initially at rest. After the collision the 
object of mass M has a velocity of 6.0 m/s in the positive 
direction of the axis. What is mass M? ssm 


130 Two particles P and Q are released from rest 1.0 m apart. 
P has a mass of 0.10 kg, and Q a mass of 0.30 kg. P and Q at- 
tract each other with a constant force of 1.0 x 107? N. No exter- 
nal forces act on the system. (a) What is the speed of the center 
of mass of P and Q when the separation is 0.50 m? (b) At what 
distance from P’s original position do the particles collide? 


131. In Fig. 9-85, block 1 of mass m, = 6.6 kg is at rest on a 
long frictionless table that is up against a wall. Block 2 of 





mass 7, is placed between block 1 and the wall and sent slid- 
ing to the left, toward block 1, with constant speed v.,;. Find 
the value of m, for which both blocks move with the same 
velocity after block 2 has collided once with block 1 and once 
with the wall. Assume all collisions are elastic (the collision 
with the wall does not change the speed of block 2). 





FIG. 9-85 Problem 131. 


132 A rocket of mass M moves along an x axis at the con- 
stant speed v;=40m/s. A small explosion separates the 
rocket into a rear section (of mass m,) and a front section; 
both sections move along the x axis. The relative speed 
between the rear and front sections 1s 20 m/s. What are 
(a) the minimum possible value of final speed v; of the front 
section and (b) for what limiting value of m, does it occur? 
(c) What is the maximum possible value of v, and (d) for 
what limiting value of mm, does it occur? 


133 A 2.65 kg stationary package explodes into three parts 
that then slide across a frictionless floor. The package had 
been at the origin of a coordinate system. Part 1 has mass 
m, = 0.500 kg and velocity (10.01 + 12.0;) m/s. Part 2 has 
mass m, = 0.750 kg and a speed of 14.0 m/s, and travels at an 
angle 110° (counterclockwise from the positive direction of 
the x axis). (a) What is the speed of part 3? (b) In what direc- 
tion does it travel? 


134 Particle 1 with mass 3.0 kg and velocity (5.0 m/s)i un- 
dergoes a one-dimensional elastic collision with particle 2 
with mass 2.0 kg and velocity (—6.0 m/s)i. After the collision, 
what are the velocities of (a) particle 1 and (b) particle 2? 


135 Ata certain instant, four particles have the xy coordi- 
nates and velocities given in the following table. At that 
instant, what are the (a) x and (b) y coordinates of their 
center of mass and (c) the velocity of their center of mass? 


Particle Mass (kg) Position (m) Velocity (m/s) 
1 2.0 0, 3.0 —9.0j 
2 4.0 3.0, 0 6.01 
3 3.0 0, —2.0 6.0] 
4 12 —1.0,0 —2.0i 


136 Figure 9-86 shows two 22.7 kg ice sleds that are placed 
a short distance apart, one directly behind the other. A 3.63 
kg cat initially standing on one sled jumps to the other one 
and then back to the first. Both jumps are made at a speed of 
3.05 m/s relative to the ice. What are the final speeds of 
(a) the first sled and (b) the other sled? 
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FIG. 9-86 Problem 136. 








The snapping shrimp stuns its prey (tiny crabs) by clamping its oversized 
claw shut but not on the prey itself. Instead, the prey is stunned by a 
powertul sound wave generated by the moving part of the claw as it 

nears the stationary part of the claw. The sound (a snap resembling the 

pop of popcorn) can be heard by a diver and, with enough shrimp, can 
be loud enough to hide a submarine from sonar detection. The sound 
wave can also produce very faint flashes of light, what is generally 
called sound-produced light or sonoluminescence. However, some 
researchers have dubbed the shrimp-produced light 
shrimpoluminescence. 


























The answer is in this chapter. 
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FIG. 10-1 Figure skater Sasha 
Cohen in motion of (a) pure transla- 
tion in a fixed direction and (b) pure 
rotation about a vertical axis. 

(a: Mike Segar/Reuters/Landov 
LLC; b: Elsa/Getty Images, Inc.) 





10-1 WHAT IS PHYSICS? 


As we have discussed, one focus of physics is motion. However, so far we 
have examined only the motion of translation, in which an object moves along 
a straight or curved line, as in Fig. 10-1a. We now turn to the motion of rotation, 
in which an object turns about an axis, as in Fig. 10-1b. 

You see rotation in nearly every machine, you use it every time you open a 
beverage can with a pull tab, and you pay to experience it every time you go to 
an amusement park. Rotation is the key to many fun activities, such as hitting a 
long drive in golf (the ball needs to rotate in order for the air to keep it aloft 
longer) and throwing a curveball in baseball (the ball needs to rotate in order 
for the air to push it left or right). Rotation is also the key to more serious 
matters, such as metal failure in aging airplanes. 

We begin our discussion of rotation by defining the variables for the motion, 
just as we did for translation in Chapter 2. 
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We wish to examine the rotation of a rigid body about a fixed axis. A rigid body 
is a body that can rotate with all its parts locked together and without any change 
in its shape. A fixed axis means that the rotation occurs about an axis that does not 
move. Thus, we shall not examine an object like the Sun, because the parts of the 
Sun (a ball of gas) are not locked together. We also shall not examine an object 
like a bowling ball rolling along a lane, because the ball rotates about a moving 
axis (the ball’s motion is a mixture of rotation and translation). 

Figure 10-2 shows a rigid body of arbitrary shape in rotation about a fixed 
axis, called the axis of rotation or the rotation axis. In pure rotation (angular 
motion), every point of the body moves in a circle whose center lies on the axis 
of rotation, and every point moves through the same angle during a particular 
time interval. In pure translation (linear motion), every point of the body moves 
in a straight line, and every point moves through the same linear distance during 
a particular time interval. 

We deal now—one at a time—with the angular equivalents of the linear 
quantities position, displacement, velocity, and acceleration. 


Angular Position 


Figure 10-2 shows a reference line, fixed in the body, perpendicular to the rota- 
tion axis and rotating with the body. The angular position of this line is the angle 
of the line relative to a fixed direction, which we take as the zero angular 
position. In Fig. 10-3, the angular position 6 is measured relative to the positive 
direction of the x axis. From geometry, we know that 6 is given by 


g= = (radian measure). (10-1) 


Here s is the length of a circular arc that extends from the x axis (the zero angu- 
lar position) to the reference line, and r is the radius of the circle. 

An angle defined in this way is measured in radians (rad) rather than in 
revolutions (rev) or degrees. The radian, being the ratio of two lengths, is a 
pure number and thus has no dimension. Because the circumference of a circle 
of radius r is 2ar, there are 27 radians in a complete circle: 

Qane 


1 rev = 360° = = 27 rad, (10-2) 


and thus 1 rad = 57.3° = 0.159 rev. (10-3) 
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We do not reset @ to zero with each complete rotation of the reference line 
about the rotation axis. If the reference line completes two revolutions from the 
zero angular position, then the angular position 6 of the line is 0 = 47rad. 

For pure translation along an x axis, we can Know all there is to know about 
a moving body if we know x(t), its position as a function of time. Similarly, for 
pure rotation, we can know all there is to know about a rotating body if we 
know 6(t), the angular position of the body’s reference line as a function of time. 


Angular Displacement 


If the body of Fig. 10-3 rotates about the rotation axis as in Fig. 10-4, changing 
the angular position of the reference line from 6, to 6, the body undergoes an 
angular displacement Aé given by 

A@ = 0, i 0). (10-4) 
This definition of angular displacement holds not only for the rigid body as a 
whole but also for every particle within that body. 

If a body is in translational motion along an x axis, its displacement Ax is 
either positive or negative, depending on whether the body is moving in the 
positive or negative direction of the axis. Similarly, the angular displacement A@ 
of a rotating voge is either Bose or Be ea sea to the OMe rule: 
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The phrase “clocks are negative” can help you remember this rule (the 
are negative when their alarms sound off early in the morning). 


CHECKPOINT 1 A disk can rotate about its central axis like a merry-go- 
round. Which of the following pairs of values for its initial and final angular 
positions, respectively, give a negative angular displacement: (a) —3 rad, +5 rad, (b) 
mo rad, 7 rads(c) 7rad. —3 rad? 


Angular Velocity 


Suppose that our rotating body is at angular position 0, at time ¢, and at angular 
position 6, at time f, as in Fig. 10-4. We define the average angular velocity of 
the body in the time interval At from f, to t, to be 


ta si (10-5) 
lh At 
in which A@ is the angular displacement that occurs during At (w is the lowercase 
Greek letter omega). 

The (instantaneous) angular velocity w, with which we shall be most con- 
cerned, is the limit of the ratio in Eq. 10-5 as At approaches zero. Thus, 


Wave — 


NIA eres aus ey 
aes Ato At dt 


(10-6) 
If we know 6@(t), we can find the angular velocity w by differentiation. 

Equations 10-5 and 10-6 hold not only for the rotating rigid body as a whole 
but also for every particle of that body because the particles are all locked 
together. The unit of angular velocity is commonly the radian per second (rad/s) 
or the revolution per second (rev/s). Another measure of angular velocity was 
used during at least the first three decades of rock: Music was Beduced by vee 
(phonograph) records that were played on turntables at “335 rpm” or “45 rpm,” 
meaning at 33; rev/min or 45 rev/min. 


z 


cl 
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FIG. 10-2 A rigid body of arbitrary 
shape in pure rotation about the 

z axis of a coordinate system. The 
position of the reference line with 
respect to the rigid body is arbitrary, 
but it is perpendicular to the rota- 
tion axis. It is fixed in the body and 
rotates with the body. 





Rotation 
AaxIS 


FIG. 10-3 The rotating rigid body 
of Fig. 10-2 in cross section, viewed 
from above. The plane of the cross 
section is perpendicular to the rota- 
tion axis, which now extends out of 
the page, toward you. In this position 
of the body, the reference line makes 
an angle 6 with the x axis. 


y 






Reference line 


O|\— Rotation axis 


FIG. 10-4 The reference line of the 
rigid body of Figs. 10-2 and 10-3 is at 
angular position 0, at time ¢, and at 
angular position 6, at a later time bh. 
The quantity A@ (= 6, — 6,) is the 
angular displacement that occurs 
during the interval At (= & — ¢,). 
The body itself is not shown. 
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If a particle moves in translation along an x axis, its linear velocity v is either 
positive or negative, depending on whether the particle is moving in the positive 
or negative direction of the axis. Similarly, the angular velocity w of a rotating 
rigid body is either positive or negative, depending on whether the body is 
rotating counterclockwise (positive) or clockwise (negative). (“Clocks are nega- 
tive” still works.) The magnitude of an angular velocity is called the angular 
speed, which is also represented with w. 


Angular Acceleration 


If the angular velocity of a rotating body is not constant, then the body has an 
angular acceleration. Let w, and @, be its angular velocities at times ft, and f,, 
respectively. The average angular acceleration of the rotating body in the inter- 
val from f, to ft, is defined as 

WM. — Wy _ Aw 


———e 10-7 
inh At ° oD) 


avg = 
in which Aw is the change in the angular velocity that occurs during the time 
interval At. The (instantaneous) angular acceleration a, with which we shall be 
most concerned, 1s the limit of this quantity as At approaches zero. Thus, 


Ys Na) dw 
ee 


oa 10-8 
Ai>o At dt ( ) 


Equations 10-7 and 10-8 also hold for every particle of that body. The unit of 
angular acceleration is commonly the radian per second-squared (rad/s*) or the 
revolution per second-squared (rev/s’). 


shore 








The disk in Fig. 10-5a is rotating about its central axis 
like a merry-go-round. The angular position 6(t) of a 
reference line on the disk is given by 


6 = —1.00 — 0.600r + 0.25022, (10-9) 


with ¢ in seconds, 6 in radians, and the zero angular posi- 
tion as indicated in the figure. 


(a) Graph the angular position of the disk versus time 
from t = —3.0s to t=5.4s. Sketch the disk and its an- 
gular position reference line at t = —2.0s, 0s, and 4.05, 
and when the curve crosses the ¢ axis. 


cei The angular position of the disk is the 


angular position @(t) of its reference line, which is given 
by Eq. 10-9 as a function of time ft. So we graph 
Eq. 10-9; the result is shown in Fig. 10-5b. 


Calculations: To sketch the disk and its reference line 
at a particular time, we need to determine @ for that 
time. To do so, we substitute the time into Eq. 10-9. For 
t= —2.08, we get 


6 = —1.00 — (0.600)(—2.0) + (0.250)(—2.0) 


= 2 rad. — 1.2 rad 00 = 69°. 
27 rad 





This means that at t = —2.0s the reference line on the 
disk is rotated counterclockwise from the zero position 
by 1.2 rad = 69° (counterclockwise because @ is posi- 
tive). Sketch 1 in Fig. 10-5b shows this position of the 
reference line. 

Similarly, for t = 0, we find @= —1.00 rad = —57*, 
which means that the reference line is rotated clockwise 
from the zero angular position by 1.0 rad, or 57°, as 
shown in sketch 3. For t = 4.0s, we find 6 = 0.60 rad = 
34° (sketch 5). Drawing sketches for when the curve 
crosses the f axis is easy, because then 6 = 0 and the ref- 
erence line is momentarily aligned with the zero angu- 
lar position (sketches 2 and 4). 


(b) At what time f,;, does 6(f) reach the minimum 
value shown in Fig. 10-55? What is that minimum value? 


corey To find the extreme value (here the mini- 


mum) of a function, we take the first derivative of the 
function and set the result to zero. 
Calculations: The first derivative of 0(f) is 
a9 
at 


Setting this to zero and solving for ¢ give us the time at 


= —(,600 + 0.500t. (10-10) 


Rotation axis 


Reference 
line 





(}-—-Zero 
angular 
position 


(a) (0) 
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FIG. 10-5 (a) A rotating disk. (b) A plot of the disk’s angular position 6(t). Five sketches indicate the angular position of the ref- 
erence line on the disk for five points on the curve. (c) A plot of the disk’s angular velocity w(t). Positive values of w correspond 
to counterclockwise rotation, and negative values to clockwise rotation. 


which 6(t) is minimum: 
= 1.20 s. 
To get the minimum value of 6, we next substitute 4,1 
into Eq. 10-9, finding 
6 = —1.36 rad ~ —77.9°. 
This minimum of 6(t) (the bottom of the curve in Fig. 
10-5b) corresponds to the maximum clockwise rotation 


of the disk from the zero angular position, somewhat 
more than is shown in sketch 3. 


(Answer) 


(Answer) 


(c) Graph the angular velocity w of the disk versus 
time from ¢ = —3.0s to t= 6.0s. Sketch the disk and 
indicate the direction of turning and the sign of w at t = 
—2.0s, 4.0 s, and tin. 


cots From Eq. 10-6, the angular velocity w 1s 


equal to dé/dt as given in Eq. 10-10. So, we have 
w = —0.600 + 0.5002. (10-11) 
The graph of this function w(t) is shown in Fig. 10-5c. 


Calculations: To sketch the disk at t = —2.0s, we sub- 
stitute that value into Eq. 10-11, obtaining 


w = —1.6 rad/s. (Answer) 


The minus sign tells us that at t = —2.0s, the disk 1s 
turning clockwise (the lowest sketch in Fig. 10-5c). 
Substituting t = 4.0 s into Eq. 10-11 gives us 


w = 1.4 rad/s. (Answer) 


The implied plus sign tells us that at t = 4.0, the disk 
is turning counterclockwise (the highest sketch in 
Fig. 10-5c). 

For tnin, We already know that d6/dt = 0. So, we 
must also have w= 0. That is, the disk momentarily 
stops when the reference line reaches the minimum 
value of 6 in Fig. 10-5b, as suggested by the center 
sketch in Fig. 10-5c. 


(d) Use the results in parts (a) through (c) to describe 
the motion of the disk from t = —3.0s tot = 6.0s. 


Description: When we first observe the disk at t = —3.0 
s, it has a positive angular position and is turning clock- 
wise but slowing. It stops at angular position 0 = —1.36 
rad and then begins to turn counterclockwise, with its an- 
gular position eventually becoming positive again. 


Sample Problem ary 


A child’s top is spun with angular acceleration 
a = 5P — 4t, 
with ¢ in seconds and a in radians per second-squared. 


At t = 0, the top has angular velocity 5 rad/s, and a ref- 
erence line on it is at angular position @ = 2 rad. 


(a) Obtain an expression for the angular velocity w(t) 
of the top. 


coi By definition, a(t) is the derivative of w(t) 


with respect to time. Thus, we can find w(t) by integrat- 
ing a(t) with respect to time. 


Calculations: Equation 10-8 tells us 
dw = a dt, 


SO | da= faa 


From this we find 


w= [Oe — 4) ar= Se -fe +c. 
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To evaluate the constant of integration C, we note that with respect to time. Therefore, we can find 6(t) by inte- 
= 5 rad/s at t = 0. Substituting these values in our grating w(t) with respect to time. 
expression for w yields 


Calculations: Since Eq. 10-6 tells us that 
Srad/ss =0-0+C, 


dé = w dt, 
so C = 5 rad/s. Then we can write 
w= 214 — 274+ 5. (Answer) @= | wo dt= | ex — 22 + 5) at 
(b) Obtain an expression for the angular position 6(t) 


=7P —264+ 5¢+ C' 


a 8 
= 4h — 3b + St t 2, (Answer) 


MTs. eration av ig the derivative of an where C’ has been evaluated by noting that @ = 2 rad 
By definition, w(t) is the derivative of 6(t) att = 0. 


of the top. 
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We can describe the position, velocity, and acceleration of a single particle by 
means of vectors. If the particle is confined to a straight line, however, we do not 
really need vector notation. Such a particle has only two directions available to 
it, and we can indicate these directions with plus and minus signs. 

In the same way, a rigid body rotating about a fixed axis can rotate only 
clockwise or counterclockwise as seen along the axis, and again we can select 
between the two directions by means of plus and minus signs. The question 
arises: “Can we treat the angular displacement, velocity, and acceleration of 
a rotating body as vectors?” The answer is a qualified “yes” (see the caution 
below, in connection with angular displacements). 

Consider the angular velocity. Figure 10-6a shows a vinyl record rotating on 
a turntable. The record has a constant angular speed w (= 33; rev/min) in the 
clockwise direction. We can represent its angular velocity as a vector @ pointing 
along the axis of rotation, as in Fig. 10-65. Here’s how: We choose the length of 
this vector according to some convenient scale, for example, with 1 cm corre- 
sponding to 10 rev/min. Then we establish a direction for the vector @ by using a 
right-hand rule, as Fig. 10-6c shows: Curl your right hand about the rotating 
record, your fingers pointing in the direction of rotation. Your extended thumb 
will then point in the direction of the angular velocity vector. If the record were 
to rotate in the opposite sense, the right-hand rule would tell you that the 
angular velocity vector then points in the opposite direction. 

It is not easy to get used to representing angular quantities as vectors. We 
instinctively expect that something should be moving along the direction of a 
vector. That is not the case here. Instead, something (the rigid body) is rotating 
around the direction of the vector. In the world of pure rotation, a vector defines 


FIG. 10-6 (a) A record rotating . 5 . 
about a vertical axis that coincides 
with the axis of the spindle. (b) The 
angular velocity of the rotating 
record can be represented by the 
vector @, lying along the axis and 
pointing down, as shown. (c) We es- 
tablish the direction of the angular 
velocity vector as downward by us- 
ing a right-hand rule. When the fin- 
gers of the right hand curl around 
the record and point the way it 1s 
moving, the extended thumb points 
in the direction of @. (a) (0) (c) 
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an axis of rotation, not a direction in which something moves. Nonetheless, the 
vector also defines the motion. Furthermore, it obeys all the rules for vector 
manipulation discussed in Chapter 3. The angular acceleration a@ is another 
vector, and it too obeys those rules. 

In this chapter we consider only rotations that are about a fixed axis. For 
such situations, we need not consider vectors—we can represent angular veloc- 
ity with w and angular acceleration with a, and we can indicate direction with an 
implied plus sign for counterclockwise or an explicit minus sign for clockwise. 

Now for the caution: Angular displacements (unless they are very small) 
cannot be treated as vectors. Why not? We can certainly give them both magni- 
tude and direction, as we did for the angular velocity vector in Fig. 10-6. 
However, to be represented as a vector, a quantity must also obey the rules of 
vector addition, one of which says that if you add two vectors, the order in which 
you add them does not matter. Angular displacements fail this test. . 

Figure 10-7 gives an example. An initially horizontal book is given two 90° .' 
angular displacements, first in the order of Fig. 10-7a and then in the order of 
Fig. 10-7b. Although the two angular displacements are identical, their order is 
not, and the book ends up with different orientations. Here’s another example. 
Hold your right arm downward, palm toward your thigh. Keeping your wrist 
rigid, (1) lift the arm forward until it is horizontal, (2) move it horizontally until 
it points toward the right, and (3) then bring it down to your side. Your palm 
faces forward. If you start over, but reverse the steps, which way does your palm 
end up facing? From either example, we must conclude that the addition of two 
angular displacements depends on their order and they cannot be vectors. <%= FIG. 10-7? (a) From its initial posi- 

tion, at the top, the book is given two 
10-4 | Rotation with Constant Angular Acceleration the cnorizontal axis and then 
about the (vertical) y axis. (b) The 
In pure translation, motion with a constant linear acceleration (for example, that book is given the same rotations, but 
of a falling body) is an important special case. In Table 2-1, we displayed a series _ in the reverse order. 
of equations that hold for such motion. 

In pure rotation, the case of constant angular acceleration is also important, 
and a parallel set of equations holds for this case also. We shall not derive them 
here, but simply write them from the corresponding linear equations, substitut- 
ing equivalent angular quantities for the linear ones. This is done in Table 10-1, 
which lists both sets of equations (Eqs. 2-11 and 2-15 to 2-18; 10-12 to 10-16). 

Recall that Eqs. 2-11 and 2-15 are basic equations for constant linear accelera- 

tion—the other equations in the Linear list can be derived from them. Similarly, 
Eqs. 10-12 and 10-13 are the basic equations for constant angular acceleration, and 
the other equations in the Angular list can be derived from them. To solve a simple 
problem involving constant angular acceleration, you can usually use an equation 
from the Angular list (if you have the list). Choose an equation for which the only 
unknown variable will be the variable requested in the problem. A better plan is to 
remember only Eqs. 10-12 and 10-13, and then solve them as simultaneous equa- 
tions whenever needed. An example is given in Sample Problem 10-4. 


TABLE 10-1 


Equations of Motion for Constant Linear Acceleration and for Constant Angular Acceleration 


y 


cls 
ae 











Equation Linear Missing, Angular Equation 


Number Equation Variable Equation Number 
(2-11) v=v,)t at xy Ny 0— &% @ = W + at (10-12) 
(O15) Ve iy = Voir al v w 0 — 6) = wot + 5a? (10-13) 
(2-16) Y= ve. + 2a(X% = X) t t w” = wp + 2a(0 — O) (10-14) 
(0217) X — Xo =5(Vp + v)E a a 6 — 6 =4(a + o)t (10-15) 
(2-18) X — X%y = vt = jal? ve Wy 6 — 0% = wt — sat? (10-16) 
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CHECKPOINT 2 


In four situations, a rotating body has angular position 6(f) 


given by (a) 6 = 3t — 4, (b) 6 = —5t? + 4f? + 6, (c) 6 = 2/t? — 4/t, and (d) 6 = 5t? — 3. 
To which situations do the angular equations of Table 10-1 apply? 


Sample Problem 





A grindstone (Fig. 10-8) rotates at constant angular ac- 
celeration a = 0.35 rad/s. At time ft = 0, it has an angu- 
lar velocity of w) = —4.6 rad/s and a reference line on 
it is horizontal, at the angular position 6) = 0. 


(a) At what time after ¢ = 0 is the reference line at the 
angular position 6 = 5.0 rev? 





_ KEY IDEA Baa angular acceleration is constant, so we 
can use the rotation equations of Table 10-1. We choose 
Eq. 10-13, 

0 — & = wot + Zat?, 
because the only unknown variable it contains is the 


desired time t. 


Calculations: Substituting known values and setting 
6, = 0 and 6 = 5.0 rev = 107rrad give us 


10arad = (—4.6 rad/s)t + 5 (0.35 rad/s?)2?. 


(We converted 5.0 rev to 107 rad to keep the units con- 
sistent.) Solving this quadratic equation for t, we find 


t= 32s. (Answer) 


(b) Describe the grindstone’s rotation between t = 0 
and t = 32s. 


Description: The wheel is initially rotating in the nega- 
tive (clockwise) direction with angular velocity wy = 
—4.6 rad/s, but its angular acceleration a is positive. This 


Zero angular 
position 





FIG. 10-8 A grindstone. At t = 0 the reference line (which 
we imagine to be marked on the stone) is horizontal. 


initial opposition of the signs of angular velocity and 
angular acceleration means that the wheel slows in its 
rotation in the negative direction, stops, and then reverses 
to rotate in the positive direction. After the reference line 
comes back through its initial orientation of 6 = 0, the 
wheel turns an additional 5.0 rev by time t = 32s. 


(c) At what time t does the grindstone momentarily 
stop? 


Calculation: We again go to the table of equations for 
constant angular acceleration, and again we need an 
equation that contains only the desired unknown vari- 
able t. However, now the equation must also contain the 
variable w, so that we can set it to 0 and then solve for 
the corresponding time t. We choose Eq. 10-12, which 
yields 


@~— Wo 


ae _ O- (-4.6rad/s) _ 


: 0.35 rad/e2 13s. (Answer 


Sample Problem area 


While you are operating a Rotor (the rotating cylindri- 
cal ride discussed in Sample Problem 6-8), you spot a 
passenger in acute distress and decrease the angular 
velocity of the cylinder from 3.40 rad/s to 2.00 rad/s in 
20.0 rev, at constant angular acceleration. (The passen- 
ger is obviously more of a “translation person” than a 
“rotation person.”) ? 


(a) What is the constant angular acceleration during 
this decrease in angular speed? 





Tetsu Because the cylinder’s angular accelera- 
tion is constant, we can relate it to the angular velocity 
and angular displacement via the basic equations for 
constant angular acceleration (Eqs. 10-12 and 10-13). 


Calculations: The initial angular velocity is w) = 3.40 
rad/s, the angular displacement is 9 — 6) = 20.0 rev, and 
the angular velocity at the end of that displacement is 
w = 2.00 rad/s. But we do not know the angular accel- 
eration a and time ¢, which are in both basic equations. 
To eliminate the unknown ¢, we use Eq. 10-12 to write 

W@ — Wo 


{ji=——— 
a 


which we then substitute into Eq. 10-13 to write 


aw on 2 
ae o( 22) fe so( 2) 


Solving for a, substituting known data, and converting 
20 rev to 125.7 rad, we find 
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w — w (2.00 rad/s)? — (3.40 rad/s)” Calculation: Now that we know a, we can use Eq. 10-12 
— 2(0 — 0) = -9(25.7rad) to solve for f: 
W— Wo 2.00 rad/s — 3.40 rad/s 
= —0.0301 rad/s”. (Answer) f= Se aod 
(b) How much time did the speed decrease take? = 465s. (Answer) 
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In Section 4-7, we discussed uniform circular motion, in which a particle travels 
at constant linear speed v along a circle and around an axis of rotation. When 
a rigid body, such as a merry-go-round, rotates around an axis, each particle in 
the body moves in its own circle around that axis. Since the body is rigid, all the 
particles make one revolution in the same amount of time; that is, they all have 
the same angular speed w. 

However, the farther a particle is from the axis, the greater the circumfer- 
ence of its circle is, and so the faster its linear speed v must be. You can notice 
this on a merry-go-round. You turn with the same angular speed w regardless of 
your distance from the center, but your linear speed v increases noticeably if 
you move to the outside edge of the merry-go-round. 

We often need to relate the linear variables s, v, and a for a particular point 
in a rotating body to the angular variables 0, w, and a for that body. The two 
sets of variables are related by r, the perpendicular distance of the point from 
the rotation axis. This perpendicular distance is the distance between the point 
and the rotation axis, measured along a perpendicular to the axis. It is also the 
radius r of the circle traveled by the point around the axis of rotation. 


The Position 


If a reference line on a rigid body rotates through an angle 0, a point within the 
body at a position r from the rotation axis moves a distance s along a circular 
arc, where s is given by Eq. 10-1: 


Ss = Or (radian measure). (10-17) 


This is the first of our linear—angular relations. Caution: The angle 6 here must 
be measured in radians because Eq. 10-17 is itself the definition of angular mea- 
sure in radians. 


The Speed 

Differentiating Eq. 10-17 with respect to time—with r held constant —leads to 
ds _ do 
1 aC) 


However, ds/dt is the linear speed (the magnitude of the linear velocity) of the 
point in question, and d6/dt is the angular speed w of the rotating body. So 


V = or (radian measure). (10-18) 


Caution: The angular speed w must be expressed in radian measure. 

Equation 10-18 tells us that since all points within the rigid body have the 
same angular speed w, points with greater radius r have greater linear speed v. 
Figure 10-9a reminds us that the linear velocity is always tangent to the circular 
path of the point in question. 

If the angular speed w of the rigid body is constant, then Eq. 10-18 tells us 
that the linear speed v of any point within it is also constant. Thus, each point 
within the body undergoes uniform circular motion. The period of revolution T 
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Circle 
traveled by P 





(0) 


FIG. 10-9 The rotating rigid body 
of Fig. 10-2, shown in cross section 
viewed from above. Every point of 
the body (such as P) moves in a cir- 
cle around the rotation axis. (a) The 
linear velocity V of every point is 
tangent to the circle in which the 
point moves. (b) The linear accelera- 
tion @ of the point has (in general) 
two components: tangential a, and 
radial a,. 


for the motion of each point and for the rigid body itself is given by Eq. 4-35: 


2 
fe (10-19) 


Vv 





This equation tells us that the time for one revolution is the distance 277 trav- 
eled in one revolution divided by the speed at which that distance is traveled. 
Substituting for v from Eq. 10-18 and canceling r, we find also that 


Zi 
T= a (radian measure). (10-20) 
W 


This equivalent equation says that the time for one revolution is the angular dis- 
tance 27 rad traveled in one revolution divided by the angular speed (or rate) at 
which that angle is traveled. 


The Acceleration 


Differentiating Eq. 10-18 with respect to time—again with r held constant — 
leads to 
dv dw 


ry — ae Te (10-21) 


Here we run up against a complication. In Eq. 10-21, dv/dt represents only the 
part of the linear acceleration that is responsible for changes in the magnitude v 
of the linear velocity V. Like V, that part of the linear acceleration is tangent to 
the path of the point in question. We call it the tangential component a, of the 
linear acceleration of the point, and we write 


a, = ar (radian measure), (10-22) 


where a = da/dt. Caution: The angular acceleration a in Eq. 10-22 must be 
expressed in radian measure. 

In addition, as Eq. 4-34 tells us, a particle (or point) moving in a circular 
path has a radial component of linear acceleration, a, = v’/r (directed radially 
inward), that is responsible for changes in the direction of the linear velocity V. 
By substituting for v from Eq. 10-18, we can write this component as 


a, = — = wT (radian measure). (10-23) 


Thus, as Fig. 10-9b shows, the linear acceleration of a point on a rotating rigid 
body has, in general, two components. The radially inward component a, (given 
by Eq. 10-23) is present whenever the angular velocity of the body is not zero. 
The tangential component a, (given by Eq. 10-22) is present whenever the angu- 
lar acceleration is not zero. 


CHECKPOINT 3 A cockroach rides the rim of a rotating merry-go-round. If 
the angular speed of this system (merry-go-round + cockroach) is constant, does the 
cockroach have (a) radial acceleration and (b) tangential acceleration? If w is decreas- 
ing, does the cockroach have (c) radial acceleration and (d) tangential acceleration? 


Sample Problem Err 


In spite of the extreme care taken in engineering a tigo and headache, both severe enough to require med- 
roller coaster, an unlucky few of the millions of people ical treatment. 

who ride roller coasters each year end up with a med- Let’s investigate the probable cause by designing 
ical condition called roller-coaster headache. Symptoms, the track for our own induction roller coaster (which 


which might not appear for several days, include ver- can be accelerated by magnetic forces even on a hori- 





Loading 
point 
FIG. 10-10 An overhead view of a horizontal track for a roller 


coaster. The track begins as a circular arc at the loading point 
and then, at point P, continues along a tangent to the arc. 


zontal track). To create an initial thrill, we want each 
passenger to leave the loading point with acceleration 
g along the horizontal track. To increase the thrill, we 
also want that first section of track to form a circular 
arc (Fig. 10-10), so that the passenger also experiences 
a centripetal acceleration. As the passenger accelerates 
along the arc, the magnitude of this centripetal acceler- 
ation increases alarmingly. When the magnitude a of 
the net acceleration reaches 4g at some point P and an- 
gle @p along the arc, we want the passenger then to 
move in a straight line, along a tangent to the arc. =e 


(a) What angle 6p should the arc subtend so that a is 
4¢ at point P? 


Cede (1) At any given time, the passenger’s net 


acceleration a is the vector sum of the tangential accel- 
eration a, along the track and the radial acceleration a, 
toward the arc’s center of curvature (as in Fig. 10-9b). 
(2) The value of a, at any given time depends on the 
angular speed w according to Eq. 10-23 (a, = o”r, 
where r¢ is the radius of the circular arc). (3) An angular 
acceleration @ around the arc is associated with the 
tangential acceleration a, along the track according to 
Eq. 10-22 (a, = ar). (4) Because a, and r are constant, 
so is a and thus we can use the constant angular-accel- 
eration equations. 


Calculations: Because we are trying to determine a 
value for angular position 6, let’s choose Eq. 10-14 
from among the constant angular-acceleration equa- 


tions: 


wo = w+ 2a(6 — ). (10-24) 


For the angular acceleration a, we substitute from Eq. 
10-22: a, 

L=—, (10-25) 
r 
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We also substitute wy) = 0 and 6 = O, and we find 


2a,0 
oe = (10-26) 
r 
Substituting this result for w into 
a, = wr (10-27) 


gives a relation between the radial acceleration, the 


tangential acceleration, and the angular position 0: 
a, = 2a,0. (10-28) 


Because da, and a, are perpendicular vectors, their sum 


has the magnitude 
a = Va? + a’. 


Substituting for a, from Eq. 10-28 and solving for 6 lead to 


[ a2 
= 4 a 
O= 5 2 


When a reaches the design value of 4g, angle 6 is the 
angle 6p we want. Substituting a = 4g, 0 = Op, and a, = g 
into Eq. 10-30, we find 


A 2 
Op = ye —1=1.94rad = 111°. (Answer) 


(b) What is the magnitude a of the passenger’s net ac- 
celeration at point P and after point P? 


(10-29) 


(10-30) 


Reasoning: At P, a has the design value of 4g. Just after 
P is reached, the passenger moves in a straight line and 
no longer has centripetal acceleration. Thus, the passen- 
ger has only the acceleration magnitude g along the track. 
Hence, 


a=4gatP and a=gafterP. (Answer) 


Roller-coaster headache can occur when a passen- 
ger’s head undergoes an abrupt change in acceleration, 
with the acceleration magnitude large before or after 
the change. The reason 1s that the change can cause the 
brain to move relative to the skull, tearing the veins 
that bridge the brain and skull. Our design to increase 
the acceleration from g to 4g along the path to P might 
harm the passenger, but the abrupt change in accelera- 
tion as the passenger passes through point P is more 
likely to cause roller-coaster headache. 


PROBLEM-SOLVING TACTICS 


Tactic 1: Units for Angular Variables In Eq. 10-1 (6 = 
s/r), we began the use of radian measure for all angular vari- 
ables whenever we are using equations that contain both an- 
gular and linear variables. Thus, we must express angular dis- 
placements in radians, angular velocities in rad/s and rad /min, 
and angular accelerations in rad/s* and rad/min*. Equations 
10-17, 10-18, 10-20, 10-22, and 10-23 are marked to emphasize 
this. The only exceptions to this rule are equations that involve 


only angular variables, such as the angular equations listed in 
Table 10-1. Here you are free to use any unit you wish for the 
angular variables; that is, you may use radians, degrees, or rev- 
olutions, as long as you use them consistently. 

In equations where radian measure must be used, you 
need not keep track of the unit “radian” (rad) algebraically, 
as you must do for other units. You can add or delete it at 
will, to suit the context. 
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FIG. 10-17 A long rod is much eas- 
ier to rotate about (a) its central 
(longitudinal) axis than about (b) an 
axis through its center and perpen- 
dicular to its length. The reason for 
the difference is that the mass is dis- 
tributed closer to the rotation axis in 
(a) than in (5). 
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The rapidly rotating blade of a table saw certainly has kinetic energy due to that 
rotation. How can we express the energy? We cannot apply the familiar formula 
K =3mv? to the saw as a whole because that would give us the kinetic energy 
only of the saw’s center of mass, which is zero. 

Instead, we shall treat the table saw (and any other rotating rigid body) as a 
collection of particles with different speeds. We can then add up the kinetic 
energies of all the particles to find the kinetic energy of the body as a whole. 
In this way we obtain, for the kinetic energy of a rotating body, 


K = SMV} at 5MyV3 ste SM3V4 a 25 
Se (10-31) 


in which m; is the mass of the ith particle and v; is its speed. The sum is taken 
over all the particles in the body. 

The problem with Eq. 10-31 is that v; is not the same for all particles. We 
solve this problem by substituting for v from Eq. 10-18 (v = wr), so that we have 


K = X5m(or)’ = 5 (s miro (10-32) 


in which w is the same for all particles. 

The quantity in parentheses on the right side of Eq. 10-32 tells us how 
the mass of the rotating body is distributed about its axis of rotation. We call 
that quantity the rotational inertia (or moment of inertia) J of the body with 
respect to the axis of rotation. It is a constant for a particular rigid body and 
a particular rotation axis. (That axis must always be specified if the value of J is 
to be meaningful.) 

We may now write 


= » m,r? (rotational inertia) (10-33) 
and substitute into Eq. 10-32, obtaining 
K= x1 Ww (radian measure) (10-34) 


as the expression we seek. Because we have used the relation v = wr in deriving 
Eq. 10-34, w must be expressed in radian measure. The SI unit for / is the 
kilogram —square meter (kg: m7’). 

Equation 10-34, which gives the kinetic energy of a rigid body in pure rotation, 
is the angular equivalent of the formula K = + MV m; which gives the kinetic en- 
ergy of a rigid body in pure translation. In both formulas there is a factor of 7 
Where mass M appears in one equation, J (which involves both mass and its distri- 
bution) appears in the other. Finally, each equation contains as a factor the square 
of a speed—translational or rotational as appropriate. The kinetic energies of 
translation and of rotation are not different kinds of energy. They are both kinetic 
energy, expressed in ways that are appropriate to the motion at hand. 

We noted previously that the rotational inertia of a rotating body involves 
not only its mass but also how that mass is distributed. Here is an example that 
you can literally feel. Rotate a long, fairly heavy rod (a pole, a length of lumber, 
or something similar), first around its central (longitudinal) axis (Fig. 10-11a) 
and then around an axis perpendicular to the rod and through the center (Fig. 
10-11b). Both rotations involve the very same mass, but the first rotation is much 
easier than the second. The reason is that the mass is distributed much closer to 
the rotation axis in the first rotation. As a result, the rotational inertia of the rod 
is much smaller in Fig. 10-11a than in Fig. 10-115. In general, smaller rotational 
inertia means easier rotation. 
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The figure shows three small spheres that rotate about a verti- 
cal axis. The perpendicular distance between the axis and the center of each sphere is given. 
Rank the three spheres according to their rotational inertia about that axis, greatest first. 


CHECKPOINT 4 
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Rotation 
axIS 


If a rigid body consists of a few particles, we can calculate its rotational inertia 
about a given rotation axis with Eq. 10-33 (J = = m,r?); that is, we can find the 
product mr’ for each particle and then sum the products. (Recall that r is the 


perpendicular distance a particle is from the given rotation axis.) 


If a rigid body consists of a great many adjacent particles (it is continuous, 
like a Frisbee), using Eq. 10-33 would require a computer. Thus, instead, we 
replace the sum in Eq. 10-33 with an integral and define the rotational inertia of 


the body as 


[= | r? dm (rotational inertia, continuous body). 


(10-35) 


Table 10-2 gives the results of such integration for nine common body shapes 


and the indicated axes of rotation. 


Parallel-Axis Theorem 


Suppose we want to find the rotational inertia J of a body of mass M about a 
given axis. In principle, we can always find / with the integration of Eq. 10-35. 
However, there is a shortcut if we happen to already know the rotational inertia 
Lom Of the body about a parallel axis that extends through the body’s center of 
mass. Let h be the perpendicular distance between the given axis and the axis 


TABLE 10-2 


Some Rotational Inertias 









Hoop about 
central axis 


Annular cylinder 
(or ring) about 
central axis 


(a) T= 4M(R,?2 + Ro?) (5) 


Thin rod about 
axis through center 
perpendicular to 
length 


Solid cylinder 
(or disk) about 
central diameter | 


(d) (e) 





Thin Hoop about any 
spherical shell diameter 
about any 
IR diameter 
T= 3MR? ‘s) I= 4MR? ) 








Solid cylinder 
(or disk) about 


central axis 


(c) 


Solid sphere 
about any 
diameter 


(f) 


Slab about 
perpendicular 
axis through 

center 


Hei 


T= bM(a? + 62) () 
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through 
center of mass 


FIG. 10-12 A rigid body in cross 
section, with its center of mass at O. 
The parallel-axis theorem (Eq. 10- 
36) relates the rotational inertia of 
the body about an axis through O to 
that about a parallel axis through a 
point such as P, a distance h from 
the body’s center of mass. Both axes 
are perpendicular to the plane of the 
figure. 





(1) (2) 


(3) (4) 


through the center of mass (remember these two axes must be parallel). Then 


the rotational inertia / about the given axis is 
T= Ipgom + Mh? (10-36) 


This equation is known as the parallel-axis theorem. We shall now prove it and 
then put it to use in Checkpoint 5 and Sample Problem 10-6. 


(parallel-axis theorem). 


Proof of the Parallel-Axis Theorem 


Let O be the center of mass of the arbitrarily shaped body shown in cross sec- 
tion in Fig. 10-12. Place the origin of the coordinates at O. Consider an axis 
through O perpendicular to the plane of the figure, and another axis through 
point P parallel to the first axis. Let the x and y coordinates of P be a and b. 

Let dm be a mass element with the general coordinates x and y. The rota- 
tional inertia of the body about the axis through P is then, from Eq. 10-35, 


p= | Pam = | [- ap 4 (y — b)*] dm, 


which we can rearrange as 
[= [ c + y*) dm — 2a | xdm = 2 | yam + [w + b*) dm. (10-37) 


From the definition of the center of mass (Eq. 9-9), the middle two integrals of 
Eq. 10-37 give the coordinates of the center of mass (multiplied by a constant) 
and thus must each be zero. Because x* + y” is equal to R’, where R is the dis- 
tance from O to dm, the first integral is simply /,,,,, the rotational inertia of the 
body about an axis through its center of mass. Inspection of Fig. 10-12 shows 
that the last term in Eq. 10-37 is Mh’, where M is the body’s total mass. Thus, 
Eq. 10-37 reduces to Eq. 10-36, which is the relation that we set out to prove. 


CHECKPOINT 5 The figure shows a book-like object (one side is longer 
than the other) and four choices of rotation axes, all perpendicular to the face of the 
object. Rank the choices according to the rotational inertia of the object about the 
axis, greatest first. 


Sample Problem Errs 


Figure 10-13a shows a rigid body consisting of two par- 
ticles of mass m connected by a rod of length L and 


negligible mass. 


(a) What is the rotational inertia /,,,, about an axis through 


aizo This situation is simple enough that we can 


find / using either of two techniques. The first is similar 
to the one used in part (a). The other, more powerful 
one is to apply the parallel-axis theorem. 


the center of mass, perpendicular to the rod as shown? 


coi Because we have only two particles with 


mass, we can find the body’s rotational inertia J,,,, by 
using Eq. 10-33 rather than by integration. 


Calculations: For the two particles, each at perpendic- 


Rotation axis 
through 
center of mass 






ular distance +L from the rotation axis, we have (a) 


if 


1 
= 3 mL’. 


L mr? = (m\GLY + (m)GLY 


Rotation axis through 
end of rod 





(Answer) 
FIG. 10-13 A rigid body 


(b) What is the rotational inertia J of the body about 
an axis through the left end of the rod and parallel to 
the first axis (Fig. 10-13b)? 


consisting of two particles of 
mass m joined by a rod of 
negligible mass. (b) 





First technique: We calculate J as in part (a), except 
here the perpendicular distance r; is zero for the parti- 
cle on the left and L for the particle on the right. Now 
Eq. 10-33 gives us 

f=) ike =e 


Second technique: Because we already know J[,,, 


(Answer) 
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about an axis through the center of mass and because 
the axis here is parallel to that “com axis,” we can apply 
the parallel-axis theorem (Eq. 10-36). We find 


T = Igm + Mh? = mL? + (2m)\GLY 


= mL?, (Answer) 


Sample Problem ee 


Figure 10-14 shows a thin, uniform rod of mass M and 
length L, on an x axis with the origin at the rod’s center. 


(a) What is the rotational inertia of the rod about the 
perpendicular rotation axis through the center? 





scoaplbarchatdena (1) Because the rod is uniform, its center 
of mass is at its center. Therefore, we are looking for 
Toom. (2) Because the rod is a continuous object, we 
must use the integral of Eq. 10-35, 


i= | eam. 


to find the rotational inertia. 


(10-38) 


Calculations: We want to integrate with respect to co- 
ordinate x (not mass m as indicated in the integral), so 
we must relate the mass dm of an element of the rod to 
its length dx along the rod. (Such an element is shown 
in Fig. 10-14.) Because the rod is uniform, the ratio of 
mass to length is the same for all the elements and for 
the rod as a whole. Thus, we can write 


_ rod’s mass M 
rod’s length L 


element’s mass dm 
element’s length dx 


or dm = TT A. 


Rotation 
axis 











FIG. 10-14 A uniform rod of length L and mass M. An 
element of mass dm and length dx is represented. 


We can now substitute this result for dm and x for r in 
Eq. 10-38. Then we integrate from end to end of the 
rod (from x = —L/2 to x = L/2) to include all the ele- 
ments. We find 


x=+L/2 M 
r= | e() dx 
x=-L/2 b 
M + 1/2 M zc 3 L 3 
= ——. | yo rem, sinatra NY sacien. E aeacociaoas 
3L fe] BL (Cs) ( a 


= 5ML?’. (Answer) 


This agrees with the result given in Table 10-2e. 


(b) What is the rod’s rotational inertia J about a new 
rotation axis that is perpendicular to the rod and 
through the left end? 


ei We can find J by shifting the origin of the x 


axis to the left end of the rod and then integrating from 
x =0 to x = L. However, here we shall use a more 
powerful (and easier) technique by applying the paral- 
lel-axis theorem (Eq. 10-36). 


Calculations: If we place the axis at the rod’s end so that it 
is parallel to the axis through the center of mass, then we 
can use the parallel-axis theorem (Eq. 10-36). We know 
from part (a) that I,m is 4 ML’. From Fig. 10-14, the per- 
pendicular distance h between the new rotation axis and 
the center of mass is +L. Equation 10-36 then gives us 


T = Ingnm + MV? = 4 ML? + (MIGLY 
= 5 ML’. (Answer) 


Actually, this result holds for any axis through the left 
or right end that is perpendicular to the rod, whether it 
is parallel to the axis shown in Fig. 10-14 or not. 


Sample Problem crey 


Large machine components that undergo prolonged, 
high-speed rotation are first examined for the possibil- 
ity of failure in a spin test system. In this system, a com- 
ponent is spun up (brought up to high speed) while in- 
side a cylindrical arrangement of lead bricks and 
containment liner, all within a steel shell that is closed 


by a lid clamped into place. If the rotation causes the 
component to shatter, the soft lead bricks are supposed 
to catch the pieces for later analysis. 

In 1985, Test Devices, Inc. (www.testdevices.com) 
was spin testing a sample of a solid steel rotor (a disk) of 
mass M = 272 kg and radius R = 38.0cm. When the 
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FIG. 10-15 Some of the destruction caused by the explosion 
of a rapidly rotating steel disk. (Courtesy Test Devices, Inc) 


sample reached an angular speed w of 14 000 rev/min, the 
test engineers heard a dull thump from the test system, 
which was located one floor down and one room over 
from them. Investigating, they found that lead bricks had 
been thrown out in the hallway leading to the test room, 
a door to the room had been hurled into the adjacent 
parking lot, one lead brick had shot from the test site 
through the wall of a neighbor’s kitchen, the structural 
beams of the test building had been damaged, the con- 
crete floor beneath the spin chamber had been shoved 
downward by about 0.5 cm, and the 900 kg lid had been 


blown upward through the ceiling and had then crashed 
back onto the test equipment (Fig. 10-15). The exploding 
pieces had not penetrated the room of the test 
engineers only by luck. 

How much energy was released in the explosion of 


the rotor? <u 


coi The released energy was equal to the rota- 


tional kinetic energy K of the rotor just as it reached 
the angular speed of 14 000 rev/min. 





Calculations: We can find K with Eq. 10-34 (K = 31a”), 
but first we need an expression for the rotational iner- 
tia /. Because the rotor was a disk that rotated like a 


merry-go-round, / is given by the expression in Table 
10-2c (I = }MR?). Thus, we have 


I = 5 MR? = $(272 kg)(0.38 m)* = 19.64 kg-m’. 
The angular speed of the rotor was 
w = (14 000 rev/min)(27 raditev)( : a 
= 1.466 x 10° rad/s. 





Now we can use Eq. 10-34 to write 
K = 41a” = $(19.64 kg-m’)(1.466 x 103 rad/s)’ 
= 0 (Answer) 


Being near this explosion was quite dangerous. 
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A doorknob is located as far as possible from the door’s hinge line for a good 
reason. If you want to open a heavy door, you must certainly apply a force; that 
alone, however, is not enough. Where you apply that force and in what direction 
you push are also important. If you apply your force nearer to the hinge line 
than the knob, or at any angle other than 90° to the plane of the door, you must 
use a greater force to move the door than if you apply the force at the knob and 
perpendicular to the door’s plane. 

Figure 10-16a shows a cross section of a body that is free to rotate about an 
axis passing through O and perpendicular to the cross section. A force F is 
applied at point P, whose position 1 relative to O is defined by a position vector 7. 
The directions of vectors F and ? make an angle @ with each other. (For sim- 
plicity, we consider only forces that have no component parallel to the rotation 
axis; thus, F is in the plane of the page. ) 

To determine how F results in a rotation of the body around the rotation 
axis, we resolve F into two components (Fig. 10-165). One component, called 
the radial component F,, points along 7. This component does not cause rota- 
tion, because it acts along a line that extends through O. (If you pull on a door 
parallel to the plane of the door, you do not rotate the door.) The other compo- 
nent of F, called the tangential component F,, is perpendicular to 7 and has 
magnitude F, = F sin ¢. This component does cause rotation. (If you pull on a 
door perpendicular to its plane, you can rotate the door. ) 

The ability of F to rotate the body depends not only on the magnitude of its 
tangential component F,, but also on just how far from O the force is applied. To 
include both these factors, we define a quantity called torque 7 as the product of 
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the two factors and write it as 


T= (r)(F sin ¢). (10-39) 
Two equivalent ways of computing the torque are 
T= (r)(F sin ¢) = rF, (10-40) 
and 7=(rsin d)\(F) =r,F (10-41) 


where r, is the perpendicular distance between the rotation axis at O and an 
extended line running through the vector F (Fig. 10-16c). This extended line is 
called the line of action of F, and r, is called the moment arm of F-. Figure 
10-165 shows that we can describe r, the magnitude of 7, as being the moment 
arm of the force component F,. 

Torque, which comes from the Latin word meaning “to twist,” may be 
loosely identified as the turning or twisting action of the force F. When you 
apply a force to an object—such as a screwdriver or torque wrench—with the 
purpose of turning that object, you are applying a torque. The SI unit of torque 
is the newton-meter (N -m). Caution: The newton-meter is also the unit of work. 
Torque and work, however, are quite different quantities and must not be con- 
fused. Work is often expressed in joules (1 J = 1 N-m), but torque never is. 

In the next chapter we shall discuss torque in a general way as being a 
vector quantity. Here, however, because we consider only rotation around a sin- 
gle axis, we do not need vector notation. Instead, a torque has either a positive 
or negative value depending on the direction of rotation it would give a body 
initially at rest: If the body would rotate counterclockwise, the torque is positive. 
If the object would rotate clockwise, the torque is negative. (The phrase “clocks 
are negative” from Section 10-2 still works.) 

Torques obey the superposition principle that we discussed in Chapter 5 for 
forces: When several torques act on a body, the net torque (or resultant torque) 
is the sum of the individual torques. The symbol for net torque 1s Tp¢. 


CHECKPOINT 6 The figure shows an 
overhead view of a meter stick that can pivot about 
the dot at the position marked 20 (for 20 cm). All 
five forces on the stick are horizontal and have the 
same magnitude. Rank the forces according to the 
magnitude of the torque they produce, greatest first. 


Pivot point 





10-9 | Newton’s Second Law for Rotation 


A torque can cause rotation of a rigid body, as when you use a torque to rotate 
a door. Here we want to relate the net torque 7,,, on a rigid body to the angular 
acceleration a that torque causes about a rotation axis. We do so by analogy 
with Newton’s second law (F,., = ma) for the acceleration a of a body of mass 
m due to a net force F,,., along a coordinate axis. We replace F,,; with 7,.,,77 with 
I, and a with a in radian measure, writing 


Tro Ja (10-42) 


(Newton’s second law for rotation). 


Proof of Equation 10-42 


We prove Eq. 10-42 by first considering the simple situation shown in Fig. 10-17. 
The rigid body there consists of a particle of mass m on one end of a massless 
rod of length r. The rod can move only by rotating about its other end, around a 
rotation axis (an axle) that is perpendicular to the plane of the page. Thus, the 
particle can move only in a circular path that has the rotation axis at its center. 





(¢) 
FIG. 10-16 (a) A force F acts at 
point P on a rigid body that is free 
to rotate about an axis through O; 
the axis is perpendicular to the 
plane of the cross section shown 
here. (b) The torque due to 
this force is (r)(F sin @). We can also 
write it as rf, where F;, is the tan- 
gential component of F. (c) The 
torque can also be written as r, F, 
where r, is the moment arm of F. 
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A force F’ acts on the particle. However, because the particle can move only 
along the circular path, only the tangential component F, of the force (the compo- 
nent that is tangent to the circular path) can accelerate the particle along the path. 
We can relate F, to the particle’s tangential acceleration a, along the path with 
Newton’s second law, writing 

F, = ma,. 


The torque acting on the particle is, from Eq. 10-40, 


T= Fer = mazr. 





From Eq. 10-22 (a, = ar) we can write this as 


v Rotation axis 
FIG. 10-17 A simple rigid body, mol a(n) TA ACHR) ch) 
free to rotate about an axis through = The quantity in parentheses on the right is the rotational inertia of the particle 
O, consists of a particle of mass m about the rotation axis (see Eq. 10-33). Thus, Eq. 10-43 reduces to 
fastened to the end of a rod of 
length r and negligible mass. An T= Ta (radian measure). (10-44) 
applied force F causes the body to 
rotate. For the situation in which more than one force is applied to the particle, we 
can generalize Eq. 10-44 as 
Tret = La (radian measure), (10-45) 


which we set out to prove. We can extend this equation to any rigid body rotat- 
ing about a fixed axis, because any such body can always be analyzed as an 
assembly of single particles. 


CHECKPOINT 7 The figure shows an overhead view of a meter stick that 
can pivot about the point indicated, which is to the left of the stick’s midpoint. Two 
horizontal forces, F, and Ee: are applied to the stick. Only F, is shown. Force F, 1S 
perpendicular to the stick and is applied at the right end. If the stick is not to turn, 
(a) what should be the direction of F;, and (b) should F, be greater than, less than, or 
equal to F,? 









Figure 10-18a shows a uniform disk, with mass M = 
2.5 kg and radius R = 20 cm, mounted on a fixed hori- 
zontal axle. A block with mass m = 1.2 kg hangs from a 
massless cord that is wrapped around the rim of the disk. 
Find the acceleration of the falling block, the angular 
acceleration of the disk, and the tension in the cord. The 





(c) ! 
| 


cord does not slip, and there is no friction at the axle. T 
FIG. 10-18 (a) The falling m 

Pewee ; block causes the disk to ro- , 
(1) Taking the block as a system, we can tate. (b) A free-body dia- F, 

relate its acceleration a to the forces acting on it with gram for the block. (c) An 

Newton’s second law (F.. = ma). (2) Taking the disk incomplete free-body dia- 

as a system, we can relate its angular acceleration a to gram for the disk. (a) 2) 

the torque acting on it with Newton’s second law for , , 

rotation (te, = Ia). (3) To combine the motions of cord is 7, and the gravitational force is F,, of magni- 

block and disk, we use the fact that the linear accelera- tude mg. We can now write Newton’s second law for 

tion a of the block and the (tangential) linear accelera- components along a vertical y axis (Fhety = May) as 

tion a, of the disk rim are equal. T — mg = ma. (10-46) 

Forces on block: The forces are shown in the block’s However, we cannot solve this equation for a because 


free-body diagram in Fig. 10-18b: The force from the it also contains the unknown T. 


Torque on disk: Previously, when we got stuck on the 
y axis, we switched to the x axis. Here, we switch to the 
rotation of the disk. To calculate the torques and the 
rotational inertia J, we take the rotation axis to be per- 
pendicular to the disk and through its center, at point 
O in Fig. 10-18c. 

The torques are then given by Eq. 10-40 (7 = rF,). 
The gravitational force on the disk and the force on the 
disk from the axle both act at the center of the disk and 
thus at distance r=0Q, so their torques are zero. 
The force T on the disk due to the cord acts at distance 
r = R and is tangent to the rim of the disk. Therefore, 
its torque is —RT, negative because the torque rotates 
the disk clockwise from rest. From Table 10-2c, the ro- 
tational inertia / of the disk is 5MR?. Thus we can write 
Tret = [a as 


—RT = 5MR°a. (10-47) 


This equation seems useless because it has two 
unknowns, a and 7, neither of which is the desired a. 
However, mustering physics courage, we can make it 
useful with this fact: Because the cord does not slip, the 
linear acceleration a of the block and the (tangential) 
linear acceleration a, of the rim of the disk are equal. 
Then, by Eq. 10-22 (a, = ar) we see that here a = a/R. 
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Substituting this in Eq. 10-47 yields 


T =—} Ma. (10-48) 


Combining results: Combining Eqs. 10-46 and 10-48 
leads to 


2m (2)(1.2 kg) 
= eS (0 8 a) 
a Oa Ose t D2 ke) 
= —48 m/s’. (Answer) 


We then use Eq. 10-48 to find T: 
T = —}Ma = —3(2.5 kg)(—4.8 m/s?) 


= 6.0N. (Answer) 


As we should expect, acceleration a of the falling block 
is less than g, and tension T in the cord (= 6.0 N) is less 
than the gravitational force on the hanging block (= 
mg = 11.8 N). We see also that a and T depend on the 
mass of the disk but not on its radius. As a check, we 
note that the formulas derived above predict a = —g 
and T = 0 for the case of a massless disk (M = 0). This 
is what we would expect; the block simply falls as a free 
body. From Eq. 10-22, the angular acceleration of the 
disk is 


a —4.8 m/s? 
CS —— 


R 0.20 m 


= —24 rad/s’. (Answer) 


Sample Problem Erere 


To throw an 80 kg opponent with a basic judo hip 
throw, you intend to pull his uniform with a force F 
and a moment arm d, = 0.30m from a pivot point 
(rotation axis) on your right hip (Fig. 10-19). You 
wish to rotate him about the pivot point with an an- 
gular acceleration a of —6.0 rad/s*— that is, with an 
angular acceleration that is clockwise in the figure. 
Assume that his rotational inertia / relative to the 
pivot point is 15 kg- m?. “SS 


(a) What must the magnitude of F' be if, before you 
throw him, you bend your opponent forward to bring 
his center of mass to your hip (Fig. 10-19a)? 


cei We can relate your pull F on your oppo- 


nent to the given angular acceleration a via Newton’s 
second law for rotation (7, = Ia). 


Calculations: As his feet leave the floor, we can assume 
that only three forces act on him: your pull Fa force N 
on him from you at the pivot point (this force is not in- 
dicated in Fig. 10-19), and the gravitational force ia To 
USE Tre, = Ja, we need the corresponding three torques, 
each about the pivot point. 

From Eq. 10-41 (7 = r,F), the torque due to your 
pull F is equal to —d,F, where d, is the moment arm r, 
and the sign indicates the clockwise rotation this torque 


Moment arm d, 





of your pull | Momentarm dy 
O ' of gravitational 
Dae force on 






center of 


opponent 
mass > 






Moment 
; J 
/? } \ arm d, 
+ ~ 4 4 of your pull 


1, } | Pivot 
hk’. 4 7 on hip 





FIG. 10-19 A judo hip throw (a) correctly executed and (b) 
incorrectly executed. 


tends to cause. The torque due to N is zero, because N 
acts at the pivot point and thus has moment arm r, = 0. 

To evaluate the torque due to F,, we can assume 
that F, acts at your opponent’s center of mass. With 
the center of mass at the pivot point, F, has moment arm 
r, = 0 and thus the torque due to F, is zero. Thus, the 
only torque on your opponent is due to your pull F, and 
we can write 7,.; = /a as 


=O = Ta. 
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We then find 
ee —Ia _ —(15 kg-m’)(—6.0 rad/s’) 
d, 0.30 m 
= 300N. (Answer) 


(b) What must the magnitude of Fbe if your opponent 
remains upright before you throw him, so that F, has a 
moment arm d, = 0.12 m (Fig. 10-195)? 


—? e 
cei Because the moment arm for is is no 


longer zero, the torque due to F, is now equal to d,mg 
and is positive because the torque attempts counter- 


—d,F + domg = Ia, 
which gives 
pa ie, dang. 
dy d, 
From (a), we know that the first term on the right is equal 


to 300 N. Substituting this and the given data, we have 
2 
F=300N + (0.12 m)(80 kg)(9.8 m/s*) 
0.30 m 


= 613.6N =~ 610N. (Answer) 


The results indicate that you will have to pull much 
harder if you do not initially bend your opponent to 


clockwise rotation. 


Calculations: Now we write 7, = [a as 


bring his center of mass to your hip. A good judo 
fighter knows this lesson from physics. 
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As we discussed in Chapter 7, when a force F causes a rigid body of mass m to 
accelerate along a coordinate axis, the force does work W on the body. Thus, the 
body’s kinetic energy (K = smv?) can change. Suppose it is the only energy of 
the body that changes. Then we relate the change AK in kinetic energy to the 
work W with the work—kinetic energy theorem (Kq. 7-10), writing 


AK = Ky — K; = smv} = smv? = W (work—kinetic energy theorem). (10-49) 
For motion confined to an x axis, we can calculate the work with Eq. 7-32, 
Xf 
We | F' dx (work, one-dimensional motion). (10-50) 


This reduces to W = Fd when F is constant and the body’s displacement is d. 
The rate at which the work is done is the power, which we can find with 
Eqs. 7-43 and 7-48, 

dw 


Peer: 
dt . 


Now let us consider a rotational situation that is similar. When a torque 
accelerates a rigid body in rotation about a fixed axis, the torque does work W 
on the body. Therefore, the body’s rotational kinetic energy (K = +10) can 
change. Suppose that it is the only energy of the body that changes. Then we can 
still relate the change AK in kinetic energy to the work W with the work —kinetic 
energy theorem, except now the kinetic energy is a rotational kinetic energy: 


(10-51) 


(power, one-dimensional motion). 


AK = Ky — K,= st wr me sla = W (work—kinetic energy theorem). (10-52) 
Here, J is the rotational inertia of the body about the fixed axis and w; and w, are 
the angular speeds of the body before and after the work is done, respectively. 


Also, we can calculate the work with a rotational equivalent of Eq. 10-50, 


0 
W= | Tda@ (work, rotation about fixed axis), (10-53) 
6; 


where 7 is the torque doing the work W, and 6; and 6, are the body’s angular 
positions before and after the work is done, respectively. When 7 is constant, 
Eq. 10-53 reduces to 

W = 7(6— 6) (10-54) 


(work, constant torque). 
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TABLE 10-3 


Some Corresponding Relations for Translational and Rotational Motion 





Pure Translation (Fixed Direction) Pure Rotation (Fixed Axis) 
Position x Angular position 0 
Velocity v = dx/dy | Angular velocity w = dé/dt 
Acceleration a=dvidt | Angular acceleration a = dw/dt 
Mass m Rotational inertia I 
Newton’s second law Fact = ma | Newton’s second law Tret = La 
Work W = f Fdx| Work W=f7d0 
Kinetic energy K =3mv? | Kinetic energy K = 41a 
Power (constant force) P=fFv Power (constant torque) P= To 
Work —kinetic energy theorem W = AK Work-—kinetic energy theorem W = AK 


The rate at which the work is done is the power, which we can find with the rota- 
tional equivalent of Eq. 10-51, 


dW 
P= es (0) (power, rotation about fixed axis). (10-55) 


Table 10-3 summarizes the equations that apply to the rotation of a rigid body 
about a fixed axis and the corresponding equations for translational motion. 


Proof of Eqs. 10-52 through 10-55 


Let us again consider the situation of Fig. 10-17, in which force F rotates a rigid 
body consisting of a single particle of mass m fastened to the end of a massless 
rod. During the rotation, force F does work on the body. Let us assume that the 
only energy of the body that is changed by F is the kinetic energy. Then we can 
apply the work —kinetic energy theorem of Eq. 10-49: 


AK = K;— K; = W. (10-56) 
Using K = 3mv’ and Eq. 10-18 (v = or), we can rewrite Eq. 10-56 as 
AK = 5mr?a% — 5mr°o? = W. (10-57) 
From Eq. 10-33, the rotational inertia for this one-particle body is I = mr’. 
Substituting this into Eq. 10-57 yields 
AK = slay i + Ta} = W, 


which is Eq. 10-52. We derived it for a rigid body with one particle, but it holds 
for any rigid body rotated about a fixed axis. 

We next relate the work W done on the body in Fig. 10-17 to the torque 7 
on the body due to force F. When the particle moves a distance ds along its 
circular path, only the tangential component F, of the force accelerates the parti- 
cle along the path. Therefore, only F, does work on the particle. We write that 
work dW as F, ds. However, we can replace ds with r d6, where d@ is the angle 
through which the particle moves. Thus we have 


dW = F.r dé. (10-58) 


From Eq. 10-40, we see that the product F,r is equal to the torque 7, so we can 
rewrite Eq. 10-58 as 
dW = rdé. (10-59) 


The work done during a finite angular displacement from 6; to @¢is then 


6, 
w= | T dé, 
6 
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which is Eq. 10-53. It holds for any rigid body rotating about a fixed axis. 
Equation 10-54 comes directly from Eq. 10-53. 
We can find the power P for rotational motion from Eq. 10-59: 


which is Eq. 10-55 


_— dW _ do 
oe 


Sample Problem (10-11 


Let the disk in Sample Problem 10-9 and Fig. 10-18 
start from rest at time t = 0. What ts its rotational ki- 
netic energy K att = 2.5s? 


coi We can find K with Eq. 10-34 (K = $Iw”). 


We already know that J = +MR?, but we do not yet 
know w at t = 2.5 s. However, because the angular ac- 
celeration a has the constant value of —24 rad/s*, we 


can apply the equations for constant angular accelera- 
tion in Table 10-1. 


Calculations: Because we want w and know a and aw 
(= 0), we use Eq. 10-12: 
W@W = @ + at =0+ at = at. 
Substituting @ = at and J = MR? into Eq. 10-34, we find 
K = 51a” = 3(;MR?)(at) = 7M(Rat) 
= 4(2.5 kg)[(0.20 m)(—24 rad/s”)(2.5 s)|? 
= 90 J. (Answer) 


cet We can also get this answer by finding the 


disk’s kinetic energy from the work done on the disk. 


Calculations: First, we relate the change in the kinetic 


energy of the disk to the net work W done on the disk, 
using the work—kinetic energy theorem of Eq. 10-52 (Ky 
— K; = W). With K substituted for K; and 0 for K;, we get 


K=K,+W=0+W=W. (10-60) 


Next we want to find the work W. We can relate W 
to the torques acting on the disk with Eq. 10-53 or 10- 
54. The only torque causing angular acceleration and 
doing work is the torque due to force T on the disk 
from the cord. From Sample Problem 10-9, this torque 
is equal to —TR. Because a is constant, this torque also 
must be constant. Thus, we can use Eq. 10-54 to write 


W = 7(0,— 6) = —TR(6;— 6). (10-61) 


Because a is constant, we can use Eq. 10-13 to find 
6, — 6;. With w;, = 0, we have 


Oo 0, = 


Now we substitute this into Eq. 10-61 and then sub- 
stitute the result into Eq. 10-60. With T = 6.0 N and 
a = —24rad/s* (from Sample Problem 10-9), we have 


K = W= —-TR(6,— 6) = —TR(Gat”) = —;TRat? 
—5(6.0 N)(0.20 m)(—24 rad/s”)(2.5 s) 
= 90 J. 


wt + sat? =O+ Fat? = Saet?. 


(Answer) 


Sample Problem Erera 


A tall, cylindrical chimney will fall over when its base is 
ruptured. Treat the chimney as a thin rod of length 
L = 55.0 m (Fig. 10-20a). At the instant it makes an angle 
of 6 = 35.0° with the vertical, what is its angular speed we? 


feieo (1) During the rotation, the mechanical en- 


ergy (the sum of the rotational kinetic energy K and the 
gravitational potential energy U) does not change. (2) The 
rotational kinetic energy is given by Eq. 10-34 (K = 5Iw”). 


Conservation of mechanical energy: As the center 
of mass of the chimney falls, energy is transferred from 
gravitational potential energy U to rotational kinetic 
energy K but the total amount does not change. We can 
write this fact as 


K, + U;= K; + U. (10-62) 


FIG. 10-20 (a)A 
cylindrical chimney. 
(b) The height of its 
center of mass is deter- 
mined with the right 
triangle. 





Rotational kinetic energy: The kinetic energy K is 
initially zero but its value thereafter (= 5/w°) depends 
on the rotational inertia /. If we had a thin rod rotating 
around its center of mass (at its center), we know from 
Table 10-2 that L.,,, = amL?, where m is the rod’s mass 
and L is the rod’s length. However, our rod-like chimney 
rotates around one end, at a distance of L/2 from the 


center, and so we use the parallel-axis theorem to find 


| i Ne 
I=imL+m (4) =;mL?, (10-63) 
Substituting this into K = 5Jw* tells us 
= 5GmL’)o”. (10-64) 


Potential energy: The potential energy U (= mgy) 
depends on the height of each segment of the chimney. 
However, we can calculate U by assuming that all of 
the mass is concentrated at the chimney’s com, which is 
initially at height SL. So the initial potential energy is 


U; = 3mgL. (10-65) 


When the chimney has rotated through angle 6, Fig. 


Review & Summary 


10-20b tells us that the center is at height ;L cos 0. So, 


the potential energy is now 
U, = ;mgL cos 0. (10-66) 


Angular speed: After substituting Eqs. 10-66, 10-65, 
and 10-64 into Eq. 10-62 and setting K; = 0, we solve 
for w, and find 


A | 38 
W ( cos 6) 


= 0.311 rad/s. 


3(9.8 m/s) 


550m (I. — eos 35.0") 


(Answer) 


Comments: The bottom portion of a chimney tends to 
rotate around the base faster than the top portion, and 
the chimney is likely to break apart during the rotation, 
with the top half lagging behind the bottom half. —-ggr 


Sample Problem rere 


In the oversized claw of a snapping shrimp, the dacty- 
lus (the large, mobile section of the claw) is drawn 
away from the propodius (the opposing, stationary part 
of the claw) by a muscle that is gradually put under 
tension (Fig. 10-21). Energy stored in the muscle in- 
creases as the tension increases. The sudden release of 
the dactylus allows it to rotate about a pivot point, to 
slam shut on the propodius in a time interval At of only 
290 ws. In particular, the plunger on the dactylus runs 
into a cavity on the propodius, causing water to squirt 
out of the cavity so quickly that the water undergoes 
cavitation. That is, the water vaporizes to form bubbles 
of water vapor. These bubbles rapidly grow as they en- 
ter the surrounding water and then they suddenly col- 
lapse, emitting an intense sound wave. The combination 
of these sound waves from many bubbles can stun the 
shrimp’s prey. 

The peak angular speed @ of the dactylus is about 
2X 10° rad/s and its rotational inertia J is about 
3 x 10°''kg-m?. At what akverage rate is energy 
transferred from the muscle to the rotation? << 


cozy (1) Rotational kinetic energy is given by 


Eq. 10-34 (K = Iw’). (2) Average power is given by 
Eq. 8-40 (Pry = AE/At). 





Calculations: When the angular speed reaches its peak 


FIG. 10-21 The oversized 
claw of a snapping shrimp. The 
dactylus is first pulled away 
from the opposing section of 
the propodius and then al- 
lowed to snap back to it, thrust- 
ing the plunger into the cavity. 





value, the rotational kinetic energy is 
K = Ho? = (3 X 10° kg-m’)(2 X 10° rad/s)? 
= 6 10r2 I. 
The average power is then 


A oe 8 e083 
“BE At —- 290 X 106s 


= 0.2 W. (Answer) 


This power greatly exceeds what any fast-acting mus- 
cle in the shrimp can produce. However, in the claw the 
shrimp effectively locks the dactylus against a spring so 
that it can gradually increase the tension and stored en- 
ergy (the power of this stage is low). Then, once the stored 
energy is high, the dactylus is released and the spring-like 
muscle slams it shut (the power is now very high). Many 
other animals make use of such low-power storing of en- 
ergy and then a high-power release of the energy that al- 
lows them to capture lunch or to avoid becoming lunch. 


REVIEW & SUMMARY 


Angular Position To describe the rotation of a rigid body 
about a fixed axis, called the rotation axis, we assume a refer- 
ence line is fixed in the body, perpendicular to that axis and ro- 
tating with the body. We measure the angular position 0 of this 


line relative to a fixed direction. When 6 is measured in radians, 


9 =— (radian measure), (10-1) 
r 
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where s is the arc length of a circular path of radius r and 
angle 0. Radian measure is related to angle measure in revo- 
lutions and degrees by 


1 rev = 360° = 27 rad. (10-2) 


Angular Displacement A body that rotates about a ro- 
tation axis, changing its angular position from 9, to 6, under- 
goes an angular displacement 


Ad= 0 — Or, (10-4) 
where A@ is positive for counterclockwise rotation and nega- 


tive for clockwise rotation. 


Angular Velocity and Speed If a body rotates through an 
angular displacement A@ in a time interval Af, its average 
angular velocity w,,, iS 


Ad 
(ria Tee (10-5) 
The (instantaneous) angular velocity w of the body is 
dé 
= —. 10-6 
oS (10-6) 


Both @,,y, and w are vectors, with directions given by the right- 
hand rule of Fig. 10-6. They are positive for counterclockwise 
rotation and negative for clockwise rotation. The magnitude 
of the body’s angular velocity is the angular speed. 


Angular Acceleration If the angular velocity of a body 
changes from mw, to @, in a time interval At = t, — h, the aver- 
age angular acceleration a,,, of the body is 


@) — W Aw 


=S TO ." 10-7 
avg t5 am Ly At ( ) 
The (instantaneous) angular acceleration a of the body is 
dw 
= —, 10-8 
aa (10-8) 


Both a,y, and @ are vectors. 


The Kinematic Equations for Constant Angular 
Acceleration Constant angular acceleration (a= con- 
stant) is an important special case of rotational motion. The 
appropriate kinematic equations, given in Table 10-1, are 


@ = w + at, (10-12) 
0 — 0 = wot + Sat’, (10-13) 
w = wh + 2a(0 — 6), (10-14) 
6 — 0 = 3(a@ + w)t, (10-15) 
6 — 6 = wt — Fat?. (10-16) 


Linear and Angular Variables Related A point in a rigid 
rotating body, at a perpendicular distance r from the rotation axis, 
moves in a circle with radius r. If the body rotates through an an- 


gle 6, the point moves along an arc with length s given by 
(10-17) 


s= Or (radian measure), 


where @ is in radians. 
The linear velocity V of the point is tangent to the circle; 
the point’s linear speed v is given by 


(10-18) 


where w is the angular speed (in radians per second) of the body. 


v=or (radian measure), 


The linear acceleration a of the point has both tangential 
and radial components. The tangential component is 


a, — ar (10-22) 


(radian measure), 


where a is the magnitude of the angular acceleration (in radians 
per second-squared) of the body. The radial component of @ is 
(radian measure). (10-23) 
If the point moves in uniform circular motion, the period 
T of the motion for the point and the body is 
2ur 2h 


= = —— (radian measure). 
Vv Ww 





(10-19, 10-20) 


Rotational Kinetic Energy and Rotational Inertia The 
kinetic energy K of a rigid body rotating about a fixed axis is 
given by 


K = 31a” (radian measure), (10-34) 
in which / is the rotational inertia of the body, defined as 
I = > mir? (10-33) 
for a system of discrete particles and defined as 
[= | r> dm (10-35) 


for a body with continuously distributed mass. The r and 7; in 
these expressions represent the perpendicular distance from 
the axis of rotation to each mass element in the body. 


The Parallel-Axis Theorem The parallel-axis theorem 
relates the rotational inertia / of a body about any axis to that of 
the same body about a parallel axis through the center of mass: 


I = Inom + Mh’. (10-36) 
Here h is the perpendicular distance between the two axes. 


Torque Torque is a turning or twisting action on a body 
about a rotation axis due to a force F. If F is exerted at a 
point given by the position vector 7 relative to the axis, then 
the magnitude of the torque is 


tT=rk=r,F=rFsing, (10-40,10-41, 10-39) 


where F, is the component of F perpendicular to 7 and ¢ is 
the angle between 7 and F’. The quantity r, is the perpendic- 
ular distance between the rotation axis and an extended line 
running through the F vector. This line is called the line of 
action of F, and r is called the moment arm of F. Similarly, r 
is the moment arm of F,. 

The SI unit of torque is the newton-meter (N-m). 
A torque 7 is positive if it tends to rotate a body at rest coun- 
terclockwise and negative if it tends to rotate the body in the 
clockwise direction. 


Newton's Second Law in Angular Form The rota- 
tional analog of Newton’s second law is 

(10-45) 
where 7,,; 1s the net torque acting on a particle or rigid body, J is 


the rotational inertia of the particle or body about the rotation 
axis, and a is the resulting angular acceleration about that axis. 


Tet = Ta, 


Work and Rotational Kinetic Energy The equations 
used for calculating work and power in rotational motion cor- 


respond to equations used for translational motion and are 


Oy 
W = | 7aeg 
6; 
dw 


and = = TW. 


dt 


(10-53) 


(10-55) 


When ris constant, Eq. 10-53 reduces to 

W = 1(6; — 6;). (10-54) 

The form of the work—kinetic energy theorem used for rotating 
bodies is 

AK = K, — K, = 31a? — 5Io? = W. 


U 


(10-52) 





QUESTIONS 


1 Figure 10-22 is a graph of the angular velocity versus time 
for a disk rotating like a merry- 
go-round. For a point on the 
disk rim, rank the instants a, Db, 
c, and d according to the 
magnitude of the (a) tangential a b a | 
and (b) radial acceleration, 
greatest first. 


@ 


FIG. 10-22 Question 1. 


2 Figure 10-235 is a graph of the angular position of the 
rotating disk of Fig. 10-23a. Is the angular velocity of the disk 
positive, negative, or zero at (a) t = 1s, (b) t= 2s, and (c) t= 
3 s? (d) Is the angular acceleration positive or negative? 

6 (rad) 


| Rotation axis 





i(s) 


| 
(a) (d) 
FIG. 10-23 Question 2. 


3 Figure 10-24 shows a uniform metal @ 
plate that had been square before 25% of it 
was snipped off. Three lettered points are 
indicated. Rank them according to the rota- 
tional inertia of the plate around a perpen- 
dicular axis through them, greatest first. 


4 Figure 10-25 shows plots of 
angular position 0 versus time tf 
for three cases in which a disk 1s 
rotated like a merry-go-round. 
In each case, the rotation direc- 
tion changes at a certain angular 
Position Ohange- (a) For each case, 
determine whether Ohange 1S 
clockwise or counterclockwise 
from @ = 0, or whether it is at 6 
= (0. For each case, determine 
(b) whether w is zero before, af- 
ter, or at t = 0 and (c) whether a is positive, negative, or zero. 


FIG. 10-24 
Question 3. 





FIG. 10-25 Question 4. 


3 Figure 10-26a is an overhead view of a horizontal bar that 
can pivot; two horizontal forces act on the bar, but it is 
stationary. If the angle between the bar and F, is now 
decreased from 90° and the bar is still not to turn, should F, 
be made larger, made smaller, or left the same? 


6 Figure 10-26b shows an overhead view of a horizontal bar 





—--—-. 


that is rotated about the pivot point by two horizontal forces, 
F. , and F, with F, at angle ¢ to the bar. Rank the following 
values of @ according to the magnitude of the angular accel- 
eration of the bar, greatest first: 90°, 70°, and 110°. 


fy iy 
Pivot point 





K 
(a) (Dd) 
FIG. 10-26 Questions 5 and 6. 


7 In Fig. 10-27, two forces Ee 
and F, act on a disk that turns 
about its center like a merry-go- 
round. The forces maintain the 
indicated angles during the rota- 
tion, which is counterclockwise 
and at a constant rate. However, 
we are to decrease the angle 6 of 
F, without changing the magni- 
tude of F,. (a) To keep the angular speed constant, should we 
increase, decrease, or maintain the magnitude of F;? Do 
forces (b) F; and (c) F, tend to rotate the disk clockwise or 
counterclockwise? 





FIG. 10-27 Question 7. 


8 In the overhead view of A 
Fig. 10-28, five forces of the 
same magnitude act on a 
strange merry-go-round; it is a 
Square that can rotate about 
point P, at midlength along one 

of the edges. Rank the forces F ee 
according to the magnitude of 

the torque they create about T 
point P, greatest first. ts 
FIG. 10-28 Question 8. 





9 A force is applied to the rim 
of a disk that can rotate like a merry-go-round, so as to change 
its angular velocity. Its initial and final angular velocities, re- 
spectively, for four situations are: (a) —2 rad/s, 5 rad/s; (b) 2 
rad/s, 5 rad/s; (c) —2 rad/s, —5 rad/s; and (d) 2 rad/s, —5 rad/s. 
Rank the situations according to the work done by the torque 
due to the force, greatest first. 


10 Figure 10-29 shows three flat disks (of the same radius) 
that can rotate about their centers like merry-go-rounds. 
Each disk consists of the same two materials, one denser than 
the other (density is mass per unit volume). In disks 1 and 3, 
the denser material forms the outer half of the disk area. In 
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disk 2, it forms the inner half of the disk area. Forces with 
identical magnitudes are applied tangentially to the disk, 
either at the outer edge or at the interface of the two materi- 
als, as shown. Rank the disks according to (a) the torque 
about the disk center, (b) the rotational inertia about the 
disk center, and (c) the angular acceleration of the disk, 
greatest first. 





Lighter 
Disk 1 Disk 2 


FIG. 10-29 Question 10. 





PROBLEMS 


S Tutoring problem available (at instructor's discretion) in WileyPLUS and WebAssign 


SSM Worked-out solution available in Student Solutions Manual 
@ —@ee Number of dots indicates level of problem difficulty 


WWW Worked-out solution is at 


http://www.wiley.com/college/halliday 





Interactive solution is at 


<a Additional information available in The Flying Circus of Physics and at flyingcircusofphysics.com 


Sa ee ec 


sec. 10-2 The Rotational Variables 

¢1 A good baseball pitcher can throw a baseball toward 
home plate at 85 mi/h with a spin of 1800 rev/min. How many 
revolutions does the baseball make on its way to home plate? 
For simplicity, assume that the 60 ft path is a straight line. 


®2 What is the angular speed of (a) the second hand, (b) the 
minute hand, and (c) the hour hand of a smoothly running 
analog watch? Answer in radians per second. 


ee3 A diver makes 2.5 revolutions on the way from a 10-m- 
high platform to the water. Assuming zero initial vertical 
velocity, find the average angular velocity during the dive. !Lw 


ee4 The angular position of a point on the rim of a rotating 
wheel is given by @ = 4.0t — 3.0¢7 + ¢°, where @ is in radians 
and ¢ is in seconds. What are the angular velocities at (a) t = 
2.0s and (b) t = 4.0 s? (c) What is the average angular accel- 
eration for the time interval that begins at t = 2.0s and ends 
at t = 4.0 s? What are the instantaneous angular accelerations 
at (d) the beginning and (e) the end of this time interval? 


ee5 When a slice of buttered toast is accidentally pushed 
over the edge of a counter, it rotates as it falls. If the distance 
to the floor is 76 cm and for rotation less than 1 rev, what are 
the (a) smallest and (b) largest angular speeds that cause the 
toast to hit and then topple to be butter-side down? == 


°e6 The angular position of a point on a rotating wheel is 
given by 6 = 2.0 + 4.0t? + 2.017, where @ is in radians and ¢ is in 
seconds. At t = 0, what are (a) the point’s angular position and 
(b) its angular velocity? (c) What is its angular velocity at t = 
4.0 s? (d) Calculate its angular acceleration at t = 2.0s. (e) Is its 
angular acceleration constant? 


eee7 The wheel in Fig. 10-30 
has eight equally spaced spokes 
and a radius of 30cm. It is 
mounted on a fixed axle and is 
spinning at 2.5 rev/s. You want to 
shoot a 20-cm-long arrow paral- 
lel to this axle and through the 
wheel without hitting any of the 
spokes. Assume that the arrow 
and the spokes are very thin. (a) What minimum speed must 
the arrow have? (b) Does it matter where between the axle and 
rim of the wheel you aim? If so, what is the best location? 


FIG. 10-30 Problem 7. 
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eee8 The angular acceleration of a wheel is a = 6.014 — 4.07, 
with q@ in radians per second-squared and tf in seconds. At 
time ¢ = 0, the wheel has an angular velocity of +2.0 rad/s 
and an angular position of +1.0 rad. Write expressions for 
(a) the angular velocity (rad/s) and (b) the angular position 
(rad) as functions of time (s). 


sec. 10-4 Rotation with Constant Angular Acceleration 
°9 A disk, initially rotating at 120 rad/s, is slowed down 
with a constant angular acceleration of magnitude 4.0 rad/s’. (a) 
How much time does the disk take to stop? (b) Through 
what angle does the disk rotate during that time? 


¢10 The angular speed of an automobile engine is increased 
at a constant rate from 1200 rev/min to 3000 rev/min in 12s. 
(a) What is its angular acceleration in revolutions per minute- 
squared? (b) How many revolutions does the engine make 
during this 12 s interval? 


°11 A drum rotates around its central axis at an angular 
velocity of 12.60 rad/s. If the drum then slows at a constant 
rate of 4.20 rad/s’, (a) how much time does it take and 
(b) through what angle does it rotate in coming to rest? 


12 Starting from rest, a disk rotates about its central axis 
with constant angular acceleration. In 5.0, it rotates 25 rad. 
During that time, what are the magnitudes of (a) the angular 
acceleration and (b) the average angular velocity? (c) What is 
the instantaneous angular velocity of the disk at the end 
of the 5.0s? (d) With the angular acceleration unchanged, 
through what additional angle will the disk turn during the 
next 5.0 s? 


¢¢13 A wheel has a constant angular acceleration of 3.0 rad/s’. 
During a certain 4.0 s interval, it turns through an angle of 120 
rad. Assuming that the wheel started from rest, how long has it 
been in motion at the start of this 4.0s interval? ssm 


°°14 A merry-go-round rotates from rest with an angular 
acceleration of 1.50 rad/s’. How long does it take to rotate 
through (a) the first 2.00 rev and (b) the next 2.00 rev? 


ee15 Atzt=0,a flywheel has an angular velocity of 4.7 rad/s, 
a constant angular acceleration of —0.25 rad/s’, and a refer- 
ence line at 6 =0. (a) Through what maximum angle 6,,,, 
will the reference line turn in the positive direction? What 
are the (b) first and (c) second times the reference line will be 


at 0 = 5Omnax? At what (d) negative time and (e) positive time 
will the reference line be at 6 = —10.5 rad? (f) Graph 6 ver- 
sus ¢, and indicate the answers to (a) through (e) on the graph. 


ee16 A disk rotates about its central axis starting from rest 
and accelerates with constant angular acceleration. At one 
time it is rotating at 10 rev/s; 60 revolutions later, its angular 
speed is 15 rev/s. Calculate (a) the angular acceleration, 
(b) the time required to complete the 60 revolutions, (c) the 
time required to reach the 10 rev/s angular speed, and (d) the 
number of revolutions from rest until the time the disk 
reaches the 10 rev/s angular speed. 


ee17 A flywheel turns through 40 rev as it slows from an 
angular speed of 1.5 rad/s to a stop. (a) Assuming a constant 
angular acceleration, find the time for it to come to rest. 
(b) What is its angular acceleration? (c) How much time is re- 
quired for it to complete the first 20 of the 40 revolutions? iLw 


sec. 10-5 Relating the Linear and Angular Variables 
e718 A vinyl record is played by rotating the record so that 
an approximately circular groove in the vinyl slides under a 
stylus. Bumps in the groove run into the stylus, causing it to 
oscillate. The equipment converts those oscillations to electri- 
cal signals and then to sound. Suppose that a record turns at 
the rate of 335 rev/min, the groove being played is at a radius 
of 10.0 cm, and the bumps in the groove are uniformly sepa- 
rated by 1.75 mm. At what rate (hits per second) do the 
bumps hit the stylus? 


°19 Between 1911 and 1990, the top of the leaning bell tower 
at Pisa, Italy, moved toward the south at an average rate of 
1.2 mm/y. The tower is 55 m tall. In radians per second, what 
is the average angular speed of the tower’s top about its 
base? «ag 

20 An astronaut is being tested in a centrifuge. The 
centrifuge has a radius of 10m and, in starting, rotates 
according to @ = 0.302, where f is in seconds and @ is in radi- 
ans. When t = 5.0s, what are the magnitudes of the astro- 
naut’s (a) angular velocity, (b) linear velocity, (c) tangential 
acceleration, and (d) radial acceleration? 


21 A flywheel with a diameter of 1.20 m is rotating at an 
angular speed of 200 rev/min. (a) What is the angular speed 
of the flywheel in radians per second? (b) What is the linear 
speed of a point on the rim of the flywheel? (c) What 
constant angular acceleration (in revolutions per minute- 
squared) will increase the wheel’s angular speed to 
1000 rev/min in 60.0 s? (d) How many revolutions does the 
wheel make during that 60.0 s? ssm www 


e22 If an airplane propeller rotates at 2000 rev/min while 
the airplane flies at a speed of 480 km/h relative to the 
ground, what is the linear speed of a point on the tip of 
the propeller, at radius 1.5m, as seen by (a) the pilot and 
(b) an observer on the ground? The plane’s velocity is paral- 
lel to the propeller’s axis of rotation. 


°23 What are the magnitudes of (a) the angular velocity, 
(b) the radial acceleration, and (c) the tangential acceleration 
of a spaceship taking a circular turn of radius 3220 km at 
a speed of 29 000 km/h? 


e24 An object rotates about a fixed axis, and the angular posi- 
tion of a reference line on the object is given by 
6 = 0.40e”, where @ is in radians and f is in seconds. Consider a 
point on the object that is 4.0 cm from the axis of rotation. At t = 


0, what are the magnitudes of the point’s (a) tangential compo- 
nent of acceleration and (b) radial component of acceleration? 


ee25 A disk, with a radius of 0.25 m, is to be rotated like a 
merry-go-round through 800 rad, starting from rest, gaining 
angular speed at the constant rate a, through the first 400 rad 
and then losing angular speed at the constant rate — a, until it 
is again at rest. The magnitude of the centripetal acceleration 
of any portion of the disk is not to exceed 400 m/s’. (a) What 
is the least time required for the rotation? (b) What is the 
corresponding value of a,? 


°e26 <A gyroscope flywheel of radius 2.83 cm is accelerated 
from rest at 14.2 rad/s’ until its angular speed is 2760 rev/min. 
(a) What is the tangential acceleration of a point on the rim 
of the flywheel during this spin-up process? (b) What is the 
radial acceleration of this point when the flywheel is spinning 
at full speed? (c) Through what distance does a point on the 
rim move during the spin-up? 


ee27 An early method of measuring the speed of light 
makes use of a rotating slotted wheel. A beam of light passes 
through one of the slots at the outside edge of the wheel, as 
in Fig. 10-31, travels to a distant mirror, and returns to the 
wheel just in time to pass through the next slot in the wheel. 
One such slotted wheel has a radius of 5.0 cm and 500 slots 
around its edge. Measurements taken when the mirror is 
L = 500 m from the wheel indicate a speed of light of 3.0 x 10° 
km/s. (a) What is the (constant) angular speed of the wheel? (b) 
What is the linear speed of a point on the edge of the wheel? 










Light 
beam 





Light 
source 
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perpendicular 
to light beam 


¢ Rotating 
§ slotted wheel 


FIG. 10-31 Problem 27. 


ee28 The flywheel of a steam engine runs with a constant 
angular velocity of 150 rev/min. When steam is shut off, the 
friction of the bearings and of the air stops the wheel in 2.2 h. 
(a) What is the constant angular acceleration, in revolutions 
per minute-squared, of the wheel during the slowdown? 
(b) How many revolutions does the wheel make before stop- 
ping? (c) At the instant the flywheel is turning at 75 rev/min, 
what is the tangential component of the linear acceleration of 
a flywheel particle that is 50 cm from the axis of rotation? 
(d) What is the magnitude of the net linear acceleration of the 
particle in (c)? 


®@29 (a) What is the angular speed w about the polar axis 
of a point on Earth’s surface at latitude 40° N? (Earth rotates 
about that axis.) (b) What is the linear speed v of the point? 
What are (c) w and (d) v for a point at the equator? ssm 
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ee30 In Fig. 10-32, wheel A 
of radius r, =10cm is cou- 
pled by belt B to wheel C of 
radius rc = 25 cm. The angular 
speed of wheel A is increased 
from rest at a constant rate of 
1.6 rad/s*. Find the time 
needed for wheel C to reach 
an angular speed of 100 rev/min, assuming the belt does not 
slip. (Hint: If the belt does not slip, the linear speeds at the 
two rims must be equal.) 





B 
FIG. 10-32 Problem 30. 


ee31 A record turntable is rotating at 33; rev/min. A water- 
melon seed is on the turntable 6.0 cm from the axis of rotation. 
(a) Calculate the acceleration of the seed, assuming that it does 
not slip. (b) What is the minimum value of the coefficient of static 
friction between the seed and the turntable if the seed is not to 
slip? (c) Suppose that the turntable achieves its angular speed by 
starting from rest and undergoing a constant angular accelera- 
tion for 0.25 s. Calculate the minimum coefficient of static friction 
required for the seed not to slip during the acceleration period. 


eee32 A pulsar is a rapidly rotating neutron star that emits 
a radio beam the way a lighthouse emits a light beam. We 
receive a radio pulse for each rotation of the star. The period 
T of rotation is found by measuring the time between pulses. 
The pulsar in the Crab nebula has a period of rotation of 
T = 0.033 s that is increasing at the rate of 1.26 X 10 s/y. 
(a) What is the pulsar’s angular acceleration a? (b) If a is 
constant, how many years from now will the pulsar stop 
rotating? (c) The pulsar originated in a supernova explosion 
seen in the year 1054. Assuming constant a, find the initial T. 


sec. 10-6 Kinetic Energy of Rotation 
e33 Calculate the rotational inertia of a wheel that has a ki- 
netic energy of 24 400 J when rotating at 602 rev/min. SSM 


e34 Figure 10-33 gives angu- @ (rad/ s) 
lar speed versus time fora thin @,|— 
rod that rotates around one 

end. The scale on the w axis is 

set by w, = 6.0 rad/s. (a) What 

is the magnitude of the rod’s 
angular acceleration? (b) At t = 0 
4.0 s, the rod has a rotational ki- 
netic energy of 1.60 J. What is its 
kinetic energy at t = 0? 





FIG. 10-33 Problem 34. 


sec. 10-7 Calculating the Rotational Inertia 

e35 Calculate the rotational inertia of a meter stick, with 
mass 0.56kg, about an axis perpendicular to the stick and 
located at the 20 cm mark. (Treat the stick as a thin rod.) ssm 


°36 Figure 10-34 shows three 0.0100 kg particles that have 
been glued to a rod of length L = 6.00 cm and negligible 
mass. The assembly can rotate around a perpendicular axis 
through point O at the left end. If we remove one particle 


that is, 33% of the mass), b 
y 
——1— 


what percentage does the 

rotational inertia of the as- 4,.. 
: * Gd (3 

sembly around the rotation O m -s = 

axis decrease when that re- 

ddd 
moved particle is (a) the in- f : 
nermost one and (b) the outer- —- FIG. 10-34 Problems 36 
most one? and 64. 


°37 Two uniform solid cylinders, each rotating about its 
central (longitudinal) axis at 235 rad/s, have the same mass of 
1.25 kg but differ in radius. What is the rotational kinetic en- 
ergy of (a) the smaller cylinder, of radius 0.25 m, and (b) the 
larger cylinder, of radius 0.75 m? ssm 


°38 Figure 10-35a shows a disk that can rotate about an 
axis at a radial distance h from the center of the disk. Figure 10- 
355 gives the rotational inertia J of the disk about the axis as a 
function of that distance h, from the center out to the edge of 
the disk. The scale on the J axis is set by I, = 0.050 kg-m? and 
Iz = 0.150 kg: m?. What is the mass of the disk? 


Axis Ip 


I (kg: m7?) 





(a) 


FIG. 10-35 Problem 38. 


°ee39 In Fig. 10-36, two particles, each with mass m= 
0.85 kg, are fastened to each other, and to a rotation axis at 


O, by two thin rods, each with 
A m 
M 
Rotation axis 
O 


length d=5.6cm and mass 
FIG. 10-36 Problem 39. 





M =1.2 kg. The combination 
rotates around the rotation axis 
with angular speed w= 0.30 
rad/s. Measured about O, what 
are the combination’s (a) rota- 
tional inertia and (b) kinetic 
energy? ico 


ee40 Four identical particles of mass 0.50 kg each are 
placed at the vertices of a 2.0m X 2.0m square and held 
there by four massless rods, which form the sides of the 
square. What is the rotational inertia of this rigid body about 
an axis that (a) passes through the midpoints of opposite 
sides and lies in the plane of the square, (b) passes through 
the midpoint of one of the sides and is perpendicular to the 
plane of the square, and (c) lies in the plane of the square and 
passes through two diagonally opposite particles? 


ee41 The uniform _ solid Roiac 
; : otation 
block in Fig. 10-37 has mass gyi. 
0.172 kg and edge lengths a = 
3.5 cm, b = 8.4 cm, and c = 1.4 
cm. Calculate its rotational in- 
ertia about an axis through 
one corner and perpendicular 
to the large faces. ssm Www 


°e42 Figure 10-38 shows an 
arrangement of 15 identical 
disks that have been glued together in a rod-like shape of length 
L = 1.0000 m and (total) mass M = 100.0 mg. The disk arrange- 
ment can rotate about a perpendicular axis through its central 
disk at point O. (a) What is the rotational inertia of the arrange- 
ment about that axis? (b) If we approximated the arrangement 
as being a uniform rod of mass M and length L, what percentage 





FIG. 10-37. Problem 41. 


error would we make in using the formula in Table 10-2e to cal- 
culate the rotational inertia? 





FIG. 10-38 Problem 42. 


ee43 Trucks can be run on energy stored in a rotating fly- 
wheel, with an electric motor getting the flywheel up to its 
top speed of 2007 rad/s. One such flywheel is a solid, uniform 
cylinder with a mass of 500 kg and a radius of 1.0 m. (a) What 
is the kinetic energy of the flywheel after charging? (b) If the 
truck uses an average power of 8.0 kW, for how many min- 
utes can it operate between chargings? 


ee44 The masses and coordinates of four particles are as 
follows: 50 g, x = 2.0 cm, y = 2.0 cm; 25 g, x = 0, y = 4.0 cm; 
25 ¢, x = —3.0cm, y = —3.0 cm; 30g, x = —2.0cm, y = 4.0 
cm. What are the rotational inertias of this collection about 
the (a) x, (b) y, and (c) z axes? (d) Suppose the answers to 
(a) and (b) are A and B, respectively. Then what is the an- 
swer to (c) in terms of A and B? 


sec. 10-8 Torque 

e45 A small ball of mass 0.75 kg is attached to one end of a 
1.25-m-long massless rod, and the other end of the rod is 
hung from a pivot. When the resulting pendulum is 30° from 
the vertical, what is the magnitude of the gravitational torque 
calculated about the pivot? ssm 


°46 The length of a bicycle pedal arm is 0.152 m, and a 
downward force of 111 N is applied to the pedal by the rider. 
What is the magnitude of the torque about the pedal arm’s 
pivot when the arm is at angle (a) 30°, (b) 90°, and ae 180° 
with the vertical? 


°47 The body in Fig. 10-39 is 
pivoted at O, and two forces 
act on it as shown. If r,; = 1.30 
m, =2.15m, F, = 4.20N, 
Fi = 4.90 N, 0; = 75.0°, and 6, 
= 60.0°, what is the net torque 
about the pivot? ssm iLw 


e48 The body in Fig. 10-40 is 
pivoted at O. Three forces act 
on it: F, = 10 N at point A, 8.0 
m from O; Fz = 16N at B, 4.0 
m from O; and Fo = 19N at C, 
3.0m from O. What is the net 
torque about O? 





FIG. 10-40 Problem 48. 


sec. 10-9 Newton's Second Law for Rotation 

e49 During the launch from a board, a diver’s angular 
speed about her center of mass changes from zero to 
6.20 rad/s in 220 ms. Her rotational inertia about her center 
of mass is 12.0 kg: m*. During the launch, what are the mag- 
nitudes of (a) her average angular acceleration and (b) the 
average external torque on her from the board? ssm iw 


°50 If a32.0N-m torque on a wheel causes angular accelera- 
tion 25.0 rad/s’, what is the wheel’s rotational inertia? 


ee51 Figure 10-41 shows a uniform disk that can rotate 
around its center like a merry-go-round. The disk has a radius of 


2.00 cm and a mass of 20.0 grams and 1s 
initially at rest. Starting at time ¢=0, 
two forces are to be applied tangentially 
to the rim as indicated, so that at time t 
= 1.25 s the disk has an angular velocity 








of 250 rad/s counterclockwise. Force F; FIG. 10-44 
has a magnitude of 0.100 N. What is Problem 51. 
magnitude F,? co) 

L << 
ee52 Figure 10-42 shows parti- Par : 





cles 1 and 2, each of mass m, at- 1 A 2 


tached to the ends of a rigid mass- pyg 409.42 Problem 52. 
less rod of length L, + L,, with L, 

= 20 cm and L, = 80 cm. The rod is held horizontally on the 
fulcrum and then released. What are the magnitudes of the 
initial accelerations of (a) particle 1 and (b) particle 2? 


ee53 In Fig. 10-43a, an _ irregularly 
shaped plastic plate with uniform thick- 
ness and density (mass per unit volume) 
is to be rotated around an axle that is 
perpendicular to the plate face and 
through point O. The rotational inertia of 
the plate about that axle is measured 
with the following method. A circular 
disk of mass 0.500 kg and radius 2.00 cm 
is glued to the plate, with its center 
aligned with point O (Fig. 10-43b). A 
string is wrapped around the edge of the 
disk the way a string is wrapped around a 
top. Then the string is pulled for 5.00s. 
As a result, the disk and plate are rotated by a constant force 
of 0.400 N that is applied by the string tangentially to the 
edge of the disk. The resulting angular speed is 114 rad/s. 
What is the rotational inertia of the plate about the axle? © 


Plate 








FIG. 10-43 
Problem 53. 


e054 In Fig. 10-44, a cylinder having a mass of 2.0 kg can 
rotate about its central axis through point O. Forces are 
applied as shown: F,; = 6.0 N, F, = 4.0 N, fF; = 2.0 N, and Fy = 
5.0N. Also, r= 5.0 cm and R = 12 cm. Find the (a) magni- 
tude and (b) direction of the angular acceleration of the 
cylinder. (During the rotation, the forces maintain their same 
angles relative to the cylinder.) 






Rotation 
axis 


FIG. 10-44 Problem 54. 


ee55 In Fig. 10-45, block 1 has mass m, = 460 g, block 2 has 
mass m, = 500 g, and the pulley, which is mounted on a hori- 
zontal axle with negligible friction, has radius R = 5.00 cm. 
When released from rest, block 2 falls 75.0 cm in 5.00 s without 
the cord slipping on the pulley. (a) What is the magnitude of 
the acceleration of the blocks? What are (b) tension 7, and (c) 
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tension 7,? (d) What is the magnitude 
of the pulley’s angular acceleration? 
(e) What is its rotational inertia? @ 


°e56 In a judo foot-sweep move, 
you sweep your opponent’s left foot 
out from under him while pulling on y 
his gi (uniform) toward that side. As ™m| | 
a result, your opponent rotates 7 
around his right foot and onto the 
mat. Figure 10-46 shows a simplified 
diagram of your opponent as you 
face him, with his left foot swept 
out. The rotational axis is 
through point O. The gravita- 
tional force F,on him effectively 
acts at his center of mass, which 

is a horizontal distance d = 28 
cm from point O. His mass is 70 

kg, and his rotational inertia h 
about point O is 65 kg: m?. What 
is the magnitude of his initial an- 
gular acceleration about point O 
if your pull F, on his gi is (a) neg- 
ligible and (b) horizontal with a 
magnitude of 300 N and applied 
at heighth = 1.4m? =e 


eee57 A_ pulley, with a rotational inertia of 1.0 x 
10°-° kg-m? about its axle and a radius of 10 cm, is acted on 
by a force applied tangentially at its rim. The force magnitude 
varies in time as F = 0.50¢ + 0.30¢, with F in newtons and ¢ in 
seconds. The pulley is initially at rest. At ¢ = 3.0s what are 
(a) its angular acceleration and (b) its angular speed? 


FIG. 10-45 Problems 
55 and 73. 








FIG. 10-46 Problem 56. 


sec. 10-10 Work and Rotational Kinetic Energy 

e358 A thin rod of length 0.75m and mass 0.42 kg is sus- 
pended freely from one end. It is pulled to one side and then al- 
lowed to swing like a pendulum, passing through its lowest po- 
sition with angular speed 4.0 rad/s. Neglecting friction and air 
resistance, find (a) the rod’s kinetic energy at its lowest position 
and (b) how far above that position the center of mass rises. 


°59 A 32.0kg wheel, essentially a thin hoop with radius 
1.20 m, 1s rotating at 280 rev/min. It must be brought to a stop 
in 15.0s. (a) How much work must be done to stop it? 
(b) What is the required average power? 


°60 (a) If R=12cm, M = 400g, and m = 50 ¢ in Fig. 10-18, 
find the speed of the block after it has descended 50 cm start- 
ing from rest. Solve the problem using energy conservation 
principles. (b) Repeat (a) with R = 5.0 cm. 


°67 An automobile crankshaft transfers energy from the 
engine to the axle at the rate of 100 hp (= 74.6kW) when 
rotating at a speed of 1800 rev/min. What torque (in newton- 
meters) does the crankshaft deliver? 


ee62 A uniform cylinder of radius 10 cm and mass 20 kg is 
mounted so as to rotate freely about a horizontal axis that is 
parallel to and 5.0 cm from the central longitudinal axis of 
the cylinder. (a) What is the rotational inertia of the cylinder 
about the axis of rotation? (b) If the cylinder is released from 
rest with its central longitudinal axis at the same height as the 
axis about which the cylinder rotates, what is the angular 
speed of the cylinder as it passes through its lowest position? 








°°63 A meter stick is held vertically with one end on the 
floor and is then allowed to fall. Find the speed of the other 
end just before it hits the floor, assuming that the end on the 
floor does not slip. (Hint: Consider the stick to be a thin rod 
and use the conservation of energy principle.) ssm ILw 


e264 In Fig. 10-34, three 0.0100 kg particles have been glued 
to a rod of length L = 6.00 cm and negligible mass and can 
rotate around a perpendicular axis through point O at one 
end. How much work is required to change the rotational rate 
(a) from 0 to 20.0 rad/s, (b) from 20.0 rad/s to 40.0 rad/s, and 
(c) from 40.0 rad/s to 60.0 rad/s? (d) What is the slope of a plot 
of the assembly’s kinetic energy (in joules) versus the square of 
its rotation rate (in radians-squared per second-squared)? 


e@e65 Figure 10-47 shows a rigid 
assembly of a thin hoop (of mass 
m and radius R = 0.150 m) and a 
thin radial rod (of mass m and 
length L = 2.00R). The assembly 
is upright, but if we give it a slight 
nudge, it will rotate around a hori- 
zontal axis in the plane of the rod 
and hoop, through the lower end of 
the rod. Assuming that the energy given to the assembly in such 
a nudge is negligible, what would be the assembly’s angular 
speed about the rotation axis when it passes through the up- 
side-down (inverted) orientation? 





FIG. 10-47 Problem 65. 


e®e66 A uniform spherical shell of mass M = 4.5 kg and 
radius R = 8.5 cm can rotate about a vertical axis on friction- 
less bearings (Fig. 10-48). A massless cord passes around the 
equator of the shell, over a pulley of rotational inertia J = 
3.0 X 10° kg-m? and radius r = 5.0 cm, and is attached to 
a small object of mass m = 0.60 kg. There is no friction on the 
pulley’s axle; the cord does not slip on the pulley. What is the 
speed of the object when it has fallen 82cm after being 
released from rest? Use energy considerations. 





FIG. 10-48 Problem 66. 


©ee67 A tall, cylindrical chimney falls over when its base is 
ruptured. Treat the chimney as a thin rod of length 55.0 m. At 
the instant it makes an angle of 35.0° with the vertical as it 
falls, what are (a) the radial acceleration of the top, and (b) 
the tangential acceleration of the top. (Hint: Use energy con- 
siderations, not a torque.) (c) At what angle 0 is the tangential 
acceleration equal to g? == 


Additional Problems 

68 George Washington Gale Ferris, Jr., a civil engineering 
graduate from Rensselaer Polytechnic Institute, built the orig- 
inal Ferris wheel for the 1893 World’s Columbian Exposition 
in Chicago. The wheel, an astounding engineering construc- 


tion at the time, carried 36 wooden cars, each holding up to 
60 passengers, around a circle 76m in diameter. The cars 
were loaded 6 at a time, and once all 36 cars were full, the 
wheel made a complete rotation at constant angular speed in 
about 2 min. Estimate the amount of work that was required 
of the machinery to rotate the passengers alone. Se 


69 In Fig. 10-49, two 6.20kg oo 
blocks are connected by a mass- : 
less string over a pulley of radius 
2.40cm and rotational inertia 
7.40 x 10°-*kg-m*. The - string 
does not slip on the pulley; it is 
not known whether there is fric- 
tion between the table and the 
sliding block; the pulley’s axis is 
frictionless. When this system is released from rest, the pulley 
turns through 1.30 rad in 91.0 ms and the acceleration of the 
blocks is constant. What are (a) the magnitude of the pulley’s 
angular acceleration, (b) the magnitude of either block’s acceler- 
ation, (c) string tension 7), and (d) string tension T,? ssm 


FIG. 10-49 Problem 69. 


70 Figure 10-50 shows a flat construction 
of two circular rings that have a common 
center and are held together by three rods of 
negligible mass. The construction, which is 
initially at rest, can rotate around the com- 
mon center (like a merry-go-round), where nie 
another rod of negligible mass lies. The mass, FIG. 10-50 
inner radius, and outer radius of the rings are Problem 70. 
given in the following table. A tangential force of magnitude 
12.0 N is applied to the outer edge of the outer ring for 0.300 
s. What is the change in the angular speed of the construction 
during that time interval? 


Ring Mass(kg) Inner Radius(m) Outer Radius (m) 
1 0.120 0.0160 0.0450 
2 0.240 0.0900 0.1400 


71 ‘In Fig. 10-51, a small disk of ra- 
dius r = 2.00 cm has been glued to 
the edge of a larger disk of radius R 
= 4.00 cm so that the disks lie in the 
same plane. The disks can be ro- 
tated around a perpendicular axis 
through point O at the center of the 
larger disk. The disks both have a 
uniform density (mass per unit vol- 
ume) of 1.40 X 10° kg/m? and a uniform thickness of 5.00 mm. 
What is the rotational inertia of the two-disk assembly about the 
rotation axis through O? 


72 At7:14 A.M. on June 30, 1908, a huge explosion occurred 
above remote central Siberia, at latitude 61° N and longitude 
102° E; the fireball thus created was the brightest flash seen 
by anyone before nuclear weapons. The Tunguska Event, 
which according to one chance witness “covered an enor- 
mous part of the sky,” was probably the explosion of a stony 
asteroid about 140 m wide. (a) Considering only Earth’s rota- 
tion, determine how much later the asteroid would have had 
to arrive to put the explosion above Helsinki at longitude 25° 
E. This would have obliterated the city. (b) If the asteroid 
had, instead, been a metallic asteroid, it could have reached 
Earth’s surface. How much later would such an asteroid have 
had to arrive to put the impact in the Atlantic Ocean at longi- 









FIG. 10-51 Problem 71. 


tude 20° W? (The resulting tsunamis would have wiped out 
coastal civilization on both sides of the Atlantic.) <3 


73 In Fig. 10-45, two blocks, of mass m, = 400 g and m, = 
600 g, are connected by a massless cord that is wrapped 
around a uniform disk of mass M = 500g and radius R = 
12.0 cm. The disk can rotate without friction about a fixed 
horizontal axis through its center; the cord cannot slip on the 
disk. The system is released from rest. Find (a) the magnitude 
of the acceleration of the blocks, (b) the tension 7, in the 
cord at the left, and (c) the tension T, in the cord at the right. 


74 Attached to each end of a thin steel rod of length 1.20 m 
and mass 6.40 kg is a small ball of mass 1.06 kg. The rod is con- 
strained to rotate in a horizontal plane about a vertical axis 
through its midpoint. At a certain instant, it 1s rotating at 39.0 
rev/s. Because of friction, it slows to a stop in 32.0 s. Assuming a 
constant retarding torque due to friction, compute (a) the angu- 
lar acceleration, (b) the retarding torque, (c) the total energy 
transferred from mechanical energy to thermal energy by fric- 
tion, and (d) the number of revolutions rotated during the 32.0 
s. (e) Now suppose that the retarding torque is known not to be 
constant. If any of the quantities (a), (b), (c), and (d) can still be 
computed without additional information, give its value. 


75 A uniform helicopter rotor blade is 7.80m long, has 
a mass of 110 kg, and is attached to the rotor axle by a single 
bolt. (a) What is the magnitude of the force on the bolt from 
the axle when the rotor is turning at 320 rev/min? (Hint: For 
this calculation the blade can be considered to be a point 
mass at its center of mass. Why?) (b) Calculate the torque 
that must be applied to the rotor to bring it to full speed from 
rest in 6.70 s. Ignore air resistance. (The blade cannot be con- 
sidered to be a point mass for this calculation. Why not? 
Assume the mass distribution of a uniform thin rod.) (c) How 
much work does the torque do on the blade in order for the 
blade to reach a speed of 320 rev/min? 


76 A wheel, starting from rest, rotates with a constant angular 
acceleration of 2.00 rad/s’. During a certain 3.00s interval, it 
turns through 90.0 rad. (a) What is the angular velocity of the 
wheel at the start of the 3.00s interval? (b) How long has the 
wheel been turning before the start of the 3.00 s interval? 


7? A golf ball is launched at an angle of 20° to the horizon- 
tal, with a speed of 60 m/s and a rotation rate of 90 rad/s. 
Neglecting air drag, determine the number of revolutions the 
ball makes by the time it reaches maximum height. 


78 Two uniform solid spheres have the same mass of 
1.65 kg, but one has a radius of 0.226 m and the other has a 
radius of 0.854 m. Each can rotate about an axis through its 
center. (a) What is the magnitude 7 of the torque required to 
bring the smaller sphere from rest to an angular speed of 
317 rad/s in 15.5 s? (b) What is the magnitude F of the force 
that must be applied tangentially at the sphere’s equator to 
give that torque? What are the corresponding values of (c) 7 
and (d) F for the larger sphere? 


79 The thin uniform rod in Fig. 10-52 
has length 2.0m and can pivot about a 
horizontal, frictionless pin through one 
end. It is released from rest at angle 0 = 
40° above the horizontal. Use the princi- 





ple of conservation of energy to deter- Pin 
mine the angular speed of the rod as it FIG. 10-52 
passes through the horizontal position. Problem 79. 
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80 The flywheel of an engine is rotating at 25.0 rad/s. When 
the engine is turned off, the flywheel slows at a constant rate 
and stops in 20.0 s. Calculate (a) the angular acceleration of 
the flywheel, (b) the angle through which the flywheel rotates 
in stopping, and (c) the number of revolutions made by the fly- 
wheel in stopping. 


81 A small ball with mass 1.30 kg is mounted on one end of a 
rod 0.780 m long and of negligible mass. The system rotates in a 
horizontal circle about the other end of the rod at 5010 rev/min. 
(a) Calculate the rotational inertia of the system about the axis 
of rotation. (b) There is an air drag of 2.30 X 10°? N on the ball, 
directed opposite its motion. What torque must be applied to 
the system to keep it rotating at constant speed? 


82 Starting from rest at t = 0,a wheel undergoes a constant 
angular acceleration. When t= 2.0s, the angular velocity 
of the wheel is 5.0 rad/s. The acceleration continues until t = 
20 s, when it abruptly ceases. Through what angle does the 
wheel rotate in the interval t = 0 tot = 40s? 


83 A high-wire walker always attempts to keep his center of 
mass over the wire (or rope). He normally carries a long, heavy 
pole to help: If he leans, say, to his right (his com moves to the 
right) and is in danger of rotating around the wire, he moves 
the pole to his left (its com moves to the left) to slow the rota- 
tion and allow himself time to adjust his balance. Assume that 
the walker has a mass of 70.0 kg and a rotational inertia of 
15.0 kg-m? about the wire. What is the magnitude of his angu- 
lar acceleration about the wire if his com is 5.0 cm to the right 
of the wire and (a) he carries no pole and (b) the 14.0 kg pole 
he carries has its com 10 cm to the left of the wire? - 


84 Racing disks. Figure 10-53 
shows two disks that can rotate i 
about their centers like a 
merry-go-round. At _ time 

t = 0, the reference lines of the 
two disks have the same orien- Disk A Disk B 
tation. Disk A is already rotat- gig, 49.53. Problem 84. 
ing, with a constant angular 

velocity of 9.5 rad/s. Disk B has been stationary but now 
begins to rotate at a constant angular acceleration of 
2.2 rad/s’. (a) At what time ¢ will the reference lines of the 
two disks momentarily have the same angular displacement 
6? (b) Will that time ¢ be the first time since t = 0 that the 
reference lines are momentarily aligned? 





85 A bicyclist of mass 70 kg puts all his mass on each down- 
ward-moving pedal as he pedals up a steep road. Take the di- 
ameter of the circle in which the pedals rotate to be 0.40 m, 
and determine the magnitude of the maximum torque he ex- 
erts about the rotation axis of the pedals. 


86 A disk rotates at constant angular acceleration, from an- 
gular position 6, = 10.0 rad to angular position 6, = 70.0 rad 
in 6.00 s. Its angular velocity at 0, is 15.0 rad/s. (a) What was 
its angular velocity at 0,? (b) What is the angular acceleration? 
(c) At what angular position was the disk initially at rest? (d) 
Graph 6 versus time ¢ and angular speed w versus ¢ for the 
disk, from the beginning of the motion (let t = 0 then). 


$7 A wheel of radius 0.20 m is mounted on a frictionless 
horizontal axis. The rotational inertia of the wheel about the 
axis is 0.050kg-m’. A massless cord wrapped around 
the wheel is attached to a 2.0 kg block that slides on a hori- 





zontal frictionless surface. If a 
horizontal force of magnitude 
P=3.0N is applied to the 
block as shown in Fig. 10-54, 
what is the magnitude of the 
angular acceleration of the 
wheel? Assume the cord does not slip on the wheel. ssm 


88 Our Sun is 2.3 X 104 ly (light-years) from the center of 
our Milky Way galaxy and is moving in a circle around that 
center at a speed of 250 km/s. (a) How long does it take the 
Sun to make one revolution about the galactic center? 
(b) How many revolutions has the Sun completed since it 
was formed about 4.5 X 10” years ago? 





FIG. 10-54 Problem 87. 


89 A record turntable rotating at 33: rev/min slows down 
and stops in 30s after the motor is turned off. (a) Find its (con- 
stant) angular acceleration in revolutions per minute-squared. 
(b) How many revolutions does it make in this time? ssm 


90 A rigid body is made of 
three identical thin rods, each 
with length L = 0.600 m, fas- 
tened together in the form of a 
letter H (Fig. 10-55). The body 
is free to rotate about a hori- 
zontal axis that runs along the 
length of one of the legs of the H. The body is allowed to fall 
from rest from a position in which the plane of the H is hori- 
zontal. What is the angular speed of the body when the plane 
of the H is vertical? 





FIG. 10-55 Problem 90. 


91 (a) Show that the rotational inertia of a solid cylinder of 
mass M and radius R about its central axis is equal to the 
rotational inertia of a thin hoop of mass M and radius R/V2 
about its central axis. (b) Show that the rotational inertia J of 
any given body of mass M about any given axis is equal to the 
rotational inertia of an equivalent hoop about that axis, if the 
hoop has the same mass M and a radius k given by 


(=e 
M 


The radius k of the equivalent hoop is called the radius of 
gyration of the given body. ssm 


92 A thin spherical shell has a radius of 1.90 m. An applied 
torque of 960 N-m gives the shell an angular acceleration of 
6.20 rad/s” about an axis through the center of the shell. What 
are (a) the rotational inertia of the shell about that axis and 
(b) the mass of the shell? 


93 In Fig. 10-56, a wheel of 
radius 0.20 m is mounted on a 
frictionless horizontal axle. A 
massless cord is wrapped 
around the wheel and attached 
to a 2.0 kg box that slides on a 
frictionless surface inclined at angle 0 = 20° with the horizon- 
tal. The box accelerates down the surface at 2.0 m/s”. What is 
the rotational inertia of the wheel about the axle? 





<i oe 
FIG. 10-56 Problem 93. 


94 The method by which the massive lintels (top stones) 
were lifted to the top of the upright stones at Stonehenge has 
long been debated. One possible method was tested in a small 
Czech town. A concrete block of mass 5124 kg was pulled up 
along two oak beams whose top surfaces had been debarked 


and then lubricated with fat (Fig. 10-57). The beams were 
10 m long, and each extended from the ground to the top of 
one of the two upright pillars onto which the block was to be 
raised. The pillars were 3.9m high; the coefficient of static 
friction between block and beams was 0.22. The pull on the 
block was via ropes wrapped around it and around the top 
ends of two spruce logs of length 4.5 m. A platform was strung 
at the opposite end of each log. When enough workers sat or 
stood on a platform, the attached spruce log would pivot about 
the top of its upright pillar and pull one end of the block a 
short distance up a beam. For each log, the rope holding the 
block was approximately perpendicular to the log; the distance 
between the pivot point and the point where the rope wrapped 
around the log was 0.70 m. Assuming that each worker had a 
mass of 85 kg, find the smallest number of workers needed on 
the two platforms so that the block begins to move up along 
the beams. (About half this number could actually move the 
block by moving first one end of it and then the other.) ge 
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FIG. 10-57 Problem 94. 


95 Figure 10-58 shows a propeller -A B 
blade that rotates at 2000 rev/min 
about a perpendicular axis at point 
B. Point A is at the outer tip of the 
blade, at radial distance 1.50 m. 
(a) What is the difference in the mag- 
nitudes a of the centripetal acceleration of point A and of a 
point at radial distance 0.150 m? (b) Find the slope of a plot 


of a versus radial distance along the blade. 


96 A yo-yo-shaped de- 
vice mounted on a hori- 
zontal frictionless axis 1s 
used to lift a 30 kg box as 
shown in Fig. 10-59. The 
outer radius R of the de- 
vice is 0.50 m, and the ra- 






FIG. 10-58 
Problem 95. 






Rigid mount 


dius r of the hub is 0.20 m. 

When a constant horizon- ia 

tal force p.. of magnitude Yo-yo shaped — | —Rope 
device 


140 N 1s applied to a rope 
wrapped around the out- 
side of the device, the box, 
which is suspended from a 
rope wrapped around the 
hub, has an upward acceleration of magnitude 0.80 m/s*. What 
is the rotational inertia of the device about its axis of rotation? 


FIG. 10-59 Problem 96. 





97 The rigid body shown in Fig. 10-60 consists of three 
particles connected by massless rods. It is to be rotated 
about an axis perpendicular to 
its plane through point P. If M = 
0.40 kg, a= 30cm, and b=50 
cm, how much work is required 
to take the body from rest to an 
angular speed of 5.0 rad/s? 


98 Beverage engineering. The 
pull tab was a major advance in 
the engineering design of bever-  ¢ - 
age containers. The tab pivots on 2M P 2M 
a central bolt in the can’s top. — Fi¢3, 10-460 Problem 97. 
When you pull upward on one 

end of the tab, the other end presses downward on a portion 
of the can’s top that has been scored. If you pull upward with 
a 10N force, approximately what is the magnitude of the 
force applied to the scored section? (You will need to exam- 
ine a can with a pull tab.) 





99 Cheetahs running at top speed have been reported at an 
astounding 114 km/h (about 71 mi/h) by observers driving 
alongside the animals. Imagine trying to measure a cheetah’s 
speed by keeping your vehicle abreast of the animal while 
also glancing at your speedometer, which is registering 
114 km/h. You keep the vehicle a constant 8.0m from the 
cheetah, but the noise of the vehicle causes the cheetah to 
continuously veer away from you along a circular path of 
radius 92 m. Thus, you travel along a circular path of radius 
100 m. (a) What is the angular speed of you and the cheetah 
around the circular paths? (b) What is the linear speed of the 
cheetah along its path? (If you did not account for the circular 
motion, you would conclude erroneously that the cheetah’s 
speed is 114 km/h, and that type of error was apparently made 
in the published reports.) 


700 A point on the rim of a 0.75-m-diameter grinding wheel 
changes speed at a constant rate from 12 m/s to 25 m/s in 
6.2 s. What is the average angular acceleration of the wheel? 


107 In Fig. 10-61, a thin uni- 
form rod (mass 3.0 kg, length 
4.0 m) rotates freely about a 
horizontal axis A that is per- 
pendicular to the rod and passes 
through a poimt at distance 
d=1.0m from the end of the 
rod. The kinetic energy of the 
rod as it passes through the ver- 
tical position is 20 J. (a) What is 
the rotational inertia of the rod 
about axis A? (b) What is the 
(linear) speed of the end B of 
the rod as the rod _ passes 
through the vertical position? (c) At what angle 6 will the rod 
momentarily stop in its upward swing? 





FIG. 10-61 Problem 101. 


102 Acar starts from rest and moves around a circular track 
of radius 30.0 m. Its speed increases at the constant rate of 
0.500 m/s’. (a) What is the magnitude of its net linear acceler- 
ation 15.0s later? (b) What angle does this net acceleration 
vector make with the car’s velocity at this time? 


103 A pulley wheel that is 8.0 cm in diameter has a 5.6-m- 
long cord wrapped around its periphery. Starting from rest, 
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the wheel is given a constant angular acceleration of 
1.5 rad/s”. (a) Through what angle must the wheel turn for the 
cord to unwind completely? (b) How long will this take? 


704 A heavy flywheel rotating on its central axis is slowing 
down because of friction in its bearings. At the end of the first 
minute of slowing, its angular speed is 0.900 of its initial angular 
speed of 250 rev/min. Assuming a constant angular acceleration, 
find its angular speed at the end of the second minute. 


105 Figure 10-62 shows a communications satellite that is a 
solid cylinder with mass 1210 aN 

kg, diameter 1.21 m, and length <— 

1.75 m. Prior to launch from the 
shuttle cargo bay, the satellite is 
set spinning at 1.52 rev/s about 
its long axis. What are (a) its ro- 
tational inertia about the rota- 
tion axis and (b) its rotational 


kinetic energy? FIG. 10-62 Problem 105. 


4106 A vinyl record on a turntable rotates at 335 rev/min. 
(a) What is its angular speed in radians per second? What 
is the linear speed of a point on the record (b) 15 cm and 
(c) 7.4 cm from the turntable axis? 


107 What is the angular speed of a car traveling at 50 km/h 
and rounding a circular turn of radius 110 m? 


108 Calculate (a) the torque, (b) the energy, and (c) the 
average power required to accelerate Earth in 1 day from 
rest to its present angular speed about its axis. 


109 The oxygen molecule O, has a mass of 5.30 X 10° kg 
and a rotational inertia of 1.94 x 10°“ kg-m? about an axis 
through the center of the line joining the atoms and perpen- 
dicular to that line. Suppose the center of mass of an 
O, molecule in a gas has a translational speed of 500 m/s and 
the molecule has a rotational kinetic energy that is z of the 
translational kinetic energy of its center of mass. What then is 
the molecule’s angular speed about the center of mass? 


110 The rigid object shown in Fig. 10-63 consists of three 
balls and three connecting rods, with M = 1.6 kg, L = 0.60 m, 
and 6 = 30°. The balls may be treated as particles, and the 
connecting rods have negligible mass. Determine the rota- 
tional kinetic energy of the object if it has an angular speed 
of 1.2 rad/s about (a) an axis that passes through point P and 
is perpendicular to the plane of the figure and (b) an axis that 
passes through point P, is perpendicular to the rod of length 
2L, and lies in the plane of the figure. 





FIG. 10-63 Problem 110. 


111 In Fig. 10-64, four pulleys are connected by two belts. 
Pulley A (radius 15 cm) is the drive pulley, and it rotates at 
10 rad/s. Pulley B (radius 10 cm) is connected by belt 1 to pulley 
A. Pulley B’ (radius 5 cm) is concentric with pulley B and is 
rigidly attached to it. Pulley C (radius 25 cm) is connected by 





belt 2 to pulley B’. 
Calculate (a) the linear 
speed of a point on belt 1, 
(b) the angular speed of 
pulley B, (c) the angular 
speed of pulley B’, (d) the 
linear speed of a point on 
belt 2, and (e) the angular 
speed of pulley C. (Hint: If 
the belt between two pul- 
leys does not slip, the linear 
speeds at the rims of the 
two pulleys must be equal.) 





FIG. 10-64 Problem 111. 


112 Four particles, each of mass 
0.20 kg, are placed at the vertices of 
a square with sides of length 0.50 
m. The particles are connected by 
rods of negligible mass. This rigid 
body can rotate in a vertical plane 
about a horizontal axis A that passes 
through one of the particles. The 
body is released from rest with rod 
AB horizontal (Fig. 10-65). (a) What 
is the rotational inertia of the body 
about axis A? (b) What is the angular speed of the body about 
axis A when rod AB swings through the vertical position? 





FIG. 10-65 
Problem 112. 


113 The turntable of a record player has an angular speed of 
8.0 rad/s at the instant it is switched off. Three seconds later, 
the turntable has an angular speed of 2.6 rad/s. Through how 
many radians does the turntable rotate from the time it is 
turned off until it stops? (Assume constant a.) 


114 Two thin rods (each of mass 
0.20kg) are joined together to 
form a rigid body as shown in Fig. 
10-66. One of the rods has length 
L, =0.40m, and the other has i: 
length L,=0.50m. What is the 

rotational inertia of this rigid 

body about (a) an axis that is per- | 

pendicular to the plane of the pa- isiines weiataineer ens ema 
per and passes through the center ee ied: eel 

of the shorter rod and (b) an axis FIG. 10-66 Problem 114. 
that is perpendicular to the plane 

of the paper and passes through the center of the longer rod? 


115 In Fig. 10-18a, a wheel of radius 0.20 m is mounted on a 
frictionless horizontal axis. The rotational inertia of the wheel 
about the axis is 0.40kg-m’. A massless cord wrapped 
around the wheel’s circumference is attached to a 6.0 kg box. 
The system is released from rest. When the box has a kinetic 
energy of 6.0 J, what are (a) the wheel’s rotational kinetic 
energy and (b) the distance the box has fallen? ssm 


116 Three 0.50 kg particles form an equilateral triangle with 
0.60 m sides. The particles are connected by rods of negligible 
mass. What is the rotational inertia of this rigid body about 
(a) an axis that passes through one of the particles and is par- 
allel to the rod connecting the other two, (b) an axis that 
passes through the midpoint of one of the sides and is per- 
pendicular to the plane of the triangle, and (c) an axis that 
is parallel to one side of the triangle and passes through the 
midpoints of the other two sides? 


Rolling, Torque, and 
Angular Momentum S ini a 


Ballet has several types of 



















jumps but a tour jeté is the 
most enchanting. After leap- 
ing straight up in that jump, 
a ballet performer suddenly 
begins to rotate as if spun by 
an invisible hand. After half a 
\ turn, the rotation vanishes 
and then the performer 
lands. Even if an audience 
knows nothing of Newton's 
laws, they know that rotation 
cannot suddenly turn on and 

off while the performer is 
B in midair Hence, what 


they see is magical. 





accounts for 
the magic of a 
tour jete? 





The answer is in this chapter. 
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Chapter 11 | Rolling, Torque, and Angular Momentum 


FIG. 11-1 The self-righting Segway 
Human Transporter. (Justin Sullivan/ 
Getty Images News and Sport 
Services) 





FIG. 11-2. A time-exposure photo- 
graph of a rolling disk. Small lights 
have been attached to the disk, one 
at its center and one at its edge. 

The latter traces out a curve called a 
cycloid. (Richard Megna/ 
Fundamental Photographs) 
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FIG. 11-3. The center of mass O of a 
rolling wheel moves a distance s at 
velocity V.om While the wheel rotates 
through angle 6. The point P at 
which the wheel makes contact with 
the surface over which the wheel 
rolls also moves a distance s. 








11-1 WHAT IS PHYSICS? 


As we discussed in Chapter 10, physics includes the study of rotation. Arguably, 
the most important application of that physics is in the rolling motion of wheels 
and wheel-like objects. This applied physics has long been used. For example, 
when the prehistoric people of Easter Island moved their gigantic stone statues 
from the quarry and across the island, they dragged them over logs acting as 
rollers. Much later, when settlers moved westward across America in the 1800s, 
they rolled their possessions first by wagon and then later by train. Today, like it 
or not, the world is filled with cars, trucks, motorcycles, bicycles, and other rolling 
vehicles. 

The physics and engineering of rolling have been around for so long that 
you might think no fresh ideas remain to be developed. However, skateboards 
and in-line skates were invented and engineered fairly recently, to become huge 
financial successes. Street luge is now catching on, and the self-righting Segway 
(Fig. 11-1) may change the way people move around in large cities. Applying the 
physics of rolling can still lead to surprises and rewards. Our starting point in 
exploring that physics is to simplify rolling motion. 


11-2! Rolling as Translation and Rotation Combined 


Here we consider only objects that roll smoothly along a surface; that is, the objects 
roll without slipping or bouncing on the surface. Figure 11-2 shows how compli- 
cated smooth rolling motion can be: Although the center of the object moves in a 
straight line parallel to the surface, a point on the rim certainly does not. However, 
we can study this motion by treating it as a combination of translation of the center 
of mass and rotation of the rest of the object around that center. 

To see how we do this, pretend you are standing on a sidewalk watching the 
bicycle wheel of Fig. 11-3 as it rolls along a street. As shown, you see the center 
of mass O of the wheel move forward at constant speed v,,,,. The point P on the 
street where the wheel makes contact with the street surface also moves forward 
at speed Vom, $0 that P always remains directly below O. 

During a time interval t, you see both O and P move forward by a distance 
s. The bicycle rider sees the wheel rotate through an angle 6 about the center of 
the wheel, with the point of the wheel that was touching the street at the begin- 
ning of ¢ moving through arc length s. Equation 10-17 relates the arc length s to 
the rotation angle 0: 

s = OR, (11-1) 


where R is the radius of the wheel. The linear speed v,,,, of the center of the 
wheel (the center of mass of this uniform wheel) is ds/dt. The angular speed w of 
the wheel about its center is d0/dt. Thus, differentiating Eq. 11-1 with respect to 
time (with R held constant) gives us 


Voom = WR (smooth rolling motion). (11-2) 


Figure 11-4 shows that the rolling motion of a wheel is a combination of 
purely translational and purely rotational motions. Figure 11-4a shows the 
purely rotational motion (as if the rotation axis through the center were station- 
ary): Every point on the wheel rotates about the center with angular speed w. 
(This is the type of motion we considered in Chapter 10.) Every point on the 
outside edge of the wheel has linear speed v,,.,, given by Eq. 11-2. Figure 11-4b 
shows the purely translational motion (as if the wheel did not rotate at all): 
Every point on the wheel moves to the right with speed v.on. 

The combination of Figs. 11-4a and 11-4b yields the actual rolling motion of 
the wheel, Fig. 11-4c. Note that in this combination of motions, the portion of the 


11-3 | The Kinetic Energy of Rolling 


Pure translation (c) Rolling motion 


(a) Pure rotation 


> > 


V=Ve 


> => > 


om a Bue 





com 


0 


—_ 
+ Veom — 


os = 
J=-—yp 
V V com 


wheel at the bottom (at point P) is stationary and the portion at the top (at 
point T) is moving at speed 2v,,,,, faster than any other portion of the wheel. 
These results are demonstrated in Fig. 11-5, which is a time exposure of a rolling 
bicycle wheel. You can tell that the wheel is moving faster near its top than near 
its bottom because the spokes are more blurred at the top than at the bottom. 
The motion of any round body rolling smoothly over a surface can be separated 
into purely rotational and purely translational motions, as in Figs. 11-4a and 11-4b. 


Rolling as Pure Rotation 


Figure 11-6 suggests another way to look at the rolling motion of a wheel— 
namely, as pure rotation about an axis that always extends through the point 
where the wheel contacts the street as the wheel moves. We consider the rolling 
motion to be pure rotation about an axis passing through point P in Fig. 11-4c 
and perpendicular to the plane of the figure. The vectors in Fig. 11-6 then 
represent the instantaneous velocities of points on the rolling wheel. 


Question: What angular speed about this new axis will a stationary observer 
assign to a rolling bicycle wheel? 


Answer: ‘The same w that the rider assigns to the wheel as she or he observes it 
in pure rotation about an axis through its center of mass. 


To verify this answer, let us use it to calculate the linear speed of the top of the 
rolling wheel from the point of view of a stationary observer. If we call the 
wheel’s radius R, the top is a distance 2R from the axis through P in Fig. 11-6, so 
the linear speed at the top should be (using Eq. 11-2) 


Vtop — (w)(2R) =. 2(wR) = 2Viceins 
in exact agreement with Fig. 11-4c. You can similarly verify the linear speeds 


shown for the portions of the wheel at points O and P in Fig. 11-4c. 


CHECKPOINT 1 The rear wheel on a clown’s bicycle has twice the radius of 


the front wheel. (a) When the bicycle is moving, is the linear speed at the very top of 
the rear wheel greater than, less than, or the same as that of the very top of the front 
wheel? (b) Is the angular speed of the rear wheel greater than, less than, or the same 
as that of the front wheel? 





Let us now calculate the kinetic energy of the rolling wheel as measured by the 
stationary observer. If we view the rolling as pure rotation about an axis through 


P in Fig. 11-6, then from Eq. 10-34 we have 
K= tpw’, 


@He3) 


in which w is the angular speed of the wheel and /> is the rotational inertia of 


FIG. 11-4 Rolling motion of a wheel 
as a combination of purely rotational 
motion and purely translational mo- 
tion. (a) The purely rotational motion: 
All points on the wheel move with the 
same angular speed w. Points on the 
outside edge of the wheel all move 
with the same linear speed v = v,on- 
The linear velocities V of two such 
points, at top (7) and bottom (P) of 
the wheel, are shown. (b) The purely 
translational motion: All points on the 
wheel move to the night with the same 
linear velocity Vom. (c) The rolling 
motion of the wheel is the combina- 
tion of (a) and (5). 





FIG. 11-5 A photograph of a 
rolling bicycle wheel. The spokes 
near the wheel’s top are more 
blurred than those near the bottom 
because the top ones are moving 
faster, as Fig. 11-4c shows. (Courtesy 
Alice Halliday) 





Rotation axis at P 


FIG. 11-6 Rolling can be viewed 
as pure rotation, with angular speed 
w, about an axis that always extends 
through P. The vectors show the in- 
stantaneous linear velocities of 
selected points on the rolling wheel. 
You can obtain the vectors by com- 
bining the translational and rota- 
tional motions as in Fig. 11-4. 
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the wheel about the axis through P. From the parallel-axis theorem of Eq. 10-36 
(I = Isom + Mh’), we have 


Tp = Icom + MR’, (11-4) 


in which M is the mass of the wheel, /,,,, is its rotational inertia about an axis 
through its center of mass, and R (the wheel’s radius) is the perpendicular 
distance h. Substituting Eq. 11-4 into Eq. 11-3, we obtain 


K= Soom” ae >MR?0?, 


and using the relation v,,, = wR (Eq. 11-2) yields 


K = Slomo”? + $MV25m. (l=s) 

We can interpret the term [mw as the kinetic energy associated with the 
rotation of the wheel about an axis through its center of mass (Fig. 11-4a), and 
the term SM V2 0m as the kinetic energy associated with the translational motion of 
the wheel’s center of mass (Fig. 11-4b). Thus, we have the eee rule: 
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Se rolling object has two | 0 types of kinetic energy: a a rotational kinetic 





: energy GMV om) due to translation of its center ofm mass. | nes Z 














Sample Problem 





The current land-speed record was set in the Black Rock 
Desert of Nevada in 1997 by the jet-powered car Thrust 
SSC. The car’s speed was 1222 km/h in one direction and 
1233 km/h in the opposite direction. Both speeds ex- 
ceeded the speed of sound at that location (1207 km/h). 

Setting the land-speed record was obviously very 
dangerous for many reasons. One of them had to do 
with the car’s wheels. Approximate each wheel on the 
car Thrust SSC as a disk of uniform thickness and mass 
M = 170 kg, and assume smooth rolling. When the car’s 
speed was 1233 km/h, what was the kinetic nerves of 
each wheel? 


Ceo sechenies Equation 11-5 gives the kinetic energy of a 


rolling object, but we need three ideas to use it: 


1. When we speak of the speed of a rolling object, we 
always mean the speed of the center of mass, so here 
Veom = 1233 km/h = 342.5 m/s. 


2. Equation 11-5 requires the angular speed w of the 
rolling object, which we can relate to v,o,, with Eq. 11-2, 
Writing @ = V.o,/R, where R is the wheel’s radius. 


3. Equation 11-5 also requires the rotational inertia [oon 
of the object about its center of mass. From Table 
10-2c, we find that, for a uniform disk, Io, = ;MR?. 


Calculations: Now Eq. 11-5 gives us 


ca! 2, aie lk 2 
K a le + a IVEV com 


io )GMR?)(Vcom/RY + SMV 2 00 ios =MV25m 
= 3(170 kg)(342.5 m/s) 
= | o0ex 10) (Answer) 


(Note that the wheel’s radius R cancels out of the 
calculation. ) 

This answer gives one measure of the danger when 
the land-speed record was set by Thrust SSC: The ki- 
netic energy of each (cast aluminum) wheel on the car 
was huge, almost as much as the kinetic energy (2.1 X 
10’J) of the spinning steel disk that exploded in 
Sample Problem 10-8. Had a wheel hit any hard ob- 
stacle along the car’s path, the wheel would have 
exploded the way the steel disk did, with the car and 
driver moving faster than sound! 
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Friction and Rolling 


If a wheel rolls at constant speed, as in Fig. 11-3, it has no tendency to slide at 
the point of contact P, and thus no frictional force acts there. However, if a net 
force acts on the rolling wheel to speed it up or to slow it, then that net force 
causes acceleration @,,,, of the center of mass along the direction of travel. It 
also causes the wheel to rotate faster or slower, which means it causes an angu- 


lar acceleration a. These accelerations tend to make the wheel slide at P. Thus, a 
frictional force must act on the wheel at P to oppose that tendency. 

If the wheel does not slide, the force is a static frictional force i and the 
motion is smooth rolling. We can then relate the magnitudes of the linear accel- 
eration d,,,, and the angular acceleration a by differentiating Eq. 11-2 with 
respect to time (with R held constant). On the left side, dv.o,/dt 18 dgom, and on 
the right side dw/dt is a. So, for smooth rolling we have 


(11-6) 


If the wheel does slide when the net force acts on it, the frictional force that 
acts at P in Fig. 11-3 is a kinetic frictional force ie The motion then is not 
smooth rolling, and Eq. 11-6 does not apply to the motion. In this chapter we 
discuss only smooth rolling motion. 

Figure 11-7 shows an example in which a wheel is being made to rotate 
faster while rolling to the right along a flat surface, as on a bicycle at the start of 
a race. The faster rotation tends to make the bottom of the wheel slide to the left 
at point P. A frictional force at P, directed to the right, opposes this tendency to 
slide. If the wheel does not slide, that frictional force is a static frictional force i. 
(as shown), the motion is smooth rolling, and Eq. 11-6 applies to the motion. 
(Without friction, bicycle races would be stationary and very boring.) 

If the wheel in Fig. 11-7 were made to rotate slower, as on a slowing bicycle, 
we would change the figure in two ways: The directions of the center-of-mass 
acceleration @,,,, and the frictional force ie at point P would now be to the left. 


Acom = AR (smooth rolling motion). 


Rolling Down a Ramp 


Figure 11-8 shows a round uniform body of mass M and radius R rolling smoothly 
down a ramp at angle 6, along an x axis. We want to find an expression for the 
body’s acceleration @,o,,, down the ramp. We do this by using Newton’s second law 
in both its linear version (F,., = Ma) and its angular version (7. = Ja). 

We start by drawing the forces on the body as shown in Fig. 11-8: 


1. The gravitational force F, on the body is directed downward. The tail of the 
vector is placed at the center of mass of the body. The component along the 
ramp is F, sin 6, which is equal to Mg sin 0. 


2. A normal force Fy is perpendicular to the ramp. It acts at the point of con- 
tact P, but in Fig. 11-8 the vector has been shifted along its direction until its 
tail is at the body’s center of mass. 


3. A static frictional force fe acts at the pomt of contact P and is directed up 
the ramp. (Do you see why? If the body were to slide at P, it would slide down 
the ramp. Thus, the frictional force opposing the sliding must be up the ramp.) 


We can write Newton’s second law for components along the x axis in Fig. 
11-8 (Fret, = ma,) as 


f, — Mg sin 0 = Ma.om x. (11-7) 


This equation contains two unknowns, f, and acon, (We should not assume that 
f, is at its maximum value f, max. All we know is that the value of /, is just right 
for the body to roll smoothly down the ramp, without sliding.) 

We now wish to apply Newton’s second law in angular form to the body’s rota- 
tion about its center of mass. First, we shall use Eq. 10-41 (7 = r,F) to write 
the torques on the body about that point. The frictional force f, has moment arm R 
and thus produces a torque Rf,, which is positive because it tends to rotate the body 
counterclockwise in Fig. 11-8. Forces F. and Fy have zero moment arms about the 
center of mass and thus produce zero forges So we can write the angular form of 
Newton’s second law (7; = /@) about an axis through the body’s center of mass as 


Rf, (11-8) 


This equation contains two unknowns, f, and a. 


= Loom: 
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FIG. 11-7 A wheel rolls horizon- 
tally without sliding while accelerat- 
ing with linear acceleration a Q com: & 
static frictional force ie acts on the 


wheel at P, opposing its tendency to 
slide. 





FIG. 17-6 A round uniform body of 
radius R rolls down a ramp. The 
forces that act on it are the gravita- 
tional force F, el normal force F. Ns 
anda fictional force Te pointing up 
the ramp. (For clarity, vector F nv has 
been shifted in the direction it points 
until its tail is at the center of the 
body.) 
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Because the body is rolling smoothly, we can use Eq. 11-6 (a., = aR) to 
relate the unknowns a,,,,, and a. But we must be cautious because here a5, is 
negative (in the negative direction of the x axis) and a is positive (counter-clock- 
wise). Thus we substitute —a,o,,,/R for a in Eq. 11-8. Then, solving for f,, we obtain 





Acom.x 
Dis = als Be ul?) 
Substituting the right side of Eq. 11-9 for f, in Eq. 11-7, we then find 
gsin 0 
ee eee 11-10 
Acom,x 1 we Lom! MR? ( ) 


We can use this equation to find the linear acceleration @,,,,, of any body rolling 
along an incline of angle 6 with the horizontal. 


CHECKPOINT 2 Disks A and B are identical and roll across a floor with 





equal speeds. Then disk A rolls up an incline, reaching a maximum height h, and disk B 
moves up an incline that is identical except that it is frictionless. Is the maximum 
height reached by disk B greater than, less than, or equal to h? 


11-2 








A uniform ball, of mass M = 6.00 kg and radius R, rolls 
smoothly from rest down a ramp at angle 6 = 30.0° 
(Fig. 11-8). 


(a) The ball descends a vertical height h = 1.20 m to reach 
the bottom of the ramp. What is its speed at the bottom? 


Eeiea The mechanical energy F of _ the 


ball—Earth system is conserved as the ball rolls down 
the ramp. The reason is that the only force doing work 
on the ball is the gravitational force, a conservative 
force. The normal force on the ball from the ramp does 
zero work because it is perpendicular to the ball’s path. 
The frictional force on the ball from the ramp does not 
transfer any energy to thermal energy because the ball 
does not slide (it rolls smoothly). 

Therefore, we can write the conservation of me- 
chanical energy (£; = E;) as 


K;+ U,y= K; + U, (11-11) 


where subscripts f and i refer to the final values (at the 
bottom) and initial values (at rest), respectively. The grav- 
itational potential energy is initially U; = Mgh (where M 
is the ball’s mass) and finally U; = 0. The kinetic energy is 
initially K; = O. For the final kinetic energy K;, we need an 
additional idea: Because the ball rolls, the kinetic energy 
involves both translation and rotation, so we include 
them both by using the right side of Eq. 11-5. 


Calculations: Substituting into Eq. 11-11 gives us 
(Ghoomo? + 5Mv2,,) +0 =0+ Mgh, (11-12) 


where /,,,, 18 the ball’s rotational inertia about an axis 
through its center of mass, v,,,, 1s the requested speed 
at the bottom, and w is the angular speed there. 


Because the ball rolls smoothly, we can use Eq. 11- 
2 to substitute v,,,,/R for w to reduce the unknowns in 
Eq. 11-12. Doing so, substituting =MR? for Io, (from 
Table 10-2f), and then solving for v,,,, give us 


Veom = VC2)gh = ¥(22)(9.8 m/s?)(1.20 m) 
=A JOmnis: 


Note that the answer does not depend on M or R. 


(Answer) 


(b) What are the magnitude and direction of the fric- 
tional force on the ball as it rolls down the ramp? 


csr Because the ball rolls smoothly, Eq. 11-9 


gives the frictional force on the ball. 


Calculations: Before we can use Eq. 11-9, we need the 
ball’s acceleration @.om,, from Eq. 11-10: 


g sin 0 g sin 0 
a a ee ee 
oe 1 + Deom/MR? 1 + 3MR?/MR? 
9.8 m/s’) sin 30.0° 
5 A Ee e = —3.50 m/s’. 
1+ 


Note that we needed neither mass M nor radius R to 
find d.om,- Thus, any size ball with any uniform mass 
would have this acceleration down a 30.0° ramp, pro- 
vided the ball rolls smoothly. 

We can now solve Eq. 11-9 as 





Acom,x 2 a 
5 a 2_“com,x _ _ 2 
ihe = Lae R?2 > sMR R? = 5M Oedy 


—2(6.00 kg)(—3.50 m/s’) = 8.40N. (Answer) 


Note that we needed mass M but not radius R. Thus, the 
frictional force on any 6.00 kg ball rolling smoothly down a 
30.0° ramp would be 8.40 N regardless of the ball’s radius. 
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A yo-yo is a physics lab that you can fit in your pocket. If a yo-yo rolls down its 
string for a distance h, it loses potential energy in amount mgh but gains kinetic 
energy in both translational (;Mv2,,,) and rotational Icom”) forms. As it climbs 
back up, it loses kinetic energy and regains potential energy. 

In a modern yo-yo, the string is not tied to the axle but is looped around it. 
When the yo-yo “hits” the bottom of its string, an upward force on the axle from 
the string stops the descent. The yo-yo then spins, axle inside loop, with only 
rotational kinetic energy. The yo-yo keeps spinning (“sleeping”) until you “wake 
it” by jerking on the string, causing the string to catch on the axle and the yo-yo 
to climb back up. The rotational kinetic energy of the yo-yo at the bottom of its 
string (and thus the sleeping time) can be considerably increased by throwing 
the yo-yo downward so that it starts down the string with initial speeds v,,,, and 
w instead of rolling down from rest. aS 

To find an expression for the linear acceleration a,,,, of a yo-yo rolling down 
a string, we could use Newton’s second law just as we did for the body rolling 
down a ramp in Fig. 11-8. The analysis is the same except for the following: 


1. Instead of rolling down a ramp at angle 0 with the horizontal, the yo-yo rolls 
down a string at angle 6 = 90° with the horizontal. 


2. Instead of rolling on its outer surface at radius R, the yo-yo rolls on an axle of 
radius Ry (Fig. 11-9a). 


3. Instead of being slowed by frictional force ie the yo-yo 1s slowed by the force 
T on it from the string (Fig. 11-9b). 


The analysis would again lead us to Eq. 11-10. Therefore, let us just change the 
notation in Eq. 11-10 and set 6 = 90° to write the linear acceleration as 


§ 
(— | ———— 11-13 
acs 1 + Inom/MR6 ( ) 
where J.om iS the yo-yo’s rotational inertia about its center and M is its mass. 


A yo-yo has the same downward acceleration when it is climbing back up. 
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In Chapter 10 we defined torque 7 for a rigid body that can rotate around a fixed 
axis, with each particle in the body forced to move in a path that is a circle cen- 
tered on that axis. We now expand the definition of torque to apply it to an indi- 
vidual particle that moves along any path relative to a fixed point (rather than a 
fixed axis). The path need no longer be a circle, and we must write the torque as 
a vector 7 that may have any direction. 

Figure 11-10a shows such a particle at point A in an xy plane. A single force 
F in that plane acts on the particle, and the particle’ S position relative to the ori- 
gin O is given by position vector 7. The torque 7 acting on the particle relative 
to the fixed point O is a vector quantity defined as 


T=7XxF (torque defined). (11-14) 


We can evaluate the vector (or cross) product in this definition of 7 by using 
the rules for such products given in Section 3-8. To find the direction of 7, we 
slide the vector F (without changing its direction) until its tail is at the origin O, 
so that the two vectors in the vector product are tail to tail as in Fig. 11-10b. We 
then use the right-hand rule for vector products in Fig. 3-21a, sweeping the fingers 
of the right hand from 7 (the first vector in the product) into F (the second vec- 
tor). The outstretched right thumb then gives the direction of 7. In Fig. 11-10), 
the direction of 7 is in the positive direction of the z axis. 








(a) 


FIG. 11-9 (a) A yo-yo, shown in 
cross section. The string, of assumed 
negligible thickness, is wound 
around an axle of radius Ro. (b) A 
free-body diagram for the falling yo- 
yo. Only the axle is shown. 
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Z z 






F (redrawn, with 
tail at origin) 





(a) () (c) 
FIG. 11-10 Defining torque. (a) A 


force F, lying in an xy plane, acts on To determine the magnitude of 7, we apply the general result of Eq. 3-27 
a particle at point A. (b) This force (c = ab sin ®@), finding 
produces a torque 7 (=F X F’) on T= rFsin @, (11-15) 


the particle with respect to the origin m nat 
O. By the right-hand rule for vector | Where ¢ is the smaller angle between the directions of 7 and F when the vec- 


(cross) products, the torque vector tors are tail to tail. From Fig. 11-10D, we see that Eq. 11-15 can be rewritten as 
points in the positive direction of z. 


Its magnitude is given by rF, in (b) ‘a hi a) 
and by r, F in (c). where F, (= F sin ¢) is the component of F perpendicular to Ff. From Fig. 11-10c, 
we see that Eq. 11-15 can also be rewritten as 

T=TPr,F, (11-17) 


where r,(= rsin ¢) is the moment arm of F (the perpendicular distance 
between O and the line of action of F ). 


CHECKPOINT 3. The position vector 7 of a particle points along the positive direction 
of a z axis. If the torque on the particle is (a) zero, (b) in the negative direction of x, and 
(c) in the negative direction of y, in what direction is the force causing the torque? 


Sample Problem At 


In Fig. 11-11a, three forces, each of magnitude 2.0 N, act 
on a particle. The particle is in the xz plane at point A 
given by position vector 7, where r = 3.0m and 0 = 30°. 
Force Fi 1S parallel to the x axis, force Fy i is parallel to the 
z axis, and force F; is parallel to the y axis. What is the 
torque, about the origin O, due to each force? 





UatsMuntew Because the three force vectors do not lie in 
a plane, we cannot evaluate their torques as in Chapter 
10. Instead, we must use vector (or cross) products, with 
magnitudes given by Eq. 11-15 (+= rF sin @) and direc- 
tions given by the right-hand rule for vector products. 


Calculations: Because we want the torques with re- 
spect to the origin O, the vector 7 required for eacn 
cross product is the given position vector. To determine the 
angle @ between the direction of 7 and the direction of 


each force, we shift the force vectors of Fig. 11-11a, each in 


FIG. 11-11 (a) A particle at point A is acted on by three 
forces, each parallel to a coordinate axis. The angle (used 
in finding torque) is shown (b) for F; and (c) for F5. 

(d) Torque 73 is perpendicular to both 7 and F; (force F, 
is directed into the plane of the figure). (e) The torques 
(relative to the origin O) acting on the particle. 





turn, so that their tails are at the ongin. Figures 11-11), c, 
and d, which are direct _views of the xz plane, show the 
shifted force vectors F,, B,, and Fs, respectively. (Note how 
much easier the angles are to see.) | In Fig. 11-11d, the angle 
between the directions of 7 and Fy i is 90° and the symbol 
(x) means Fy i is directed into the page. If 1t were directed out 
of the page, it would be represented with the symbol ©. 

Now, applying Eq. 11-15 for each force, we find the 
magnitudes of the torques to be 


(3.0 m)(2.0 N)(sin 150°) = 3.0 N-m, 
rF, sin d) = (3.0 m)(2.0 N)(sin 120°) = 5.2 N-m, 


T, = rF, sin d = 


| 


72 
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(3.0 m)(2.0 N)(sin 90°) 
(Answer) 


and T, = rF; sin d3 = 
= 6.0 N-m. 


To find the directions of these torques, we use the 
right-hand rule, placing the fingers of the right hand so 
as to rotate 7 into F through the smaller of the two an- 
gles between their directions. The thumb points in the 
direction of the torque. Thus 7, is directed into the 
page in Fig. 11-115; 7, is directed out of the page in Fig. 
11-11c; and 73 is directed as shown in Fig. 11-11d. All 
three torque vectors are shown in Fig. 11-11e. 


PROBLEM-SOLVING TACTICS 


Tactic 1: Vector Products and Torques Equation 
11-15 for torques is our first application of the vector (or 
cross) product. Section 3-8, where the rules for the vector 
product are given, lists many common errors in finding the di- 
rection of a vector product. 

Keep in mind that a torque is calculated with respect to 
(or about) a point, which must be known if the value of the 


torque is to be meaningful. Changing the point can change 
the torque in both magnitude and direction. For example, in 
Sample Problem 11-3, the torques due to the three forces are 
calculated about the origin O. You can show that the torques 
due to the same three forces are all zero if they are calculated 
about point A (at the position of the particle), because then 
r = 0 for each force. 
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Recall that the concept of linear momentum p and the principle of conservation 
of linear momentum are extremely powerful tools. They allow us to predict 
the outcome of, say, a collision of two cars without knowing the details of the 
collision. Here we begin a discussion of the angular counterpart of p, winding 
up in Section 11-11 with the angular counterpart of the conservation principle. 

Figure 11-12 shows a particle of mass m with linear momentum p (= my) as 
it passes through point A in an xy plane. The angular momentum € of this parti- 
cle with respect to the origin O is a vector quantity defined as 

Car x Pp =m(r X V) (angular momentum defined), (11-18) 
where 7 is the position vector of the particle with respect to O. As the particle 
moves relative to O in the direction of its momentum p’ (= mY), position vector 

7 rotates around O. Note carefully that to have angular momentum about O, 
ite particle does not itself have to rotate around O. Comparison of Eqs. 11-14 
and 11-18 shows that angular momentum bears the same relation to linear 
momentum that torque does to force. The SI unit of angular momentum is 
the kilogram-meter-squared per second (kg-m/?/s), equivalent to the joule- 
second (J:s). 

To find the direction of the angular momentum vector € in Fig. 11-12, we 
slide the vector p until its tail is at the origin O. Then we use the right-hand rule 
for vector products, sweeping the fingers from 7 into p. The outstretched thumb 
then shows that the direction of ¢ is in the positive direction of the z axis in 
Fig. 11-12. This positive direction is consistent with the counterclockwise rotation 
of position vector 7 about the z axis, as the particle moves. (A negative direction 
of would be consistent with a clockwise rotation of 7 about the z axis.) 

To find the magnitude of €, we use the general result of Eq. 3-27 to write 


(11-19) 


where ¢ is the smaller angle between 7 and p when these two vectors are tail 


€ =rmv sin @d, 


p (redrawn, with 
wy tail at origin) 








FIG. 11-12 Defining angular mo- 
mentum. A particle passing through 
point A has linear momentum 

P(= mY), with the vector p lying in 
an xy plane. The particle has angular 
momentum ¢ (= 7 x B) with re- 
spect to the origin O. By the right- 
hand rule, the angular momentum 
vector points in the positive direc- 
tion of z. (a) The magnitude of ie, 

is given by € = rp, = rmv,. (b) The 
magnitude of £ is also given by 
€=r,p=r my. 
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to tail. From Fig. 11-12a, we see that Eq. 11-19 can be rewritten as 


€=rp,=rmv,, (11-20) 


where p, is the component of p perpendicular to 7 and v, is the component of V 
perpendicular to 7. From Fig. 11-125, we see that Eq. 11-19 can also be rewritten as 


€=r,p=r .my, (11-21) 


where r, is the perpendicular distance between O and the extension of p. 

Just as is true for torque, angular momentum has meaning only with respect 
to a specified origin. Moreover, if the particle in Fig. 11-12 did not lie in the xy 
plane, or if the linear momentum p of the particle did not also lie in that plane, 
the angular momentum € would not be parallel to the z axis. The direction of 
the angular momentum vector is always perpendicular to the plane formed by 


the position and linear momentum vectors 7 and p. 


CHECKPOINT 4 In part bra Sper ~ =H = 
a of the figure, particles 1 and2 |” Oe 
move around point O in opposite / = 77 ie a . 
directions, in circles with radii 2m | | Oc Os 2g oe 
and4m.Inpartb,particles3and \ \ oy | 5 
4 travel in the same direction, Seika ; 3 hii eae ens cee ee vote ar 
along straight lines at perpendicu- Sh ee 
lar distances of 4m and 2 m from (a (b) 


point O. Particle 5 moves directly 

away from O. All five particles have the same mass and the same constant speed. (a) Rank 
the particles according to the magnitudes of their angular momentum about point O, 
greatest first. (b) Which particles have negative angular momentum about point O? 


Sample Problem 11-4 


Figure 11-13 shows an overhead view of two particles 
moving at constant momentum along horizontal paths. 
Particle 1, with momentum magnitude p,; = 5.0 kg: m/s, 
has position vector 7; and will pass 2.0m from point O. 
Particle 2, with momentum magnitude p, = 2.0 kg- m/s, 
has position vector 7, and will pass 4.0m from point O. 
What are the magnitude and direction of the net angular 
momentum L about point O of the two-particle system? 


Cet To find . 1b, we can first find the individual 


angular momenta t, and € , and then add them. To 
evaluate their magnitudes, we can use any one of Eqs. 
11-18 through 11-21. However, Eq. 11-21 is easiest, 
because we are given the perpendicular distances 
r,,(=2.0m) and m,(=4.0m) and the momentum 
magnitudes p, and p>. 


Calculations: For particle 1, Eq. 11-21 yields 
€, = 1r.4p, = (2.0 m)(5.0 kg: m/s) 
= 10 kg-m/’/s. 
To find the direction of vector Os we use Eq. 11-18 and 
the right-hand rule for vector products. For 7; x p;, the 
vector product is out of the page, perpendicular to the 


plane of Fig. 11-13. This is the positive direction, consis- 
tent with the counterclockwise rotation of the particle’s 


FIG. 11-12 Two particles 
pass near point O. 





position vector 7; around O as particle 1 moves. Thus, 
the angular momentum vector for particle 1 is 


€; = +10 kg-m/?/s. 
Similarly, the magnitude of €, is 
£5 = 1) 2P> = (4.0 m)(2.0 kg: m/s) 
8.0 kg-m/?/s, 


and the vector product 7, X p, is into the page, which is 
the negative direction, consistent with the clockwise ro- 
tation of 7, around O as particle 2 moves. Thus, the an- 
gular momentum vector for particle 2 is 


€, = —8.0kg-m/7/s. 

The net angular momentum for the two-particle system is 
L=€,+ €,= +10kg-m7/s + (—8.0 kg-m’/s) 

+2.0 kg-m?/s. 


(Answer) 


The plus sign means that the system’s net angular mo- 
mentum about point O is out of the page. 
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11-8 | Newton’s Second Law in Angular Form 


Newton’s second law written in the form 


i ap (single particle) (11-22) 
net 
dt 
expresses the close relation between force and linear momentum for a single 
particle. We have seen enough of the parallelism between linear and angular 
quantities to be pretty sure that there is also a close relation between torque and 
angular momentum. Guided by Eq. 11-22, we can even guess that it must be 


is dt 


Tnet = Pea (single particle). (11-23) 


Equation 11-23 is indeed an angular form of Newton’s second law for a single 
particle: 
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Equation 11-23 has no meaning unless the torques 7 and the angular momen- 
tum € are defined with respect to the same origin. 


Proof of Equation 11-23 


We start with Eq. 11-18, the definition of the angular momentum of a particle: 
€ =m(? x 9), 


where 7 is the position vector of the particle and V is the velocity of the particle. 
Differentiating* each side with respect to time tf yields 

dt dv dF 

= xX Xe 11-24 
dt m(7 di ° dt ’ eee) 
However, dv/dt is the acceleration a of the particle, and d7/dt is its velocity V. 
Thus, we can rewrite Eq. 11-24 as 


dt 
Now V X V = 0 (the vector product of any vector with itself is zero because the 
angle between the two vectors is necessarily zero). This leads to 
dt ee ee 
—_=mr X 4) =F X ma. 


dt 


We now use Newton’s second law (Fei = ma) to replace ma with its equal, the 
vector sum of the forces that act on the particle, obtaining 
dt 
dt 
Here the symbol > indicates that we must sum the vector products 7 xX F for all 
the forces. However, from Eq. 11-14, we know that each one of those vector 


products is the torque associated with one of the forces. Therefore, Eq. 11-25 
tells us that dé 


T net dt 4 
This is Eq. 11-23, the relation that we set out to prove. 


=FXF.=>d(? x P). (ciste25) 


*In differentiating a vector product, be sure not to change the order of the two quantities (here 7 
and V) that form that product. (See Eq. 3-28.) 
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CHECKPOINT 5 


The figure shows the position vector 7 of a particle at a 


certain instant, and four choices for the direction of a force that is to accelerate the 


particle. All four choices lie in the xy plane. (a) 
Rank the choices according to the magnitude of 
the time rate of change (df €/dt) they produce in the 
angular momentum of the particle about point O, 
greatest first. (b) Which choice results in a negative 
rate of change about O”? 


11-5 


In Fig. 11-14, a penguin of mass m falls from rest at point 
A, a horizontal distance D from the origin O of an xyz 
coordinate system. (The positive direction of the z axis 
is directly outward from the plane of the figure.) 


(a) What is the angular momentum € of the falling 
penguin about O? 


| KEY IDEA | We can treat the penguin as a particle, and 


thus its angular momentum £ is ener by Eq. 11-18 
C= = rf X p ), where 7 is the penguin’s position vector 
(extending from O to the penguin) and p is the penguin’s 
linear momentum. (The penguin has angular momentum 
about O even though it moves in a straight line, because 
vector 7 rotates about O as the penguin falls.) 


Calculations: To find the magnitude of ¢, we can use 
any one of the scalar equations derived from Eq. 11- 
18—namely, Eqs. 11-19 through 11-21. However, Eq. 
11-21 (€ = r,mv) is easiest because the perpendicular 
distance r, between O and an extension of vector Pp is 
the given distance D. The speed of an object that has 
fallen from rest for a time ¢ is v = gt. We can now write 
Eq. 11-21 in terms of given quantities as 


€ =r,mv = Dmegt. (Answer) 


To find the direction of ¢, we use the right-hand 


FIG. 11-14 A 
penguin falls verti- 
cally from point A. 
The torque 7 and 
the angular 
momentum ¢ of 
the falling penguin 
with respect to the 
origin O are di- 
rected into the 
plane of the figure 
at O. 











tule for the vector product 7 X p in Eg. 11-18. 
Mentally shift p until its tail is at the origin, and then 
use the fingers of your right hand to rotate 7 into p 
through the smaller angle between the two vectors. 
Your outstretched thumb then points into the plane of 
the figure, indicating that the product Yr X p and thus 
also € are directed into that plane, in the negative di- 
rection of the z axis. We represent € with an encircled 
cross ® at O.The vector € changes with time in magni- 
tude only; its direction remains unchanged. 


(b) About the origin O, what is the torque 7 on the 
penguin due to the gravitational force F, E 


KEY IDEAS | (1) The torque is given by Eq. 11-14 


(7 = F x F), where now the force is F.. (2) Force F, 
causes a torque on the penguin, even though the pen- 
guin moves in a straight line, because 7 rotates about O 
as the penguin moves. 


Calculations: To find the magnitude of 7, we can use 
any one of the scalar equations derived from Eq. 11- 
14—namely, Eqs. 11-15 through 11-17. However, Eq. 
11-17 (7 =r,F) is easiest because the perpendicular 
distance r, between O and the line of action of F, is the 
given distance D. So, substituting D and using mg for 
the magnitude of F,, we can write Eq. 11-17 as 


= DE Oni (Answer) 


Using the right-hand rule for the vector product 7 XF 
in Eq. 11-14, we find that the direction of T T 1S the nega- 
tive direction of the z axis, the same as €. 

The results we obtained in parts (a) and (b) must be 
consistent with Newton's second law in the angular form 
of Eq. 11-23 (Fre, = d€/dt). To check the magnitudes we 
got, we write Eq. 11-23 in component form for the z axis 
and then substitute our result £ = Dmgt. We find 


_ d€ — d(Dmgt) _ 
= ie ne 


which is the magnitude we found for 7. To check the 
directions, we note that Eq. 11-23 tells us that iG and 
d€/dt must have the same direction. So 7 and ¢ must 
also have the same direction, which is what we found. 
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11-9 | The Angular Momentum of a System of Particles 


Now we turn our attention to the angular momentum of a system of particles with 
respect to an origin. The total angular momentum L of the system is the (vector) 
sum of the angular momenta € of the individual particles (here with label 7): 


Dyer. eee eS. I (11-26) 


With time, the angular momenta of individual particles may change because 
of interactions | between the particles or with the outside. We can find the result- 
ing change in ie by taking the time derivative of Eq. 11-26. Thus, 


dL 
Ae 





(11-27) 


From Eq. 11-23, we see that d€ dt is equal to the net torque 7,,,; on the ith 
particle. We can rewrite Eq. 11-27 as 


= » ie (1 1-28) 
i=1 


That is, the rate of change of the system’s angular momentum L is equal to the 
vector sum of the torques on its individual particles. Those torques include inter- 
nal torques (due to forces between the particles) and external torques (due to 
forces on the particles from bodies external to the system). However, the forces 
between the particles always come in third-law force pairs so their torques sum 
to zero. Thus, the only torques that can change the total angular momentum L 
of the system are the external torques acting on the system. 

Let 7,., represent the net external torque, the vector sum of all external 
torques on all particles in the system. Then we can write Eq. 11-28 as 


(system of particles), (11-29) 

















euaicn 11-29 is analogous to re dP/dt (Eq. 9- E but requires extra 
caution: Torques and the system’s angular momentum must be measured rela- 
tive to the same origin. If the center of mass of the system is not accelerating 
relative to an inertial frame, that origin can be any point. However, if the center 
of mass of the system is accelerating, the origin can be only at that center of mass. 
As an example, consider a wheel as the system of particles. If the wheel is rotating 
about an axis that is fixed relative to the ground, then the origin for applying Eq. 
11-29 can be any point that is stationary relative to the ground. However, if the 
wheel is rotating about an axis that is accelerating (such as when the wheel rolls 
down a ramp), then the origin can be only at the wheel’s center of mass. 





11-10 | The Angular Momentum of a Rigid Body 
Rotating About a Fixed Axis 


We next evaluate the angular momentum of a system of particles that form a rigid 
body that rotates about a fixed axis. Figure 11-15a shows such a body. The fixed axis 
of rotation is a z axis, and the body rotates about it with constant angular speed w. 
We wish to find the angular momentum of the body about that axis. 


Zz 


ep 








(0) 


FIG. 11-15 (a) A rigid body rotates 
about a z axis with angular speed w. 
A mass element of mass Am; within 
the body moves about the z axis in a 
circle with radius r,;. The mass ele- 
ment has linear momentum p,, and 
it is located relative to the origin O 
by position vector 7;. Here the mass 
element is shown when r,; is parallel 
to the x axis. (b) The angular momen- 
tum €,, with respect to O, of the mass 
element in (a). The z component 

{;, iS also shown. 
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We can find the angular momentum by summing the z components of the 
angular momenta of the mass elements in the body. In Fig. 11-15a, a typical mass 
element, of mass Am,;, moves around the z axis in a circular path. The position of 
the mass element is located relative to the origin O by position vector 7,. The 
radius of the mass element’s circular path is r,,, the perpendicular distance 
between the element and the z axis. 

The magnitude of the angular momentum e of this mass element, with 
respect to O, is given by Eq. 11-19: 


€; = (7;)(p,)(sin 90°) = (7;)(Am; v;), 


where p; and v; are the linear momentum and linear speed of the mass element, 
and 90° is the angle between 7; and p;. The angular momentum vector €, for the 
mass element in Fig. 11-15a 1s shown in Fig. 11-155; its direction must be perpen- 
dicular to those of 7; and 7. 

We are interested in the component of €, that is parallel to the rotation axis, 
here the z axis. That z component is 


€,, = €, sin 6 = (7; sin 6)(Am;, v,) = r,; Am, v;. 


The z component of the angular momentum for the rotating rigid body as a 
whole is found by adding up the contributions of all the mass elements that 
make up the body. Thus, because v = wr,, we may write 
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(11-30) 


We can remove w from the summation here because it has the same value for all 
points of the rotating rigid body. 

The quantity © Am; r?; in Eq. 11-30 is the rotational inertia J of the body 
about the fixed axis (see Eq. 10-33). Thus Eq. 11-30 reduces to 

L=TIo (rigid body, fixed axis). (11-31) 

We have dropped the subscript z, but you must remember that the angular 
momentum defined by Eq. 11-31 is the angular momentum about the rotation 
axis. Also, / in that equation is the rotational inertia about that same axis. 

Table 11-1, which supplements Table 10-3, extends our list of corresponding 


linear and angular relations. 


TABLE 11-1 


More Corresponding Variables and Relations for Translational 
and Rotational Motion? 


Translational Rotational 
Force F Torque 7 (=F X F) 
Linear momentum Dp Angular momentum é (= 7 X DP) 
Linear momentum? P (= =P) Angular momentum? L(= SY) 
Linear momentum? P=M oo Angular momentum‘ L=Io 
as dP dL. 
Newton’s second law? Faet = ae Newton’s second law? Pee = 


Conservation law4 P= aconstant | Conservation law4 L = aconstant 





“See also Table 10-3. 

’For systems of particles, including rigid bodies. 

‘For a rigid body about a fixed axis, with L being the component along that axis. 
“For a closed, isolated system. 
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CHECKPOINT 6 In 
the figure, a disk, a hoop, pis 
and a solid sphere are 
made to spin about fixed 
central axes (like a top) by 








means of strings wrapped around them, with the strings producing the same constant 
tangential force F on all three objects. The three objects have the same mass and ra- 
dius, and they are initially stationary. Rank the objects according to (a) their angular 
momentum about their central axes and (b) their angular speed, greatest first, when 


the strings have been pulled for a certain time ¢. 


Sample Problem ie. 


George Washington Gale Ferris, Jr., a civil engineering 
graduate from Rensselaer Polytechnic Institute, built 
the original Ferris wheel (Fig. 11-16) for the 1893 
World’s Columbian Exposition in Chicago. The wheel, 
an astounding engineering construction at the time, 
carried 36 wooden cars, each holding as many as 60 
passengers, around a circle of radius R = 38m. The 
mass of each car was about 1.1 X 10* kg. The mass of 
the wheel’s structure was about 6.0 X 10° kg, which was 
mostly in the circular grid from which the cars were 
suspended. The wheel made a complete rotation at an 
angular speed w; in about 2 min. eS 


(a) Estimate the magnitude L of the angular momen- 
tum of the wheel and its passengers while the wheel ro- 
tated at wr. 


Cea We can treat the wheel, cars, and passen- 


gers as a rigid object rotating about a fixed axis, at the 
wheel’s axle. Then Eq. 11-31 (L = Jw) gives the magni- 
tude of the angular momentum of that object. We need 
to find w; and the rotational inertia J of this object. 


Rotational inertia: To find J, let us start with the 
loaded cars. Because we can treat them as particles, at 
distance R from the axis of rotation, we know from Eq. 
10-33 that their rotational inertia is [,, = M,.R*, where 
M,. 1s their total mass. Let us assume that the 36 cars 
are each filled with 60 passengers, each of mass 70 kg. 
Then their total mass is 


M,,. = 36[1.1 x 10* kg + 60(70 kg)] = 5.47 X 10° kg 

and their rotational inertia is 
Lic = M,.R? = (5.47 X 10° kg)(38 m) = 7.90 X 10® kg: m2. 

Next we consider the structure of the wheel. Let us 
assume that the rotational inertia of the structure is due 
mainly to the circular grid suspending the cars. Further, 
let us assume that the grid forms a hoop of radius R, with 
a mass Mj.) of 3.0 x 10° kg (half the wheel’s mass). 
From Table 10-2a, the rotational inertia of the hoop is 

Troop = MhoopR? = (3.0 X 10° kg)(38 m)? 
= 4,33 x 10° kg- m’. 


The combined rotational inertia J of the cars, passen- 








en ier) 


FIG. 11-16 The original Ferris wheel. (From “Shepp’s World’s 
Fair Photographed” by James W. Shepp and Daniel P. Shepp, 
Globe Publishing Co., Chicago and Philadelphia, 1893) 


gers, and hoop is then 

Lemar leon = 2 O0rs 10 kone te 4 330 coe ani 
= 1.22 x 10’ kg-m’. 

Angular speed: To find the rotational speed w,, we 

use Eq. 10-5 (@,,, = A/At). Here the wheel goes 


through an angular displacement of A@ = 27rad in a 
time period At = 2 min. Thus, we have 


_ 27 rad 
es (2 min)(60 s/min) 


Angular momentum: Now we can find the magnitude 
L of the angular momentum with Eq. 11-31: 


L = Iwp = (1.22 X 10? kg- m’)(0.0524 rad/s) 
= 6.39 X 10’ kg: m*/s ~ 6.4 X 10’ kg: m?/s. (Answer) 


(b) If the fully loaded wheel is rotated from rest to wp 
in a time period At, = 5.0, what is the magnitude 7, 
of the average net external torque acting on it? 


cory The average net external torque is related 


= ().0524 rad/s. 


Vg 
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to the change AL in the angular momentum of the from zero to the answer for part (a). Thus, we have 
loaded wheel by Eq. 11-29 (7, = dL/dt). AL 639 X 10’ kg-m%s — 0 


Tay 
Calculation: Because the wheel rotates about a fixed © At 5.0s 
AXIS to reach angular speed w; in time period At,, we can 13°52 107 Noa (Answer) 
rewrite Eq. 11-29 as 7, = AL/At,. The change AL is 





t 
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So far we have discussed two powerful conservation laws, the conservation of 
energy and the conservation of linear momentum. Now we meet a third law of 
this type, involving the conservation of angular momentum. We start from 
Eq. 11-29 (Tret = dL/dt), which is Newton’s second law in angular form. If no 
net external torque acts on the system, this equation becomes dL/dt = 0, or 


L = aconstant (isolated system). (11-32) 


‘This result, called the law of conservation of angular momentum, can also be written 


as 
net angular momentum) _ /net angular oe 
at some initial time f, at some later time ty /’ 
or L; = Ly (isolated system). (11-33) 


cue 11-32 and 11-33 tell us: 


ec eaabs 11-32 and 11-33 are vector equations; as such, ee are equiv- 





Rotation axis alent to three component equations corresponding to the conservation of 
(a) angular momentum in three mutually perpendicular directions. Depending on 
the torques acting on a system, the angular momentum of the system might be 

i conserved in only one or two directions but not in all directions: 


If the component of the net Revenial torque on a 4 system along a certain axis is Zero, 


then the component of the angular momentum of the system along that. axis cannot 
change, ‘no matter what changes take place ' within the system) 22 2 ir: een 


We can apply this law to the isolated body in Fig. 11-15, which rotates 
around the z axis. Suppose that the initially rigid body somehow redistributes its 
mass relative to that rotation axis, changing its rotational inertia about that axis. 
Equations 11-32 and 11-33 state that the angular momentum of the body cannot 
change. Substituting Eq. 11-31 (for the angular momentum along the rotational 
axis) into Eq. 11-33, we write this conservation law as 





T;w, = Tp op. (11-34) 
Here the subscripts refer to the values of the rotational inertia J and angular 

(0) speed w before and after the redistribution of mass. 
FIG. 11-17 (a) The student has a Like the other two conservation laws that we have discussed, Eqs. 11-32 and 
relatively large rotational inertia 11-33 hold beyond the limitations of Newtonian mechanics. They hold for parti- 
about the rotation axis and a rela- cles whose speeds approach that of light (where the theory of special relativity 
tively small angular speed. (b) By reigns), and they remain true in the world of subatomic particles (where 


decreasing his rotational inertia, the 
student automatically increases his 
angular speed. The angular momen- 
tum L of the rotating system re- 


mains unchanged. 1. The spinning volunteer Figure 11-17 shows a student seated on a stool that 


quantum physics reigns). No exceptions to the law of conservation of angular 
momentum have ever been found. 
We now discuss four examples involving this law. 
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can rotate freely about a vertical axis. The student, who has been set into 
rotation at a modest initial angular speed , holds two dumbbells in his 
outstretched hands. His angular momentum vector L lies along the vertical 
rotation axis, pointing upward. 

The instructor now asks the student to pull in his arms; this action 
reduces his rotational inertia from its initial value J; to a smaller value J; 
because he moves mass closer to the rotation axis. His rate of rotation 
increases markedly, from w; to w,. The student can then slow down by extending 
his arms once more, moving the dumbbells outward. 

No net external torque acts on the system consisting of the student, stool, 
and dumbbells. Thus, the angular momentum of that system about the rota- 
tion axis must remain constant, no matter how the student maneuvers the 
dumbbells. In Fig. 11-17a, the student’s angular speed w; is relatively low and 
his rotational inertia J; is relatively high. According to Eq. 11-34, his angular 
speed in Fig. 11-17b must be greater to compensate for the decreased [,. 


. The springboard diver Figure 11-18 shows a diver doing a forward one-and- 
a-half-somersault dive. As you should expect, her center of mass follows a 
parabolic path. She leaves the springboard with a definite angular momentum 
L about an axis through her center of mass, represented by a vector pointing 
into the plane of Fig. 11-18, perpendicular to the page. When she is in the air, 
no net external torque acts on her about her center of mass, so her angular 
momentum about her center of mass cannot change. By pulling her arms and 











i 


FIG. 11-18 The diver’s angular mo- 
mentum L is constant throughout 
the dive, being represented by the 
tail & of an arrow that is perpendic- 
ular to the plane of the figure. Note 
also that her center of mass (see the 
dots) follows a parabolic path. 





FIG. 11-19 Windmill motion of the 
arms during a long jump helps main- 
tain body orientation for a proper 
landing. 





legs into the closed tuck position, she can considerably reduce her rotational 
inertia about the same axis and thus, according to Eq. 11-34, considerably 
increase her angular speed. Pulling out of the tuck position (into the open 
layout position) at the end of the dive increases her rotational inertia and 
thus slows her rotation rate so she can enter the water with little splash. Even 
in a more complicated dive involving both twisting and somersaulting, the 
angular momentum of the diver must be conserved, in both magnitude and 
direction, throughout the dive. SS 


. Long jump When an athlete takes off from the ground in a running long 
jump, the forces on the launching foot give the athlete an angular momentum 
with a forward rotation around a horizontal axis. Such rotation would not al- 








; : FIG. 11-20 
low the jumper to land properly: In the landing, the legs should be together (a) Initial ‘2 
and extended forward at an angle so that the heels mark the sand at the great- phase of a 
est distance. Once airborne, the angular momentum cannot change (it is con- tour jeté: 
served) because no external torque acts to change it. However, the jumper can _ |Jarge rota- 
shift most of the angular momentum to the arms by rotating them in windmill _ tional inertia 
fashion (Fig. 11-19). Then the body remains upright and in the proper orienta- and small 
tion for landing. angular 
ste aoe ‘ speed. (b) 
. Tour jeté {na tour jeté, a ballet performer leaps with a small twisting motion L 
ater phase: 


on the floor with one foot while holding the other leg perpendicular to the 
body (Fig. 11-20a). The angular speed is so small that it may not be perceptible 
to the audience. As the performer ascends, the outstretched leg is brought 
down and the other leg is brought up, with both ending up at angle @ to the 


smaller rota- 
tional inertia 
and larger an- (b) » 
gular speed. A 


a 
5 
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body (Fig. 11-205). The motion is graceful, but it also serves to increase the 
rotation because bringing in the initially outstretched leg decreases the per- 
former’s rotational inertia. Since no external torque acts on the airborne 
performer, the angular momentum cannot change. Thus, with a decrease in 
rotational inertia, the angular speed must increase. When the jump is well 
executed, the performer seems to suddenly begin to spin and rotates 180° be- 
fore the initial leg orientations are reversed in preparation for the landing. 
Once a leg is again outstretched, the rotation seems to vanish. eS 


CHECKPOINT 7 A rhinoceros beetle rides the rim of a small disk that rotates 


like a merry-go-round. If the beetle crawls toward the center of the disk, do the fol- 
lowing (each relative to the central axis) increase, decrease, or remain the same for the 
beetle—disk system: (a) rotational inertia, (b) angular momentum, and (c) angular 


speed? 


Sample Problem nee 


Figure 11-21a shows a student, again sitting on a stool 
that can rotate freely about a vertical axis. The student, 
initially at rest, is holding a bicycle wheel whose rim is 
loaded with lead and whose rotational inertia /,,,, about 
its central axis is 1.2 kg-m?. The wheel is rotating at an 
angular speed w,,, of 3.9 rev/s; as seen from overhead, 
the rotation is counterclockwise. The axis of the wheel is 
vertical, and the angular momentum Leh of the wheel 
points vertically upward. The student now inverts the 
wheel (Fig. 11-21b) so that, as seen from overhead, it is 
rotating clockwise. Its angular momentum is now —L,,,. 
The inversion results in the student, the stool, and the 
wheel’s center rotating together as a composite rigid 
body about the stool’s rotation axis, with rotational in- 
ertia J, = 6.8 kg-m/?. (The fact that the wheel is also ro- 
tating about its center does not affect the mass distribu- 
tion of this composite body; thus, J, has the same value 
whether or not the wheel rotates.) With what angular 
speed w, and in what direction does the composite body 
rotate after the inversion of the wheel? 


1. The angular speed wp We Seek is related to the final 
angular momentum L, of the composite body about 
the stool’s rotation axis by Eq. 11-31 (L = Jw). 


2. The initial angular speed Owh, of the wheel is related 
to the angular momentum c wh OL the wheel’s rota- 
tion about its center by the same equation. 


3. The vector addition of ie and ht gives the total an- 
gular momentum ie of the system of student, stool, 
and wheel. 


4. As the wheel is inverted, no net external torque acts 
on that system to change ee about any vertical axis. 
(Torques due to forces between the student and the 
wheel as the student inverts the wheel are internal to 
the system.) So, the system’s total angular momen- 
tum is conserved about any vertical axis. 


Calculations: The conservation of L,., is represented 
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FIG. 11-21 (a) A student holds a bicycle wheel rotating 
around a vertical axis. (b) The student inverts the wheel, set- 
ting himself into rotation. (c) The net angular momentum 

of the system must remain the same in spite of the inversion. 


with vectors in Fig. 11-21c. We can also write this conser- 
vation in terms of components along a vertical axis as 


Lipset agg — Mpg or Le pak 1-35} 


where i and f refer to the initial state (before inversion 
of the wheel) and the final state (after inversion). 
Because inversion of the wheel inverted the angular 
momentum vector of the wheel’s rotation, we substitute 
—Liyni for Ly, 7 Then, if we set L,; = 0 (because the stu- 
dent, the stool, and the wheel’s center were initially at 
rest), Eq. 11-35 yields 


ie — Za: 
Using Eq. 11-31, we next substitute [,w, for L,, and 


[pwn for Ly»; and solve for wp, finding 


Lies, 


Owh 
I, 





Wp, = 


ps ED eee ME uew sy 


ae oan’ = 1.4rev/s. (Answer) 
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This positive result tells us that the student rotates 
counterclockwise about the stool axis as seen from 
overhead. If the student wishes to stop rotating, he has 
only to invert the wheel once more. 


Sample Problem ae 


In Fig. 11-22, a cockroach with mass m rides on a disk of 
mass 6.00m and radius R. The disk rotates like a merry- 
go-round around its central axis at angular speed 
w, = 1.50 rad/s. The cockroach is initially at radius 
r = 0.800R, but then it crawls out to the rim of the disk. 
Treat the cockroach as a particle. What then is the angu- 
lar speed? 


[aged (1) The cockroach’s crawl changes the mass 


distribution (and thus the rotational inertia) of the 
cockroach—disk system. (2) The angular momentum of 
the system does not change because there is no external 
torque to change it. (The forces and torques due to the 
cockroach’s crawl are internal to the system.) (3) The 
magnitude of the angular momentum of a rigid body or 
a particle is given by Eq. 11-31 (L = Iw). 


Calculations: We want to find the final angular speed. 
Our key is to equate the final angular momentum L, to 
the initial angular momentum L;, because both involve 
angular speed. They also involve rotational inertia /. So, 
let’s start by finding the rotational inertia of the system 
of cockroach and disk before and after the crawl. 

The rotational inertia of a disk rotating about its 
central axis is given by ‘Table 10-2c as >MR?. 
Substituting 6.00m for the mass M, our disk here has 
rotational inertia 


I, = 3.00mR’. (11-36) 

(We don’t have values for m and R, but we shall con- 
tinue with physics courage.) 

From Eq. 10-33, we know that the rotational inertia 


of the cockroach (a particle) is equal to mr’. Substituting 
the cockroach’s initial radius (r = 0.800R) and final 
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FIG. 11-22 A cockroach rides at 
radius r on a disk rotating like a 
merry-go-round. 





Rotation axis 


radius (r = R), we find that its initial rotational inertia 
about the rotation axis 1s 


L, = 0.64mR? (11-37) 
and its final rotational inertia about the rotation axis 1s 
a mR?. (11-38) 


So, the cockroach—disk system initially has the rota- 
tional inertia 


L=h + i= 264 (11-39) 
and finally has the rotational inertia 
Ip = I, + Ly = 4.00mR?. (11-40) 


Next, we use Eq. 11-31 (ZL = Iw) to write the fact 
that the system’s final angular momentum L, is equal 
to the system’s initial angular momentum L;: 


pong = Kien, 
or 4.00mR?a, = 3.64mR?(1.50 rad/s). 


After canceling the unknowns m and R, we come to 
w, = 1.37 rad/s. (Answer) 


Note that the angular speed decreased because part of 
the mass moved outward from the rotation axis. 


A simple gyroscope consists of a wheel fixed to a shaft and free to spin about 
the axis of the shaft. If one end of the shaft of a nonspinning gyroscope is placed 
on a support as in Fig. 11-23a and the gyroscope is released, the gyroscope falls 
by rotating downward about the tip of the support. Since the fall involves rota- 
tion, it is governed by Newton’s second law in angular form, which is given by 


Eq. 11-29: 
aL 
dt 


are 
7 


(11-41) 
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FIG. 11-23 (a) A nonspinning gyro- 
scope falls by rotating in an xz plane 
because of torque 7. (b) A rapidly 
spinning gyroscope, with angular 
momentum jb precesses 

around the z axis. Its precessional 
motion is in the xy plane. (c) The 
change dL/dt in angular momentum 
leads to a rotation of L about O. 


This equation tells us that the torque causing the downward rotation (the fall) 
changes the angular momentum L of the gyroscope from its initial value of zero. 
The torque 7 is due to the gravitational force Mg acting at the gyroscope’s cen- 
ter of mass, which we take to be at the center of the wheel. The moment arm rel- 
ative to the support tip, located at O in Fig. 11-23a, is 7. The magnitude of 7 is 


T= Mer sin 90° = Mer (11-42) 


(because the angle between Mg and 7 is 90°), and its direction is as shown in 
Fig. 11-23a. 

A rapidly spinning gyroscope behaves differently. Assume it is released with 
the shaft angled slightly upward. It first rotates slightly downward but then, 
while it is still spinning about its shaft, it begins to rotate horizontally about a 
vertical axis through support point O in a motion called precession. 

Why does the spinning gyroscope stay aloft instead of falling over like 
the nonspinning gyroscope? The clue is that when the spinning gyroscope 1s 
released, the torque due to Mg must change not an initial angular momentum of 
zero but rather some already existing nonzero angular momentum due to the spin. 

To see how this nonzero initial angular momentum leads to precession, we 
first consider the angular momentum L of the gyroscope due to its spin. To 
simplify the situation, we assume the spin rate is so rapid that the angular 
momentum due to precession is negligible relative to L. We also assume the 
shaft is horizontal when precession begins, as in Fig. 11-235. The magnitude of iG 
is given by Eq. 11-31: 

L = Ta, (11-43) 


where / is the rotational moment of the gyroscope about its shaft and w is the 
angular speed at which the wheel spins about the shaft. The vector 6 points 
along the shaft, as in Fig. 11-23b. Since L is parallel to 7, torque 7 must be 
perpendicular to ie 

According to Eq. 11-41, torque 7 causes an incremental change dL in the 
angular momentum of the gyroscope in an incremental time interval dt; that is, 


dL = Fdt. (11-44) 


However, for a rapidly spinning gyroscope, the magnitude of L is fixed by Eq. 
11-43. Thus the torque can change only the direction of L, not its magnitude. 

From Eq. 11-44 we see that the direction of dL is in the direction of 7, per- 
pendicular to L. The only way that L can be _changed in the direction of 7 
without the magnitude L being changed is for L to rotate around the z axis as 
shown in Fig. 11-23c. L maintains its magnitude, the head of the . L vector fol- 
lows a circular path, and 7 is always tangent to that path. Since L must always 
point along the shaft, the shaft must rotate about the z axis in the direction of 7. 
Thus we have precession. Because the spinning gyroscope must obey Newton’s 
law in angular form in response to any change in its initial angular momentum, 
it must precess instead of merely toppling over. 

We can find the precession rate ( by first using Eqs. 11-44 and 11-42 to get 
the magnitude of dL: 

dL = tdt = Mer dt. (11-45) 


As L changes by an incremental amount in an incremental time interval dt, the 
shaft and L precess around the z axis through incremental angle dd. (In Fig. 
11-23c, angle dd is exaggerated for clarity.) With the aid of Eqs. 11-43 and 11-45, 
we find that dd is given by 
Mer dt 

Io 


Dividing this expression by dt and setting the rate 1. = dd/dt, we obtain 


aL 
d = ———- = 
? ie 


Mer 
Tw 





Q) = (precession rate). (11-46) 


Review & Summary Loe 


This result is valid under the assumption that the spin rate w is rapid. Note that 
Q, decreases as w is increased. Note also that there would be no precession if the 
gravitational force Mg did not act on the gyroscope, but because / is a function 
of M, mass cancels from Eq. 11-46; thus (2 is independent of the mass. 

Equation 11-46 also applies if the shaft of a spinning gyroscope is at an 
angle to the horizontal. It holds as well for a spinning top, which is essentially a 


spinning gyroscope at an angle to the horizontal. 


eS 


REVIEW & SUMMARY 


Rolling Bodies For a wheel of radius R rolling smoothly, 
Voom = OR, (11-2) 


where Vom 18 the linear speed of the wheel’s center of mass 
and w is the angular speed of the wheel about its center. The 
wheel may also be viewed as rotating instantaneously about 
the point P of the “road” that is in contact with the wheel. 
The angular speed of the wheel about this point is the same 
as the angular speed of the wheel about its center. The rolling 
wheel has kinetic energy 


oe eo a 5 MV2 ms (11-5) 


where J, 1S the rotational moment of the wheel about its center 
of mass and & is the mass of the wheel. If the wheel is being ac- 
celerated but is still rolling smoothly, the acceleration of the cen- 
ter of mass Gon is related to the angular acceleration a about the 
center with 

Qeom = GR. (11-6) 


If the wheel rolls smoothly down a ramp of angle @, its accel- 
eration along an x axis extending up the ramp is 
gsin 0 


a 11- 
Acom, x dl a Foon (MR? ( 10) 


Torque as a Vector In three dimensions, torque 7 is a 
vector quantity defined relative to a fixed point (usually an 
origin); it is 

=7TXF, (11-14) 
where F is a force applied to a particle and 7 is a position 


vector locating the particle relative to the fixed point. The 
magnitude of 7 is given by 


t=rFsing=rF,=r,F,  (11-15,11-16,11-17) 


where ¢ is the angle between F and 7, F, is the component 
of F perpendicular to 7, and r, is the moment arm of F’. The 
direction of 7 is given by the right-hand rule. 


Angular Momentum of a Particle The angular mo- 
mentum € of a particle with linear momentum 7p, mass m, and 
linear velocity V is a vector quantity defined relative to a 
fixed point (usually an origin) as 


€=7? x p=m(F x P). (11-18) 
The magnitude of € is given by 
€=rmv sin o (11-19) 
=rp, =rmv, (11-20) 
=r p=r,m, (11-21) 


where @ is the angle between 7 and p, p, and v, are 
the components of p and V perpendicular to 7, and r, is the 
perpendicular | distance between the fixed point and the 
extension of p. The direction of € is given by the right-hand 
rule for cross products. 


Newton’s Second Law in Angular Form Newton’s 
second law for a particle can be written in angular form as 
ae 
Tet — dt ’ 


where 7,.; is the net torque acting on the particle and € is the 
angular momentum of the particle. 


(11-23) 


Angular Momentum of a System of Particles The 
angular momentum L of a system of particles is the vector 
sum of the angular momenta of the individual particles: 
L=¢,+)+---+@,=)> @. (11-26) 
i=1 
The time rate of change of this angular momentum is equal 
to the net external torque on the system (the vector sum of 


the torques due to interactions of the particles of the system 
with particles external to the system): 


. dL 


Tnet — ve (11-29) 


(system of particles). 


Angular Momentum of a Rigid Body For a rigid 
body rotating about a fixed axis, the component of its angular 
momentum parallel to the rotation axis is 


L=Iw (rigid body, fixed axis). (11-31) 
Conservation of Angular Momentum The angular 
momentum L of a system remains constant if the net exter- 


nal torque acting on the system is zero: 


L = aconstant (11-32) 


(isolated system) 


or i Be (11-33) 


(isolated system). 


This is the law of conservation of angular momentum. 


Precession of a Gyroscope A spinning gyroscope can 
precess about a vertical axis through its support at the rate 
Mer 
fea =, (11-46) 
Tw 
where M is the gyroscope’s mass, r is the moment arm, / is the 
rotational inertia, and is the spin rate. 
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1 In Fig. 11-24, three forces of 
the same magnitude are applied 
to a particle at the origin (F; 
acts directly into the plane of 
the figure). Rank the forces ac- 
cording to the magnitudes of 
the torques they create about 
(a) point P,, (b) point P,, and 
(c) point P3, greatest first. 


2 The position vector 7 of a FIG. 11-24 Question 1. 


particle relative to a certain point has a magnitude of 3 m, 
and the force F on the particle has a magnitude of 4 N. What 
is the angle between the directions of 7 and F if the magni- 
tude of the associated torque equals (a) zero and (b) 12 
N-m? 


3 What happens to the initially 
stationary yo-yo in Fig. 11-25 if 
you pull it via its string with (a) 
force F5 (the line of action passes 
through the point of contact on 
the table, as indicated), (b) force 
F, (the line of action passes above 
the point of contact), and (c) force 
F; (the line of action passes to the 
right of the point of contact)? 


4 Figure 11-26 shows two 
particles A and B at xyz coor- 
dinates (1 m, 1 m, 0) and (1 m, 
0, 1m). Acting on each parti- 
cle are three numbered forces, 
all of the same magnitude and 
each directed parallel to an 
axis. (a) Which of the forces 
produce a torque about the 
origin that is directed parallel 
to y? (b) Rank the forces ac- 
cording to the magnitudes of 
the torques they produce on 
the particles about the origin, 
greatest first. 


S Figure 11-27 shows three 
particles of the same mass and 
the same constant speed mov- 
ing as indicated by the veloc- 
ity vectors. Points a, b, c, and d 
form a square, with point e at 
the center. Rank the points ac- 
cording to the magnitude of 
the net angular momentum of the three-particle system when 
measured about the points, greatest first. 





FIG. 11-26 Question 4. 





FIG. 11-27 Question 5. 


6 Figure 11-28 shows a particle moving at constant velocity 
Vv and five points with their xy coordinates. Rank the points 








according to the magnitude of the angular momentum of the 
particle measured about them, greatest first. 





; de (4,-1) 
(-L, —2) e 


FIG. 11-28 Question 6. 


7 Figure 11-29 gives the angular r, 
momentum magnitude L of a ie al 
wheel versus time ¢. Rank the four 
lettered time intervals according to 
the magnitude of the torque acting 
on the wheel, greatest first. 





FIG. 11-29 
Question 7. 


8 The angular momenta f(t) of a 
particle in four situations are (1) 
€ = 3t + 4; (2) € = —6t*; (3) € = 2; (4) @ = 4/t. In which situ- 
ation is the net torque on the particle (a) zero, (b) positive 
and constant, (c) negative and increasing in magnitude (t > 
0), and (d) negative and decreasing in magnitude (t > 0)? 


9 A rhinoceros beetle rides the rim of a horizontal disk 
rotating counterclockwise like a merry-go-round. If the 
beetle then walks along the rim in the direction of the rota- 
tion, will the magnitudes of the following quantities (each 
measured about the rotation axis) increase, decrease, or 
remain the same (the disk is still rotating in the counterclock- 
wise direction): (a) the angular momentum of the beetle— 
disk system, (b) the angular momentum and angular velocity 
of the beetle, and (c) the angular momentum and angular 
velocity of the disk? (d) What are your answers if the beetle 
walks in the direction opposite the rotation? 


10 Figure 11-30 shows an 
overhead view of a rectangular 
slab that can spin like a merry- 
go-round about its center at O. 
Also shown are seven paths 
along which wads of bubble 
gum can be thrown (all with 
the same speed and mass) to 
stick onto the stationary slab. (a) Rank the paths according to 
the angular speed that the slab (and gum) will have after the 
gum sticks, greatest first. (b) For which paths will the angular 
momentum of the slab (and gum) about O be negative from 
the view of Fig. 11-30? 





FIG. 11-30 Question 10. 


PROBLEMS 


& Tutoring problem available (at instructor's discretion) in WileyPLUS and WebAssign 


SSM Worked-out solution available in Student Solutions Manual 


e —@ee Number of dots indicates level of problem difficulty 


WWW Worked-out solution is at 





http://www.wiley.com/college/halliday 


Interactive solution is at 


SS Additional information available in The Flying Circus of Physics and at flyingcircusofphysics.com 


Click here to view all step-by-step solutions 


sec. 11-2 Rolling as Translation and Rotation Combined 
°1 Acar travels at 80 km/h on a level road in the positive di- 
rection of an x axis. Each tire has a diameter of 66cm. 
Relative to a woman riding in the car and in unit-vector nota- 
tion, what are the velocity V at the (a) center, (b) top, and 
(c) bottom of the tire and the magnitude a of the acceleration 
at the (d) center, (e) top, and (f) bottom of each tire? Relative 
to a hitchhiker sitting next to the road and in unit-vector nota- 
tion, what are the velocity V at the (g) center, (h) top, and (i) 
bottom of the tire and the magnitude a of the acceleration at 
the (j) center, (k) top, and (1) bottom of each tire? 


e2 An automobile traveling at 80.0 km/h has tires of 75.0 
cm diameter. (a) What is the angular speed of the tires about 
their axles? (b) If the car is brought to a stop uniformly in 
30.0 complete turns of the tires (without skidding), what is 
the magnitude of the angular acceleration of the wheels? 
(c) How far does the car move during the braking? 


sec. 11-4 The Forces of Rolling 

¢3 A 1000 kg car has four 10 kg wheels. When the car is 
moving, what fraction of its total kinetic energy is due to 
rotation of the wheels about their axles? Assume that the 
wheels have the same rotational inertia as uniform disks of 
the same mass and size. Why do you not need to know the 
radius of the wheels?  ILw 


°4 A uniform solid sphere rolls down an incline. (a) What 
must be the incline angle if the linear acceleration of the 
center of the sphere is to have a magnitude of 0.10g? (b) If a 
frictionless block were to slide down the incline at that angle, 
would its acceleration magnitude be more than, less than, or 
equal to 0.10g? Why? 


°S A 140 kg hoop rolls along a horizontal floor so that the 
hoop’s center of mass has a speed of 0.150 m/s. How much 
work must be done on the hoop to stop it? ssm 


°¢e6 A hollow sphere of radius 0.15 m, with rotational inertia 
I = 0.040 kg: m? about a line through its center of mass, rolls 
without slipping up a surface inclined at 30° to the horizontal. 
At a certain initial position, the sphere’s total kinetic energy 
is 20 J. (a) How much of this initial kinetic energy is rota- 
tional? (b) What is the speed of the center of mass of the 
sphere at the initial position? When the sphere has moved 
1.0 m up the incline from its initial position, what are (c) its 
total kinetic energy and (d) the speed of its center of mass? 


ee7 In Fig. 11-31, a constant 
horizontal force Eon of magni- 
tude 10 N is applied to a wheel 
of mass 10kg and_ radius 
0.30 m. The wheel rolls 
smoothly on the horizontal sur- 
face, and the acceleration of its 


center of mass has magnitude FIG. 11-31 Problem 7. 





0.60 m/s*. (a) In unit-vector notation, what is the frictional 
force on the wheel? (b) What is the rotational inertia of the 
wheel about the rotation axis through its center of mass? 


ee8 In Fig. 11-32, a solid brass 
ball of mass 0.280 ¢ will roll 
smoothly along a loop-the-loop 
track when released from rest 
along the straight section. The 
circular loop has radius R = 
14.0 cm, and the ball has radius 
r < R. (a) What is h if the ball is 
on the verge of leaving the 
track when it reaches the top of 
the loop? If the ball is released at height ; = 6.00R, what are 
the (b) magnitude and (c) direction of the horizontal force 
component acting on the ball at point Q? 


ee9 In Fig. 11-33, a solid cylin- 
der of radius 10 cm and mass 12 
kg starts from rest and rolls 
without slipping a distance L = 
6.0m down a roof that is in- 
clined at the angle 6@= 30°. 
(a) What is the angular speed of 
the cylinder about its center as 
it leaves the roof? (b) The roof’s 
edge is at height H =5.0 m. 
How far horizontally from the 
roof’s edge does the cylinder hit 
the level ground? tw ; 


e°10 Figure 11-34 gives the _ 
speed v versus time ¢t fora < 
0.500 kg object of radius 6.00 = 
cm that rolls smoothly down ~ 
a 30° ramp. The scale on the ve- 
locity axis is set by v, = 4.0 m/s. i 002 04 06 Os 
What is the rotational inertia of t (s) 


the object? FIG. 11-34 Problem 10. 
e171 In Fig. 11-35, a solid 


ball rolls smoothly from rest 
(starting at height H = 6.0 m) 
until it leaves the horizontal 
section at the end of the track, 
at height h = 2.0m. How far 
horizontally from point A does 
the ball hit the floor? 


®°12 Figure 11-36 shows the 
potential energy U(x) of a solid 
ball that can roll along an x axis. The scale on the U axis is set 
by U, = 100 J. The ball is uniform, rolls smoothly, and has a 
mass of 0.400 kg. It is released at x = 7.0 m headed in the neg- 
ative direction of the x axis with a mechanical energy of 75 J. 





FIG. 11-32 Problem 8. 








x 





FIG. 11-35 Problem 11. 
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(a) If the ball can reach x = 0 
m, what is its speed there, and if 
it cannot, what is its turning 
point? Suppose, instead, it is 
headed in the positive direction 
of the x axis when it 1s released 
at x = 7.0m with 75 J. (b) If the 
ball can reach x = 13 m, what is 
its speed there, and if it cannot, 
what is its turning point? 





0 2 4 6 8 10 12 14 
x (m) 


FIG. 11-36 Problem 12. 


ee13 A bowler throws a 
bowling ball of radius R = 11 
cm along a lane. The ball (Fig. 
11-37) slides on the lane with 
initial speed Viomo = 8.5 m/s 
and initial angular speed a = 
0. The coefficient of kinetic friction between the ball and the 
lane is 0.21. The kinetic frictional force ie acting on the ball 
causes a linear acceleration of the ball while producing a 
torque that causes an angular acceleration of the ball. When 
speed v4, has decreased enough and angular speed w has 
increased enough, the ball stops sliding and then rolls 
smoothly. (a) What then is v,,,, in terms of w? During the slid- 
ing, what are the ball’s (b) linear acceleration and (c) angular 
acceleration? (d) How long does the ball slide? (e) How far 
does the ball slide? (f) What is the linear speed of the ball 
when smooth rolling begins? == 





FIG. 11-37 Problem 13. 


°°14 In Fig. 11-38, a small, solid, uniform ball is to be shot 
from point P so that it rolls smoothly along a horizontal path, 
up along a ramp, and onto a plateau. Then it leaves the 
plateau horizontally to land on a game board, at a horizontal 
distance d from the right edge of the plateau. The vertical 
heights are h, = 5.00 cm and h, = 1.60 cm. With what speed 
must the ball be shot at point P for it to land at d = 6.00 cm? 





FIG. 11-38 Problem 14. 


eee15 Nonuniform ball. In 
Fig. 11-39, a ball of mass M and 
radius R rolls smoothly from 
rest down a ramp and onto a 
circular loop of radius 0.48 m. 
The initial height of the ball is h 
= 0.36 m. At the loop bottom, 
the magnitude of the normal force on the ball is 2.00Mg. The 
ball consists of an outer spherical shell (of a certain uniform 
density) that is glued to a central sphere (of a different uni- 
form density). The rotational inertia of the ball can be ex- 
pressed in the general form J = BMR’, but B is not 0.4 as it is 
for a ball of uniform density. Determine B. 


FIG. 11-39 Problem 15. 


eee46 Nonuniform cylindrical object. In Fig. 11-40, a cylin- 
drical object of mass M and radius R rolls smoothly from rest 
down a ramp and onto a horizontal section. From there it 
rolls off the ramp and onto the floor, landing a horizontal dis- 





tance d =0.506m from the end of the ramp. The initial 
height of the object is H = 0.90 m; the end of the ramp is at 
height / = 0.10 m. The object consists of an outer cylindrical 
shell (of a certain uniform density) that is glued to a central 
cylinder (of a different uniform density). The rotational 
inertia of the object can be expressed in the general form / = 
BMR’, but B is not 0.5 as it is for a cylinder of uniform 
density. Determine P. 





FIG. 11-40 Problem 16. 


sec. 11-5 The Yo-Yo 

e17 A yo-yo has a rotational inertia of 950 g-cm* and a 
mass of 120 g. Its axle radius is 3.2 mm, and its string is 120 cm 
long. The yo-yo rolls from rest down to the end of the string. 
(a) What is the magnitude of its linear acceleration? (b) How 
long does it take to reach the end of the string? As it reaches 
the end of the string, what are its (c) linear speed, (d) transla- 
tional kinetic energy, (e) rotational kinetic energy, and (f) an- 


gular speed? SSM qr 


e718 In 1980, over San Francisco Bay, a large yo-yo was 
released from a crane. The 116kg yo-yo consisted of two 
uniform disks of radius 32 cm connected by an axle of radius 
3.2 cm. What was the magnitude of the acceleration of the 
yo-yo during (a) its fall and (b) its rise? (c) What was the ten- 
sion in the cord on which it rolled? (d) Was that tension near 
the cord’s limit of 52 KN? Suppose you build a scaled-up ver- 
sion of the yo-yo (same shape and materials but larger). (e) Will 
the magnitude of your yo-yo’s acceleration as it falls be greater 
than, less than, or the same as that of the San Francisco yo-yo? 
(f) How about the tension in the cord? ggg 


sec. 11-6 Torque Revisited 

°19 In unit-vector notation, what is the torque about 
the origin on a particle located at coordinates (0, —4.0 m, 3.0 ay) 
if that torque is due to (a) force F, with components F;, = 
2.0 N, Fi, = Fi, =0, and (b) force F> with components 
F,, = 0, Fy, = 2.0 N, Fy, = 4.0N? 


e20 A plum is located at coordinates (—2.0 m, 0, 4.0 m). In 
unit-vector notation, what is the torque about the origin on 
the plum if that torque is due to a force F whose only compo- 
nent is (a) F, = 6.0N, (b) F, = —6.0N, (c) F, = 6.0N, and 
(d) F, = —6.0 N? 


e21 In unit-vector notation, what is the net torque about the 
origin ona flea located at coordinates (0, —4.0 m, 5.0 m) when 
forces F, = (3.0 N)k and Fy = (20) N)j act on the flea? 


ee22 In unit-vector notation, what is the torque about the 
origin on a jar of jalapeno peppers located at coordinates 
(3:0) mae 2 0) ma 4.0m) due to _(a) force F, = (3.0N)i so 
(4.0 N)j + (5.0N)k, (b) force Fy = = (- 3.0 N)i — (4.0 N)j - 
(5.0 N)k, and (c) the vector sum of F; and F? (d) Repeat part 


(c) for the torque about the point with coordinates (3.0 m, 
2.0 m, 4.0 m). 


°°23 Force F = AC 8.0N)i + (6.0 N)j acts ona particle with 
position vector 7 = (3.0m)i+ (4.0m)j. What are (a) the 
torque on the particle about the origin, in unit-vector notation, 
and (b) the angle between the directions of 7 and F? ssm 


°e24 A particle moves through an xyz coordinate system 
while a force acts on the particle. When the particle has 
the position vector fF = (2.00 m)i — (3.00 m)j + (2.00 m)k, 
the force is F = F,i + (7.00 N)j — (6.00 N)k and the corre- 
sponding torque about the origin is 7 = (4.00N- -m)i rE 
(2.00 N: -m)j — (1.00 N: -m)k. Determine F.. 


°°25 Force F = (2.0N)i — (3.0 N)k acts on a pebble with 
position vector 7 = (0.50 m)j — (2.0 m)k relative to the origin. 
In unit-vector notation, what is the resulting torque on the 
pebble about (a) the origin and (b) the point (2.0m, 0, 
—3.0 m)? 


sec. 11-7 Angular Momentum 

°26 A 2.0 kg particle-like object moves in a plane with ve- 
locity components v, = 30 m/s and v, = 60 m/s as it passes 
through the point with (x, y) coordinates of (3.0, —4.0) m. Just 
then, in unit-vector notation, what is its angular momentum 
relative to (a) the origin and (b) the point (—2.0, —2.0) m? 


e27 In the instant of Fig. 11- P, > 
41, two particles move in an xy 2 


plane. Particle P,; has mass 6.5 





kg and speed v, =2.2m/s,andit 4% t V9 
is at distance d, =1.5m from | 

point O. Particle P, has mass 3.1 or" dy 

kg and speed vz = 3.6 m/s, and Ps 


it is at distance d. =2.8mfrom FIG. 11-41 Problem 27. 
point O. What are the (a) magnitude and (b) direction of the 
net angular momentum of the two particles about O?  ILw 


e28 At the instant of Fig. 11-42, a 2.0 
kg particle P has a position vector 7 of 
magnitude 3.0m and _angle 6, = 45° 
and a velocity vector Vv of magnitude 
4.0 m/s and angle @, = 30°. Force F, of 
magnitude 2.0N and angle 0; = 30°, 
acts on P. All three vectors lie in the 
xy plane. About the origin, what 
are the (a) magnitude and (b) direc- 
tion of the angular momentum of P 
and the (c) magnitude and (d) direc- 
tion of the torque acting on P? 


°29 At one instant, force F = 4. Oj. N acts on a 0.25 kg object 
that has position vector 7 = (2. Oi — 2.0k)m and velocity 
vector Vv =(—S. Oi + 5. Ok) m/s. About the origin and in unit- 
vector notation, what are (a) the object’s angular momentum 
and (b) the torque acting on the object? ssm 


e°30 At the instant the displacement of a 2.00 kg object rel- 
ative to the origin is d = (2.00 m)i + (4.00 m)j j — (G.00 m)k, 
its velocity is ¥ = —(6.00 m/s)i + (3.00 m/s)j + (3.00 m/s)k 
and it is subject to a force F = (6.00 N)i — (8.00 N)j + 
(4.00 N)k. Find (a) the acceleration of the object, (b) the 
angular momentum of the object about the origin, (c) the torque 
about the origin acting on the object, and (d) the angle between 
the velocity of the object and the force acting on the object. 





FIG. 11-42 
Problem 28. 


ee31 In Fig. 11-43,a0.400 kg ball , 
is shot directly upward at initial | 
speed 40.0 m/s. What is its angular 
momentum about P, 2.00 m hori- 
zontally from the launch point, 
when the ball is (a) at maximum 
height and (b) halfway back to the 
ground? What is the torque on the ball about P due to the 
gravitational force when the ball is (c) at maximum height 
and (d) halfway back to the ground? 





FIG. 11-43 Problem 31. 


sec. 11-8 Newton's Second Law in Angular Form 

e32 A particle is to move in an xy plane, clockwise around 
the origin as seen from the positive side of the z axis. In unit- 
vector notation, what torque acts on the particle if the 
magnitude of its angular momentum about_the origin is 
(a) 4.0 kg-m2/s, (b) 4.012 ke-m?/s, (c) 4.0Vtke-m2/s, and 
(d) 4.0/t? kg: m?/s? 


°33 A 3.0 kg particle with velocity Vv = (5.0 m/s)i — (6.0 
m/s)j is at x = 3.0m, y = 8.0 m. It is pulled by a 7.0 N force in 
the negative x direction. About the origin, what are (a) the 
particle’s angular momentum, (b) the torque acting on the 
particle, and (c) the rate at which the angular momentum is 
changing? .ssm ILw www 


e34 A particle is acted on by two torques about the origin: 
7, has a magnitude of 2.0 N- m and is directed in the positive 
direction of the x axis, and 7, has a magnitude of 4.0N-m 
and is directed in the negative direction of the y axis. In unit- 
vector notation, find d€/dt, where € is the angular momen- 
tum of the particle about the origin. 


e635 Attimet,7 = 4.07i — (2.0t + 6.02)j gives the position 
of a 3.0 kg particle relative to the origin of an xy coordinate 
system (7 is in meters and f is in seconds). (a) Find an expres- 
sion for the torque acting on the particle relative to the origin. 
(b) Is the magnitude of the particle’s angular momentum rel- 
ative to the origin increasing, decreasing, or unchanging? 


sec. 11-10 The Angular Momentum of a Rigid Body 
Rotating About a Fixed Axis 

°36 A sanding disk with rotational inertia 1.2 x 107-3 kg-m/? 
is attached to an electric drill whose motor delivers a torque 
of magnitude 16N-m about the central axis of the disk. 
About that axis and with the torque applied for 33 ms, what is 
the magnitude of the (a) angular momentum and (b) angular 
velocity of the disk? 


°37 The angular momentum of a flywheel having a rota- 
tional inertia of 0.140 kg-m? about its central axis decreases 
from 3.00 to 0.800 kg: m/7/s in 1.50. (a) What is the mag- 
nitude of the average torque acting on the flywheel about its 
central axis during this period? (b) Assuming a constant 
angular acceleration, through what angle does the flywheel 
turn? (c) How much work is done on the wheel? (d) What is 
the average power of the flywheel? ssm 


e38 Figure 11-44 shows three rotating, uniform disks that 
are coupled by belts. One belt runs around the rims of disks 
A and C. Another belt runs around a central hub on disk A 
and the rim of disk B. The belts move smoothly without 
slippage on the rims and hub. Disk A has radius R; its hub 
has radius 0.5000R; disk B has radius 0.2500R; and disk C has 
radius 2.000R. Disks B and C have the same density (mass 
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per unit volume) and thickness. What is the ratio of the mag- 
nitude of the angular momentum of disk C to that of disk B? 





FIG. 11-44 Problem 38. 


39 In Fig. 11-45, three par- = 
ticles of mass m = 23 g are fas- @ m ae 
tened to three rods of length d \2 . 

= 12cm and negligible mass. > d 
The rigid assembly rotates wee 
around point O at angular 9 \.—~ 

speed w= 0.85 rad/s. About FIG. 11-45 Problem 39. 
O, what are (a) the rotational 

inertia of the assembly, (b) the magnitude of the angular mo- 


mentum of the middle particle, and (c) the magnitude of the 
angular momentum of the asssembly? 


°e40 Figure 11-46 gives the torque 7 that acts on an initially 
stationary disk that can rotate about its center like a merry- 
go-round. The scale on the 7 axis is set by 7, = 4.0 N-m. What 
is the angular momentum of the disk about the rotation axis 
at times (a) t = 7.0s and (b) t = 20s? 


tT (N+ m) 


t (s) 
P0) 





FIG. 11-46 Problem 40. 
°e4] Figure 11-47 shows a Rotation axis 
rigid structure consisting of a C 
circular hoop of radius R and > 
mass m, and a square made of S 
four thin bars, each of length R ; 
and mass m. The rigid structure | 
rotates at a constant speed 
about a vertical axis, with a pe- 
riod of rotation of 2.58. 
Assuming R = 0.50 m and m = 
2.0 kg, calculate (a) the struc- 
ture’s rotational inertia about the axis of rotation and (b) its 
angular momentum about that axis. @ 





FIG. 11-47 Problem 41. 


ee42 A disk with a rotational inertia of 7.00 kg: m? rotates 
like a merry-go-round while undergoing a torque given by 
tT = (5.00 + 2.00t) N-m. At time ¢ = 1.00 s, its angular mo- 
mentum is 5.00 kg-m?/s. What is its angular momentum at 
t = 3.00 s? 


sec. 11-11 Conservation of Angular Momentum 
°43 A man stands on a platform that is rotating (without 
friction) with an angular speed of 1.2 rev/s; his arms are 


outstretched and he holds a brick in each hand. The rota- 
tional inertia of the system consisting of the man, bricks, and 
platform about the central vertical axis of the platform is 
6.0 kg-m’. If by moving the bricks the man decreases the 
rotational inertia of the system to 2.0 kg- m’, what are (a) the 
resulting angular speed of the platform and (b) the ratio of 
the new kinetic energy of the system to the original kinetic 
energy? (c) What source provided the added kinetic energy? 
SSM WWW 


e44 The rotor of an electric motor has rotational inertia 
[, = 2.0 X 10° kg -m?* about its central axis. The motor is 
used to change the orientation of the space probe in which it 
is mounted. The motor axis is mounted along the central axis 
of the probe; the probe has rotational inertia J, = 12 kg-m? 
about this axis. Calculate the number of revolutions of the 
rotor required to turn the probe through 30° about its central 
axis. 


e45 A wheel is rotating freely at angular speed 800 rev/min 
on a shaft whose rotational inertia is negligible. A second 
wheel, initially at rest and with twice the rotational inertia of 
the first, is suddenly coupled to the same shaft. (a) What is 
the angular speed of the resultant combination of the shaft 
and two wheels? (b) What fraction of the original rotational 
kinetic energy is lost? ssm iLw 


e46 A Texas cockroach first 
rides at the center of a circular 
disk that rotates freely like a 
merry-go-round without exter- 
nal torques. The cockroach 
then walks out to the edge of | 
the disk, at radius R. Figure 11- 0 R 
48 gives the angular speed w of Radial distance 

the cockroach—disk system FiG. 11-48 Problem 46. 
during the walk. The scale on 

the w axis is set by w, = 5.0 rad/s and w, = 6.0 rad/s. When the 
cockroach is on the edge at radius RK, what is the ratio of the 
bug’s rotational inertia to that of the disk, both calculated 
about the rotation axis? 


@ (rad/s) 





¢47 ‘Two disks are mounted (like a merry-go-round) on 
low-friction bearings on the same axle and can be brought 
together so that they couple and rotate as one unit. The first 
disk, with rotational inertia 3.30 kg-m? about its central axis, 
is set spinning counterclockwise at 450 rev/min. The second 
disk, with rotational inertia 6.60 kg: m? about its central axis, 
is set spinning counterclockwise at 900 rev/min. They then 
couple together. (a) What is their angular speed after cou- 
pling? If instead the second disk is set spinning clockwise at 
900 rev/min, what are their (b) angular speed and (c) direc- 
tion of rotation after they couple together? 


e438 The rotational inertia of a collapsing spinning star 
drops to : its initial value. What is the ratio of the new rota- 
tional kinetic energy to the initial rotational kinetic energy? 


e49 A track is mounted on a large wheel that is free to turn 
with negligible friction about a vertical axis (Fig. 11-49). A 
toy train of mass m is placed on the track and, with the 
system initially at rest, the train’s electrical power is turned 
on. The train reaches speed 0.15 m/s with respect to the track. 
What is the angular speed of the wheel if its mass is 1.17 and 
its radius is 0.43 m? (Treat the wheel as a hoop, and neglect 


the mass of the spokes and 
hub.) ssm 


e50 A ‘Texas cockroach of 
mass 0.17 kg runs counterclock- 
wise around the rim of a lazy 
Susan (a circular disk mounted 
on a vertical axle) that has radius 15 cm, rotational inertia 
5.0 X 10°* kg-m/, and frictionless bearings. The cockroach’s 
speed (relative to the ground) is 2.0 m/s, and the lazy Susan 
turns clockwise with angular velocity mw, = 2.8 rad/s. The 
cockroach finds a bread crumb on the rim and, of course, 
stops. (a) What is the angular speed of the lazy Susan after 
the cockroach stops? (b) Is mechanical energy conserved as 
it stops? 


e51 In Fig. 11-50, two 
skaters, each of mass 50 kg, fi 
approach each other along 
parallel paths separated by 3.0 
m. They have opposite veloci- 
ties of 1.4m/s each. One 
skater carries one end of a 
long pole of negligible mass, and the other skater grabs the 
other end as she passes. The skaters then rotate around the 
center of the pole. Assume that the friction between skates 
and ice is negligible. What are (a) the radius of the circle, (b) 
the angular speed of the skaters, and (c) the kinetic energy of 
the two-skater system? Next, the skaters pull along the pole 
until they are separated by 1.0 m. What then are (d) their an- 
gular speed and (e) the kinetic energy of the system? (f) 
What provided the energy for the increased kinetic energy? 


FIG. 11-49 Problem 49. 





FIG. 11-50 Problem 51. 


°52 <A _ bola consists of three ea 
\ 


' but 
dentical h - 
massive, identical spheres con . ) 
\e WO, 
@ 
(a) (d) 


nected to a common point by 
identical lengths of sturdy string 
FIG. 11-51 Problem 52. 


(Fig. 11-51a@). To launch this native 
South American weapon, you 
hold one of the spheres overhead 
and then rotate that hand about its wrist so as to rotate the 
other two spheres in a horizontal path about the hand. Once 
you manage sufficient rotation, you cast the weapon at a tar- 
get. Initially the bola rotates around the previously held 
sphere at angular speed w; but then quickly changes so that 
the spheres rotate around the common connection point at 
angular speed a, (Fig. 11-51b). (a) What is the ratio w/a;? (b) 
In the center-of-mass frame, what is the ratio K;/K; of the cor- 
responding rotational kinetic energies? } 


e53 A horizontal vinyl record of mass 0.10 kg and radius 
0.10 m rotates freely about a vertical axis through its center 
with an angular speed of 4.7 rad/s. The rotational inertia of 
the record about its axis of rotation is 5.0 X 10°-4kg- m7. 
A wad of wet putty of mass 0.020 kg drops vertically onto the 
record from above and sticks to the edge of the record. What 
is the angular speed of the record immediately after the putty 
sticks to it? 


ee54 In a long jump, an athlete leaves the ground with an 
initial angular momentum that tends to rotate her body for- 
ward, threatening to ruin her landing. To counter this ten- 
dency, she rotates her outstretched arms to “take up” the an- 
gular momentum (Fig. 11-19). In 0.700 s, one arm sweeps 





through 0.500 rev and the other arm sweeps through 1.000 
rev. Treat each arm as a thin rod of mass 4.0 kg and length 
0.60 m, rotating around one end. In the athlete’s reference 
frame, what is the magnitude of the total angular momentum 
of the arms around the common rotation axis through the 


shoulders? == 


ee55 A uniform thin rod of \ 
length 0.500m and mass 4.00  Gegieteepeeeeeenemeimes 
kg can rotate in a horizontal 
plane about a vertical axis 
through its center. The rod is at 
rest when a 3.00 g bullet travel- 
ing in the rotation plane is fired 
into one end of the rod. As 
viewed from above, the bullet’s path makes angle 6 = 60.0° 
with the rod (Fig. 11-52). If the bullet lodges in the rod and the 
angular velocity of the rod is 10 rad/s immediately after the col- 
lision, what is the bullet’s speed just before impact? © 





FIG. 11-52 Problem 55. 


ee56 A cockroach of mass m lies on the rim of a uniform 
disk of mass 4.00m that can rotate freely about its center 
like a merry-go-round. Initially the cockroach and disk rotate 
together with an angular velocity of 0.260 rad/s. Then the 
cockroach walks halfway to the center of the disk. (a) What 
then is the angular velocity of the cockroach—disk system? 
(b) What is the ratio K/Ky of the new kinetic energy of the 
system to its initial kinetic energy? (c) What accounts for the 
change in the kinetic energy? 


ee57 Figure 11-53 is an over- yy 
head view of a thin uniform rod a 
of length 0.800 m and mass M ae 

rotating horizontally at angular 

speed 20.0 rad/s about an axis 
through its center. A particle of mass M/3.00 initially attached 
to one end is ejected from the rod and travels along a path that 
is perpendicular to the rod at the instant of ejection. If the par- 
ticle’s speed v, is 6.00 m/s greater than the speed of the rod end 
just after ejection, what is the value of v,? 


ee58 In Fig. 11-54, a 1.0 g bullet 

is fired into a 0.50 kg block at- 

tached to the end of a 0.60m 

nonuniform rod of mass 0.50 kg. 

The block—rod—bullet system 

then rotates in the plane of the fig- 

ure, about a fixed axis at A. The 

rotational inertia of the rod alone 

about that axis at A 1s 0.060 > 
kg-m/’. Treat the block as a parti- pane 

cle. (a) What then is the rotational 
inertia of the block—rod—bullet 
system about point A? (b) If the angular speed of the system 
about A just after impact is 4.5 rad/s, what is the bullet’s 
speed just before impact? 


FIG. 11-53 Problem 57. 





A 


| Rod 


Block 


FIG. 11-54 Problem 58. 


ee59 A uniform disk of mass 10m and radius 3.0r can rotate 
freely about its fixed center like a merry-go-round. A smaller 
uniform disk of mass m and radius r lies on top of the 
larger disk, concentric with it. Initially the two disks rotate 
together with an angular velocity of 20 rad/s. Then a slight 
disturbance causes the smaller disk to slide outward across 
the larger disk, until the outer edge of the smaller disk 


Chapter 11 | Rolling, Torque, and Angular Momentum 


catches on the outer edge of the larger disk. Afterward, the two 
disks again rotate together (without further sliding). (a) What 
then is their angular velocity about the center of the larger 
disk? (b) What is the ratio K/K,y of the new kinetic energy of 
the two-disk system to the system’s initial kinetic energy? 


60 A horizontal platform in the shape of a circular disk 
rotates on a frictionless bearing about a vertical axle through 
the center of the disk. The platform has a mass of 150 kg, a 
radius of 2.0 m, and a rotational inertia of 300 kg-m* about 
the axis of rotation. A 60 kg student walks slowly from the 
rim of the platform toward the center. If the angular speed of 
the system is 1.5 rad/s when the student starts at the rim, what 
is the angular speed when she is 0.50 m from the center? 


Rotation axis 


°e61 The uniform rod (length 
0.60 m, mass 1.0 kg) in Fig. 11- 
55 rotates in the plane of the 
figure about an axis through 
one end, with a rotational iner- 
tia of 0.12kg-m’*. As the rod 
swings through its lowest posi- 
tion, it collides with a 0.20 kg 
putty wad that sticks to the end 
of the rod. If the rod’s angular 
speed just before collision is 2.4 
rad/s, what is the angular speed 
of the rod—putty system immediately after collision? 





i Rod 


FIG. 11-55 Problem 61. 


eee62 A ballerina begins a tour jeté (Fig. 11-20a) with an- 
gular speed w, and a rotational inertia consisting of two parts: 
Keg = 1.44kg-m* for her leg extended outward at angle 
6 = 90.0° to her body and Jyunk = 0.660 kg-m/? for the rest of 
her body (primarily her trunk). Near her maximum height 
she holds both legs at angle 6 = 30.0° to her body and has an- 
gular speed w, (Fig. 11-20b). Assuming that Jun, has not 
changed, what is the ratio w,/w;? - 


eee63 Figure 11-56 is an overhead view of a thin uniform 
rod of length 0.600 m and mass M rotating horizontally at 
80.0 rad/s counterclockwise about an axis through its center. 
A particle of mass M/3.00 and traveling horizontally at speed 
40.0 m/s hits the rod and sticks. The particle’s path is perpen- 
dicular to the rod at the instant of the hit, at a distance d from 
the rod’s center. (a) At what value of d are rod and particle 
Stationary after the hit? (b) In which direction do rod and 
particle rotate if dis greater than this value? 


| 
| 
| 
y 
| 
| 


Rotation axis EX Particle 


ba 


FIG. 11-56 Problem 63. 





eee64 During a jump to his partner, an aerialist is to make 
a quadruple somersault lasting a time ¢ = 1.87 s. For the first 
and last quarter-revolution, he is in the extended orientation 
shown in Fig. 11-57, with rotational inertia 1, = 19.9 kg-m/ 
around his center of mass (the dot). During the rest of the 
flight he is in a tight tuck, with rotational inertia , = 3.93 
kg-m?. What must be his angular speed w, around his center 
of mass during the tuck? 





f \ 5 
/ \ Parabolic 
\ path of 
/ \aerialist 


ReBSEUIIY 





FIG. 11-57 Problem 64. 


©0065 In Fig. 11-58, a 30 kg 
child stands on the edge of a 
stationary merry-go-round of 
mass 100 kg and radius 2.0 m. 7 
The rotational inertia of the : 
merry-go-round about its | 
rotation axis is 150 kg- m?. The | 
child catches a ball of mass etigctae 
1.0 kg thrown by a friend. Just } 
before the ball is caught, it has 
a horizontal velocity V of mag- 
nitude 12 m/s, at angle ¢ = 37° with a line tangent to the outer 
edge of the merry-go-round, as shown. What is the angular 
speed of the merry-go-round just after the ball is caught? 


e2°66 In Fig. 11-59, a small 50 _O 
g block slides down a frictionless iy 
surface through height 4 = 20 cm 
and then sticks to a uniform rod 
of mass 100 g and length 40 cm. 
The rod pivots about point O 
through angle @ before momen- 
tarily stopping. Find 8. 


eee67 Two 2.00 kg balls are 
attached to the ends of a thin 
rod of length 50.0 cm and negli- 
gible mass. The rod is free to ro- 
tate in a vertical plane without 
friction about a horizontal axis 
through its center. With the rod 
initially horizontal (Fig. 11-60), a 
50.0 g wad of wet putty drops 
onto one of the balls, hitting it 
with a speed of 3.00 m/s and then sticking to it. (a) What is 
the angular speed of the system just after the putty wad hits? 
(b) What is the ratio of the kinetic energy of the system after 
the collision to that of the putty wad just before? (c) Through 
what angle will the system rotate before it momentarily 
stops? ‘ssm www 


Ball 
v 


(Child 


FIG. 11-58 Problem 65. 





FIG. 11-59 Problem 66. 





FIG. 11-60 Problem 67. 


sec. 11-12 Precession of a Gyroscope 

°°68 A top spins at 30 rev/s about an axis that makes an 
angle of 30° with the vertical. The mass of the top is 0.50 kg, 
its rotational inertia about its central axis is 5.0 X 104 
kg-m/’, and its center of mass is 4.0 cm from the pivot point. 


If the spin is clockwise from an overhead view, what are the 
(a) precession rate and (b) direction of the precession as 
viewed from overhead? 


ee69 A certain gyroscope consists of a uniform disk with 
a 50 cm radius mounted at the center of an axle that is 11 cm 
long and of negligible mass. The axle is horizontal and 
supported at one end. If the disk is spinning around the axle 
at 1000 rev/min, what is the precession rate? 


Additional Problems 

70 A uniform block of granite in the shape of a book has 
face dimensions of 20 cm and 15 cm and a thickness of 1.2 cm. 
The density (mass per unit volume) of granite is 2.64 g/cm”. 
The block rotates around an axis that is perpendicular to its 
face and halfway between its center and a corner. Its angular 
momentum about that axis is 0.104 kg-m/?/s. What is its ro- 
tational kinetic energy about that axis? 


71 Figure 11-61 shows an 
overhead view of a ring that 
can rotate about its center like 
a merry-go-round. Its outer ra- 
dius R, is 0.800 m, its inner ra- 
dius R, is R,/2.00, its mass M is 
8.00 kg, and the mass of the 
crossbars at its center is neg- 
ligible. It initially rotates at an 
angular speed of 8.00 rad/s 
with a cat of mass m = M/4.00 
on its outer edge, at radius R,. By how much does the cat in- 
crease the kinetic energy of the cat—ring system if the cat 
crawls to the inner edge, at radius R,? © 





FIG. 11-64 Problem 71. 


72 A 2.50kg particle that is moving horizontally over 
a floor with velocity (—3.00 m/s)j undergoes a completely 
inelastic collision with a 4.00 kg particle that is moving hori- 
zontally over the floor with velocity (4.50 m/s)i. The collision 
occurs at xy coordinates (—0.500m, —0.100 m). After the 
collision and in unit-vector notation, what is the angular 
momentum of the stuck-together particles with respect to the 
origin? 


73 Two particles, each of mass 2.90 X 10°*kg and speed 
5.46 m/s, travel in opposite directions along parallel lines 
separated by 4.20 cm. (a) What is the magnitude L of the 
angular momentum of the two-particle system around a point 
midway between the two lines? (b) Does the value of L 
change if the point about which it is calculated is not midway 
between the lines? If the direction of travel for one of the 
particles is reversed, what would be (c) the answer to part 
(a) and (d) the answer to part (b)? ssm 


74 A uniform rod rotates in a horizontal plane about a 
vertical axis through one end. The rod is 6.00 m long, weighs 
10.0 N, and rotates at 240 rev/min. Calculate (a) its rotational 
inertia about the axis of rotation and (b) the magnitude of its 
angular momentum about that axis. 


75 Wheels A and B in Fig. 
11-62 are connected by a belt 
that does not slip. The radius of 
B is 3.00 times the radius of A. 
What would be the ratio of the 
rotational inertias /,/Ip if the 
two wheels had (a) the same 





FIG. 11-62 Problem 75. 


angular momentum about their central axes and (b) the same 
rotational kinetic energy? 


76 At time ¢=0, a 2.0kg particle has position vector 
? = (4.0 m)i — (2.0 m)j relative to the origin. Its velocity is 
given by V = (—6.0f7 m/s)i for f= 0 in seconds. About the 
origin, what are (a) the particle’s angular momentum L and 
(b) the torque 7 acting on the particle, both in unit-vector 
notation and for t > 0? About the point (—2.0 m, —3.0 m, 0), 
what are (c) L and (d) 7 fort > 0? 


77 A uniform wheel of mass 10.0 kg and radius 0.400 m is 
mounted rigidly on an axle through its center (Fig. 11-63). 
The radius of the axle is 0.200 m, and the rotational inertia 
of the wheel-axle combination about its central axis 1s 
0.600 kg-m*. The wheel is initially at rest at the top of a 
surface that 1s inclined at angle 6 = 30.0° with the horizontal; 
the axle rests on the surface while the wheel extends into a 
groove in the surface without touching the surface. Once 
released, the axle rolls down along the surface smoothly and 
without slipping. When the wheel—axle combination has 
moved down the surface by 2.00 m, what are (a) its rotational 
kinetic energy and (b) its translational kinetic energy? ssm 








FIG. 11-63 Problem 77. 


78 Suppose that the yo-yo in Problem 17, instead of rolling 
from rest, is thrown so that its initial speed down the string is 
1.3 m/s. (a) How long does the yo-yo take to reach the end of 
the string? As it reaches the end of the string, what are its 
(b) total kinetic energy, (c) linear speed, (d) translational 
kinetic energy, (e) angular speed, and (f) rotational kinetic 
energy? : 


79 A small solid sphere with radius 0.25 cm and mass 0.56 g 
rolls without slipping on the inside of a large fixed hemi- 
sphere with radius 15 cm and a vertical axis of symmetry. The 
sphere starts at the top from rest. (a) What is its kinetic 
energy at the bottom? (b) What fraction of its kinetic energy 
at the bottom is associated with rotation about an axis 
through its com? (c) What is the magnitude of the normal 
force on the hemisphere from the sphere when the sphere 
reaches the bottom? 


80 A uniform solid ball rolls smoothly along a floor, then 
up a ramp inclined at 15.0°. It momentarily stops when it has 
rolled 1.50 m along the ramp. What was its initial speed? 


81 A body of radius R and mass m is rolling smoothly with 
speed v on a horizontal surface. It then rolls up a hill to a 
maximum height h. (a) If h = 3v7/4g, what is the body’s rota- 
tional inertia about the rotational axis through its center of 
mass? (b) What might the body be? 


82 A wheel of radius 0.250 m, which is moving initially at 
43.0 m/s, rolls to a stop in 225 m. Calculate the magnitudes of 
(a) its linear acceleration and (b) its angular acceleration. 
(c) The wheel’s rotational inertia is 0.155 kg-m? about its 
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central axis. Calculate the magnitude of the torque about the 
central axis due to friction on the wheel. 


83 If Earth’s polar ice caps fully melted and the water 
returned to the oceans, the oceans would be deeper by about 
30 m. What effect would this have on Earth’s rotation? Make 
an estimate of the resulting change in the length of the day. 


84 A 1200 kg airplane is flying in a straight line at 80 m/s, 
1.3 km above the ground. What is the magnitude of its angu- 
lar momentum with respect to a point on the ground directly 
under the path of the plane? 


35 In a playground, there is a small merry-go-round of 
radius 1.20m and mass 180 kg. Its radius of gyration (see 
Problem 91 of Chapter 10) is 91.0 cm. A child of mass 44.0 kg 
runs at a speed of 3.00 m/s along a path that is tangent to the 
rim of the initially stationary merry-go-round and then jumps 
on. Neglect friction between the bearings and the shaft of 
the merry-go-round. Calculate (a) the rotational inertia of 
the merry-go-round about its axis of rotation, (b) the mag- 
nitude of the angular momentum of the running child about 
the axis of rotation of the merry-go-round, and (c) the angu- 
lar speed of the merry-go-round and child after the child has 
jumped onto the merry-go-round. ssm 


86 A wheel rotates clockwise about its central axis with an 
angular momentum of 600 kg: m/s. At time ¢t = 0, a torque of 
magnitude 50 N-m is applied to the wheel to reverse the 
rotation. At what time ¢ is the angular speed zero? 


87 A 3.0 kg toy car moves along an x axis with a velocity 
given by V = —2.0f7i m/s, with t in seconds. For t > 0, what 
are (a) the angular momentum L of the car and (b) the 
torque r on the car, both calculated about the origin? What 
arcu) i and (d) 7 about the point (2.0 m, 5.0 m, 0)? What 
are (e) L and (f) 7 about the point (2.0m, —5.0m,0)? ssm 


88 A thin-walled pipe rolls along the floor. What is the ratio 
of its translational kinetic energy to its rotational kinetic 
energy about the central axis parallel to its length? 


89 A solid sphere of weight 36.0 N rolls up an incline at an 
angle of 30.0°. At the bottom of the incline the center of mass 
of the sphere has a translational speed of 4.90 m/s. (a) What is 
the kinetic energy of the sphere at the bottom of the incline? 
(b) How far does the sphere travel up along the incline? 
(c) Does the answer to (b) depend on the sphere’s mass? 


90 An automobile has a total mass of 1700 kg. It acceler- 
ates from rest to 40 km/h in 10 s. Assume each wheel is a uni- 
form 32 kg disk. Find, for the end of the 10s interval, (a) the 
rotational kinetic energy of each wheel about its axle, (b) the 
total kinetic energy of each wheel, and (c) the total kinetic 
energy of the automobile. 


91 With axle and spokes of negligible mass and a thin rim, 
a certain bicycle wheel has a radius of 0.350m and weighs 
37.0 N; it can turn on its axle with negligible friction. A man 
holds the wheel above his head with the axle vertical while he 
stands on a turntable that is free to rotate without friction; 
the wheel rotates clockwise, as seen from above, with an 
angular speed of 57.7 rad/s, and the turntable is initially at 
rest. The rotational inertia of wheel + man + turntable about 
the common axis of rotation is 2.10 kg - m*. The man’s free 
hand suddenly stops the rotation of the wheel (relative to the 


turntable). Determine the resulting (a) angular speed and 
(b) direction of rotation of the system. 


92 For an 84 kg person standing at the equator, what is the 
magnitude of the angular momentum about Earth’s center 
due to Earth’s rotation? 


93 A girl of mass M stands on the rim of a frictionless 
merry-go-round of radius R and rotational inertia J that is 
not moving. She throws a rock of mass m horizontally in a 
direction that is tangent to the outer edge of the merry- 
go-round. The speed of the rock, relative to the ground, is v. 
Afterward, what are (a) the angular speed of the merry- 
go-round and (b) the linear speed of the girl? 


94 A 4.0 kg particle moves in an xy plane. At the instant 
when the particle's position and velocity are 7 = (2. 01 ale 
4. Oj). m and Vv = —4. 0j m/s, the force on the particle is P= 
—3.0i N. At this instant, determine (a) the particle’s angular 
momentum about the origin, (b) the particle’s angular mo- 
mentum about the point x = 0, y = 4.0 m, (c) the torque acting 
on the particle about the origin, and (d) the torque acting on 
the particle about the point x = 0, y = 4.0m. 


95 In Fig. 11- 04, a constant 
horizontal force Ee of magni- 
tude 12N is applied to a uni- 
form solid cylinder by fishing 
line wrapped around the cylin- 
der. The mass of the cylinder is 
10 kg, its radius is 0.10 m, and 
the cylinder rolls smoothly 
on the horizontal surface. (a) What is the magnitude of the 
acceleration of the center of mass of the cylinder? (b) What is 
the magnitude of the angular acceleration of the cylinder 
about the center of mass? (c) In unit-vector notation, what is 
the frictional force acting on the cylinder? ssm 


96 (a) In Sample Problem 10-8, when the rotor exploded, 
how much angular momentum, calculated about the rotation 
axis, was released to the surroundings? (b) If we assume that 
most of the pieces of the rotor were stopped within 0.025 s 
after the explosion, what was the magnitude of the average 
torque acting on those pieces, calculated about the rotation 
AXIS? : 





FIG. 11-64 Problem 95. 


97 A particle of mass M= 
0.25 Kg is dropped from a point 
that is at height h=1.80m 
above the ground and horizon- 
tal distance s = 0.45 m from an 
observation point O, as shown 
in Fig. 11-65. What is the magni- 
tude of the angular momen- 
tum of the particle with respect 
to point O when the particle 
has fallen half the distance to the ground? 





FIG. 11-65 Problem 97. 


98 At one instant, a 0.80 kg particle is located at the posi- 
tion 7 = (2.0 m)i + (3.0m)j. The linear momentum of the 
particle les in the xy plane and has a magnitude of 
2.4 kg-m/s and a direction of 115° measured counterclock- 
wise from the positive direction of x. What is the angular 
momentum of the particle about the origin, in unit-vector 


notation? 


ug 


The famous tower in Pisa, 
Italy, began to lean toward 
the south even during its 
construction, which spanned 
two centuries. The leaning 
increased with time but only 
at the snail's pace of 0.001° 
per year. In recent years, 
when the tilt reached 5.5° the 
tower was closed to tourists 
because authorities feared 
that it would soon collapse. 
But doesn't collapse require 
that the tower's center of 
mass move out beyond the 
base of the tower? That 
would not have happened 


for many more years. 


So, what was 
the danger to 
the tower? 


The answer is in this chapter. 


PhotoDisc, Inc/Getty Images, Inc. 
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FIG. 12-7 A balancing rock. 
Although its perch seems precarious, 
the rock is in static equilibrium. 
(Symon Lobsang/Photis/Jupiter 
Images Corp.) 





12-1 WHAT IS PHYSICS? 





Human constructions are supposed to be stable in spite of the forces that act on 
them. A building, for example, should be stable in spite of the gravitational force and 
wind forces on it, and a bridge should be stable in spite of the gravitational force 
pulling it downward and the repeated jolting it receives from cars and trucks. 

One focus of physics is on what allows an object to be stable in spite of any 
forces acting on it. In this chapter we examine the two main aspects of stability: 
the equilibrium of the forces and torques acting on rigid objects and the elasticity 
of nonrigid objects, a property that governs how such objects can deform. When 
this physics is done correctly, it is the subject of countless articles in physics and 
engineering journals; when it is done incorrectly, it is the subject of countless 
articles in newspapers and legal journals. 
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Consider these objects: (1) a book resting on a table, (2) a hockey puck sliding 
with constant velocity across a frictionless surface, (3) the rotating blades of a 
ceiling fan, and (4) the wheel of a bicycle that is traveling along a straight path at 
constant speed. For each of these four objects, 


e = e e 
1. The linear momentum P of its center of mass is constant. 


2. Its angular momentum L about its center of mass, or about any other point, is 
also constant. 


We say that such objects are in equilibrium. The two requirements for 
equilibrium are then 


P=aconstant and L = aconstant. (12-1) 


Our concern in this chapter is with situations in which the constants in 
Eq. 12-1 are zero; that is, we are concerned largely with objects that are not mov- 
ing in any way—either in translation or in rotation—zin the reference frame 
from which we observe them. Such objects are in static equilibrium. Of the four 
objects mentioned at the beginning of this section, only one—the book resting 
on the table —1s in static equilibrium. 

The balancing rock of Fig. 12-1 is another example of an object that, for the 
present at least, is in static equilibrium. It shares this property with countless 
other structures, such as cathedrals, houses, filing cabinets, and taco stands, that 
remain stationary over time. 

As we discussed in Section 8-6, if a body returns to a state of static equilib- 
rium after having been displaced from that state by a force, the body is said to be 
in stable static equilibrium. A marble placed at the bottom of a hemispherical 
bowl is an example. However, if a small force can displace the body and end the 
equilibrium, the body is in unstable static equilibrium. 

For example, suppose we balance a domino with the domino’s center of mass 
vertically above the supporting edge, as in Fig. 12-2a. The torque about the sup- 
porting edge due to the gravitational force F. on the domino is zero because the 
line of action of F. is through that edge. Thus, the domino is in equilibrium. Of 
course, even a slight force on it due to some chance disturbance ends the equi- 
librium. As the line of action of. FE. moves to one side of the supporting edge (as in 
Fig. 12-2b), the torque due to FE. increases the rotation of the domino. Therefore, 
the domino in Fig. 12-2a is in instable static equilibrium. 

The domino in Fig. 12-2c is not quite as unstable. To topple this domino, 
a force would have to rotate it through and then beyond the balance position of 
Fig. 12-2a, in which the center of mass is above a supporting edge. A slight force 
will not topple this domino, but a vigorous flick of the finger against the domino 
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edge 


(a) (d) (c) (d) 


certainly will. (If we arrange a chain of such upright dominos, a finger flick against 
the first can cause the whole chain to fall.) SS 

The child’s square block in Fig. 12-2d is even more stable because its center 
of mass would have to be moved even farther to get it to pass above a supporting 
edge. A flick of the finger may not topple the block. (This is why you never see a 
chain of toppling square blocks.) The worker in Fig. 12-3 is like both the domino 
and the square block: Parallel to the beam, his stance is wide and he is stable; 
perpendicular to the beam, his stance is narrow and he is unstable (and at the 
mercy of a chance gust of wind). 

The analysis of static equilibrium is very important in engineering practice. 
The design engineer must isolate and identify all the external forces and torques 
that may act on a structure and, by good design and wise choice of materials, 
ensure that the structure will remain stable under these loads. Such analysis is 
necessary to ensure, for example, that bridges do not collapse under their traffic 
and wind loads and that the landing gear of aircraft will function after the shock 
of rough landings. 
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The translational motion of a body is governed by Newton’s second law in its 
linear momentum form, given by Eq. 9-27 as 
eee 


net ae (12-2) 


If the body is in translational equilibrium—that is, if P is a constant—then 
dP/dt = 0 and we must have 


Fret = 0 (balance of forces). 


(12-3) 


The rotational motion of a body is governed by Newton’s second law in its 

angular momentum form, given by Eq. 11-29 as 
, dL 

Tet dt * 


If the body is in rotational equilibrium —that is, if L is a constant— then dL/dt = 
0 and we must have 


(12-4) 


een (12-5) 


(balance of torques). 


Thus, the two requirements for a body to be in equilibrium are as follows: 

















FIG. 12-2 (a) A domino balanced on 
one edge, with its center of mass verti- 
cally above that edge. The gravitational 
force E, on the domino is directed 
through the supporting edge. (b) If the 
domino is rotated even slightly from 
the balanced orientation, then 

F . causes a torque that increases the 
rotation. (c) A domino upright on a 
narrow side is somewhat more stable 
than the domino in (a). (d) A square 
block is even more stable. 


FIG. 12-3 A construction worker 
balanced on a steel beam is in static 
equilibrium but is more stable parallel 
to the beam than perpendicular to it. 
(Robert Brenner/Photo Edit) 
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These requirements obviously hold for static equilibrium. They also hold for the 
more general equilibrium in which P and L are constant but not zero. 

Equations 12-3 and 12-5, as vector equations, are each equivalent to three 
independent component equations, one for each direction of the coordinate axes: 


Balance of Balance of 

forces torques 

Tey = 0 Tnet,x = 0 

Frei = 0 Tnet,y =U (12-6) 
if net,z = 0 Tnet,z = 0 


We shall simplify matters by considering only situations in which the forces that act 
on the body lie in the xy plane. This means that the only torques that can act on the 
body must tend to cause rotation around an axis parallel to the z axis. With this assump- 
tion, we eliminate one force equation and two torque equations from Eqs. 12-6, leaving 


Leen (balance of forces), (12-7) 
Fase (balance of forces), (12-8) 
Peale (balance of torques). (12-9) 


Here, Tye1,, 18 the net torque that the external forces produce either about the 
z axis or about any axis parallel to it. 

A hockey puck sliding at constant velocity over ice satisfies Eqs. 12-7, 12-8, and 
12-9 and is thus in equilibrium but not in static equilibrium. For static equilibrium, the 
linear momentum P of the puck must be not only constant but also zero; the puck 















































CHECKPOINT 1 The figure gives six overhead views of a uniform rod on which 
two or more forces act perpendicularly to the rod. If the magnitudes of the forces are ad- 
justed properly (but kept nonzero), in which situations can the rod be in static equilibrium? 











12-4 The Center of Gravity 


The gravitational force on an extended body is the vector sum of the gravita- 
tional forces acting on the individual elements (the atoms) of the body. Instead of 
considering all those individual elements, we can say that 

















































































































Here the word “effectively” means that if the forces on the individual elements were 
somehow turned off and force F, at the center of gravity were turned on, the net 
force and the net torque (about any point) acting on the body would not change. 







Until now, we have assumed that the gravitational force FE, acts at the center 
of mass (com) of the body. This is equivalent to assuming that the center of grav- 
ity is at the center of mass. Recall that, for a body of mass M, the force Fi is equal 
to Mg, where g is the acceleration that the force would produce if the body were 
to fall Hee In the canes that follows, we show that 
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This is AporOR mately true for everyday objects becnusene g varies only a little 
along Earth’s surface and decreases in magnitude only slightly with altitude. 
Thus, for objects like a mouse or a moose, we have been justified in assuming that 
the gravitational force acts at the center of mass. After the following proof, we 
shall resume that assumption. 


Proof 


First, we consider the individual elements of the body. Figure 12-4a shows an 
extended body, of mass M, and one of its elements, of mass m;. A gravitational 
force F, acts on each such element and is equal to m,g,. The subscript on g; means 
g; 18 the gravitational acceleration at the location of the element i (it can be differ- 
ent for other elements). 

In Fig. 12-4a, each force E, produces a torque 7; on the element about the origin 
O, with moment arm x,. Using Eq. 10-41 (7 = r, F), we can write torque 7; as 


Ca lier (12-10) 
The net torque on all the elements of the body is then 
Tnet — > = DXF i (12-11) 


_, Next, we consider the body as a whole. Figure 12-4b shows the gravitational force 
F, acting at the body’s center of gravity. This force produces a torque 7 on the body 
about O, with moment arm X,o.. Again using Eq. 10-41, we can write this torque as 


= XeooF (12-12) 


cog’ g° 


The gravitational force F. on the body is equal to the sum of the gravitational 
forces E, on all its plement so we can substitute 2F,; for F, in Eq. 12-12 to write 


T = Xeog Fgh (12-13) 


Now recall that the torque due to force EF, _acting at the center of gravity 
is equal to the net torque due to all the forces ‘E, acting on all the elements of 
the body. (That is how we defined the center of prvi) Thus, 7 in Eq. 12-13 is 
equal to 7,¢, in Eq. 12-11. Putting those two equations together, we can write 


Xcog Ee ae Dae, 
Substituting m;g; for F,; gives us 
Xcog DM; zr DXiN:S;. (12-14) 


Now here is a Key idea: If the accelerations g; at all the locations of the elements 
are the same, we can cancel g; from this equation to write 


Xcog LM; = DXjM}. (12-15) 


The sum Xm, of the masses of all the elements is the mass M of the body. 
Therefore, we can rewrite Eq. 12-15 as 
1 
oon = 


The right side of this equation gives the coordinate x,,,, of the body’s center of 


S)xj)mj- (12-16) 
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FIG. 12-4 (a) Anelement of mass m; 
in an extended body. The gravita- 
tional force F, on the element has 
moment arm x; about the origin O of 
the coordinate system. (b) The 
gravitational force FE, on a body is 
said to act at the center of gravity 
(cog) of the body. Here F, has mo- 
ment arM Xo, about origin O. 
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mass (Eq. 9-4). We now have what we sought to prove: 


X cog = Xcom: (12-17) 
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In this section we examine four sample problems involving static equilibrium. In 
each, we select a system of one or more objects to which we apply the equations 
of equilibrium (Eqs. 12-7, 12-8, and 12-9). The forces involved in the equilibrium 
are all in the xy plane, which means that the torques involved are parallel to the 
z axis. Thus, in applying Eq. 12-9, the balance of torques, we select an axis parallel 
to the z axis about which to calculate the torques. Although Eq. 12-9 is satisfied 
for any such choice of axis, you will see that certain choices simplify the applica- 
tion of Eq. 12-9 by eliminating one or more unknown force terms. 


CHECKPOINT 2 The figure gives an overhead view of a uniform rod in static 
equilibrium. (a) Can you find the magnitudes of unknown forces F, and F by balancing the 
forces? (b) If you wish to find the magnitude of force F, by using a balance of torques equa- 
tion, where should you place a rotational axis to eliminate F, from the equation? (c) The 
magnitude of F, turns out to be 65 N. What then is the magnitude of F,? 


20 N 





4 


In Fig. 12-5a, a uniform beam, of length L and mass m = 
1.8 kg, is at rest on two scales. A uniform block, with mass 
M = 2.7 kg, is at rest on the beam, with its center a distance 
L/4 from the beam’s left end. What do the scales read’? 


[Siz The first steps in the solution of any problem 


about static equilibrium are these: Clearly define the sys- 
tem to be analyzed and then draw a free-body diagram of 
it, indicating all the forces on the system. Here, let us 
choose the system as the beam and block taken together. 
Then the forces on the system are shown in the free-body 
diagram of Fig. 12-5b. (Choosing the system takes experi- 
ence, and often there can be more than one good choice; 
see item 2 of Problem-Solving Tactic 1 below.) Because 
the system is in static equilibrium, we can apply the bal- 
ance of forces equations (Eqs. 12-7 and 12-8) and the 
balance of torques equation (Eq. 12-9) to it. 









Beam 
= 


Calculations: The normal forces on the beam from the fh .= we 
g,beam~ 


scales are F, on the left and F on the right. The scale 
readings that we want are equal to the magnitudes of 
those forces. The gravitational force FE beam O1 the beam 
acts at the beam’s center of mass and is equal to mg. 
Similarly, the gravitational force F, block ON the block acts (b) 


at the block’s center of mass and is equal to Mg. FIG. 12-5 (a) A beam of mass m supports a block of mass M. 


However, to simplify Fig. 12-55, the block is represented (b) A free-body diagram, showing the forces that act on the 
by a dot within the boundary of the beam and Fy pj, 18 system beam + block. 





drawn with its tail on that dot. (This shift of vector FE i hibek 
along its line of action does not alter the torque aue to 
F, plock ADOUt any axis perpendicular to the figure.) 

The forces have no x components, so Eq. 12-7 
(Fret. = 0) provides no information. For the y compo- 
nents, Eq. 12-8 (Fret = 0) gives us 


F,+ F.— Mg — mg = 0. (12-18) 


This equation contains two unknowns, the forces F; 
and F,,, so we also need to use Eq. 12-9, the balance of 
torques equation. We can apply it to any rotation axis 
perpendicular to the plane of Fig. 12-5. Let us choose a 
rotation axis through the left end of the beam. We shall 
also use our general rule for assigning signs to torques: 
If a torque would cause an initially stationary body to 
rotate clockwise about the rotation axis, the torque is 
negative. If the rotation would be counterclockwise, the 
torque is positive. Finally, we shall write the torques in 
the form r, F, where the moment arm r, is O for F, L/4 
for Mg, L/2 for mg, and L for F. 

We now can write the balancing equation (Thet,z = 
0) as 


(0)(F)) — (L/4)(Mg) — (L/2)(mg) + (L)EF) = 9 
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which gives us 
F, = 4Mg + 3mg 
= 1(2.7 kg)(9.8 m/s) + 3(1.8 kg)(9.8 m/s’) 
15.44N ~15N. 
Now, solving Eq. 12-18 for F; and substituting this result, 
we find 
F,=(M+ mg — F, 
= (2.7kg + 1.8 kg)(9.8 m/s”) — 15.44 N 
= 28.66 N ~ 29 N. 


(Answer) 


(Answer) 


Notice the strategy in the solution: When we wrote 
an equation for the balance of force components, we got 
stuck with two unknowns. If we had written an equation 
for the balance of torques around some arbitrary axis, we 
would have again gotten stuck with those two unknowns. 
However, because we chose the axis to pass through the 
point of application of one of the unknown forces, here F, 
we did not get stuck. Our choice neatly eliminated that 
force from the torque equation, allowing us to solve for the 
other unknown force magnitude F,. Then we returned to 
the equation for the balance of force components to find 
the remaining unknown force magnitude. 





Sample Problem Eres 


Frictionless 


In Fig. 12-6a, a ladder of length L = 12 m and mass m = 
45 kg leans against a slick (frictionless) wall. The lad- 
der’s upper end is at height h = 9.3 m above the pave- 
ment on which the lower end rests (the pavement is not 
frictionless). The ladder’s center of mass is L/3 from the 
lower end. A firefighter of mass M = 72 kg climbs the 
ladder until her center of mass is L/2 from the lower 
end. What then are the magnitudes of the forces on the 
ladder from the wall and the pavement? 


feta First, we choose our system as being the 


firefighter and ladder, together, and then we draw the 
free-body diagram of Fig. 12-6). Because the system is 
in static equilibrium, the balancing equations (Eqs. 12-7 
through 12-9) apply to it. 


Calculations: In Fig. 12-6), the firefighter is represented 
with a dot within the boundary of the ladder. The gravita- 
tional force on her is represented with its equivalent Mg, 
and that vector has been shifted along its line of action, so 
that its tail is on the dot. (The shift does not alter a torque 
due to Mg about any axis perpendicular to the figure.) 

The only force on the ladder from the wall is the 
horizontal force F, (there cannot be a frictional force 
along a frictionless wall). The force FE, on the ladder 
from the pavement has a horizontal Somiponent F, that 
is a Static frictional force and a vertical bomponcnt F, 
that is a normal force. 





/ System 





(a) 


FIG. 12-6 (a) A firefighter climbs halfway up a ladder that is 
leaning against a frictionless wall. The pavement beneath the 
ladder is not frictionless. (b) A free-body diagram, showing 
the forces that act on the firefighter + ladder system. The ori- 
gin O of a coordinate system is placed at the point of applica- 
tion of the unknown force F, (whose vector components E, 
and F, are shown). 


To apply the balancing equations, let’s start with 
Eq. 12-9 (tet, = 0). To choose an axis about which to 
calculate the torques, note that we have unknown forces 
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(F. and EF) at the two ends of the ladder. To eliminate, 
say, F, from the calculation, we place the axis at point O, 
perpendicular to the figure. We also place the origin of 
an xy coordinate system at O. We can find torques about 
O with any of Eqs. 10-39 through 10-41, but Eq. 10-41 
(7 = r,F) is easiest to use here. 

To find the moment arm r, of F w» We draw a line of 
action through that vector (horizontal dashed line in Fig. 
12-6b). Then r, is the perpendicular distance between O 
and the line of action. In Fig. 12-6b, rr, extends along the 
y axis and is equal to the height h. We similarly draw 
lines of action for Mg and mg and see that their mo- 
ment arms extend along the x axis. For the distance a 
shown in Fig. 12-6a, the moment arms are a/2 (the fire- 
fighter is halfway up the ladder) and a/3 (the ladder’s 
center of mass is one-third of the way up the ladder), re- 
spectively. The moment arms for F px and F py are Zero. 

Now, with torques written in the form r, F, the bal- 
ancing equation Tye, = 0 becomes 


—(A)(Fy) + (al/2)(Mg) + (a/3)(mg) 
+ (0)(Fox) + (O)(Foy) = 0. 


(Recall our rule: A positive torque corresponds to 


(12-19) 


counterclockwise rotation and a negative torque corre- 
sponds to clockwise rotation.) 
Using the Pythagorean theorem, we find that 


= VL? — W* = 7.58 m. 
Then Eq. 12-19 gives us 
ga(M/2 + m/3) 


a= h 
(9.8 m/s’)(7.58 m)(72/2 kg + 45/3 kg) 
- 9.3m 
= 407 N ~ 410N. (Answer) 


Now we need to use the force balancing equations. 
The equation F,,.;.,, = 0 gives us 


By te 0! 
SO at GAN: 
The equation Fi, = 0 gives us 
Ly = VEG Te); 


(Answer) 


so. Fy, =(M+m)g = (72 kg + 45 kg)(9.8 m/s’) 


= 1146.6 N ~ 1100 N. (Answer) 


Sample Problem Eee 


Figure 12-7a shows a safe, of mass M = 430 kg, hanging 
by a rope from a boom with dimensions a = 1.9 m and 
b = 2.5m. The boom consists of a hinged beam and a 
horizontal cable. The uniform beam has a mass m of 85 Kg; 
the masses of the cable and rope are negligible. 


(a) What is the tension T, in the cable? In other words, 
what is the magnitude of the force Te on the beam from 
the cable? 


fSZzo The system here is the beam alone, and the 


forces on it are shown in the free-body diagram of Fig. 
12-7b. The force from the cable is ie The gravitational 
force on the beam acts at the beam’s center of mass (at 
the beam’s center) and is represented by its equivalent 
mg. The vertical component of the force on the beam 
from the hinge is F., and the horizontal component of 
the force from the hinge i is F,. The force from the rope 
supporting the safe is ie Because beam, rope, and safe 
are stationary, the magnitude of T. is equal to the weight 
of the safe: T, = Mg. We place the origin O of an xy co- 
ordinate system at the hinge. Because the system 1s in 
static equilibrium, the balancing equations apply to it. 


Calculations: Let us start with Eq. 12-9 (te, = 0). 
Note that we are asked for the magnitude of force ii 
and not of forces s F;, and J FE acting at the hinge, at point 
O. To eliminate F, and F, from the torque calculation, 


Se ee 


Rope 


wii 
SSS SSS TSS 
=) 





(a) 
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(bd) . ty, 


FIG. 12-7 (a) A heavy safe is hung from a boom consisting of 
a horizontal steel cable and a uniform beam. (b) A free-body 
diagram for the beam. 


we should calculate torques about an axis that is per- 
pendicular to the figure at point O. Then F, and F, will 
have moment arms of zero. The lines of action for T... T,, 
and mg are dashed in Fig. 12-7b. The corresponding mo- 
ment arms are a, b, and b/2. 

Writing torques in the form of 7, F and using our 
rule about signs for torques, the balancing equation 
Tnet,z = 9 becomes 


(a)(T.) — (b)(T;) — (Gb)(mg) = 0. 
Substituting Mg for T, and solving for 7, we find that 
gb(M + 3m) 
a 
(9.8 m/s”)(2.5 m)(430 kg + 85/2 kg) 
- 1.9m 
= 6093 N ~ 6100 N. 


I, = 


(Answer) 


(b) Find the magnitude F of the net force on the beam 
from the hinge. 


cers Now we want F, and Ff, so we can combine 
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them to get F. Because we know T,, we apply the force 
balancing equations to the beam. 


Calculations: For the horizontal balance, we write 
Ferg = Uas 


and so F, = T, = 6093 N. 
For the vertical balance, we write F,.., = 0 as 
F, — mg — T, = 0. 
Substituting Mg for T, and solving for F,, we find that 
F, = (m + M)g = (85 kg + 430 kg)(9.8 m/s’) 
= 5047 N. 
From the Pythagorean theorem, we now have 
F=\Fi + F? 
= \((6093 N)? + (5047 NY? = 7900 N. (Answer) 


Note that F is substantially greater than either the com- 
bined weights of the safe and the beam, 5000 N, or the 
tension in the horizontal wire, 6100 N. 


Sample Problem erze 


Let’s assume that the Tower of Pisa is a uniform hollow 
cylinder of radius R = 9.8 m and height h = 60 m. The 
center of mass is located at height h/2, along the cylin- 
der’s central axis. In Fig. 12-8a, the cylinder is upright. In 
Fig. 12-8), it leans rightward (toward the tower’s south- 
ern wall) by 6 = 5.5°, which shifts the com by a distance 
d. Let’s assume that the ground exerts only two forces 
on the tower. A normal force F, wz acts on the left 
(northern) wall, and a normal force Fyp acts on the 
right (southern) wall. By what percent does the magni- 
tude Fy increase because of the leaning? 


cei Because the tower is still standing, it is in 


equilibrium and thus the sum of torques calculated 
around any point must be zero. 


Calculations: Because we want to calculate Fyp on the 
right side and do not know or want Fy, on the left side, we 
use a pivot point on the left side to calculate torques. The 
forces on the upright tower are represented in Fig, 12-8c. 
The gravitational force mg’, taken to act at the com, has a 
vertical line of action and a moment arm of R (the perpen- 
dicular distance from the pivot to the line of action). About 
the pivot, the torque associated with this force would tend 
to create clockwise rotation and thus is negative. The nor- 
mal force F, wr On the southern wall also has a vertical line 
of action, and its moment arm is 2R. About the pivot, the 
torque associated with this force would tend to create 
counterclockwise rotation and thus is positive. We now can 
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(c) (d) 3 
FIG. 12-8 Acylinder modeling the Tower of Pisa: (a) upright 
and (b) leaning, with the center of mass shifted rightward. The 
forces and moment arms to find torques about a pivot at point 
O for the cylinder (c) upright and (d) leaning. 


write the torque- balancing equation (7... = 0) as 
—(R)(mng) + (2R)(Fvr) = 9, 
which yields 


Fyr = 53mg. (12-20) 
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We should have been able to guess this result: With the 
center of mass located on the central axis (the cylinder’s 
line of symmetry), the right side supports half the cylin- 
der’s weight. 

In Fig. 12-85, the com is shifted rightward by distance 


d = shtan 6. 


The only change in the balance of torques equation 1s 
that the moment arm for the gravitational force is now 
R + dand the normal force at the right has a new mag- 
nitude Fy (Fig. 12-8d). Thus, we write 


—(R + d)(mg) + (2R)(Fivr) = 9, 
which gives us 
_ (R+ 4) 
a) 


' 
Fur 


mg. (12-21) 


Dividing Eq. 12-21 by Eq. 12-20 and then substituting 
for d, we obtain 


Fir  Rt+d _ 0.5h tan 6 


Eyre R R 


Substituting the values of h = 60 m, R = 9.8 m, and 
6 = 5.5° leads to 


d 
1+——=1+4 
R 


ENR 
= = Ue 
Fur 


Thus, our simple model predicts that, although the tilt is 
modest, the normal force on the tower’s southern wall 
has increased by about 30%. One danger to the tower is 
that the force may cause the southern wall to buckle 
and explode outward. 


PROBLEM-SOLVING TACTICS 


Tactic 1: Static Equilibrium Problems Here isa list of 
steps for solving static equilibrium problems: 


1. Draw a sketch of the problem. 


2. Select the system to which you will apply the laws of equi- 
librium, drawing a closed curve around the system on your 
sketch to fix it clearly in your mind. In some situations you 
can select a single object as the system; it is the object 
you wish to be in equilibrium. In other situations, you 
might include additional objects in the system if their in- 
clusion simplifies the calculations for equilibrium. For ex- 
ample, suppose in Sample Problem 12-2 you select only 
the ladder as the system. Then in Fig. 12-6b you will have 
to account for additional unknown forces exerted on the 
ladder by the hands and feet of the firefighter. These addi- 
tional unknowns complicate the equilibrium calculations. 
The system of Fig. 12-6 was chosen to include the fire- 
fighter so that those unknown forces are internal to the 
system and thus need not be found in order to solve 
Sample Problem 12-2. 


3. Draw a free-body diagram of the system. Show all the 
forces that act on the system, labeling them and making 
sure that their points of application and lines of action are 
correctly shown. 


4. Draw in the x and y axes of a coordinate system with at 
least one axis parallel to one or more unknown force. 
Resolve into components the forces that do not lie along 
one of the axes. In all our sample problems it made sense to 
choose the x axis horizontal and the y axis vertical. 


5. Write the two balance of forces equations, using symbols 
throughout. 


6. Choose one or more rotation axes perpendicular to the 
plane of the figure and write the balance of torques equa- 
tion for each axis. If you choose an axis that passes through 
the line of action of an unknown force, the equation will be 
simplified because that force will not appear in it. 


7. Solve your equations algebraically for the unknowns. Some 
students feel more confident in substituting numbers with 
units in the independent equations at this stage, especially 
if the algebra is particularly involved. However, experi- 
enced problem solvers prefer the algebra, which reveals the 
dependence of solutions on the various variables. 


8. Finally, substitute numbers with units in your algebraic solu- 
tions, obtaining numerical values for the unknowns. 


9. Look at your answer — does it make sense? Is it obviously 
too large or too small? Is the sign correct? Are the units 
appropriate? 
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For the problems of this chapter, we have only three independent equations at 
our disposal, usually two balance of forces equations and one balance of torques 
equation about a given rotation axis. Thus, if a problem has more than three 
unknowns, we cannot solve it. 

It is easy to find such problems. In Sample Problem 12-2, for example, 
we could have assumed that there is friction between the wall and the top of the 
ladder. Then there would have been a vertical frictional force acting where the 
ladder touches the wall, making a total of four unknown forces. With only 
three equations, we could not have solved this problem. 


Consider also an unsymmetrically loaded car. What are the forces—all dif- 
ferent—on the four tires? Again, we cannot find them because we have only 
three independent equations. Similarly, we can solve an equilibrium problem for 
a table with three legs but not for one with four legs. Problems like these, in which 
there are more unknowns than equations, are called indeterminate. 

Yet solutions to indeterminate problems exist in the real world. If you rest 
the tires of the car on four platform scales, each scale will register a definite read- 
ing, the sum of the readings being the weight of the car. What is eluding us in our 
efforts to find the individual forces by solving equations? 

The problem is that we have assumed —without making a great point of it— 
that the bodies to which we apply the equations of static equilibrium are per- 
fectly rigid. By this we mean that they do not deform when forces are applied to 
them. Strictly, there are no such bodies. The tires of the car, for example, deform 
easily under load until the car settles into a position of static equilibrium. 

We have all had experience with a wobbly restaurant table, which we usually 
level by putting folded paper under one of the legs. If a big enough elephant sat 
on such a table, however, you may be sure that if the table did not collapse, it 
would deform just like the tires of a car. [ts legs would all touch the floor, 
the forces acting upward on the table legs would all assume definite (and differ- 
ent) values as in Fig. 12-9, and the table would no longer wobble. How do we find 
the values of those forces acting on the legs? 

To solve such indeterminate equilibrium problems, we must supplement 
equilibrium equations with some knowledge of elasticity, the branch of physics 
and engineering that describes how real bodies deform when forces are applied 
to them. The next section provides an introduction to this subject. 


CHECKPOINT 3 A horizontal uniform bar of weight 10 N is to hang from a 
ceiling by two wires that exert upward forces F, and F, on the bar. The figure shows four 
arrangements for the wires. Which arrangements, if any, are indeterminate (so that we 
cannot solve for numerical values of F, and B)? 


(a) 





(¢) 
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When a large number of atoms come together to form a metallic solid, such as an 
iron nail, they settle into equilibrium positions in a three-dimensional Jattice, a 
repetitive arrangement in which each atom is a well-defined equilibrium distance 
from its nearest neighbors. The atoms are held together by interatomic forces 
that are modeled as tiny springs in Fig. 12-10. The lattice is remarkably rigid, 
which is another way of saying that the “interatomic springs” are extremely stiff. 
It is for this reason that we perceive many ordinary objects, such as metal ladders, 
tables, and spoons, as perfectly rigid. Of course, some ordinary objects, such as gar- 
den hoses or rubber gloves, do not strike us as rigid at all. The atoms that make up 
these objects do not form a rigid lattice like that of Fig. 12-10 but are aligned in long, 
flexible molecular chains, each chain being only loosely bound to its neighbors. 
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FIG. 12-9 The table is an indetermi- 
nate structure. The four forces on the 
table legs differ from one another in 
magnitude and cannot be found from 
the laws of static equilibrium alone. 





FIG. 12-19 The atoms of a metallic 
solid are distributed on a repetitive 
three-dimensional lattice. The 
springs represent interatomic forces. 
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FIG. 12-11 (a) Acylinder subject to 
tensile stress stretches by an amount 
AL.(b) A cylinder subject to shear- 
ing stress deforms by an amount Ax, 
somewhat like a pack of playing 
cards would. (c) A solid sphere sub- 
ject to uniform hydraulic stress from 
a fluid shrinks in volume by an 
amount AV. All the deformations 
shown are greatly exaggerated. 





FIG. 12-12 A test specimen used to 
determine a stress—strain curve such 
as that of Fig. 12-13. The change AL 
that occurs in a certain length L is 
measured in a tensile stress—strain 
test. 
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FIG. 12-13 A stress—strain curve 
for a steel test specimen such as that 
of Fig. 12-12. The specimen deforms 
permanently when the stress is equal 
to the yield strength of the specimen’s 
material. It ruptures when the stress 
is equal to the ultimate strength 
of the material. 


All real “rigid” bodies are to some extent elastic, which means that we can 
change their dimensions slightly by pulling, pushing, twisting, or compressing 
them. To get a feeling for the orders of magnitude involved, consider a vertical 
steel rod 1 m long and 1 cm in diameter attached to a factory ceiling. If you hang 
a subcompact car from the free end of such a rod, the rod will stretch but only by 
about 0.5 mm, or 0.05%. Furthermore, the rod will return to its original length 
when the car is removed. 

If you hang two cars from the rod, the rod will be permanently stretched and 
will not recover its original length when you remove the load. If you hang three 
cars from the rod, the rod will break. Just before rupture, the elongation of the 
rod will be less than 0.2%. Although deformations of this size seem small, they 
are important in engineering practice. (Whether a wing under load will stay on an 
airplane is obviously important.) 

Figure 12-11 shows three ways in which a solid might change its dimensions 
when forces act on it. In Fig. 12-11a, a cylinder is stretched. In Fig. 12-115, a cylin- 
der is deformed by a force perpendicular to its long axis, much as we might 
deform a pack of cards or a book. In Fig. 12-11c, a solid object placed in a fluid 
under high pressure is compressed uniformly on all sides. What the three defor- 
mation types have in common is that a stress, or deforming force per unit area, 
produces a strain, or unit deformation. In Fig. 12-11, tensile stress (associated with 
stretching) is illustrated in (a), shearing stress in (b), and hydraulic stress in (c). 

The stresses and the strains take different forms in the three situations of 
Fig. 12-11, but—over the range of engineering usefulness —stress and strain are 
proportional to each other. The constant of proportionality is called a modulus of 
elasticity, so that 


stress = modulus X strain. (12-22) 


In a standard test of tensile properties, the tensile stress on a test cylinder 
(like that in Fig. 12-12) is slowly increased from zero to the point at which the 
cylinder fractures, and the strain is carefully measured and plotted. The result is a 
graph of stress versus strain like that in Fig. 12-13. For a substantial range of 
applied stresses, the stress—strain relation is linear, and the specimen recovers its 
original dimensions when the stress is removed; it is here that Eq. 12-22 applies. If 
the stress is increased beyond the yield strength S,, of the specimen, the specimen 
becomes permanently deformed. If the stress continues to increase, the specimen 
eventually ruptures, at a stress called the ultimate strength S,,. 


Tension and Compression 


For simple tension or compression, the stress on the object is defined as F/A, 
where F is the magnitude of the force applied perpendicularly to an area A on 
the object. The strain, or unit deformation, is then the dimensionless quantity 
AL/L, the fractional (or sometimes percentage) change in a length of the specimen. 
If the specimen is a long rod and the stress does not exceed the yield strength, then 
not only the entire rod but also every section of it experiences the same strain when 


a given stress is applied. Because the strain is dimensionless, the modulus in Eq. 12- 
22 has the same dimensions as the stress— namely, force per unit area. 

The modulus for tensile and compressive stresses is called the Young’s modulus 
and is represented in engineering practice by the symbol F. Equation 12-22 becomes 
F AL 

a E r (12-23) 
The strain AL/L in a specimen can often be measured conveniently with a strain 
gage (Fig. 12-14). This simple and useful device, which can be attached directly to 
operating machinery with an adhesive, is based on the principle that its electrical 
properties are dependent on the strain it undergoes. 

Although the Young’s modulus for an object may be almost the same for tension 
and compression, the object’s ultimate strength may well be different for the two types 
of stress. Concrete, for example, is very strong in compression but is so weak in tension 
that it is almost never used in that manner. Table 12-1 shows the Young’s modulus and 
other elastic properties for some materials of engineering interest. 


Shearing 


In the case of shearing, the stress is also a force per unit area, but the force vector 
lies in the plane of the area rather than perpendicular to it. The strain is the 
dimensionless ratio Ax/L, with the quantities defined as shown in Fig. 12-11b. The 
corresponding modulus, which is given the symbol G in engineering practice, is 
called the shear modulus. For shearing, Eq. 12-22 is written as 

PF Ax 

= = Gs 12-24 

yi L (12-24) 

Shearing stresses play a critical role in the buckling of shafts that rotate 

under load and in bone fractures caused by bending. 


Hydraulic Stress 


In Fig. 12-11c, the stress is the fluid pressure p on the object, and, as you will see in 
Chapter 14, pressure is a force per unit area. The strain is AV/V, where V is the 
original volume of the specimen and AV is the absolute value of the change in vol- 
ume. The corresponding modulus, with symbol B, is called the bulk modulus of the 
material. The object is said to be under hydraulic compression, and the pressure 
can be called the hydraulic stress. For this situation, we write Eq. 12-22 as 

AV 


= B=, 12-25 
p 7 ( ) 


TABLE 12-1 


Some Elastic Properties of Selected Materials of Engineering Interest 


Young’s Ultimate Yield 


Density p Modulus EF Strength S,, Strength S, 
Material (kg/m?) (10? N/m?) (10° N/m?) (10° N/m?) 
Steel? 7860 200 400 250 
Aluminum 2710 70 110 95 
Glass 2190 65 50° — 
Concrete® 2320 30 40° — 
Wood? 525 13 50° — 
Bone 1900 9? 170° — 
Polystyrene 1050 3 48 — 
¢Structural steel (ASTM-A36). ‘High strength. 


In compression. 4Douglas fir. 
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FIG. 12-14 A strain gage of overall 
dimensions 9.8 mm by 4.6 mm. The 
gage is fastened with adhesive to the 
object whose strain is to be mea- 
sured; it experiences the same strain 
as the object. The electrical resis- 
tance of the gage varies with the 
strain, permitting strains up to 3% to 
be measured. (Courtesy Vishay 
Micro-Measurements Group, 
Raleigh, NC) 
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The bulk modulus is 2.2 X 10? N/m? for water and 1.6 X 10" N/m? for steel. 
The pressure at the bottom of the Pacific Ocean, at its average depth of about 
4000 m, is 4.0 X 10’ N/m’. The fractional compression AV/V of a volume of water 
due to this pressure is 1.8%; that for a steel object is only about 0.025%. In gen- 
eral, solids— with their rigid atomic lattices—are less compressible than liquids, 
in which the atoms or molecules are less tightly coupled to their neighbors. 


Sample Problem er 


One end of a steel rod of radius R = 9.5 mm and length 
L = 81 cm is held in a vise. A force of magnitude F = 
62 KN is then applied perpendicularly to the end face 
(uniformly across the area) at the other end. What are 
the stress on the rod and the elongation AL and strain 
of the rod? 


fezea (1) The stress is the ratio of the magnitude 


F of the perpendicular force to the area A. The ratio is 
the left side of Eq. 12-23. (2) The elongation AL is re- 
lated to the stress and Young’s modulus E by Eq. 12-23 
(FIA = E AL/L). (3) Strain is the ratio of the elongation 
to the initial length L. 


Calculations: To find the stress, we write 


Sample Problem 


rece - fF ___62 X 10*N 
A aR? (m)(95 X 10-2 my 
= 2.2 X 108 N/m’. (Answer) 


The yield strength for structural steel is 2.5 X 10° N/m’, 
so this rod is dangerously close to its yield strength. 

We find the value of Young’s modulus for steel in 
‘Table 12-1.Then from Eq. 12-23 we find the elongation: 


_ (FIA)L _ (2.2 x 10°Nim?)(0.81 m) 


AL 
E 2.0 X 10!' N/m? 


= 8.9 x 10-4 m = 0.89 mm. (Answer) 
For the strain, we have 
NG 8.9 x 10°4+m 
“L O08lm 
=11x10°=0.11%. (Answer) 





A table has three legs that are 1.00 m in length and a 
fourth leg that is longer by d = 0.50 mm, so that the 
table wobbles slightly. A steel cylinder with mass M = 
290 kg is placed on the table (which has a mass much 
less than M) so that all four legs are compressed but un- 
buckled and the table is level but no longer wobbles. 
The legs are wooden cylinders with cross-sectional area 
A = 1.0 cm’; Young’s modulus is E = 1.3 X 10! N/m’. 
What are the magnitudes of the forces on the legs from 
the floor? 


Sto We take the table plus steel cylinder as our 


system. The situation is like that in Fig. 12-9, except now 
we have a steel cylinder on the table. If the tabletop re- 
mains level, the legs must be compressed in the 
following ways: Each of the short legs must be com- 
pressed by the same amount (call it AL3) and thus by 
the same force of magnitude F;. The single long leg must 
be compressed by a larger amount AL, and thus by a 
force with a larger magnitude F,. In other words, for a 
level tabletop, we must have 


AL, = AL, +d. (12-26) 


From Eq. 12-23, we can relate a change in length to 
the force causing the change with AL = FL/AE, where 
Lis the original length of a leg. We can use this relation 
to replace AL, and AL; in Eq. 12-26. However, note that 


we can approximate the original length L as being the 
same for all four legs. 


Calculations: Making those replacements and that ap- 
proximation gives us 
RL BL 


= — + : 
AE AE se 


We cannot solve this equation because it has two un- 
knowns, F, and F3. 

To get a second equation containing F, and F3, we 
can use a vertical y axis and then write the balance of 
vertical forces (Frey = 0) as 


3F, + F, — Mg =0, (12-28) 


where Mg is equal to the magnitude of the gravitational 
force on the system. (Three legs have force F, on them.) 
To solve the simultaneous equations 12-27 and 12-28 
for, say, F3, we first use Eq. 12-28 to find that F, = Mg — 
3F3. Substituting that into Eq. 12-27 then yields, after 
some algebra, 


Mg _ dAE 
: 4 AL 


_ (290 kg)(9.8 m/s’) 
a 
(5.0 X 1074 m)(107* m?)(1.3 x 10!° N/m?) 
7 (4)(1.00 m) 

= 548 N ~ 5.5 X 10°N. 


(12-27) 


(Answer) 


From Eq. 12-28 we then find 
F, = Mg — 3F; = (290 kg)(9.8 m/s”) — 3(548 N) 
=~ 1.2 KN. (Answer) 


REVIEW & SUMMARY 


Static Equilibrium A rigid body at rest is said to be in sta- 
tic equilibrium. For such a body, the vector sum of the external 
forces acting on it is zero: 


—> 


Fiet =O (balance of forces). (12-3) 


If all the forces lie in the xy plane, this vector equation is 
equivalent to two component equations: 


Fea 0 and 7,4, = 0 (balance of forces). (12-7, 12-8) 


Static equilibrium also implies that the vector sum of the 
external torques acting on the body about any point is zero, or 


Tnet = 9 (balance of torques). (12-5) 


If the forces lie in the xy plane, all torque vectors are parallel 
to the z axis, and Eq. 12-5 is equivalent to the single com- 
ponent equation 


Taet,z = 9 (balance of torques). (12-9) 


Center of Gravity The gravitational force acts individu- 
ally on each element of a body. The net effect of all individual 
actions may be found by imagining an equivalent total gravi- 
tational force F. acting at the center of gravity. If the gravita- 
tional acceleration g is the same for all the elements of the 
body, the center of gravity is at the center of mass. 


Elastic Moduli Three elastic moduli are used to describe 
the elastic behavior (deformations) of objects as they respond 
to forces that act on them. The strain (fractional change in 
length) is linearly related to the applied stress (force per unit 
area) by the proper modulus, according to the general relation 


stress = modulus X strain. (12-22) 


You can show that to reach their equilibrium configura- 
tion, the three short legs are each compressed by 
0.42 mm and the single long leg by 0.92 mm. 





Tension and Compression When an object is under ten- 
sion or compression, Eq. 12-22 is written as 

P AL 

=~ = f-—, 12-23 

A T (12-23) 
where AL/L is the tensile or compressive strain of the object, 
F is the magnitude of the applied force F causing the strain, 
A is the cross-sectional area over which F is applied (perpen- 
dicular to A, as in Fig. 12-11a), and E is the Young’s modulus 
for the object. The stress is F/A. 


Shearing When an object is under a shearing stress, 
Eq. 12-22 is written as 


eee 


12-24 
yi TL (12-24) 


where Ax/L is the shearing strain of the object, Ax is the 
displacement of one end of the object in the direction of the 
applied force F (as in Fig, 12-11b), and G is the shear modulus 
of the object. The stress is F/A. 


Hydraulic Stress When an object undergoes hydraulic 
compression due to a stress exerted by a surrounding fluid, 
Eq. 12-22 is written as 


AV 

a 12-25 
p 7? (12-25) 
where p is the pressure (hydraulic stress) on the object due to 
the fluid, AV/V (the strain) is the absolute value of the frac- 
tional change in the object’s volume due to that pressure, and 


B is the bulk modulus of the object. 


QUESTIONS 


1 Figure 12-15 shows four overhead views of rotating uni- 
form disks that are sliding across a frictionless floor. ‘Three 
forces, of magnitude F, 2F, or 3F, act on each disk, either at 
the rim, at the center, or halfway between rim and center. The 
force vectors rotate along with the disks, and, in the 





FIG. 12-15 Question 1. 


“snapshots” of Fig. 12-15, point left or right. Which disks are in 
equilibrium? 


2 Figure 12-16 shows an overhead view of a uniform stick on 
which four forces act. Suppose we choose a rotational axis 
through point O, calculate the torques about that axis due to 
the forces, and find that these torques balance. Will the torques 
balance if, instead, the rotational axis is chosen to be at (a) point 
A (on the stick), (b) point B (on line with the stick), or (c) point 
C (off to one side of the stick)? 
(d) Suppose, instead, that we 
find that the torques about 
point O do not balance. Is there 
another point about which the 
torques will balance? 


ec 





FIG. 12-16 Question 2. 
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3 Figure 12-17 shows a mobile of toy penguins hanging from 
a ceiling. Each crossbar is horizontal, has negligible mass, and 
extends three times as far to the right of the wire supporting it 
as to the left. Penguin 1 has mass m, = 48 kg. What are the 
masses of (a) penguin 2, (b) penguin 3, and (c) penguin 4? 
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FIG. 12-17 Question 3. 


4 In Fig. 12-18, a rigid beam is 
attached to two posts that are 
fastened to a floor. A small but 
heavy safe is placed at the six 
positions indicated, in turn. 
Assume that the mass of the 
beam is negligible compared to 
that of the safe. (a) Rank the positions according to the force 
on post A due to the safe, greatest compression first, greatest 
tension last, and indicate where, if anywhere, the force is zero. 
(b) Rank them according to the force on post B. 


FIG. 12-48 Question 4. 


5 Figure 12-19 shows three situations in which the same 
horizontal rod is supported by a hinge on a wall at one end 
and a cord at its other end. Without written calculation, rank 
the situations according to the magnitudes of (a) the force 
on the rod from the cord, (b) the vertical force on the rod 
from the hinge, and (c) the horizontal force on the rod from 
the hinge, greatest first. 





(2) 
FIG. 12-19 Question 5. 


6 A ladder leans against a frictionless wall but is prevented 
from falling because of friction between it and the ground. 
Suppose you shift the base of the ladder toward the wall. 
Determine whether the following become larger, smaller, or 
stay the same (in magnitude): (a) the normal force on the 
ladder from the ground, (b) the force on the ladder from 
the wall, (c) the static frictional force on the ladder from the 








ground, and (d) the maximum value f, m,, of the static fric- 
tional force. 


7 In Fig. 12-20, a vertical rod 
is hinged at its lower end and 
attached to a cable at its upper 
end. A horizontal force F. is to 
be applied to the rod as shown. 
If the point at which the force 
is applied is moved up the rod, 
does the tension in the cable 
increase, decrease, or remain 
the same? 
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FIG. 12-20 Question 7. 


8 Three pifiatas hang from 
the (stationary) assembly of 
massless pulleys and cords 
seen in Fig. 12-21. One long 
cord runs from the ceiling at 
the right to the lower pulley at 
the left, looping halfway 
around all the pulleys. Several 
shorter cords suspend pulleys 
from the ceiling or pifiatas 
from the pulleys. The weights (in newtons) of two pifiatas are 
given. (a) What is the weight of the third pifiata? (Hint: A cord 
that loops halfway around a pulley pulls on the pulley with a 
net force that is twice the tension in the cord.) (b) What is the 
tension in the short cord labeled with T? 


9 In Fig. 12-22, a stationary 5 kg rod AC 
is held against a wall by a rope and friction 
between rod and wall. The uniform rod is 
1 m long, and angle 6 = 30. (a) If you are 
to find the magnitude of the force T on 
the rod from the rope with a single equa- 
tion, at what labeled point should a rota- 
tional axis be placed? With that choice of 
axis and counterclockwise torques posi- 
tive, what is the sign of (b) the torque z,, 
due to the rod’s weight and (c) the torque 7, due to the pull on 
the rod by the rope? (d) Is the magnitude of 7, greater than, less 
than, or equal to the magnitude of 7,,? 





FIG. 12-241 Question 8. 





FIG. 12-22 
Question 9. 


10 Figure 12-23 shows a horizontal block that is suspended by 
two wires, A and B, which are identical except for their original 
lengths. The center of mass of the block is closer to wire B than 
to wire A. (a) Measuring torques about the block’s center of 
mass, state whether the magnitude of the torque due to wire A 
is greater than, less than, or 
equal to the magnitude of the 
torque due to wire B. (b) 
Which wire exerts more force 
on the block? (c) If the wires 
are now equal in length, 
which one was _ originally 
shorter (before the block was 
suspended) ? 





FIG. 12-23 Question 10. 


Problems 
PROBLEMS 





Tutoring problem available (at instructor's discretion) in WileyPLUS and WebAssign 


SSM Worked-out solution available in Student Solutions Manual 


@ — eee Number of dots indicates level of problem difficulty 


WWW Worked-out solution is at 





eee http://www.wiley.com/college/halliday 
Interactive solution is at zs es 


ote Additional information available in The ENV IOg Circus of Physics and at flyingcircusofphysics.com 


Click here to view all step-by-step See eneee 


sec. 12-4 The Center of Gravity 

4 Because g varies so little over the ex- 
tent of most structures, any structure’s cen- 
ter of gravity effectively coincides with its 
center of mass. Here is a fictitious example 
where g varies more significantly. Figure 
12-24 shows an array of six particles, each 
with mass m, fixed to the edge of a rigid 
structure of negligible mass. The distance 
between adjacent particles along the edge 
is 2.00m. The following table gives the 
value of g (m/s*) at each particle’s location. 
Using the coordinate system shown, find (a) the x coordinate 
Xcom and (b) the y coordinate y,,,, of the center of mass of the 
six-particle system. Then find (c) the x coordinate x,., and 
(d) the y coordinate y,,, of the center of gravity of the six- 
particle system. 





FIG. 12-24 
Problem 1. 


Particle g Particle g 
il 8.00 4 7.40 
7.80 5 7.60 


3 7.60 6 7.80 


sec. 12-5 Some Examples of Static Equilibrium 

e2 Anarcher’s bow is drawn at its midpoint until the tension 
in the string is equal to the force exerted by the archer. What is 
the angle between the two halves of the string? 


3 A rope of negligible mass is stretched horizontally 
between two supports that are 3.44m apart. When an 
object of weight 3160 N is hung at the center of the rope, the 
rope is observed to sag by 35.0 cm. What is the tension in 
the rope? ILw. 


e4 A physics Brady Bunch, whose weights in newtons are 
indicated in Fig. 12-25, is balanced on a seesaw. What is the 
number of the person who causes the largest torque about 
the rotation axis at fulcrum f directed (a) out of the page and 
(b) into the page? 





560 440 330 220 newtons 
4 3 2 ] 0 ] 2. 3 4 meters 


FIG. 12-25 Problem 4. 


®5 In Fig. 12-26, a uniform sphere of 
mass m = 0.85 kg and radius r = 4.2 cmis 
held in place by a massless rope attached 
to a frictionless wall a distance L = 8.0 
cm above the center of the sphere. Find 
(a) the tension in the rope and (b) the 
force on the sphere from the wall. 





ef An automobile with a mass of 1360 a 

kg has 3.05 m between the front and rear ler ~ 
axles. Its center of gravity is located 1.78 FIG. 12-26 

m behind the front axle. With the auto- Problem 5. 
mobile on level ground, determine the 

magnitude of the force from the ground on (a) each front 
wheel (assuming equal forces on the front wheels) and (b) 
each rear wheel (assuming equal forces on the rear wheels). 


e7 A diver of weight 580 N 
stands at the end of a diving 
board of length L = 4.5 m and 
negligible mass (Fig. 12-27). 
The board is fixed to two 
pedestals separated by dis- 
tance d = 1.5 m. Of the forces 
acting on the board, what are 
the (a) magnitude and (b) di- 
rection (up or down) of the 
force from the left pedestal and the (c) magnitude and (d) di- 
rection (up or down) of the force from the right pedestal? (e) 
Which pedestal (left or right) is being stretched, and (f) which 

is being compressed? ssmM | 





FIG. 12-27 Problem/7. 


*8 A scaffold of mass 60 kg and length 5.0 m is supported in 
a horizontal position by a vertical cable at each end. A win- 
dow washer of mass 80 kg stands at a point 1.5 m from one 
end. What is the tension in (a) the nearer cable and (b) the far- 
ther cable? 


«9 A 75 kg window cleaner uses a 10 kg ladder that is 5.0 m 
long. He places one end on the ground 2.5 m from a wall, rests 
the upper end against a cracked window, and climbs the 
ladder. He is 3.0m up along the ladder when the window 
breaks. Neglect friction between the ladder and window and 
assume that the base of the ladder does not slip. When the 
window is on the verge of breaking, what are (a) the mag- 
nitude of the force on the window from the ladder, (b) the 
magnitude of the force on the ladder from the ground, and 
(c) the angle (relative to the horizontal) of that force on the 
ladder? 


70 In Fig. 12-28, a man is trying to get his car out of mud on 
the shoulder of a road. He ties one end of a rope tightly 
around the front bumper and the other end tightly around a 
utility pole 18 m away. He then pushes sideways on the rope at 
its midpoint with a force of 550 N, displacing the center of the 
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rope 0.30m from its previous position, and the car barely 
moves. What is the magnitude of the force on the car from the 
rope? (The rope stretches somewhat.) 





FIG. 12-28 Problem 10. 


e141 A meter stick balances horizontally on a knife-edge 
at the 50.0 cm mark. With two 5.00 g coins stacked over the 
12.0 cm mark, the stick is found to balance at the 45.5 cm 
mark. What is the mass of the meter stick? ssm 


e142 The system in Fig. 12-29 is 
in equilibrium, with the string in 
the center exactly horizontal. 
Block A weighs 40 N, block B 
weighs 50 N, and angle ¢@ is 35°. 
Find (a) tension T,, (b) tension 73, 
(c) tension T3,and (d) angle 6. 


e143 Forces F,, Fy, and F; act 
on the structure of Fig. 12-30, 
shown in an overhead view. We 
wish to put the structure in equi- 
librium by applying a fourth force, at a point such as P. The 
fourth force has vector components F, and F.. We are given 
that a = 2.0m,b = 3.0m,c = 1.0m, F, = 20 N, F, = 10 N, and 
F; = 5.0 N. Find (a) F,, (b) F,,and (c) d._ iLw 


FIG. 12-29 Problem 12. 





FIG. 12-30 Problem 13. 


°44 A uniform cubical crate is 0.750 m on each side and 
weighs 500 N. It rests on a floor with one edge against a very 
small, fixed obstruction. At what least height above the floor 
must a horizontal force of 


magnitude 350 N be applied to Pa z 
the crate to tip it? i e 





e745 Tocrack a certain nut in Co. 
a nutcracker, forces with mag- nl See 
nitudes of at least 40 N must - ‘) 
act on its shell from both sides) ————— 
For the nutcracker of Fig.12- 4 

31, with distances L = 12 cm te, 

and d = 2.6 cm, what are the 
force components F, (perpen- 
dicular to the handles) corre- 
sponding to that 40 N? 


scaffold, of length 2.00 m and FIG. 12-32 Problem 16. 


FIG. 12-31. Problem 15. 








uniform mass 50.0 kg, is suspended from a building by two 
cables. The scaffold has dozens of paint cans stacked on it at 
various points. The total mass of the paint cans is 75.0 kg. 
The tension in the cable at the right is 722 N. How far horizon- 
tally from that cable is the 
center of mass of the sys- 
tem of paint cans? 


17 Figure 12-33 shows 
the anatomical structures 
in the lower leg and foot 
that are involved in 
standing on tiptoe, with 
the heel raised slightly off : 

the floor so that the foot ai 
effectively contacts the "“~ 
floor only at point P. FIG. 12-33 Problem 17. 
Assume distance a= 

5.0 cm, distance b = 15 cm, and the person’s weight W = 900 
N. Of the forces acting on the foot, what are the (a) magnitude 
and (b) direction (up or down) of the force at point A from 
the calf muscle and the (c) magnitude and (d) direction (up or 
down) of the force at point B from the lower leg bones? 


¢18 <A bowler holds a bowling ball (M = 7.2 kg) in the palm 
of his hand (Fig. 12-34). His upper arm is vertical, his lower arm 
(1.8 kg) is horizontal. What is the magnitude of (a) the force of 
the biceps muscle on the lower arm and (b) the force between 
the bony structures at the elbow contact point? 





Calf muscle 


Lower leg bones 





b 











Biceps ae t 


Elbow 
contact 
point 


Lower arm 
(forearm plus 
hand) center 
of mass 


FIG. 12-34 Problem 18. 


°19 In Fig. 12-35, a uniform beam 
of weight 500 N and length 3.0 m is 
suspended horizontally. On the left 
it is hinged to a wall; on the right it is 
supported by a cable bolted to the 
wall at distance D above the beam. 
The least tension that will snap the 
cable is 1200 N. (a) What value of D 
corresponds to that tension? (b) To 
prevent the cable from snap-_, ; 
ping, should D be increased or | |T=? 
decreased from that value? = | 


°20 In Fig. 12-36, horizontal 
scaffold 2, with uniform mass 
m, = 30.0 kg and length L, = 
2.00 m, hangs from horizontal 
scaffold 1, with uniform mass 
m, = 50.0 kg. A 20.0 Kg box of nails lies on scaffold 2, centered 
at distance d = 0.500 m from the left end. What is the tension 
T in the cable indicated? © 








FIG. 12-36 Problem 20. 


e021 In Fig. 12-37, what mag- 
nitude of (constant) force F 
applied horizontally at the axle 
of the wheel is necessary to 
raise the wheel over an obsta- 
cle of height h = 3.00 cm? The 
wheel’s radius is r = 6.00 cm, 


and its mass is m = 0.800 kg. 
SSM WWW FIG. 12-37. Problem 21. 





®e22 In Fig. 12-38, a climber 
with a weight of 533.8 N is held 
by a belay rope connected to her 
climbing harness and belay de- 
vice; the force of the rope on her 
has a line of action through her 
center of mass. The indicated an- 
gles are 6 = 40.0° and ¢ = 30.0°. 
If her feet are on the verge of 
sliding on the vertical wall, what 
is the coefficient of static friction 
between her climbing shoes and 


the wall? =e 

e023 In Fig. 12-39, a 15 kg 
block is held in place via a pul- FIG. 12-38 Problem 22. 
ley system. The person’s up- 

per arm is vertical; the forearm is at angle 6 = 30° with the 
horizontal. Forearm and hand together have a mass of 2.0 kg, 
with a center of mass at distance d, = 15 cm from the contact 
point of the forearm bone and the upper-arm bone (humerus). 
The triceps muscle pulls vertically upward on the forearm at 
distance d, = 2.5 cm behind that contact point. Distance d; is 
35 cm. What are the (a) magnitude and (b) direction (up or 
down) of the force on the forearm from the triceps muscle and 
the (c) magnitude and (d) direction (up or down) of the force 
on the forearm from the humerus? 








Triceps 


2024 In Fig. 12-40, a climber 
leans out against a vertical ice wall 
that has negligible friction. 
Distance a is 0.914 m and distance 
L is 2.10 m. His center of mass is 
distance d = 0.940 m from the 
feet—ground contact point. If he is 
on the verge of sliding, what is the 
coefficient of static friction be- “—~@——| 

tween feet and ground? == FIG. 12-40 Problem 24. 





025 In Fig. 12-41, one end of a uni- 
form beam of weight 222 N is hinged 
to a wall; the other end is supported 
by a wire that makes angles 6 = 30.0° 
with both wall and beam. Find (a) the 
tension in the wire and the (b) hori- 
zontal and (c) vertical components of 
the force of the hinge on the beam. 


°°26 In Fig. 12-42, a 55kg rock 
climber is in a lie-back climb along a fis- 
sure, with hands pulling on one side of 
the fissure and feet pressed against the 
opposite side. The fissure has width w = 


0.20 m, and the center of mass of 
the climber is a horizontal dis- 

tance d = 0.40 m from the fissure. 

The coefficient of static friction: 
between hands and rock is py, = 

0.40, and between boots and rock 

it iS 4» = 1.2. (a) What is the least 

horizontal pull by the hands and 

push by the feet that will keep the 

climber stable? (b) For the hori- 

zontal pull of (a), what must be 

the vertical distance h between 

hands and feet? If the climber en- 

counters wet rock, so that jz, and 
J, are reduced, what happens to 
(c) the answer to (a) and (d) the 
answer to(b)? @ =e 

ee27 The system in Fig. 12-43 
is in equilibrium. A concrete 
block of mass 225 kg hangs from 
the end of the uniform strut of 
mass 45.0kg. For angles ¢= 
30.0° and 6 = 45.0°, find (a) the 
tension 7 in the cable and the 
(b) horizontal and (c) vertical 
components of the force on the 
strut from the hinge. !Lw 


°°28 In Fig. 12-44, a 50.0 kg 
uniform square sign, of edge 
length L = 2.00 m, is hung from 
a horizontal rod of length d, = 
3.00m and negligible mass. A 
cable is attached to the end of 
the rod and to a point on the 
wall at distance d,=4.00m 
above the point where the rod is 
hinged to the wall. (a) What is 
the tension in the cable? What 
are the (b) magnitude and (c) di- 
rection (left or right) of the hori- 
zontal component of the force on 
the rod from the wall, and the (d) 
magnitude and (e) direction (up 
or down) of the vertical compo- 
nent of this force? 


229 In Fig. 12-45, a nonuni- 
form bar is suspended at rest in 
a horizontal position by two 














FIG. 12-45 Problem 29. 
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massless cords. One cord makes the angle @ = 36.9° with the 
vertical; the other makes the angle @ = 53.1° with the vertical. 
If the length L of the bar is 6.10 m, compute the distance x 
from the left end of the bar to 
its center of mass. 


#30 In Fig. 12-46, suppose 
the length LZ of the uniform bar 
is 3.00 m and its weight is 200 N. 
Also, let the block’s weight W = 
300 N and the angle 6 = 30.0°. 
The wire can withstand a maxi- 
mum tension of 500 N. (a) What 
is the maximum possible dis- 
tance x before the wire breaks? 
With the block placed at this 
maximum x, what are the (b) 
horizontal and (c) vertical com- 
ponents of the force on the bar from the hinge at A? @ 





FIG. 12-46 
Problems 30 and 32. 


¢@31 A door has a height of 2.1 m along a y axis that extends 
vertically upward and a width of 0.91 m along an x axis that 
extends outward from the hinged edge of the door. A hinge 
0.30 m from the top and a hinge 0.30 m from the bottom each 
support half the door’s mass, which is 27 kg. In unit-vector 
notation, what are the forces on the door at (a) the top hinge 
and (b) the bottom hinge? 


e@32 In Fig. 12-46, a thin horizontal bar AB of negligible 
weight and length L is hinged to a vertical wall at A and 
supported at B by a thin wire BC that makes an angle 6 with 
the horizontal. A block of weight W can be moved anywhere 
along the bar; its position is defined by the distance x from 
the wall to its center of mass. As a function of x, find (a) the 
tension in the wire, and the (b) horizontal and (c) vertical 
components of the force on the bar from the hinge at A. 


#@33 A cubical box is filled with sand and weighs 890 N. We 
wish to “roll” the box by pushing horizontally on one of the 
upper edges. (a) What minimum force is required? (b) What 
minimum coefficient of static friction between box and floor is 
required? (c) If there is a more efficient 
way to roll the box, find the smallest 
possible force that would have to be 
applied directly to the box to roll it. 
(Hint: At the onset of tipping, where is 
the normal force located?) ssM www 


ee34 Figure 12-47 shows a 70 kg 
climber hanging by only the crimp hold 
of one hand on the edge of a shallow 
horizontal ledge in a rock wall. (The 
fingers are pressed down to gain pur- 
chase.) Her feet touch the rock wall at 
distance H = 2.0 m directly below her 
crimped fingers but do not provide any 
support. Her center of mass is distance 
a = 0.20 m from the wall. Assume that 
the force from the ledge supporting her 
fingers is equally shared by the four fin- 
gers. What are the values of the (a) hor- 
izontal component F, and (b) vertical 
component F,, of the force on each fin- 
gertip? 





FIG. 12-47 
Problem 34. 


ee35 Figure 12-48a shows a vertical uniform beam of length 
L that is hinged at its lower end. A horizontal force F, is 
applied to the beam at distance y from the lower end. The 
beam remains vertical because of a cable attached at the up- 
per end, at angle 6 with the horizontal. Figure 12-48b gives the 
tension T in the cable as a function of the position of the 
applied force given as a fraction y/L of the beam length. The 
scale of the T axis is set by T,= 600 N. Figure 12-48c gives the 
magnitude F, of the horizontal force on the beam from the 
hinge, also as a function of y/L. Evaluate (a) angle 6 and (b) 
the magnitude of F. 


T (N) 





0 0.2 04 06 0.8 1 0 0.2 04 06 08 J 
y/L VSL 
(d) (c) 
FIG. 12-48 Problem 35. 


¢#36 In Fig. 12-49, the driver of a car on a horizontal road 
makes an emergency stop by applying the brakes so that all 
four wheels lock and skid along the road. The coefficient of 
kinetic friction between tires and road is 0.40. The separation 
between the front and rear axles is L = 4.2 m, and the center 
of mass of the car is located at distance d = 1.8 m behind the 
front axle and distance h = 0.75 m above the road. The car 
weighs 11 KN. Find the magnitude of (a) the braking accelera- 
tion of the car, (b) the normal force on each rear wheel, (c) the 
normal force on each front wheel, (d) the braking force on 
each rear wheel, and (e) the braking force on each front 
wheel. (Hint: Although the car is not in translational equilib- 
rium, it is in rotational equilibrium. ) 





FIG. 12-49 Problem 36. 


*@37 In Fig. 12-50, a uniform plank, with a length L of 6.10 m 
and a weight of 445 N, rests on the ground and against a fric- 
tionless roller at the top of a wall of height 4 = 3.05 m. The 


plank remains in equilibrium for 
any value of @ = 70° but slips if 6 
< 70°. Find the coefficient of sta- 
tic friction between the plank and 
the ground. 


e368 In Fig. 12-51, uniform 
beams A and B are attached to 
a wall with hinges and loosely 
bolted together (there is no 
torque of one on the other). Beam 
A has length Ly, =2.40m and 
mass 54.0 kg; beam B has mass 
68.0 kg. The two hinge points are 
separated by distance d = 1.80 J 
m. In unit-vector notation, what | 
is the force on (a) beam A due to ~ 
its hinge, (b) beam A due to the 
bolt, (c) beam B due to its hinge, 
and (d) beam B due to the bolt? 


eee39 Acrate,in the form ofa 
cube with edge lengths of 1.2 m, 
contains a piece of machinery; 
the center of mass of the crate 
and its contents is located 0.30m above the crate’s 
geometrical center. The crate rests on a ramp that makes an 
angle @ with the horizontal. As 6 is increased from zero, an 
angle will be reached at which the crate will either tip over or 
start to slide down the ramp. If the coefficient of static friction 
jz; between ramp and crate is 0.60, (a) does the crate tip or 
slide and (b) at what angle 6 does this occur? If yu, = 0.70, 
(c) does the crate tip or slide and (d) at what angle @ does this 
occur? (Hint: At the onset of tipping, where is the normal 
force located?) 


FIG. 12-50 Problem 37. 
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FIG. 4 2-51 Problem 38. 


e¢e40 In Sample Problem 12-2, let the coefficient of static 
friction yz, between the ladder and the pavement be 0.53. How 
far (in percent) up the ladder must the firefighter go to put the 
ladder on the verge of sliding? 


eee44 For the — stepladder 
shown in Fig. 12-52, sides AC and 
CE are each 2.44m long and 
hinged at C. Bar BD is a tie-rod 
0.762 m long, halfway up. A man 
weighing 854N climbs 1.80 m 
along the ladder. Assuming that 
the floor is frictionless and ne- 
glecting the mass of the ladder, 
find (a) the tension in the tie-rod 
and the magnitudes of the forces 
on the ladder from the floor at 
(b) A and (c) E. (Hint: Isolate 
parts of the ladder in applying 
the equilibrium conditions.) 


eee42 Figure 12-53a shows a 

horizontal uniform beam of mass m, and length L that is sup- 
ported on the left by a hinge attached to a wall and on the 
right by a cable at angle 6 with the horizontal. A package of 
mass ™, is positioned on the beam at a distance x from the left 
end. The total mass is m, + m, = 61.22 kg. Figure 12-53b gives 
the tension 7 in the cable as a function of the package’s posi- 
tion given as a fraction x/L of the beam length. The scale of 








FIG. 12-52 Problem 41. 


the T axis is set by T, = 500 N and 7; = 700 N. Evaluate (a) 
angle 6,(b) mass m,, and (c) mass 715. 
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(d) 
FIG. 12-53 Problem 42. 


sec. 12-7 Elasticity 

43 A horizontal aluminum rod 4.8 cm in diameter projects 
5.3 cm from a wall. A 1200 kg object is suspended from the 
end of the rod. The shear modulus of aluminum is 3.0 x 
10'° N/m?. Neglecting the rod’s mass, find (a) the shear stress 
on the rod and (b) the vertical deflection of the end of the rod. 
SSM ILW 





e44 Figure 12-54 shows the <> 

stress—strain curve for a mater- & : . 

ial. The scale of the stress axis is ie iss 

set by s = 300, in units of = 

10° N/m’. What are (a) the 2 

Young’s modulus and (b) the @ jf 
approximate yield strength for 0 0.002 0.004 
this material? Strain 


ee45 In Fig. 12-55, a 103kg FIG. 12-54 Problem 44. 


uniform log hangs by two steel 
wires, A and B, both of radius 
1.20 mm. Initially, wire A was 
2.0m long and 2.00mm 
shorter than wire B. The log is 
now horizontal. What are the 
magnitudes of the forces on it 
from (a) wire A and (b) wire B? 
(c) What is the ratio d4/d;? @ 


ee46 Figure 12-56 shows the 
stress versus strain plot for an 
aluminum wire that is stretched 
by a machine pulling in 
opposite directions at the two 
ends of the wire. The scale of 
the stress axis is set by s = 7.0, 
in units of 10’ N/m*.The wire 
has an initial length of 0.800 m 
and an initial cross-sectional 
area of 2.00 x 10°°m*. How 
much work does the force from 
the machine do on the wire to 

produce a strain of 1.00 x 1073? oO 


eal | 
ee47 In Fig. 12-57, a lead , | 
brick rests horizontally on 
cylinders A and B. The areas of 
the top faces of the cylinders 
are related by A, = 2A ,; the 
Young’s moduli of the cylinders 
are related by E, = 2E,. The 





FIG. 12-55 Problem 45. 
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FIG. 12-56 Problem 46. 








FIG. 12-57 Problem 47. 
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cylinders had identical lengths before the brick was placed on 
them. What fraction of the brick’s mass is supported (a) by 
cylinder A and (b) by cylinder B? The horizontal distances be- 
tween the center of mass of the brick and the centerlines of 
the cylinders are d, for cylinder A and dz, for cylinder B. (c) 
What is the ratio d,/d,? 


ee48 Figure 12-58 shows an 





approximate plot of stress ver- “ 
sus strain for a spider-web > 
Z 
thread, out to the point of Oo 
breaking at a strain of 2.00. The 
vertical axis scale is set bya= 3 
0.12 GN/m?, b = 0.30 GN/m’, 
and c = 0.80 GN/m’*. Assume 0 10 14 2.0 
that the thread has an initial Strain 


length of 0.80 cm, an initial 
cross-sectional area of 8.0 X 
10-” m2, and (during stretching) a constant volume. Assume 
also that when the single thread snares a flying insect, the in- 
sect’s kinetic energy is transferred to the stretching of the 
thread. (a) How much kinetic energy would put the thread on 
the verge of breaking? What is the kinetic energy of (b) a fruit 
fly of mass 6.00 mg and speed 1.70 m/s and (c) a bumble bee of 
mass 0.388 g and speed 0.420 m/s? Would (d) the fruit fly and 
(e) the bumble bee break the thread? ae 


22°49 A tunnel of length L = 150 m, height H = 7.2 m, and 
width 5.8 m (with a flat roof) is to be constructed at distance 
d = 60m beneath the ground. (See Fig. 12-59.) The tunnel 
roof is to be supported entirely by square steel columns, each 
with a cross-sectional area of 960 cm”. The mass of 1.0 cm? of 
the ground material is 2.8 g. (a) What is the total weight of the 
ground material the columns must support? (b) How many 
columns are needed to keep the compressive stress on each 
column at one-half its ultimate strength? 


}—_,____., 


FIG. 12-58 Problem 48. 





FIG. 12-59 Problem 49. 


eee50 Figure 12-60 repre- 
sents an insect caught at the 
midpoint of a _ spider-web 
thread. The thread breaks un- 
der a stress of 8.20 X 10° N/m? 
and a strain of 2.00. Initially, it 
was horizontal and had a 
length of 2.00 cm and a cross- 
sectional area of 8.00 X 10°” m7”. As the thread was stretched 
under the weight of the insect, its volume remained constant. 
If the weight of the insect puts the thread on the verge of 
breaking, what is the insect’s mass? (A spider’s web is built to 





FIG. 12-60 Problem 50. 





break if a potentially harmful insect, such as a bumble bee, be- 
comes snared in the web.) =e © 


eee51 Figure 12-61 is an overhead view of a rigid rod that 
turns about a vertical axle until the identical rubber stoppers 
A and B are forced against rigid walls at distances r, = 7.0 cm 
and rz = 4.0 cm from the axle. Initially the stoppers touch the 
walls without being compressed. Then force F of magnitude 
220 N is applied perpendicular to the rod at a distance R = 
5.0 cm from the axle. Find the magnitude of the force com- 
pressing (a) stopper A and (b) stopper B. 






Stopper A 


FIG. 12-61 Problem 51. 


Additional Problems 

52 Figure 12-62a shows a uniform ramp between two build- 
ings that allows for motion between the buildings due to 
strong winds. At its left end, it is hinged to the building wall; at 
its right end, it has a roller that can roll along the building wall. 
There is no vertical force on the roller from the building, only 
a horizontal force with magnitude F,. The horizontal distance 
between the buildings is D = 4.00 m. The rise of the ramp is 
h =0.490 m. A man walks across the ramp from the left. 
Figure 12-625 gives F;, as a function of the horizontal distance 
x of the man from the building at the left. The scale of the F, 
axis is set by a = 20 kN and b = 25 KN. What are the masses of 
(a) the ramp and (b) the man? 


Fi, (kN) 





(a) 


FIG. 12-62 Problem 52. 


53 In Fig. 12-63, a 10 kg sphere 
is supported on a frictionless plane 
inclined at angle @ = 45° from the 
horizontal. Angle @ is 25°. 
Calculate the tension in the cable. 


54 In Fig. 12-64a, a uniform 
40.0 kg beam is centered over 
two rollers. Vertical lines across 
the beam mark off equal 
lengths. Two of the lines are 
centered over the rollers; a 
10.0 kg package of tamales is centered over roller B. What 





FIG. 12-63 Problem 53. 


are the magnitudes of the 
forces on the beam from (a) 
roller A and (b) roller B? The 
beam is then rolled to the left 
until the right-hand end is cen- 
tered over roller B (Fig. 12- 
64b). What now are the magni- 
tudes of the forces on the 
beam from (c) roller A and (d) 
roller B? Next, the beam is 
rolled to the right. Assume that 
it has a length of 0.800 m. (e) 
What horizontal distance be- 
tween the package and roller B 
puts the beam on the verge of 
losing contact with roller A? 


55 In Fig. 12-65, an 817 kg 
construction bucket is sus- 
pended by a cable A that is at- 
tached at O to two other cables 
B and C, making angles 6, = 
51.0° and 6, = 66.0° with the 
horizontal. Find the tensions in 
(a) cable A, (b) cable B, and (c) 
cable C. (Hint: To avoid solving 
two equations in two un- 
knowns, position the axes as 
shown in the figure.) SSM 


56 In Fig. 12-66, a package of 
mass m hangs from a short cord 
that is tied to the wall via cord 1 
and to the ceiling via cord 2. 
Cord 1 is at angle @ = 40° with 
the horizontal; cord 2 is at angle @. (a) 
For what value of @ is the tension in cord 
2 minimized? (b) In terms of mg, what is 
the minimum tension in cord 2? 


57 The force F in Fig. 12-67 keeps 
the 6.40 kg block and the pulleys in 
equilibrium. The pulleys have negligi- 
ble mass and friction. Calculate the 
tension T in the upper cable. (Hint: 
When a cable wraps halfway around a 
pulley as here, the magnitude of its net 
force on the pulley is twice the tension 
in the cable.) iw 


58 In Fig. 12-68, two identical, uni- 
form, and frictionless spheres, 
each of mass m, rest in a rigid rec- 
tangular container. A line con- 
necting their centers is at 45° to 
the horizontal. Find the magni- 
tudes of the forces on the spheres 
from (a) the bottom of the con- 
tainer, (b) the left side of the con- 
tainer, (c) the right side of the con- 
tainer, and (d) each _ other. 
(Hint: The force of one sphere on 
the other is directed along the cen- 
ter—center line.) 





(0) 


FIG. 12-64 Problem 54. 
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FIG. 12-66 Problem 56. 





FIG. 12-67 
Problem 57. 





FIG. 12-68 Problem 58. 


59 Four bricks of length L, identical and uniform, are stacked 
on top of one another (Fig. 12-69) in such a way that part of each 
extends beyond the one beneath. Find, in terms of L, the maxi- 
mum values of (a) a,, (b) a, (c) a3, (d) a4, and (e) h, such that the 
stack is in equilibrium. 





FIG. 12-69 Problem 59. 


60 After a fall, a 95 kg rock climber finds himself dangling 
from the end of a rope that had been 15 m long and 9.6 mm in 
diameter but has stretched by 2.8 cm. For the rope, calculate 
(a) the strain, (b) the stress, and (c) the Young’s modulus. 


61 In Fig. 12-70, a rectangular 
slab of slate rests on a bedrock 
surface inclined at angle 6 = 26°. 
The slab has length L = 43m, 
thickness T = 2.5 m, and width W 
= 12m, and 1.0 cm® of it has a 
mass of 3.2 g. The coefficient of 
static friction between slab and 
bedrock is 0.39. (a) Calculate the 
component of the gravitational force on the slab parallel to the 
bedrock surface. (b) Calculate the magnitude of the static 
frictional force on the slab. By comparing (a) and (b), you can 
see that the slab is in danger of sliding. This is prevented only by 
chance protrusions of bedrock. (c) To stabilize the slab, bolts are 
to be driven perpendicular to the bedrock surface (two bolts are 
shown). If each bolt has a cross-sectional area of 6.4 cm? and will 
snap under a shearing stress of 3.6 X 10° N/m’, what is the mini- 
mum number of bolts needed? Assume that the bolts do not af- 
fect the normal force. SSM 





FIG. 12-70 Problem 61. 


62 A uniform ladder whose length is 5.0m and whose 
weight is 400 N leans against a frictionless vertical wall. The 
coefficient of static friction between the level ground and the 
foot of the ladder is 0.46. What is the greatest distance the foot 
of the ladder can be placed from the base of the wall without 
the ladder immediately slip- 
ping? 

63 In Fig. 12-71, block A (mass 
10 kg) is in equilibrium, but it 
would slip if block B (mass 5.0 
kg) were any heavier. For angle 6 
= 30°, what is the coefficient of 
Static friction between block A 
and the surface below it? ssm 


64 A mine elevator is sup- 
ported by a single steel cable 
2.5 cm in diameter. The total 
mass of the elevator cage and 
occupants is 670 kg. By how 





FIG. 12-77 Problem 63. 
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much does the cable stretch when the eleva- 
tor hangs by (a) 12 m of cable and (b) 362 m 
of cable? (Neglect the mass of the cable.) 


65 In Fig. 12-72, a uniform rod of mass m 
is hinged to a building at its lower end, 
while its upper end is held in place by 
a rope attached to the wall. If angle 0, = 
60°, what value must angle 6, have so that 
the tension in the rope is equal to mg/2? 
SSM 





FIG. 12-72 
Problem 65S. 


66 A 73 kg man stands on a level bridge of length L. He is at 
distance L/4 from one end. The bridge is uniform and weighs 
2.7 KN. What are the magnitudes of the vertical forces on the 
bridge from its supports at (a) the end farther from him and 
(b) the nearer end? 


67 A makeshift swing is constructed by making a loop in one 
end of a rope and tying the other end to a tree limb. A child is 
sitting in the loop with the rope hanging vertically when the 
child’s father pulls on the child with a horizontal force and 
displaces the child to one side. Just before the child is released 
from rest, the rope makes an angle of 15° with the vertical 
and the tension in the rope is 280 N. (a) How much does 
the child weigh? (b) What is the magnitude of the (horizontal) 
force of the father on the child just before the child is 
released? (c) If the maximum horizontal force the father can ex- 
ert on the child is 93 N, what is the maximum angle with the verti- 
cal the rope can make while the father is pulling horizontally? 


68 Thesystem in Fig. 12-73 is in 
equilibrium. The angles are 0, = 
60° and 6, = 20°, and the ball 
has mass M = 2.0 kg. What is 
the tension in (a) string ab and 
(b) string bc? 


69 Figure 12-74 shows a sta- 
tionary arrangement of two 
crayon boxes and three cords. 
Box A has a mass of 11.0 kg 
and is on a ramp at angle 6 = 
30.0°; box B has a mass of 7.00 
kg and hangs on a cord. The 
cord connected to box A is par- 
allel to the ramp, which is fric- 
tionless. (a) What is the tension 
in the upper cord, and (b) what 
angle does that cord make with 
the horizontal? 


70 Aconstruction worker at- 
tempts to lift a uniform beam 
off the floor and raise it to a 
vertical position. The beam is 
2.50 m long and weighs 500 N. 
At a certain instant the worker 
holds the beam momentarily at 
rest with one end at distance 
d = 1.50m above the floor, as 
shown in Fig. 12-75, by exerting 
a force P on the beam, perpen- 
dicular to the beam. (a) Whatis ~ o 
the magnitude P? (b) What is FIG, 12-75 Problem 70. 


Le 











the magnitude of the (net) force of the floor on the beam? (c) 
What is the minimum value the coefficient of static friction be- 
tween beam and floor can have in order for the beam not to 
slip at this instant? 


71 A solid copper cube has an edge length of 85.5 cm. How 
much stress must be applied to the cube to reduce the edge length 
to 85.0 cm? The bulk modulus of copper is 1.4 x 10!! N/m’. 


72 A uniform beam is 5.0m 
long and has a mass of 53 kg. In 
Fig. 12-76, the beam is supported 
in a horizontal position by a 
hinge and a cable, with angle 0 = 
60°. In unit-vector notation, what 
is the force on the beam from the 
hinge? 


73 In Kg. 12-77, a uniform 
beam with a weight of 60 N and 
a length of 3.2 m is hinged at its 
lower end, and a horizontal force 
F of magnitude 50 N acts at its 
upper end. The beam is held ver- 
tical by a cable that makes angle 
6 = 25° with the ground and is at- 
tached to the beam at height h = 
2.0 m. What are (a) the tension in 
the cable and (b) the force on the 
beam from the hinge 1n unit-vec- 
tor notation? 


74 In Fig. 12-78, a uniform 
beam of length 12.0m is sup- 
ported by a horizontal cable and 
a hinge at angle 6 = 50.0°. The 
tension in the cable is 400 N. In 
unit-vector notation, what are 
(a) the gravitational force on the 
beam and (b) the force on the 
beam from the hinge? 


73 Four bricks of length L, 
identical and uniform, are 
stacked on a table in two ways, 
as shown in Fig. 12-79 (compare 
with Problem 59). We seek to 
maximize the overhang distance 
h in both arrangements. Find the 
optimum distances aj, a>, b,, and 
b,, and calculate h for the two 
arrangements. =e 


76 A pan balance is made up 
of a rigid, massless rod with 
a hanging pan attached at each 
end. The rod is supported at and 
free to rotate about a point not 
at its center. It is balanced by un- 
equal masses placed in the two (0) 

pans. When an unknown massm = F/G. 12-79 +=Problem75. 
is placed in the left pan, it is bal- 

anced by a mass m, placed in the right pan; when the mass m is 
placed in the right pan, it is balanced by a mass mz, in the left 
pan. Show that m = Vmmy, 





FIG. 12-76 Problem 72. 





FIG. 12-78 Problem 74. 





77 ©The rigid square frame in Fig. 
12-80 consists of the four side bars 
AB, BC, CD, and DA plus two di- 
agonal bars AC and BD, which 
pass each other freely at E. By 
means of the turnbuckle G, bar 
AB is put under tension, as if its 
ends were subject to horizontal, 
outward forces T of magnitude FIG. 12-80 Problem 77, 
535 N. (a) Which of the other bars are in tension? What are 
the magnitudes of (b) the forces causing the tension in those 
bars and (c) the forces causing compression in the other bars? 
(Hint: Symmetry considerations can lead to considerable 
simplification in this problem.) 


78 A gymnast with mass 46.0 — 


kg stands on the end of a 
uniform balance beam as 
shown in Fig. 12-81. The beam 
is 5.00 m long and has a mass of 
250 kg (excluding the mass of 
the two supports). Each sup- 
port is 0.540 m from its end of 
the beam. In unit-vector nota- 
tion, what are the forces on the beam due to (a) support 1 and 
(b) support 2? 


79 Figure 12-82 shows a 300 Kg cylinder that is horizontal. 
Three steel wires support the cylinder from a ceiling. Wires 1 
and 3 are attached at the ends of the cylinder, and wire 2 is at- 
tached at the center. The wires each have a cross-sectional 
area of 2.00 X 10°° m7”. Initially (before the cylinder was put in 
place) wires 1 and 3 were 
2.0000 m long and wire 2 was 
6.00 mm longer than that. Now 
(with the cylinder in place) all 
three wires have been 
stretched. What is the tension 
in (a) wire 1 and (b) wire 2? 





FIG. 12-87 Problem 78. 


/, Ceiling 





FIG. 12-82 Problem 79. 


80 Figure 12-83a shows details of a finger in the crimp hold 
of the climber in Fig. 12-47. A tendon that runs from muscles 
in the forearm is attached to the far bone in the finger. Along 
the way, the tendon runs through several guiding sheaths 
called pulleys. The A2 pulley is attached to the first finger 
bone; the A4 pulley is attached to the second finger bone. To 
pull the finger toward the palm, the forearm muscles pull the 
tendon through the pulleys, much like strings on a marionette 


First 2 
finger bone. 


“eq \ \ Second 
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FIG. 12-83 Problem 80. 








can be pulled to move parts of the marionette. Figure 12-835 is 
a simplified diagram of the second finger bone, which has 
length d. The tendon’s pull F, on the bone acts at the point 
where the tendon enters the A4 pulley, at distance d/3 along 
the bone. If the force components on each of the four crimped 
fingers in Fig. 12-47 are F,, = 13.4N and F, = 162.4 N, what is 
the magnitude of F,? The result is probably tolerable, but if 
the climber hangs by only one or two fingers, the A2 and A4 
pulleys can be ruptured, a common ailment among rock 


climbers. =S= 


$1 A uniform cube of side length 8.0 cm rests on a horizon- 
tal floor. The coefficient of static friction between cube and 
floor is p. A horizontal pull P is applied perpendicular to one 
of the vertical faces of the cube, at a distance 7.0 cm above the 
floor on the vertical midline of the cube face. The magnitude 
of P is gradually increased. During that increase, for what val- 
ues of yz will the cube eventually (a) begin to slide and (b) be- 
gin to tip? (Hint: At the onset of tipping, where is the normal 
force located?) ssm 


82 A cylindrical aluminum rod, with an initial length of 
0.8000 m and radius 1000.0 um, is clamped in place at one end 
and then stretched by a machine pulling parallel to its length 
at its other end. Assuming that the rod’s density (mass per 
unit volume) does not change, find the force magnitude that is 
required of the machine to decrease the radius to 999.9 um. 
(The yield strength is not exceeded.) 


83 A beam of length L is carried by three men, one man at 
one end and the other two supporting the beam between 
them on a crosspiece placed so that the load of the beam is 
equally divided among the three men. How far from the 
beam’s free end is the crosspiece placed? (Neglect the mass of 
the crosspiece.) 


84 A trap door in a ceiling is 0.91 m square, has a mass of 
11 kg, and is hinged along one side, with a catch at the oppo- 
site side. If the center of gravity of the door is 10 cm toward 
the hinged side from the door’s center, what are the mag- 
nitudes of the forces exerted by the door on (a) the catch and 
(b) the hinge? 

85 A uniform ladder is 10 
m long and weighs 200 N. In 
Fig. 12-84, the ladder leans 
against a vertical, frictionless 
wall at height h=80m 
above the ground. A horizon- 
tal force F is applied to the 
ladder at distance d= 2.0m 
from its base (measured 
along the ladder). (a) If force 
magnitude F = 50 N, what is 
the force of the ground on 
the ladder, in unit-vector no- 
tation? (b) If F = 150 N, what is the force of the ground on 
the ladder, also in unit-vector notation? (c) Suppose the co- 
efficient of static friction between the ladder and the ground 
is 0.38; for what minimum value of the force magnitude F 
will the base of the ladder just barely start to move toward 
the wall? ssm 


86 If the (square) beam in Fig. 12-7a is of Douglas fir, what 
must be its thickness to keep the compressive stress on it to 7 
of its ultimate strength? (See Sample Problem 12-3.) 





FIG. 12-84 Problem 835. 





Gravitation 





This is an image of the stars near our Milky Way galaxy’s center, which is 


marked with a small cross. Note that nothing shows up exactly at the 
center, but slightly off center (at the 8:00 position) there is a small circle. 
That circle is the image of a star known as S2. The other circles are also 
images of stars (the halos around them are artificially produced by the 
method of processing the images). Most stars in our galaxy move so 
slowly that we cannot actually see them move relative to one another, 
not even over a lifetime of observations. However, S2 is very different — 
we can see it move. In fact, it is moving so rapidly that it makes a com- 
plete trip around the Galaxy's center in only 15.2 years. There must be 


something huge at the center, yet we see nothing there. 


350 


Courtesy Reinhard Genzel 


The answer is in this chapter. 


13-2 | Newton's Law of Gravitation 


13-1 WHAT IS PHYSICS? 





One of the long-standing goals of physics is to understand the gravitational 
force —the force that holds you to Earth, holds the Moon in orbit around Earth, 
and holds Earth in orbit around the Sun. It also reaches out through the whole of 
our Milky Way galaxy, holding together the billions and billions of stars in the 
Galaxy and the countless molecules and dust particles between stars. We are 
located somewhat near the edge of this disk-shaped collection of stars and other 
matter, 2.6 X 10* light-years (2.5 xX 10??m) from the galactic center, around 
which we slowly revolve. 

The gravitational force also reaches across intergalactic space, holding 
together the Local Group of galaxies, which includes, in addition to the Milky 
Way, the Andromeda Galaxy (Fig. 13-1) at a distance of 2.3 X 10° light-years 
away from Earth, plus several closer dwarf galaxies, such as the Large Magellanic 
Cloud. The Local Group is part of the Local Supercluster of galaxies that is being 
drawn by the gravitational force toward an exceptionally massive region of space 
called the Great Attractor. This region appears to be about 3.0 X 10° light-years 
from Earth, on the opposite side of the Milky Way. And the gravitational force is 
even more far-reaching because it attempts to hold together the entire universe, 
which is expanding. 

This force is also responsible for some of the most mysterious structures in 
the universe: black holes. When a star considerably larger than our Sun burns out, 
the gravitational force between all its particles can cause the star to collapse in on 
itself and thereby to form a black hole. The gravitational force at the surface of 
such a collapsed star is so strong that neither particles nor light can escape from gig, 43.4 ~The Andromeda Galaxy. 
the surface (thus the term “black hole”). Any star coming too near a black hole [Located 2.3 x 10° light-years from us, 
can be ripped apart by the strong gravitational force and pulled into the hole. and faintly visible to the naked eye, 
Enough captures like this yields a supermassive black hole. Such mysterious mon- _ itis very similar to our home galaxy, 
sters appear to be common in the universe. the Milky Way. (Courtesy NASA) 

Although the gravitational force 1s still not fully understood, the starting 
point in our understanding of it lies in the law of gravitation of Isaac Newton. 
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Physicists like to study seemingly unrelated phenomena to show that a relation- 
ship can be found if the phenomena are examined closely enough. This search for 
unification has been going on for centuries. In 1665, the 23-year-old Isaac Newton 
made a basic contribution to physics when he showed that the force that holds 
the Moon in its orbit is the same force that makes an apple fall. We take this 
knowledge so much for granted now that it is not easy for us to comprehend the 
ancient belief that the motions of earthbound bodies and heavenly bodies were 
different in kind and were governed by different laws. 

Newton concluded not only that Earth attracts both apples and the Moon 
but also that every body in the universe attracts every other body; this tendency 
of bodies to move toward each other is called gravitation. Newton’s conclusion 
takes a little getting used to, because the familiar attraction of Earth for earth- 
bound bodies is so great that it overwhelms the attraction that earthbound bodies 
have for each other. For example, Earth attracts an apple with a force magnitude 
of about 0.8 N. You also attract a nearby apple (and it attracts you), but the force 
of attraction has less magnitude than the weight of a speck of dust. 

Newton proposed a force law that we call Newton’s law of gravitation: Every 
particle attracts any other particle with a gravitational force of magnitude 


NIN 


F=G 5 (Newton’s law of gravitation). (13-1) 
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FIG. 13-2 (a) The gravitational 
force F on particle 1 due to particle 2 
is an attractive force because particle 
1 is attracted to particle 2. (b) Force 
F is directed along a radial 
coordinate axis r extending from 
particle 1 through particle 2. (c) Fis 
in the direction of a unit vector Tf 
along the r axis. 





FIG. 13-3 The apple pulls up on 
Earth just as hard as Earth pulls 
down on the apple. 


Here m, and m, are the masses of the particles, r is the distance between them, 
and G is the gravitational constant, with a value that is now known to be 


G = 6.67 X 10"! N- m/ke? 
= 6.67 X 107" m/kg +s’. (13-2) 


In Fig. 13-2a, F is the gravitational force acting on particle 1 (mass m,) due to 
particle 2 (mass m,). The force is directed toward particle 2 and is said to be an 
attractive force because particle 1 is attracted toward particle 2. The magnitude 
of the force is given by Eq. 13-1. 

We can describe F as being in the positive direction of an r axis extending 
radially from particle 1 through particle 2 (Fig. 13-2b). We can also describe F by 
using a radial unit vector f (a dimensionless vector of magnitude 1) that is 
directed away from particle 1 along the r axis (Fig. 13-2c). From Eq. 13-1, the 
force on particle 1 is then 

F=G rae (13-3) 

The gravitational force on particle 2 due to particle 1 has the same magnitude 
as the force on particle 1 but the opposite direction. These two forces form a 
third-law force pair, and we can speak of the gravitational force between the two 
particles as having a magnitude given by Eq. 13-1. This force between two parti- 
cles is not altered by other objects, even if they are located between the particles. 
Put another way, no object can shield either particle from the gravitational force 
due to the other particle. 

The strength of the gravitational force—that is, how strongly two particles 
with given masses at a given separation attract each other—depends on the 
value of the gravitational constant G. If G—by some miracle—were suddenly 
multiplied by a factor of 10, you would be crushed to the floor by Earth’s attrac- 
tion. If G were divided by this factor, Earth’s attraction would be so weak that 
you could jump over a building. 

Although Newton’s law of gravitation applies strictly to particles, we can also 
apply it to real objects as long as the sizes of the objects are small relative to the 
distance between them. The Moon and Earth are far enough apart so that, to 
a good approximation, we can treat them both as particles—but what about an 
apple and Earth? From the point of view of the apple, the broad and level Earth, 
stretching out to the horizon beneath the apple, certainly does not look like 
a particle. 

Newton solved the apple—Earth problem by proving an important theorem 
called the shell theorem: 







































































































Earth can be thought of as a nest of such shells, one within another and each shell 
attracting a particle outside Earth’s surface as if the mass of that shell were at the 
center of the shell. Thus, from the apple’s point of view, Earth does behave like 
a particle, one that is located at the center of Earth and has a mass equal to that 
of Earth. 

Suppose that, as in Fig. 13-3, Earth pulls down on an apple with a force of 
magnitude 0.80 N. The apple must then pull up on Earth with a force of magni- 
tude 0.80 N, which we take to act at the center of Earth. Although the forces are 
matched in magnitude, they produce different accelerations when the apple is 
released. The accelerations of the apple is about 9.8 m/s”, the familiar acceleration 
of a falling body near Earth’s surface. The acceleration of Earth, however, 
measured in a reference frame attached to the center of mass of the apple—Earth 
system, is only about 1 X 10°*° m/s?. 


13-3 | Gravitation and the Principle of Superposition 


CHECKPOINT 1 A particle is to be placed, in turn, outside four objects, each 
of mass m: (1) a large uniform solid sphere, (2) a large uniform spherical shell, (3) a 
small uniform solid sphere, and (4) a small uniform shell. In each situation, the distance 
between the particle and the center of the object is d. Rank the objects according to the 
magnitude of the gravitational force they exert on the particle, greatest first. 
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Given a group of particles, we find the net (or resultant) gravitational force on 
any one of them from the others by using the principle of superposition. This is a 
general principle that says a net effect is the sum of the individual effects. Here, 
the principle means that we first compute the individual gravitational forces that 
act on our selected particle due to each of the other particles. We then find the net 
force by adding these forces vectorially, as usual. 

For n interacting particles, we can write the principle of superposition for the 
gravitational forces on particle 1 as 


Fine = Fy t+ Fy t Fig t Fis +--+ + Fin: (13-4) 


Here F inet 1S the net force on particle 1 and, for example, F 13 18 the force on particle 
1 from particle 3. We can express this equation more compactly as a vector sum: 


lee a DF (13-5) 


What about the gravitational force on a particle from a real (extended) 
object? This force is found by dividing the object into parts small enough to treat 
as particles and then using Eq. 13-5 to find the vector sum of the forces on the 
particle from all the parts. In the limiting case, we can divide the extended object 
into differential parts each of mass dm and each producing a differential force dF 
on the particle. In this limit, the sum of Eq. 13-5 becomes an integral and we have 


f= | dF, (13-6) 


in which the integral is taken over the entire extended object and we drop the 
subscript “net.” If the extended object is a uniform sphere or a spherical shell, we 
can avoid the integration of Eq. 13-6 by assuming that the object’s mass is 
concentrated at the object’s center and using Eq. 13-1. 


Yo HECKPOINT 2 The figure shows four arrangements 


of three particles of equal masses. (a) Rank the arrangements ac- D 

cording to the magnitude of the net gravitational force on the par- D 

ticle labeled m, greatest first. (b) In arrangement 2, is the direction ek a 3 7 5 non 
of the net force closer to the line of length d or to the line of ®——*——*® © eee hee 

length D? d 


(1) (2) (3) (4) 


Sample Problem a 
Figure 13-4a shows an arrangement of three particles, 
particle 1 of mass m, = 6.0 kg and particles 2 and 3 of [aac (1) Because we have particles, the magni- 


mass m, = m3 = 4.0 kg, and distance a = 2.0 cm. What is tude of the gravitational force on particle 1 due to el- 


the net gravitational force F inet ON particle 1 due to the ther of the other particles is given by Eq. 13-1 (F = 
other particles? Gm,m,/r*). (2) The direction of either gravitational 
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force on particle 1 is toward the particle responsible for 
it. (3) Because the forces are not along a single axis, we 
cannot simply add or subtract their magnitudes or their 
components to get the net force. Instead, we must add 
them as vectors. 


Calculations: From Eq. 13-1, the magnitude of the 
force F 120n particle 1 from particle 2 is 


_ (6.67 X 107" m’/kg-s*)(6.0 kg)(4.0 kg) 
7 (0.020 m) 
= 4.00 x 10°°N. 
Similarly, the magnitude of force F130n particle 1 from 
particle 3 is 
Gm4m, 
(2a)? 
_ (6.67 X 107" m*/kg-s*)(6.0 kg)(4.0 kg) 
7 (0.040 m)? 


fi3 = 


1.00 X 10°°N. 


Force F',, is directed in the positive direction of the y 
axis (Fig. 13-4b) and has only the y component F»p. 
Similarly, F 13 18 directed in the negative direction of the 
x axis and has only the x component — F;3. 

To find the net force F inet ON particle 1, we must 
add the two forces as vectors. We can do so on a vector- 
capable calculator. However, here we note that —F), 
and F,, are actually the x and y components of F net 


Figure 13-5a shows an arrangement of five particles, with 
masses m, = 8.0 kg, m =m; =m,=m; = 2.0 kg, and 
with a = 2.0 cm and 6 = 30°. What is the net gravitational 
force F inet ON particle 1 due to the other particles? 


fSZ20 (1) Because we have particles, the magni- 


tude of the gravitational force on particle 1 due to either 
of the other particles is given by Eq. 13-1 (F = Gm,m,/r’). 
(2) The direction of a gravitational force on particle 1 is 
toward the particle responsible for the force. (3) We can 
use symmetry to eliminate unneeded calculations. 





Calculations: For the magnitudes of the forces on par- 
ticle 1, first note that particles 2 and 4 have equal masses 
and equal distances of r = 2a from particle 1. Thus, from 
Eq. 13-1, we find 


G 
. i= 


(2a)? 


Similarly, since particles 3 and 5 have equal masses and 
are both distance r = a from particle 1, we find 


(13-7) 


Gm,m, 
a Ve 


big) Pig (13-8) 





(a) (0) 
FIG. 13-4 (a) An arrangement of three particles. (b) The forces 
acting on the particle of mass m, due to the other particles. 


Therefore, we can use Eq. 3-6 to find first the magnitude 
and then the direction of F inet Lhe magnitude is 


Fi net = V(Fi2)? + (— Fp) 
= \(4.00 x 10-°N)? + (—1.00 x 10-6 NY? 
= 41 xX 10°°N. (Answer) 


Relative to the positive direction of the x axis, Eq. 3- 6 
gives the direction of F inet aS 
4.00 x 10°°N 


F 
Q a t a 12 — t ee eagee ee = —76°. 
OF eae AOU AO ON 





Is this a reasonable direction? No, because the direction 
of F inet Must be between the directions of F vy and F 13: 
Recall from Chapter 3 (Problem-Solving Tactic 3) that a 
calculator displays only one of the two possible answers to 
a tan”! function. We find the other answer by adding 180°: 


—76° + 180° = 104°, (Answer) 


e e e e =? 
which is a reasonable direction for PF net- 








mM, (a) ) 


FIG. 13-5 (a) An arrangement of five particles. (b) The forces 
acting on the particle of mass m, due to the other four particles. 


We could now substitute known data into these two 
equations to evaluate the magnitudes of the forces, indi- 
cate the directions of the forces on the free-body dia- 
gram of Fig. 13-5b, and then find the net force either (1) 
by resolving the vectors into x and y components, find- 
ing the net x and net y components, and then vectorially 
combining them or (2) by adding the vectors directly on 
a vector-capable calculator. 


Instead, however, we shall make further use of the 
symmetry of the problem. First, we note that F,, and Fy, 
are equal in magnitude but opposite in direction; thus, 
those forces cancel. Inspection of Fig. 13-5 and Eq. 13-8 
reveals that the x components of F 13 and F 15 also cancel, 
and that their y components are identical in magnitude 
and both act in the positive direction of the y axis. Thus, 
F inet acts in that same direction, and its magnitude is 
twice the y component of Fis: 
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G 
Fi net = 2/3 cos 0 = 2 sa cos 6 


m 

_ 2(6.67 X 10"! mi/kg-s?)(8.0 kg)2.0kg) 40, 
(0.020 my? 

= 4.6 X10 °N. (Answer) 


Note that the presence of particle 5 along the line be- 
tween particles 1 and 4 does not alter the gravitational 
force on particle 1 from particle 4. 





PROBLEM-SOLVING TACTICS 


Tactic 1: Drawing Gravitational Force Vectors When 
you are given a diagram of particles, such as Fig. 13-4a, 
and asked to find the net gravitational force on one of them, 
you should usually draw a free-body diagram showing only 
the particle of concern and the forces on it alone, as in 
Fig. 13-4b. If, instead, you choose to superimpose the force 
vectors on the given diagram, be sure to draw the vectors with 
either all tails (preferably) or all heads on the particle experi- 
encing those forces. If you draw the vectors elsewhere, you 
invite confusion—and confusion is guaranteed if you draw 
the vectors on the particles causing the forces. 


Tactic 2: Simplifying a Sum of Forces with Symmetry 
In Sample Problem 13-2 we used the symmetry of the situa- 
tion: By realizing that particles 2 and 4 are positioned 
symmetrically about particle 1, and thus that F wy and F 14 
cancel, we avoided calculating either force. By realizing that 
the x components of F 13 and F 15 cancel and that their y com- 
ponents are identical and add, we saved even more effort. 

In problems with symmetry, you can save much effort and 
reduce the chance of error by identifying which calculations 
are not needed because of the symmetry. Such identification is 
a skill acquired only by doing many homework problems. 
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Let us assume that Earth is a uniform sphere of mass M. The magnitude of the 
gravitational force from Earth on a particle of mass m, located outside Earth a 
distance r from Earth’s center, is then given by Eq. 13-1 as 


me 





(13-9) 


If the particle is released, it will fall toward the center of Earth, as a result of the 
gravitational force F,, with an acceleration we shall call the gravitational accelera- 


tion @,. Newton’s second law tells us that magnitudes F and a, are related by 
F = ma,. (13-10) 


Now, substituting F from Eq. 13-9 into Eq. 13-10 and solving for a,, we find 


M 
a, =. (13-11) 


Variation of a, with Altitude 





Table 13-1 shows values of a, computed for various altitudes above Earth’s 


surface. Notice a, is significant even at 400 km. Altitude a, Altitude 
Since Section 5-4, we have assumed that Earth is an inertial frame by neglect- (km)  (m/ s’) Example 
ing its rotation. This simplification has allowed us to assume that the free-fall Mean Banh 
acceleration g of a particle is the same as the particle’s gravitational acceleration 0 9.83 Set aee 
(which we now call a,). Furthermore, we assumed that g has the constant value 88 980 Mt Everest 
9.8 m/s” any place on Earth’s surface. However, any g value measured at a given riphecterewed 
location will differ from the a, value calculated with Eq. 13-11 for that location 366 971 enon 
for three reasons: (1) Earth’s mass is not distributed uniformly, (2) Earth is not a Spach 
perfect sphere, and (3) Earth rotates. Moreover, because g differs from a,, the 400 8.70 co 
same three reasons mean that the measured weight mg of a particle differs from Come ene 
the magnitude of the gravitational force on the particle as given by Eq. 13-9. Let 320499 995 See tiiie 


us now examine those reasons. 
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Distance from center (10° m) 


FiG. 13-6 The density of Earthasa 
function of distance from the center. 
The limits of the solid inner core, the 
largely liquid outer core, and the 
solid mantle are shown, but the crust 
of Earth is too thin to show clearly 
on this plot. 





1. Earth’s mass is not uniformly distributed. The density (mass per unit volume) 
of Earth varies radially as shown in Fig. 13-6, and the density of the crust 
(outer section) varies from region to region over Earth’s surface. Thus, g varies 
from region to region over the surface. 


2. Earth is not a sphere. Earth is approximately an ellipsoid, flattened at the 
poles and bulging at the equator. Its equatorial radius is greater than its polar 
radius by 21 km. Thus, a point at the poles is closer to the dense core of Earth 
than is a point on the equator. This is one reason the free-fall acceleration g 
increases as one proceeds, at sea level, from the equator toward either pole. 


3. Earth is rotating. The rotation axis runs through the north and south poles of 
Earth. An object located on Earth’s surface anywhere except at those poles 
must rotate in a circle about the rotation axis and thus must have a centripetal 
acceleration directed toward the center of the circle. This centripetal accelera- 
tion requires a centripetal net force that is also directed toward that center. 


To see how Earth’s rotation causes g to differ from a,, let us analyze a simple 
situation in which a crate of mass m is on a scale at the equator. Figure 13-7a 
shows this situation as viewed from a point in space above the north pole. 

Figure 13-7b, a free-body diagram for the crate, shows the two forces on the 
crate, both acting along a radial r axis that extends from Earth’s center. The nor- 
mal force Fy on the crate from the scale is directed outward, in the positive direc- 
tion of the r axis. The gravitational force, represented with its equivalent m@,, is 
directed inward. Because it travels in a circle about the center of Earth as 
Earth turns, the crate has a centripetal acceleration @ directed toward Earth’s 
center. From Eq. 10-23 (a, = w’r), we know this acceleration is equal to w°R, 
where w is Earth’s angular speed and R is the circle’s radius (approximately 
Earth’s radius). Thus, we can write Newton’s second law for forces along the 
r axis (Fret, = ma,) as 

Fy — ma, = m(—@?R). (13-12) 


The magnitude Fy of the normal force is equal to the weight mg read on the scale. 
With mg substituted for Fy, Eq. 13-12 gives us 


mg = ma, — m(w°R), (13-13) 
which says 


measured \ _ magnitude of |\ _ mass times 
weight / \gravitational force centripetal acceleration /’ 


Thus, the measured weight is less than the magnitude of the gravitational force 
on the crate, because of Earth’s rotation. 
To find a corresponding expression for g and a,, we cancel m from Eq. 13-13 
to write 
gS a7 ok, (13-14) 
which says 


free-fall \ /gravitational\ / centripetal 
acceleration) \ acceleration acceleration / 


Thus, the measured free-fall acceleration is less than the gravitational accelera- 
tion because of Earth’s rotation. 

The difference between accelerations g and a, is equal to w°R and is greatest 
on the equator (for one reason, the radius of the circle traveled by the crate is 


FIG. 13-7 (a) Acrate sitting on a scale at Earth’s equator, as seen by an observer 
positioned on Earth’s rotation axis at some point above the north pole. (b) A free-body 
diagram for the crate, with a radial r axis extending from Earth’s center. The gravitational 
force on the crate 1s represented with its equivalent ma ,. The normal force on the crate 
from the scale is Be Because of Earth’s rotation, the ete has a centripetal acceleration 
a that is directed toward Earth’s center. 
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greatest there). To find the difference, we can use Eq. 10-5 (w = A6/At) and 
Earth’s radius R = 6.37 X 10° m. For one rotation of Earth, 6 is 27 rad and the 
time period Af is about 24h. Using these values (and converting hours to sec- 
onds), we find that g is less than a, by only about 0.034 m/s* (small compared to 
9.8 m/s’). Therefore, neglecting the difference in accelerations g and a, is often 
justified. Similarly, neglecting the difference between weight and the magnitude 
of the gravitational force is also often justified. 


Sample Problem pee 


(a) An astronaut whose height h is 1.70 m floats “feet 
down” in an orbiting space shuttle at distance r = 6.77 
x 10° m away from the center of Earth. What is the dif- 
ference between the gravitational acceleration at her 
feet and at her head? 


feiea We can approximate Earth as a uniform 


sphere of mass M;. Then, from Eq. 13-11, the gravitational 
acceleration at any distance 7 from the center of Earth is 


GM; 

ag =— a 
We might simply apply this equation twice, first with r = 
6.77 X 10°m for the feet and then with r= 6.77 x 
10°m + 1.70 m for the head. However, a calculator may 
give us the same value for a, twice, and thus a difference of 
zero, because / is so much smaller than r. Here’s a more 
promising approach: Because we have a differential 
change dr in r between the astronaut’s feet and head, we 
should differentiate Eq. 13-15 with respect to r. 





(13-15) 


Calculations: The differentiation gives us 


da, = —2 ous 


§ r> 





dr, (13-16) 


where da, is the differential change in the gravitational 
acceleration due to the differential change dr in r. For 
the astronaut, dr = h and r = 6.77 X 10° m. Substituting 
data into Eq. 13-16, we find 


fq, = 7 6:67 X 10-1 mi/kg-s?)(5.98_X 10**kg) 
(6.77 < 10°m)? 
—4.37 X 107° m/s?, 


(1.70 m) 


(Answer) 
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where the M, value is taken from Appendix C. This result 
means that the gravitational acceleration of the astro- 
naut’s feet toward Earth is slightly greater than the gravi- 
tational acceleration of her head toward Earth. This dif- 
ference in acceleration tends to stretch her body, but the 
difference is so small that the stretching is unnoticeable. 


(b) If the astronaut is now “feet down” at the same or- 
bital radius r = 6.77 X 10° m about a black hole of mass 
M,, = 1.99 x 10°! kg (10 times our Sun’s mass), what is 
the difference between the gravitational acceleration at 
her feet and at her head? The black hole has a mathe- 
matical surface (event horizon) of radius R; = 2.95 Xx 
10* m. Nothing, not even light, can escape from that sur- 
face or anywhere inside it. Note that the astronaut is 
well outside the surface (at r = 229R,). 


Calculations: We again have a differential change dr in 
r between the astronaut’s feet and head, so we can again 
use Eq. 13-16. However, now we substitute M, = 1.99 x 
10°! kg for M,. We find 


jo 2 = (6.67 X 107" m?/kg-s*)(1.99 X 10°! kg) 
8 (6.77 X 10°my3 
= —14.5 m/s’. 


(1.70 m) 


(Answer) 


This means that the gravitational acceleration of the as- 
tronaut’s feet toward the black hole is noticeably larger 
than that of her head. The resulting tendency to stretch 
her body would be bearable but quite painful. If she 
drifted closer to the black hole, the stretching tendency 
would increase drastically. 


Newton’s shell theorem can also be applied to a situation in which a particle is 


located inside a uniform shell, to show the following: 






















- DSi ‘ 


































































cle from the various elements of the shell magically disappear. Rather, it means 
that the sum of the force vectors on the particle from all the elements is zero. 

If Earth’s mass were uniformly distributed, the gravitational force acting on a par- 
ticle would be a maximum at Earth’s surface and would decrease as the particle 
moved outward, away from the planet. If the particle were to move inward, perhaps 
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down a deep mine shaft, the gravitational force would change for two reasons. (1) It 
would tend to increase because the particle would be moving closer to the center of 
Earth. (2) It would tend to decrease because the thickening shell of material lying out- 
side the particle’s radial position would not exert any net force on the particle. 

For a uniform Earth, the second influence would prevail and the force on the 
particle would steadily decrease to zero as the particle approached the center of 
Earth. However, for the real (nonuniform) Earth, the force on the particle actu- 
ally increases as the particle begins to descend. The force reaches a maximum at 
a certain depth and then decreases as the particle descends farther. 


Sample Problem Eee 


In Pole to Pole, an early science fiction story by George 
Griffith, three explorers attempt to travel by capsule 
through a naturally formed (and, of course, fictional) 
tunnel directly from the south pole to the north pole 
(Fig. 13-8). According to the story, as the capsule ap- 
proaches Earth’s center, the gravitational force on the 
explorers becomes alarmingly large and then, exactly at 
the center, it suddenly but only momentarily disappears. 
Then the capsule travels through the second half of the 
tunnel, to the north pole. 

Check Griffith’s description by finding the gravita- 
tional force on the capsule of mass m when it reaches a 
distance r from Earth’s center. Assume that Earth is a 
sphere of uniform density p (mass per unit volume). =m 


Calculations: All three ideas tell us that we can write 
Eq. 13-1, for the magnitude of the gravitational force on 


the capsule, as 
GmM,,, 


P= . 


13-17 
(13-17) 

To write the mass M,,, in terms of the radius 7, we note 
that the volume V,,,, containing this mass is 377°. Also, be- 
cause we’re assuming an Earth of uniform density, the den- 
SIty Pins = Ming/Vins is Earth’s density p. Thus, we have 


4ar? 
3 


Then, after substituting this expression into Eq. 13-17 





Mine 7 PV ins = op (13-18) 


Peo _ 4nGmp 
Newton’s shell theorem gives us three ideas: ls coe 


1. When the capsule is at radius r from Earth’s center, 
the portion of Earth that lies outside a sphere of ra- 
dius r does not produce a net gravitational force on 


the capsule. 


2. The portion of Earth that lies inside that sphere does 
produce a net gravitational force on the capsule. 


3. Wecan treat the mass M,,, of that inside portion of 
Earth as being the mass of a particle located at 


Earth’s center. 


FIG. 13-8 A capsule of 
mass m falls from rest 
through a tunnel that con- 
nects Earth’s south and 
north poles. When the cap- 
sule is at distance r from 
Earth’s center, the portion 
of Earth’s mass that is con- 
tained in a sphere of that 
radius is M,,.. 





and canceling, we have 


(Answer) (13-19) 
This equation tells us that the force magnitude F' depends 
linearly on the capsule’s distance r from Earth’s center. 
Thus, as r decreases, F also decreases (opposite of 
Griffith’s description), until it is zero at Earth’s center. At 
least Griffith got the zero-at-the-center detail correct. 

Equation 13-19 can also be written in terms of the 
force vector F and the capsule’s position vector 7 along 
a radial axis extending from Earth’s center. Let K repre- 
sent the collection of constants 477Gmp/3. Then, Eq. 13- 
19 becomes 


=> 


F = -K?, (13-20) 


in which we have inserted a minus sign to indicate that F 
and 7 have opposite directions. Equation 13-20 has the 
form of Hooke’s law (Eq. 7-20, F = —kd). Thus, under 
the idealized conditions of the story, the capsule would 
oscillate like a block on a spring, with the center of the 
oscillation at Earth’s center. After the capsule had fallen 
from the south pole to Earth’s center, it would travel 
from the center to the north pole (as Griffith said) and 
then back again, repeating the cycle forever. 
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In Section 8-4, we discussed the gravitational potential energy of a particle— 
Earth system. We were careful to keep the particle near Earth’s surface, so that 
we could regard the gravitational force as constant. We then chose some reference 
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configuration of the system as having a gravitational potential energy of zero. 
Often, in this configuration the particle was on Earth’s surface. For particles not 
on Earth’s surface, the gravitational potential energy decreased when the separa- 
tion between the particle and Earth decreased. 

Here, we broaden our view and consider the gravitational potential energy U 
of two particles, of masses m and M, separated by a distance r. We again choose a 
reference configuration with U equal to zero. However, to simplify the equations, 
the separation distance r in the reference configuration is now large enough to be 
approximated as infinite. As before, the gravitational potential energy decreases 
when the separation decreases. Since U = 0 for r = ~, the potential energy is neg- 
ative for any finite separation and becomes progressively more negative as the 
particles move closer together. 

With these facts in mind and as we shall justify next, we take the gravitational 
potential energy of the two-particle system to be 


GM. 
U=— zs (gravitational potential energy). (13-21) 
r 





Note that U(r) approaches zero as r approaches infinity and that for any finite 
value of r, the value of U(r) is negative. 

The potential energy given by Eq. 13-21 is a property of the system of two 
particles rather than of either particle alone. There is no way to divide this energy 
and say that so much belongs to one particle and so much to the other. However, 
if M > m, as is true for Earth (mass M) and a baseball (mass m), we often speak 
of “the potential energy of the baseball.” We can get away with this because, 
when a baseball moves in the vicinity of Earth, changes in the potential energy of 
the baseball-Earth system appear almost entirely as changes in the kinetic 
energy of the baseball, since changes in the kinetic energy of Earth are too small 
to be measured. Similarly, in Section 13-8 we shall speak of “the potential energy 
of an artificial satellite” orbiting Earth, because the satellite’s mass is so much 
smaller than Earth’s mass. When we speak of the potential energy of bodies of 
comparable mass, however, we have to be careful to treat them as a system. 

If our system contains more than two particles, we consider each pair of 
particles in turn, calculate the gravitational potential energy of that pair with 
Eq. 13-21 as if the other particles were not there, and then algebraically sum the 
results. Applying Eq. 13-21 to each of the three pairs of Fig. 13-9, for example, 
gives the potential energy of the system as 


y= -( Gm,m), m Gm.m, " Gmm, ) 


Yi2 3 193 


(13-22) 


Proof of Equation 13-21 


Let us shoot a baseball directly away from Earth along the path in Fig. 13-10. We 
want to find an expression for the gravitational potential energy U of the ball at 
point P along its path, at radial distance R from Earth’s center. To do so, we first 
find the work W done on the ball by the gravitational force as the ball travels 
from point P to a great (infinite) distance from Earth. Because the gravitational 
force F (r) is a variable force (its magnitude depends on r), we must use the tech- 
niques of Section 7-8 to find the work. In vector notation, we can write 


We | ' F(r)- dF. (13-23) 


The integral contains the scalar (or dot) product of the force F (r) and the differential 
displacement vector d7 along the ball’s path. We can expand that product as 
F(r)-d? = F(r) drcos 4, (13-24) 


where ¢ is the angle between the directions of F(r) and d7. When we substitute 





m © Ms 








: "12 
FIG, 13-9 A system consisting of 
three particles. The gravitational po- 
tential energy of the system is the 
sum of the gravitational potential en- 
ergies of all three pairs of particles. 





FIG. 13-10 A baseball is shot di- 
rectly away from Earth, through 
point P at radial distance R from 
Earth’s center. The gravitational 
force F on the ball and a differential 
displacement vector dr are shown, 
both directed along a radial r axis. 
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ie Earth 


FIG. 13-11 Near Earth, a baseball is 
moved from point A to point G along 
a path consisting of radial lengths 
and circular arcs. 


180° for @ and Eq. 13-1 for F(r), Eq. 13-24 becomes 
GMm 


r2 





F(r)-d7 = — 


dr, 


where M is Earth’s mass and m is the mass of the ball. 
Substituting this into Eq. 13-23 and integrating give us 











W= -GMm | see | 
R fF R 
GMm GMm 
=0- = 13-25 
= — (13-25) 

where W is the work required to move the ball from point P (at distance R) to 
infinity. Equation 8-1 (AU = —W) tells us that we can also write that work in terms 
of potential energies as 

U,. - V= —-W. 


Because the potential energy U., at infinity is zero, U is the potential energy at P, 
and Wis given by Eq. 13-25, this equation becomes 


GMm 
R 
Switching R to r gives us Eq. 13-21, which we set out to prove. 


U=W=- 





Path Independence 


In Fig. 13-11, we move a baseball from point A to point G along a path consisting 
of three radial lengths and three circular arcs (centered on Earth). We are inter- 
ested in the total work W done by Earth’s gravitational force F on the ball as it 
moves from A to G. The work done along each circular arc is zero, because the 
direction of F is perpendicular to the arc at every point. Thus, W is the sum of 
only the works done by F along the three radial lengths. 

Now, suppose we mentally shrink the arcs to zero. We would then be moving 
the ball directly from A to G along a single radial length. Does that change W? 
No. Because no work was done along the arcs, eliminating them does not change 
the work. The path taken from A to G now is clearly different, but the work done 
by F is the same. 

We discussed such a result in a general way in Section 8-3. Here is the point: 
The gravitational force is a conservative force. Thus, the work done by the grav- 
itational force on a particle moving from an initial point i to a final point f is 
independent of the path taken between the points. From Eq. 8-1, the change AU 
in the gravitational potential energy from point i to point f is given by 


AU = U,- U;=-—W. (13-26) 


Since the work W done by a conservative force is independent of the actual path 
taken, the change AU in gravitational potential energy is also independent of the 
path taken. 


Potential Energy and Force 


In the proof of Eq. 13-21, we derived the potential energy function U(r) from the 
force function F (r). We should be able to go the other way— that is, to start from 
the potential energy function and derive the force function. Guided by Eq. 8-22 
(F(x) = —dU(x)/dx), we can write 





--2._4(_ cin) 
dr dr r 
GMm 


= | (13-27) 





13-6 | Gravitational Potential Energy 


This is Newton’s law of gravitation (Eq. 13-1). The minus sign indicates that the 
force on mass m points radially inward, toward mass M. 





If you fire a projectile upward, usually it will slow, stop momentarily, and return 
to Earth. There is, however, a certain minimum initial speed that will cause it to 
move upward forever, theoretically coming to rest only at infinity. This minimum 
initial speed is called the (Earth) escape speed. 

Consider a projectile of mass m, leaving the surface of a planet (or some 
other astronomical body or system) with escape speed v. The projectile has a 
kinetic energy K given by ;mv’ and a potential energy U given by Eq. 13-21: 


GMm 
R” 
in which M is the mass of the planet and R is its radius. 

When the projectile reaches infinity, it stops and thus has no kinetic energy. It 
also has no potential energy because an infinite separation between two bodies is 
our zero-potential-energy configuration. Its total energy at infinity is therefore 
zero. From the principle of conservation of energy, its total energy at the planet’s 
surface must also have been zero, and so 


U=- 








GMm 
R 


| 2GM 
This yields Seer (13-28) 


Note that v does not depend on the direction in which a projectile is fired 
from a planet. However, attaining that speed is easier if the projectile is fired in 
the direction the launch site is moving as the planet rotates about its axis. For 
example, rockets are launched eastward at Cape Canaveral to take advantage of 
the Cape’s eastward speed of 1500 km/h due to Earth’s rotation. 

Equation 13-28 can be applied to find the escape speed of a projectile from 
any astronomical body, provided we substitute the mass of the body for M and 
the radius of the body for R. Table 13-2 shows some escape speeds. 


K+ U = tm +(- 


CHECKPOINT 3 You move a ball of mass m away from a sphere of mass M. 
(a) Does the gravitational potential energy of the ball-sphere system increase or 
decrease? (b) Is positive or negative work done by the gravitational force between the 
ball and the sphere? 


TABLE 13-2 


Some Escape Speeds 


Mass Radius Escape Speed 

Body (kg) (m) (km/s) 
Ceres* L710?" 3.8 X 10° 0.64 
Earth’s moon’ 7,30 % 10 1.74 x 10° 2.38 
Earth 5.98 X 1074 6.37 X 10° 11.2 
Jupiter 1.90 x 102’ TAS 10) 59.5 

Sun 1.99 x 10°? 6.96 x 108 618 

Sirius B? DEX AO? x10? 5200 
Neutron star‘ 2p? Pee DX 16 


“The most massive of the asteroids. 
A white dwarf (a star in a final stage of evolution) that is a companion of the bright star Sirius. 
“The collapsed core of a star that remains after that star has exploded in a supernova event. 
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Sample Problem Es 


An asteroid, headed directly toward Earth, has a speed 
of 12 km/s relative to the planet when the asteroid is 10 
Earth radii from Earth’s center. Neglecting the effects 
of Earth’s atmosphere on the asteroid, find the aster- 
oid’s speed v; when it reaches Earth’s surface. 


Ceieo Because we are to neglect the effects of the 


atmosphere on the asteroid, the mechanical energy of 
the asteroid—Earth system is conserved during the fall. 
Thus, the final mechanical energy (when the asteroid 
reaches Earth’s surface) is equal to the initial mechani- 
cal energy. With kinetic energy K and gravitational po- 
tential energy U, we can write this as 


Also, if we assume the system is isolated, the sys- 
tem’s linear momentum must be conserved during the 
fall. Therefore, the momentum change of the asteroid 
and that of Earth must be equal in magnitude and 
opposite in sign. However, because Earth’s mass is so 
much greater than the asteroid’s mass, the change in 
Earth’s speed is negligible relative to the change in the 
asteroid’s speed. So, the change in Earth’s kinetic energy 
is also negligible. Thus, we can assume that the kinetic 
energies in Eq. 13-29 are those of the asteroid alone. 


Calculations: Let m represent the asteroid’s mass and M 
represent Earth’s mass (5.98 X 10“ kg). The asteroid is 


where R; is Earth’s radius (6.37 X 10° m). Substituting 
Eq. 13-21 for U and smv? for K, we rewrite Eq. 13-29 as 











fee LE ee Gr 77 
2 RT TOR, 
Rearranging and substituting known values, we find 
2GM i 
a as (i 7 
= (12 X 10° m/s)’ 
n 2(6.67 X 10°" m?/kg-s*)(5.98 X 10% kg) 0.9 
6.37 X 10°m 
= 2.567 X 10° m?/s?, 
and 


vp = 1.60 X 10* m/s = 16 km/s. (Answer) 


At this speed, the asteroid would not have to be 
particularly large to do considerable damage at impact. 
If it were only 5m across, the impact could release 
about as much energy as the nuclear explosion at 
Hiroshima. Alarmingly, about 500 million asteroids of 
this size are near Earth’s orbit, and in 1994 one of them 
apparently penetrated Earth’s atmosphere and 
exploded 20 km above the South Pacific (setting off 
nuclear-explosion warnings on six military satellites). 
The impact of an asteroid 500 m across (there may be a 
million of them near Earth’s orbit) could end modern 


initially at distance 10R, and finally at distance Rr, civilization and almost eliminate humans worldwide. 
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The motions of the planets, as they seemingly wander against the background of 
the stars, have been a puzzle since the dawn of history. The “loop-the-loop” 
motion of Mars, shown in Fig. 13-12, was particularly baffling. Johannes Kepler 
(1571-1630), after a lifetime of study, worked out the empirical laws that govern 
these motions. Tycho Brahe (1546-1601), the last of the great astronomers to 
make observations without the help of a telescope, compiled the extensive data 
from which Kepler was able to derive the three laws of planetary motion that 
now bear Kepler’s name. Later, Newton (1642-1727) showed that his law of 
gravitation leads to Kepler’s laws. 

In this section we discuss each of Kepler’s three laws. Although here we 
apply the laws to planets orbiting the Sun, they hold equally well for satellites, 
either natural or artificial, orbiting Earth or any other massive central body. 





FIG. 13-12 The path seen from 
Earth for the planet Mars as it 
moved against a background of the 
constellation Capricorn during 1971. 
The planet’s position on four days is 
marked. Both Mars and Earth are 
moving in orbits around the Sun so 
that we see the position of Mars rela- 
tive to us; this relative motion some- 
times results in an apparent loop in 
the path of Mars. 
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Figure 13-13 shows a planet of mass m moving in such an orbit around the Sun, 
whose mass is M. We assume that M > ™m, so that the center of mass of the 
planet—Sun system is approximately at the center of the Sun. 

The orbit in Fig. 13-13 is described by giving its semimajor axis a and its 
eccentricity e, the latter defined so that ea is the distance from the center of the 
ellipse to either focus F or F’. An eccentricity of zero corresponds to a circle, in 
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which the two foci merge to a single central point. The eccentricities of the plane- 
tary orbits are not large; so if the orbits are drawn to scale, they look circular. The 
eccentricity of the ellipse of Fig. 13-13, which has been exaggerated for clarity, is 
0.74. The eee eel of Earth’s orbit is only 0.0167. 



































om 2. THE LAW OF AREAS: A line that connects a 1 planet t to the: Sun. sweeps ps. out —— 
equal areas in the plane of tl of the planet’ s orbit i In eC y | time i intervals; that is, 
Lae othe; rate dAldt at which it sweeps out area Al is C Sc 
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Qualitatively, this second law tells us that the planet will move most slowly when 
it is farthest from the Sun and most rapidly when it is nearest to the Sun. As it 
turns out, Kepler’s second law 1s totally equivalent to the law of conservation of 
angular momentum. Let us prove it. 

The area of the shaded wedge in Fig. 13-14a closely approximates the area swept 





FIG. 13-13 A planet of mass m mov- 
ing in an elliptical orbit around the 


moe : Sun. The Sun, of mass M, is at one fo- 
out in time Ar by a line connecting the Sun and the planet, which are separated by dis- cys F of the ellipse. The other focus is 


tance r. The area AA of the wedge is approximately the area of a triangle with base fF” which is located in empty space. 
r A@and height r. Since the area of a triangle is one-half of the base times the height, Each focus is a distance ea from the 
AA = $ ;1* A@. This expression for AA becomes more exact as At (hence A6) ap- _ ellipse’s center, with e being the ec- 


morn zero. The instantaneous rate at which area is being swept out is then centricity of the ellipse. The semima- 
jor axis a of the ellipse, the perihelion 

GA =e ao = 172, (13-30) (nearest the Sun) distance R,, and 
dt die the aphelion (farthest from the Sun) 


in which w is the angular speed of the rotating line connecting Sun and planet. distance R, are also shown. 


Figure 13-145 shows the linear momentum p of the planet, along with the radial 
and perpendicular components of p. From Eq. 11-20 (L = rp_), the magnitude of 
the angular momentum L of the planet about the Sun is given by the product of r 
and p,, the component of p perpendicular to r. Here, for a planet of mass m, 


L = rp, = (r)(mv,) = (r)(mar) 
= mr’a, (13-31) 


where we have replaced v, with its equivalent wr (Eq. 10-18). Eliminating r°o 
between Eqs. 13-30 and 13-31 leads to 

dA 16 

= 13-32 

dt 2m ( ) 

If dA/dt is constant, as Kepler said it is, then Eq. 13-32 means that L must also be 
constant—angular momentum is conserved. Kepler’s second law is indeed 
a ele to the law of conservation of ee momentum. 













































































To see this, consider the circular orbit of Fig. 1 13-15, with radius r (the radius of 
a circle is equivalent to the semimajor axis of an ellipse). Applying Newton’s 





(a) eee (0) ee ees 
FIG. 13-14 (a) In time At, the line r connecting the planet to the Sun moves through an FIG. 13-15 A planet of mass m mov- 
angle A6@, sweeping out an area AA (shaded). (b) The linear momentum p of the planet ing around the Sun in a circular orbit 


and the components of p’. of radius r. 
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TABLE 13-3 


Kepler’s Law of Periods for the 
Solar System 


Semimajor TAG 
Axis Period (10° 
Planet a(10'm) T(y) y’/m) 


Mercury 5.79 ~—0.241.:2.99 ~—S- Keepler’s third law: 
Venus 10.8 0.615 3.00 
Earth 15.0 1.00 2.96 
Mars 22.8 1.88 2.98 
Jupiter 77.8 eg 3.01 
Saturn 143 vos 2.98 
Uranus 287 84.0 2.98 
Neptune 450 165 2.99 


Pluto 590 248 2.99 


CHECKPOINT 4 


A 2 
{= a e )r (law of periods). 


second law (F = ma) to the orbiting planet in Fig. 13-15 yields 


GMm 
~ 





= (m)(w"r). (13-33) 


Here we have substituted from Eq. 13-1 for the force magnitude F and used 
Eq. 10-23 to substitute w’r for the centripetal acceleration. If we now use 
Eq. 10-20 to replace w with 27/T, where T is the period of the motion, we obtain 





13-34 
GM (13-34) 


The quantity in parentheses is a constant that depends only on the mass M of the 
central body about which the planet orbits. 

Equation 13-34 holds also for elliptical orbits, provided we replace r with a, 
the semimajor axis of the ellipse. This law predicts that the ratio T7/a* has essen- 
tially the same value for every planetary orbit around a given massive body. Table 
13-3 shows how well it holds for the orbits of the planets of the solar system. 


Satellite 1 is in a certain circular orbit around a planet, 


while satellite 2 is in a larger circular orbit. Which satellite has (a) the longer period and 


(b) the greater speed? 


Sample Problem Pees 


Comet Halley orbits the Sun with a period of 76 years 
and, in 1986, had a distance of closest approach to the 
Sun, its perihelion distance R,, of 8.9 X 10'° m. Table 13-3 
shows that this is between the orbits of Mercury and 
Venus. 


(a) What is the comet’s farthest distance from the Sun, 
which 1s called its aphelion distance R,? 


cet From Fig. 13-13, we see that R, + R, = 2a, 


where a is the semimajor axis of the orbit. Thus, we can 
find R, if we first find a. We can relate a to the given pe- 
riod via the law of periods (Eq. 13-34) if we simply sub- 
stitute the semimajor axis a for r. 


Calculations: Making that substitution and then solving 


for a, we have 
GMT2 1/3 
(ey 
If we substitute the mass M of the Sun, 1.99 x 10°° kg, 


and the period T of the comet, 76 years or 2.4 X 10’ s, 
into Eq. 13-35, we find that a = 2.7 x 10’*m. Now we 


(13-35) 


Sample Problem 


have 
esc 
= (2)(2.7 X 10" m) — 8.9 x 10'°m 


= 5:3 < 102i (Answer) 


Table 13-3 shows that this is a little less than the semi- 
major axis of the orbit of Pluto. Thus, the comet does 
not get farther from the Sun than Pluto. 


(b) What is the eccentricity e of the orbit of comet 
Halley? 


ey We can relate e, a, and R, via Fig. 13-13, in 


which we see that ea = a — i 





Calculation: We have 


= i- I, =e Rp 
a a 
8.9 <x 10!°m 
=j- 27 xX 102m = 0.97. (Answer) 


This tells us that, with an eccentricity approaching unity, 
this orbit must be a long thin ellipse. 





Let’s return to the story that opens this chapter. Figure 
13-16 shows the observed orbit of the star S2 as the star 
moves around a mysterious and unobserved object 


called Sagittarius A* (pronounced “A star”), which is at 
the center of the Milky Way galaxy. S2 orbits Sagittarius 
A* with a period of JT = 15.2 y and with a semimajor 


axis of a = 5.50 light-days (= 1.42 x 10'* m). What is 
the mass M of Sagittarius A*? What is Sagittarius A*? 


cere The period T and the semimajor axis a of 


the orbit are related to the mass M of Sagittarius A* ac- 
cording to Kepler’s law of periods. From Eq. 13-34, with 
a replacing the radius r of a circular orbit, we have 


T*= ( an Jas 


Calculations: Solving Eq. 13-36 for M and substituting 
the given data lead us to 





(13-36) 





_ 4ar?a 
GT? 
- 472(1.42 x 10!4 m)3 
(6.67 <x 107" N- m*/kg’)[(15.2 y)(3.16 X 10’ s/y)]? 


= 7135 3 lee ke: (Answer) 


To figure out what Sagittarius A* might be, let’s di- 
vide this mass by the mass of our Sun (Mg,, = 1.99 X 
10°° kg) to find that 


M = (3.7 X 10®)Mgun- 


Sagittarius A* has a mass of 3.7 million Suns! However, 
it cannot be seen. Thus, it is an extremely compact ob- 
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6 ight months 


FIG. 13-16 The orbit of star S2 about Sagittarius A* (Sgr A*). 
The elliptical orbit appears skewed because we do not see it from 
directly above the orbital plane. Uncertainties in the location of 
S2 are indicated by the crossbars. (Courtesy Reinhard Genzel) 


ject. Such a huge mass in such a small object leads to the 
reasonable conclusion that this object is a supermassive 
black hole. In fact, evidence is mounting that a super- 
massive black hole lurks at the center of most galaxies. 
(Movies of the stars orbiting Sagittarius A* are available 
on the Web; search under “black hole galactic center.”) 
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As a Satellite orbits Earth in an elliptical path, both its speed, which fixes its 
kinetic energy K, and its distance from the center of Earth, which fixes its gravita- 
tional potential energy U, fluctuate with fixed periods. However, the mechanical 
energy E of the satellite remains constant. (Since the satellite’s mass is so much 
smaller than Earth’s mass, we assign U and E for the Earth-—satellite system to 
the satellite alone.) 

The potential energy of the system is given by Eq. 13-21: 


GMm 
r 


U=- 





(with U = 0 for infinite separation). Here r is the radius of the satellite’s orbit, 
assumed for the time being to be circular, and M and m are the masses of Earth 
and the satellite, respectively. 
To find the kinetic energy of a satellite in a circular orbit, we write Newton’s 
second law (F = ma) as 
GMm ye 


=m— 
r- r’ 


(13-37) 


where v’/r is the centripetal acceleration of the satellite. Then, from Eq. 13-37, the 
kinetic energy is 


K =3mv? = 





(13-38) 
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FIG. 13-17 Four orbits with differ- 
ent eccentricities e about an object of 
mass M. All four orbits have the 
same semimajor axis a and thus cor- 
respond to the same total mechani- 
cal energy E. 


Energy 





eiG. 73-18 The variation of kinetic 
energy K, potential energy U, and to- 
tal energy & with radius r for a satel- 
lite in a circular orbit. For any value 
of r, the values of U and E are nega- 
tive, the value of K is positive, and E 
= —K.Asr—~, all three energy 
curves approach a value of zero. 


Sample Problem 


which shows us that for a satellite in a circular orbit, 


U 
K=- 7 (circular orbit). (13-39) 


The total mechanical energy of the orbiting satellite is 











ee ee GMm  GMm 
2r r 
GM 
or Ek=- 5 = (circular orbit). (13-40) 
r 


This tells us that for a satellite in a circular orbit, the total energy F is the negative 
of the kinetic energy K: 
E=-kK (circular orbit). (13-41) 


For a Satellite in an elliptical orbit of semimajor axis a, we can substitute a for rin 
Eq. 13-40 to find the mechanical energy: 


GM 
k= -— a (elliptical orbit). (13-42) 





Equation 13-42 tells us that the total energy of an orbiting satellite depends 
only on the semimajor axis of its orbit and not on its eccentricity e. For example, 
four orbits with the same semimajor axis are shown in Fig. 13-17; the same satel- 
lite would have the same total mechanical energy E in all four orbits. Figure 13-18 
shows the variation of K, U,and F with r for a satellite moving in a circular orbit 
about a massive central body. 


CHECKPOINT 5 In the figure here, a space 
shuttle is initially in a circular orbit of radius r about 
Earth. At point P, the pilot briefly fires a forward- 
pointing thruster to decrease the shuttle’s kinetic en- 
ergy K and mechanical energy FE. (a) Which of the 
dashed elliptical orbits shown in the figure will the 
shuttle then take? (b) Is the orbital period T of the 
shuttle (the time to return to P) then greater than, 
less than, or the same as in the circular orbit? == 











A playful astronaut releases a bowling ball, of mass m = the mechanical energy is 
7.20 Kg, into circular orbit about Earth at an altitude h 
GMm 
of 350 km. eae . 
r 
ee is the mechanical energy F of the ball in its (6.67 X 10° N-m2/kg2)(5.98 x 10% kg)(7.20 kg) 
orbit‘ ee ee 


(2)(6.72 X 10° m) 


reine = —2.14 x 10° J = —214 MJ. (Answer) 
We can get F from the orbital energy, given 


by Eq. 13-40 (E = —GMm/2r), if we first find the or- (b) What is the mechanical energy Ep of the ball on the 


bital radius r. 


launchpad at Cape Canaveral? From there to the orbit, 
what is the change AF in the ball’s mechanical energy? 


Calculations: The orbital radius must be 


r=R+h= 6370 km + 350 km = 6.72 X 10° m, 





On the launchpad, the ball is not in orbit 


in which R is the radius of Earth. Then, from Eq. 13-40, and thus Eq. 13-40 does not apply. Instead, we must find 


Ey = Ko + Up, where Kg is the ball’s kinetic energy and 
U, is the gravitational potential energy of the 
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which is negligible relative to Up. Thus, the mechanical en- 
ergy of the ball on the launchpad is 


ball—Earth system. E) = Ky) + Uy ~ 0 — 451 MJ = —451 MJ. (Answer) 


Iculations: To find Uj, Baris Jit it 
Saeed aire The increase in the mechanical energy of the ball 


U=- GM. from launchpad to orbit is 
R 
_ (6.67 x 10° N-mifkg’)(5.98 10% kg)(7.20 kg) ee 


— 6.37 X 106m = 237 MJ. 


= —451 x 10°J = —451 MJ. 


The kinetic energy Ky of the ball is due to the ball’s motion 
with Earth’s rotation. You can show that Ko 1s less than 1 MJ, 


(Answer) 


This is worth a few dollars at your utility company. 
Obviously the high cost of placing objects into orbit 1s 
not due to their required mechanical energy. 
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Principle of Equivalence 


Albert Einstein once said: “I was ...in the patent office at Bern when all of a 
sudden a thought occurred to me: ‘If a person falls freely, he will not feel his 
own weight.’ I was startled. This simple thought made a deep impression on me. 
It impelled me toward a theory of gravitation.” 

Thus Einstein tells us how he began to form his general theory of relativity. The 
fundamental postulate of this theory about gravitation (the gravitating of objects 
toward each other) is called the principle of equivalence, which says that gravitation 
and acceleration are equivalent. If a physicist were locked up in a small box as in 
Fig. 13-19, he would not be able to tell whether the box was at rest on Earth (and 
subject only to Earth’s gravitational force), as in Fig. 13-19a, or accelerating through 
interstellar space at 9.8 m/s? (and subject only to the force producing that accelera- (a) (d) 
tion), as in Fig. 13-19b. In both situations he would feel the same and would read the Fig. 43-19 (a) A physicist in a box 
same value for his weight on a scale. Moreover, if he watched an object fall past him, __ resting on Earth sees a cantaloupe 


the object would have the same acceleration relative to him in both situations. falling with acceleration a = 9.8 m/s’. 
(b) If he and the box accelerate in 
deep space at 9.8 m/s’, the can- 
taloupe has the same acceleration 
relative to him. It is not possible, by 
doing experiments within the box, 
for the physicist to tell which situa- 
tion he is in. For example, the plat- 
form scale on which he stands reads 
the same weight in both situations. 





Curvature of Space 


We have thus far explained gravitation as due to a force between masses. Einstein 
showed that, instead, gravitation is due to a curvature of space that is caused by 
the masses. (As is discussed later in this book, space and time are entangled, so 
the curvature of which Einstein spoke is really a curvature of spacetime, the 
combined four dimensions of our universe.) 

Picturing how space (such as vacuum) can have curvature is difficult. An 
analogy might help: Suppose that from orbit we watch a race in which two boats 
begin on Earth’s equator with a separation of 20 km and head due south (Fig. 
13-20a). To the sailors, the boats travel along flat, parallel paths. However, with 
time the boats draw together until, nearer the south pole, they touch. The sailors 
in the boats can interpret this drawing together in terms of a force acting on the 
boats. Looking on from space, however, we can see that the boats draw together 
simply because of the curvature of Earth’s surface. We can see this because we 
are viewing the race from “outside” that surface. 

Figure 13-20b shows a similar race: Two horizontally separated apples are 
dropped from the same height above Earth. Although the apples may appear to 
travel along parallel paths, they actually move toward each other because they 
both fall toward Earth’s center. We can interpret the motion of the apples in 
terms of the gravitational force on the apples from Earth. We can also interpret 
the motion in terms of a curvature of the space near Earth, a curvature due to the 
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(a) Ss (d) 
FIG. 13-20 (a) Two objects moving 
along lines of longitude toward the 
south pole converge because of the 
curvature of Earth’s surface. (b) Two 
objects falling freely near Earth 
move along lines that converge to- 
ward the center of Earth because of 
the curvature of space near Earth. (c) 
Far from Earth (and other masses), 
space is flat and parallel paths remain 
parallel. Close to Earth, the parallel 
paths begin to converge because 
space is curved by Earth’s mass. 





Curved space 
near Earth 









Parallel paths 







nasi Scene of a 





Flat space 
far from 
Earth 


Converging 
paths 


S (c) Earth 


presence of Earth’s mass. This time we cannot see the curvature because we 
cannot get “outside” the curved space, as we got “outside” the curved Earth in 
the boat example. However, we can depict the curvature with a drawing like Fig. 
13-20c; there the apples would move along a surface that curves toward Earth 
because of Earth’s mass. 

When light passes near Earth, the path of the light bends slightly because of 
the curvature of space there, an effect called gravitational lensing. When light 
passes a more massive structure, like a galaxy or a black hole having large mass, 
its path can be bent more. If such a massive structure is between us and a quasar 
(an extremely bright, extremely distant source of light), the light from the quasar 
can bend around the massive structure and toward us (Fig. 13-214). Then, because 
the light seems to be coming to us from a number of slightly different directions 
in the sky, we see the same quasar in all those different directions. In some situa- 
tions, the quasars we see blend together to form a giant luminous arc, which is 
called an Einstein ring (Fig. 13-21b). 

Should we attribute gravitation to the curvature of spacetime due to the 
presence of masses or to a force between masses? Or should we attribute it to 
the actions of a type of fundamental particle called a graviton, as conjectured in 
some modern physics theories? We just don’t know. 


Paths of light 
from quasar 


Apparent 
quasar directions 


Galaxy or 
large black hole 


Final paths 


Earth detector 
(a) (d) 


FIG. 13-21 (a) Light from a distant quasar follows curved paths around a galaxy or 

a large black hole because the mass of the galaxy or black hole has curved the adjacent 
space. If the light is detected, it appears to have originated along the backward extensions 
of the final paths (dashed lines). (b) The Einstein ring known as MG1131+0456 on the 
computer screen of a telescope. The source of the light (actually, radio waves, which are 

a form of invisible light) is far behind the large, unseen galaxy that produces the ring; 

a portion of the source appears as the two bright spots seen along the ring. (Courtesy 
National Radio Astronomy Observatory) 





Review & Summary 


REVIEW & SUMMARY 


The Law of Gravitation Any particle in the universe 
attracts any other particle with a gravitational force whose 
magnitude is 


mm 

Fe= Gc (Newton’s law of gravitation), (13-1) 
r 

where m, and m, are the masses of the particles, r is their 

separation, and G (= 6.67 X 10°'!! N- m’/kg’) is the gravita- 

tional constant. 


Gravitational Behavior of Uniform Spherical Shells 
Equation 13-1 holds only for particles. The gravitational force 
between extended bodies must generally be found by adding 
(integrating) the individual forces on individual particles 
within the bodies. However, if either of the bodies is a uniform 
spherical shell or a spherically symmetric solid, the net gravi- 
tational force it exerts on an external object may be computed 
as if all the mass of the shell or body were located at its center. 


Superposition Gravitational forces obey the principle of 
superposition; that is, if n particles interact, the net force Eiee 
on a particle labeled particle 1 is the sum of the forces on it 
from all the other particles taken one at a time: 


Roe = >» Ee (13-5) 
i=2 


in which the sum is a vector sum of the forces Fj; on particle 
1 from particles 2,3,...,n. The gravitational force F, ona 
particle from an extended body is found by dividing the body 
into units of differential mass dm, each of which produces a 
differential force dF on the particle, and then integrating to 
find the sum of those forces: 


F, = | dF. (13-6) 


Gravitational Acceleration The gravitational accelera- 
tion a, of a particle (of mass m) is due solely to the gravita- 
tional force acting on it. When the particle is at distance r from 
the center of a uniform, spherical body of mass M, the magni- 
tude F of the gravitational force on the particle is given by Eq. 
13-1. Thus, by Newton’s second law, 





F = ma,, (13-10) 
which gives 
GM 
ag = (13-11) 


Free-Fall Acceleration and Weight Because Earth’s 
mass is not distributed uniformly, because the planet is not 
perfectly spherical, and because it rotates, the actual free-fall 
acceleration g of a particle near Earth differs slightly from 
the gravitational acceleration a@,, and the particle’s weight 
(equal to mg) differs from the magnitude of the gravitational 
force acting on the particle as computed with Eq. 13-1. 


Gravitation Within a Spherical Shell A uniform shell 
of matter exerts no net gravitational force on a particle lo- 
cated inside it. This means that if a particle is located inside a 
uniform solid sphere at distance r from its center, the gravita- 


tional force exerted on the particle is due only to the mass M,,,, 
that lies inside a sphere of radius r. This mass is given by 


Aor? 


Mig = p 3 9 





(13-18) 


where pis the density of the sphere. 


Gravitational Potential Energy The gravitational poten- 
tial energy U(r) of a system of two particles, with masses M and 
m and separated by a distance r, is the negative of the work that 
would be done by the gravitational force of either particle act- 
ing on the other if the separation between the particles were 
changed from infinite (very large) to r. This energy is 


GMm 
r 


U=- 





(gravitational potential energy). (13-21) 


Potential Energy of a System [If a system contains 
more than two particles, its total gravitational potential en- 
ergy U is the sum of terms representing the potential energies 
of all the pairs. As an example, for three particles, of masses 
M,,M, and ms, 


ae [mee , Gmim; , Chars (13-22) 
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Escape Speed An object will escape the gravitational pull 
of an astronomical body of mass M and radius R (that is, it will 
reach an infinite distance) if the object’s speed near the body’s 
surface is at least equal to the escape speed, given by 


_ 4/2GM 
le — R ‘ 


Kepler's Laws Gravitational attraction holds the solar 
system together and makes possible orbiting Earth satellites, 
both natural and artificial. Such motions are governed by 
Kepler’s three laws of planetary motion, all of which are direct 
consequences of Newton’s laws of motion and gravitation: 


(13-28) 


1. The law of orbits. All planets move in elliptical orbits with 
the Sun at one focus. 


2. The law of areas. A line joining any planet to the Sun 
sweeps out equal areas in equal time intervals. (This state- 
ment is equivalent to conservation of angular momentum.) 


3. The law of periods. The square of the period T of any 
planet is proportional to the cube of the semimajor axis a 
of its orbit. For circular orbits with radius r, 





2 4a \ 3 
T? = GM)" (law of periods), (13-34) 


where M is the mass of the attracting body—the Sun in the 
case of the solar system. For elliptical planetary orbits, the 
semimajor axis a 1s substituted for r. 


Energy in Planetary Motion When a planet or satellite 
with mass m moves in a circular orbit with radius 7, its poten- 
tial energy U and kinetic energy K are given by 
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GM M 
U=- = and K = a (13-21, 13-38) 
r 








The mechanical energy EF = K + U is then 


GMm 
E=- : 13-40 
DY, (13 ) 





For an elliptical orbit of semimajor axis a, 


QUESTIONS 


GMm 
E=- 
es (13-42) 





Einstein’s View of Gravitation Einstein pointed out 
that gravitation and acceleration are equivalent. This principle 
of equivalence led him to a theory of gravitation (the general 
theory of relativity) that explains gravitational effects in terms 
of a curvature of space. 





1 In Fig. 13-22, a central parti- e 
cle is surrounded by two : 
circular rings of particles, at hi Pe yl! 
radii r and R, with R > r. All the ms | 
particles have mass m. What are \ 

the magnitude and direction of oa? 
the net gravitational force on a | 7 
the central particle due to the fe = i 
particles in the rings? 7 


2 In Fig. 13-23, two particles, 


ee 


Question 1. 


according to the magnitude of the net gravitational force on 
the central particle due to the other three particles, greatest 
first. (b) Rank them according to the gravitational potential 
energy of the four-particle system, least negative first. 


of masses m and 2m, are fixed 
in place on an axis. (a) Where 


S In Fig. 13-26, a central parti- oj 4M 
cle of mass M is surrounded by a M 
Square array of other particles, 7M 5M 
separated by either distance d 
or distance d/2 along the °™@ M 
perimeter of the square. What 
; 5M 7M 
are the magnitude and direction 
anh M 
of the net gravitational force on 4 2M 


on the axis can a third particle 


i 8 3 


of mass 3m be placed (other i 2m 

than at infinity) so that the net FIG. 13-23 Question 2. 
gravitational force on it from 

the first two particles is zero: to the left of the first two parti- 
cles, to their right, between them but closer to the more mas- 
sive particle, or between them but closer to the less massive 
particle? (b) Does the answer change if the third particle has, 
instead, a mass of 16m? (c) Is there a point off the axis (other 
than infinity) at which the net force on the third particle 
would be zero? 


3 Figure 13-24 shows three situations involving a point 
particle P with mass m and a spherical shell with a uniformly 
distributed mass M. The radii of the shells are given. Rank the 
situations according to the magnitude of the gravitational 
force on particle P due to the shell, greatest first. 


(a) (bd) (c) 


FIG. 13-24 Question 3. 


4 Figure 13-25 shows three 


; P 
arrangements of the same iden- 
tical particles, with three of ° e ° 
them placed on a circle of ra- a 


dius 0.20 m and the fourth one 
placed at the center of the cir- 
cle. (a) Rank the arrangements 


(a) (0) (c) 
FIG. 13-25 Question 4. 


the central particle due to the 


other particles? FIG. 13-26 Question 5. 


6 Figure 13-27 gives the gravitational acceleration a, for four 
planets as a function of the radial distance r from the center 
of the planet, starting at the surface of the planet (at radius R,, 
R, R3, or Ry). Plots 1 and 2 coincide for r = R,; plots 3 and 4 
coincide for r= Ry. Rank the four planets according to 
(a) mass and (b) mass per unit volume, greatest first. 





FIG. 13-27 Question 6. 


7 Figure 13-28 shows three parti- 
cles initially fixed in place, with B 
and C identical and positioned 
symmetrically about the y axis, at 
distance d from A. (a) In what di- 
rection is the net gravitational force 
F., on A? (b) If we move C directly 
away from the origin, does Fx 
change in direction? If so, how and 
what is the limit of the change? 





FIG. 13-28 Question 7. 


8 In Fig. 13-29, three particles are fixed in place. The mass of 
B is greater than the mass of C. Can a fourth particle (particle 
D) be placed somewhere so that the net gravitational force on 


particle A from particles B, C, J 


and D is zero? If so, in which 
l ~ 
1 
B 
| 


quadrant should it be placed and 
FIG. 13-29 Question 8. 





which axis should it be near? 


9 Rank the four systems of 
equal-mass particles shown in 
Checkpoint 2 according to the 
absolute value of the gravita- 
tional potential energy of the 
system, greatest first. 


10 In Fig. 13-30, a particle of mass m (not shown) is to be 
moved from an infinite distance to one of the three possible 
locations a, b, and c. Two other particles, of masses m and 2m, 
are fixed in place. Rank the three possible locations according 
to the work done by the net gravitational force on the moving 
particle due to the fixed particles, greatest first. 


|] > —— > ——  — * dd —— 


a 2m b m ¢ 


FIG. 73-30 Question 10. 


11 Figure 13-31 shows three uniform spherical planets that 
are identical in size and mass. The periods of rotation 7 for the 


a) 


planets are given, and six lettered points are indicated — three 
points are on the equators of the planets and three points are 
on the north poles. Rank the points according to the value of 
the free-fall acceleration g at them, greatest first. 


16h 24h 48 h 





FIG. 13-31. Question 11. 


12 Figure 13-32 shows six paths 
by which a rocket orbiting a moon 
might move from point a to point 
b. Rank the paths according to (a) 
the corresponding change in the 
gravitational potential energy of 
the rocket—moon system and (b) 
the net work done on the rocket 
by the gravitational force from the 
moon, greatest first. 





FIG. 13-32 Question 12. 





© Tutoring problem available (at instructor's discretion) in WileyPLUS and WebAssign 


SSM Worked-out solution available in Student Solutions Manual 


® —@®@ Number of dots indicates level of problem difficulty 


WWW> Worked-out solution is at . . 
oe http://www.wiley.com/college/halliday 
Interactive solution is at 


i Additional information available in The Flying Circus of Physics and at flyingcircusofphysics.com 


Click here to view all step-by-step solutions 


sec, 13-2 Newton’s Law of Gravitation 
«1 What must the separation be between a 5.2 kg particle 


and a 2.4 kg particle for their gravitational attraction to have 
a magnitude of 2.3 x 10°" N? SSM 


¢@ ‘The Sun and Earth each exert a gravitational force on the 
Moon. What is the ratio F¢,,,/Frarn Of these two forces? (The aver- 
age Sun—Moon distance is equal to the Sun—Earth distance.) 


*3 Amass M is split into two parts, m and M — m, which are then 
separated by a certain distance. What ratio m/M maximizes the 
magnitude of the gravitational force between the parts? !\W 


®4 Moon effect. Some people believe that the Moon controls 
their activities. If the Moon moves from being directly on the 
opposite side of Earth from you to being directly overhead, by 
what percent does (a) the Moon’s gravitational pull on you in- 
crease and (b) your weight (as measured on a scale) decrease? 
Assume that the Earth—-Moon (center-to-center) distance is 
3.82 < 108 m and Earth’s radius is 6.37 X 10°m. =e 


sec. 13-3 Gravitation and the 


Principle of Superposition | —_ 
*5 One dimension. In Fig. 13-33, two x 


point particles are fixed on an x axis sepa- 
rated by distance d. Particle A has mass 
m, and particle B has mass 3.00m,. A 


FIG. 13-33 
Problem 5. 


third particle C, of mass 75.0mz,, is to be placed on the x axis 
and near particles A and B. In terms of distance d, at what x 
coordinate should C be placed so that the net gravitational 
force on particle A from particles 
B and Cs zero? 


*6 In Fig. 13-34, three 5.00 kg 
spheres are located at distances 
d, =0.300m and d, = 0.400 m. 
What are the (a) magnitude and 
(b) direction (relative to the posi- 
tive direction of the x axis) of the | 
net gravitational force on sphere B 
due to spheres A and C? 


y 











dy 
FIG. 13-34 Problem 6. 


°®? How far from Earth must a space 
probe be along a line toward the Sun so 
that the Sun’s gravitational pull on the 
probe balances Earth’s pull? ssm www. 


°8 In Fig. 13-35, a square of edge 
length 20.0cm is formed by four 
spheres of masses m, = 5.00 2, m= 
3.00 g, m3 = 1.00 g, and m, = 5.00 g. In 
unit-vector notation, what is the net 
gravitational force from them on a cen- 
tral sphere with mass ms = 2.50 g? EB 





FIG. 13-35 
Problem 8. 
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«9 Miniature black holes. Left over from the big-bang begin- 
ning of the universe, tiny black holes might still wander 
through the universe. If one with a mass of 1 X 10'! kg (anda 
radius of only 1 X 107! m) reached Earth, at what distance 
from your head would its gravitational pull on you match that 
of Earth’s? 


*@10 In Fig. 13-36a, particle A is fixed in place at x = 
—0.20 m on the x axis and particle B, with a mass of 1.0 kg, 
is fixed in place at the origin. Particle C (not shown) can be 
moved along the x axis, between particle B and x = ©. Figure 
13-36b shows the x component F,.., of the net gravitational 
force on particle B due to particles A and C, as a function of 
position x of particle C. The plot actually extends to the right, 
approaching an asymptote of —4.17 X 107!° N as x — ~. What 
are the masses of (a) particle A and (b) particle C? 





FIG. 13-36 Problem 10. 


ee771 As seen in Fig. 13-37, two 
spheres of mass m and a third 
sphere of mass M form an equilat- 
eral triangle, and a fourth sphere of 
mass m, is at the center of the tri- 
angle. The net gravitational force 
on that central sphere from the 
three other spheres is zero. (a) 
What is M in terms of m? (b) If we “a 
double the value of m,, what then ™ be 
is the magnitude of the net gravita- FIG. 13-37 Problem 11. 
tional force on the central sphere? 





¢e12 Three point particles are 
fixed in position in an xy plane. 
Two of them, particle A of mass 
6.00 g and particle B of mass 12.0 
g, are shown in Fig. 13-38, with a 
separation of d4z = 0.500 m at an- 
gle 6 = 30°. Particle C, with mass 
8.00 g, is not shown. The net gravi- gi. 43-38 Problem 12. 
tational force acting on particle A 

due to particles B and C is 2.77 X 

10- N at an angle of —163.8° from the positive direction of 
the x axis. What are (a) the x coordinate and (b) the y coordi- 
nate of particle C? 


ee13 Figure 13-39 shows a 
spherical hollow inside a lead 
sphere of radius R = 4.00 cm; 
the surface of the hollow passes 
through the center of the sphere 
and “touches” the right side of 
the sphere. The mass of the 
sphere before hollowing was M = 2.95 kg. With what gravita- 








FIG. 13-39 Problem 13. 


tional force does the hollowed-out lead sphere attract a small 
sphere of mass m = 0.431 kg that lies at a distance d = 9.00 
cm from the center of the lead sphere, on the straight line con- 
necting the centers of the spheres and of the hollow? 


°¢14 Two dimensions. In Fig. 13- 
40, three point particles are fixed in 
place in an xy plane. Particle A has 


}¥—_——‘e 


; B 
mass m,, particle B has mass 
2.00m,, and particle C has mass d 
3.00m,. A fourth particle D, with L.5d 
C A 


mass 4.00m,, is to be placed near 
the other three particles. In terms 
of distance d, at what (a) x coordi- gq 43.49 ©Problem 14. 
nate and (b) y coordinate should 

particle D be placed so that the net gravitational force on par- 
ticle A from particles B, C,and D is zero? & 





e¢@75 Three dimensions. Three point particles are fixed in 
place in an xyz coordinate system. Particle A, at the origin, has 
mass my. Particle B, at xyz coordinates (2.00d, 1.00d, 2.00d), 
has mass 2.00m,, and particle C, at coordinates (—1.00d, 
2.00d, —3.00d), has mass 3.00m,. A fourth particle D, with 
mass 4.00m,, is to be placed near the other particles. In terms 
of distance d, at what (a) x, (b) y, and (c) z coordinate should 
D be placed so that the net gravitational force on A from B, C, 
and D is zero? 

#°°16 In Fig. 13-41, a particle aes | f ao 
of mass m, = 0.67 kg is a dis- “ 
tance d = 23 cm from one end k-d—| 
of a uniform rod with length L 

Ameen eeNie a ce FIG. 13-41 Problem 16. 
What is the magnitude of the gravitational force F on the par- 
ticle from the rod? 





>| dr 


L 








sec. 13-4 Gravitation Near Earth’s Surface 
°17 At what altitude above Earth’s surface would the 
gravitational acceleration be 4.9 m/s*? SSM 


®18 Mile-high building. In 1956, Frank Lloyd Wright pro- 
posed the construction of a mile-high building in Chicago. 
Suppose the building had been constructed. Ignoring Earth’s 
rotation, find the change in your weight if you were to ride an 
elevator from the street level, where you weigh 600 N, to the 
top of the building. 


®79 (a) What will an object weigh on the Moon’s surface if it 
weighs 100 N on Earth’s surface? (b) How many Earth radii 
must this same object be from the center of Earth if it is to 
weigh the same as it does on the Moon? 


¢20 Mountain pull. A large mountain can slightly affect the 
direction of “down” as determined by a plumb line. Assume 
that we can model a mountain as a sphere of radius R = 2.00 
km and density (mass per unit volume) 2.6 X 10° kg/m’. 
Assume also that we hang a 0.50 m plumb line at a distance of 
3R from the sphere’s center and such that the sphere pulls 
horizontally on the lower end. How far would the lower end 
move toward the sphere? 


¢e21 One model for a certain planet has a core of radius R 
and mass M surrounded by an outer shell of inner radius R, 
outer radius 2R, and mass 4M. If M = 4.1 x 10% kg and R = 
6.0 X 10° m, what is the gravitational acceleration of a particle 
at points (a) R and (b) 3R from the center of the planet? 


ee22 The radius R, and mass M, of a black hole are related 
by R, = 2GM,/c’, where c is the speed of light. Assume that 
the gravitational acceleration a, of an object at a distance r, = 
1.001R,, from the center of a black hole is given by Eq. 13-11 
(it is, for large black holes). (a) In terms of M,, find a, at r,. 
(b) Does a, at r, increase or decrease as M, increases? 
(c) What is a, at r, for a very large black hole whose mass is 
1.55 X 10'* times the solar mass of 1.99 X 10*° kg? (d) If the 
astronaut of Sample Problem 13-3 is at r, with her feet toward 
this black hole, what is the difference in gravitational accelera- 
tion between her head and her feet? (e) Is the tendency to 
stretch the astronaut severe? 


ee23 Certain neutron stars (extremely dense stars) are 
believed to be rotating at about 1 rev/s. If such a star has a 
radius of 20km, what must be its minimum mass so that 
material on its surface remains in place during the rapid 
rotation? !W 


sec. 13-5 Gravitation Inside Earth 
®24 ‘Two concentric spherical 
shells with uniformly distrib- 
uted masses M, and M, are situ- 
ated as shown in Fig. 13-42. Find 
the magnitude of the net gravi- 
tational force on a particle of 
mass m, due to the shells, when 
the particle is located at radial 
distance (a) a, (b) b, and (c) c. 


ee25 Figure 13-43 shows, not 
to scale, a cross section through 
the interior of Earth. Rather 
than being uniform throughout, Earth is divided into three 
zones: an outer crust, a mantle, and an inner core. The dimen- 
sions of these zones and the masses contained within them are 
shown on the figure. Earth has a total mass of 5.98 x 10% kg 
and a radius of 6370 km. Ignore rotation and assume that 
Earth is spherical. (a) Calculate a, at the surface. (b) Suppose 
that a bore hole (the Mohole) is driven to the crust—mantle 
interface at a depth of 25.0 km; what would be the value of a, 
at the bottom of the hole? (c) Suppose that Earth were a uni- 
form sphere with the same total mass and size. What would be 
the value of a, at a depth of 25.0 km? (Precise measurements 
of a, are sensitive probes of the interior structure of Earth, al- 
though results can be clouded by local variations in mass dis- 
tribution.) 





Mp 


FIG. 13-42 Problem 24. 


6345 km 


Core, 1.93 x 1074 kg 


Mantle, 4.01 x 1074 kg 


Crust, 3.94 x 107? kg 





FIG. 13-43 Problem 25. 


ee26 Assume a planet is a uniform sphere of radius R that 
(somehow) has a narrow radial tunnel through its center 
(Fig. 13-8). Also assume we can position an apple anywhere 
along the tunnel or outside the sphere. Let Fr be the magni- 
tude of the gravitational force on the apple when it is located 
at the planet’s surface. How far from the surface is there a 
point where the magnitude of the gravitational force on the 
apple is SF r if we move the apple (a) away from the planet 
and (b) into the tunnel? 


®°27 A solid uniform sphere has a mass of 1.0 X 104 kg and 
a radius of 1.0 m. What is the magnitude of the gravitational 
force due to the sphere on a particle of mass m located at a 
distance of (a) 1.5m and (b) 0.50 m from the center of the 
sphere? (c) Write a general expression for the magnitude of 
the gravitational force on the particle at a distance r= 1.0m 
from the center of the sphere. 


e*28 Consider a pulsar, a collapsed star of extremely high 
density, with a mass M equal to that of the Sun (1.98 x 10°? 
kg), a radius R of only 12 km, and a rotational period T of 
0.041 s. By what percentage does the free-fall acceleration g 
differ from the gravitational acceleration a, at the equator of 
this spherical star? 


sec. 13-6 Gravitational Potential Energy 

29 The mean diameters of Mars and Earth are 6.9 x 
10° km and 1.3 X 10*km, respectively. The mass of Mars is 
0.11 times Earth’s mass. (a) What is the ratio of the mean 
density (mass per unit volume) of Mars to that of Earth? 
(b) What is the value of the gravitational acceleration on 
Mars? (c) What is the escape speed on Mars? SSM 


#30 (a) What is the gravitational potential energy of the 
two-particle system in Problem 1? If you triple the separation 
between the particles, how much work is done (b) by the grav- 
itational force between the particles and (c) by you? 


*37 What multiple of the energy needed to escape from 
Earth gives the energy needed to escape from (a) the Moon 
and (b) Jupiter? 


e32 Figure 13-44 gives the po- 
tential energy function U(r) of a 
projectile, plotted outward from 
the surface of a planet of radius 
R,. If the projectile is launched 
radially outward from the sur- 
face with a mechanical energy 
of —2.0 X 10° J, what are (a) its 
kinetic energy at radius r= 
1.25R, and (b) its turning point 
(see Section 8-6) in terms of R,? 


U (10° J) 





FIG. 13-44 Problems 32 
and 33. 


33 Figure 13-44 gives the po- 

tential energy function U(r) of a projectile, plotted outward 
from the surface of a planet of radius R,. What least kinetic en- 
ergy is required of a projectile launched at the surface if the 
projectile is to “escape” the planet? 


*34 In Problem 3, what ratio m/M gives the least gravita- 
tional potential energy for the system? 


#35 The three spheres in Fig. 13-45, with masses m, = 80 g, 
mp = 10g, and mc= 20g, have their centers on a com- 
mon line, with L = 12 cm and d = 4.0cm. You move sphere 
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B along the line until its center-to-center separation from C is 
d = 4.0cm. How much work is done on sphere B (a) by you 
and (b) by the net gravitational force on B due to spheres A 
andC? @& 


L > 
d a Sa fr 











B 


FIG. 13-45 Problem 35. 


°®°36 A projectile is shot directly away from Earth’s surface. 
Neglect the rotation of Earth. What multiple of Earth’s radius 
R; gives the radial distance a projectile reaches if (a) its initial 
speed is 0.500 of the escape speed from Earth and (b) its 
initial kinetic energy is 0.500 of the kinetic energy required to 
escape Earth? (c) What is the least initial mechanical energy 
required at launch if the projectile is to escape Earth? 


¢®37 (a) What is the escape speed on a spherical asteroid 
whose radius is 500 km and whose gravitational acceleration at 
the surface is 3.0 m/s”? (b) How far from the surface will a parti- 
cle go if it leaves the asteroid’s surface with a radial speed of 
1000 m/s? (c) With what speed will an object hit the asteroid if it 
is dropped from 1000 km above the surface? SSM 


°°38 Zero, a hypothetical planet, has a mass of 5.0 x 10” 
kg, a radius of 3.0 X 10° m, and no atmosphere. A 10 kg space 
probe is to be launched vertically from its surface. (a) If the 
probe is launched with an initial energy of 5.0 X 10’ J, what 
will be its kinetic energy when it is 4.0 X 10° m from the center 
of Zero? (b) If the probe is to achieve a maximum distance of 
8.0 X 10° m from the center of Zero, with what initial kinetic 
energy must it be launched from the surface of Zero? 


¢¢39 Two neutron stars are separated by a distance of 1.0 X 
10° m. They each have a mass of 1.0 X 10°° kg and a radius of 
1.0 X 10° m. They are initially at rest with respect to each 
other. As measured from that rest frame, how fast are they 
moving when (a) their separation has decreased to one-half its 
initial value and (b) they are about to collide? ssm 


#®4Q In deep space, sphere A of mass 20 kg is located at the 
origin of an x axis and sphere B of mass 10 kg is located on 
the axis at x = 0.80 m. Sphere B is released from rest while 
sphere A is held at the origin. (a) What is the gravitational 
potential energy of the two-sphere system just as B is 
released? (b) What is the kinetic energy of B when it has 
moved 0.20 m toward A? 


q—________-9 
#47 Figure 13-46 shows four particles, ? 

each of mass 20.0 g, that form a square 

with an edge length of d = 0.600 m. If d is . 
reduced to 0.200 m, what is the change in 

the gravitational potential energy of the 

four-particle system? & FIG. 13-46 
e°42 Figure 13-47a shows a particle A — Problem 41. 


that can be moved along a y axis from an 

infinite distance to the origin. That origin lies at the midpoint 
between particles B and C, which have identical masses, and 
the y axis is a perpendicular bisector between them. Distance 
D is 0.3057 m. Figure 13-47b shows the potential energy U of 


the three-particle system as a function of the position of particle 
A along the y axis. The curve actually extends rightward and ap- 
proaches an asymptote of —2.7 X 10°" J as y — ~. What are 
the masses of (a) particles B and C and (b) particle A? 


y (cm) 





0 n 
— 

) * 

| s+ 

aA = 
B C § 

x 

KD —>- D > 


(a) (dD) 
FIG. 13-47 Problem 42. 


sec. 13-7 Planets and Satellites: Kepler’s Laws 

¢43 The Martian satellite Phobos travels in an approx- 
imately circular orbit of radius 9.4 X 10°m with a period of 
7 h 39 min. Calculate the mass of Mars from this information. 


*44 The first known collision between space debris and 
a functioning satellite occurred in 1996: At an altitude of 
700 km, a year-old French spy satellite was hit by a piece of an 
Ariane rocket that had been in orbit for 10 years. A stabilizing 
boom on the satellite was demolished, and the satellite was 
sent spinning out of control. Just before the collision and in 
kilometers per hour, what was the speed of the rocket piece 
relative to the satellite if both were in circular orbits and the 
collision was (a) head-on and (b) along perpendicular paths? 


e45 The Sun, which is 2.2 X 10?°m from the center of the 
Milky Way galaxy, revolves around that center once every 
2.5 X 10° years. Assuming each star in the Galaxy has a mass 
equal to the Sun’s mass of 2.0 x 10°° kg, the stars are distrib- 
uted uniformly in a sphere about the galactic center, and the 
Sun is at the edge of that sphere, estimate the number of stars 
in the Galaxy. ssm www 


°46 The mean distance of Mars from the Sun is 1.52 times 
that of Earth from the Sun. From Kepler’s law of periods, cal- 
culate the number of years required for Mars to make one 
revolution around the Sun; compare your answer with the 
value given in Appendix C. 


°47 A satellite, moving in an elliptical orbit, is 360 km above 
Earth’s surface at its farthest point and 180 km above at its 
closest point. Calculate (a) the semimajor axis and (b) the 
eccentricity of the orbit. SSM 


°48 A satellite is put in a circular orbit about Earth with a 
radius equal to one-half the radius of the Moon’s orbit. What 
is its period of revolution in lunar months? (A lunar month is 
the period of revolution of the Moon.) 


49 (a) What linear speed must an Earth satellite have to be 
in a circular orbit at an altitude of 160km above Earth’s 
surface? (b) What is the period of revolution? 


¢50 The Sun’s center is at one focus of Earth’s orbit. 
How far from this focus is the other focus, (a) in meters 
and (b) in terms of the solar radius, 6.96 < 10° m? The eccen- 
tricity is 0.0167, and the semimajor axis is 1.50 X 10'! m. 


°57 A comet that was seen in April 574 by Chinese 
astronomers on a day known by them as the Woo Woo day 
was spotted again in May 1994. Assume the time between 
observations is the period of the Woo Woo day comet and 
take its eccentricity as 0.11. What are (a) the semimajor axis of 
the comet’s orbit and (b) its greatest distance from the Sun in 
terms of the mean orbital radius Rp of Pluto? 


®52 An orbiting satellite stays over a certain spot on the 
equator of (rotating) Earth. What is the altitude of the orbit 
(called a geosynchronous orbit)? == 


ee53 In 1610, Galileo used his telescope to discover four 
prominent moons around Jupiter. Their mean orbital radii a 
and periods T are as follows: 

(a) Plot log a (y axis) against log T (x axis) and show that you 
get a straight line. (b) Measure the slope of the line and com- 
pare it with the value that you expect from Kepler’s third law. 
(c) Find the mass of Jupiter from the intercept of this line with 
the y axis. 


Name a (10° m) T (days) 
Io 4.22 ee 
Europa 671 555 
Ganymede 10,7 7.16 


Callisto 18.8 16.7 


2e54 In 1993 the spacecraft Galileo sent home an image 
(Fig. 13-48) of asteroid 243 Ida and a tiny orbiting moon 
(now known as Dactyl), the first confirmed example of an 
asteroid—moon system. In the image, the moon, which is 
1.5 km wide, is 100 km from the center of the asteroid, which 
is 55km long. The shape of the moon’s orbit is not well 
known; assume it is circular with a period of 27 h. (a) What is 
the mass of the asteroid? (b) The volume of the asteroid, mea- 
sured from the Galileo images, is 14 100 km°. What is the den- 
sity (mass per unit volume) of the asteroid? 





FIG. 13-48 Problem 54.A tiny moon (at right) orbits 
asteroid 243 Ida. (Courtesy NASA) 


e@55 Ina certain binary-star system, each star has the same 
mass as our Sun, and they revolve about their center of mass. 
The distance between them is the same as the distance 
between Earth and the Sun. What is their period of revolution 
in years? !Lw 


©¢56 Hunting a black hole. Observations of the light from a 
certain star indicate that it is part of a binary (two-star) sys- 


tem. This visible star has or- ge 

bital speed v = 270 km/s, or- - te 
bital period T = 1.70 days, and f “NON 
approximate mass m, = 6M,, ; ‘ 
where M, is the Sun’s mass, m TF a Pig | 
1.99 x 10° kg. Assume that 4 | a 
the visible star and its compan- Re Ks J 
ion star, which is dark and un- \. Se 
seen, are both in circular orbits Me 


(Fig. 13-49). What multiple of 
M, gives the approximate mass 
m, of the dark star’? 


FIG. 13-49 - Problem 56. 


ee57 A 20 kg satellite has a circular orbit with a period of 
2.4 h and a radius of 8.0 X 10° m around a planet of unknown 
mass. If the magnitude of the gravitational acceleration on the 
surface of the planet is 8.0 m/s’, what is the radius of the 
planet? 


eee58 The presence of an unseen planet orbiting a distant 
star can sometimes be inferred from the motion of the star as 
we see it. As the star and planet orbit the center of mass of the 
star—planet system, the star moves toward and away from us 
with what is called the line of sight velocity, a motion that can 
be detected. Figure 13-50 shows a graph of the line of sight 
velocity versus time for the star 14 Herculis. The star’s mass is 
believed to be 0.90 of the mass of our Sun. Assume that 
only one planet orbits the star and that our view is along the 
plane of the orbit. Then approximate (a) the planet’s mass in 
terms of Jupiter’s mass m, and (b) the planet’s orbital radius in 
terms of Earth’s orbital radius rz. 


Line of sight velocity (m/s) 





1500 days 
Time 


FIG. 13-50 Problem 58. 


©0059 Three identical stars of mass M form an equilateral 
triangle that rotates around the triangle’s center as the stars 
move in a common circle about that center. The triangle has 
edge length L. What is the speed of the stars? 


sec. 13-8 Satellites: Orbits and Energy 

60 Two Earth satellites, A and B, each of mass m, are to be 
launched into circular orbits about Earth’s center. Satellite A 
is to orbit at an altitude of 6370 km. Satellite B is to orbit at an 
altitude of 19 110km. The radius of Earth R, is 6370 km. 
(a) What is the ratio of the potential energy of satellite B to 
that of satellite A, in orbit? (b) What is the ratio of the 
kinetic energy of satellite B to that of satellite A, in orbit? 
(c) Which satellite has the greater total energy if each has a 
mass of 14.6 kg? (d) By how much? 


61 An asteroid, whose mass is 2.0 X 1074 times the mass of 
Earth, revolves in a circular orbit around the Sun at a distance 
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that is twice Earth’s distance from the Sun. (a) Calculate the 
period of revolution of the asteroid in years. (b) What is the 
ratio of the kinetic energy of the asteroid to the kinetic energy 
of Earth? ssm www 


®62 A satellite orbits a planet of unknown mass in a circle of 
radius 2.0 X 10’ m. The magnitude of the gravitational force 
on the satellite from the planet is F = 80N. (a) What is the 
kinetic energy of the satellite in this orbit? (b) What would F 
be if the orbit radius were increased to 3.0 X 10’ m? 


e63 (a) At what height above Earth’s surface is the energy 
required to lift a satellite to that height equal to the kinetic 
energy required for the satellite to be in orbit at that height? 
(b) For greater heights, which is greater, the energy for lifting 
or the kinetic energy for orbiting? 


64 In Fig. 13-51, two satellites, A ae i 

and B, both of mass m= 125kg, : ‘ 
move in the same circular orbit of ra- ad a iB 
dius r= 7.87 X 10°m around Earth — | , 
but in opposite senses of rotation and : 

therefore on a collision course. (a) \ / 
Find the total mechanical energy E', ce 

+ Ep, of the two satellites + Earth FIG. 13-51 
system before the collision. (b) If the Problem 64. 
collision is completely inelastic so 

that the wreckage remains as one piece of tangled material 
(mass = 2m), find the total mechanical energy immediately after 
the collision. (c) Just after the collision, is the wreckage falling 
directly toward Earth’s center or orbiting around Earth? 


ee65 A Satellite is in a circular Earth orbit of radius r. The 
area A enclosed by the orbit depends on r’ because A = ar’. 
Determine how the following properties of the satellite 
depend on r: (a) period, (b) kinetic energy, (c) angular 
momentum, and (d) speed. 


©@66 One way to attack a satellite in Earth orbit is to launch 
a swarm of pellets in the same orbit as the satellite but in 
the opposite direction. Suppose a satellite in a circular orbit 
500 km above Earth’s surface collides with a pellet having 
mass 4.0 g. (a) What is the kinetic energy of the pellet in the 
reference frame of the satellite just before the collision? 
(b) What is the ratio of this kinetic energy to the kinetic 
energy of a 4.0¢ bullet from a modern army rifle with a 
muzzle speed of 950 m/s? 


eee6§7 What are (a) the speed and (b) the period of a 220 kg 
satellite in an approximately circular orbit 640 km above the 
surface of Earth? Suppose the satellite loses mechanical 
energy at the average rate of 1.4 x 10° J per orbital revolu- 
tion. Adopting the reasonable approximation that the satel- 
lite’s orbit becomes a “circle of slowly diminishing radius,” 
determine the satellite’s (c) altitude, (d) speed, and (e) period 
at the end of its 1500th revolution. (f) What is the magnitude 
of the average retarding force on the satellite? Is angular 
momentum around Earth’s center conserved for (g) the satel- 
lite and (h) the satellite—Earth system (assuming that system 
is isolated)? 


¢*e68 Two small spaceships, each with mass m = 2000 kg, 
are in the circular Earth orbit of Fig. 13-52, at an altitude h of 
400 km. Igor, the commander of one of the ships, arrives at any 
fixed point in the orbit 90 s ahead of Picard, the commander of 
the other ship. What are the (a) period Tp and (b) speed vo of 


the ships? At point P in Fig. 13- 
52, Picard fires an instanta- 
neous burst in the forward di- 
rection, reducing his ship’s 
speed by 1.00%. After this 
burst, he follows the elliptical 
orbit shown dashed in the fig- 
ure. What are the (c) kinetic 
energy and (d) potential en- 
ergy of his ship immediately 
after the burst? In Picard’s 
new elliptical orbit, what are 
(ec) the total energy E, (f) the semimajor axis a, and (g) the or- 
bital period T? (h) How much earlier than Igor will Picard re- 
turn to P? 





FIG. 13-52 Problem 68. 


sec. 13-9 Einstein and Gravitation 

°69 In Fig. 13-19b, the scale on which the 60 kg physicist 
stands reads 220 N. How long will the cantaloupe take to 
reach the floor if the physicist drops it (from rest relative to 
himself) at a height of 2.1 m above the floor? 


Additional Problems 

70 The mysterious visitor that appears in the enchanting 
story The Little Prince was said to come from a planet that 
“was scarcely any larger than a house!” Assume that the 
mass per unit volume of the planet is about that of Earth 
and that the planet does not appreciably spin. Approximate 
(a) the free-fall acceleration on the planet’s surface and 
(b) the escape speed from the planet. == 


71 Wigure 13-53 is a graph of the kinetic energy K of an 
asteroid versus its distance r from Earth’s center, as the aster- 
oid falls directly in toward that center. (a) What is the 
(approximate) mass of the asteroid? (b) What is its speed at 
r= 1.945 x 10’ m? 





(a 2a ees ; 4 ptf a pe fy 
1.75 1.85 1.95 
r (107 m) 


FIG. 13-53 Problem 71. 


72 Theradius R, of a black hole is the radius of a mathemat- 
ical sphere, called the event horizon, that is centered on the 
black hole. Information from events inside the event horizon 
cannot reach the outside world. According to Einstein’s 
general theory of relativity, R, = 2GM/c, where M is the mass 
of the black hole and c is the speed of light. 

Suppose that you wish to study a black hole near it, at a 
radial distance of 50R,. However, you do not want the dif- 
ference in gravitational acceleration between your feet and 
your head to exceed 10 m/s” when you are feet down (or head 
down) toward the black hole. (a) As a multiple of our Sun’s 


mass M;, approximately what is the limit to the mass of the 
black hole you can tolerate at the given radial distance? (You 
need to estimate your height.) (b) Is the limit an upper limit 
(you can tolerate smaller masses) or a lower limit (you can 
tolerate larger masses)? 


73 Sphere A with mass 80 kg is located at the origin of an xy 
coordinate system; sphere B with mass 60 kg is located at 
coordinates (0.25 m, 0); sphere C with mass 0.20 kg is located in 
the first quadrant 0.20 m from A and 0.15 m from B. In unit-vec- 
tor notation, what is the gravitational force on C due to A and B? 


74 A satellite is in elliptical orbit with a period of 8.00 
10* s about a planet of mass 7.00 X 10% kg, At aphelion, at 
radius 4.5 X 10’ m, the satellite’s angular speed is 7.158 < 10~> 
rad/s. What is its angular speed at perihelion? 


75 Ina shuttle craft of mass m = 3000 kg, Captain Janeway 
orbits a planet of mass M = 9.50 X 10% kg, in a circular orbit 
of radius r = 4.20 X 10’m. What are (a) the period of the 
orbit and (b) the speed of the shuttle craft? Janeway briefly 
fires a forward-pointing thruster, reducing her speed by 
2.00%. Just then, what are (c) the speed, (d) the kinetic 
energy, (e) the gravitational potential energy, and (f) the 
mechanical energy of the shuttle craft? (¢g) What is the semi- 
major axis of the elliptical orbit now taken by the craft? 
(h) What is the difference between the period of the original 
circular orbit and that of the new elliptical orbit? (i) Which 
orbit has the smaller period? SSM 


76 A typical neutron star may have a mass equal to that of 
the Sun but a radius of only 10 km. (a) What is the gravitational 
acceleration at the surface of such a star? (b) How fast would an 
object be moving if it fell from rest through a distance of 1.0m 
on such a star? (Assume the star does not rotate.) 


77 Four uniform spheres, with masses m, = 40 kg, mg = 
35 kg, mc = 200 kg, and mp = 50 kg, have (x, y) coordinates of 
(0, 50cm), (0, 0), (—80 cm, 0), and (40cm, 0), respectively. 
In unit-vector notation, what is the net gravitational force on 
sphere B due to the other spheres? € 


78 (a) In Problem 77, remove sphere A and calculate the 
gravitational potential energy of the remaining three-particle 
system. (b) If A is then put back in place, is the potential 
energy of the four-particle system more or less than that of the 
system in (a)? (c) In (a), is the work done by you to remove A 
positive or negative? (d) In (b), is the work done by you to 
replace A positive or negative? 


79 A very early, simple satellite consisted of an inflated 
spherical aluminum balloon 30m in diameter and of mass 
20 kg. Suppose a meteor having a mass of 7.0 kg passes within 
3.0 m of the surface of the satellite. What is the magnitude of 
the gravitational force on the meteor from the satellite at the 
closest approach? SSM 


80 A uniform solid sphere of radius R produces a gravita- 
tional acceleration of a, on its surface. At what distance from 
the sphere’s center are there points (a) inside and (b) outside 
the sphere where the gravitational acceleration is a,/3? 


81 A projectile is fired vertically from Earth’s surface with 
an initial speed of 10 km/s. Neglecting air drag, how far above 
the surface of Earth willit go? !Lw 


82 A 50 kg satellite circles planet Cruton every 6.0 h. The 
magnitude of the gravitational force exerted on the satellite 


by Cruton is 80 N. (a) What is the radius of the orbit? (b) What 
is the kinetic energy of the satellite? (c) What is the mass of 
planet Cruton? 


83 Ina double-star system, two stars of mass 3.0 X 10°° kg 
each rotate about the system’s center of mass at radius 1.0 x 
10!! m. (a) What is their common angular speed? (b) If a 
meteoroid passes through the system’s center of mass perpen- 
dicular to their orbital plane, what minimum speed must it 
have at the center of mass if it 1s to escape to “infinity” from 
the two-star system? SSM 


384 An object lying on Earth’s equator is accelerated 
(a) toward the center of Earth because Earth rotates, 
(b) toward the Sun because Earth revolves around the Sun in an 
almost circular orbit, and (c) toward the center of our galaxy be- 
cause the Sun moves around the galactic center. For the latter, 
the period is 2.5 < 10° y and the radius is 2.2 < 107° m. Calculate 
these three accelerations as multiples of g = 9.8 m/s’. 


85 The masses and coordinates of three spheres are as 
follows: 20kg, x =0.50m, y=10m; 40kg, x = -1.0m, 
y = —1.0 m; 60 kg, x = Om, y = —0.50 m. What is the magni- 
tude of the gravitational force on a 20 kg sphere located at the 
origin due to these three spheres? '\W 


86 With what speed would mail pass through the center of 
Earth if falling in the tunnel of Sample Problem 13-4? 


87 The orbit of Earth around the Sun is almost circular: The 
closest and farthest distances are 1.47 < 10° km and 1.52 x 108 
km respectively. Determine the corresponding variations in 
(a) total energy, (b) gravitational potential energy, (c) kinetic 
energy, and (d) orbital speed. (Hint: Use conservation of en- 
ergy and conservation of angular momentum.) SSM 


88 A spaceship is on a straight-line path between Earth and 
the Moon. At what distance from Earth is the net gravitational 
force on the spaceship zero? 


89 An object of mass mis initially held in place at radial dis- 
tance r = 3R, from the center of Earth, where R; is the radius 
of Earth. Let Mz be the mass of Earth. A force is applied to 
the object to move it to a radial distance r = 4R,z, where it 
again is held in place. Calculate the work done by the applied 
force during the move by integrating the force magnitude. 


90 The fastest possible rate of rotation of a planet is that for 
which the gravitational force on material at the equator just barely 
provides the centripetal force needed for the rotation. (Why?) (a) 
Show that the corresponding shortest period of rotation is 


T= 34 

= | Gp’ 

where p is the uniform density (mass per unit volume) of the 
spherical planet. (b) Calculate the rotation period assuming a 
density of 3.0 g/cm, typical of many planets, satellites, and 
asteroids. No astronomical object has ever been found to be 


spinning with a period shorter than that determined by this 
analysis. 


91 (a) If the legendary apple of Newton could be released 
from rest at a height of 2 m from the surface of a neutron star 
with a mass 1.5 times that of our Sun and a radius of 20 km, 
what would be the apple’s speed when it reached the surface of 
the star? (b) If the apple could rest on the surface of the star, 
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what would be the approximate difference between the gravita- 
tional acceleration at the top and at the bottom of the apple? 
(Choose a reasonable size for an apple; the answer indicates that 
an apple would never survive near a neutron star.) 


92 Some people believe that the positions of the planets at 
the time of birth influence the newborn. Others deride this 
belief and claim that the gravitational force exerted on a baby 
by the obstetrician is greater than the force exerted by the 
planets. To check this claim, calculate the magnitude of the gravi- 
tational force exerted on a 3 kg baby (a) by a 70 kg obstetrician 
who is 1 m away and roughly approximated as a point mass, (b) 
by the massive planet Jupiter (m = 2 X 10°’ kg) at its closest ap- 
proach to Earth (= 6 X 10! m), and (c) by Jupiter at its greatest 
distance from Earth (= 9 x 10" m). 

(d) Is the claim correct? a ‘ 


93 A certain triple-star system 
consists of two stars, each of mass 
m, revolving in the same circular or- 
bit of radius r around acentral star \ Z 
of mass M (Fig. 13-54). The two orbit- ma / 
ing stars are always at opposite ends = 4 
of a diameter of the orbit. Derive 
an expression for the period of rev- 
olution of the stars. SsM 


FIG, 13-54 
Problem 93. 


94 A 150.0 kg rocket moving radially outward from Earth 
has a speed of 3.70 km/s when its engine shuts off 200 km 
above Earth’s surface. (a) Assuming negligible air drag, find 
the rocket’s kinetic energy when the rocket is 1000 km above 
Earth’s surface. (b) What maximum height above the surface 
is reached by the rocket? 


95 Planet Roton, with a mass of 7.0 x 10% kg and a radius of 
1600 km, gravitationally attracts a meteorite that is initially at 
rest relative to the planet, at a distance great enough to take as 
infinite. The meteorite falls toward the planet. Assuming the 
planet is airless, find the speed of the meteorite when it 
reaches the planet’s surface. 


96 Two 20 kg spheres are fixed in place on a y axis, one at 
y = 0.40 m and the other at y = —0.40 m.A 10 kg ball is then 
released from rest at a point on the x axis that is at a great dis- 
tance (effectively infinite) from the spheres. If the only forces 
acting on the ball are the gravitational forces from the 
spheres, then when the ball reaches the (x, y) point (0.30 m, 0), 
what are (a) its kinetic energy and (b) the net force on it from 
the spheres, in unit-vector notation? 


97 A satellite of mass 125 kg is in a circular orbit of radius 
7.00 X 10°m around a planet. If the period is 8050 s, what is 
the mechanical energy of the satellite? 


98 In his 1865 science fiction novel From the Earth to the 
Moon, Jules Verne described how three astronauts are shot to 
the Moon by means of a huge gun. According to Verne, the 
aluminum capsule containing the astronauts is accelerated by 
ignition of nitrocellulose to a speed of 11 km/s along the gun 
barrel’s length of 220 m. (a) In g units, what is the average 
acceleration of the capsule and astronauts in the gun barrel? 
(b) Is that acceleration tolerable or deadly to the astronauts? 

A modern version of such gun-launched spacecraft 
(although without passengers) has been proposed. In this 
modern version, called the SHARP (Super High Altitude 


Research Project) gun, ignition of methane and air shoves a 
piston along the gun’s tube, compressing hydrogen gas that 
then launches a rocket. During this launch, the rocket moves 
3.5 km and reaches a speed of 7.0 km/s. Once launched, the 
rocket can be fired to gain additional speed. (c) In g units, 
what would be the average acceleration of the rocket within 
the launcher? (d) How much additional speed is needed (via 
the rocket engine) if the rocket is to orbit Earth at an altitude 


of 700 km? =e 


99 Several planets (Jupiter, Saturn, Uranus) are encircled by 
rings, perhaps composed of material that failed to form a satel- 
lite. In addition, many galaxies contain ring-like structures. 
Consider a homogeneous thin ring of mass M and outer radius 
R (Fig. 13-55). (a) What gravita- 
tional attraction does it exert on a 
particle of mass m located on the 
ring’s central axis a distance x from 
the ring center? (b) Suppose the 
particle falls from rest as a result of 
the attraction of the ring of matter. 
What is the speed with which it 
passes through the center of the 
ring? 





FIG. 13-55 Problem 99. 


100 Four identical 1.5 kg particles are placed at the corners of a 
square with sides equal to 20 cm. What is the magnitude of the net 
gravitational force on any one of the particles due to the others? 


407 We watch two identical astronomical bodies A and B, 
each of mass m, fall toward each other from rest because of 
the gravitational force on each from the other. Their initial 
center-to-center separation is R;. Assume that we are in an 
inertial reference frame that is stationary with respect to the 
center of mass of this two-body system. Use the principle of 
conservation of mechanical energy (K; + U; = K; + Uj) to 
find the following when the center-to-center separation is 
0.5R;: (a) the total kinetic energy of the system, (b) the kinetic 
energy of each body, (c) the speed of each body relative to us, 
and (d) the speed of body B relative to body A. 

Next assume that we are in a reference frame attached to 
body A (we ride on the body). Now we see body B fall from 
rest toward us. From this reference frame, again use K, + U; = 
K, + U; to find the following when the center-to-center sepa- 
ration is 0.5R;: (e) the kinetic energy of body B and (f) the 
speed of body B relative to body A. (g) Why are the answers 


to (d) and (f) different? Which answer is correct? 


102 What is the percentage change in the acceleration of 
Earth toward the Sun when the alignment of Earth, Sun, and 
Moon changes from an eclipse of the Sun (with the Moon 
between Earth and Sun) to an eclipse of the Moon (Earth 
between Moon and Sun)? 


103 A planet requires 300 (Earth) days to complete its cir- 
cular orbit around its sun, which has a mass of 6.0 X 10°° kg. 
What are the planet’s (a) orbital radius and (b) orbital speed? 


104 A particle of comet dust with mass m is a distance R 
from Earth’s center and a distance r from the Moon’s center. 
If Earth’s mass is M; and the Moon’s mass is M,,, what is 
the sum of the gravitational potential energy of the particle- 
Earth system and the gravitational potential energy of the 
particle—Moon system? 





A surfer patiently kneels on his surfboard to catch the next big wave. 
When he spots a wave building in height as it heads his way, he rapidly In short, how 


paddles toward shore so that he is moving almost as fast as the wave 


does a surfer 


front of the wave? The answer is in this chapter. 


as the wave begins to sweep under him. Then he stands up on the 





board, continuously adjusting his balance. How does he manage to 
continue riding the wave? How, instead, can he move up or down the 


Warren Bolster/Stone/Getty Images 
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14-1 WHAT IS PHYSICS? 


The physics of fluids is the basis of hydraulic engineering, a branch of engineer- 
ing that is applied in a great many fields. A nuclear engineer might study the 
fluid flow in the hydraulic system of an aging nuclear reactor, while a medical 
engineer might study the blood flow in the arteries of an aging patient. An envi- 
ronmental engineer might be concerned about the drainage from waste sites or 
the efficient irrigation of farmlands. A naval engineer might be concerned with 
the dangers faced by a deep-sea diver or with the possibility of a crew escaping 
from a downed submarine. An aeronautical engineer might design the hydraulic 
systems controlling the wing flaps that allow a jet airplane to land. Hydraulic 
engineering is also applied in many Broadway and Las Vegas shows, where huge 
sets are quickly put up and brought down by hydraulic systems. 

Before we can study any such application of the physics of fluids, we must 
first answer the question “What is a fluid?” 


A fluid, in contrast to a solid, is a substance that can flow. Fluids conform to the 
boundaries of any container in which we put them. They do so because a fluid 
cannot sustain a force that is tangential to its surface. (In the more formal 
language of Section 12-7, a fluid is a substance that flows because it cannot with- 
stand a shearing stress. It can, however, exert a force in the direction perpendic- 
ular to its surface.) Some materials, such as pitch, take a long time to conform to 
the boundaries of a container, but they do so eventually; thus, we classify even 
those materials as fluids. 

You may wonder why we lump liquids and gases together and call them 
fluids. After all (you may say), liquid water is as different from steam as it is 
from ice. Actually, it 1s not. Ice, like other crystalline solids, has its constituent 
atoms organized in a fairly rigid three-dimensional array called a crystalline 
lattice. In neither steam nor liquid water, however, is there any such orderly 
long-range arrangement. 


14-3 | Density and Pressure 


When we discuss rigid bodies, we are concerned with particular lumps of matter, 
such as wooden blocks, baseballs, or metal rods. Physical quantities that we find 
useful, and in whose terms we express Newton’s laws, are mass and force. We 
might speak, for example, of a 3.6 kg block acted on by a 25 N force. 

With fluids, we are more interested in the extended substance and in proper- 
ties that can vary from point to point in that substance. It is more useful to speak 
of density and pressure than of mass and force. 


D G 


To find the density p of a fluid at any point, we isolate a small volume element 
AV around that point and measure the mass Am of the fluid contained within 
that element. The density is then 





nsity 


Am 


a (14-1) 


Pp — 
In theory, the density at any point in a fluid 1s the limit of this ratio as the volume 
element AV at that point is made smaller and smaller. In practice, we assume that a 
fluid sample is large relative to atomic dimensions and thus is “smooth” (with uni- 


TABLE 14-1 


Some Densities 
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Material or Object Density (kg/m?) Material or Object Density (kg/m°) 
Interstellar space Oe Iron 7.9 X 10° 
Best laboratory vacuum lOc Mercury (the metal, not the planet) 13.6 x 10° 
Air: 20°C and 1 atm pressure ize Earth: average 5.00% 10° 

20°C and 50 atm 60.5 core 9.5 X 103 
Styrofoam 1 X 10? crust 2.8 X10; 
Ice 0.917 x 10? Sun: average Ae 1G: 
Water: 20°C and 1 atm 0.998 x 103 core 1.6 X 10° 

20°C and 50 atm 1.000 x 103 White dwarf star (core) jee 
Seawater: 20°C and 1 atm 1.024 x 10° Uranium nucleus 3107 
Whole blood 1.060 x 102 Neutron star (core) 19 


form density), rather than “lumpy” with atoms. This assumption allows us to write 
Eq. 14-1 as 
m 
p= Vv (uniform density), (14-2) 
where m and V are the mass and volume of the sample. 

Density is a scalar property; its SI unit is the kilogram per cubic meter. Table 
14-1 shows the densities of some substances and the average densities of some 
objects. Note that the density of a gas (see Air in the table) varies considerably 
with pressure, but the density of a liquid (see Water) does not; that is, gases are 
readily compressible but liquids are not. 


Pressure 


Let a small pressure-sensing device be suspended inside a fluid-filled vessel, as 
in Fig. 14-1a. The sensor (Fig. 14-1b) consists of a piston of surface area AA 
riding in a close-fitting cylinder and resting against a spring. A readout arrangement 
allows us to record the amount by which the (calibrated) spring is compressed by 
the surrounding fluid, thus indicating the magnitude AF of the force that acts nor- 
mal to the piston. We define the pressure on the piston from the fluid as 


AF 
= —., 14-3 
re (14-3) 
In theory, the pressure at any point in the fluid is the limit of this ratio as the 
surface area AA of the piston, centered on that point, is made smaller and smaller. 
However, if the force is uniform over a flat area A, we can write Eq. 14-3 as 


= — (pressure of uniform force on flat area), (14-4) 


A 


where Fis the magnitude of the normal force on area A. (When we say a force is 
uniform over an area, we mean that the force is evenly distributed over every 
point of the area.) 

We find by experiment that at a given point in a fluid at rest, the pressure p 
defined by Eq. 14-4 has the same value no matter how the pressure sensor is 
oriented. Pressure is a scalar, having no directional properties. It is true that 
the force acting on the piston of our pressure sensor is a vector quantity, but 
Eq. 14-4 involves only the magnitude of that force, a scalar quantity. 

The SI unit of pressure is the newton per square meter, which is given a spe- 
cial name, the pascal (Pa). In metric countries, tire pressure gauges are cali- 
brated in kilopascals. The pascal is related to some other common (non-SI) 


-..° Pressure 5" 


oo. sensor ~ 








(0) 


FIG. 14-4 (a) A fluid-filled vessel 
containing a small pressure sensor, 
shown in (b). The pressure is mea- 
sured by the relative position of the 
movable piston in the sensor. 
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Some Pressures 


Pressure (Pa) Pressure (Pa) 
Center of the Sun 2 X10" Automobile tire® xo? 
Center of Earth AxH0 Atmosphere at sea level ORIG? 
Highest sustained laboratory pressure pox 1077 Normal blood systolic pressure®? 1.6 X 10* 
Deepest ocean trench (bottom) 1.1 x 10° Best laboratory vacuum lor 
Spike heels on a dance floor OP 


“Pressure in excess of atmospheric pressure. 
>Equivalent to 120 torr on the physician’s pressure gauge. 


pressure units as follows: 
1 atm = 1.01 X 10° Pa = 760 torr = 14.7 lb/in.’. 


The atmosphere (atm) is, as the name suggests, the approximate average pres- 
sure of the atmosphere at sea level. The torr (named for Evangelista Torricelli, 
who invented the mercury barometer in 1674) was formerly called the millime- 
ter of mercury (mm Hg). The pound per square inch is often abbreviated psi. 
Table 14-2 shows some pressures. 


Sample Problem Ere 


A living room has floor dimensions of 3.5 m and 4.2 m (b) What is the magnitude of the atmosphere’s down- 
and a height of 2.4 m. ward force on the top of your head, which we take to 


29 
(a) What does the air in the room weigh when the air have an area of 0.040 m™: 


pressure is 1.0 atm? BN cer -catheg teen geile, 
When the fluid pressure p on a surface of 
Rew (1) The air’s weight is equal to mg, where area A is uniform, the fluid force on the surface can be 


m is its mass. (2) Mass m is related to the air density p obtained from Eq. 14-4 (p = FA). 
and the air volume V by Eq. 14-2 (p = m/V). Calculation: Although air pressure varies daily, we can 
approximate that p = 1.0 atm. Then Eq. 14-4 gives 





Calculation: Putting the two ideas together and taking 


the density of air at 1.0 atm from Table 14-1, we find F = pA = (1.0 atm) (EOL 0 Nar (0.0 m?) 
— V 
mg = (eV )g = 40 X10°N. (Answer) 
= (1.21 kg/m3)(3.5 m X 4.2 m X 2.4 m)(9.8 m/s”) 


This large force is equal to the weight of the column of 
air that covers the top of your head and extends all the 
This is the weight of about 110 cans of Pepsi. way to the top of the atmosphere. 


= 418 N ~ 420N. (Answer) 
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Figure 14-2a shows a tank of water—or other liquid—open to the atmosphere. 
As every diver knows, the pressure increases with depth below the air—water 
interface. The diver’s depth gauge, in fact, is a pressure sensor much like that of 
Fig. 14-1b. As every mountaineer knows, the pressure decreases with altitude as 
one ascends into the atmosphere. The pressures encountered by the diver and 
the mountaineer are usually called hydrostatic pressures, because they are due to 
fluids that are static (at rest). Here we want to find an expression for hydrostatic 
pressure as a function of depth or altitude. 

Let us look first at the increase in pressure with depth below the water’s 
surface. We set up a vertical y axis in the tank, with its origin at the air—water 
interface and the positive direction upward. We next consider a water sample 
contained in an imaginary right circular cylinder of horizontal base (or face) 


area A, such that y, and y, (both of which are negative numbers) are the depths 
below the surface of the upper and lower cylinder faces, respectively. 

Figure 14-25 shows a free-body diagram for the water in the cylinder. The 
water is in static equilibrium, that is, it is stationary and the forces on it balance. 
Three forces act on it vertically: Force F, acts at the top surface of the cylinder 
and is due to the water above the cylinder. Similarly, force F, acts at the bottom 
surface of the cylinder and is due to the water below the cylinder. The gravita- 
tional force on the water in the cylinder is represented by mg, where 1 is the 
mass of the water in the cylinder. The balance of these forces is written as 


F, = P, alr Mg. (14-5) 


We want to transform Eq. 14-5 into an equation involving pressures. From 
Eq. 14-4, we know that 
F, = D\A and F, = D2A. (14-6) 


The mass m of the water in the cylinder is, from Eq. 14-2, m = pV, where the 
cylinder’s volume V is the product of its face area A and its height y,; — y. Thus, 
m is equal to pA(y, — yz). Substituting this and Eq. 14-6 into Eq. 14-5, we find 


Pr.A = pi\A + pAg(y — ya) 
Or P2 = Pi + pg(y1 — Y2)- (14-7) 


This equation can be used to find pressure both in a liquid (as a function of 
depth) and in the atmosphere (as a function of altitude or height). For the former, 
suppose we seek the pressure p at a depth h below the liquid surface. Then we 
choose level 1 to be the surface, level 2 to be a distance h below it (as in Fig. 14-3), 
and p, to represent the atmospheric pressure on the surface. We then substitute 


y=0, Pi=Po and y2=—h, pr,=p 
into Eq. 14-7, which becomes 


P = Po + pgh (pressure at depth /). (14-8) 


Note that the pressure at a given depth in the liquid depends on that depth but 
not on any horizontal dimension. 











‘The; he pressure at a point ina fluid i in n static equilibrium depends ¢ on ee 
point but t but not. on any | horizontal dimension of the fluid or its container. ae ie 









































Thus, Eq. 14-8 holds no matter what the shape of the container. If the bottom 
surface of the container is at depth h, then Eq. 14-8 gives the pressure p there. 

In Eq. 14-8, p is said to be the total pressure, or absolute pressure, at level 2. 
To see why, note in Fig. 14-3 that the pressure p at level 2 consists of two contri- 
butions: (1) po, the pressure due to the atmosphere, which bears down on the 
liquid, and (2) pgh, the pressure due to the liquid above level 2, which bears 
down on level 2. In general, the difference between an absolute pressure and an 
atmospheric pressure is called the gauge pressure. (The name comes from the 
use of a gauge to measure this difference in pressures.) For the situation of 
Fig. 14-3, the gauge pressure is pgh. 

Equation 14-7 also holds above the liquid surface: It gives the atmospheric 
pressure at a given distance above level 1 in terms of the atmospheric pressure 
p; at level 1 (assuming that the atmospheric density is uniform over that 
distance). For example, to find the atmospheric pressure at a distance d above 
level 1 in Fig. 14-3, we substitute 


¥y=0, pr=Ppo and y.=d, pr=p. 
Then with p = p,;,, we obtain 
Dima mm Pair. 


VAuriiideaakest 





Sample 


—>> 
mg 


> 


fy 
(0) 


FIG. 14-2 (a) A tank of water in 
which a sample of water is contained 
in an imaginary cylinder of horizon- 
tal base area A. Force F, acts at the 
top surface of the cylinder; force F, 
acts at the bottom surface of the 
cylinder; the gravitational force on 
the water in the cylinder is repre- 
sented by mg. (b) A free-body dia- 
gram of the water sample. 





FIG. 14-3 The pressure p increases 
with depth h below the liquid sur- 
face according to Eq. 14-8. 
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CHECKPOINT 1 
The figure shows four 
containers of olive oil. 
Rank them according 
to the pressure at 

depth h, greatest first. 


Sample Problem 








A novice scuba diver practicing in a swimming pool 
takes enough air from his tank to fully expand his lungs 
before abandoning the tank at depth L and swimming 
to the surface. He ignores instructions and fails to ex- 
hale during his ascent. When he reaches the surface, the 
difference between the external pressure on him and 
the air pressure in his lungs is 9.3kPa. From what 
depth does he start? What potentially lethal dange 

does he face? ee 


coi The pressure at depth / in a liquid of density 


p is given by Eq. 14-8 (p = py + pgh), where the gauge 
pressure pgh is added to the atmospheric pressure pp. 


Calculations: Here, when the diver fills his lungs at 
depth L, the external pressure on him (and thus the air 
pressure within his lungs) is greater than normal and 
given by Eq. 14-8 as 

P= Pot pst, 
where py is atmospheric pressure and p is the water’s 
density (998 kg/m’, from Table 14-1). As he ascends, the 


Sample Problem 


external pressure on him decreases, until it is atmo- 
spheric pressure py, at the surface. His blood pressure 
also decreases, until it is normal. However, because he 
does not exhale, the air pressure in his lungs remains at 
the value it had at depth L. At the surface, the pressure 
difference between the higher pressure in his lungs and 
the lower pressure on his chest is 


Ap = p — Po= pgL, 
from which we find 


_ Ap | 9300 Pa 
pg (998 kg/m°)(9.8 m/s) 
= (0.95 m. (Answer) 


This is not deep! Yet, the pressure difference of 9.3 kPa 
(about 9% of atmospheric pressure) is sufficient to rup- 
ture the diver’s lungs and force air from them into the 
depressurized blood, which then carries the air to the 
heart, killing the diver. If the diver follows instructions 
and gradually exhales as he ascends, he allows the pres- 
sure in his lungs to equalize with the external pressure, 
and then there is no danger. 





The U-tube in Fig. 14-4 contains two liquids in static 
equilibrium: Water of density p,, (= 998 kg/m?) is in the 
right arm, and oil of unknown density p, is in the left. 
Measurement gives /=135mm and d=12.3 mm. 
What is the density of the oil? 


eto (1) The pressure p;,, at the level of the 


oil—water interface in the left arm depends on the den- 
sity p, and height of the oil above the interface. (2) The 
water in the right arm at the same level must be at the 
same pressure p;,,. The reason is that, because the water 
is in static equilibrium, pressures at points in the water 
at the same level must be the same even if the points 
are separated horizontally. 


Calculations: In the right arm, the interface is a dis- 
tance / below the free surface of the water, and we 
have, from Eq. 14-8, 


Pint = Po 7 Pwgl (right arm). 
In the left arm, the interface is a distance / + d below the 
free surface of the oil, and we have, again from Eq. 14-8, 


Oil 


FIG. 14-4 The oil in the left 
arm stands higher than the 
water in the right arm because 
the oil is less dense than the 
water. Both fluid columns pro- 
duce the same pressure Din 

at the level of the interface. 





Pim = Po t+ prg(it+d) (left arm). 


Equating these two expressions and solving for the un- 
known density yield 


l 135 mm 
= ————————( = k Dt a 
(Say Cinemania (COPS) Sreeees Teer tare 
= 915 kg/m’. (Answer) 


Note that the answer does not depend on the atmo- 
spheric pressure pg or the free-fall acceleration g. 


14-5 | Measuring Pressure 
The Mercury Barometer 


Figure 14-5a shows a very basic mercury barometer, a device used to measure 
the pressure of the atmosphere. The long glass tube is filled with mercury and 
inverted with its open end in a dish of mercury, as the figure shows. The space 
above the mercury column contains only mercury vapor, whose pressure is so 
small at ordinary temperatures that it can be neglected. 

We can use Eq. 14-7 to find the atmospheric pressure py in terms of the 
height 4 of the mercury column. We choose level 1 of Fig. 14-2 to be that of the 
air—mercury interface and level 2 to be that of the top of the mercury column, 
as labeled in Fig. 14-5a. We then substitute 


yi=90, pi=po and yo=h, p,=0 


into Eq. 14-7, finding that 
Po = pgh, (14-9) 
where p is the density of the mercury. 

For a given pressure, the height / of the mercury column does not depend 
on the cross-sectional area of the vertical tube. The fanciful mercury barometer 
of Fig. 14-5b gives the same reading as that of Fig. 14-5a; all that counts is the 
vertical distance h between the mercury levels. 

Equation 14-9 shows that, for a given pressure, the height of the column of 
mercury depends on the value of g at the location of the barometer and on the 
density of mercury, which varies with temperature. The height of the column (in 
millimeters) is numerically equal to the pressure (in torr) only if the barometer 
is at a place where g has its accepted standard value of 9.80665 m/s” and the 
temperature of the mercury is 0°C. If these conditions do not prevail (and they 
rarely do), small corrections must be made before the height of the mercury 
column can be transformed into a pressure. 


The O Per- Tu! 


An open-tube manometer (Fig. 14-6) measures the gauge pressure p, of a gas. It con- 
sists of a U-tube containing a liquid, with one end of the tube connected to the vessel 
whose gauge pressure we wish to measure and the other end open to the atmos- 
phere. We can use Eq. 14-7 to find the gauge pressure in terms of the height ) shown 
in Fig. 14-6. Let us choose levels 1 and 2 as shown in Fig. 14-6. We then substitute 


Vi OP Po And yo ah P= Pp 
into Eq. 14-7, finding that 





e Manometer 


Pg = P — Po= pgh, (14-10) 


Level 2 


oe 


Po 


Level 1 


(a) (0) 


FIG. 14-5 (a) A mercury barometer. (b) Another mercury barometer. The distance h is 
the same in both cases. 
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FIG. 14-6 An open-tube manome- 
ter, connected to measure the gauge 
pressure of the gas in the tank on the 
left. The right arm of the U-tube is 
open to the atmosphere. 


Chapter 14 | Fluids 


Lead shot 






Piston 








FIG. 14-7 Lead shot (small balls of 
lead) loaded onto the piston create a 
pressure p,,, at the top of the en- 
closed (incompressible) liquid. If pe; 
is increased, by adding more lead 
shot, the pressure increases by the 
same amount at all points within the 
liquid. 





FIG. 14-8 A hydraulic arrangement 
that can be used to magnify a force 
F. The work done is, however, not 
magnified and is the same for both 
the input and output forces. 


where p is the density of the liquid in the tube. The gauge pressure Pz is directly 
proportional to h. 

The gauge pressure can be positive or negative, depending on whether 
P > Po OF_p < po. In inflated tires or the human circulatory system, the (absolute) 
pressure is greater than atmospheric pressure, so the gauge pressure is a positive 
quantity, sometimes called the overpressure. If you suck on a straw to pull fluid 
up the straw, the (absolute) pressure in your lungs is actually less than atmo- 
spheric pressure. The gauge pressure in your lungs is then a negative quantity. 


14-6 | Pascal's Principle 


When you squeeze one end of a tube to get toothpaste out the other end, you 
are watching Pascal’s principle in action. This principle is also the basis for the 
Heimlich maneuver, in which a sharp pressure increase properly applied to the 
abdomen is transmitted to the throat, forcefully ejecting food lodged there. 
The principle was first stated clearly in 1652 by Blaise Pascal (for whom the unit 
of pressure is named): 



























































































































































































































































Demonstrating Pascal's Principle 


Consider the case in which the incompressible fluid is a liquid contained in a tall 
cylinder, as in Fig. 14-7. The cylinder is fitted with a piston on which a container 
of lead shot rests. The atmosphere, container, and shot exert pressure p,,, on the 
piston and thus on the liquid. The pressure p at any point P in the liquid is then 


P = Pex + pgh. (14-11) 


Let us add a little more lead shot to the container to increase p.,, by an amount 
Apex. The quantities p, g, and h in Eq. 14-11 are unchanged, so the pressure 
change at P is 


Ap = AD ext: (14-12) 


This pressure change is independent of h, so it must hold for all points within the 
liquid, as Pascal’s principle states. 


Pascal's Principle and the Hydraulic Lever 


Figure 14-8 shows how Pascal’s principle can be made the basis of a hydraulic 
lever. In operation, let an external force of magnitude F, be directed downward 
on the left-hand (or input) piston, whose surface area is A;. An incompressible 
liquid in the device then produces an upward force of magnitude F, on 
the right-hand (or output) piston, whose surface area is A,. To keep the system 
in equilibrium, there must be a downward force of magnitude F, on the output 
piston from an external load (not shown). The force F. applied on the left 
and the downward force F, from the load on the right produce a change Ap in 
the pressure of the liquid that is given by 





F F 
Ay = eee SE 
PTA, A,” 
F=f — 14-13 
SO Oo l A ( ) 


Equation 14-13 shows that the output force F, on the load must be greater than 
the input force F; if A, > A,, as is the case in Fig. 14-8. 


If we move the input piston downward a distance d;, the output piston 
moves upward a distance d,, such that the same volume V of the incompressible 
liquid is displaced at both pistons. Then 


V = Ajd; ces Anes 
which we can write as 
A. 
d, = d,—. 14-14 
Oo L A ( ) 


O 


This shows that, if A, > A; (as in Fig. 14-8), the output piston moves a smaller 
distance than the input piston moves. 
From Eqs. 14-13 and 14-14 we can write the output work as 


A A; 
W = Fd,=|F—2||d—)| = Fd, 
Oo Oo (: ral 4“) I 1? 








(14-15) 


which shows that the work W done on the input piston by the applied force is 
equal to the work W done by the output piston in lifting the load placed on it. 
The ane of a hydraulic lever is this: 















































The product of force and distance remains unchanged so that the same work is 
done. However, there is often tremendous advantage in being able to exert the 
larger force. Most of us, for example, cannot lift an automobile directly but can 
with a hydraulic jack, even though we have to pump the handle farther than 
the automobile rises and in a series of small strokes. 
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Figure 14-9 shows a student in a swimming pool, manipulating a very thin plastic 
sack (of negligible mass) that is filled with water. She finds that the sack and its 
contained water are in static equilibrium, tending neither to rise nor to sink. 
The downward gravitational force F on the contained water must be balanced 
by a net upward force from the Oeen surrounding the sack. 

This net upward force is a buoyant force F, ». It exists because the pressure in 
the surrounding water increases with depth below the surface. Thus, the pressure 
near the bottom of the sack is greater than the pressure near the top, which 
means the forces on the sack due to this pressure are greater in magnitude near 
the bottom of the sack than near the top. Some of the forces are represented in 
Fig. 14-10a, where the space occupied by the sack has been left empty. Note that 
the force vectors drawn near the bottom of that space (with upward compo- 
nents) have longer lengths than those drawn near the top of the sack (with 
downward components). If we vectorially add all the forces on the sack from the 
water, the horizontal components cancel and the vertical components add to 
yield the upward buoyant force F; » on the sack. (Force F, » 1S Shown to the right of 
the pool in Fig. 14-10a.) 

Because the sack of water is in static equilibrium, the magnitude of F, is 
equal to the magnitude m,g of the gravitational force ipl on the sack of water: 
F, = myg. (Subscript f refers to fluid, here the water.) ta words, the magnitude 
of the buoyant force 1s equal to the weight of the water in the sack. 

In Fig. 14-105, we have replaced the sack of water with a stone that exactly 
fills the hole in Fig. 14-10a. The stone is said to displace the water, meaning that 
the stone occupies space that would otherwise be occupied by water. We have 
changed nothing about the shape of the hole, so the forces at the hole’s surface 
must be the same as when the water-filled sack was in place. Thus, the same 
upward buoyant force that acted on the water-filled sack now acts on the stone; 


14-7 | Archimedes’ Principle 











FIG. 14-9 A thin-walled plastic sack 
of water is in static equilibrium in the 
pool. The gravitational force on the 
sack must be balanced by a net upward 
force on it from the surrounding water. 





(0) 


(c) 


FIG. 14-10 (a) The water surrounding 
the hole in the water produces a net 
upward buoyant force on whatever 
fills the hole. (b) For a stone of the 
same volume as the hole, the gravita- 
tional force exceeds the buoyant 
force in magnitude. (c) For a lump of 
wood of the same volume, the gravi- 
tational force is less than the buoyant 
force in magnitude. 
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that is, the magnitude F, of the buoyant force is equal to m,g, the weight of the 
water displaced by the stone. 

Unlike the water-filled sack, the stone is not in static equilibrium. The down- 
ward gravitational force F, on the stone is greater in magnitude than the upward 
buoyant force, as is shown in the free-body diagram in Fig. 14-10b. The stone 
thus accelerates downward, sinking to the bottom of the pool. 

Let us next exactly fill the hole in Fig. 14-10a with a block of lightweight 
wood, as in Fig. 14-10c. Again, nothing has changed about the forces at the hole’s 
surface, so the magnitude F, of the buoyant force is still equal to mg, the weight 
of the displaced water. Like the stone, the block is not in static equilibrium. 
However, this time the gravitational force F, is lesser in magnitude than the 
buoyant force (as shown to the right of the pool), and so the block accelerates 
upward, rising to the top surface of the water. 

Our results with the sack, stone, and block apply to all fluids and are sum- 
marized in Archimedes’ principle: 





The buoyant force on a body in a fluid has the magnitude 
F,=m,g (buoyant force), (14-16) 


where mis the mass of the fluid that 1s displaced by the body. 





When we release a block of lightweight wood just above the water in a pool, the 
block moves into the water because the gravitational force on it pulls it down- 
ward. As the block displaces more and more water, the magnitude F, of the 
upward buoyant force acting on it increases. Eventually, F, is large enough to 
equal the magnitude F, of the downward gravitational force on the block, and 
the block comes to rest. The block is then in static equilibrium and is said to be 
floating in the water. In general, 





We can write this statement as 


bi 


From Eq. 14-16, we know that F;, = meg. Thus, 





We can write this statement as 


i ee fioatani)) (14-18) 
In other words, a floating body displaces its own weight of fluid. 


arent Weight in a Fluid 


If we place a stone on a scale that is calibrated to measure weight, then the 
reading on the scale is the stone’s weight. However, if we do this underwater, 
the upward buoyant force on the stone from the water decreases the reading. 
That reading is then an apparent weight. In general, an apparent weight is 





related to the actual weight of a body and the buoyant force on the body by 


apparent\  /actual\ / magnitude of 
weight / \weight buoyant force /’ 


which we can write as 


weight,,, = weight — F, (apparent weight). (14-19) 

If, in some test of strength, you had to lift a heavy stone, you could do it 
more easily with the stone underwater. Then your applied force would need to 
exceed only the stone’s apparent weight, not its larger actual weight, because the 
upward buoyant force would help you lift the stone. 

The magnitude of the buoyant force on a floating body is equal to the 
body’s weight. Equation 14-19 thus tells us that a floating body has an apparent 
weight of zero—the body would produce a reading of zero on a scale. (When 


astronauts prepare to perform a complex task in space, they practice the task 
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floating underwater, where their apparent weight is zero as it is in space.) 


CHECKPOINT 2 


A penguin floats first in a fluid of density pp, then in a fluid 


of density 0.959, and then in a fluid of density 1.19. (a) Rank the densities according 
to the magnitude of the buoyant force on the penguin, greatest first. (b) Rank the den- 
sities according to the amount of fluid displaced by the penguin, greatest first. 


Sample Problem erry 


In Fig. 14-11a, a surfer rides on the front side of a wave, 
at a point where a tangent to the wave has a slope of 

= 30.0°. The combined mass of surfer and surfboard 
is m = 83.0 kg, and the board has a submerged volume 
of V = 2.50 X 10°? m’. The surfer maintains his posi- 
tion on the wave as the wave moves at constant speed 
toward shore. What are the magnitude and direction 
(relative to the positive direction of the x axis in Fig. 
14-11b) of the drag force on the surfboard from the 


water? —ec 


Cede (1) The buoyancy force on the surfer has a 


magnitude f, equal to the weight of the seawater dis- 
placed by the submerged volume of the surfboard. The 
direction of the force is perpendicular to the surface at 
the surfer’s location. (2) By Newton’s second law, because 
the surfer moves at constant speed toward the shore, 
the (vector) sum of the buoyancy force F,, the gravita- 
tional force F,, and the drag force F, must be 0. 





Calculations: The forces and their components are 
shown in the free-body diagram of Fig. 14-11b. The gravi- 





FIG. 14-11 


(a) Surfer. (b) Free-body diagram showing the 
forces on the surfer—surfboard system. 


tational force F, is downward and (as we saw in Chapter 
5) has a component of mg sin@ down the slope and a 
component of mg cos@ perpendicular to the slope. 
A drag force F’, from the water acts on the surfboard 
because water is continuously forced up into the wave as 
the wave continues to move toward the shore. This push 
on the surfboard is upward and to the rear, at angle ¢ to 
the x axis. The buoyancy force F;, is perpendicular to the 
water surface; its magnitude depends on the mass m, of 
the water displaced by the surfboard, as given by Eq. 
14-10 (Fp = m,py. From By. 142 (p= miV), we can 
write the mass in terms of the seawater density p,, and 
the submerged volume V of the surfboard: m; = p,,V. 
From Table 14-1, seawater density p, is 1.024 x 10° 
kg/m°. Thus, the magnitude of the buoyant force is 


Py r Mr § rr; pave 
= (1.024 10° kg/m*)(2.50 X 107? m°)(9.8 m/s”) 
= 2.509 x 107N. 


So, Newton’s second law for the y axis, 


Fy, + F, — mg cos 0 = m(0), 
becomes 


Fy + 2.509 X 10°N — (83 kg)(9.8 m/s’) cos 30.0° = 0, 


yielding 
Fy = 453.5N. 
Similarly, Newton’s second law F,,,=ma@ for the x 
AXIS, 
F,, — mg sin 0 = m(0), 


yields Fi, = 406.7 N. 
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Combining the two components of the drag force tells 
us that the force has magnitude 


F, = V(406.7 N)? + (453.5 N)? 


= 609N (Answer) 
and angle 
453.5 N 
= al |e ee 4 Site 
gd = tan ( 4067 ~) 8 (Answer) 


Wipeout avoided: If the surfer tilts the board slightly 
forward, the magnitude of the drag force decreases and 
angle @ changes. The result is that the net force is no 


longer zero and the surfer moves down the face of the 
wave. The descent is somewhat self-adjusting because, 
as the surfer descends, the tilt angle 0 of the wave sur- 
face decreases and thus so does the component of the 
gravitational force mg sin 6 pulling the surfer down the 
slope. So, the surfer can adjust the board to re-establish 
equilibrium, now lower on the wave. Similarly, by tilt- 
ing the board slightly backward, the surfer increases 
the drag and moves up the face of the wave. If the surfer 
is still on the lower part of the wave, then both @ and 
mg sin @ increase and again the surfer can control the 
forces and re-establish equilibrium. 


Sample Problem ere 


In Fig. 14-12, a block of density p = 800 kg/m? floats 
face down in a fluid of density p,; = 1200 kg/m’. The 
block has height H = 6.0 cm. 


(a) By what depth h is the block submerged? 


Cry (1) Floating requires that the upward 


buoyant force on the block match the downward gravi- 
tational force on the block. (2) The buoyant force is 
equal to the weight m,;g of the fluid displaced by the 
submerged portion of the block. 


Calculations: From Eq. 14-16, we know that the buoy- 
ant force has the magnitude f,, = m,g, where m, is the 
mass of the fluid displaced by the block’s submerged 
volume V;. From Eq. 14-2 (p = m/V), we know that the 
mass of the displaced fluid is m; = prey. We don’t know 
V; but if we symbolize the block’s face length as L and 
its width as W, then from Fig. 14-12 we see that the sub- 
merged volume must be V; = LWA. If we now combine 
our three expressions, we find that the upward buoyant 
force has magnitude 


(14-20) 


Similarly, we can write the magnitude F, of the 
gravitational force on the block, first in terms of the 
block’s mass m, then in terms of the block’s density p 
and (full) volume V, and then in terms of the block’s 
dimensions L, W, and H (the full height): 


F, = mpg = pV7g = pplWhe. 


FIG. 14-12 Block of height H 
floats in a fluid, to a depth of h. 





F, = mg = pVg = p,rLWHg. (14-21) 


The floating block is stationary. Thus, writing 
Newton’s second law for components along a vertical y 
axis (Fie = ma,), we have 


F, a i ae m(0), 
or from Eqs. 14-20 and 14-21, 
prLWhg — pLWHg = 0, 
which gives us 


_ p ,,_ 800 kg/m? 
aa 1200 ke/m? °° ™ 
= 40cm. (Answer) 


(b) If the block is held fully submerged and then re- 
leased, what is the magnitude of its acceleration? 


Calculations: The gravitational force on the block is the 
same but now, with the block fully submerged, the volume 
of the displaced water is V = LWH. (The full height of 
the block is used.) This means that the value of F, is now 
larger, and the block will no longer be stationary but will 
accelerate upward. Now Newton’s second law yields 


F, a je 


or ppLWHg — pLWHg = pLWHa, 


where we inserted pL WH for the mass m of the block. 
Solving for a leads to 


Pr 1200 kg/m° 
a ( 1)s awe A (9.8 m/s“) 


= 4.9 m/s”. (Answer) 


14-8 | Ideal Fluids in Motion 


The motion of real fluids is very complicated and not yet fully understood. 
Instead, we shall discuss the motion of an ideal fluid, which is simpler to handle 
mathematically and yet provides useful results. Here are four assumptions that 
we make about our ideal fluid; they all are concerned with flow: 
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1. Steady flow In steady (or laminar) flow, the velocity of the moving fluid at 
any fixed point does not change with time, either in magnitude or in direc- 
tion. The gentle flow of water near the center of a quiet stream is steady; the 
flow in a chain of rapids is not. Figure 14-13 shows a transition from steady 
flow to nonsteady (or nonlaminar or turbulent) flow for a rising stream of 
smoke. The speed of the smoke particles increases as they rise and, at a 
certain critical speed, the flow changes from steady to nonsteady. 


2 


Incompressible flow We assume, as for fluids at rest, that our ideal fluid 1s 
incompressible; that is, its density has a constant, uniform value. 


3. Nonviscous flow Roughly speaking, the viscosity of a fluid is a measure of how 
resistive the fluid is to flow. For example, thick honey is more resistive to flow 
than water, and so honey is said to be more viscous than water. Viscosity is the 
fluid analog of friction between solids; both are mechanisms by which the kinetic 
energy of moving objects can be transferred to thermal energy. In the absence of 
friction, a block could glide at constant speed along a horizontal surface. In the 
same way, an object moving through a nonviscous fluid would experience no vis- 
cous drag force—that is, no resistive force due to viscosity; 1t could move at con- 
stant speed through the fluid. The British scientist Lord Rayleigh noted that in an 
ideal fluid a ship’s propeller would not work, but, on the other hand, in an ideal 
fluid a ship (once set into motion) would not need a propeller! 


“ie 


Trrotational flow Although it need not concern us further, we also assume 
that the flow is irrotational. To test for this property, let a tiny grain of dust 
move with the fluid. Although this test body may (or may not) move in a cir- 
cular path, in irrotational flow the test body will not rotate about an axis 
through its own center of mass. For a loose analogy, the motion of a Ferris 
wheel is rotational; that of 1ts passengers 1s irrotational. 


We can make the flow of a fluid visible by adding a tracer. This might be 
a dye injected into many points across a liquid stream (Fig. 14-14) or smoke par- 
ticles added to a gas flow (Fig. 14-13). Each bit of a tracer follows a streamline, 
which is the path that a tiny element of the fluid would take as the fluid flows. 
Recall from Chapter 4 that the velocity of a particle is always tangent to the 
path taken by the particle. Here the particle is the fluid element, and its veloc- 
ity V is always tangent to a streamline (Fig. 14-15). For this reason, two stream- 
lines can never intersect; if they did, then an element arriving at their intersec- 
tion would have two different velocities simultaneously — an impossibility. 
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You may have noticed that you can increase the speed of the water emerging 
from a garden hose by partially closing the hose opening with your thumb. 
Apparently the speed v of the water depends on the cross-sectional area A 
through which the water flows. 





FIG. 14-14 The steady 
flow of a fluid around a 
cylinder, as revealed by a 
dye tracer that was 








FIG. 14-13 Atacertain point, the 
rising flow of smoke and heated gas 


changes from steady to turbulent. 
(Will McIntyre/Photo Researchers) 
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element 


injected into the fluid 
upstream of the cylinder. 
(Courtesy D.H. Peregrine, 
University of Bristol) 





FIG. 14-15 A fluid element traces 
out a streamline as it moves. The ve- 
locity vector of the element is tan- 
gent to the streamline at every point. 
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FIG. 14-16 Fluid flows from left to 
right at a steady rate through a tube 
segment of length L. The fluid’s 
speed is v, at the left side and v, at 
the right side. The tube’s cross- 
sectional area is A, at the left side 
and A, at the right side. From time t 
in (a) to time ¢ + At in (b), the 
amount of fluid shown in purple en- 
ters at the left side and the equal 
amount of fluid shown in green 
emerges at the right side. 
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FIG. 14-17 Fluid flows at a constant 
speed v through a tube. (a) At time f, 
fluid element e is about to pass the 
dashed line. (b) At time ¢ + At, ele- 
ment e is a distance Ax = v At from 
the dashed line. 





FIG. 14-18 A tube of flow is de- 
fined by the streamlines that form 
the boundary of the tube. The vol- 
ume flow rate must be the same for 
all cross sections of the tube of flow. 





(b) Time t+ At 


Here we wish to derive an expression that relates v and A for the steady 
flow of an ideal fluid through a tube with varying cross section, like that in 
Fig. 14-16. The flow there is toward the right, and the tube segment shown (part 
of a longer tube) has length L. The fluid has speeds v, at the left end of the 
segment and v, at the right end. The tube has cross-sectional areas A, at the left 
end and A, at the right end. Suppose that in a time interval At a volume AV of 
fluid enters the tube segment at its left end (that volume is colored purple in Fig. 
14-16). Then, because the fluid is incompressible, an identical volume AV must 
emerge from the right end of the segment (it is colored green in Fig. 14-16). 

We can use this common volume AV to relate the speeds and areas. To do 
So, we first consider Fig. 14-17, which shows a side view of a tube of uniform cross- 
sectional area A. In Fig. 14-17a, a fluid element e is about to pass through the 
dashed line drawn across the tube width. The element’s speed is v, so during a time 
interval At, the element moves along the tube a distance Ax = v At. The volume AV 
of fluid that has passed through the dashed line in that time interval At is 


AV = A Ax = Av At. (14-22) 


Applying Eq. 14-22 to both the left and right ends of the tube segment in 
Fig. 14-16, we have 
AV = Aivy At = Av At 


OT Ai — Anv> (14-23) 


(equation of continuity). 


This relation between speed and cross-sectional area is called the equation of 
continuity for the flow of an ideal fluid. It tells us that the flow speed increases 
when we decrease the cross-sectional area through which the fluid flows (as 
when we partially close off a garden hose with a thumb). 

Equation 14-23 applies not only to an actual tube but also to any so-called 
tube of flow, or imaginary tube whose boundary consists of streamlines. Such a 
tube acts like a real tube because no fluid element can cross a streamline; thus, 
all the fluid within a tube of flow must remain within its boundary. Figure 14-18 
shows a tube of flow in which the cross-sectional area increases from area A, to 
area A, along the flow direction. From Eq. 14-23 we know that, with the increase 
in area, the speed must decrease, as is indicated by the greater spacing between 
streamlines at the right in Fig. 14-18. Similarly, you can see that in Fig. 14-14 the 
speed of the flow is greatest just above and just below the cylinder. 

We can rewrite Eq. 14-23 as 


Ry = Av = aconstant (volume fiow rate, equation of continuity), (14-24) 
in which Ry is the volume flow rate of the fluid (volume past a given point per 


unit time). Its SI unit is the cubic meter per second (m°/s). If the density p of the 


fluid is uniform, we can multiply Eq. 14-24 by that density to get the mass flow 
rate R,, (mass per unit time): 


R,, = pRy = pAv = aconstant (mass flow rate). (14-25) 


The SI unit of mass flow rate is the kilogram per second (kg/s). Equation 14-25 
says that the mass that flows into the tube segment of Fig. 14-16 each second 
must be equal to the mass that flows out of that segment each second. 


oe t= 
ticle ey ore 
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CHECKPOINT 3 

The figure shows a pipe and 
gives the volume flow rate 
(in cm?/s) and the direction of 
flow for all but one section. 
What are the volume flow rate 
and the direction of flow for 
that section? 


Sample Problem 
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Figure 14-19 shows how the stream of water emerging 
from a faucet “necks down” as it falls. The indicated 
cross-sectional areas are Ay = 1.2cm’ and A = 0.35 


Calculations: From Eq. 14-24, we have 


Avy = Av, (14-26) 


cm’. The two levels are separated by a vertical distance 
h = 45 mm. What is the volume flow rate from the tap? 





The volume flow rate through the higher 
cross section must be the same as that through the 
lower cross section. 


FIG. 14-19 As water falls 
from a tap, its speed increases. 
Because the volume flow rate 
must be the same at all hori- 
zontal cross sections of the 
stream, the stream must “neck 
down” (narrow). 
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where vy and v are the water speeds at the levels corre- 
sponding to Ay and A. From Eq. 2-16 we can also write, 
because the water is falling freely with acceleration g, 


v? = vi + 2gh. (14-27) 


Eliminating v between Eqs. 14-26 and 14-27 and solv- 
ing for vo, we obtain 


“= 2ghA? 
no Wa = A 
nl | (2)(9.8 m/s”)(0.045 m)(0.35 cm?) 
.2e@ry — (0.35 ey 


= (0.286 m/s = 28.6 cm/s. 


From Eq. 14-24, the volume flow rate Ry is then 
Ry = AoVo = G2 cm’)(28.6 cm/s) 


= 34 cm?/s. (Answer) 


Figure 14-20 represents a tube through which an ideal fluid is flowing at a steady 
rate. In a time interval At, suppose that a volume of fluid AV, colored purple in 
Fig. 14-20, enters the tube at the left (or input) end and an identical volume, 
colored green in Fig. 14-20, emerges at the right (or output) end. The emerging 
volume must be the same as the entering volume because the fluid is incom- 
pressible, with an assumed constant density p. 

Let y;, v;, and p; be the elevation, speed, and pressure of the fluid entering 
at the left, and y,, v2, and p, be the corresponding quantities for the fluid emerg- 
ing at the right. By applying the principle of conservation of energy to the fluid, 
we Shall show that these quantities are related by 


Pi + 5pvi + pgy: = Po + spv3 + pgyo. (14-28) 
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() 


FIG. 14-20 Fluid flows at a steady 
rate through a length L of a tube, 
from the input end at the left to the 
output end at the right. From time t 
in (a) to time ¢ + At in (bd), the 
amount of fluid shown in purple en- 
ters the input end and the equal 
amount shown in green emerges 
from the output end. 





In general, the term Spv” is called the fluid’s kinetic energy density (kinetic en- 
ergy per unit volume). We can also write Eq. 14-28 as 


pt + pv? + pgy =aconstant = (Bernoulli’s equation). (14-29) 


Equations 14-28 and 14-29 are equivalent forms of Bernoulli’s equation, 
after Daniel Bernoulli, who studied fluid flow in the 1700s.* Like the equation of 
continuity (Eq. 14-24), Bernoulli’s equation is not a new principle but simply 
the reformulation of a familiar principle in a form more suitable to fluid 
mechanics. As a check, let us apply Bernoulli’s equation to fluids at rest, by 
putting v; = v. = 01in Eq. 14-28. The result is 


P2 = P1 + pg(yi — Ya), 
which is Eq. 14-7. 
A major prediction of Bernoulli’s equation emerges if we take y to be a 
constant (y = 0, say) so that the fluid does not change elevation as it flows. 
Equation 14-28 then becomes 


Dias 5pVv4 = Po 5pV3, (14-30) 
which tells us that: 


If the speed of a fluid element increases as the element travels along a horizontal 
streamline, the pressure of the fluid must decrease, and conversely. 


Put another way, where the streamlines are relatively close together (where the 
velocity is relatively great), the pressure is relatively low, and conversely. 

The link between a change in speed and a change in pressure makes sense if 
you consider a fluid element. When the element nears a narrow region, the 
higher pressure behind it accelerates it so that it then has a greater speed in the 
narrow region. When it nears a wide region, the higher pressure ahead of it 
decelerates it so that it then has a lesser speed in the wide region. 

Bernoulli’s equation is strictly valid only to the extent that the fluid is ideal. 
If viscous forces are present, thermal energy will be involved. We take no 
account of this in the derivation that follows. 


Proof of Bernoulli's Equation 


Let us take as our system the entire volume of the (ideal) fluid shown in Fig. 
14-20. We shall apply the principle of conservation of energy to this system as it 
moves from its initial state (Fig. 14-20a) to its final state (Fig. 14-20b). The fluid 
lying between the two vertical planes separated by a distance L in Fig. 14-20 
does not change its properties during this process; we need be concerned only 
with changes that take place at the input and output ends. 
First, we apply energy conservation in the form of the work—kinetic energy 
theorem, 
W = AK, (14-31) 


which tells us that the change in the kinetic energy of our system must equal the 
net work done on the system. The change in kinetic energy results from the 
change in speed between the ends of the tube and is 


AK = sAmyv3 — $Am v3 
= +p AV(v3 — v9), (14-32) 


in which Am (= p AV) is the mass of the fluid that enters at the input end and 
leaves at the output end during a small time interval At. 


*For irrotational flow (which we assume), the constant in Eq. 14-29 has the same value for all 
points within the tube of flow; the points do not have to lie along the same streamline. Similarly, 
the points 1 and 2 in Eq. 14-28 can lie anywhere within the tube of flow. 


The work done on the system arises from two sources. The work W, done by 
the gravitational force (Am g) on the fluid of mass Am during the vertical lift of 
the mass from the input level to the output level is 


W, = —Am g(y2 — y1) 
= —pg AV(y2 — yi). (14-33) 
This work is negative because the upward displacement and the downward grav- 
itational force have opposite directions. 
Work must also be done on the system (at the input end) to push the 
entering fluid into the tube and by the system (at the output end) to push for- 
ward the fluid that is located ahead of the emerging fluid. In general, the work 


done by a force of magnitude F, acting on a fluid sample contained in a tube of 
area A to move the fluid through a distance Ax, is 


F Ax = (pA)(Ax) = p(A Ax) = p AV. 
The work done on the system is then p,; AV, and the work done by the system 
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is —p, AV. Their sum W, is 


Ww, = = p> AV +p, AV 


= —(P2 — pi) AV. 


(14-34) 


The work—kinetic energy theorem of Eq. 14-31 now becomes 


We Wee W a AK 
Substituting from Eqs. 14-32, 14-33, and 14-34 yields 


— pg AV(y2 — y1) — AV(p2 — pi) = 3p AV(V3 — V7). 
This, after a slight rearrangement, matches Eq. 14-28, which we set out to prove. 


CHECKPOINT 4 _ ~ Water flows 
smoothly through the pipe shown in the 
figure, descending in the process. Rank 
the four numbered sections of pipe ac- 
cording to (a) the volume flow rate Ry 
through them, (b) the flow speed v 
through them, and (c) the water pres- 
sure p within them, greatest first. 





Sample Problem Bree 


Ethanol of density p=791kg/m? flows smoothly 
through a horizontal pipe that tapers (as in Fig. 14-16) 
in cross-sectional area from A, = 1.20 X 10°? m’ to 
A, = A,/2. The pressure difference between the wide 
and narrow sections of pipe is 4120 Pa. What is the vol- 
ume flow rate Ry, of the ethanol? 


eres (1) Because the fluid flowing through the 


wide section of pipe must entirely pass through the 
narrow section, the volume flow rate Ry must be the 
same in the two sections. Thus, from Eq. 14-24, 


Ry => V1A, = V>A>. (14-35) 
However, with two unknown speeds, we cannot evalu- 
ate this equation for Ry. (2) Because the flow is 


smooth, we can apply Bernoulli’s equation. From Eq. 
14-28, we can write 


Pi + 5pvi + pgy = po + 5pvs + pgy, —— (14-36) 


where subscripts 1 and 2 refer to the wide and narrow 
sections of pipe, respectively, and y is their common el- 
evation. This equation hardly seems to help because it 
does not contain the desired Ry and it contains the un- 
known speeds v, and v5. 


Calculations: There is a neat way to make Eq. 14-36 
work for us: First, we can use Eq. 14-35 and the fact that 
A, = A,/2 to write 

Ry _ 2Ry 


——————— d —- — a 
Vy A, an V> A a 





(14-37) 


Then we can substitute these expressions into Eq. 14-36 to 
eliminate the unknown speeds and introduce the desired 
volume flow rate. Doing this and solving for Ry yield 


2 —_ 
Ry = A, | a P2) 


(14-38) 
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We still have a decision to make: We know that the 
pressure difference between the two sections is 4120 
Pa, but does that mean that p; — p. is 4120 Pa or —4120 
Pa? We could guess the former is true, or otherwise the 
square root in Eq. 14-38 would give us an imaginary 
number. Instead of guessing, however, let’s try some 
reasoning. From Eq. 14-35 we see that speed v, in the 
narrow section (small A,) must be greater than speed 
v; in the wider section (larger A,). Recall that if the 


speed of a fluid increases as the fluid travels along a 
horizontal path (as here), the pressure of the fluid must 
decrease. Thus, p; is greater than p,, and p, — p> = 4120 
Pa. Inserting this and known data into Eq. 14-38 gives 


; 2)(4120 Pa) 
Ry = 1.20 x 1073 fy eeu 
Y ™ V")(791 kg/m) 


= 2.24 xX 107? m*/s. (Answer) 


Sample Problem are 


In the old West, a desperado fires a bullet into an open 
water tank (Fig. 14-21), creating a hole a distance h be- 
low the water surface. What is the speed v of the water 
exiting the tank’? 


tei (1) This situation is essentially that of wa- 


ter moving (downward) with speed vp through a wide 
pipe (the tank) of cross-sectional area A and then mov- 
ing (horizontally) with speed v through a narrow pipe 
(the hole) of cross-sectional area a. (2) Because the water 
flowing through the wide pipe must entirely pass through 
the narrow pipe, the volume flow rate Ry must be the 
same in the two “pipes.” (3) We can also relate v to vo 
(and to h) through Bernoulli’s equation (Eq. 14-28). 


Calculations: From Eq. 14-24, 
Ry = av = Avo 


a 
and thus Vy = — Vv. 
A 


Because a < A, we see that vy) < v. To apply Bernoulli’s 
equation, we take the level of the hole as our reference 
level for measuring elevations (and thus gravitational 
potential energy). Noting that the pressure at the top 
of the tank and at the bullet hole is the atmospheric 
pressure Py (because both places are exposed to the at- 
mosphere), we write Eq. 14-28 as 


(14-39) 


Do + 4pve + pgh = py + tpv? + pg(0). 





Many types of race cars depend on negative lift (or 
downforce) to push them down against the track surface 
so they can take turns quickly without sliding out into 
the track wall. Part of the negative lift is the ground 
force, which is a force due to the airflow beneath the car. 
As the race car in Fig. 14-22a moves forward at 27.25 
m/s, air is forced to flow over and under the car (Fig. 
14-22a). The air forced to flow under the car enters 
through a vertical cross-sectional area A, = 0.0330 m? 
at the front of the car (Fig. 14-22b) and then flows be- 
neath the car where the vertical cross-sectional area is 
A, = 0.0310 m?. Treat this flow as steady flow through a 


Po 





FIG. 14-21 Water pours 
through a hole in a water 
tank, at a distance h below 
the water surface. The 
pressure at the water sur- 
face and at the hole is at- 
mospheric pressure Pp. 


(Here the top of the tank is represented by the left side 
of the equation and the hole by the right side. The zero 
on the right indicates that the hole is at our reference 
level.) Before we solve Eq. 14-39 for v, we can use our 
result that vo < v to simplify it: We assume that v3, and 
thus the term 5pvj in Eq. 14-39, is negligible relative to 
the other terms, and we drop it. Solving the remaining 
equation for v then yields 


v = V2gh. 


This is the same speed that an object would have when 
falling a height / from rest. 


(Answer) 


stationary horizontal pipe that decreases in cross-sec- 
tional area from Ap to A, (Fig. 14-22c). <a 


(a) At the moment it passes through Ap, the air is at 
atmospheric pressure py. At what pressure p, is the air 
as it moves through A,? 


Cameo (1) Because the flow is steady, we can ap- 


ply Bernoulli’s equation (Eq. 14-28) to the flow. To be 
consistent with the given subscripts, we write the 
equation as 


Po + 30V5 + pgy = pi + zpvi t+ pgy, — (14-40) 





(a) 


where p is the air density and y is the distance above 
the ground of the flowing air. (2) Because all the air en- 
tering through cross-sectional area Ag flows through 
cross-sectional area A,, the volume flow rate Ry 
through the two areas must be the same. 


Calculations: From Eq. 14-24, we can write 


ApVo = Avi, 
or Vi = Vo a) (14-41) 
A, 


Substituting Eq. 14-41 into Eq. 14-40 and rearranging 
give us 


lee Ab 
Pi ~ Po ~ 2PV0 Az 1 }. (14-42) 
1 
The speed of the air as it enters Ag at the front of the 
car is equal to 27.25 m/s, the speed of the car as it 
moves forward through the air. Substituting this speed, 
the air density p = 1.21 kg/m*, and the values for Ay 


and A, into Eq. 14-42, we find 
(0.0330 m2)? i) 
(0.0310 m7)” 
(Answer) 


Pi = Po — 5(1.21 kg/m>)(27.25 m/s) ( 


= Po — 59.838 Pa ~ po — 59.8 Pa. 


Thus, the air pressure beneath the car is 59.8 Pa less 
than atmospheric pressure. 


(b) If the horizontal cross-sectional area of the car is 
A;, = 4.86 m’, what is the magnitude of the net vertical 
force Frey On the car due to the air pressures above 
and below the car? 


REVIEW & SUMMARY 


Density The density p of any material is defined as the 
material’s mass per unit volume: 


_ Am 
ENE 


Usually, where a material sample is much larger than atomic 
dimensions, we can write Eq. 14-1 as 


(14-1) 


p= TV: (14-2) 


Fluid Pressure A fluid is a substance that can flow; it con- 
forms to the boundaries of its container because it cannot with- 
stand shearing stress. It can, however, exert a force perpendicular 
to its surface. That force is described in terms of pressure p: 
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(c) 
FIG. 14-22 (a) Air flows above and below a race car. (b) The flow beneath the car enters through vertical cross-sectional area Apo. 
(c) The flow is then constrained as in a pipe that narrows to vertical cross-sectional area Aj. 


crs The pressure on a surface is the force per 


unit area, as given by Eq. 14-4 (p = FIA). 


Calculations: Here we are concerned with the top and 
bottom surfaces of the car, where we take both surfaces 
to have area A,. Above the car the air is at atmospheric 
pressure py and presses down on the car with a vertical 
component 

—PoAn. 

Below the car, the air is at pressure p; = Po — 59.838 Pa 
and presses up on the car with a vertical component 


F Helou = (Do — 59.838 Pa)Ay,. 


y> 


Be y,above — 


The net vertical force is then 


i net,y mee y, below aoa y, above 


(Do — 59.838 Pa)A), one PoAn 
—(59.838 Pa)(4.86 m2) = —291 N. 


(Answer) 


Danger of drafting: This net downward force, which 
is due to the reduced air pressure beneath the car, is 
the ground effect acting on the car. It is about 30% of 
the total negative lift that helps hold the car on the 
track. Without negative lift, a car must greatly slow for 
turns or else it will slide outward into the track wall. In 
a race, a driver can reduce the air drag on his car by 
closely following another car, a procedure known as 
drafting. However, the leading car disrupts the steady 
flow of air under the trailing car, eliminating the 
sround effect on the trailing car. If the trailing driver 
does not anticipate that elimination and slow accord- 
ingly, sliding into the track wall may be unavoidable. 





AF 


aioe 14-3 
p= (14-3) 


in which AF is the force acting on a surface element of area AA. 
If the force is uniform over a flat area, Eq. 14-3 can be written as 


=—, 14-4 
Daa (14-4) 
The force resulting from fluid pressure at a particular point in 
a fluid has the same magnitude in all directions. Gauge pres- 
sure is the difference between the actual pressure (or absolute 
pressure) at a point and the atmospheric pressure. 


Pressure Variation with Height and Depth Pressure 
in a fluid at rest varies with vertical position y. For y mea- 
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sured positive upward, 
Po = Pi + pg(yi — ya). Cia) 
The pressure in a fluid is the same for all points at the same 


level. If h is the depth of a fluid sample below some reference 
level at which the pressure is po, Eq. 14-7 becomes 


P = Po + pgh, (14-8) 


where p is the pressure in the sample. 


Pascal's Principle A change in the pressure applied to an 
enclosed fluid is transmitted undiminished to every portion 
of the fluid and to the walls of the containing vessel. 


Archimedes’ Principle When a body is fully or partially 
submerged in a fluid, a buoyant force F,, from the surrounding 
fluid acts on the body. The force is directed upward and has a 
magnitude given by 


F, = meg, (14-16) 


where my, is the mass of the fluid that has been displaced by 
the body (that is, the fluid that has been pushed out of the 
way by the body). 

When a body floats in a fluid, the magnitude F, of the 
(upward) buoyant force on the body is equal to the magni- 


tude F, of the (downward) gravitational force on the body. 
The apparent weight of a body on which a buoyant force acts 
is related to its actual weight by 


weight,» = weight — Fy. (14-19) 
Flow of Ideal Fluids An ideal fluid is incompressible 
and lacks viscosity, and its flow is steady and irrotational. A 
streamline is the path followed by an individual fluid particle. 
A tube of flow is a bundle of streamlines. The flow within any 


tube of flow obeys the equation of continuity: 


Ry = Av = aconstant, (14-24) 


in which Ry is the volume flow rate, A is the cross-sectional 
area of the tube of flow at any point, and v is the speed of the 
fluid at that point. The mass flow rate R,,, is 


R,, = pRy = pAv = aconstant. (14-25) 


Bernoulli's Equation Applying the principle of conser- 
vation of mechanical energy to the flow of an ideal fluid leads 


to Bernoulli’s equation: 
pt 4 pv’ + pgy = aconstant (14-29) 


along any tube of flow. 


QUESTIONS 


1 The teapot effect. Water 
poured slowly from a teapot 
spout can double back under 
the spout for a considerable 
distance before detaching and 
falling. (The water layer is held 
against the underside of the 
spout by atmospheric pres- 
sure.) In Fig. 14-23, in the wa- 
ter layer inside the spout, point a is at the top of the layer and 
point 5 is at the bottom of the layer; in the water layer outside 
the spout, point c is at the top of the layer and point d is at the 
bottom of the layer. Rank those four points according to the 
gauge pressure in the water there, most positive first. == 


@ Figure 14-24 shows a tank Saale 
filled with water. Five horizon- La 

tal floors and ceilings are indi- | | 
cated; all have the same area he 
and are located at distances L, =< --— ort 
2L, or 3L below the top of the © FC 
tank. Rank them according to |= . = | 

the force on them due to the , / | : | 
water, greatest first. | [ 





FIG. 14-23 Question 1. 





3 We fully submerge an irregu- | Jfisomes a 
lar 3 kg lump of material in a cer- Ss 
tain fluid. The fluid that would 
have been in the space now oc- 
cupied by the lump has a mass of 2 kg. (a) When we release the 
lump, does it move upward, move downward, or remain in place? 
(b) If we next fully submerge the lump in a less dense fluid and 
again release it, what does it do? 


FIG. 14-24 Question 2. 


4 Figure 14-25 shows four situations in which a red liquid 





and a gray liquid are in a U-tube. In one situation the liquids 
cannot be in static equilibrium. (a) Which situation is that? 
(b) For the other three situations, assume static equilibrium. 
For each, is the density of the red liquid greater than, less 
than, or equal to the density of the gray liquid? 





(1) (2) (3) (4) 
FIG. 14-25 Question 4. 


5 A boat with an anchor on board floats in a swimming pool 
that is somewhat wider than the boat. Does the pool water level 
move up, move down, or remain the same if the anchor is (a) 
dropped into the water or (b) thrown onto the surrounding 
ground? (c) Does the water level in the pool move upward, 
move downward, or remain the same if, instead, a cork is 
dropped from the boat into the water, where it floats? i 


6 Figure 14-26 shows three identical open-top containers filled 
to the brim with water; toy ducks float in two of them. Rank the 





(d) (c) 
FIG. 14-26 Question 6. 


containers and contents accord- x 
ing to their weight, greatest first. 


7 Water flows smoothly in a 
horizontal pipe. Figure 14-27 
shows the kinetic energy K of a 
water element as it moves along 
an x axis that runs along the pipe. Rank the three lettered sec- 
tions of the pipe according to the pipe radius, greatest first. 


A B CG 
FIG. 14-27 Question 7. 


8 The gauge pressure p, ver- Pe 
sus depth hh is plotted in 
Fig. 14-28 for three liquids. For a 
rigid plastic bead fully sub- 
merged in each liquid, rank the 
plots according to the magni- 
tude of the buoyant force on the 
bead, greatest first. 


9 Figure 14-29 shows four 
arrangements of pipes through 
which water flows smoothly toward the right. The radii of the 
pipe sections are indicated. In which arrangements is the net 
work done on a unit volume of water moving from the left- 
most section to the rightmost section (a) zero, (b) positive, 
and (c) negative? 





h 


FIG. 14-28 Question 8. 
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SK KO 


2.00R R 3.00R R 3.00R R 
(3) (4) 
FIG. 14-29 Question 9. 


10 A rectangular block is 
pushed face-down into three 
liquids, in turn. The apparent 
weight W,,, of the block versus 
depth h in the three liquids is 
plotted in Fig. 14-30. Rank the 
liquids according to _ their 
weight per unit volume, great- 
est first. 





FIG. 14-30 Question 10. 


PROBLEMS 


Tutoring problem available (at instructor's discretion) in WileyPLUS and WebAssign 


Worked-out solution available in Student Solutions Manual 


SSM 


e —eee Number of dots indicates level of problem difficulty 


WWW Worked-out solution is at 
te ae http://www.wiley.com/college/halliday 
Interactive solution is at 


i Additional information available in The Flying Circus of Physics and at flyingcircusofphysics.com 


Click here to view all step-by-step solutions 


sec. 14-3. Density and Pressure 
e{ Find the pressure increase in the fluid in a syringe when 
a nurse applies a force of 42 N to the syringe’s circular piston, 
which has a radius of 1.lcm. SSM 


e2 Three liquids that will not mix are poured into a cylindrical 
container. The volumes and densities of the liquids are 0.50 L, 2.6 
g/cm?; 0.25 L, 1.0 g/cm*; and 0.40 L, 0.80 g/cm’. What is the force 
on the bottom of the container due to these liquids? One liter = 
1 L = 1000 cm%. (Ignore the contribution due to the atmosphere.) 


®3 An office window has dimensions 3.4m by 2.1m. As a 
result of the passage of a storm, the outside air pressure 
drops to 0.96 atm, but inside the pressure is held at 1.0 atm. 


e4 You inflate the front tires on your car to 28 psi. Later, 
you measure your blood pressure, obtaining a reading of 
120/80, the readings being in mm Hg. In metric countries 
(which is to say, most of the world), these pressures are cus- 
tomarily reported in kilopascals (kPa). In kilopascals, what 
are (a) your tire pressure and (b) your blood pressure? 


e5 A fish maintains its depth in fresh water by adjusting the 
air content of porous bone or air sacs to make its average 
density the same as that of the water. Suppose that with its 
air sacs collapsed, a fish has a density of 1.08 g/cm’. To what 
fraction of its expanded body volume must the fish inflate the 
air sacs to reduce its density to that of water? !Lw 


°6 A partially evacuated airtight container has a tight- 
fitting lid of surface area 77 m* and negligible mass. If the 
force required to remove the lid is 480 N and the atmospheric 
pressure is 1.0 X 10° Pa, what is the internal air pressure? 


ee¢7 In 1654 Otto von 
Guericke, inventor of the air 
pump, gave a demonstration be- 
fore the noblemen of the Holy 
Roman Empire in which two 
teams of eight horses could not 
pull apart two evacuated brass 
hemispheres. (a) Assuming the 
hemispheres have (strong) thin walls, so that R in Fig. 14-31 
may be considered both the inside and outside radius, show 
that the force F required to pull apart the hemispheres has 
magnitude F = wR?’ Ap, where Ap is the difference between 
the pressures outside and inside the sphere. (b) Taking R as 30 
cm, the inside pressure as 0.10 atm, and the outside pressure as 
1.00 atm, find the force magnitude the teams of horses would 
have had to exert to pull apart the hemispheres. (c) Explain why 
one team of horses could have proved the point just as well if 
the hemispheres were attached to a sturdy wall. 





FIG. 14-31 Problem 7. 


sec. 14-4 Fluids at Rest 
°8 Calculate the hydrostatic difference in blood pressure 


between the brain and the foot in a person of height 1.83 m. 
The density of blood is 1.06 X 10° kg/m’. 
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°9 At a depth of 10.9km, the Challenger Deep in the 
Marianas Trench of the Pacific Ocean is the deepest site in 
any ocean. Yet, in 1960, Donald Walsh and Jacques Piccard 
reached the Challenger Deep in the bathyscaph Trieste. 
Assuming that seawater has a uniform density of 1024 kg/m’, 
approximate the hydrostatic pressure (in atmospheres) that 
the Trieste had to withstand. 


*10 The maximum depth d,,,, that a diver can snorkel is set 
by the density of the water and the fact that human lungs can 
function against a maximum pressure difference (between 
inside and outside the chest cavity) of 0.050 atm. What is the 
difference in d,,,, for fresh water and the water of the Dead 
Sea (the saltiest natural water in the world, with a density of 
1.5 X 10° kg/m)? =e 


°11 Crew members attempt to escape from a damaged sub- 
marine 100 m below the surface. What force must be applied to 
a pop-out hatch, which is 1.2 m by 0.60 m, to push it out at that 
depth? Assume that the density of the ocean water is 1024 
kg/m? and the internal air pressure is at 1.00 atm. ssM Se 


e12 ‘The plastic tube in Fig. 14-32 has a 
cross-sectional area of 5.00 cm. The tube is 
filled with water until the short arm (of 
length d = 0.800 m) is full. Then the short 
arm is sealed and more water is gradually 
poured into the long arm. If the seal will 





at 


FIG. 14-32 
pop off when the force on it exceeds 9.80 N, Problems 12 
what total height of water in the long arm and 75. 


will put the seal on the verge of popping? 


13 What gauge pressure must a machine produce in order to 
suck mud of density 1800 kg/m? up a tube by a height of 1.5 m? 


14 The bends during flight. Anyone who scuba dives is ad- 
vised not to fly within the next 24 h because the air mix- 
ture for diving can introduce nitrogen to the bloodstream. 
Without allowing the nitrogen to come out of solution slowly, 
any sudden air-pressure reduction (such as during airplane 
ascent) can result in the nitrogen forming bubbles in the 
blood, creating the bends, which can be painful and even fa- 
tal. Military special operation forces are especially at risk. 
What is the change in pressure on such a special-op soldier 
who must scuba dive at a depth of 20 m in seawater one day 
and parachute at an altitude of 7.6 km the next day? Assume 
that the average air density within the altitude range is 


0.87 ke/m?. =e 


15 Giraffe bending to drink. In a giraffe with its head 
2.0 m above its heart, and its heart 2.0 m above its feet, the 
(hydrostatic) gauge pressure in the blood at its heart is 250 
torr. Assume that the giraffe stands upright and the blood 
density is 1.06 X 10° kg/m’. In torr (or mm Hg), find the 
(gauge) blood pressure (a) at the brain (the pressure is 
enough to perfuse the brain with blood, to keep the giraffe 
from fainting) and (b) at the feet (the pressure must be coun- 
tered by tight-fitting skin acting like a pressure stocking). (c) 
If the giraffe were to lower its head to drink from a pond 
without splaying its legs and moving slowly, what would be 
the increase in the blood pressure in the brain? (Such action 
would probably be lethal.) 3 


°16 In Fig. 14-33, an open tube of length L = 1.8m and 
cross-sectional area A = 4.6 cm’ is fixed to the top of a cylin- 
drical barrel of diameter D = 1.2 m and height H = 1.8 m. 





The barrel and tube are filled with 
water (to the top of the tube). 
Calculate the ratio of the hydrostatic 
force on the bottom of the barrel to 
the gravitational force on the water 
contained in the barrel. Why is that ra- 
tio not equal to 1.0? (You need not 
consider the atmospheric pressure.) 


A 





17 Blood pressure in Argentino- 
saurus. (a) If this long-necked, gigantic 
sauropod had a head height of 21 m 
and a heart height of 9.0 m, what (hy- 
drostatic) gauge pressure in its blood 
was required at the heart such that the 
blood pressure at the brain was 80 torr 
(just enough to perfuse the brain with 
blood)? Assume the blood had a den- 
sity of 1.06 X 10° kg/m?. (b) What was 
the blood pressure (in torr or mm Hg) 


at the feet? <3 


®18 Snorkeling by humans 
and elephants. When a person 
snorkels, the lungs are con- 
nected directly to the atmos- 
phere through the snorkel tube 
and thus are at atmospheric 
pressure. In atmospheres, what == ee 
is the difference Ap between FIG. 14-34 Problem 18. 
this internal air pressure and 

the water pressure against the body if the length of the 
snorkel tube is (a) 20 cm (standard situation) and (b) 4.0 m 
(probably lethal situation)? In the latter, the pressure differ- 
ence causes blood vessels on the walls of the lungs to rupture, 
releasing blood into the lungs. As depicted in Fig. 14-34, an ele- 
phant can safely snorkel through its trunk while swimming with 
its lungs 4.0 m below the water surface because the membrane 
around its lungs contains connective tissue that holds and pro- 
tects the blood vessels, preventing rupturing. 3G 


x 





D 


FIG. 14-33 
Problem 16. 





e719 Two identical cylindrical vessels with their bases at the 
same level each contain a liquid of density 1.30 < 103 kg/m’. 
The area of each base is 4.00 cm’, but in one vessel the liquid 
height is 0.854 m and in the other it is 1.560 m. Find the work 
done by the gravitational force in equalizing the levels when 
the two vessels are connected. ssm 


220 g9-LOC in dogfights. When a pilot takes a tight turn at 
high speed in a modern fighter airplane, the blood pressure at the 
brain level decreases, blood no longer perfuses the brain, and the 
blood in the brain drains. If the heart maintains the (hydrostatic) 
gauge pressure in the aorta at 120 torr (or mm Hg) when the pi- 
lot undergoes a horizontal centripetal acceleration of 4g, what is 
the blood pressure (in torr) at the brain, 30 cm radially inward 
from the heart? The perfusion in the brain is small enough that 
the vision switches to black and white and narrows to “tunnel 
vision” and the pilot can undergo g-LOC (“g-induced loss of 
consciousness”). Blood density is 1.06 x 10° kg/m?. =a 


e247 In analyzing certain geological features, it is often 
appropriate to assume that the pressure at some horizontal 
level of compensation, deep inside Earth, is the same over a 
large region and is equal to the pressure due to the gravita- 
tional force on the overlying material. Thus, the pressure on 


the level of compensation is 
given by the fluid pressure for- 
mula. This model requires, for 
one thing, that mountains 
have roots of continental rock 
extending into the denser 
mantle (Fig. 14-35). Consider a 
mountain of height H = 6.0 
km on a continent of thickness 

T=32km. The continental eet | 
rock has a density of 29 ~ = 92g emauOn y 
g/cm?, and beneath this rock = 9 4 | ee 
the mantle has a density of 3.3 
g/cm?. Calculate the depth D 
of the root. (Hint: Set the pressure at points a and b equal; 
the depth y of the level of compensation will cancel out.) 


ee22 The L-shaped tank shown in d 
Fig. 14-36 is filled with water and is 
open at the top. If d = 5.0 m, what is 
the force due to the water (a) on face 
A and (b) on face B? 


ee23 A large aquarium of height 
5.00 m is filled with fresh water to a 
depth of 2.00m. One wall of the 
aquarium consists of thick plastic 








Mountain 


Mantle | 
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FIG. 14-35 Problem 21. 






3d 


8.00 m wide. By how much does the 
total force on that wall increase if the FIG. 14-36 
aquarium is next filled to a depth of Problem 22. 


4.00 m? ico) 


eee24 In Fig. 14-37, water 
stands at depth D = 35.0 m be- 
hind the vertical upstream face 
of a dam of width W = 314m. 
Find (a) the net horizontal 
force on the dam from the | 
gauge pressure of the water os 

and (b) the net torque due to ‘FIG. 14-37 Problem 24. 
that force about a line through O parallel to the width of the 
dam. (c) Find the moment arm of this torque. && 


sec. 14-5 Measuring Pressure 

¢25 In one observation, the column in a mercury barometer 
(as is shown in Fig. 14-Sa) has a measured height h of 740.35 
mm. The temperature is —5.0°C, at which temperature the 
density of mercury p is 1.3608 X 10* kg/m. The free-fall ac- 
celeration g at the site of the barometer is 9.7835 m/s”. What 
is the atmospheric pressure at that site in pascals and in torr 
(which is the common unit for barometer readings)? 


26 Tosuck lemonade of density 1000 kg/m? up a straw toa 
maximum height of 4.0 cm, what minimum gauge pressure (in 
atmospheres) must you produce in your lungs? 


ee27 What would be the height of the atmosphere if the 
air density (a) were uniform and (b) decreased linearly to 
zero with height? Assume that at sea level the air pressure is 
1.0 atm and the air density is 1.3 kg/m°. ssM 


sec. 14-6 Pascal's Principle 

e28 A piston of cross-sectional area a is used in a hydraulic 
press to exert a small force of magnitude f on the enclosed 
liquid. A connecting pipe leads to a larger piston of cross- 
sectional area A (Fig. 14-38). (a) What force magnitude F will 


the larger piston sustain with- 
out moving? (b) If the piston 
diameters are 3.80 cm and 53.0 
cm, what force magnitude on 
the small piston will balance a 
20.0KN force on the large 
piston? 





ee29 In Fig. 14-39, a spring FIG. 14-38 
of spring constant 3.00 x 104 Problem 28. 
N/m is between a rigid beam 

and the output piston of a hy- Beam | 





; Container 
draulic lever. An empty con- 


tainer with negligible mass sits 
on the input piston. The input 
piston has area A;, and the 
output piston has area 18.0A,. 
Initially the spring is at its rest 
length. How many kilograms 
of sand must be (slowly) 
poured into the container to compress the spring by 5.00 cm? 


FIG. 14-39 Problem 29. 


sec. 14-7 Archimedes’ Principle 
e30 In Fig. 14-40, a cube of 
edge length L = 0.600 m and 
mass 450 kg is suspended by a 
rope in an open tank of liquid 
of density 1030 kg/m?. Find (a) 
the magnitude of the total 
downward force on the top of 
the cube from the liquid and 
the atmosphere, assuming at- 
mospheric pressure is 1.00 
atm, (b) the magnitude of the 
total upward force on the bottom of the cube, and (c) the ten- 
sion in the rope. (d) Calculate the magnitude of the buoyant 
force on the cube using Archimedes’ principle. What relation 
exists among all these quantities? 





FIG. 14-40 Problem 30. 


e347 An iron anchor of density 7870 kg/m? appears 200 N 
lighter in water than in air. (a) What is the volume of the 
anchor? (b) How much does it weigh in air? SSM 


32 A boat floating in fresh water displaces water weighing 
35.6kN. (a) What is the weight of the water this boat 
displaces when floating in salt water of density 1.10 x 10° 
kg/m?? (b) What is the difference between the volume of 
fresh water displaced and the volume of salt water displaced? 


33 Three children, each of weight 356 N, make a log raft 
by lashing together logs of diameter 0.30m and length 
1.80 m. How many logs will be needed to keep them afloat 
in fresh water? Take the density of the logs to be 800 kg/m’. 


34 A 5.00 kg object is released from rest while fully sub- 
merged in a liquid. The liquid displaced by the submerged 
object has a mass of 3.00 kg. How far and in what direction 
does the object move in 0.200 s, assuming that it moves freely 
and that the drag force on it from the liquid is negligible? 


35 A block of wood floats in fresh water with two-thirds 
of its volume V submerged and in oil with 0.90V submerged. 
Find the density of (a) the wood and (b) the oil. 5$™ 


¢¢36 A flotation device is in the shape of a right cylinder, 
with a height of 0.500 m and a face area of 4.00 m? on top and 
bottom, and its density is 0.400 times that of fresh water. It is 
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initially held fully submerged in fresh water, with its top face 
at the water surface. Then it is allowed to ascend gradually 
until it begins to float. How much work does the buoyant 
force do on the device during the ascent? 


e@37 A hollow sphere of inner radius 8.0 cm and outer radius 
9.0 cm floats half-submerged in a liquid of density 800 kg/m”. 
(a) What is the mass of the sphere? (b) Calculate the density of 
the material of which the sphere is made. ssm www 


©e38 Lurking alligators. An al- 
ligator waits for prey by floating 
with only the top of its head ex- 
posed, so that the prey cannot 
easily see it. One way it can ad- 
Just the extent of sinking 1s by 
controlling the size of its lungs. Another way may be by swal- 
lowing stones (gastrolithes) that then reside in the stomach. 
Figure 14-41 shows a highly simplified model (a “rhombohe- 
dron gater”) of mass 130 kg that roams with its head partially 
exposed. The top head surface has area 0.20 m’. If the alligator 
were to swallow stones with a total mass of 1.0% of its body 
mass (a typical amount), how far would it sink? Me 


FIG. 14-44 Problem 38. 


ee39 What fraction of the volume of an iceberg (density 917 
kg/m?) would be visible if the iceberg floats (a) in the ocean 
(salt water, density 1024 kg/m?) and (b) in a river (fresh water, 
density 1000 kg/m*)? (When salt water freezes to form ice, the 
salt is excluded. So, an iceberg could provide fresh water to a 
community. ) 


¢e@40 A small solid ball is re- 
leased from rest while fully 
submerged in a liquid and then 
its kinetic energy is measured 
when it has moved 4.0cm in 
the liquid. Figure 14-42 gives 0 
the results after many liquids 
are used: The kinetic energy K 
is plotted versus the liquid den- 
sity pig, and K, = 1.60 J sets the scale on the vertical axis. 
What are (a) the density and (b) the volume of the ball? @ 


®e4% A hollow spherical iron shell floats almost completely 
submerged in water. The outer diameter is 60.0 cm, and the 
density of iron is 7.87 g/cm?. Find the inner diameter. !LW 


K 


K(J) 


Plig (g/cm?) 


FIG. 14-42 Problem 40. 


ee42 In Fig. 14-43a, a rectangular block is gradually 
pushed face-down into a liquid. The block has height d; on 
the bottom and top the face area is A = 5.67 cm’. Figure 14- 
43b gives the apparent weight W,,, of the block as a function 
of the depth h of its lower face. The scale on the vertical axis 
is set by W, = 0.20 N. What is the density of the liquid? 





FIG. 14-43 Problem 42. 








se43 An iron casting containing a number of cavities 
weighs 6000 N in air and 4000 N in water. What is the total 
volume of all the cavities in the casting? The density of iron 
(that is, a sample with no cavities) is 7.87 g/cm’. 


ee44 Suppose that you release a small ball from rest at a 
depth of 0.600 m below the surface in a pool of water. If the 
density of the ball is 0.300 that of water and if the drag force 
on the ball from the water is negligible, how high above 
the water surface will the ball shoot as it emerges from the 
water? (Neglect any transfer of energy to the splashing and 
waves produced by the emerging ball.) 


2°45 The volume of air space in the passenger compartment 
of an 1800 kg car is 5.00 m°. The volume of the motor and 
front wheels is 0.750 m*, and the volume of the rear wheels, 
gas tank, and trunk is 0.800 m°; water cannot enter these two 
regions. The car rolls into a lake. (a) At first, no water enters 
the passenger compartment. How much of the car, in cubic 
meters, is below the water surface with the car floating 
(Fig. 14-44)? (b) As water slowly enters, the car sinks. How 
many cubic meters of water are in the car as it disappears 
below the water surface? (The car, with a heavy load in the 
trunk, remains horizontal.) 





FIG. 14-44 Problem 45. 





6 A block of wood has a mass of 3.67 kg and a density 
of 600 kg/m. It is to be loaded with lead (1.14 x 104 kg/m’) 
so that it will float in water with 0.900 of its volume sub- 
merged. What mass of lead is needed if the lead is attached to 
(a) the top of the wood and (b) the bottom of the wood? 


ee47 When researchers find a 
reasonably complete fossil of a 
dinosaur, they can determine 
the mass and weight of the liv- 
ing dinosaur with a scale model 
sculpted from plastic and based 
on the dimensions of the fossil 
bones. The scale of the model is 
1/20; that is, lengths are 1/20 ac- 
tual length, areas are (1/20)* ac- 
tual areas, and volumes are (1/20)° actual volumes. First, the 
model is suspended from one arm of a balance and weights are 
added to the other arm until equilibrium is reached. Then the 
model is fully submerged in water and enough weights are re- 
moved from the second arm to reestablish equilibrium (Fig. 14- 
45). For a model of a particular T: rex fossil, 637.76 g had to be 
removed to reestablish equilibrium. What was the volume of (a) 
the model and (b) the actual T? rex? (c) If 
the density of 7’ rex was approximately the 
density of water, what was its mass? 





FIG. 14-45 Problem 47. 


eee48 Figure 14-46 shows an iron ball 
suspended by thread of negligible mass 
from an upright cylinder that - floats 


partially submerged in water. The cylinder 





Fits. 14-46 
Problem 48. 


has a height of 6.00 cm, a face area of 12.0 cm’ on the top and 
bottom, and a density of 0.30 g/cm, and 2.00 cm of its height is 
above the water surface. What is the radius of the iron ball? € 


sec. 14-9 The Equation of Continuity 

e49 <A garden hose with an internal diameter of 1.9 cm is 
connected to a (stationary) lawn sprinkler that consists 
merely of a container with 24 holes, each 0.13 cm in diameter. 
If the water in the hose has a speed of 0.91 m/s, at what speed 
does it leave the sprinkler holes? SSM 


¢50 Two streams merge to form a river. One stream has a 
width of 8.2 m, depth of 3.4 m, and current speed of 2.3 m/s. The 
other stream is 6.8 m wide and 3.2 m deep, and flows at 2.6 m/s. 
If the river has width 10.5 m and speed 2.9 m/s, what is its depth? 


°51 Canal effect. Figure 14-47 


b a 2 


shows an anchored barge that | . | 


extends across a canal by dis- 
tance d = 30 m and into the wa- 
ter by distance b = 12m. The 
canal has a width D = 55m,a 
water depth H = 14m, and a 
uniform _water-flow speed 
v; = 1.5 m/s. Assume that the 
flow around the barge is uni- 
form. As the water passes the 
bow, the water level undergoes a 
dramatic dip known as the canal effect. If the dip has depth 
h = 0.80 m, what is the water speed alongside the boat through 
the vertical cross sections at (a) point a and (b) point b? The 
erosion due to the speed increase is a common concern to hy- 
draulic engineers. <= ae 


*52 Figure 14-48 shows 
two sections of an old 
pipe system that runs d 





FIG. 14-47 Problem 51. 





—- 


. ‘ d A dp 
through a hill, with dis- D 


tances d,=dz,=30m 
and D = 110m. On each 
side of the hill, the pipe radius is 2.00 cm. However, the radius of 
the pipe inside the hill is no longer known. To determine it, hy- 
draulic engineers first establish that water flows through the 
left and right sections at 2.50 m/s. Then they release a dye in 
the water at point A and find that it takes 88.8 s to reach point 
B. What is the average radius of the pipe within the hill? 


FIG. 14-48 Problem 52. 


e@53 Water is pumped steadily out of a flooded basement at a 
speed of 5.0 m/s through a uniform hose of radius 1.0 cm. The 
hose passes out through a window 3.0 m above the waterline. 
What is the power of the pump? SSM 


¢@54 The water flowing through a 1.9 cm (inside diameter) 
pipe flows out through three 1.3 cm pipes. (a) If the flow rates 
in the three smaller pipes are 26, 19, and 11 L/min, what is the 
flow rate in the 1.9 cm pipe? (b) What is the ratio of the speed 
in the 1.9 cm pipe to that in the pipe carrying 26 L/min? 


sec. 14-10 Bernoulli's Equation 

with a cross-sectional area of 4.0 cm’. The water gradually 
descends 10m as the pipe cross-sectional area increases to 
8.0 cm’. (a) What is the speed at the lower level? (b) If the 
pressure at the upper level is 1.5 X 10° Pa, what is the pres- 
sure at the lower level? SSM 


°56 The intake in Fig. 14-49 has cross-sectional area of 





0.74 m? and water flow at 0.40 
m/s. At the outlet, distance 
D =180m below the intake, 
the cross-sectional area 1s 
smaller than at the intake and 
the water flows out at 9.5 m/s. 
What is the pressure difference 
between inlet and outlet? 







Generator 
building 


Bee a ae 


FIG. 14-49 Problem 56. 


°57 A water pipe having a 2.5 cm inside diameter carries 
water into the basement of a house at a speed of 0.90 m/s and 
a pressure of 170 kPa. If the pipe tapers to 1.2 cm and rises to 
the second floor 7.6m above the input point, what are the 
(a) speed and (b) water pressure at the second floor? !LW 


°58 Models of torpedoes are sometimes tested in a hori- 
zontal pipe of flowing water, much as a wind tunnel is used to 
test model airplanes. Consider a circular pipe of internal 
diameter 25.0 cm and a torpedo model aligned along the long 
axis of the pipe. The model has a 5.00 cm diameter and is to 
be tested with water flowing past it at 2.50 m/s. (a) With what 
speed must the water flow in the part of the pipe that is uncon- 
stricted by the model? (b) What will the pressure difference be 
between the constricted and unconstricted parts of the pipe? 


e59 A cylindrical tank with a large diameter is filled 
with water to a depth D = 0.30 m. A hole of cross-sectional 
area A = 6.5 cm? in the bottom of the tank allows water to 
drain out. (a) What is the rate at which water flows out, in 
cubic meters per second? (b) At what distance below the 
bottom of the tank is the cross-sectional area of the stream 
equal to one-half the area of the hole? SSM 


°60Q Suppose that two tanks, 1 and 2, each with a large 
opening at the top, contain different liquids. A small hole is 
made in the side of each tank at the same depth h below the 
liquid surface, but the hole in tank 1 has half the cross-sec- 
tional area of the hole in tank 2. (a) What is the ratio p,/p, of 
the densities of the liquids if the mass flow rate is the same 
for the two holes? (b) What is the ratio Ry,/Ry> of the vol- 
ume flow rates from the two tanks? (c) At one instant, the 
liquid in tank 1 is 12.0 cm above the hole. If the tanks are to 
have equal volume flow rates, what height above the hole 
must the liquid in tank 2 be just then? 


*61 How much work is done by pressure in forcing 1.4 m° 
of water through a pipe having an internal diameter of 
13 mm if the difference in pressure at the two ends of the 
pipe is 1.0 atm? 


°°62 In Fig. 14-50, water flows through a horizontal pipe and 
then out into the atmosphere at a speed v, = 15 m/s. The diam- 
eters of the left and right sec- ae 

tions of the pipe are 5.0 cm and 
3.0 cm. (a) What volume of wa- 
ter flows into the atmosphere 
during a 10 min period? In the 
left section of the pipe, what are 
(b) the speed v, and (c) the gauge pressure? €B 


e*63 In Fig. 14-51, the fresh water behind a reservoir dam has 
depth D = 15m. A horizontal pipe 4.0cm in diameter passes 
through the dam at depth d= 6.0m. A plug secures the pipe 
opening. (a) Find the magnitude of the frictional force between 
plug and pipe wall. (b) The plug is removed. What water volume 
exits the pipe in3.0h? !LW 





FIG. 14-50 Problem 62. 
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64 Fresh water flows hori- 
zontally from pipe section 1 of 
cross-sectional area A, into pipe 
section 2 of cross-sectional area 
A. Figure 14-52 gives a plot of 
the pressure difference p, — p; 
versus the inverse area squared 
A;” that would be expected for 
a volume flow rate of a certain 
value if the water flow were 
laminar under all circumstances. 
The scale on the vertical axis is 
set by Ap, = 300 kN/m. For the 
conditions of the figure, what 
are the values of (a) A, and (b) 
the volume flow rate? 


e®65 Figure 14-53 shows a 
stream of water flowing 
through a hole at depth h = 10 
cm in a tank holding water to 
height H = 40 cm. (a) At what 
distance x does the stream 
strike the floor? (b) At what 
depth should a second hole be 
made to give the same value of 
x? (c) At what depth should a 
hole be made to maximize x? 


2°66 In Fig. 14-54, water flows 
steadily from the left pipe sec- 
tion (radius r,; = 2.00R), through 
the middle section (radius R), 


and into the right section (radius 
r; = 3.00R). The speed of the ——" rv __. 


water in the middle section is r R 3 
0.500 m/s. What s the net work FIG. 14-54 Problem 66. 
done on 0.400 m” of the water as 

it moves from the left section to the right section? 8 
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FIG. 14-52 Problem 64. 


. 


FIG. 14-53 Problem 65. 


®@67 A venturi meter is used to measure the flow speed of a 
fluid in a pipe. The meter is connected between two sections 
of the pipe (Fig. 14-55); the cross-sectional area A of the 
entrance and exit of the meter matches the pipe’s cross- 
sectional area. Between the entrance and exit, the fluid flows 
from the pipe with speed V and then through a narrow 
“throat” of cross-sectional area a with speed v. A manometer 
connects the wider portion of the meter to the narrower 
portion. The change in the fluid’s speed is accompanied by a 
change Ap in the fluid’s pressure, which causes a height dif- 


Meter Meter 
entrance Venturi meter exit 








Manometer 


FIG. 14-55 
Problems 
67 and 68. 


ference A of the liquid in the two arms of the manometer. 
(Here Ap means pressure in the throat minus pressure in the 
pipe.) (a) By applying Bernoulli’s equation and the equation 
of continuity to points 1 and 2 in Fig. 14-55, show that 


v= | 2a” Ap 
p(a* — A’)? 


where p is the density of the fluid. (b) Suppose that the fluid 
is fresh water, that the cross-sectional areas are 64 cm? in the 
pipe and 32 cm’ in the throat, and that the pressure is 55 kPa 
in the pipe and 41 kPa in the throat. What is the rate of water 
flow in cubic meters per second? ssm www 


¢°68 Consider the venturi tube of Problem 67 and Fig. 
14-55 without the manometer. Let A equal 5a. Suppose 
the pressure p, at A is 2.0 atm. Compute the values of (a) the 
speed V at A and (b) the speed v at a that make the pressure 
Pz at a equal to zero. (c) Compute the corresponding volume 
flow rate if the diameter at A is 5.0 cm. The phenomenon that 
occurs at a when p, falls to nearly zero is known as cavitation. 
The water vaporizes into small bubbles. ae 


2°69 A liquid of density 900 kg/m? flows through a horizontal 
pipe that has a cross-sectional area of 1.90 X 107? m? in region A 
and a cross-sectional area of 9.50 X 10~? m? in region B. The 
pressure difference between the two regions is 7.20 < 10° Pa. 
What are (a) the volume flow rate and (b) the mass flow rate? 


e@70 A pitot tube (Fig. 14-56) is used to determine the air- 
speed of an airplane. It consists of an outer tube with a num- 
ber of small holes B (four are shown) that allow air into the 
tube; that tube is connected to one arm of a U-tube. The other 
arm of the U-tube is connected to hole A at the front end of 
the device, which points in the direction the plane is headed. 
At A the air becomes stagnant so that v, = 0. At B, however, 
the speed of the air presumably equals the airspeed v of the 
plane. (a) Use Bernoulli’s equation to show that 


| 2pgh 
y= ———, 
Pair 


where p is the density of the liquid in the U-tube and h is the 
difference in the liquid levels in that tube. (b) Suppose 
that the tube contains alcohol and the level difference h is 
26.0 cm. What is the plane’s speed relative to the air? The den- 
sity of the air is 1.03 kg/m? and that of alcohol is 810 kg/m’. 





FIG. 14-56 Problems 70 and 71. 


ee71 A pitot tube (see Problem 70) on a high-altitude air- 
craft measures a differential pressure of 180 Pa. What is the 
aircraft’s airspeed if the density of the air is 0.031 kg/m*? 


eee72 A very simpli- 
fied schematic of the 
rain drainage system for 
a home is shown in Fig. 
14-57. Rain falling on 
the slanted roof runs off 
into gutters around the 
roof edge; it then drains 
through § downspouts 
(only one is shown) into 
a main drainage pipe M 
below the basement, 
which carries the water to an even larger pipe below the street. In 
Fig. 14-57, a floor drain in the basement is also connected to 
drainage pipe M. Suppose the following apply: 


FIG. 14-57. Problem 72. 


1. the downspouts have height h, = 11 m, 
2. the floor drain has height h, = 1.2 m, 

3. pipe M has radius 3.0 cm, 
4 


. the house has side width w = 30 m and front length L = 
60 m, 


5. all the water striking the roof goes through pipe M, 
6. the initial speed of the water in a downspout is negligible, 
7. the wind speed is negligible (the rain falls vertically). 


At what rainfall rate, in centimeters per hour, will water from 
pipe M reach the height of the floor drain and threaten to 
flood the basement? 


Additional Problems 
73 A glass ball of radius 2.00 cm sits at the bottom of a con- 
tainer of milk that has a density of 1.03 g/cm>. The normal 


force on the ball from the container’s lower surface has mag- 
nitude 9.48 X 10-2 N. What is the mass of the ball? 


74 When you cough, you expel air at high speed through 
the trachea and upper bronchi so that the air will remove 
excess mucus lining the pathway. You produce the high speed 
by this procedure: You breathe in a large amount of air, trap 
it by closing the glottis (the narrow opening in the larynx), 
increase the air pressure by contracting the lungs, partially 
collapse the trachea and upper bronchi to narrow the path- 
way, and then expel the air through the pathway by suddenly 
reopening the glottis. Assume that during the expulsion the 
volume flow rate is 7.0 X 107-7 m?/s. What multiple of the 
speed of sound v, (= 343 m/s) is the airspeed through the tra- 
chea if the trachea diameter (a) remains its normal value of 
14 mm and (b) contracts to 5.2 mm? ee 


75 Figure 14-32 shows a modified U-tube: the right arm is 
shorter than the left arm. The open end of the right arm is 
height d = 10.0 cm above the laboratory bench. The radius 
throughout the tube is 1.50 cm. Water is gradually poured 
into the open end of the left arm until the water begins to 
flow out the open end of the right arm. Then a liquid of den- 
sity 0.80 g/cm? is gradually added to the left arm until its 
height in that arm is 8.0 cm (it does not mix with the water). 
How much water flows out of the right arm? SSM 


76 Caught in an avalanche, a skier is fully submerged in 
flowing snow of density 96 kg/m°. Assume that the aver- 
age density of the skier, clothing, and skiing equipment is 
1020 kg/m?. What percentage of the gravitational force on the 
skier is offset by the buoyant force from the snow? == 





77 Figure 14-58 shows a siphon, which is a device for 
removing liquid from a container. Tube ABC must initially be 
filled, but once this has been done, liquid will flow through the 
tube until the liquid surface in the container is level with the 
tube opening at A. The liquid 
has density 1000kg/m* and 
negligible viscosity. The dis- 
tances shown are h, = 25 cm,d 
= 12cm, and h, = 40cm. (a) 
With what speed does the liq- 
uid emerge from the tube at 
C? (b) If the atmospheric pres- 
sure is 1.0 X 10° Pa, what is 
the pressure in the liquid at 
the topmost point B? (c) 
Theoretically, what is the 
greatest possible height h, that : 
a siphon can lift water? See C 


78 Suppose that your body 
has a uniform density of 0.95 
times that of water. (a) If you float in a swimming pool, what 
fraction of your body’s volume is above the water surface? 

Quicksand is a fluid produced when water is forced up 
into sand, moving the sand grains away from one another so 
they are no longer locked together by friction. Pools of quick- 
sand can form when water drains underground from hills into 
valleys where there are sand pockets. (b) If you float in a deep 
pool of quicksand that has a density 1.6 times that of water, 
what fraction of your body’s volume is above the quicksand 
surface? (c) In particular, are you submerged enough to be un- 
able to breathe? Ge 


79 If a bubble in sparkling water accelerates upward at the 
rate of 0.225 m/s’ and has a radius of 0.500 mm, what is its mass? 
Assume that the drag force on the bubble is negligible. 3m 





FIG. 14-58 Problem 77. 


80 What is the acceleration of a rising hot-air balloon if the 
ratio of the air density outside the balloon to that inside is 
1.39? Neglect the mass of the balloon fabric and the basket. 


81 A tin can has a total volume of 1200 cm? and a mass of 
130 g. How many grams of lead shot of density 11.4 g/cm? 
could it carry without sinking in water? 


82 A simple open U-tube contains mercury. When 11.2 cm 
of water is poured into the right arm of the tube, how high 
above its initial level does the mercury rise in the left arm? 


83 An object hangs from a spring balance. The balance 
registers 30 N in air, 20 N when this object is immersed in 
water, and 24 N when the object is immersed in another liq- 
uid of unknown density. What is the density of that other 
liquid? 


84 In an experiment, a rectangular block with height h is 
allowed to float in four separate liquids. In the first liquid, 
which is water, it floats fully submerged. In liquids A, B, and 
C, it floats with heights h/2, 2h/3, and h/4 above the liquid 
surface, respectively. What are the relative densities (the den- 
sities relative to that of water) of (a) A, (b) B, and (c) C? 


85 About one-third of the body of a person floating in the 
Dead Sea will be above the waterline. Assuming that the 
human body density is 0.98 g/cm?, find the density of the 
water in the Dead Sea. (Why is it so much greater than 
1.0 g/cm??) 





If a tall building sways slowly 
in a wind, the occupants may 
not even notice the motion, 
but if the swaying repeats 
more than 10 times per 
second, it becomes annoying 
and may even cause motion 
sickness. One reason is that 
when a person is standing, 
the head tends to sway even 
more than the feet, setting 
off motion sensors in the 
balancing region of the inner 
ear. Various mechanisms are 
employed to decrease 

a building's sway. For 
example, the large ball 

(5.4 X 10° kg) seen in this 
photograph hangs on the 
92nd floor of one of the 
world’s tallest buildings. 





The answer is in this chapter. 





REUTERS/Richard Chung/Landov LLC 


15-2 | Simple Harmonic Motion 
TER aa eos | 


Our world is filled with oscillations in which objects move back and forth repeat- 
edly. Many oscillations are merely amusing or annoying, but many others are 
financially important or dangerous. Here are a few examples: When a bat hits a 
baseball, the bat may oscillate enough to sting the batter’s hands or even to break 
apart. When wind blows past a power line, the line may oscillate (“gallop” in elec- 
trical engineering terms) so severely that it rips apart, shutting off the power 
supply to a community. When an airplane is in flight, the turbulence of the air 
flowing past the wings makes them oscillate, eventually leading to metal fatigue 
and even failure. When a train travels around a curve, its wheels oscillate horizon- 
tally (“hunt” in mechanical engineering terms) as they are forced to turn in new 
directions (you can hear the oscillations). 

When an earthquake occurs near a city, buildings may be set oscillating so 
severely that they are shaken apart. When an arrow is shot from a bow, the 
feathers at the end of the arrow manage to snake around the bow staff without 
hitting it because the arrow oscillates. When a coin drops into a metal collection 
plate, the coin oscillates with such a familiar ring that the coin’s denomination 
can be determined from the sound. When a rodeo cowboy rides a bull, the cow- 
boy oscillates wildly as the bull jumps and turns (at least the cowboy hopes to be 
oscillating). . 

The study and control of oscillations are two of the primary goals of both 
physics and engineering. In this chapter we discuss a basic type of oscillation called 
simple harmonic motion. 
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Figure 15-1la shows a sequence of “snapshots” of a simple oscillating system, 
a particle moving repeatedly back and forth about the origin of an x axis. In this 
section we simply describe the motion. Later, we shall discuss how to attain such 
motion. 

One important property of oscillatory motion is its frequency, or number of 
oscillations that are completed each second. The symbol for frequency is f, and its 
SI unit is the hertz (abbreviated Hz), where 


1 hertz = 1 Hz = 1 oscillation per second = 1s"1. (15-1) 


7 Time (f) 





Displacement 


(d) 


. FIG. 15-1 (a) A sequence of “snapshots” (taken at 
equal time intervals) showing the position of a particle 
as it oscillates back and forth about the origin of an x 
axis, between the limits +x,, and —x,,. The vector ar- 
rows are scaled to indicate the speed of the particle. 
The speed is maximum when the particle is at the ori- 
gin and zero when it is at +x,,. If the time tis chosen to 
be zero when the particle is at +x,,, then the particle © 
returns to +x,, att = 7T,where Tis the period of the 
motion. The motion is then repeated. (b) A graph of x 
as a function of time for the motion of (a). 





Chapter 15 | Oscillations 


Displacemnt 
at time ¢ 
Phase 


x(t) = X,, cos(@t +) 


Amplitude Time 
Angular Phase 
frequency — constant 

or phase 
angle 


FIG. 15-2. A handy reference to the 
quantities in Eq. 15-3 for simple har- 
monic motion. 


Displacement 
= 


| 
af 
378 


FIG. 15-3 In all three cases, the blue curve is obtained from Eq. 15-3 with 
db = 0. (a) The red curve differs from the blue curve only in that the red- 
curve amplitude x’, is greater (the red-curve extremes of displacement are 
higher and lower). (b) The red curve differs from the blue curve only in 
that the red-curve period is T’ = 7/2 (the red curve is compressed horizon- 
tally). (c) The red curve differs from the blue curve only in that for the 

red curve @ = —7/4 rad rather than zero (the negative value of ¢ shifts the 


red curve to the right). 


Related to the frequency is the period T of the motion, which is the time for one 
complete oscillation (or cycle); that is, 


T=—= (15-2) 


Any motion that repeats itself at regular intervals is called periodic motion 
or harmonic motion. We are interested here in motion that repeats itself in a 
particular way —namely, like that in Fig. 15-1a. For such motion the displacement 
x of the particle from the origin is given as a function of time by 


x(t) = xX,,coSs(wt + @) — (displacement), (15-3) 


in which x,,, w, and ¢@ are constants. This motion is called simple harmonic motion 
(SHM), a term that means the periodic motion is a sinusoidal function of time. 
Equation 15-3, in which the sinusoidal function is a cosine function, 1s graphed in 
Fig. 15-1b. (You can get that graph by rotating Fig. 15-1a counterclockwise by 90° 
and then connecting the successive locations of the particle with a curve.) The 
quantities that determine the shape of the graph are displayed in Fig. 15-2 with 
their names. We now shall define those quantities. 

The quantity x,,, called the amplitude of the motion, is a positive constant 
whose value depends on how the motion was started. The subscript m stands for 
maximum because the amplitude is the magnitude of the maximum displacement 
of the particle in either direction. The cosine function in Eq. 15-3 varies between 
the limits +1; so the displacement x(t) varies between the limits +x,,. 

The time-varying quantity (wt + ) in Eq. 15-3 is called the phase of the 
motion, and the constant ¢ is called the phase constant (or phase angle). The 
value of @ depends on the displacement and velocity of the particle at time t = 0. 
For the x(t) plots of Fig. 15-3a, the phase constant ¢ is zero. 

To interpret the constant w, called the angular frequency of the motion, we 
first note that the displacement x(t) must return to its initial value after one 
period T of the motion; that is, x(t) must equal x(t + T) for all t. To simplify this 
analysis, let us put @ = 0 in Eq. 15-3. From that equation we then can write 


Xm COS wt = X,, COS w(t + T). (15-4) 


The cosine function first repeats itself when its argument (the phase) has 
increased by 277 rad; so Eq. 15-4 gives us 


wt+ T) = ot +27 


or wl = 27. 


Displacement 


(a) 


Displacement 
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Thus, from Eq. 15-2 the angular frequency is 


2 


7 = 2nf. (15-5) 


QO-=| ==. 


The SI unit of angular frequency is the radian per second. (To be consistent, 
then, ¢ must be in radians.) Figure 15-3 compares x(t) for two simple harmonic 
motions that differ either in amplitude, in period (and thus in frequency and 
angular frequency), or in phase constant. 


CHECKPOINT 1 A particle undergoing simple harmonic oscillation of period T 
(like that in Fig. 15-1) is at —x,, at time t = 0. Is it at —x,,, at +x,,, at 0, between —x,, 
and 0, or between 0 and +x,, when (a) t = 2.00T, (b) t = 3.50T, and (c) t = 5.25T? 


The Velocity of SHM 


By differentiating Eq. 15-3, we can find an expression for the velocity of a particle 
moving with simple harmonic motion; that 1s, | 
FIG. 15-4 (a) The displacement x(f) 


Oe dx(t) _ da [x,, cos(wt + )] of a particle oscillating in SHM 
at at with phase angle ¢ equal to zero. 
The period 7 marks one complete 
or v(t) = —ox,, sin(@t + @) (velocity). (15-6) oscillation. (b) The velocity v(t) of the 
particle. (c) The acceleration a(t) of 


Figure 15-4a is a plot of Eq. 15-3 with ¢ = 0. Figure 15-45 shows Eq. 15-6, also _ the particle. 

with @ = 0. Analogous to the amplitude x,,, in Eq. 15-3, the positive quantity wx,,, in Eq. 
15-6 is called the velocity amplitude v,,. As you can see in Fig. 15-45, the velocity of the 
oscillating particle varies between the limits +v,, = + ax,,. Note also in that figure that 
the curve of v(t) is shifted (to the left) from the curve of x(t) by one-quarter period; 
when the magnitude of the displacement is greatest (that is, x(t) = x,,), the magnitude 
of the velocity is least (that is, v(t) = 0). When the magnitude of the displacement is 
least (that is, zero), the magnitude of the velocity is greatest (that is, v,, = wx,,). 








The Acceleration of SHM 


Knowing the velocity v(t) for simple harmonic motion, we can find an expression 
for the acceleration of the oscillating particle by differentiating once more. Thus, 
we have, from Eq. 15-6, 


a(t) = a é — [-ox,, sin(at + ¢)] 
dt 
Or a(t) = — Oak. cos(wt + d) (acceleration). (15-7) 


Figure 15-4c is a plot of Eq. 15-7 for the case ¢ = 0.The positive quantity w*x,, in Eq. 
15-7 is called the acceleration amplitude a,,; that is, the acceleration of the particle 
varies between the limits +a,, = +w”x,,, aS Fig. 15-4c shows. Note also that the accel- 
eration curve a(t) is shifted (to the left) by ;7 relative to the velocity curve v(t). 

We can combine Eqs. 15-3 and 15-7 to yield 


a(t) = —w*x(t), (15-8) 


which is the hallmark of simple harmonic motion: 
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Thus, as Fig. 15-4 shows, when the displacement has its greatest positive value, the 
acceleration has its greatest negative value, and conversely. When the displace- 
ment is zero, the acceleration is also zero. 
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PROBLEM-SOLVING TACTICS 





Tactic 7: Phase Angles Note the effect of the phase 
angle ¢ on a plot of x(t). When ¢ = 0, x(t) has a graph like 
that in Fig. 15-4a, a typical cosine curve. Increasing ¢ shifts 
the curve leftward along the t axis. (You might remember 
this with the symbol +, where the up arrow indicates an 
increase in ¢@ and the left arrow indicates the resulting shift 
in the curve.) Decreasing ¢ shifts the curve rightward, as in 
Fig. 15-3c for @ = — 7/4. 

Two plots of SHM with different phase angles are said to 
have a phase difference; each is said to be phase-shifted from 


the other, or out of phase with the other. The curves in Fig. 
15-3c, for example, have a phase difference of 7/4 rad; that is, 
one curve is phase-shifted from the other by 7/4 rad. 

Because SHM repeats after each period T and the cosine 
function repeats after each 27 rad, one period T represents a 
phase difference of 27 rad. In Fig. 15-4, x(t) is phase-shifted to 
the right from v(t) by one-quarter period, or — 7/2 rad; it is 
shifted to the right from a(t) by one-half period, or —7 rad. 
A phase shift of 277 rad causes a curve of SHM to coincide 
with itself; that is, it looks unchanged. 
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Once we know how the acceleration of a particle varies with time, we can use 
Newton’s second law to learn what force must act on the particle to give it that 
acceleration. If we combine Newton’s second law and Eq. 15-8, we find, for sim- 
ple harmonic motion, 


F=ma = —(mo’)x. (15-9) 


This result —a restoring force that is proportional to the displacement but oppo- 
site in sign —is familiar. It is Hooke’s law, 


F= —kx, (15-10) 
for a spring, the spring constant here being 
k = mo’. (15-11) 


We can in fact take Eq. 15-10 as an alternative definition of simple harmonic 
motion. It says: 


‘Simple harmonicr motion is ; the motion € executed bya a particle subject to: a a force that 





is proportional to the displacement of the particle but t opposite i in sign. — = z 





The block—spring system of Fig. 15-5 forms a linear simple harmonic 
oscillator (linear oscillator, for short), where “linear” indicates that F is pro- 
portional to x rather than to some other power of x. The angular frequency w of 
the simple harmonic motion of the block is related to the spring constant k and 
the mass m of the block by Eq. 15-11, which yields 


| k 
= li -— (angular frequency). 
mM 


By combining Eqs. 15-5 and 15-12, we can write, for the period of the linear 


oscillator of Fig. 15-5, 
T=27 er (period). 


Equations 15-12 and 15-13 tell us that a large angular frequency (and thus a small 
period) goes with a stiff spring (large k) and a light block (small m). 

Every oscillating system, be it a diving board or a violin string, has some element 
of “springiness” and some element of “inertia” or mass, and thus resembles a linear os- 
cillator. In the linear oscillator of Fig. 15-5, these elements are located in separate parts 
of the system: The springiness is entirely in the spring, which we assume to be massless, 
and the inertia is entirely in the block, which we assume to be rigid. In a violin string, 
however, the two elements are both within the string, as you will see in Chapter 16. 


(15-12) 


(15-13) 





FIG. 15-5 A linear simple harmonic 
oscillator. The surface is frictionless. 
Like the particle of Fig. 15-1, the 
block moves in simple harmonic mo- 
tion once it has been either pulled or 
pushed away from the x = 0 position 
and released. Its displacement is then 
given by Eq. 15-3. 


CHECKPOINT 2 
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Which of the following relationships between the force Fon 


a particle and the particle’s position x implies simple harmonic oscillation: (a) F = —5x, 


(b) F = —400x2,(c) F = 10x, (d) F = 3x? 





Sample Problem 


A block whose mass m is 680 g is fastened to a spring 
whose spring constant k is 65 N/m. The block is pulled 
a distance x = 11 cm from its equilibrium position at 
x = 0 on a frictionless surface and released from rest 
att = 0. 


(a) What are the angular frequency, the frequency, and 
the period of the resulting motion? 


cores The block-—spring system forms a linear 


simple harmonic oscillator, with the block undergoing 
SHM. 


Calculations: The angular frequency is given by 
Eq. 15-12: 


_ lk _ [ 65 Nim _ 
@ = = 0.68 ke = 9.78 rad/s 


~= 9.8 rad/s. (Answer) 


The frequency follows from Eq. 15-5, which yields 


@ 9.78 rad/s 
Sa Se = ~= |. 
- Fes een 56 Hz ~ 1.6 Hz. (Answer) 
The period follows from Eq. 15-2, which yields 
1 1 
T= f = 1.56 Hz = 0.64s = 640 ms. (Answer) 


(b) What is the amplitude of the oscillation? 





With no friction involved, the mechanical 
energy of the spring—block system is conserved. 


Reasoning: The block is released from rest 11 cm 
from its equilibrium position, with zero kinetic energy 
and the elastic potential energy of the system at a 
maximum. Thus, the block will have zero kinetic en- 
ergy whenever it is again 11 cm from its equilibrium 
position, which means it will never be farther than 11 
cm from that position. Its maximum displacement 


is El-em: 
Xm = 11 cm. (Answer) 


(c) What is the maximum speed v,, of the oscillating 
block, and where is the block when it has this speed? 


cers The maximum speed v,, is the velocity am- 


plitude wx,, in Eq. 15-6. 





Calculation: Thus, we have 
Vin = OXm = (9.78 rad/s)(0.11 m) 


= 1.1 m/s. (Answer) 


This maximum speed occurs when the oscillating block 
is rushing through the origin; compare Figs. 15-4a and 
15-4b, where you can see that the speed is a maximum 
whenever x = 0. 


(d) What is the magnitude a,, of the maximum acceler- 
ation of the block? 





The magnitude a,, of the maximum accel- 
eration is the acceleration amplitude w*x,,, in Eq. 15-7. 


Calculation: So, we have 
An = OX = (9.78 rad/s)*(0.11 m) 


= 11 m/s’. (Answer) 


This maximum acceleration occurs when the block is at 
the ends of its path. At those points, the force acting on 
the block has its maximum magnitude; compare Figs. 
15-4a and 15-4c, where you can see that the magnitudes 
of the displacement and acceleration are maximum at 
the same times. 


(e) What is the phase constant ¢ for the motion? 


Calculations: Equation 15-3 gives the displacement of 
the block as a function of time. We know that at time t = 
0, the block is located at x = x,,. Substituting these ini- 
tial conditions, as they are called, into Eq. 15-3 and can- 
celing x,, give us 


1 = cos ¢. (15-14) 
Taking the inverse cosine then yields 
ob = Orad. (Answer) 


(Any angle that is an integer multiple of 277 rad also sat- 
isfies Eq. 15-14; we chose the smallest angle.) 


(f) What is the displacement function x(t) for the 
spring—block system? 


Calculation: The function x(t) is given in general form 
by Eq. 15-3. Substituting known quantities into that 
equation gives us 


x(t) = xX, cos(wt + ¢) 
= (0.11 m) cos[(9.8 rad/s)t + 0] 


= 0.11 cos(9.82), (Answer) 


where x is in meters and f is in seconds. 
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Sample Problem Eee 


At t = 0, the displacement x(0) of the block in a linear 
oscillator like that of Fig. 15-5 is —8.50 cm. (Read x(0) 
as “x at time zero.”) The block’s velocity v(0) then is 
—0.920 m/s, and its acceleration a(0) is +47.0 m/s?. 


(a) What is the angular frequency w of this system? 





With the block in SHM, Eas. 15-3, 15-6, and 
15-7 give its displacement, velocity, and acceleration, re- 
spectively, and each contains w. 


Calculations: Let’s substitute t= 0 into each to see 
whether we can solve any one of them for w. We find 


x(0) = x,, cos , (15-15) 
v(0) = —ax,, sin , (15-16) 
and a(0) = —a*x,, cos ¢. (15-17) 


In Eq. 15-15, w has disappeared. In Eqs. 15-16 and 15-17, 
we know values for the left sides, but we do not know x,, 
and @. However, if we divide Eq. 15-17 by Eq. 15-15, we 
neatly eliminate both x,, and ¢ and can then solve for w as 


a(O) _ 47.0 m/s” 
0 V0) ~V~ —0.0850m 
= 23.5 rad/s. 
(b) What are the phase constant ¢ and amplitude x,,,? 


(Answer) 


Calculations: We know w and want ¢ and x,,. If we di- 
vide Eq. 15-16 by Eq. 15-15, we find 








v(0) — @Xx,, Sin d 
= ——2—— = -w tan ¢. 
x(0) Xm COS b naa? 
Solving for tan @, we find 
nh v(0) — —0.920 m/s 
wx(0) (23.5 rad/s)(—0.0850 m) 
= —().461. 


This equation has two solutions: 
d= —25° and d= 180° + (—25°) = 155°. 


(Normally only the first solution here is displayed by a 
calculator.) To choose the proper solution, we test them 
both by using them to compute values for the amplitude 
Xm- From Eq. 15-15, we find that if @ = —25°, then 


x(0) — —0.0850 m 
™~— cos@ —_cos(—25°) 


We find similarly that if @ = 155°, then x,, = 0.094 m. 
Because the amplitude of SHM must be a positive con- 
stant, the correct phase constant and amplitude here are 


@=155° and x,,=0.094m=9.4cm. (Answer) 





= —0.094 m. 


PROBLEM-SOLVING TACTICS 


Tactic 2: Identifying SHM In linear SHM the accelera- 
tion a and displacement x of the system are related by an 
equation of the form 
a = —(a positive constant)x, 

which says that the acceleration is proportional to the dis- 
placement from the equilibrium position but is in the opposite 
direction. Once you find such an expression for an oscillating 
system, you can immediately compare it with Eq. 15-8, identify 
the positive constant as being equal to w?, and so quickly get 
an expression for the angular frequency of the motion. With 
Eg. 15-5 you then can find the period T and the frequency f 


In some problems you might derive an expression for the 
force F as a function of displacement x. If the motion is linear 
SHM, the force and displacement are related by 


F = —(a positive constant)x, 


which says that the force is proportional to the displacement 
but is in the opposite direction. Once you have found such an 
expression, you can immediately compare it with Eq. 15-10 and 
identify the positive constant as being k. If you know the mass 
that is involved, you can then use Eggs. 15-12, 15-13, and 15-5 to 
find the angular frequency w, period T, and frequency f. 
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In Chapter 8 we saw that the energy of a linear oscillator transfers back and forth 
between kinetic energy and potential energy, while the sum of the two—the 
mechanical energy E of the oscillator—remains constant. We now consider this 


situation quantitatively. 


The potential energy of a linear oscillator like that of Fig. 15-5 is associated 
entirely with the spring. Its value depends on how much the spring is stretched or 
compressed — that is, on x(t). We can use Eqs. 8-11 and 15-3 to find 


U(t) = 5kx? = 5kx2, cos*(wt + @). 
2 2 


(15-18) 


Caution: A function written in the form cos? A (as here) means (cos A)* and is not 
the same as one written cos A’, which means cos(A?). 


use Eq. 15-6 to find 
K(t) = ;mv? = 


If we use Eq. 15-12 to substitute k/m for w’, we can write Eq. 15-19 as 


K(t) = ;mv? = 5kx?, sin’(wt + @). 


k=U+K 


= $kx2,cos*(wt + 6) + 3kx?, sin’(wt + ¢) 
= $kx2, [cos*(wt + ) + sin’(wt + )]. 


For any angle a, 


cos? a + sin? a = 1. 


Thus, the quantity in the square brackets above is unity and we have 


a elec. 


The mechanical energy of a linear oscillator is indeed constant and independent 
of time. The potential energy and kinetic energy of a linear oscillator are shown 
as functions of time ¢ in Fig. 15-6a, and they are shown as functions of displace- 


ment x in Fig. 15-6b. 


You might now understand why an oscillating system normally contains an 
element of springiness and an element of inertia: The former stores its potential 


energy and the latter stores its kinetic energy. 


CHECKPOINT 3 


when the block is at (b) x = —2.0 cm and (c) x = —x,,? 


smarx2, sin’(wt + @). 


In Fig. 15-5, the block has a kinetic energy of 3 J and the 
spring has an elastic potential energy of 2 J when the block is at x = +2.0 cm. (a) What 
is the kinetic energy when the block is at x = 0? What is the elastic potential energy 
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The kinetic energy of the system of Fig. 15-5 is associated entirely with the 
block. Its value depends on how fast the block is moving — that is, on v(t). We can E 





U(t) + K(t) 
U(t) 
(15-19) 


Energy 


(15-20) ; 


Te T 
The mechanical energy follows from Eqs. 15-18 and 15-20 and is (a) 





(15-21) 


FIG. 15-6 (a) Potential energy U(t), 
kinetic energy K(t), and mechanical 
energy F as functions of time ¢ for a 
linear harmonic oscillator. Note that 
all energies are positive and that the 
potential energy and the kinetic en- 
ergy peak twice during every period. 
(b) Potential energy U(x), kinetic en- 
ergy K(x), and mechanical energy E 
as functions of position x for a linear 
harmonic oscillator with amplitude 
X,,- For x = O the energy is all kinetic, 
and for x = +x,, itis all potential. 


Sample Problem Eee 


The huge ball that appears in this chapter’s opening 
photograph hangs from four cables and swings like a 
pendulum when the building sways in the wind. When 
the building sways—say, eastward—the massive pen- 
dulum does also but delayed enough so that as it finally 
swings eastward, the building 1s swaying westward. 
Thus, the pendulum’s motion is out of step with the 
building’s motion, tending to counter it. 

Many other buildings have other types of mass 
dampers, as these anti-sway devices are called. Some, 
like the John Hancock building in Boston, have a large 
block oscillating at the end of a spring and on a lubri- 
cated track. The principle is the same as with the pendu- 
lum: The motion of the oscillator is out of step with the 
motion of the building. 

Suppose the block has mass m = 2.72 X 10° kg and 
is designed to oscillate at frequency f = 10.0 Hz and 
with amplitude x,, = 20.0 cm. —S 


(a) What is the total mechanical energy E of the 
spring —block system? 


cei The ace energy E (the sum of the 


kinetic energy K = smv? of the block and the potential 
energy U = skx? of the spring) is constant throughout 
the motion of the oscillator. Thus, we can evaluate E at 
any point during the motion. 


Calculations: Because we are given amplitude x,, of 
the oscillations, let’s evaluate F when the block is at po- 
sition x = x,,, where it has velocity v = 0. However, to 
evaluate U at that point, we first need to find the spring 
constant k. From Eq. 15-12 (w = Vk/m) and Eq. 15-5 
(w = 27f), we find 
k = mo* = m(2afy 
= (2.72 X 10° kg)(27)*(10.0 Hz)? 
= 1.073 < 10? N/m. 
We can now evaluate F as 
E=K+U= imv? an tkx? 
= 0 + 3(1.073 10° N/m)(0.20 m)? 


= 2.147 x 10’J = 2.1 x 10’J. = (Answer) 
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(b) What is the block’s speed as it passes through the 


equilibrium point? 


Calculations: We want the speed at x = 0, where the oF 
potential energy is U = $kx? = 0 and the mechanical 
energy is entirely kinetic energy. So, we can write 





FIG. 15-7 A torsion pendulum is an 
angular version of a linear simple 
harmonic oscillator. The disk oscil- 
lates in a horizontal plane; the refer- 
ence line oscillates with angular 
amplitude 6,,. The twist in the sus- 
pension wire stores potential energy 


E=K+ U = 3mv* + 5kx? 
2.147 x 10’ J = 5(2.72 x 10° kg)v? + 0, 
v = 12.6 m/s. (Answer) 


Because F is entirely kinetic energy, this is the maxi- 
mum speed v,,. 
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Figure 15-7 shows an angular version of a simple harmonic oscillator; the element 
of springiness or elasticity is associated with the twisting of a suspension wire 
rather than the extension and compression of a spring as we previously had. The 
device is called a torsion pendulum, with torsion referring to the twisting. 

If we rotate the disk in Fig. 15-7 by some angular displacement 6@ from its rest 
position (where the reference line is at 6 = 0) and release it, it will oscillate about 
that position in angular simple harmonic motion. Rotating the disk through an 
angle @in either direction introduces a restoring torque given by 


T= —KO. 


(15-22) 


Here x (Greek kappa) is a constant, called the torsion constant, that depends on 
the length, diameter, and material of the suspension wire. 

Comparison of Eq. 15-22 with Eq. 15-10 leads us to suspect that Eq. 15-22 is 
the angular form of Hooke’s law, and that we can transform Eq. 15-13, which 
gives the period of linear SHM, into an equation for the period of angular SHM: 
We replace the spring constant k in Eq. 15-13 with its equivalent, the constant 
k of Eq. 15-22, and we replace the mass m in Eq. 15-13 with its equivalent, the 


as a spring does and provides the 
restoring torque. 


rotational inertia / of the oscillating disk. These replacements lead to 


, | I 
T = 27\{— _ (torsion pendulum), 
K 


(15-23) 


which is the correct equation for the period of an angular simple harmonic oscil- 
lator, or torsion pendulum. 


PROBLEM-SOLVING TACTICS 


Tactic 3: Identifying Angular SHM_ When a system 
undergoes angular simple harmonic motion, its angular accel- 
eration a and angular displacement @ are related by an equa- 
tion of the form 


a = —(a positive constant) 6. 


This equation is the angular equivalent of Eq. 15-8 (a= 
—qw’x). It says that the angular acceleration a is proportional 
to the angular displacement 6 from the equilibrium position 
but is in the direction opposite the displacement. If you have 
an expression of this form, you can identify the positive con- 
stant as being w’, and then you can determine w, f, and T. 


You can also identify angular SHM if you have an expression 
for the torque 71in terms of the angular displacement, because that 
expression must be in the form of Eq. 15-22 (7 = —x@) or 


T = —(a positive constant) 6. 


This equation is the angular equivalent of Eq. 15-10 (F = 
—kx). It says that the torque 7 is proportional to the angular 
displacement 6 from the equilibrium position but tends to 
rotate the system in the opposite direction. If you have an 
expression of this form, then you can identify the positive con- 
stant as being the system’s torsion constant x. If you know the 
rotational inertia J of the system, you can then determine T. 


Sample Problem pes 


Figure 15-8a shows a thin rod whose length L is 12.4 cm 
and whose mass m is 135 g, suspended at its midpoint 
from a long wire. Its period T, of angular SHM is mea- 
sured to be 2.53 s. An irregularly shaped object, which we 
call object X, is then hung from the same wire, as in Fig. 


15-85, and its period T;, is found to be 4.76 s. What is the 
rotational inertia of object X about its suspension axis? 


ete The rotational inertia of either the rod or 


object X is related to the measured period by Eq. 15-23. 


Suspension | 
WIre | 





FIG. 15-8 Two torsion = __Rod 
pendulums, consisting of - ees 
(a) a wire and a rod and 
(b) the same wire and an 
irregularly shaped ob- 
ject. (a) 





(b) Object X 


Calculations: In Table 10-2e, the rotational inertia of a 
thin rod about a perpendicular axis through its midpoint 
is given as 4mL7. Thus, we have, for the rod in Fig. 15-8a, 
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Now let us write Eq. 15-23 twice, once for the rod and 
once for object X: 


[1 [1 
T,=207\J— and %, =27\—. 
K K 


The constant x, which is a property of the wire, is the 
same for both figures; only the periods and the rota- 
tional inertias differ. 

Let us square each of these equations, divide the 
second by the first, and solve the resulting equation for 
I,. The result is 


I, = 4mL? = (4)(0.135 kg)(0.124 my? 
= 1.73 X 10-4 kg- m2, 


a 2 
DG 


15-6 | Pendulums 


We turn now to a class of simple harmonic oscillators in which the springiness is 
associated with the gravitational force rather than with the elastic properties of 
a twisted wire or a compressed or stretched spring. 





imple Pendulum 





If an apple swings on a long thread, does it have simple harmonic motion? If so, 
what is the period 7? To answer, we consider a simple pendulum, which consists 
of a particle of mass m (called the bob of the pendulum) suspended from one end 
of an unstretchable, massless string of length L that is fixed at the other end, as in 
Fig. 15-9a. The bob is free to swing back and forth in the plane of the page, to the 
left and right of a vertical line through the pendulum’s pivot point. 

The forces acting on the bob are the force T from the string and the gravita- 
tional force F g, aS Shown in Fig. 15-95, where the string makes an angle 0 with the 
vertical. We resolve F, into a radial component F, cos 6 and a component F, sin 6 
that is tangent to the path taken by the bob. This tangential component produces 
a restoring torque about the pendulum’s pivot point because the component 
always acts opposite the displacement of the bob so as to bring the bob back 
toward its central location. That location is called the equilibrium position (0 = 0) 
because the pendulum would be at rest there were it not swinging. 

From Eq. 10-41 (7 = r, F), we can write this restoring torque as 


7= —L(F, sin 9), (15-24) 


where the minus sign indicates that the torque acts to reduce @ and L is the moment 
arm of the force component F;, sin 6 about the pivot point. Substituting Eq. 15-24 
into Eq. 10-44 (7 = Ia) and then substituting mg as the magnitude of F,, we obtain 


—L(mg sin 0) = Ta, (15-25) 


where J is the pendulum’s rotational inertia about the pivot point and a is its 
angular acceleration about that point. 

We can simplify Eq. 15-25 if we assume the angle 6 is small, for then we can 
approximate sin @ with 6 (expressed in radian measure). (As an example, if 6 = 
5.00° = 0.0873 rad, then sin 6 = 0.0872, a difference of only about 0.1%.) With 
that approximation and some rearranging, we then have 


mgL 


, 15- 
-o (15-26) 


g=— 


This equation is the angular equivalent of Eq. 15-8, the hallmark of SHM. It tells us 


= 6:12 < 10? ke=ine. 


ie _», (4.76 8) 
h = * = 03 X 104k ne 


(2:53'5)- 
(Answer) 






Pivot 
point 





FIG. 15-9 (a) A simple pendulum. 

(b) The forces acting on the bob are 

the gravitational force F, and the ; 
force T from the string. The tangen- 

tial component F, sin 6 of the 

gravitational force is a restoring 

force that tends to bring the pendu- 

lum back to its central position. 
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FIG. 15-10 A physical pendulum. 
The restoring torque is AF, sin 6. 
When 6 = 0, center of mass C hangs 
directly below pivot point O. 


that the angular acceleration a@ of the pendulum is proportional to the angular 
displacement 0 but opposite in sign. Thus, as the pendulum bob moves to the 
right, as in Fig. 15-9a, its acceleration to the left increases until the bob stops and 
begins moving to the left. Then, when it is to the left of the equilibrium position, 
its acceleration to the right tends to return it to the right, and so on, as it swings 
back and forth in SHM. More precisely, the motion of a simple pendulum swing- 
ing through only small angles is approximately SHM. We can:state this restriction 
to small angles another way: The angular amplitude @,, of the motion (the maxi- 
mum angle of swing) must be small. 

Comparing Eqs. 15-26 and 15-8, we see that the angular frequency of the 
pendulum is w = vmgL/I. Next, if we substitute this expression for w into 
Eq. 15-5 (w = 27/T), we see that the period of the pendulum may be written as 


I 
T=2 i 15-2 
7 pe (15-27) 


All the mass of a simple pendulum is concentrated in the mass m of the particle- 
like bob, which is at radius L from the pivot point. Thus, we can use Eq. 10-33 UJ = 
mr’) to write I = mL? for the rotational inertia of the pendulum. Substituting this 
into Eq. 15-27 and simplifying then yield 


egies: ot | 
T=27 - (simple pendulum, small amplitude). (15-28) 
We assume small-angle swinging in this chapter. 


The Physical Pendulum 


A real pendulum, usually called a physical pendulum, can have a complicated 
distribution of mass, much different from that of a simple pendulum. Does a 
physical pendulum also undergo SHM? If so, what is its period? 

Figure 15-10 shows an arbitrary physical pendulum displaced to one side by 
angle @. The gravitational force F, acts at its center of mass C, at a distance h from 
the pivot point O. Comparison of Figs. 15-10 and 15-9b reveals only one 
important difference between an arbitrary physical pendulum and a simple 
pendulum. For a physical pendulum the restoring component F, sin 6 of the grav- 
itational force has a moment arm of distance h about the pivot point, rather than 
of string length L. In all other respects, an analysis of the physical pendulum 
would duplicate our analysis of the simple pendulum up through Eq. 15-27. 
Again (for small 6,,), we would find that the motion is approximately SHM. 

If we replace L with h in Eq. 15-27, we can write the period as 


if | 
T = 24 \}— (physical pendulum, small amplitude). (1 5 -29) 
mgh 


As with the simple pendulum, / is the rotational inertia of the pendulum about O. 
However, now / is not simply mL? (it depends on the shape of the physical pen- 
dulum), but it is still proportional to m. 

A physical pendulum will not swing if it pivots at its center of mass. 
Formally, this corresponds to putting h = 0 in Eq. 15-29. That equation then 
predicts T — ~, which implies that such a pendulum will never complete one 
Swing. 

Corresponding to any physical pendulum that oscillates about a given pivot 
point O with period T is a simple pendulum of length L, with the same period T. 
We can find Ly with Eq. 15-28. The point along the physical pendulum at distance 
L, from point O is called the center of oscillation of the physical pendulum for the 
given suspension point. 





Measuring g 


We can use a physical pendulum to measure the free-fall acceleration g at a par- 
ticular location on Earth’s surface. (Countless thousands of such measurements 
have been made during geophysical prospecting.) 

To analyze a simple case, take the pendulum to be a uniform rod of length L, 
suspended from one end. For such a pendulum, / in Eq. 15-29, the distance 
between the pivot point and the center of mass, is SL. Table 10-2e tells us that the 
rotational inertia of this pendulum about a perpendicular axis through its center 
of mass is amL’. From the parallel-axis theorem of Eq. 10-36 (I = Icom + Mh’), 
we then find that the rotational inertia about a perpendicular axis through one 
end of the rod is 





T= Tog + mh? = mL? + mGLY = mL’. (15-30) 
If we put h = 51 and J = mL? in Eq. 15-29 and solve for g, we find 
8ar7L 
8-372 - (15-31) 


Thus, by measuring L and the period T, we can find the value of g at the pendu- 
lum’s location. (If precise measurements are to be made, a number of refinements 
are needed, such as swinging the pendulum in an evacuated chamber.) 


CHECKPOINT 4 Three physical pendulums, of masses 779, 2p, and 3mpo, 
have the same shape and size and are suspended at the same point. Rank the masses ac- 
cording to the periods of the pendulums, greatest first. 
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Sample Problem Eee 


In Fig. 15-11a, a meter stick swings about a pivot point O 


at one end, at distance h from the stick’s center of mass. 
(a) What is the period of oscillation T? 


coi The stick is not a simple pendulum because 


its mass is not concentrated in a bob at the end opposite 
the pivot point—so the stick is a physical pendulum. 





Calculations: The period for a physical pendulum is 
given by Eq. 15-29, for which we need the rotational in- 
ertia J of the stick about the pivot point. We can treat _ 
the stick as a uniform rod of length L and mass m. Then (a) 





(d) 


Eq. 15-30 tells us that J = 4mL’, and the distance h in 
Eq. 15-29 is 5L. Substituting these quantities into Eq. 
15-29, we find 


| I smL? | ye 
T=27 “mgh = 27 ‘mg(L). = 27 3g (15-32) 
_ (2)(1.00m) _ 
= iY aay aT) a 1.64 s. (Answer) 


Note the result is independent of the pendulum’s mass m. 


(b) What is the distance Ly, between the pivot point O 
of the stick and the center of oscillation of the stick? 


Calculations: We want the length Ly of the simple pen- 
dulum (drawn in Fig. 15-11b) that has the same period 
as the physical pendulum (the stick) of Fig. 15-11a. 


FIG. 15-11 (a) A meter stick suspended from one end as a 
physical pendulum. (b) A simple pendulum whose length Lo is 
chosen so that the periods of the two pendulums are equal. 
Point P on the pendulum of (a) marks the center of oscillation. 


Setting Eqs. 15-28 and 15-32 equal yields 


[L [21 
T = 2n\[/— = 27r\/—. 
g 3g 


You can see by inspection that 
Ly = =L = (4)(100 cm) = 66.7 cm. (Answer) 


In Fig. 15-11a, point P marks this distance from suspen- 
sion point O. Thus, point P is the stick’s center of oscilla- 
tion for the given suspension point. 
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A competition diving board sits on a fulcrum about 
one-third of the way out from the fixed end of the board 
(Fig. 15-12a). In a running dive, a diver takes three quick 
steps along the board, out past the fulcrum so as to ro- 
tate the board’s free end downward. As the board re- 
bounds back through the horizontal, the diver leaps up- 
ward and toward the board’s free end (Fig. 15-12b). A 
skilled diver trains to land on the free end just as the 
board has completed 2.5 oscillations during the leap. 
With such timing, the diver lands as the free end is mov- 
ing downward with greatest speed (Fig. 15-12c). The 
landing then drives the free end down substantially, and 
the rebound catapults the diver high into the air. 

Figure 15-12d shows a simple but realistic model of a 
competition board. The board section beyond the fulcrum 
is treated as a stiff rod of length L that can rotate about a 
hinge at the fulcrum, compressing an (imaginary) spring 
under the board’s free end. If the rod’s mass is m = 20.0 
kg and the diver’s leap lasts tq = 0.620 s, what spring con- 
stant k is required of the spring for a proper landing? == 


cet If the rod is in SHM, then the acceleration 


and displacement of the oscillating end of the rod must 
be related by an expression in the form of Eq. 15-8 (a = 
—w’x). If so, we shall be able to find w and then the de- 
sired k from the expression. 


Torque and force: Because the rod rotates about the 
hinge as the free end oscillates, we are concerned with a 
torque 7 on the rod about the hinge. That torque is due 
to the force F on the rod from the spring. Because F 
varies with time, 7 must also. However, at any given in- 


stant we can relate the magnitudes of 7 and ¥ with Eq. 
10-39 (7 = rF sin ¢). Here we have 
7 = LFsin 90°, (15-33) 


where L is the moment arm of force F and 90° is the an- 
gle between the moment arm and the force’s line of ac- 
tion. Combining Eq. 15-33 with Eq. 10-44 (7 = Ia) gives us 


Ia = LF, (15-34) 


where / is the rod’s rotational inertia about the hinge 
and a is its angular acceleration about that point. From 
Eq. 15-30, the rod’s rotational inertia Jis } mL. 

Now let us mentally erect a vertical x axis through 
the oscillating right end of the rod, with the positive di- 
rection upward. Then the force on the right end of the 
rod from the spring is F = —kx, where x is the vertical 
displacement of the right end. 

Substituting these expressions for J and F into Eq. 
15-34 gives us 

mLa 
3 





= —Lkx. (15-35) 


Mixture: We now have a mixture of linear displacement x 
(vertically) and rotational acceleration a (about the 


Fulcrum Free end 





(2) = 


Diver a 





FIG. 15-12 (a) A diving board. (b) The diver leaps upward 
and forward as the board moves through the horizontal. (c) 
The diver lands 2.5 oscillations later. (d) A spring-oscillator 
model of the oscillating board. 


hinge). We can replace a@ in Eq. 15-35 with the (linear) ac- 
celeration a along the x axis by substituting according to 
Eq. 10-22 (a, = ar) for tangential acceleration. Here the 
tangential acceleration is a and the radius of rotation ris L, 
so a = a/L. With that substitution, Eq. 15-35 becomes 





mL7a 
an — LEX. 
which yields 
= (15-36) 
c= -—— x. 36 
m 
Equation 15-36 is, in fact, of the same form as Eq. 15-8 
(a = —w’x). Therefore, the rod does indeed undergo 
SHM, and comparison of Eqs. 15-36 and 15-8 shows that 
3k 
wo” = —. 
m 
Solving for k and substituting for w from Eq. 15-5 (@ = 
27/T ) gi 
m/T ) give us ._ 2 naas 
Ben 


where 7 is the period of the board’s oscillation. We want the 
time of flight % to last for 2.5 oscillations of the board and 
thus also for 2.5 oscillations of our rod. Thus we want ty = 
2.5T: Substituting this and given data into Eq. 15-37 leads to 


2 
, = m (2 9 5) (15-38) 
an 
2 
_ (20.0kg) ( 2a 4 5) 
3 0.620 s 
= 4.28 X 10° N/m. (Answer) 


This is the effective spring constant k of the diving board. 


Diving skills: From Eq. 15-38, we see that a diver with a 
longer flight time ty requires a smaller spring constant k 
in order to land at the proper instant at the end of the 
board. The value of k can be increased by moving the 
fulcrum toward the free end or decreased by moving it 
in the opposite direction. A skilled diver trains to leap 
with a certain flight time t, and knows how to set the ful- 
crum position accordingly. 
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Angle (minutes of arc) 





{West Jupiter and its moon Callisto as 
10--——~ seen from Earth. The circles are 
based on Galileo’s 1610 mea- 
5 surements, The curve is a best fit, 
| strongly suggesting simple har- 
0 monic motion. At Jupiter’s mean 
distance from Earth, 10 minutes 
~v | of arc corresponds to about 2 X 
| | 10° km. (Adapted from A. P. 
“8 |East | French, Newtonian Mechanics, 
Oe as Ef W. W. Norton & Company, New 


Jan.15 20 25 30 Feb.5 10 15 20 25 Mari York,1971,p. 288.) 


15-71 Simple Harmonic Motion and Uniform 
Circular Motion 


In 1610, Galileo, using his newly constructed telescope, discovered the four prin- 
cipal moons of Jupiter. Over weeks of observation, each moon seemed to him to 
be moving back and forth relative to the planet in what today we would call 
simple harmonic motion; the disk of the planet was the midpoint of the motion. 
The record of Galileo’s observations, written in his own hand, is still available. 
A. P. French of MIT used Galileo’s data to work out the position of the moon 
Callisto relative to Jupiter. In the results shown in Fig. 15-13, the circles are based 
on Galileo’s observations and the curve is a best fit to the data. The curve strongly 
suggests Eq. 15-3, the displacement function for SHM. A period of about 
16.8 days can be measured from the plot. 

Actually, Callisto moves with essentially constant speed in an essentially cir- 
cular orbit around Jupiter. Its true motion—far from being simple harmonic— 
is uniform circular motion. What Galileo saw—and what you can see with a 
good pair of binoculars and a little patience —is the projection of this uniform 
circular motion on a line in the plane of the motion. We are led by Galileo’s 
remarkable observations to the conclusion that simple harmonic motion is 
uniform circular motion viewed edge-on. In more formal language: > 





- Simple} harmonic motion is the projection of uniform ¢ circular ‘motion on a 1 diameter 








"of the circle i in) | which the circular motion occurs. ee Sag eigen Soe 


















































Figure 15-14a gives an example. It shows a reference particle P'’ moving in 
uniform circular motion with (constant) angular speed w in a reference circle. The 
radius x,, of the circle is the magnitude of the particle’s position vector. At any 
time ¢, the angular position of the particle is wt + , where ¢ is its angular posi- 
tion att = 0. 

The projection of particle P’ onto the x axis 1s a point P, which we take to be 
a second particle. The projection of the position vector of particle P’ onto the 
x axis gives the location x(t) of P. Thus, we find 





x(t) = x, coS(wt + ), (c) 


which is precisely Eq. 15-3. Our conclusion is correct. If reference particle P’ 'G. 15-14 (a) A reference particle 

moves in uniform circular motion, its projection particle P moves in simple ” ™O©Vving with uniform circular mo- 

harmonic motion along a diameter of the circle. tion in a reference circle of radius x,,. 
Figure 15-146 shows the velocity v of the reference particle. From Eq. 10-18 TSP Chom onic 2 ans executes 


_ ; S ets .... Simple harmonic motion. (b) The pro- 
(v = ar), the magnitude of the velocity vector is wx,,; its projection on the x axis is jection of the velocity V of the refer- 


v(t) = —ox,, Sin(wt + ), ence particle is the velocity of SHM. 
ne (c) The projection of the radial accel- 
which is exactly Eq. 15-6. The minus sign appears because the velocity component _ eration d of the reference particle is 


of P in Fig. 15-145 1s directed to the left, in the negative direction of x. the acceleration of SHM. 
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x ao _ Rigid support 






==} Springiness, k 
9 


FIG. 15-45 An idealized damped 
simple harmonic oscillator. A vane 
immersed in a liquid exerts a damp- 
ing force on the block as the block 
oscillates parallel to the x axis. 


Figure 15-14c shows the radial acceleration a of the reference particle. From 
Eq. 10-23 (a, = w’r), the magnitude of the radial acceleration vector is w7x,,; its 
projection on the x axis is 
a(t) = —w’x,, cos(wt + ), 


which is exactly Eq. 15-7. Thus, whether we look at the displacement, the velocity, 
or the acceleration, the projection of uniform circular motion is indeed simple 
harmonic motion. 
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A pendulum will swing only briefly underwater, because the water exerts on the 
pendulum a drag force that quickly eliminates the motion. A pendulum swinging 
in air does better, but still the motion dies out eventually, because the air exerts 
a drag force on the pendulum (and friction acts at its support point), transferring 
energy from the pendulum’s motion. 

When the motion of an oscillator is reduced by an external force, the oscil- 
lator and its motion are said to be damped. An idealized example of a damped 
oscillator is shown in Fig. 15-15, where a block with mass m oscillates vertically on 
a spring with spring constant k. From the block, a rod extends to a vane (both 
assumed massless) that is submerged in a liquid. As the vane moves up and down, 
the liquid exerts an inhibiting drag force on it and thus on the entire oscillating 
system. With time, the mechanical energy of the block—spring system decreases, 
as energy is transferred to thermal energy of the liquid and vane. 

Let us assume the liquid exerts a damping force F., that is proportional to the 
velocity Vv of the vane and block (an assumption that is accurate if the vane 
moves slowly). Then, for components along the x axis in Fig. 15-15, we have 


F, = —by, (15-39) 


where b is a damping constant that depends on the characteristics of both the 
vane and the liquid and has the SI unit of kilogram per second. The minus sign 
indicates that F, opposes the motion. 

The force on the block from the spring is F, = —kx. Let us assume that the 
gravitational force on the block is negligible relative to F, and F,. Then we can 
write Newton’s second law for components along the x axis (Fhe, = a,) as 


—bv — kx = ma. (15-40) 


Substituting dx/dt for v and d’x/dt? for a and rearranging give us the differential 


equation ; 
d*x ax 
+O tiky — (0, 15-41 
de dt : ( ) 


The solution of this equation is 





x(t) = x,,e "2" cos(w't + ), (15-42) 


where x,, is the amplitude and w’ is the angular frequency of the damped oscilla- 
tor. This angular frequency is given by 


O=\— = (15-43) 





If b = 0 (there is no damping), then Eq. 15-43 reduces to Eq. 15-12 (w = Vk/m) 
for the angular frequency of an undamped oscillator, and Eq. 15-42 reduces to 
Eq. 15-3 for the displacement of an undamped oscillator. If the damping constant 
is small but not zero (so that b <Vkm), then w’ ~ o. 

We can regard Eq. 15-42 as a cosine function whose amplitude, which is 


Xm e °?™, gradually decreases with time, as Fig. 15-16 suggests. For an undamped 
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Xin Fp aid "a 
- x(t) 


FIG. 15-16 The displacement func- 
tion x(t) for the damped oscillator of 


LU. 
Fig. 15-15, with values given in 


UN 
all | tH i \ | \ fi y) Vy V V V. V VV Sample Problem 15-7. The ampli- 


Ries em tude, which is x,, e °”?”, decreases 
exponentially with time. 


oscillator, the mechanical energy is constant and is given by Eq. 15-21 (FE = 
+kx2,). If the oscillator is damped, the mechanical energy is not constant but 
decreases with time. If the damping is small, we can find E(t) by replacing x,, in 
Eq. 15-21 with x,, e-°”, the amplitude of the damped oscillations. By doing so, 
we find that 
(ease eo (15-44) 

which tells us that, like the amplitude, the mechanical energy decreases exponen- 
tially with time. 


CHECKPOINT 5 Here are three sets of values for the spring constant, damping 
constant, and mass for the damped oscillator of Fig. 15-15. Rank the sets according to 
the time required for the mechanical energy to decrease to one-fourth of its initial 


value, greatest first. 


Set 1 2Ko bo Mo 


Set C ko 6bo Amy 
Set 3 3ko 3bo No 


Sample Problem 





For the damped oscillator of Fig. 15-15, m = 250 g, k = 
85 N/m, and b = 70 g/s. 


(a) What is the period of the motion? 


KEY IDEA Because b <vkm = 4.6 kg/s, the period is 


approximately that of the undamped oscillator. 





Calculation: From Eq. 15-13, we then have 


_ m _ O25 kg _ 
T= 2m in 2a 85Nim 0.34s. (Answer) 


(b) How long does it take for the amplitude of the 
damped oscillations to drop to half its initial value? 


Petz The amplitude at time ¢ is displayed in Eq. 


5242 asnenes oe 





Calculations: The amplitude has the value x,, at t = 0. 
Thus, we must find the value of ¢ for which 


—bt/i2m — 1 
Nin © = 5Xm- 


Canceling x,, and taking the natural logarithm of the 
equation that remains, we have In 5 on the right side and 


In(e~?""") = —bt/2m 


on the left side. Thus, 
—2mInz — —(2)(0.25 kg)(In 5) 


b 0.070 kg/s 
=5.0s. 


(Answer) 
Because T = 0.34 s, this is about 15 periods of oscillation. 


(c) How long does it take for the mechanical energy to 
drop to one-half its initial value? 


ci From Eq. 15-44, the mechanical energy at 


; bey by ttl 
WME IS ;kx, 69 


Calculations: The mechanical energy has the value 
+kx?, at t = 0. Thus, we must find the value of t for which 


1,.2 ,—btm — 171, 2 
gkKXm CN" = a(5kxm). 


If we divide both sides of this equation by Skx2, and 
solve for t as we did above, we find 
—m\inz  — —(0.25 kg) (In 5) 


SS Se = 


A 
b 0.070 kg/s aEyeY 


This is exactly half the time we calculated in (b), or 
about 7.5 periods of oscillation. Figure 15-16 was drawn 
to illustrate this sample problem. 
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FIG. 15-17 The displacement ampli- 
tude x,, of a forced oscillator varies 
as the angular frequency w, of the 
driving force is varied. The curves 
here correspond to three values of 
the damping constant b. 





FIG. 15-18 In 1985, buildings of in- 
termediate height collapsed in 
Mexico City as a result of an earth- 
quake far from the city. Taller and 
shorter buildings remained standing. 
(John T. Barr/Getty Images News and 
Sport Services) 


15-9 | Forced Oscillations and Resonance 


A person swinging in a swing without anyone pushing it is an example of free 
oscillation. However, if someone pushes the swing periodically, the swing has 
forced, or driven, oscillations. Two angular frequencies are associated with a sys- 
tem undergoing driven oscillations: (1) the natural angular frequency w of the 
system, which is the angular frequency at which it would oscillate if it were 
suddenly disturbed and then left to oscillate freely, and (2) the angular pede 
w, of the external driving force causing the driven oscillations. 

We can use Fig. 15-15 to represent an idealized forced simple harmonic Reel! 
lator if we allow the structure marked “rigid support” to move up and down at 
a variable angular frequency w,. Such a forced oscillator oscillates at the angular 
frequency w, of the driving force, and its displacement x(t) is given by 


x(t) = xX, COS(wyt + ), (15-45) 


where x,, 1s the amplitude of the oscillations. 

How large the displacement amplitude x,, is depends on a complicated 
function of w, and w. The velocity amplitude v,, of the oscillations is easier to 
describe: it is greatest when 


Wy = w (resonance), (15-46) 


a condition called resonance. Equation 15-46 is also approximately the condition 
at which the displacement amplitude x,, of the oscillations is greatest. Thus, if you 
push a swing at its natural angular frequency, the displacement and velocity 
amplitudes will increase to large values, a fact that children learn quickly by trial 
and error. If you push at other angular frequencies, either higher or lower, the 
displacement and velocity amplitudes will be smaller. 

Figure 15-17 shows how the displacement amplitude of an oscillator depends 
on the angular frequency w, of the driving force, for three values of the damping 
coefficient b. Note that for all three the amplitude is approximately greatest when 
w,/@ = 1 (the resonance condition of Eq. 15-46). The curves of Fig. 15-17 show 
that less damping gives a taller and narrower resonance peak. 

All mechanical structures have one or more natural angular frequencies, and 
if a structure is subjected to a strong external driving force that matches one of 
these angular frequencies, the resulting oscillations of the structure may rupture 
it. Thus, for example, aircraft designers must make sure that none of the natural 
angular frequencies at which a wing can oscillate matches the angular frequency 
of the engines in flight. A wing that flaps violently at certain engine speeds would 
obviously be dangerous. 

Resonance appears to be one reason buildings in Mexico City collapsed in 
September 1985 when a major earthquake (8.1 on the Richter scale) occurred 
on the western coast of Mexico. The seismic waves from the earthquake should 
have been too weak to cause extensive damage when they reached Mexico 
City about 400 km away. However, Mexico City is largely built on an ancient 
lake bed, where the soil is still soft with water. Although the amplitude of the 
seismic waves was small in the firmer ground en route to Mexico City, their 
amplitude substantially increased in the loose soil of the city. Acceleration am- 
plitudes of the waves were as much as 0.20g, and the angular frequency was 
(surprisingly) concentrated around 3 rad/s. Not only was the ground severely 
oscillated, but many intermediate-height buildings had resonant angular fre- 
quencies of about 3 rad/s. Most of those buildings collapsed during the shaking 
(Fig. 15-18), while shorter buildings (with higher resonant angular frequen- 
cies) and taller buildings (with lower resonant angular frequencies) remained 


standing. —eS 
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Frequency The frequency f of periodic, or oscillatory, 
motion is the number of oscillations per second. In the SI sys- 
tem, it is measured in hertz: 


1 hertz = 1 Hz = 1 oscillation per second = 1s7!. (15-1) 


Period The period T is the time required for one complete 
oscillation, or cycle. It is related to the frequency by 


T=—. (15-2) 


Simple Harmonic Motion In simple harmonic motion 
(SHM), the displacement x(t) of a particle from its equilib- 
rium position is described by the equation 


X =X, CcOS(wt + d) (displacement), (15-3) 


in which x,, is the amplitude of the displacement, the quantity 
(wt + d) is the phase of the motion, and ¢ is the phase 
constant. The angular frequency w is related to the period and 
frequency of the motion by 
Z 

w= san = 2af 
Differentiating Eq. 15-3 leads to equations for the particle’s 
SHM velocity and acceleration as functions of time: 


(velocity) (15-6) 
(acceleration). (15-7) 


In Eq. 15-6, the positive quantity wx,, is the velocity amplitude 
v,, of the motion. In Eq. 15-7, the positive quantity w7x,, is the 
acceleration amplitude a,, of the motion. 


(angular frequency). (15-5) 


v= —ox,,Sin(wt + d) 


and a= —w’x,,cos(wt + d) 


The Linear Oscillator A particle with mass m that moves 
under the influence of a Hooke’s law restoring force given by 
F = —kx exhibits simple harmonic motion with 


| k 

eo = \— (angular frequency) 
m 

and T=27 es (period). 


Such a system is called a linear simple harmonic oscillator. 


(15-12) 


(15-13) 


Energy A particle in simple harmonic motion has, at any 
time, kinetic energy K = $mv* and potential energy U = 5kx’. 
If no friction is present, the mechanical energy E= K+ U 
remains constant even though K and U change. 


- QUESTIONS 


Pendulums Examples of devices that undergo simple 
harmonic motion are the torsion pendulum of Fig. 15-7, the 
simple pendulum of Fig. 15-9, and the physical pendulum of 
Fig. 15-10. Their periods of oscillation for small oscillations 
are, respectively, 


T = 27 VI/k (torsion pendulum), (15-23) 
T = 27VLig (simple pendulum), (15-28) 
T = 27 VI/mgh (physical pendulum). (15-29) 


Simple Harmonic Motion and Uniform Circular 
Motion Simple harmonic motion is the projection of uni- 
form circular motion onto the diameter of the circle in which 
the circular motion occurs. Figure 15-14 shows that all parame- 
ters of circular motion (position, velocity, and acceleration) pro- 
ject to the corresponding values for simple harmonic motion. 


Damped Harmonic Motion The mechanical energy E 
in a real oscillating system decreases during the oscillations 
because external forces, such as a drag force, inhibit the oscil- 
lations and transfer mechanical energy to thermal energy. The 
real oscillator and its motion are then said to be damped. If 
the damping force is given by F; = —bvV, where V is the 
velocity of the oscillator and b is a damping constant, then the 
displacement of the oscillator is given by 


x(t) = x,, e 2" cos(@'t + @), (15-42) 


where w’, the angular frequency of the damped oscillator, is 
given by 
k b? 
‘=\y— - 15-43 
= m 4m? ( ) 





If the damping constant is small (b < Vkm), then w' ~ w, where 
w is the angular frequency of the undamped oscillator. For small 
b, the mechanical energy F of the oscillator is given by 


E(t) = $kx?,e7>!™, (15-44) 


Forced Oscillations and Resonance [If an external 
driving force with angular frequency w, acts on an oscillating 
system with natural angular frequency w, the system oscillates 
with angular frequency w,. The velocity amplitude v,, of the 
system is greatest when 

(15-46) 
a condition called resonance. The amplitude x,, of the system 
is (approximately) greatest under the same condition. 


Wy = , 





1 The acceleration a(t) of a 
particle undergoing SHM is 
graphed in Fig. 15-19. (a) Which 
of the labeled points corre- 
sponds to the particle at —x,,? 
(b) At point 4, is the velocity of 
the particle positive, negative, 
or zero? (c) At point 5, is the 


FIG. 15-19 Question 1. 





particle at —x,,, at +x,,, at O, between —x,, and 0, or between 
O and +x,,? 


2 Which of the following relationships between the acceler- 
ation a and the displacement x of a particle involve SHM: 
(a) a = 0.5x, (b) a = 400x?, (c) a = —20x, (d) a = —3x?? 


3 Which of the following describe @ for the SHM of 
Fig. 15-20a: 
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(a) -7< d< —-7qW/2, 
(b) w< 6 < 37/2, 
(Cc) 3q2. 0 a 


4 The velocity v(t) of a particle undergoing SHM is graphed 
in Fig. 15-205. Is the particle momentarily stationary, headed 
toward —x,,, or headed toward + x,, at (a) point A on the 
graph and (b) point B? Is the particle at —x,,, at +x,,, at 0, 
between —x,, and 0, or between 0 and + x,, when its velocity 
is represented by (c) point A and (d) point B? Is the speed of 
the particle increasing or decreasing at (e) point A and 
(f) point B? 


x Vv 


(a) (b) 
FIG. 15-20 Questions 3 and 4. 


5 Figure 15-21 shows the x(t) curves for three experiments 
involving a particular spring—box system oscillating in SHM. 
Rank the curves according to (a) the system’s angular fre- 
quency, (b) the spring’s potential energy at time ¢ = 0, (c) the 
box’s kinetic energy at t = 0, (d) the box’s speed at t = 0, and 
(e) the box’s maximum kinetic energy, greatest first. 





FIG. 15-21 Question 5. 


6 Figure 15-22 gives, for three situations, the displacements 
x(t) of a pair of simple harmonic oscillators (A and B) that 
are identical except for phase. For each pair, what phase shift 
(in radians and in degrees) is needed to shift the curve for A 
to coincide with the curve for B? Of the many possible an- 
swers, choose the shift with the smallest absolute magnitude. 





(a) 


FIG. 15-22 Question 6. 


7 You are to complete Fig. 15-23a so that it is a plot of veloc- 
ity v versus time ¢ for the spring—block oscillator that is shown 
in Fig. 15-23b for t = 0. (a) In Fig. 15-23a, at which lettered 


point or in what region between the points should the (verti- 
cal) v axis intersect the t axis? (For example, should it intersect 
at point A, or maybe in the region between points A and B?) 
(b) If the block’s velocity is given by v = —v,, sin(wt + @), 
what is the value of ¢? Make it positive, and if you cannot 
specify the value (such as +7/2 rad), then give a range of 
values (such as between 0 and 7/2). 





FIG. 15-23 Question 7. 


& You are to complete Fig. 15-24a so that it is a plot of accel- 
eration a versus time ¢ for the spring—block oscillator that is 
shown in Fig. 15-24b for t = 0. (a) In Fig. 15-24a, at which 
lettered point or in what region between the points should the 
(vertical) a axis intersect the ¢ axis? (For example, should it 
intersect at point A, or maybe in the region between 
points A and B?) (b) If the block’s acceleration is given by a = 
—An COS(wt + ), what is the value of ¢? Make it positive, and 
if you cannot specify the value (such as + 7/2 rad), then give 
a range of values (such as between 0 and 77/2). 





FIG. 15-24 Question 8. 


9 In Fig. 15-25, a spring—block system is put into SHM in 
two experiments. In the first, the block is pulled from the equi- 
librium position through a displacement d, and then released. 
In the second, it is pulled from the equilibrium position 
through a greater displacement d, and then released. Are the 
(a) amplitude, (b) period, (c) 
frequency, (d) maximum kinetic 
energy, and (ec) maximum po- 
tential energy in the second 
experiment greater than, less 
than, or the same as those in the 
first experiment? 





FIG. 15-25 Question 9. 


10 Figure 15-26 shows plots K 
of the kinetic energy K versus a 

position x for three harmonic 
oscillators that have the same 
mass. Rank the plots according 
to (a) the corresponding spring 
constant and (b) the corre- 
sponding period of the oscilla- 


tor, greatest first. “x x 


m m 


11 Figure 15-27 shows three FG. 75-26 Question 10. 
physical pendulums consisting 

of identical uniform spheres of the same mass that are rigidly 
connected by identical rods of negligible mass. Each pendu- 
lum is vertical and can pivot about suspension point O. Rank 


the pendulums according to pe- 
riod of oscillation, greatest first. 


12 Youare to build the oscil- 
lation transfer device shown in 
Fig. 15-28. It consists of two 
spring—block systems hanging 
from a flexible rod. When the 
spring of system 1 is stretched 
and then released, the result- 
ing SHM of system 1 at frequency f, oscillates the rod. The rod 
then exerts a driving force on system 2, at the same frequency 
f,;. You can choose from four springs with spring constants k of 
1600, 1500, 1400, and 1200 N/m, and four blocks with masses m 





(5) 
FIG. 15-27 Question 11. 


of 800, 500, 400, and 200 kg. Mentally determine which spring 
should go with which block in each of the two systems to max- 
imize the amplitude of oscillations in system 2. 


Rod 





System 2 


System I 
FIG. 15-28 Question 12. 


PROBLEMS 


ico) Tutoring problem available (at instructor's discretion) in WileyPLUS and WebAssign 


SSM Worked-out solution available in Student Solutions Manual 


@ —@@@ Number of dots indicates level of problem difficulty 


WWW _ Worked-out solution is at 


ell http://www.wiley.com/college/halliday 
Interactive solution is at 


<< Additional information available in The Flying Circus of Physics and at flyingcircusofphysics.com 


Click here to view all step-by-step solutions 


sec. 15-3. The Force Law for Simple Harmonic Motion 


*4? What is the maximum acceleration of a platform that 
oscillates at amplitude 2.20 cm and frequency 6.60 Hz? 


e2 A particle with a mass of 1.00 x 10°-*’ kg is oscillating with 
simple harmonic motion with a period of 1.00 xX 10~°s and a 
maximum speed of 1.00 X 10° m/s. Calculate (a) the angular fre- 
quency and (b) the maximum displacement of the particle. 


3 In an electric shaver, the blade moves back and forth 
over a distance of 2.0mm in simple harmonic motion, with 
frequency 120 Hz. Find (a) the amplitude, (b) the maximum 
blade speed, and (c) the magnitude of the maximum blade 
acceleration. SSM 


4 A 0.12 kg body undergoes simple harmonic motion of 
amplitude 8.5 cm and period 0.20 s. (a) What is the magnitude 
of the maximum force acting on it? (b) If the oscillations are 
produced by a spring, what is the spring constant? 


¢5 An object undergoing simple harmonic motion takes 
0.25 s to travel from one point of zero velocity to the next such 
point. The distance between those points is 36 cm. Calculate 
the (a) period, (b) frequency, and (c) amplitude of the motion. 


e& An automobile can be considered to be mounted on four 
identical springs as far as vertical oscillations are concerned. 
The springs of a certain car are adjusted so that the oscil- 
lations have a frequency of 3.00 Hz. (a) What is the spring 
constant of each spring if the mass of the car is 1450 kg and 
the mass is evenly distributed over the springs? (b) What will 
be the oscillation frequency if five passengers, averaging 
73.0 kg each, ride in the car with an even distribution of mass? 


eZ An oscillator consists of a block of mass 0.500 kg con- 
nected to a spring. When set into oscillation with amplitude 
35.0 cm, the oscillator repeats its motion every 0.500 s. Find 
the (a) period, (b) frequency, (c) angular frequency, (d) spring 
constant, (e) maximum speed, and (f) magnitude of the maxi- 
mum force on the block from the spring. SSM 


e& An oscillating block—spring system takes 0.75 s to begin 
repeating its motion. Find (a) the period, (b) the frequency in 
hertz, and (c) the angular frequency in radians per second. 


¢9 A loudspeaker produces a musical sound by means of the os- 
cillation of a diaphragm whose amplitude is limited to 1.00 um. 
(a) At what frequency is the magnitude a of the diaphragm’s ac- 
celeration equal to g? (b) For greater frequencies, is a greater than 
orlessthang? SSM 


70 What is the phase con- ., 
stant for the harmonic oscillator 
with the position function x(t) 
given in Fig. 15-29 if the 
position function has the form x 
= X,, coS(wt + h)? The vertical 
axis scale is set by x, = 6.0.cm. 


11 The function x = (6.0 m) 
cos[(37 rad/s)t + 7/3 rad] gives 
the simple harmonic motion of 
a body. At t = 2.0 s, what are the (a) displacement, (b) velocity, 
(c) acceleration, and (d) phase of the motion? Also, what are 
the (e) frequency and (f) pe- 
riod of the motion? 


72 What is the phase con- 
stant for the harmonic oscillator 
with the velocity function v(f) 
given in Fig, 15-30 if the position 
function x(t) has the form x = 
Xm COS(wt + db)? The vertical 
axis scale is set by v, = 4.0 cm/s. 


e73 In Fig. 15-31, two identi- 
cal springs of spring constant 
7580 N/m are attached to a 
block of mass 0.245 kg. What is 
the frequency of oscillation on 
the frictionless floor? 


x (cm) 


PE cia Rene Meg prernrnnnn 
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FIG. 15-29 Problem 10. 








FIG. 15-31 
Problems 13 and 23. 


406 Chapter 15 | Oscillations 


ee74 Figure 15-32 shows 
block 1 of mass 0.200 kg _ 
sliding to the right over a “ 
frictionless elevated sur- 
face at a speed of 8.00 m/s. aed 
The block undergoes an <— d _ 
elastic collision with sta- 7 

tionary block 2, which is Ee Se tO 
attached to a spring of spring constant 1208.5 N/m. (Assume that 
the spring does not affect the collision.) After the collision, block 
2 oscillates in SHM with a period of 0.140 s, and block 1 slides off 
the opposite end of the elevated surface, landing a distance d 
from the base of that surface after falling height h = 4.90 m. 
What is the value of d? 


ee15 An oscillator consists of a block attached to a spring 
(k = 400 N/m). At some time ¢, the position (measured from 
the system’s equilibrium location), velocity, and acceleration 
of the block are x =0.100m, v= —13.6m/s, and a= 
—123 m/s’. Calculate (a) the frequency of oscillation, (b) the 
mass of the block, and (c) the amplitude of the motion. !W 


#@76 At acertain harbor, the tides cause the ocean surface 
to rise and fall a distance d (from highest level to lowest level) 
in simple harmonic motion, with a period of 12.5 h. How long 
does it take for the water to fall a distance 0.250d from its 
highest level? 


e717 A block is on a horizontal surface (a shake table) that 
is moving back and forth horizontally with simple harmonic 
motion of frequency 2.0 Hz. The coefficient of static friction 
between block and surface is 0.50. How great can the amphi- 
tude of the SHM be if the block is not to slip along the 
surface? ssmM www 


e¢7& Two particles execute simple harmonic motion of the 
same amplitude and frequency along close parallel lines. They 
pass each other moving in opposite directions each time their 
displacement is half their amplitude. What is their phase 
difference? 


®@79 Two particles oscillate in simple harmonic motion along a 
common straight-line segment of length A. Each particle has a pe- 
riod of 1.5 s, but they differ in phase by 7/6 rad. (a) How far apart 
are they (in terms of A) 0.50 s after the lagging particle leaves one 
end of the path? (b) Are they then moving in the same direction, 
toward each other, or away from 
each other? SsM 


e620 Figure 15-33a is a partial 
graph of the position function 
x(t) for a simple harmonic oscil- 
lator with an angular frequency 9 ~~" 

On P20 rad/s Bie. 15-3305 4. eae 
partial graph of the correspond- (a) 
ing velocity function v(t). The 
vertical axis scales are set by x, 
= 5.0 cm and v, = 5.0 cm/s. 
What is the phase constant of 
the SHM if the position func- 
tion x(t) is given the form x = i 
XmCcOoS(wt + bd)? i . 


y (cm/s) 


s 





e¢21 A block rides onapis- = = #&»& * 
ton that is moving vertically (5) 
with simple harmonic motion. FIG. 15-33 Problem 20. 








(a) If the SHM has period 1.0 s, at what amplitude of motion 
will the block and piston separate? (b) If the piston has an am- 
plitude of 5.0 cm, what is the maximum frequency for which 
the block and piston will be in contact continuously? 


ee22 A simple harmonic oscillator consists of a block of 
mass 2.00 kg attached to a spring of spring constant 100 N/m. 
When t = 1.00 s, the position and velocity of the block are x = 
0.129 m and v = 3.415 m/s. (a) What is the amplitude of the 
oscillations? What were the (b) position and (c) velocity of the 
block att = 0's? 


*e23 In Fig. 15-31, two springs are attached to a block that 
can oscillate over a frictionless floor. If the left spring is 
removed, the block oscillates at a frequency of 30 Hz. If, 
instead, the spring on the right is removed, the block oscillates 
at a frequency of 45 Hz. At what frequency does the block 
oscillate with both springs attached? —iLw 


ese24@ In Fig. 15-34, two 
blocks (m= 1.8kg and M= 
10 kg) and a spring (k = 200 
N/m) are arranged on a hori- 
zontal, frictionless surface. The ' | = 
coefficient of static friction be- a : 
tween the two blocks is 0.40. _F!G: 18-34 Problem 24. 
What amplitude of simple harmonic motion of the 
spring—blocks system puts the smaller block on the verge of 
slipping over the larger block? € 


#0025 In Fig. 15-35, a block 
weighing 14.0N, which can 
slide without friction on an in- 
cline at angle @ = 40.0°, is con- 
nected to the top of the incline 
by a massless spring of un- 
stretched length 0.450m and 
spring constant 120 N/m. (a) C, - 
How far from the top of the in- — —— 
cline is the block’s equilibrium FIG. 15-35 Problem 25. 
point? (b) If the block is pulled slightly down the incline and 
released, what is the period of the resulting oscillations? € 


eee26 In Fig. 15-36, two 
springs are joined and con- 
nected to a block of mass 0.245 
kg that is set oscillating over a 
frictionless floor. The springs 
each have spring constant k = 
6430 N/m. What is the frequency of the oscillations? 








FIG. 15-36 Problem 26. 


sec. 15-4 Energy in Simple Harmonic Motion 

*27 Find the mechanical energy of a block—spring system 
having a spring constant of 1.3 N/cm and an oscillation ampli- 
tude of 2.4cm. SSM 


e28 An oscillating block—spring system has a mechanical 
energy of 1.00 J, an amplitude of 10.0cm, and a maximum 
speed of 1.20 m/s. Find (a) the spring constant, (b) the mass of 
the block, and (c) the frequency of oscillation. 


°29 When the displacement in SHM is one-half the ampli- 
tude x,,, what fraction of the total energy is (a) kinetic energy 
and (b) potential energy? (c) At what displacement, in terms 
of the amplitude, is the energy of the system half kinetic 
energy and half potential energy? SSM 


°30 Figure 15-37 gives the 
one-dimensional potential en- 
ergy well for a 2.0 kg particle 
(the function U(x) has the form 
bx* and the vertical axis scale is 
set by U, = 2.0 J). (a) If the par- 
ticle passes through the equilib- 
rium position with a velocity of 
85 cm/s, will it be turned back x (cm) 

before it reaches x =15cm? ~~ gig. 45-37. Problem 30. 
(b) If yes, at what position, and 

if no, what is the speed of the particle at x = 15 cm? 


31 A 5.00 kg object on a horizontal frictionless surface is 
attached to a spring with k = 1000 N/m. The object is dis- 
placed from equilibrium 50.0 cm horizontally and given an 
initial velocity of 10.0 m/s back toward the equilibrium posi- 
tion. What are (a) the motion’s frequency, (b) the initial poten- 
tial energy of the block—spring system, (c) the initial kinetic 
energy, and (d) the motion’s 
amplitude? !tW 


e32 Figure 15-38 shows the ki- 
netic energy K of a simple 
harmonic oscillator versus its po- 
sition x. The vertical axis scale is 
set by K, = 4.0 J. What is the 
spring constant? 





-12 - -4 0 4 8 12 
x (cm) 
°e33 A 10g particle under- Fg. 45-38 Problem 32. 
goes SHM with an amplitude 
of 2.0 mm, a maximum acceleration of magnitude 8.0 X 10° 
m/s’, and an unknown phase constant . What are (a) the pe- 
riod of the motion, (b) the maximum speed of the particle, and 
(c) the total mechanical energy of the oscillator? What is the 
magnitude of the force on the particle when the particle is at 
(d) its maximum displacement and (e) half its maximum dis- 
placement? 


°e34 Ifthe phase angle for a block—spring system in SHM is 
7/6 rad and the block’s position is given by x = x,, cos(wt + 
), what is the ratio of the kinetic energy to the potential 
energy at time ¢t = 0? 


e@35 A block of mass M = 5.4 
kg, at rest on a_ horizontal 
frictionless table, is attached to 
a rigid support by a spring of 
constant k = 6000 N/m. A bullet 
of mass m = 9.5 g and velocity V of magnitude 630 m/s strikes 
and is embedded in the block (Fig. 15-39). Assuming the com- 
pression of the spring is negligible until the bullet is embed- 
ded, determine (a) the speed of the block immediately after 
the collision and (b) the amplitude of the resulting simple har- 
monic motion. € 


¢°36 In Fig. 15-40, block 2 of 
mass 2.0kg oscillates on the — 
end of a spring in SHM witha ~ ‘-FiG. 15-40 Problem 36. 
period of 20 ms. The position of 

the block is given by x = (1.0cm) cos(wt + 7/2). Block 1 of 
mass 4.0 kg slides toward block 2 with a velocity of magnitude 
6.0 m/s, directed along the spring’s length. The two blocks 
undergo a completely inelastic collision at time t = 5.0 ms. 
(The duration of the collision is much less than the period 





FIG. 15-39 Problem 35. 








of motion.) What is the amplitude of the SHM after the 
collision? 


eee37 A massless spring hangs from the ceiling with a small 
object attached to its lower end. The object is initially held at 
rest in a position y; such that the spring is at its rest length. The 
object is then released from y, and oscillates up and down, 
with its lowest position being 10 cm below y,. (a) What is the 
frequency of the oscillation? (b) What is the speed of the 
object when it is 8.0cm below the initial position? (c) An 
object of mass 300 g is attached to the first object, after which 
the system oscillates with half the original frequency. What is 
the mass of the first object? (d) How far below y; is the new 
equilibrium (rest) position with both objects attached to the 
spring? 


sec. 15-5 An Angular Simple Harmonic Oscillator 

°38 A 95kg solid sphere with a 15 cm radius is suspended 
by a vertical wire. A torque of 0.20 N-m is required to rotate 
the sphere through an angle of 0.85 rad and then maintain that 
orientation. What is the period of the oscillations that result 
when the sphere is then released? 


©e39 The balance wheel of an old-fashioned watch oscillates 
with angular amplitude zw rad and period 0.500 s. Find (a) the 
maximum angular speed of the wheel, (b) the angular speed at 
displacement 7/2 rad, and (c) the magnitude of the angular 
acceleration at displacement 7/4rad. SSM Www 


sec. 15-6 Pendulums 

e40 Suppose that a simple pendulum consists of a small 
60.0 g bob at the end of a cord of negligible mass. If the angle 0 
between the cord and the vertical is given by 


6 = (0.0800 rad) cos[(4.43 rad/s)t + 4], 


what are (a) the pendulum’s length and (b) its maximum 
kinetic energy? 


°47 (a) If the physical pendulum of Sample Problem 15-5 is 
inverted and suspended at point P, what is its period of oscil- 
lation? (b) Is the period now greater than, less than, or equal 
to its previous value? 


e42 In Sample Problem 15-5, we saw that a physical pen- 
dulum has a center of oscillation at distance 2/3 from its 
point of suspension. Show that the distance between the point 
of suspension and the center of oscillation for a physical 
pendulum of any form is //mh, where I and h have the mean- 
ings assigned to them in Eq. 15-29 and m is the mass of the 
pendulum. 


“43 In Fig. 15-41, the pendulum consists of a uniform disk 
with radius r = 10.0 cm and mass 
500 g attached to a uniform rod 
with length L=500mm_ and 
mass 270 g. (a) Calculate the rota- 
tional inertia of the pendulum 
about the pivot point. (b) What is 
the distance between the pivot 
point and the center of mass of 
the pendulum? (c) Calculate the 
period of oscillation. SSM 





e44 A physical pendulum con- 
sists of a meter stick that 1s pivoted 
at a small hole drilled through the 


FIG. 15-41 Problem 43. 


Chapter 15 | Oscillations 


stick a distance d from the 50 cm mark. 


The period of oscillation is 2.5s. Find | Pivot® ——~——{- 
d. tw . \ 
*45 In Fig. 15-42, a physical pendu- 
lum consists of a uniform solid disk 
(of radius R = 2.35 cm) supported in 
a vertical plane by a pivot located a 
distance d = 1.75 cm from the center 
of the disk. The disk is displaced by a 
small angle and released. What is the 
period of the resulting simple har- 
monic motion? 





FIG. 15-42 
Problem 45. 





®46 A physical pendulum consists 
of two meter-long sticks joined to- 
gether as shown in Fig. 15-43. What is 
the pendulum’s period of oscillation 
about a pin inserted through point A 
at the center of the horizontal stick? 


FIG. 15-43 
Problem 46. 


e47 A performer seated on a trapeze is swinging back and 
forth with a period of 8.85 s. If she stands up, thus raising the 
center of mass of the trapeze + performer system by 35.0 cm, 
what will be the new period of the system? Treat trapeze + 
performer as asimple pendulum. == 


ee48 A thin uniform rod (mass = 0.50 kg) swings about an 
axis that passes through one end of the rod and is perpendicu- 
lar to the plane of the swing. The rod swings with a period 
of 1.5 s and an angular amplitude of 10°. (a) What is the length 
of the rod? (b) What is the max- 
imum kinetic energy of the rod 
as it swings? 


ee49 In Fig. 15-44, a stick of 
length L = 1.85 m oscillates as 
a physical pendulum. (a) What 
value of distance x between the 
stick’s center of mass and its 
pivot point O gives the least 
period? (b) What is that least 
period? 


2050 The 3.00 kg cube in Fig. 
15-45 has edge lengths d = 6.00 
cm and is mounted on an axle 
through its center. A spring (k = 
1200 N/m) connects the cube’s 
upper corner to a rigid wall. 
Initially the spring is at its rest 
length. If the cube is rotated 3° 
and released, what is the period 
of the resulting SHM? 


#51 In the overhead view of Wall 
Fig. 15-46,a long uniform rodof &— 
mass 0.600 kg is free to rotate 
in a horizontal plane about a 
vertical axis through its center. 
A spring with force constant 
k = 1850 N/m is connected hor- 
izontally between one end of the rod and a fixed wall. When 
the rod is in equilibrium, it is parallel to the wall. What is the 
period of the small oscillations that result when the rod is ro- 
tated slightly and released? SSM iLW 








FIG. 15-45 Problem 50. 


Rotation axis 


FIG. 15-46 Problem 51. 








ee52 A _ rectangular block, 
with face lengths a= 35cm 
and b = 45cm, is to be sus- 
pended on a thin horizontal 
rod running through a narrow 
hole in the block. The block is 
then to be set swinging about 
the rod like a _ pendulum, 
through small angles so that it 
is in SHM. Figure 15-47 shows 
one possible position of the 
hole, at distance r from the 
block’s center, along a line con- 
necting the center with a corner. (a) Plot the period of the 
pendulum versus distance r along that line such that the mini- 
mum in the curve is apparent. (b) For what value of r does that 
minimum occur? There is actually a line of points around the 
block’s center for which the period of swinging has the same 
minimum value. (c) What shape does that line make? 





FIG. 15-47 Problem 52. 


ee53 The angle of the pendulum of Fig. 15-9b is given by 6 = 
6,, cos[(4.44 rad/s)t + ]. If at t = 0, 6 = 0.040 rad and dé@/dt = 
—0.200 rad/s, what are (a) the phase constant ¢@ and (b) the 
maximum angle 6,,? (Hint: Don’t confuse the rate dé/dt at 
which @ changes with the w of the SHM.) 


2°54 In Fig. 15-48a, a metal plate is mounted on an axle 
through its center of mass. A spring with k = 2000 N/m con- 
nects a wall with a point on the rim a distance r = 2.5 cm from 
the center of mass. Initially the spring is at its rest length. If the 
plate is rotated by 7° and released, it rotates about the axle in 
SHM, with its angular position given by Fig. 15-48b. The hori- 
zontal axis scale is set by t, = 20 ms. What is the rotational 
inertia of the plate about its center of mass? €%) 





s000 + 





(a) 
FIG. 15-48 Problem 54. 


eee55 A pendulum is formed by pivoting a long thin rod 
about a point on the rod. In a series of experiments, the period 
is measured as a function of the distance x between the pivot 
point and the rod’s center. (a) If the rod’s length is L = 2.20 m 
and its mass is m = 22.1 g, what is the minimum period? (b) If 
x 18 chosen to minimize the period and then L is increased, 
does the period increase, decrease, or remain the same? (c) If, 
instead, m is increased without L increasing, does the period 
increase, decrease, or remain the same? 


22056 In Fig. 15-49, a 2.50 kg disk of diameter D = 42.0 cm 
is supported by a rod of length L = 76.0 cm and negligible 
mass that is pivoted at its end. (a) With the massless torsion 
spring unconnected, what is the period of oscillation? (b) With 
the torsion spring connected, the rod is vertical at equilibrium. 


What is the torsion constant of 
the spring if the period of 
oscillation has been decreased 
by 0.500 s? 


sec. 15-8 Damped Simple 
Harmonic Motion 

°57 In Fig. 15-15, the block 
has a mass of 1.50 kg and the 
spring constant is 8.00 N/m. The 
damping force is_ given 
by —b(dx/dt), where b = 230 
g/s. The block is pulled down 
12.0 cm and released. (a) pig.45.49 Problem 56. 
Calculate the time required for 

the amplitude of the resulting oscillations to fall to one-third 
of its initial value. (b) How many oscillations are made by the 


e58 In Sample Problem 15-7, what is the ratio of the ampli- 
tude of the damped oscillations to the initial amplitude at the 
end of 20 cycles? 


eS? The amplitude of a lightly damped oscillator decreases 
by 3.0% during each cycle. What percentage of the mechanical 
energy of the oscillator is lost in each cycle? 


ee60 ‘The suspension system of a 2000 kg automobile “sags” 
10 cm when the chassis is placed on it. Also, the oscillation 
amplitude decreases by 50% each cycle. Estimate the values 
of (a) the spring constant k and (b) the damping constant b for 
the spring and shock absorber system of one wheel, assuming 
each wheel supports 500 kg. 


sec. 15-9 Forced Oscillations and Resonance 
°61 For Eq. 15-45, suppose the amplitude x,, is given by 


En 
a [723 — w2)? + b2aa]!?” 
where F,, is the (constant) amplitude of the external oscil- 
lating force exerted on the spring by the rigid support in 
Fig. 15-15. At resonance, what are the (a) amplitude and 
(b) velocity amplitude of the oscillating object? 


e62 Hanging from a horizontal beam are nine simple pen- 
dulums of the following lengths: (a) 0.10, (b) 0.30, (c) 0.40, 
(d) 0.80, (e) 1.2, (£) 2.8, (g) 3.5, (h) 5.0, and (i) 6.2 m. Suppose 
the beam undergoes horizontal oscillations with angular fre- 
quencies in the range from 2.00 rad/s to 4.00 rad/s. Which of 
the pendulums will be (strongly) set in motion? 


¢e63 A 1000 kg car carrying four 82 kg people travels over a 
“washboard” dirt road with corrugations 4.0 m apart. The car 
bounces with maximum amplitude when its speed is 16 km/h. 
When the car stops, and the people get out, by how much does 
the car body rise on its suspension? 


Additional Problems 

64 A block is in SHM on the end of a spring, with position 
given by x = x,, cos(wt + #). If @ = w/5 rad, then at t = 0 what 
percentage of the total mechanical energy is potential energy? 


65 Figure 15-50 gives the position of a 20 g block oscillat- 
ing in SHM on the end of a spring. The horizontal axis scale 
is set by ft, = 40.0 ms. What are (a) the maximum kinetic en- 
ergy of the block and (b) the number of times per second 





1 6ms) 





FIG. 15-50 
Problems 65 and 66. 


that maximum is reached? (Hint: Measuring a slope will 
probably not be very accurate. Find another approach.) 


66 Figure 15-50 gives the position x(t) of a block oscillating in 
SHM on the end of a spring (t, = 40.0 ms). What are (a) the speed 
and (b) the magnitude of the radial acceleration of a particle in 
the corresponding uniform circular motion? 


67 Figure 15-51 shows the ki- 
netic energy K of a simple pendu- 
lum versus its angle 6 from the 
vertical. The vertical axis scale is 
set by K, = 10.0 mJ. The pendu- 
lum bob has mass 0.200 kg. What 
is the length of the pendulum? 


68 Although California is -100 -50 0 50 100 
known for earthquakes, it has 6 (mrad) 

large regions dotted with pre- = FIG. 45-54. Problem67. 
cariously balanced rocks that 

would be easily toppled by even a mild earthquake. The rocks 
have stood this way for thousands of years, suggesting that 
major earthquakes have not occurred in those regions during 
that time. If an earthquake were to put such a rock into sinu- 
soidal oscillation (parallel to the ground) with a frequency of 
2.2 Hz, an oscillation amplitude of 1.0cm would cause the 
rock to topple. What would be the magnitude of the maximum 
acceleration of the oscillation, in terms of g? a 


K (mJ) 





69 A 4.00 kg block is suspended from a spring with k = 
500 N/m. A 50.0 g bullet is fired into the block from directly 
below with a speed of 150 m/s and becomes embedded in the 
block. (a) Find the amplitude of the resulting SHM. (b) What 
percentage of the original kinetic energy of the bullet is trans- 
ferred to mechanical energy of the oscillator? 


70 A 55.0 g block oscillates in SHM on the end of a spring 
with k = 1500 N/m according to x = x,, cos(wt + ¢). How 
long does the block take to move from position +0.800x,, to 
(a) position +0.600x,, and (b) position —0.800x,,? 


71 A loudspeaker diaphragm is oscillating in simple har- 
monic motion with a frequency of 440 Hz and a maximum 
displacement of 0.75 mm. What are the (a) angular frequency, 
(b) maximum speed, and (c) magnitude of the maximum 
acceleration? 


72 The tip of one prong of a tuning fork undergoes SHM of 
frequency 1000 Hz and amplitude 0.40 mm. For this tip, what 
is the magnitude of the (a) maximum acceleration, (b) maxi- 
mum velocity, (c) acceleration at tip displacement 0.20 mm, 
and (d) velocity at tip displacement 0.20 mm? 
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73 A flat uniform circular disk has a mass of 3.00 kg and a 
radius of 70.0 cm. It is suspended in a horizontal plane by a ver- 
tical wire attached to its center. If the disk is rotated 2.50 rad 
about the wire, a torque of 0.0600 N -m is required to maintain 
that orientation. Calculate (a) the rotational inertia of the disk 
about the wire, (b) the torsion constant, and (c) the angular fre- 
quency of this torsion pendulum when it is set oscillating. 


74 A uniform circular disk whose radius R is 12.6cm is 
suspended as a physical pendulum from a point on its rim. 
(a) What is its period? (b) At what radial distance r < R is 
there a pivot point that gives the same period? 


73 What is the frequency of a simple pendulum 2.0 m long 
(a) in a room, (b) in an elevator accelerating upward at a rate 
of 2.0 m/s’, and (c) in free fall? SSM 


76 A particle executes linear SHM with frequency 0.25 Hz 
about the point x =0. At t=0, it has displacement x = 
0.37 cm and zero velocity. For the motion, determine the 
(a) period, (b) angular frequency, (c) amplitude, (d) displace- 
ment x(t), (e) velocity v(t), (f) maximum speed, (g) magnitude 
of the maximum acceleration, (h) displacement at t = 3.0s, 
and (i) speed at t = 3.0s. 


77 A 50.0 g stone is attached to the bottom of a vertical 
spring and set vibrating. If the maximum speed of the stone is 
15.0 cm/s and the period is 0.500 s, find the (a) spring constant 
of the spring, (b) amplitude of the motion, and (c) frequency 
of oscillation. 


78 A 2.00 kg block hangs from a spring. A 300 g body hung 
below the block stretches the spring 2.00 cm farther. (a) What 
is the spring constant? (b) If the 300 g body is removed and 
the block is set into oscillation, find the period of the motion. 


79 The end point of a spring oscillates with a period of 2.0s 
when a block with mass m is attached to it. When this mass is 
increased by 2.0 kg, the period is found to be 3.0 s. Find m. 


80 A 0.10 kg block oscillates back and forth along a straight 
line on a frictionless horizontal surface. Its displacement from 
the origin is given by 


x = (10 cm) cos[(10 rad/s)t + 7/2 rad]. 


(a) What is the oscillation frequency? (b) What is the maxi- 
mum speed acquired by the block? (c) At what value of x does 
this occur? (d) What is the magnitude of the maximum accel- 
eration of the block? (e) At what value of x does this occur? 
(f) What force, applied to the block by the spring, results in 
the given oscillation? 


81 A 3.0 kg particle is in simple harmonic motion in one 
dimension and moves according to the equation 


x = (5.0 m) cos[(7/3 rad/s)t — 7/4 rad], 


with ¢ in seconds. (a) At what value of x is the potential energy 
of the particle equal to half the total energy? (b) How long 
does the particle take to move to this position x from the equi- 
librium position? 


82 A massless spring with spring constant 19 N/m hangs 
vertically. A body of mass 0.20 kg is attached to its free end 
and then released. Assume that the spring was unstretched 
before the body was released. Find (a) how far below the 
initial position the body descends, and the (b) frequency and 
(c) amplitude of the resulting SHM. 


83 The piston in the cylinder head of a locomotive has a 
stroke (twice the amplitude) of 0.76 m. If the piston moves 
with simple harmonic motion with an angular frequency of 
180 rev/min, what is its maximum speed? SSM 


84 A wheel is free to rotate 
about its fixed axle. A spring is 
attached to one of its spokes a 
distance r from the axle, as shown 
in Fig. 15-52. (a) Assuming that 
the wheel is a hoop of mass m 
and radius R, what is the angu- 
lar frequency w of small oscilla- 
tions of this system in terms of 
m, R, r, and the spring constant 
k? What is wif (b) r = Rand (c) r= 0? 


85 The scale of a spring balance that reads from 0 to 15.0 kg 
is 12.0cm long. A package suspended from the balance 
is found to oscillate vertically with a frequency of 2.00 Hz. 
(a) What is the spring constant? (b) How much does the pack- 
age weigh? 





FIG. 15-52 Problem 84. 


86 A uniform spring with k = 8600 N/m is cut into pieces 
1 and 2 of unstretched lengths L, = 7.0cm and L, = 10cm. 
What are (a) k, and (b) k,? A block attached to the original 
spring as in Fig. 15-5 oscillates at 200 Hz. What is the oscil- 
lation frequency of the block attached to (c) piece 1 and 
(d) piece 2? 


87 In Fig. 15-53, three 10 000 
kg ore cars are held at rest on a 
mine railway using a cable that is 
parallel to the rails, which are in- 
clined at angle 6 = 30°. The cable 
stretches 15cm just before the 
coupling between the two lower 
cars breaks, detaching the lowest 
car. Assuming that the cable 
obeys Hooke’s law, find the (a) 
frequency and (b) amplitude of 
the resulting oscillations of the 
remaining two cars. 





FIG. 15-53 Problem 87. 

88 <A simple pendulum of length 20cm and mass 5.0 g is 
suspended in a race car traveling with constant speed 70 m/s 
around a circle of radius 50m. If the pendulum undergoes 


small oscillations in a radial direction about its equilibrium 
position, what is the frequency of oscillation? 


89 A vertical spring stretches 9.6 cm when a 1.3 kg block 
is hung from its end. (a) Calculate the spring constant. This 
block is then displaced an additional 5.0 cm downward and 
released from rest. Find the (b) period, (c) frequency, (d) 


amplitude, and (e) maximum speed of the resulting SHM. 
SSM 


90 A block weighing 20 N oscillates at one end of a vertical 
spring for which k = 100 N/m; the other end of the spring is 
attached to a ceiling. At a certain instant the spring is stret- 
ched 0.30 m beyond its relaxed length (the length when no 
object is attached) and the block has zero velocity. (a) What 
is the net force on the block at this instant? What are the (b) 
amplitude and (c) period of the resulting simple harmonic 
motion? (d) What is the maximum kinetic energy of the block 
as it oscillates? 


971 A 1.2 kg block sliding on a horizontal frictionless surface 
is attached to a horizontal spring with k = 480 N/m. Let x be 
the displacement of the block from the position at which the 
spring is unstretched. At t = 0 the block passes through x = 0 
with a speed of 5.2 m/s in the positive x direction. What are the 
(a) frequency and (b) amplitude of the block’s motion? 
(c) Write an expression for x as a function of time. SSM 


92 Asimple harmonic oscillator consists of an 0.80 kg block 
attached to a spring (k = 200 N/m). The block slides on a hori- 
zontal frictionless surface about the equilibrium point x = 0 
with a total mechanical energy of 4.0J. (a) What is the 
amplitude of the oscillation? (b) How many oscillations does 
the block complete in 10s? (c) What is the maximum kinetic 
energy attained by the block? (d) What is the speed of the 
block at x = 0.15 m? 


93 An engineer has an odd-shaped 10 kg object and needs 
to find its rotational inertia about an axis through its center of 
mass. The object is supported on a wire stretched along the 
desired axis. The wire has a torsion constant x = 0.50 N-m. If 
this torsion pendulum oscillates through 20 cycles in 50s, 
what is the rotational inertia of the object? 


94 A grandfather clock has a_ Rotation 
pendulum that consists of a thin axis 
brass disk of radius r = 15.00 cm 

and mass 1.000 kg that is attached 

to a long thin rod of negligible 

mass. The pendulum swings freely 

about an axis perpendicular to 

the rod and through the end of 

the rod opposite the disk, as 

shown in Fig, 15-54. If the pendu- 

lum is to have a period of 2.000 s 

for small oscillations at a place : 
where g = 9.800 m/s’, what must 
be the rod length L to the nearest 
tenth of a millimeter? 





FIG. 15-54 Problem 94. 


95 A block sliding on a horizontal frictionless surface is 
attached to a horizontal spring with a spring constant of 
600 N/m. The block executes SHM about its equilibrium posi- 
tion with a period of 0.40 s and an amplitude of 0.20 m. As the 
block slides through its equilibrium position, a 0.50 kg putty 
wad is dropped vertically onto the block. If the putty wad 
sticks to the block, determine (a) the new period of the 
motion and (b) the new amplitude of the motion. 


96 When a 20N can is hung from the bottom of a vertical 
spring, it causes the spring to stretch 20 cm. (a) What is the spring 
constant? (b) This spring is now placed horizontally on a friction- 
less table. One end of it is held fixed, and the other end is attached 
to a 5.0 N can. The can is then moved (stretching the spring) and 
released from rest. What is the period of the resulting oscillation? 


97 A 4.00 kg block hangs from a spring, extending it 16.0 cm 
from its unstretched position. (a) What is the spring constant? 
(b) The block is removed, and a 0.500 kg body is hung from 
the same spring. If the spring is then stretched and released, 
what is its period of oscillation? 


98 A damped harmonic oscillator consists of a block (m = 
2.00 kg), a spring (k = 10.0 N/m), and a damping force (F = 
—by). Initially, it oscillates with an amplitude of 25.0 cm; 
because of the damping, the amplitude falls to three-fourths 


of this initial value at the completion of four oscillations. 
(a) What is the value of b? (b) How much energy has been “lost” 
during these four oscillations? 


99 A common device for enter- 
taining a toddler is a jump seat that | | 
hangs from the horizontal portion | | 
of a doorframe via elastic cords 
(Fig. 15-55). Assume that only one 
cord is on each side in spite of the , | 
more realistic arrangement shown. , | 
When a child is placed in the seat, | 
they both descend by a distance d, 
as the cords stretch (treat them as 
springs). Then the seat is pulled 
down an extra distance d,, and re- ee eee 
leased, SO that the child oscillates FIG. 15-55 Problem 99. 
vertically, like a block on the end of 

a spring. Suppose you are the safety engineer for the manufac- 
turer of the seat. You do not want the magnitude of the child’s 
acceleration to exceed 0.20g for fear of hurting the child’s 
neck. If d,, = 10cm, what value of d, corresponds to that 
acceleration magnitude? 


400 What is the phase con- 
stant for SMH with a(t) given 
in Fig. 15-56 if the position 
function x(t) has the form x = 
Xm coS(wt + d) and a, = 4.0 
m/s”? 








a (m/s°) 
4 ba 





701 A torsion pendulum 
consists of a metal disk witha “™—™—™"™™ ——— 
wire running through its center FIG.15-56 Problem 100. 
and soldered in place. The wire 





is mounted vertically on clamps a 

and pulled taut. Figure 15-57a > : 

gives the magnitude 7 of the « 

torque needed to rotate the disk = 

about its center (and thus twist ae 0.10 0.20 
@ (rad) 


the wire) versus the rotation an- 
gle 6. The vertical axis scale is set (a) 
by 7, = 4.0 X 10-3 N: m. The disk 
is rotated to 6= 0.200 rad and 
then released. Figure 15-57b 
shows the resulting oscillation in 
terms of angular position 6 ver- 
sus time zt. The horizontal axis 
scale is set by ¢, = 0.40s. (a) What 
is the rotational inertia of the 
disk about its center? (b) What is the maximum angular speed 
d@/dt of the disk? (Caution: Do not confuse the (constant) angu- 
lar frequency of the SHM with the (varying) angular speed of 
the rotating disk, even though they usually have the same sym- 
bol w. Hint: The potential energy U of a torsion pendulum is 
equal to 5x6, analogous to U = $kx’ for a spring.) 


6 (rad) 





FIG. 18-57 Problem 101. 


4102 A spider can tell when its web has captured, say, a fly 
because the fly’s thrashing causes the web threads to oscillate. 
A spider can even determine the size of the fly by the fre- 
quency of the oscillations. Assume that a fly oscillates on the 
capture thread on which it is caught like a block on a spring. 
What is the ratio of oscillation frequency for a fly with mass m 
to a fly with mass 2.5m? Se 
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103 For a simple pendulum, find the angular amplitude 6,, 
at which the restoring torque required for simple harmonic 
motion deviates from the actual restoring torque by 1.0%. 
(See “Trigonometric Expansions” in Appendix E.) 


104 A simple harmonic os- 
cillator consists of a block at- 
tached to a spring with k = 200 
N/m. The block slides on a fric- 
tionless surface, with equilib- 
rium point x =0 and ampli- 
tude 0.20m. A graph of the 
block’s velocity v as a function 
of time ¢ is shown in Fig. 15-58. The horizontal scale is set by 
t, = 0.20 s. What are (a) the period of the SHM, (b) the block’s 
mass, (c) its displacement at t = 0, (d) its acceleration at t = 
0.10 s, and (e) its maximum kinetic energy? 


v (m/s) 





FIG. 15-58 Problem 104. 


105 A simple harmonic oscil- 
lator consists of a 0.50 kg block 
attached to a spring. The block 
slides back and forth along a 
Straight line on a frictionless 
surface with equilibrium point 
x = 0. Att = 0 the block is at x 
= 0 and moving in the positive 
x direction. A graph of the mag- 
nitude of the net force F on the block as a function of its posi- 
tion is shown in Fig. 15-59. The vertical scale is set by F, = 75.0 
N. What are (a) the amplitude and (b) the period of the mo- 
tion, (c) the magnitude of the maximum acceleration, and (d) 
the maximum kinetic energy? 


106 In Fig. 15-60, a solid 
cylinder attached to a horizon- 
tal spring (k = 3.00 N/m) rolls 
without slipping along a hori- 
zontal surface. If the system is 
released from rest when the 
spring is stretched by 0.250 m, find (a) the translational kinetic 
energy and (b) the rotational kinetic energy of the cylinder as 
it passes through the equilibrium position. (c) Show that un- 
der these conditions the cylinder’s center of mass executes 
simple harmonic motion with period 


T=) 4{ 3M. 
ae Ne 


where M is the cylinder mass. (Hint: Find the time derivative 
of the total mechanical energy.) 


107 A block weighing 10.0 N is attached to the lower end of 
a vertical spring (k = 200.0 N/m), the other end of which is 
attached to a ceiling. The block oscillates vertically and has 
a kinetic energy of 2.00J as it passes through the point at 
which the spring is unstretched. (a) What is the period of the 
oscillation? (b) Use the law of conservation of energy to 
determine the maximum distance the block moves both 
above and below the point at which the spring is unstretched. 
(These are not necessarily the same.) (c) What is the ampli- 
tude of the oscillation? (d) What is the maximum kinetic 
energy of the block as it oscillates? 


108 A 2.0 kg block executes SHM while attached to a hori- 
zontal spring of spring constant 200 N/m. The maximum speed 





FIG. 15-59 Problem 1035. 


FIG. 15-60 Problem 106. 





of the block as it slides on a horizontal frictionless surface is 
3.0 m/s. What are (a) the amplitude of the block’s motion, 
(b) the magnitude of its maximum acceleration, and (c) the 
magnitude of its minimum acceleration? (d) How long does 
the block take to complete 7.0 cycles of its motion? 


109 The vibration frequencies of atoms in solids at normal 
temperatures are of the order of 10'° Hz. Imagine the atoms to 
be connected to one another by springs. Suppose that a single 
silver atom in a solid vibrates with this frequency and that all the 
other atoms are at rest. Compute the effective spring constant. 
One mole of silver (6.02 X 10” atoms) has a mass of 108 g. 


170 In Fig. 15-61, a 2500 kg demolition ball swings from the 
end of a crane. The length of the swinging segment of cable is 
17 m. (a) Find the period of the swinging, assuming that the 
system can be treated as a simple pendulum. (b) Does the 
period depend on the ball’s mass? 





FIG. 15-61 Problem 110. 


117 The center of oscillation of a physical pendulum has this 
interesting property: If an impulse (assumed horizontal and in 
the plane of oscillation) acts at the center of oscillation, no 
oscillations are felt at the point of support. Baseball players 
(and players of many other sports) know that unless the ball 
hits the bat at this point (called the “sweet spot” by athletes), 
the oscillations due to the impact will sting their hands. To 
prove this property, let the stick in Fig. 15-11a simulate a base- 
ball bat. Suppose that a horizontal force F (due to impact with 
the ball) acts toward the right at P the center of oscillation. 
The batter is assumed to hold the bat at O, the pivot point of 
the stick. (a) What acceleration does the point O undergo as a 
result of F? (b) What angular acceleration is produced by F 
about the center of mass of the stick? (c) As a result of the 
angular acceleration in (b), what linear acceleration does 
point O undergo? (d) Considering the magnitudes and direc- 
tions of the accelerations in (a) and (c), convince yourself that 
P is indeed the “sweet spot.” <i 


4172 A 2.0kg block is attached to the end of a spring with 
a spring constant of 350 N/m and forced to oscillate by an 
applied force F = (15N) sin(w,t), where wz = 35 rad/s. The 
damping constant is b = 15 kg/s. At t = 0, the block is at rest 
with the spring at its rest length. (a) Use numerical integration 
to plot the displacement of the block for the first 1.0 s. Use the 
motion near the end of the 1.0 s interval to estimate the ampli- 
tude, period, and angular frequency. Repeat the calculation for 
(b) wa, = Vk/m and (c) wg = 20 rad/s. 














In 2001, a sleek footbridge 
across the Thames River was 
opened in London to connect 
the Tate Modern art gallery 
with the vicinity of St. Paul's 
Cathedral and to mark the 
new millennium. However, 
soon after the first surge of 
pedestrians began to walk 
over it, the Millennium Bridge, 
as it is called, began to 
oscillate so much that many of 
the pedestrians had difficulty 
keeping their balance. Similar 
oscillations can occur in a 
mosh pit on a standard wood 
floor, especially if the 
participants are pogoing or 


body slamming. 





Bruno Vincent/Reportage/Getty Images, Inc. | The answer is in this chapter. 
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Pulse 





(a) 


Sinusoidal 
wave 





(d) 
FIG. 16-1 (a) Asingle pulse is sent 
along a stretched string. A typical 
string element (marked with a dot) 
moves up once and then down as the 
pulse passes. The element’s motion is 
perpendicular to the wave’s direction 
of travel, so the pulse 1s a transverse 
wave. (b) A sinusoidal wave is sent 
along the string. A typical string ele- 
ment moves up and down continu- 
ously as the wave passes. This too is a 
transverse wave. 





16-1 WHAT IS PHYSICS? 


One of the primary subjects of physics is waves. To see how important waves are 
in the modern world, just consider the music industry. Every piece of music you 
hear, from some retro-punk band playing in a campus dive to the most eloquent 
concerto playing on the Web, depends on performers producing waves and your 
detecting those waves. In between production and detection, the information 
carried by the waves might need to be transmitted (as in a live performance on 
the Web) or recorded and then reproduced (as with CDs, DVDs, or the other 
devices currently being developed in engineering labs worldwide). The financial 
importance of controlling music waves is staggering, and the rewards to engineers 
who develop new control techniques can be rich. 

This chapter focuses on waves traveling along a stretched string, such as on 
a guitar. The next chapter focuses on sound waves, such as those produced by 
a guitar string being played. Before we do all this, though, our first job is to clas- 
sify the countless waves of the everyday world into basic types. 


16-2 | Types of Waves 


Waves are of three main types: 


1. Mechanical waves. These waves are most familiar because we encounter 
them almost constantly; common examples include water waves, sound waves, 
and seismic waves. All these waves have two central features: They are gov- 
erned by Newton’s laws, and they can exist only within a material medium, 
such as water, air, and rock. 


2. Electromagnetic waves. ‘These waves are less familiar, but you use them 
constantly; common examples include visible and ultraviolet light, radio and 
television waves, microwaves, x rays, and radar waves. These waves require no 
material medium to exist. Light waves from stars, for example, travel through 
the vacuum of space to reach us. All electromagnetic waves travel through a 
vacuum at the same speed c = 299 792 458 m/s. 


3. Matter waves. Although these waves are commonly used in modern tech- 
nology, they are probably very unfamiliar to you. These waves are associated 
with electrons, protons, and other fundamental particles, and even atoms and 
molecules. Because we commonly think of these particles as constituting mat- 
ter, such waves are called matter waves. 


Much of what we discuss in this chapter applies to waves of all kinds. 
However, for specific examples we shall refer to mechanical waves. 


16-3 | Transverse and Longitudinal Waves 


A wave sent along a stretched, taut string is the simplest mechanical wave. If you give 
one end of a stretched string a single up-and-down jerk, a wave in the form of a sin- 
gle pulse travels along the string, as in Fig. 16-1a. This pulse and its motion can occur 
because the string is under tension. When you pull your end of the string upward, it 
begins to pull upward on the adjacent section of the string via tension between the 
two sections. As the adjacent section moves upward, it begins to pull the next section 
upward, and so on. Meanwhile, you have pulled down on your end of the string. As 
each section moves upward in turn, it begins to be pulled back downward by neigh- 
boring sections that are already on the way down. The net result is that a distortion in 
the string’s shape (the pulse) moves along the string at some velocity Vv. 

If you move your hand up and down in continuous simple harmonic motion, a 
continuous wave travels along the string at velocity V. Because the motion of your 
hand is a sinusoidal function of time, the wave has a sinusoidal shape at any given in- 
stant, as in Fig. 16-1; that 1s, the wave has the shape of a sine curve or a cosine curve. 


16-3 | Transverse and Longitudinal Waves 


We consider here only an “ideal” string, in which no friction-like forces 
within the string cause the wave to die out as it travels along the string. In addi- 
tion, we assume that the string is so long that we need not consider a wave 
rebounding from the far end. 

One way to study the waves of Fig. 16-1 is to monitor the wave forms (shapes of 
the waves) as they move to the right. Alternatively, we could monitor the motion of 
an element of the string as the element oscillates up and down while a wave passes 
through it. We would find that the displacement of every such oscillating string ele- 
ment is perpendicular to the direction of travel of the wave, as indicated in Fig. 16-1D. 
This motion is said to be transverse, and the wave is said to be a transverse wave. 

Figure 16-2 shows how a sound wave can be produced by a piston in a long, air- 
filled pipe. If you suddenly move the piston rightward and then leftward, you can send 
a pulse of sound along the pipe. The rightward motion of the piston moves the ele- 
ments of air next to it rightward, changing the air pressure there. The increased air 
pressure then pushes rightward on the elements of air somewhat farther along the 
pipe. Moving the piston leftward reduces the air pressure next to it. As a result, first the 
elements nearest the piston and then farther elements move leftward. Thus, the mo- 
tion of the air and the change in air pressure travel rightward along the pipe as a pulse. 

If you push and pull on the piston in simple harmonic motion, as is being 
done in Fig. 16-2, a sinusoidal wave travels along the pipe. Because the motion of 
the elements of air is parallel to the direction of the wave’s travel, the motion 
is said to be longitudinal, and the wave is said to be a longitudinal wave. In this 
chapter we focus on transverse waves, and string waves in particular; in Chapter 
17 we focus on longitudinal waves, and sound waves in particular. 

Both a transverse wave and a longitudinal wave are said to be traveling 
waves because they both travel from one point to another, as from one end of the 
string to the other end in Fig. 16-1 and from one end of the pipe to the other end 
in Fig. 16-2. Note that it is the wave that moves from end to end, not the material 
(string or air) through which the wave moves. 


Sample Problem Ere 





SIE ESSERE RESORT 


FIG. 16-2 A sound wave is set up in 
an air-filled pipe by moving a piston 
back and forth. Because the oscilla- 
tions of an element of the air (repre- 
sented by the dot) are parallel to the 
direction in which the wave travels, 
the wave is a longitudinal wave. 


Seismic waves are waves that travel either through 
Earth’s interior or along the ground. Seismology sta- 
tions are set up mainly to record seismic waves gener- 
ated by earthquakes, but they also record seismic waves 
generated by any large release of energy near Earth’s 
surface, such as an explosion. As the seismic waves 
travel past a station, they oscillate a recording pen and 


Second large 
explosion \ 


|< 134 sec ——__—_»> 


Nanometers 


\ First small 


explosion 





$0 
Time (sec) 


(a) 








the pen traces out a graph. Figure 16-3a is one of the 
graphs created by seismic waves from the mysterious 
sinking of the Russian submarine Kursk in August 2000. 
The first oscillations of the pen are marked with an ar- 
row and were of small amplitude. Much stronger oscilla- 
tions began about 134s later. 

From this, analysts concluded that the first seismic 
waves were generated by an onboard explosion, possibly 
a torpedo that failed to launch when fired. The explosion 
presumably breached the hull, started a fire, and sank 
the submarine. The later, much stronger seismic waves 
were generated after the submarine was sunk and were 
possibly generated when the fire caused several of the 
powerful missiles on board to explode simultaneously. 


FIG. 16-3 (a) Graph made bya 
recording device as seismic waves 
from the Kursk passed the device. 
Amplitude is plotted vertically; time 
increases rightward. (Courtesy of Jay 
Pulli/BBN Technologies) 

(b) With the submarine sitting at 
depth D, the large explosion sent 
pulses both into the ground and up 
(b) through the water. 





ee Sweiee: 
Water pulse — 
_ oe Seabed 
ONC round pulse 
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These stronger waves arrived at seismology stations as 
pulses separated by a time interval At of about 0.11 s. To 
what depth D did the submarine sink? —S 


cory The speed of a sound is equal to the dis- 


tance traveled divided by the travel time. 


Calculations: Let us assume that the stronger explosion 
occurred after the Kursk was sitting on the ocean floor 
(the seabed). That explosion sent a pulse into the seabed 
and a pulse upward through the water (Fig. 16-3b). The 
pulse traveling through the water “bounced” several 
times between the water surface and the seabed. Each 
time it hit the seabed, it sent another pulse into the 


water surface and back to the seabed. From Eq. 2-2 
(Vaye = Ax/At), we can relate the speed v of the water pulse 
to the round-trip distance 2D and the round-trip time At as 





oe 2D 
At’ 
or D= = (16-1) 


Waves travel through seawater at about 1500 m/s. 
Substituting this value and At = 0.11 s in Eq. 16-1, we 
find that the seismic data predicted the sunken Kursk 
was at a depth of approximately 


D= (1500 m/s)(0.11 s) 


ground, and seismology stations detected those ground 7 
pulses as they arrived one after another. Thus, the time 
At between any two detected ground pulses was equal to 
the round-trip time for the water pulse to travel up to the 


= §2.5m = 83m. 


In fact, the wreck was discovered at a depth of about 115 m. 


(Answer) 





6-4 | Wavelength and Frequency 


To completely describe a wave on a string (and the motion of any element along 
its length), we need a function that gives the shape of the wave. This means that 
we need a relation in the form y = h(x, t), in which y is the transverse displace- 
ment of any string element as a function h of the time t and the position x of the 
element along the string. In general, a sinusoidal shape like the wave in Fig. 16-15 
can be described with h being either a sine or cosine function; both give the same 
general shape for the wave. In this chapter we use the sine function. 

Imagine a sinusoidal wave like that of Fig. 16-1b traveling in the positive 
direction of an x axis. As the wave sweeps through succeeding elements (that is, 
very short sections) of the string, the elements oscillate parallel to the y axis. At 
time ¢, the displacement y of the element located at position x is given by 

y(x, t) = y,, sin(kx — ot). (16-2) 
Because this equation is written in terms of position x, it can be used to find the 
displacements of all the elements of the string as a function of time. Thus, it can 
tell us the shape of the wave at any given time and how that shape changes as the 
wave moves along the string. 

The names of the quantities in Eq. 16-2 are displayed in Fig. 16-4 and defined 
next. Before we discuss them, however, let us examine Fig. 16-5, which shows five 
“snapshots” of a sinusoidal wave traveling in the positive direction of an x axis. 
The movement of the wave is indicated by the rightward progress of the short 
arrow pointing to a high point of the wave. From snapshot to snapshot, the short 
arrow moves to the right with the wave shape, but the string moves only parallel 
to the y axis. To see that, let us follow the motion of the red-dyed string element at 


Amplitude... x = 0. In the first snapshot (Fig. 16-5a), this element is at displacement y = 0. 
Oscillating ios : : 

Risphacdsnca secant In the next snapshot, it is at its extreme downward displacement because a valley 
—e (or extreme low point) of the wave is passing through it. It then moves back up 
eres through y = 0. In the fourth snapshot, it is at its extreme upward displacement 

y(x,t) = y,, sin (kx —- @ 8) ; ; ' ‘ : 
iia : \ because a peak (or extreme high point) of the wave is passing through it. In the 

shea tciiiecs | Time fifth snapshot, it is again at y = 0, having completed one full oscillation. 
Position Angular 
frequency Amplitude and Phase 


FIG. 16-4 Thenames ofthe 
quantities in Eq. 16-2, for a trans- 
verse sinusoidal wave. 


The amplitude y,, of a wave, such as that in Fig. 16-5, is the magnitude of the 
maximum displacement of the elements from their equilibrium positions as the 


16-4 | Wavelength and Frequency 


wave passes through them. (The subscript m stands for maximum.) Because y,, is 
a magnitude, it is always a positive quantity, even if it is measured downward 
instead of upward as drawn in Fig. 16-Sa. 

The phase of the wave is the argument kx — owt of the sine in Eq. 16-2. As the 
wave sweeps through a string element at a particular position x, the phase 
changes linearly with time ¢. This means that the sine also changes, oscillating 
between +1 and —1.Its extreme positive value (+1) corresponds to a peak of the 
wave moving through the element; at that instant the value of y at position x is y,,,. 
Its extreme negative value (—1) corresponds to a valley of the wave moving 
through the element; at that instant the value of y at position x is —y,,. Thus, the 
sine function and the time-dependent phase of a wave correspond to the oscilla- 
tion of a string element, and the amplitude of the wave determines the extremes 
of the element’s displacement. 


Wavelength and Angular Wave Number 


The wavelength \ of a wave is the distance (parallel to the direction of the wave’s 
travel) between repetitions of the shape of the wave (or wave shape). A typical 
wavelength is marked in Fig. 16-5a, which is a snapshot of the wave at time ¢t = 0. 
At that time, Eq. 16-2 gives, for the description of the wave shape, 


y(x, 0) = y,, sin kx. (16-3) 


By definition, the displacement y is the same at both ends of this wave- 
length—that is, atx = x, and x = x, + A.Thus, by Eq. 16-3, 


Ym Sin kx, = y» Sin k(x, + A) 


= y,, sin(kx, + kA). (16-4) 


A sine function begins to repeat itself when its angle (or argument) is increased 
by 27rrad, so in Eq. 16-4 we must have kA = 277, or 


27 


Ke er 16-5 
: (16-5) 


(angular wave number). 


We call k the angular wave number of the wave; its SI unit is the radian per meter, 
or the inverse meter. (Note that the symbol k here does not represent a spring 
constant as previously. ) 

Notice that the wave in Fig. 16-5 moves to the right by za from one snapshot 
to the next. Thus, by the fifth snapshot, it has moved to the right by 1A. 


Period, Angular Frequency, and Frequency 


Figure 16-6 shows a graph of the displacement y of Eq. 16-2 versus time t at a 
certain position along the string, taken to be x = 0. If you were to monitor the 
string, you would see that the single element of the string at that position moves 
up and down in simple harmonic motion given by Eq. 16-2 with x = 0: 


y(0, t) — Ym sin(— wt) 
= —y,, Sin wt (x = 0). (16-6) 
Here we have made use of the fact that sin(—a@) = —sin a, where a is any angle. 


Figure 16-6 is a graph of this equation; it does not show the shape of the wave. 

We define the period of oscillation T of a wave to be the time any string 
element takes to move through one full oscillation. A typical period is marked on 
the graph of Fig. 16-6. Applying Eq. 16-6 to both ends of this time interval and 
equating the results yield 


—Vm sin w(t; te T) 
—Yn Sin(wt, + wT). 


—Ym SIN wt; = 


| 


(16-7) 








FIG. 16-5 Five “snapshots” of a 
string wave traveling in the positive 
direction of an x axis. The amplitude 
Ym 1S indicated. A typical wavelength 
A, measured from an arbitrary posi- 
tion x,,1s also indicated. 





FIG, 16-6 A graph of the displace- 
ment of the string element at x = 0 
as a function of time, as the sinu- 
soidal wave of Fig. 16-5 passes 
through the element. The amplitude 
Ym 1s indicated. A typical period 7, 
measured from an arbitrary time t,, is 
also indicated. 
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FIG. 16-7 A sinusoidal traveling 
wave at ft = 0 witha phase constant ¢ 
of (a) 0 and (b) w/S rad. 





FiG. 16-8 Two snapshots of the 
wave of Fig. 16-5, at time ¢ = 0 and 
then at time ¢ = Ar. As the wave 
moves to the right at velocity v’, the 
entire curve shifts a distance Ax dur- 
ing At. Point A “rides” with the wave 
form, but the string elements move 
only up and down. 


This can be true only if wT = 277, or if 


(16-8) 


TT 
Oa ae 


T 


(angular frequency). 


We call w the angular frequency of the wave; its SI unit is the radian per second. 
Look back at the five snapshots of a traveling wave in Fig. 16-5. The time 
between snapshots is iT. Thus, by the fifth snapshot, every string element has 
made one full oscillation. 
The frequency f of a wave is defined as 1/T and is related to the angular 
frequency w by 


(frequency). (16-9) 


Like the frequency of simple harmonic motion in Chapter 15, this frequency fis a 
number of oscillations per unit time — here, the number made by a string element 
as the wave moves through it. As in Chapter 15, fis usually measured in hertz or 
its multiples, such as kilohertz. 


CHECKPOINT 1 The figure isacomposite of y 

three snapshots, each of a wave traveling along a | - 3 
particular string. The phases for the waves are given by 

(a) 2x — 4t, (b) 4x — 8t, and (c) 8x — 16t. Which phase x 
corresponds to which wave in the figure? 


Phase Constant 


When a sinusoidal traveling wave is given by the wave function of Eq. 16-2, the 
wave near x = 0 looks like Fig. 16-7a when t = 0. Note that at x = 0, the displace- 
ment is y = 0 and the slope is at its maximum positive value. We can generalize 
Eq. 16-2 by inserting a phase constant ¢ in the wave function: 


Y = Ym Sin(kx — wt + ). (16-10) 


The value of ¢ can be chosen so that the function gives some other displacement 
and slope at x = 0 when ¢t = 0. For example, a choice of ¢ = +7/5 rad gives the 
displacement and slope shown in Fig. 16-7b when t = 0. The wave is still sinu- 
soidal with the same values of y,,, k, and w, but it is now shifted from what you see 
in Fig. 16-7a (where ¢ = 0). 


16-5 | The Speed of a Traveling Wave 


Figure 16-8 shows two snapshots of the wave of Eq. 16-2, taken a small time inter- 
val At apart. The wave is traveling in the positive direction of x (to the right in 
Fig. 16-8), the entire wave pattern moving a distance Ax in that direction during 
the interval Ar. The ratio Ax/At (or, in the differential limit, dx/dt) is the wave 
speed v. How can we find its value? 

As the wave in Fig. 16-8 moves, each point of the moving wave form, such as 
point A marked on a peak, retains its displacement y. (Points on the string do not 
retain their displacement, but points on the wave form do.) If point A retains its 
displacement as it moves, the phase in Eq. 16-2 giving it that displacement must 
remain a constant: 


kx — wt = aconstant. (16-11) 


Note that although this argument is constant, both x and ¢ are changing. In fact, 
as t increases, x must also, to keep the argument constant. This confirms that the 
wave pattern is moving in the positive direction of x. 


14-5 | The Speed of a Traveling Wave 





To find the wave speed v, we take the derivative of Eq. 16-11, getting 
dx 


k—-w=0 
dt 

ax @ 

—— = ee boa 
or ae ual on a ( ) 

Using Eq. 16-5 (k = 27/A) and Eq. 16-8 (w = 27/T), we can rewrite the wave 
speed as 
pce eA d (16-13) 
k T (wave speed). 


The equation v = A/T tells us that the wave speed is one wavelength per period; 
the wave moves a distance of one wavelength in one period of oscillation. 

Equation 16-2 describes a wave moving in the positive direction of x. We can 
find the equation of a wave traveling in the opposite direction by replacing ¢ in 
Eq. 16-2 with —t. This corresponds to the condition 


kx + wt = aconstant, (16-14) 


which (compare Eq. 16-11) requires that x decrease with time. Thus, a wave trav- 
eling in the negative direction of x is described by the equation 


y(x, t) = y,, sin(kx + wt). (16-15) 


If you analyze the wave of Eq. 16-15 as we have just done for the wave of 
Eq. 16-2, you will find for its velocity 
ax a) 
a ee 16-16 
dt k ( ) 
The minus sign (compare Eq. 16-12) verifies that the wave is indeed moving in 
the negative direction of x and justifies our switching the sign of the time variable. 
Consider now a wave of arbitrary shape, given by 


y(x, t) = h(kx + at), (16-17) 


where h represents any function, the sine function being one possibility. Our 
previous analysis shows that all waves in which the variables x and ¢ enter into the 
combination kx + wt are traveling waves. Furthermore, all traveling waves 
must be of the form of Eq. 16-17. Thus, y(x, t) = Vax + bt represents a possible 
(though perhaps physically a little bizarre) traveling wave. The function y(x, t) = 
sin(ax* — bt), on the other hand, does not represent a traveling wave. 


CHECKPOINT 2 ~~ Here are the equations of three waves: 

(1) y(x,t) = 2 sin(4x — 2t), (2) y(x,t) = sin(3x — 42), (3) y(x,t) = 2 sin(3x — 30). 
Rank the waves according to their (a) wave speed and (b) maximum speed perpendicu- 
lar to the wave’s direction of travel (the transverse speed), greatest first. 


Sample Problem pees 


A wave traveling along a string 1s described by so we have a sinusoidal wave. By comparing the two 
y(x, t) = 0.00327 sin(72.1x — 2.72t), (16-18)  ©quations, we can find the amplitude. 

in which the numerical constants are in SI units (0.00327 Calculation: We see that 

m, 72.1 rad/m, and 2.72 rad/s). Vm = 0.00327 m = 3.27 mm. (Answer) 

(a) What is the amplitude of this wave? (b) What are the wavelength, period, and frequency of 


this wave? 





PME gation 1018: 
) | Equation 16-18 is of the same form as Eq. 16-2, Calculations: By comparing Eqs. 16-18 and 16-19, we 


y = Ym Sin(kx — ot), (16-19) see that the angular wave number and angular 
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frequency are 
k=72.1rad/m and w= 2.72 rad/s. 
We then relate wavelength A to k via Eq. 16-5: 
se 21 _ 27 rad 
k 72.1 rad/m 
= 0.0871 m = 8.71 cm. 
Next, we relate 7 to w with Eq. 16-8: 


T= 2m _ 27 rad 
—  @ 2.72 rad/s 


and from Eq. 16-9 we have 


(Answer) 


= 2.31s, (Answer) 





= 0.433 Hz. (Answer) 


1 
JF 9318 
(c) What is the velocity of this wave? 
Calculation: The speed of the wave is given by Eq. 16-13: 


Ww 2.72 rad/s 
v= a ee 0.0377 m/s 
= 3.77 cm/s. (Answer) 


Because the phase in Eq. 16-18 contains the position 
variable x, the wave is moving along the x axis. Also, be- 
cause the wave equation is written in the form of Eq. 
16-2, the minus sign in front of the wt term indicates that 
the wave is moving in the positive direction of the x axis. 
(Note that the quantities calculated in (b) and (c) are 
independent of the amplitude of the wave.) 


(d) What is the displacement y at x = 22.5cm and 
t= 18.9s? 


Calculation: Equation 16-18 gives the displacement as 
a function of position x and time ¢. Substituting the given 
values into the equation yields 


y = 0.00327 sin(72.1 X 0.225 — 2.72 X 18.9) 
= (0.00327 m) sin(—35.1855 rad) 
= (0.00327 m)(0.588) 


= 0.00192 m = 1.92 mm. (Answer) 


Thus, the displacement is positive. (Be sure to change your 
calculator mode to radians before evaluating the sine.) 


Sample Problem cry 


In Sample Problem 16-2d, we showed that at t = 18.9s 
the transverse displacement y of the element of the string 
at x = 0.255 m due to the wave of Eq. 16-18 is 1.92 mm. 


(a) What is u, the transverse velocity of the same ele- 
ment of the string, at that time? (This velocity, which is 
associated with the transverse oscillation of an element 
of the string, is in the y direction. Do not confuse it with 
v, the constant velocity at which the wave form travels 
along the x axis.) 


[Si The transverse velocity u is the rate at 


which the displacement y of the element is changing. In 
general, that displacement is given by 


y(x, t) = y,, sin(kx — wt). (16-20) 


For an element at a certain location x, we find the rate 
of change of y by taking the derivative of Eq. 16-20 with 
respect to ¢ while treating x as a constant. A derivative 
taken while one (or more) of the variables is treated as 
a constant is called a partial derivative and is repre- 
sented by the symbol 0/dx rather than d/dx. 


Calculations: Here we have 


0 
<Y = — WY, COS(Kx — wt). 
ot 
Next, substituting numerical values from Sample 
Problem 16-2, we obtain 
u = (—2.72 rad/s)(3.27 mm) cos(—35.1855 rad) 


= 7.20 mm/s. 


(16-21) 


(Answer) 


Thus, at t = 18.9 s, the element of the string at x = 22.5 
cm is moving in the positive direction of y with a speed 
of 7.20 mm/s. 


(b) What is the transverse acceleration a, of the same 
element at that time? 


cei The transverse acceleration ay is the rate at 


which the transverse velocity of the element is changing. 


Calculations: From Eq. 16-21, again treating x as a 
constant but allowing ft to vary, we find 


ou : 
ay = — = —w’y, Sin(kx — at). 


Comparison with Eq. 16-20 shows that we can write this as 


i= —Oary. 


2 


We see that the transverse acceleration of an oscillating 
string element is proportional to its transverse displace- 
ment but opposite in sign. This is completely consistent 
with the action of the element itself—namely, that it is 
moving transversely in simple harmonic motion. 
Substituting numerical values yields 


— (2.72 rad/s)*(1.92 mm) 
—14.2 mm/s’. 


ay 


(Answer) 


Thus, at t = 18.9 s, the element of string at x = 22.5 cm is 
displaced from its equilibrium position by 1.92 mm in 
the positive y direction and has an acceleration of mag- 
nitude 14.2 mm/s? in the negative y direction. 


PROBLEM-SOLVING TACTICS 
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Tactic 1: Evaluating Large Phases Sometimes, as in 
Sample Problems 16-2d and 16-3, an angle much greater than 
27 rad (or 360°) crops up and you are asked to find its sine or 
cosine. Adding or subtracting an integral multiple of 27 rad to 
such an angle does not change the value of any of its trigono- 
metric functions. In Sample Problem 16-2d, for example, we 
used the angle —35.1855 rad in a sine function. Adding 
(6)(27rrad) to this angle yields 


—35.1855 rad + (6)(27rad) = 2.51361 rad, 


an angle of less than 27 rad that has the same trigonometric 
functions as —35.1855 rad (Fig. 16-9). As an example, the sine 
of both 2.51361 rad and —35.1855 rad is 0.588. 

Your calculator will reduce such large angles for you 
automatically. Caution: Do not round off large angles if you in- 
tend to take their sines or cosines. In taking the sine of a very 
large angle, you are throwing away most of the angle and taking 
the sine of what is left over. If, for example, you were to round 
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—35.1855 rad +2.51361 rad 


FIG. 16-9 These two angles are different, but all their 
trigonometric functions are identical. 


—35.1855 rad to —35 rad (a change of 0.5% and normally a rea- 
sonable step), you would be changing the sine of the angle by 
27%. Also, if you change a large angle from degrees to radians, 
be sure to use an exact conversion factor (such as 180° = zrrad) 
rather than an approximate one (such as 57.3° ~ 1 rad). 


The speed of a wave is related to the wave’s wavelength and frequency by Eq. 
16-13, but it is set by the properties of the medium. If a wave is to travel through 
a medium such as water, air, steel, or a stretched string, it must cause the particles 
of that medium to oscillate as it passes. For that to happen, the medium must 
possess both mass (so that there can be kinetic energy) and elasticity (so that 
there can be potential energy). Thus, the medium’s mass and elasticity properties 
determine how fast the wave can travel in the medium. Conversely, it should be 
possible to calculate the speed of the wave through the medium in terms of these 


properties. We do so now for a stretched string, in two ways. 


Dimensional Analysis 


In dimensional analysis we carefully examine the dimensions of all the physical 
quantities that enter into a given situation to determine the quantities they pro- 
duce. In this case, we examine mass and elasticity to find a speed v, which has the 


dimension of length divided by time, or LT™?. 


For the mass, we use the mass of a string element, which is the mass m of the 
string divided by the length / of the string. We call this ratio the linear density px of 
the string. Thus, 4. = m/l, its dimension being mass divided by length, ML". 

You cannot send a wave along a string unless the string is under tension, 
which means that it has been stretched and pulled taut by forces at its two ends. 
The tension 7 in the string is equal to the common magnitude of those two forces. 
As a wave travels along the string, it displaces elements of the string by causing 
additional stretching, with adjacent sections of string pulling on each other 
because of the tension. Thus, we can associate the tension in the string with the 
stretching (elasticity) of the string. The tension and the stretching forces it pro- 
duces have the dimension of a force—namely, MLT ~? (from F = ma). 

We need to combine yu (dimension ML“) and 7 (dimension MLT ~”) to get v 
(dimension LT ~'). A little juggling of various combinations suggests 


y= cy—, 
lL 


(16-22) 


in which C is a dimensionless constant that cannot be determined with dimen- 
sional analysis. In our second approach to determining wave speed, you will see 


that Eq. 16-22 is indeed correct and that C = 1. 
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FIG. 16-10 A symmetrical pulse, 
viewed from a reference frame in 
which the pulse is stationary and the 
string appears to move right to left 
with speed v. We find speed v by 
applying Newton’s second law to a 
string element of length AJ, located at 
the top of the pulse. 


Derivation from Newton's Second Law 


Instead of the sinusoidal wave of Fig. 16-1b, let us consider a single symmetrical 
pulse such as that of Fig. 16-10, moving from left to right along a string with speed v. 
For convenience, we choose a reference frame in which the pulse remains station- 
ary; that is, we run along with the pulse, keeping it constantly in view. In this frame, 
the string appears to move past us, from right to left in Fig. 16-10, with speed v. 
Consider a small string element of length A/ within the pulse, an element that 
forms an arc of a circle of radius R and subtending an angle 26 at the center of that 
circle. A force 7 with a magnitude equal to the tension in the string pulls tangen- 
tially on this element at each end. The horizontal components of these forces cancel, 
but the vertical components add to form a radial restoring force F.In magnitude, 


Al 
F = 2(7sin 0) ~ 7(20) = 7 (force), (16-23) 
where we have approximated sin 6 as @ for the small angles 6 in Fig. 16-10. From 
that figure, we have also used 26 = A//R. The mass of the element is given by 
Am = wAl (mass), (16-24) 


where yp is the string’s linear density. 
At the moment shown in Fig. 16-10, the string element A/ is moving in an arc of a 


circle. Thus, it has a centripetal acceleration toward the center of that circle, given by 
v 
a= Rp (acceleration). (16-25) 


Equations 16-23, 16-24, and 16-25 contain the elements of Newton’s second 
law. Combining them in the form 


force = mass X acceleration 


TAl v2 
Al) —. 
R (u Al) R 


Solving this equation for the speed v yields 


=‘ | ty (speed), (16-26) 
je 


in exact agreement with Eq. 16-22 if the constant C in that equation is given the 
value unity. Equation 16-26 gives the speed of the pulse in Fig. 16-10 and the 
speed of any other wave on the same string under the same tension. 

Se 16-26 tells us: 





gives 


The speed of a wave along a stre etch zed esa sing depends we on the tension and 
linear density o of the string and n hot 5ST I : 

































































The frequency of the wave is fixed Cree oy whatever generates the wave (for 
example, the person in Fig. 16-1b). The wavelength of the wave is then fixed by 
Eq. 16-13 in the form A = v/f. 


CHECKPOINT 3  Yousend a traveling wave along a particular string by oscil- 
lating one end. If you increase the frequency of the oscillations, do (a) the speed of the 
wave and (b) the wavelength of the wave increase, decrease, or remain the same? If, 
instead, you increase the tension in the string, do (c) the speed of the wave and (d) the 
wavelength of the wave increase, decrease, or remain the same? 


Sample Problem 16-4 | 


In Fig. 16-11, two strings have been tied together with a and L, = 2.0 m, and string 1 is under a tension of 400 N. 
knot and then stretched between two rigid supports. Simultaneously, on each string a pulse is sent from the 
The strings have linear densities uw, = 1.4 X 10~* kg/m rigid support end, toward the knot. Which pulse reaches 
and uy = 2.8 X 10-4 kg/m. Their lengths are L; = 3.0m the knot first? 
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KEY IDEAS [i FIG. 16-11 Two 
strings, of lengths L, 
and L,, tied together 


1. The time ¢ taken by a pulse to travel a length L ist = Sh omand 





L/v, where v is the constant speed of the pulse. stretched between 
2. The speed of a pulse on a stretched string depends on two rigid supports. 

the string’s tension 7 and linear density pw, and is 

given by Eq. 16-26 (v = V7/p). Similarly, the data for the pulse on string 2 give us 
3. Because the two strings are stretched together, they ie 

must both be under the same tension 7 (= 400 N). t, = L2 \j-— = 1.67 x 10° s. 


Thus, the pulse on string 2 reaches the knot first. 
Now look back at the second key idea. The linear 
density of string 2 is greater than that of string 1, so the 
=) pulse on string 2 must be slower than that on string 1. 
ty ae L, ye = (3.0 m) — Could we have guessed the answer from that fact 
ia : 400 N alone? No, because from the first key idea we see that 
=1.77X 107s. the distance traveled by a pulse also matters. 


Calculations: Putting these three ideas together gives 
us, as the time for the pulse on string 1 to reach the knot, 


16-7 | Energy and Power of a Wave Traveling 
Along a String 


When we set up a wave on a Stretched string, we provide energy for the motion of 
the string. As the wave moves away from us, it transports that energy as both 
kinetic energy and elastic potential energy. Let us consider each form in turn. 


Kinetic Energy 


A string element of mass dm, oscillating transversely in simple harmonic motion 
as the wave passes through it, has kinetic energy associated with its transverse 
velocity 7. When the element is rushing through its y = 0 position (element b in 
Fig. 16-12), its transverse velocity—and thus its kinetic energy —is a maximum. 
When the element is at its extreme position y = y,, (as is element a), its trans- 
verse velocity — and thus its kinetic energy —is zero. 


Elastic Potential Energy 


To send a sinusoidal wave along a previously straight string, the wave must neces- 
sarily stretch the string. As a string element of length dx oscillates transversely, its 
length must increase and decrease in a periodic way if the string element is to fit 
the sinusoidal wave form. Elastic potential energy is associated with these length 
changes, just as for a spring. 

When the string element is at its y = y,, position (element a in Fig. 16-12), its 
length has its normal undisturbed value dx, so its elastic potential energy is zero. 
However, when the element is rushing through its y = 0 position, it has maximum 
stretch and thus maximum elastic potential energy. 





FIG. 16-12 A snapshot ofa travel- 
ing wave on a string at time ¢ = 0. 
String element a 1s at displacement 

y = ym, and string element 5b is at dis- 
placement y = 0. The kinetic energy 
of the string element at each position 


Energy Transport 


The oscillating string element thus has both its maximum kinetic energy and its 
maximum elastic potential energy at y = 0. In the snapshot of Fig. 16-12, the 
regions of the string at maximum displacement have no energy, and the regions at 
zero displacement have maximum energy. As the wave travels along the string, depends on the transverse velocity of 
forces due to the tension in the string continuously do work to transfer energy the element. The potential energy de- 
from regions with energy to regions with no energy. pends on the amount by which the 
Suppose we set up a wave on a String stretched along a horizontal x axis so string element is stretched as the 

that Eq. 16-2 describes the string’s displacement. We might send a wave along the __ wave passes through it. 
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string by continuously oscillating one end of the string, as in Fig. 16-1b. In doing 
so, we continuously provide energy for the motion and stretching of the string — 
as the string sections oscillate perpendicularly to the x axis, they have kinetic 
energy and elastic potential energy. As the wave moves into sections that were 
previously at rest, energy is transferred into those new sections. Thus, we say that 
the wave transports the energy along the string. 


The Rate of Energy Transmission 
The kinetic energy dK associated with a string element of mass dm is given by 
dK =5 dmv’, (16-27) 


where u is the transverse speed of the oscillating string element. To find u, we 
differentiate Eq. 16-2 with respect to time while holding x constant: 
ve 


U = = Om cos(kx — wt). (16-28) 


Using this relation and putting dm = pw dx, we rewrite Eq. 16-27 as 
dK = (uw dx)(—ay,,)? cos*(kx — wt). (16-29) 


Dividing Eq. 16-29 by dt gives the rate at which kinetic energy passes through 

a string element, and thus the rate at which kinetic energy is carried along by the 

wave. The ratio dx/dt that then appears on the right of Eq. 16-29 is the wave speed 
v,So we obtain 

dK 


—— = suvw’y2, cos’(kx — wt). (16-30) 
dj * 


The average rate at which kinetic energy is transported is 


dK 
(<<) = Spvaryz, [cos*(kx — wt) Javg 
avg 


= ipvary>,. (16-31) 


Here we have taken the average over an integer number of wavelengths and 
have used the fact that the average value of the square of a cosine function over 
an integer number of periods is 5. 

Elastic potential energy 1s also carried along with the wave, and at the same 
average rate given by Eq. 16-31. Although we shall not examine the proof, you 
should recall that, in an oscillating system such as a pendulum or a spring—block 
system, the average kinetic energy and the average potential energy are equal. 

The average power, which is the average rate at which energy of both kinds 
is transmitted by the wave, is then 


dK 
ea) eee : 16-32 
| avg ( dt ). ( ) 
or, from Eq. 16-31, 
ae = SeVvarye, (average power). (16-33) 


The factors w and v in this equation depend on the material and tension of the 
string. The factors w and y,, depend on the process that generates the wave. The de- 
pendence of the average power of a wave on the square of its amplitude and also on 
the square of its angular frequency is a general result, true for waves of all types. 


Sample Problem er 


A string has linear density = 525 g/m and tension Hz and amplitude y,, = 8.5 mm along the string. At what av- 
7 = 45 N.We send a sinusoidal wave with frequency f = 120 erage rate does the wave transport energy? 
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cei The average rate of energy transport is the y= — = A oceceee = 9.26 m/s. 
bb 0.525 kg/m 


average power P,,, as given by Eq. 16-33. 


Calculations: To use Eq. 16-33, we first must calculate Equation 16-33 then yields 


angular frequency w and wave speed v. From Eq. 16-9, Payy = 4 pvary?, 
w = laf = (2m)(120 Hz) = 754 rad/s. = (5)(0.525 kg/m)(9.26 m/s)(754 rad/s)?(0.0085 m)? 
From Eq. 16-26 we have =~ 100 W. (Answer) 
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As a wave passes through any element on a stretched string, the element moves 
perpendicularly to the wave’s direction of travel. By applying Newton’s second 
law to the element’s motion, we can derive a general differential equation, called 
the wave equation, that governs the travel of waves of any type. 

Figure 16-13a shows a snapshot of a string element of mass dm and length ¢ 
as a wave travels along a string of linear density pu that is stretched along a hori- 
zontal x axis. Let us assume that the wave amplitude is small so that the element 
can be tilted only slightly from the x axis as the wave passes. The force F, on the 
right end of the element has a magnitude equal to tension 7 in the string and is 
directed slightly upward. The force F , on the left end of the element also has 
a magnitude equal to the tension 7 but is directed slightly downward. Because of 
the slight curvature of the element, these two forces produce a net force that 
causes the element to have an upward acceleration a,. Newton’s second law writ- 
ten for y components (Fi, = ma,) gives us 


Fyy — Fy = dmay. (16-34) 


Let’s analyze this equation in parts. 

Mass. The element’s mass dm can be written in terms of the string’s linear 
density and the element’s length ¢ as dm = pf. Because the element can have 
only a slight tilt, € ~ dx (Fig. 16-13a@) and we have the approximation 


dm = pdx. (16-35) 


Acceleration. The acceleration a, in Eq. 16-34 is the second derivative of the 
displacement y with respect to time: 
dy 
= 16-36 
Oy ap ( 
Forces. Figure 16-13b shows that F, is tangent to the string at the right end of 
the string element. Thus we can relate the components of the force to the string 
slope S, at the right end as 





—= §,. (16-37) 


We can also relate the components to the magnitude F, (= 7) with 
F, = \Fi, + Fi, 
or T= VFR, + F3,. (16-38) 


However, because we assume that the element is only slightly tilted, F,, < F,, and 
therefore we can rewrite Eq. 16-38 as 


T= F,. (16-39) 
Substituting this into Eq. 16-37 and solving for F,, yield 
Ly = TS. (16-40) 


Similar analysis at the left end of the string element gives us 
Ly = TS}. (16-41) 





k— dx —>| 
(a) 


Tangent line 





(0) 


FIG. 16-13 (a) Astring element asa 
sinusoidal transverse wave travels on 
a stretched string. Forces F , and F 2 
act at the left and right ends, produc- 
ing acceleration @ having a vertical 
component a,. (b) The force at the el- 
ement’s right end is directed along a 
tangent to the element’s right side. 
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We can now substitute Eqs. 16-35, 16-36, 16-40, and 16-41 into Eq. 16-34 to write 


TS5 = TS, = = (wu Aeon 


So — S} 
ax 


OT 


rg 


Z 


pe dy 





SS (16-42) 


7 dt? 


Because the string element is short, slopes Sy and S, differ by only a differential 
amount dS, where S is the slope at any point: 


sy 


: 16-43 
ae (16-43) 








First replacing S, — S$, in Eq. 16-42 with dS and then using Eq. 16-43 to substitute 
dy/dx for S, we find 

dS) we dy 

dx TF ate 

d(dyldx) _ m d’y 
dx og dt?’ 
vy pay 
d — = 16-44 

= One 7 Ot” ( ) 





In the last step, we switched to the notation of partial derivatives because on the 
left we differentiate only with respect to x and on the right we differentiate only 
with respect to ¢. Finally, substituting from Eq. 16-26 (v = Vr/), we find 


OV ees 5) 
ave equation). 
Oia Poon: : 


(16-45) 


‘This is the general differential equation that governs the travel of waves of all types. 


16-9 | The Principle of Superposition for Waves 


It often happens that two or more waves pass simultaneously through the same 
region. When we listen to a concert, for example, sound waves from many instru- 
ments fall simultaneously on our eardrums. The electrons in the antennas of our 
radio and television receivers are set in motion by the net effect of many electro- 
magnetic waves from many different broadcasting centers. The water of a lake or 
harbor may be churned up by waves in the wakes of many boats. 

Suppose that two waves travel simultaneously along the same stretched 
string. Let y,(x, t) and y»(x, t) be the displacements that the string would expe- 
rience if each wave traveled alone. The displacement of the string when the waves 
overlap is then the algebraic sum 
































y'(x,t) = yilx, 1) + yal, t). (16-46) 
This summation of plea: along the string means that 
: » Overlapping v waves algebraically add t to ‘produce a resulta nt wave (or net wave) ae 











This is another beatpie of the principle of superposition, which says that when sev- 
eral effects occur simultaneously, their net effect is the sum of the individual effects. 

Figure 16-14 shows a sequence of snapshots of two pulses traveling in oppo- 
site directions on the same stretched string. When the pulses overlap, the resul- 
tant pulse is their sum. Moreover, 





























GP Overlapping waves do notin any way alterthe rave ofeach other, 





























16-10 | Interference of Waves 

Suppose we send two sinusoidal waves of the same wavelength and amplitude in 
the same direction along a stretched string. The superposition principle applies. 
What resultant wave does it predict for the string? 

The resultant wave depends on the extent to which the waves are in phase (in 
step) with respect to each other—that is, how much one wave form is shifted 
from the other wave form. If the waves are exactly in phase (so that the peaks 
and valleys of one are exactly aligned with those of the other), they combine to 
double the displacement of either wave acting alone. If they are exactly out of phase 
(the peaks of one are exactly aligned with the valleys of the other), they combine to 
cancel everywhere, and the string remains straight. We call this phenomenon of 
combining waves interference, and the waves are said to interfere. (These terms 
refer only to the wave displacements; the travel of the waves is unaffected.) 

Let one wave traveling along a stretched string be given by 


y,(x, t) = y,, sin(kx — at) (16-47) 
and another, shifted from the first, by 
y2(x, t) = y,, sin(kx — wt + ). (16-48) 


These waves have the same angular frequency w (and thus the same frequency f), 
the same angular wave number k (and thus the same wavelength A), and the same 
amplitude y,,. They both travel in the positive direction of the x axis, with the 
same speed, given by Eq. 16-26. They differ only by a constant angle @, the phase 
constant. These waves are said to be out of phase by ¢ or to have a phase differ- 
ence of ¢, or one wave 1s said to be phase-shifted from the other by @. 

From the principle of superposition (Eq. 16-46), the resultant wave is the 
algebraic sum of the two interfering waves and has displacement 


les t) a yi(x, t) a Y2(x, t) 
= y,, sin(kx — wt) + y,,sin(kx — wt + @). (16-49) 


In Appendix E we see that we can write the sum of the sines of two angles a and 


Bas 
sina + sin B = 2sin3(a + B) cos3(a — B). (16-50) 


Applying this relation to Eq. 16-49 leads to 
y'(x, t) = [2y,, cos 5] sin(kx — wt + 3¢). (16-51) 


As Fig. 16-15 shows, the resultant wave is also a sinusoidal wave traveling in the 
direction of increasing x. It is the only wave you would actually see on the string 
(you would not see the two interfering waves of Eqs. 16-47 and 16-48). 









































» If Gr paeoidal waves « of the san same amplitude an and waveleneth Havel in inthe same 





- direction a eee a stretched string, they interfere to p: produce aresultant sinusoidal wav | wave ae 
traveling i in that direction. = See ee a ie 

























































































The resultant wave differs from the interfering waves in two respects: (1) its 
phase constant 1s so, and (2) its amplitude y,, is the magnitude of the quantity in 
the brackets in Eq. 16-51: 


Yim = |!2y COS so (amplitude). (16-52) 


If @ = 0 rad (or 0°), the two interfering waves are exactly in phase, as in Fig. 
16-16a. Then Eq. 16-51 reduces to 


y'(x, t) = 2y,,sin(kx — wt) (d=0). (16-53) 


This resultant wave is plotted in Fig. 16-16d. Note from both that figure and 
Eq. 16-53 that the amplitude of the resultant wave is twice the amplitude of either 
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FIG. 16-14 A series of snapshots 
that show two pulses traveling in op- 
posite directions along a stretched 
string. The superposition principle 
applies as the pulses move through 


each other. 
Displacement 
ao 
y'(,0 = [25 COs | 50] sin(ke- f+ 5 @) 
—— 


Magnitude Oscillating 
gives term 

ane 
FIG. 16-15 The resultant wave of 
Eq. 16-51, due to the interference 
of two sinusoidal transverse waves, 
is also a sinusoidal transverse 
wave, with an amplitude and an 
oscillating term. 
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FIG. 16-16 Two identical sinusoidal 
waves, y;(x, t) and y>(x, t), travel 
along a string in the positive direc- 
tion of an x axis. They interfere to 
give a resultant wave y’(x, t). The re- 
sultant wave is what is actually seen 
on the string. The phase difference @ 
between the two interfering waves is 
(a) Orad or 0°, (b) wrad or 180°, and 
(c) aT rad or 120°. The corresponding 
resultant waves are shown in (d), (e), 


and (f). 





(d) (e) (f) 


interfering wave. That is the greatest amplitude the resultant wave can have, 
because the cosine term in Eqs. 16-51 and 16-52 has its greatest value (unity) 
when ¢ = 0. Interference that produces the greatest possible amplitude is called 
fully constructive interference. 

If @ = zw rad (or 180°), the interfering waves are exactly out of phase as in 
Fig. 16-165. Then cos so becomes cos 7/2 = 0, and the amplitude of the resultant 
wave as given by Eq. 16-52 is zero. We then have, for all values of x and f, 


y'(x,t)=0 (@= mrad). (16-54) 


The resultant wave is plotted in Fig. 16-16e. Although we sent two waves along 
the string, we see no motion of the string. This type of interference is called fully 
destructive interference. 

Because a sinusoidal wave repeats its shape every 277 rad, a phase difference 
& = 27 rad (or 360°) corresponds to a shift of one wave relative to the other 
wave by a distance equivalent to one wavelength. Thus, phase differences can be 
described in terms of wavelengths as well as angles. For example, in Fig. 16-16b 
the waves may be said to be 0.50 wavelength out of phase. Table 16-1 shows some 
other examples of phase differences and the interference they produce. Note that 
when interference is neither fully constructive nor fully destructive, it is called 
intermediate interference. The amplitude of the resultant wave is then interme- 
diate between 0 and 2y,,. For example, from Table 16-1, if the interfering waves 


TABLE 16-1 


Phase Difference and Resulting Interference Types’ 


Phase Difference, in Amplitude 


of Resultant Type of 














Degrees Wavelengths Wave Interference 


0 0 2V mi Fully constructive 
120 0.33 Va Intermediate 
180 0.50 0 Fully destructive 
240 0.67 Ve Intermediate 
360 1.00 Ze Fully constructive 


Intermediate 


“The phase difference is between two otherwise identical waves, with amplitude y,,, moving in the 
same direction. 


have a phase difference of 120° (¢ = aT rad = 0.33 wavelength), then the resul- 
tant wave has an amplitude of y,,, the same as that of the interfering waves 
(see Figs. 16-16c and f). 

Two waves with the same wavelength are in phase if their phase difference 
is Zero or any integer number of wavelengths. Thus, the integer part of any phase 
difference expressed in wavelengths may be discarded. For example, a phase dif- 
ference of 0.40 wavelength is equivalent in every way to one of 2.40 wavelengths, 
and so the simpler of the two numbers can be used in computations. 


CHECKPOINT 4 Here are four possible phase differences between two 
identical waves, expressed in wavelengths: 0.20, 0.45, 0.60, and 0.80. Rank them ac- 
cording to the amplitude of the resultant wave, greatest first. 
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Sample Problem grea 


Two identical sinusoidal waves, moving in the same 
direction along a stretched string, interfere with each 
other. The amplitude y,, of each wave is 9.8 mm, and the 
phase difference ¢ between them is 100°. 


(a) What is the amplitude y,, of the resultant wave due to 
the interference, and what is the type of this interference? 


reine These are identical sinusoidal waves travel- 


ing in the same direction along a string, so they interfere 
to produce a sinusoidal traveling wave. 





Calculations: Because they are identical, the waves 
have the same amplitude. Thus, the amplitude y,, of the 
resultant wave is given by Eq. 16-52: 


Yin = |2y,, CoS 51 = I(2)(9.8 mm) cos(100°/2)| 
= 13 mm. (Answer) 


We can tell that the interference is intermediate in two 
ways. The phase difference is between 0 and 180°, and, 
correspondingly, the amplitude y,, is between 0 and 2y,, 
(= 19.6 mm). 
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(b) What phase difference, in radians and wavelengths, 
will give the resultant wave an amplitude of 4.9 mm? 


Calculations: Now we are given y,, and seek ¢. From 
Eq. 16-52, 
yi, = [2y_ cos 5, 
we now have 
4.9 mm = (2)(9.8 mm) cos5¢, 
which gives us (with a calculator in the radian mode) 


eee eee 
(2)(9.8 mm) 
= +2.636rad ~ +2.6rad. (Answer) 


o@ =2cos ! 


There are two solutions because we can obtain the same 
resultant wave by letting the first wave lead (travel 
ahead of) or lag (travel behind) the second wave by 2.6 
rad. In wavelengths, the phase difference 1s 
db _ +2.636 rad 
27 rad/wavelength 27 rad/wavelength 


= +0.42 wavelength. (Answer) 


We can represent a string wave (or any other type of wave) vectorially with a 
phasor. In essence, a phasor is a vector that has a magnitude equal to the ampli- 
tude of the wave and that rotates around an origin; the angular speed of the 
phasor is equal to the angular frequency w of the wave. For example, the wave 


y3(x, t) = Yn Sin(kKx — at) (16-55) 


is represented by the phasor shown in Fig. 16-17a. The magnitude of the phasor is 
the amplitude y,,,; of the wave. As the phasor rotates around the origin at angular 
speed w, its projection y, on the vertical axis varies sinusoidally, from a maximum 
of y,,; through zero to a minimum of —y,,; and then back to y,,,. This variation 
corresponds to the sinusoidal variation in the displacement y, of any point along 
the string as the wave passes through that point. 

When two waves travel along the same string in the same direction, we can 
represent them and their resultant wave in a phasor diagram. The phasors in Fig. 
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(a) 


2) 


(c) 





FIG. 16-17 (a) A phasor of magnitude y,,, rotating about an origin at angular speed w 
represents a sinusoidal wave. The phasor’s projection y, on the vertical axis represents 
the displacement of a point through which the wave passes. (b) A second phasor, also of 
angular speed w but of magnitude y,,. and rotating at a constant angle @ from the first 
phasor, represents a second wave, with a phase constant @. (c) The resultant wave is 
represented by the vector sum y,, of the two phasors. 





16-17b represent the wave of Eq. 16-55 and a second wave given by 
yo(x, t) = Yn Sin(kx — wt + ). (16-56) 


This second wave is phase-shifted from the first wave by phase constant @. 
Because the phasors rotate at the same angular speed w, the angle between the 
two phasors is always ¢. If ¢ is a positive quantity, then the phasor for wave 2 lags 
the phasor for wave 1 as they rotate, as drawn in Fig. 16-17b. If ¢ is a negative 
quantity, then the phasor for wave 2 leads the phasor for wave 1. 

Because waves y, and y, have the same angular wave number k and angular 
frequency w, we know from Eqs. 16-51 and 16-52 that their resultant is of the 
form 


y (x, t) = y;, sin(kx — wt + B), (16-57) 


where y,, is the amplitude of the resultant wave and 8 is its phase constant. To 
find the values of y,, and B, we would have to sum the two combining waves, as 
we did to obtain Eq. 16-51. To do this on a phasor diagram, we vectorially add the 
two phasors at any instant during their rotation, as in Fig. 16-17c where phasor 
Ym2 has been shifted to the head of phasor y,,;. The magnitude of the vector sum 
equals the amplitude y,, in Eq. 16-57. The angle between the vector sum and the 


phasor for y, equals the phase constant 6 in Eq. 16-57. 
Note that, in contrast to the method of Section 16-10: 


e— We can use phasors to combine waves even if their amplitudes are different. 


Sample Problem 





Two sinusoidal waves y,(x, ft) and y>(x, t) have the same 
wavelength and travel together in the same direction 
along a string. Their amplitudes are y,,,; = 4.0 mm and 
Ym2 = 3.0 mm, and their phase constants are 0 and 7/3 
rad, respectively. What are the amplitude y,, and phase 
constant 6B of the resultant wave? Write the resultant 
wave in the form of Eq. 16-57. 


eal 





(1) The two waves have a number of prop- 
erties in common: Because they travel along the same 
string, they must have the same speed v, as set by the 
tension and linear density of the string according to Eq. 
16-26. With the same wavelength A, they must have the 
same angular wave number k (= 27/X). Also, with the 
same wave number k and speed v, they must have the 
same angular frequency w (= kv). 

(2) The waves (call them waves 1 and 2) can be rep- 
resented by phasors rotating at the same angular speed 
w about an origin. Because the phase constant for wave 
2 is greater than that for wave 1 by 7/3, phasor 2 must 
lag phasor 1 by 7/3 rad in their clockwise rotation, as 
shown in Fig. 16-18a. The resultant wave due to the in- 
terference of waves 1 and 2 can then be represented by 
a phasor that is the vector sum of phasors 1 and 2. 


Calculations: To simplify the vector summation, we 
drew phasors 1 and 2 in Fig. 16-18a at the instant when 
phasor 1 lies along the horizontal axis. We then drew 
lagging phasor 2 at positive angle 7/3 rad. In Fig. 16-18b 
we shifted phasor 2 so its tail is at the head of phasor 1. 
Then we can draw the phasor y/, of the resultant wave 
from the tail of phasor 1 to the head of phasor 2. The 
phase constant B is the angle phasor yj, makes with 
phasor 1. 

To find values for y,, and B, we can sum phasors 1 
and 2 directly on a vector-capable calculator (by adding 
a vector of magnitude 4.0 and angle 0 rad to a vector of 





FIG. 16-18 (a) Two phasors of magnitudes y,,, and y,,. and 
with phase difference 7/3. (b) Vector addition of these phasors 
at any instant during their rotation gives the magnitude y,, of 
the phasor for the resultant wave. 


magnitude 3.0 and angle 7/3 rad) or we can add the vec- 
tors by components. For the horizontal components we 
have 


Vinh = Ymi COS O + Yn COS 77/3 
= 4.0 mm + (3.0 mm) cos 7/3 = 5.50 mm. 


For the vertical components we have 


Vins — Ym sin 0 + Vm2 sin 77/3 
= 0 + (3.0 mm) sin 7/3 = 2.60 mm. 


Thus, the resultant wave has an amplitude of 
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y= V(5.50 mm)* + (2.60 mm)? 


= 6.1 mm (Answer) 
and a phase constant of 
2.60 mm 
— tan-! ————-. = 0.44 rad. 
B = tan anne 0.44 rad. (Answer) 


From Fig. 16-185, phase constant B is a positive angle 
relative to phasor 1. Thus, the resultant wave lags wave 1 
in their travel by phase constant B = +0.44 rad. From 
Eq. 16-57, we can write the resultant wave as 


y'(x, t) = (6.1 mm) sin(kx — wt + 0.44 rad). (Answer) 
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In Section 16-10, we discussed two sinusoidal waves of the same wavelength and 
amplitude traveling in the same direction along a stretched string. What if they 
travel in opposite directions? We can again find the resultant wave by applying 
the superposition principle. 

Figure 16-19 suggests the situation graphically. It shows the two combin- 
ing waves, one traveling to the left in Fig. 16-19a, the other to the right in 
Fig. 16-19b. Figure 16-19c shows their sum, obtained by applying the superposi- 
tion principle graphically. The outstanding feature of the resultant wave is that 
there are places along the string, called nodes, where the string never moves. Four 
such nodes are marked by dots in Fig. 16-19c. Halfway between adjacent nodes are 
antinodes, where the amplitude of the resultant wave is a maximum. Wave patterns 
such as that of Fig. 16-19c are called standing waves because the wave patterns do 
not move left or right; the locations of the maxima and minima do not change. 


sJength travel in opposite 










To analyze a standing wave, we represent the two combining waves with the 
equations 
y3(x, t) = y,», sin(kx — of) (16-58) 


and y2(x, t) = y,, sin(kx + at). (16-59) 









t=T 





as 
Saar 


Bm. a 
t= oF 


FIG. 16-19 (a) Five snapshots of a wave traveling to the left, at the times t indicated below part (c) (Tis the period of oscillation). 
(b) Five snapshots of a wave identical to that in (a) but traveling to the right, at the same times t. (c) Corresponding snapshots for the 
superposition of the two waves on the same string, At t = 0, ST, and 7, fully constructive interference occurs because of the alignment 
of peaks with peaks and valleys with valleys. At t = iT and sT, fully destructive interference occurs because of the alignment of peaks 
with valleys. Some points (the nodes, marked with dots) never oscillate; some points (the antinodes) oscillate the most. 
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Displacement 
=" 


y'(%d = [2y,, sin kx]cos wt 
Nd ye 
Magnitude Oscillating 
Ss} Ves term 
amplitude 
at position Xx 
FIG. 16-20 The resultant wave of 
Eq. 16-60 is a standing wave and is 
due to the interference of two sinu- 
soidal waves of the same amplitude 
and wavelength that travel in oppo- 
site directions. 


(a) " 


FIG. 16-21. (a) A pulse incident 
from the right is reflected at the left 
end of the string, which is tied to a 
wall. Note that the reflected pulse is 
inverted from the incident pulse. 
(b) Here the left end of the string is 
tied to a ring that can slide without 
friction up and down the rod. Now 
the pulse is not inverted by the re- 
flection. 





The principle of superposition gives, for the combined wave, 
y'(x, t) = yy(x, 1) + yo(x, 0) = y,, sin(kx — wt) + y,, sin(kx + of). 


Applying the trigonometric relation of Eq. 16-50 leads to 


y'(x, t) = [2y,, sin kx] cos wt, (16-60) 
which is displayed in Fig. 16-20. This equation does not describe a traveling wave 
because it is not of the form of Eq. 16-17. Instead, it describes a standing wave. 

The quantity 2y,, sin kx in the brackets of Eq. 16-60 can be viewed as the 
amplitude of oscillation of the string element that is located at position x. 
However, since an amplitude is always positive and sin kx can be negative, we 
take the absolute value of the quantity 2y,, sin kx to be the amplitude at x. 

In a traveling sinusoidal wave, the amplitude of the wave is the same for all 
string elements. That is not true for a standing wave, in which the amplitude varies 
with position. In the standing wave of Eq. 16-60, for example, the amplitude is 
zero for values of kx that give sin kx = 0. Those values are 


kx =na, forn=0,1,2,.... (16-61) 
Substituting A = 27/A in this equation and rearranging, we get 
A 
x =n, forn = 0,1,2,... (nodes), (16-62) 


as the positions of zero amplitude—the nodes—for the standing wave of 
Eq. 16-60. Note that adjacent nodes are separated by A/2, half a wavelength. 

The amplitude of the standing wave of Eq. 16-60 has a maximum value of 
2Y, Which occurs for values of kx that give |sin kx | = 1. Those values are 


meyer Se) 
kx = 41,577, 57, - + - 


=(n+3)a, forn=0,1,2,.... (16-63) 
Substituting k = 27/A in Eq. 16-63 and rearranging, we get 
ae, 
x= (n + x] 5? forn = 0,1,2,... (antinodes), (16-64) 


as the positions of maximum amplitude —the antinodes—of the standing wave 
of Eq. 16-60. The antinodes are separated by A/2 and are located halfway between 
pairs of nodes. 





Reflections at a Boundary 


We can set up a standing wave in a stretched string by allowing a traveling wave 
to be reflected from the far end of the string so that the wave travels back through 
itself. The incident (original) wave and the reflected wave can then be described 
by Eqs. 16-58 and 16-59, respectively, and they can combine to form a pattern of 
standing waves. 

In Fig. 16-21, we use a single pulse to show how such reflections take place. In 
Fig. 16-21a, the string is fixed at its left end. When the pulse arrives at that end, it 
exerts an upward force on the support (the wall). By Newton’s third law, the 
support exerts an opposite force of equal magnitude on the string. This second 
force generates a pulse at the support, which travels back along the string in the 
direction opposite that of the incident pulse. In a “hard” reflection of this kind, 
there must be a node at the support because the string is fixed there. The reflected 
and incident pulses must have opposite signs, so as to cancel each other at 
that point. 

In Fig. 16-215, the left end of the string is fastened to a light ring that is free to 
slide without friction along a rod. When the incident pulse arrives, the ring moves 
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up the rod. As the ring moves, it pulls on the string, stretching the string and 
producing a reflected pulse with the same sign and amplitude as the incident 
pulse. Thus, in such a “soft” reflection, the incident and reflected pulses rein- 
force each other, creating an antinode at the end of the string; the maximum 
displacement of the ring is twice the amplitude of either of these pulses. 


CHECKPOINT 5 Two waves with the same amplitude and wavelength inter- 
fere in three different situations to produce resultant waves with the following equations: 
(1) y’(x, t) = 4sin(Sx — 41) 

(2) y'(x, t) = 4sin(5x) cos(4t) 

(3) y'(x, t) = 4 sin(Sx + 41) 

In which situation are the two combining waves traveling (a) toward positive x, 
(b) toward negative x, and (c) in opposite directions? 
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Consider a string, such as a guitar string, that is stretched between two clamps. 
Suppose we send a continuous sinusoidal wave of a certain frequency along the 
string, say, toward the right. When the wave reaches the right end, it reflects and 
begins to travel back to the left. That left-going wave then overlaps the wave that 
is still traveling to the right. When the left-going wave reaches the left end, it 
reflects again and the newly reflected wave begins to travel to the right, over- 
lapping the left-going and right-going waves. In short, we very soon have many 
overlapping traveling waves, which interfere with one another. 

For certain frequencies, the interference produces a standing wave pattern 
(or oscillation mode) with nodes and large antinodes like those in Fig. 16-22. 
Such a standing wave is said to be produced at resonance, and the string is said to 
resonate at these certain frequencies, called resonant frequencies. If the string 
is oscillated at some frequency other than a resonant frequency, a standing wave 
is not set up. Then the interference of the right-going and left-going traveling 
waves results in only small (perhaps imperceptible) oscillations of the string. 

Let a string be stretched between two clamps separated by a fixed distance L. 
To find expressions for the resonant frequencies of the string, we note that a node 
must exist at each of its ends, because each end is fixed and cannot oscillate. The 
simplest pattern that meets this key requirement is that in Fig. 16-23a, which 
shows the string at both its extreme displacements (one solid and one dashed, 
together forming a single “loop”. There is only one antinode, which is at the cen- 
ter of the string. Note that half a wavelength spans the length L, which we take to 
be the string’s length. Thus, for this pattern, A/2 = L.This condition tells us that if 
the left-going and right-going traveling waves are to set up this pattern by their 
interference, they must have the wavelength A = 2L. 

A second simple pattern meeting the requirement of nodes at the fixed ends 
is shown in Fig. 16-235. This pattern has three nodes and two antinodes and is said 
to be a two-loop pattern. For the left-going and right-going waves to set it up, 
they must have a wavelength A = L.A third pattern is shown in Fig. 16-23c. It has 
four nodes, three antinodes, and three loops, and the wavelength is A = 21. We could 
continue this progression by drawing increasingly more complicated patterns. In each 
step of the progression, the pattern would have one more node and one more antin- 
ode than the preceding step, and an additional A/2 would be fitted into the distance L. 

Thus, a standing wave can be set up on a string of length L by a wave with a 
wavelength equal to one of the values 


De 
A= a forn =1,2,3,.... (16-65) 


The resonant frequencies that correspond to these wavelengths follow from 





FIG. 16-22 Stroboscopic photographs 
reveal (imperfect) standing wave 
patterns on a string being made to 
oscillate by an oscillator at the left 
end. The patterns occur at certain 
frequencies of oscillation. (Richard 
Megna/Fundamental Photographs) 








FIG. 16-23 A string, stretched be- 
tween two clamps, is made to oscil- 
late in standing wave patterns. (a) 
The simplest possible pattern con- 
sists of one loop, which refers to the 
composite shape formed by the 
string in its extreme displacements 
(the solid and dashed lines). (6) The 
next simplest pattern has two loops. 
(c) The next has three loops. 


Cepia iano 


Eq. 16-13: 


forvr—" |, 220°, A (16-66) 


Here v is the speed of traveling waves on the string. 

Equation 16-66 tells us that the resonant frequencies are integer multiples of 
the lowest resonant frequency, f = v/2L, which corresponds to n = 1. The oscillation 
mode with that lowest frequency is called the fundamental mode or the first har- 
monic. The second harmonic 1s the oscillation mode with n = 2, the third harmonic 
is that with n = 3, and so on. The frequencies associated with these modes are often 
labeled f,, fo, fz, and so on. The collection of all possible oscillation modes 1s called 
the harmonic series, and 7 is called the harmonic number of the nth harmonic. 

For a given string under a given tension, each resonant frequency corresponds 
to a particular oscillation pattern. Thus, if the frequency is in the audible range, 
you can hear the shape of the string. Resonance can also occur in two dimensions 
(such as on the surface of the kettledrum in Fig. 16-24) and in three dimensions 
(such as in the wind-induced swaying and twisting of a tall building). eS 





FIG. 16-24 One of many possible 
standing wave patterns for a kettle- 
drum head, made visible by dark 
powder sprinkled on the drumhead. 
As the head is set into oscillation at 
a single frequency by a mechanical 
oscillator at the upper left of the 
photograph, the powder collects at 
the nodes, which are circles and 
straight lines in this two-dimen- 
sional example. (Courtesy Thomas 
D. Rossing, Northern Illinois 
University) 


Footbridges and Mosh Pits 


When the Millennium Bridge over the Thames River was first opened to pedes- 
trians, the bridge did not initially exhibit oscillations. The footsteps of the pedes- 
trians produced vertical and horizontal forces on the bridge that tended to set up 
the second harmonic on the bridge (which is much like the second harmonic on a 
string), but the pedestrians were few and their walking was uncoordinated. 
However, once their number exceeded a critical value, the second harmonic sud- 
denly became noticeable and walking became difficult. To keep their balance, 
many pedestrians began to time their steps to the bridge’s swaying, which then 
became even worse and led to the bridge being closed until damping devices (see 
Sample Problem 15-3) could be added. 

Similar structural oscillations occur when an audience on a football stadium 
deck or in a concert hall begins to sway or stomp in a coordinated fashion. 
Perhaps the worse situation can occur in a mosh pit on a lightweight suspended 
floor. When the crowded dancers begin to pogo, in which their coordinated jumps 
are in time with the music’s beat, they can set up resonance in the floor, which 
typically has a resonant frequency of 2 Hz. Resonance can then quickly build as 
more people are forced to coordinate their motion with the oscillations, which 
might become large enough to break the floor and cause it to collapse. To avoid 
that possibility, modern building codes commonly require that suspended dance 
floors be built with resonant frequencies no lower than 5 Hz. Aa 


CHECKPOINT 6 In the following series of resonant frequencies, one fre- 


quency (lower than 400 Hz) is missing: 150,225, 300,375 Hz. (a) What is the missing fre- 
quency? (b) What is the frequency of the seventh harmonic? 





Figure 16-25 shows a pattern of resonant oscillation of a 
string of mass m = 2.500 g and length L = 0.800 m and 
that is under tension 7 = 325.0 N. What is the wavelength 
A of the transverse waves producing the standing-wave 
pattern, and what is the harmonic number n? What is the 
frequency f of the transverse waves and of the oscilla- 
tions of the moving string elements? What is the maxi- 
mum magnitude of the transverse velocity u,, of the ele- 
ment oscillating at coordinate x = 0.180 m (note the x 


axis in the figure)? At what point during the element’s 
oscillation is the transverse velocity maximum? 


feo (1) The traverse waves that produce a 


standing-wave pattern must have a wavelength such 
that an integer number n of half-wavelengths fit into the 
length L of the string. (2) The frequency of those waves 
and of the oscillations of the string elements is given by 
Eq. 16-66 (f = nv/2L). (3) The displacement of a string el- 








FIG. 16-25 Resonant oscillation of a string under tension. 


ement as a function of position x and time f is given by 
Eq. 16-60: 


y'(x, 0) = [2y,, sin kx] cos ot. (16-67) 


Wavelength and harmonic number: In Fig. 16-25, the 
solid line, which is effectively a snapshot (or freeze frame) 
of the oscillations, reveals that 2 full wavelengths fit into 
the length L = 0.800 m of the string. Thus, we have 


2a = L, 
i 
- Aa (16-68) 
0.800 
= ———— = 0.400.m. (Answer) 


2 


By counting the number of loops (or half-wavelengths) 
in Fig. 16-25, we see that the harmonic number is 

n= 4. 
We reach the same conclusion by comparing Eqs. 16-68 
and 16-65 (A = 2L/n). Thus, the string is oscillating in its 
fourth harmonic. 


(Answer) 


Frequency: We can get the frequency f of the transverse 
waves from Eq. 16-13 (v = Af) if we first find the speed v of 
the waves. That speed is given by Eq. 16-26, but we must 
substitute m/L for the unknown linear density jw. We obtain 


yaaftaa : _ af th 
b m/L m 
(325 N)(0.800 m) 
= \{/——__~—— _ = 322.49 mis. 
2.50 X 10°2kg we 


After rearranging Eq. 16-13, we write 
— v _ 322.49 m/s 
P= =~ 0.400 m 

= 806.2 Hz ~ 806 Hz. 


Note that we get the same answer by substituting into 





(Answer) 


ee nye 322.49 m/s 
= io ——$ $$ 
Qs 2(0.800 m) 
= 806 Hz. (Answer) 
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Now note that this 806 Hz is not only the frequency of 
the waves producing the fourth harmonic but also the 
frequency of the string elements that oscillate vertically 
in Fig. 16-25. It is also the frequency of the sound you 
would hear from the string. 


Transverse velocity: The displacement y’ of the string 
element located at coordinate x is given by 
Eq. 16-67 as a function of time ¢. The term cos wt con- 
tains the dependence on time and thus provides the 
“motion” of the standing wave. The term 2y,, sin kx sets 
the extent of the motion—that is, the amplitude. The 
greatest amplitude occurs at an antinode, where sin kx 
is +1 or —1 and thus the greatest amplitude is 2y,,. 
From Fig. 16-25, we see that 2y,, = 4.00 mm, which tells 
us that y,, = 2.00 mm. 

We want the transverse velocity—the velocity of a 
string element parallel to the y axis. To find it, we take 
the time derivative of Eq. 16-67: 


OY 
at st 


[—2y,,@ sin kx] sin wt. 





u(x,t) = [(2y,, sin kx) cos at] 


(16-69) 


Here the term sin wt provides the variation with time 
and the term —2y,,w sin kx provides the extent of that 
variation. We want the absolute magnitude of that 
extent: 


Uu,, = |—2y,,0 sin kx |. 


To evaluate this for the element at x = 0.180 m, we first 
note that y,, = 2.00 mm, k = 27/A = 27/(0.400 m), and 
w = 2nf = 27(806.2 Hz). Then the maximum speed of 
the element at x = 0.180 mis 





Um = |—2(2.00 X 10~* m)(277)(806.2 Hz) 
: 27 
x ar eae ne 
sin( 0.400 m (0.180 ™)) 
= 6.26 m/s. (Answer) 


To determine when the string element has this max- 
imum speed, we could investigate Eq. 16-69. However, a 
little thought can save a lot of work. The element is un- 
dergoing simple harmonic motion and must come to a 
momentary stop at its extreme upward position and ex- 
treme downward position. It has the greatest speed as it 
zips through the midpoint of its oscillation, just as a 
block does in a block—spring oscillator. 


PROBLEM-SOLVING TACTICS 


Tactic 2; Harmonics on a String When you need to 
obtain information about a certain harmonic on a stretched 
string of given length L, first draw that harmonic (as in Fig. 16- 
23). If you are asked about, say, the fifth harmonic, you need to 
draw five loops between the fixed support points. That would 
mean that five loops, each of length A/2, occupy the length L of 


the string. Thus, 5(A/2) = L, and A = 2L/5. You can then use 
Eq. 16-13 (f = v/A) to find the frequency of the harmonic. 

Keep in mind that the wavelength of a harmonic is set 
only by the length L of the string, but the frequency depends 
also on the wave speed v, which is set by the tension and the 
linear density of the string via Eq. 16-26. 
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REVIEW & SUMMARY 


Transverse and Longitudinal Waves Mechanical 
waves can exist only in material media and are governed by 
Newton’s laws. Transverse mechanical waves, like those on a 
stretched string, are waves in which the particles of the 
medium oscillate perpendicular to the wave’s direction of 
travel. Waves in which the particles of the medium oscillate 
parallel to the wave’s direction of travel are longitudinal 
waves. 


Sinusoidal Waves A sinusoidal wave moving in the posi- 
tive direction of an x axis has the mathematical form 


y(x, t) = y,, sin(kx — of), (16-2) 


where y,, is the amplitude of the wave, k is the angular wave 
number, w is the angular frequency, and kx — wt is the phase. 
The wavelength A is related to k by 


es 


oe (16-5) 


The period 7 and frequency f of the wave are related to w by 
ro) 1 
ef es 16-9 
277 J T ( ) 
Finally, the wave speed v is related to these other parameters by 
(16-13) 


Equation of a Traveling Wave Any function of the form 
y(x, t) = h(kx + wt) (16-17) 


can represent a traveling wave with a wave speed given by 
Eq. 16-13 and a wave shape given by the mathematical form of 
h. The plus sign denotes a wave traveling in the negative direc- 
tion of the x axis, and the minus sign a wave traveling in the 
positive direction. 


Wave Speed on Stretched String The speed of a wave 
on a stretched string is set by properties of the string. The 
speed on a string with tension 7 and linear density pis 


=‘ [a 
ie 
Power ‘The average power of, or average rate at which 


energy is transmitted by, a sinusoidal wave on a stretched 
string is given by 


(16-26) 


(16-33) 


el De 
| ree = 74VOYin: 


Superposition of Waves When two or more waves 
traverse the same medium, the displacement of any particle of 
the medium is the sum of the displacements that the individ- 
ual waves would give it. 


Interference of Waves Two sinusoidal waves on the same 
string exhibit interference, adding or canceling according to the 
principle of superposition. If the two are traveling in the same di- 
rection and have the same amplitude y,, and frequency (hence 
the same wavelength) but differ in phase by a phase constant ¢, 
the result is a single wave with this same frequency: 


y'(x, t) = [2y, cos 54] sin(kx — wt + +). 


If ¢ = 0, the waves are exactly in phase and their interference 
is fully constructive; if @ = 7 rad, they are exactly out of phase 
and their interference is fully destructive. 


(16-51) 


Phasors A wave y(x, ft) can be represented with a phasor. 
This is a vector that has a magnitude equal to the amplitude y,, 
of the wave and that rotates about an origin with an angular 
speed equal to the angular frequency w of the wave. The 
projection of the rotating phasor on a vertical axis gives the 
displacement y of a point along the wave’s travel. 


Standing Waves The interference of two identical sinu- 
soidal waves moving in opposite directions produces standing 
waves. For a string with fixed ends, the standing wave is 
given by 


y'(x, t) = [2y,, sin kx] cos ot. (16-60) 


Standing waves are characterized by fixed locations of zero 
displacement called nodes and fixed locations of maximum 
displacement called antinodes. 


Resonance Standing waves on a string can be set up by 
reflection of traveling waves from the ends of the string. If an 
end is fixed, it must be the position of a node. This limits the 
frequencies at which standing waves will occur on a given 
string. Each possible frequency is a resonant frequency, and 
the corresponding standing wave pattern is an oscillation 
mode. For a stretched string of length L with fixed ends, the 
resonant frequencies are 
=—=n——,  forn=1,2,3 16-66 

f= >= nap: orn =1,2,3,.... (16-66) 
The oscillation mode corresponding to n = 1 is called the fun- 
damental mode or the first harmonic; the mode corresponding 
ton = 21s the second harmonic; and so on. 


QUESTIONS 


1 Figure 16-26a gives a snapshot of a wave traveling in the 
direction of positive x along a string under tension. Four string 
elements are indicated by the lettered points. For each of 
those elements, determine whether, at the instant of the snap- 
shot, the element is moving upward or downward or is 


momentarily at rest. (Hint: Imagine the wave as it moves 
through the four string elements, as if you were watching a 
video of the wave as it traveled rightward.) 

Figure 16-26b gives the displacement of a string element 
located at, say, x = 0 as a function of time. At the lettered 


times, is the element moving upward or downward or is it 
momentarily at rest? 





(a) (bd) 


FIG. 16-26 Question 1. 
2 Figure 16-27 shows three ; 
waves that are separately sent 
along a string that is stretched 5 
under a certain tension along 
an x axis. Rank the waves ac- 
cording to their (a) wave- 
lengths, (b) speeds, and (c) an- 1 
gular frequencies, greatest first. 


3 The following four waves FIG. 16-27 Question 2. 
are sent along strings with the same linear densities (x is in 
meters and ¢ is in seconds). Rank the waves according to (a) 
their wave speed and (b) the tension in the strings along which 
they travel, greatest first: 


(1) y; = @ mm) sin(x — 34), (3) y3 = (1 mm) sin(4x — 9), 
(2) y2 = (6mm) sin(2x — t), (4) ys = (2 mm) sin(x — 22). 


4 In Fig. 16-28, wave 1 consists of a rectangular peak of 
height 4 units and width d, and a rectangular valley of depth 
2 units and width d. The wave travels rightward along an x 
axis. Choices 2, 3, and 4 are similar waves, with the same 
heights, depths, and widths, that will travel leftward along that 
axis and through wave 1. Right-going wave 1 and one of the left- 
going waves will interfere as they pass through each other. With 
which left-going wave will the interference give, for an instant, 
(a) the deepest valley, (b) a flat line, and (c) a flat peak 2d wide? 





(1) (2) 





(3) (4) 
FIG. 16-28 Question 4. 


5 A sinusoidal wave is sent along a cord under tension, 
transporting energy at the average rate of P,,.;. Two waves, 
identical to that first one, are then to be sent along the cord 
with a phase difference @ of either 0, 0.2 wavelength, or 
0.5 wavelength. (a) With only mental calculation, rank those 
choices of ¢ according to the average rate at which the waves 
will transport energy, greatest first. (b) For the first choice of 
f, what is the average rate in terms of Payg 1? 


6 The amplitudes and phase differences for four pairs of 
waves of equal wavelengths are (a) 2 mm, 6 mm, and vrad; 
(b) 3mm, 5mm, and wrad; (c) 7mm, 9mm, and zrad; 
(d) 2 mm, 2 mm, and Orad. Each pair travels in the same 
direction along the same string. Without written calculation, 
rank the four pairs according to the amplitude of their resul- 
tant wave, greatest first. (Hint: Construct phasor diagrams.) 


7 If you start with two sinusoidal waves of the same ampli- 
tude traveling in phase on a string and then somehow phase- 
shift one of them by 5.4 wavelengths, what type of interfer- 
ence will occur on the string? 


8 If you set up the seventh harmonic on a string, (a) how 
many nodes are present, and (b) is there a node, antinode, or 
some intermediate state at the midpoint? If you next set up 
the sixth harmonic, (c) is its resonant wavelength longer or 
shorter than that for the seventh harmonic, and (d) is the reso- 
nant frequency higher or lower? 


travel along the same 
tions according to the (a) (0) (c) 


9 Figure 16-29 shows phasor diagrams for three situations in 
string. All six waves 

have the same ampli- 

amplitude of the net FIG. 16-29 Question 9. 

wave on the string, 


which two waves 
tude. Rank the situa- P P 
ereatest first. 
10 (a) Ifastanding wave on a string is given by 
y'(t) = (3 mm) sin(5x) cos(42), 

is there a node or an antinode of the oscillations of the string 
at x = 0? (b) If the standing wave is given by 

y'(t) = GB mm) sin(5x + 7/2) cos(4f), 


is there a node or an antinode at x = 0? 


11 Strings A and B have identical lengths and linear densi- 
ties, but string B is under greater tension than string A. Figure 
16-30 shows four situations, (a) through (d), in which standing 
wave patterns exist on the two strings. In which situations is 
there the possibility that strings A and B are oscillating at the 
same resonant frequency? 


String A String B 








(a) 








(d) 
FIG. 16-30 Question 11. 
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PROBLEMS 





@ Tutoring problem available (at instructor's discretion) in WileyPLUS and WebAssign 


SSM Worked-out solution available in Student Solutions Manual 
® —eee Number of dots indicates level of problem difficulty 


WWW) Worked-out solution is at 


http://www.wiley.com/college/halliday 





Interactive solution is at 


<—SS Additional information available in The Flying Circus of Physics and at flyingcircusofphysics.com 


Click here to view all step-by-step solutions 


sec. 16-5 The Speed of a Traveling Wave 

e171 A wave has an angular frequency of 110 rad/s and a 
wavelength of 1.80 m. Calculate (a) the angular wave number 
and (b) the speed of the wave. 


e2 A sand scorpion can de- 
tect the motion of a nearby bee- 
tle (its prey) by the waves the 
motion sends along the sand 
surface (Fig. 16-31). The waves 
are of two types: transverse 
waves traveling at v, = 50 m/s 
and longitudinal waves travel- 


ing at v, = 150 m/s. If a sudden d 

motion sends out such waves, a a L 

scorpion can tell the distance of "tS —j—k M1 
is a 


the beetle from the difference a 
At in the arrival times of the 
waves at its leg nearest the bee- Beetle @ 

FIG. 16-31 Problem 2. 





tle. If At = 4.0 ms, what is the 
beetle’s distance? =e 


e3 A sinusoidal wave travels along a string. The time for a 
particular point to move from maximum displacement to zero 
is 0.170 s. What are the (a) period and (b) frequency? (c) The 
wavelength is 1.40 m; what is the wave speed? 


°4 A human wave. During 
sporting events within large, 
densely packed stadiums, spec- 
tators will send a wave (or 
pulse) around the stadium (Fig. 
16-32). As the wave reaches a 
group of spectators, they stand 
with a cheer and then sit. At 
any instant, the width w of the wave is the distance from the 
leading edge (people are just about to stand) to the trailing 
edge (people have just sat down). Suppose a human wave trav- 
els a distance of 853 seats around a stadium in 39 s, with specta- 
tors requiring about 1.8 s to respond to the wave’s passage by 
standing and then sitting. What are (a) the wave speed v (in 
seats per second) and (b) width w (in number of seats)? =e 


5 If y(x, £) = (6.0 mm) sin(kx + (600 rad/s)t + @) describes 
a wave traveling along a string, how much time does any 
given point on the string take to 
move between displacements y 
= +2.0mm and y = —2.0 mm? 


ee6 Figure 16-33 shows the 
transverse velocity u versus time 
t of the point on a string at x = 0, 
as a wave passes through it. The 
scale on the vertical axis is set by 

; = 4.0 m/s. The wave has form 


y(x, th=y, sin(kx — wt + @). 


FIG. 16-32 Problem 4. 


u (m/s) 











What is $? (Caution: A calculator does not always give the 
proper inverse trig function, so check your answer by substituting 
it and an assumed value of w into y(x, ft) and then plotting the 
function.) 


eef A sinusoidal wave of frequency 500 Hz has a speed of 
350 m/s. (a) How far apart are two points that differ in phase 
by 7/3 rad? (b) What is the phase difference between two 
displacements at a certain point at times 1.00 ms apart? '-W 


ee8 The equation of a transverse wave traveling along a 
very long string is y = 6.0 sin(0.020ax + 4.071), where x and y 
are expressed in centimeters and f¢ is in seconds. Determine 
(a) the amplitude, (b) the wavelength, (c) the frequency, 
(d) the speed, (e) the direction of propagation of the wave, 
and (f) the maximum transverse speed of a particle in the 
string. (g) What is the transverse displacement at x = 3.5 cm 
when t = 0.26 s? 


ee9 A transverse sinusoidal wave is moving along a string in 
the positive direction of an x axis with a speed of 80 m/s. At 
t = 0, the string particle at x = 0 has a transverse displacement 
of 4.0 cm from its equilibrium position and is not moving. The 
maximum transverse speed of the string particle at x = 0 is 
16 m/s. (a) What is the frequency of the wave? (b) What is the 
wavelength of the wave? If the wave equation is of the form 
y(x, t) = y,, sin(kx + wt + ), what are (c) y,,, (d) k, (e) o, 
(f) @, and (g) the correct choice of sign in front of w? 


ee10 The function y(x, t) = (15.0 cm) cos(ax — 15a), with 
x in meters and f in seconds, describes a wave on a taut string. 
What is the transverse speed for a point on the string at an 
instant when that point has the displacement y = +12.0 cm? 


ee17 A sinusoidal 
wave moving along a 
string is shown twice in 
Fig. 16-34, as crest A 
travels in the positive di- 
rection of an x axis by 
distance d=6.00cm in 
4.0 ms. The tick marks 
along the axis are sepa- 
rated by 10 cm; height H 
= 6.00 mm. If the wave 
equation is of the form y(x, t) = y,, sin(kx + wt), what are 
(a) Ym, (b) k, (c) w, and (d) the correct choice of sign in front 
of w? 





FIG. 16-34 Problem 11. 


ee12 A sinusoidal wave trav- 
els along a string under tension. 
Figure 16-35 gives the slopes 
along the string at time ¢ = 0. 
The scale of the x axis is set by 
x, = 0.80 m. What is the amphi- 
tude of the wave? #® 





FIG. 16-35 Problem 12. 





e713 A_ sinusoidal transverse 
wave of wavelength 20 cm travels 
along a string in the positive direc- 
tion of an x axis. The displacement 
y of the string particle at x = 0 is 
given in Fig. 16-36 as a function of 
time ¢. The scale of the vertical 
axis is set by y, = 4.0 cm. The wave equation is to be in the form 
y(x, t) = y,, sin(kx + wt + #).(a) Att = 0,is a plot of y versus x 
in the shape of a positive sine function or a negative sine func- 
tion? What are (b) y,,, (c) k, (d) w, (e) ¢, (f) the sign in front of 
w, and (g) the speed of the wave? (h) What is the transverse ve- 
locity of the particle at x = 0 whent = 5.0s? & 





FIG. 16-36 Problem 13. 


sec. 16-6 Wave Speed on a Stretched String 

°{4 The tension in a wire clamped at both ends is doubled 
without appreciably changing the wire’s length between the 
clamps. What ts the ratio of the new to the old wave speed for 
transverse waves traveling along this wire? 


©1715 What is the speed of a transverse wave in a rope of 
length 2.00 m and mass 60.0 g under a tension of 500 N? SSM 


®16 The heaviest and lightest strings on a certain violin have 
linear densities of 3.0 and 0.29 g/m. What is the ratio of the 
diameter of the heaviest string to that of the lightest string, 
assuming that the strings are of the same material? 


°17 A stretched string has a mass per unit length of 5.00 
g/cm and a tension of 10.0 N. A sinusoidal wave on this string 
has an amplitude of 0.12 mm and a frequency of 100 Hz and is 
traveling in the negative direction of an x axis. If the wave 
equation is of the form y(x, t) = y,, sin(kx + wt), what are (a) 
Ym (b) k, (c) w, and (d) the correct choice of sign in front of w? 
“SSM WWW 


°18 The speed of a transverse wave on a string is 170 m/s 
when the string tension is 120 N. To what value must the 
tension be changed to raise the wave speed to 180 m/s? 


e19 The linear density of a string is 1.6 x 10°*kg/m. A 
transverse wave on the string is described by the equation 


y = (0.021 m) sin[(2.0 m)x + G0s*)é]. 
What are (a) the wave speed and (b) the tension in the string? 


®20 ‘The equation of a transverse wave on a string is 
y = (2.0 mm) sin[(20 m“!)x — (600 s~!)¢]. 


The tension in the string is 15 N. (a) What is the wave speed? 
(b) Find the linear density of this string in grams per meter. 


ee21 A sinusoidal transverse wave is traveling along a string in 
the negative direction of an x axis. Figure 16-37 shows a plot of the 
displacement as a function of position 
at time t = 0; the scale of the y axis is 
set by y, = 4.0 cm. The string tension is 
3.6 N, and its linear density is 25 g/m. 
Find the (a) amplitude, (b) wave- 
length, (c) wave speed, and (d) period 
of the wave. (e) Find the maximum 
transverse speed of a particle in the 
string. If the wave is of the form y(x, f) 
= y,, sin(kx + wt + d), what are (f) k, 
(g) w, (h) #, and (i) the correct choice 
of signin front of w? SSM ILw FIG. 16-37. Problem 21. 


y(cm) 
YN 





Ys 


7 (oa) 


ee22 A sinusoidal wave is traveling on a string with speed 
40 cm/s. The displacement of the particles of the string at x = 10 
cm is found to vary with time according to the equation y = 
(5.0 cm) sin[1.0 — (4.0s~')t]. The linear density of the string is 
4.0 g/cm. What are (a) the frequency and (b) the wavelength of 
the wave? If the wave equation is of the form y(x, ft) = y,, 
sin(kx + wt), what are (c) y,,, (d) k, (e) w, and (f) the correct 
choice of sign in front of w? (g) What is the tension in the string? 


ee23 A 100g wire is held under a tension of 250 N with one 
end at x = 0 and the other at x = 10.0 m. At time t = 0, pulse 1 
is sent along the wire from the end at x = 10.0 m. At time t = 
30.0 ms, pulse 2 is sent along the wire from the end at x = 0.At 
what position x do the pulses begin to meet? = !tW 


00024 In Fig. 16-38a, string 1 
has a linear density of 3.00 
g/m, and string 2 has a linear 
density of 5.00 g/m. They are 
under tension due to the hang- 
ing block of mass M = 500 g. 
Calculate the wave speed on 
(a) string 1 and (b) string 2. 
(Hint: When a string loops 
halfway around a pulley, it pulls 
on the pulley with a net force (a) 
that is twice the tension in the 
string.) Next the block is di- 
vided into two blocks (with M, 
+ M, = M) and the apparatus 
is rearranged as shown in 
Fig. 16-38). Find (c) M, and (d) 
M, such that the wave speeds 
in the two strings are equal. 


String | 





eee25 A uniform rope of 
mass m and length L hangs 
from a ceiling. (a) Show that 
the speed of a transverse wave 
on the rope is a function of y, the distance from the lower end, 
and is given by v = Vgy. (b) Show that the time a transverse 
wave takes to travel the length of the rope is given by 


t = 2VL/g. 


sec. 16-7 Energy and Power of a Wave Traveling 

Along a String 

26 A string along which waves can travel is 2.70 m long and 
has a mass of 260 g. The tension in the string is 36.0 N. What 
must be the frequency of traveling waves of amplitude 7.70 
mm for the average power to be 85.0 W? 





FIG. 16-38 Problem 24. 


ee27 A sinusoidal wave is sent along a string with a linear 
density of 2.0g/m. As it travels, the kinetic energies of 
the mass elements along the string vary. Figure 16-39a gives 


R R, 


dK/ dt (W) 
dK/ dt (W) 





x (m) 


(a) 





FIG. 16-39 Problem 27. 
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the rate dK/dt at which kinetic energy passes through the 
string elements at a particular instant, plotted as a function of 
distance x along the string. Figure 16-395 is similar except that 
it gives the rate at which kinetic energy passes through a par- 
ticular mass element (at a particular location), plotted as a func- 
tion of time t. For both figures, the scale on the vertical (rate) 
axis is set by R, = 10 W. What is the amplitude of the wave? ¢} 


sec. 16-8 The Wave Equation 
28 Use the wave equation to find the speed of a wave given by 


y(x, t) = (3.00 mm) sin[(4.00 m~!)x — (7.00 s“‘)¢]. 


ee29 Use the wave equation to find the speed of a wave 
given by 
Va, b)= (2.00 mm) (20m )y— (40s) 


eee30 Use the wave equation to find the speed of a wave 
given in terms of the general function h(x, f): 


y(x, t) = (4.00 mm) A[(30 m™)x + (6.0 s?)¢]. 


sec. 16-10 Interference of Waves 

31 Two identical traveling waves, moving in the same di- 
rection, are out of phase by 7/2 rad. What is the amplitude of 
the resultant wave in terms of the common amplitude y,, of 
the two combining waves? SSM 


°32 What phase difference between two identical traveling 
waves, moving in the same direction along a stretched string, re- 
sults in the combined wave having an amplitude 1.50 times that 
of the common amplitude of the two combining waves? Express 
your answer in (a) degrees, (b) radians, and (c) wavelengths. 


e*33 Two sinusoidal waves 
with the same amplitude of 
9.00 mm and the same wave- 
length travel together along a 
string that is stretched along an 
x axis. Their resultant wave is 
shown twice in Fig. 16-40, as 
valley A travels in the negative 
direction of the x axis by dis- 
tance d=56.0cm in 8.0 ms. 
The tick marks along the axis 
are separated by 10 cm, and height H is 8.0 mm. Let the equa- 
tion for one wave be of the form y(x, t) = y,, sin(kx + wt + 
¢), where ¢, = 0 and you must choose the correct sign in 
front of w. For the equation for the other wave, what are 
(a) Ym, (b) k, (c) w, (d) od», and (e) the sign in front of w? 


eee34 A sinusoidal wave of angular frequency 1200 rad/s 
and amplitude 3.00 mm is sent along a cord with linear density 
2.00 g/m and tension 1200 N. (a) What is the average rate at 
which energy is transported by the wave to the opposite end 
of the cord? (b) If, simultaneously, an identical wave travels 
along an adjacent, identical cord, what is the total average rate 
at which energy is transported to the opposite ends of the two 
cords by the waves? If, instead, those two waves are sent along 
the same cord simultaneously, what is the total average rate at 
which they transport energy when their phase difference is 
(c) 0, (d) 0.477 rad, and (e) a rad? 





FIG. 16-40 Problem 33. 


sec. 16-11 Phasors 
®35 Two sinusoidal waves of the same frequency travel in 
the same direction along a string. If y,, =3.0cm, y,. = 


4.0 cm, d, = 0, and ¢, = w/2 rad, what is the amplitude of the 
resultant wave? SSM 


e@36 Two sinusoidal waves of the same frequency are to be 
sent in the same direction along a taut string. One wave has 
an amplitude of 5.0 mm, the other 8.0 mm. (a) What phase 
difference , between the two waves results in the smallest 
amplitude of the resultant wave? (b) What is that smallest 
amplitude? (c) What phase difference @, results in the 
largest amplitude of the resultant wave? (d) What is that 
largest amplitude? (e) What is the resultant amplitude if the 
phase angle is (¢; — ¢,)/2? 


ee37 Two sinusoidal waves of the same period, with ampli- 
tudes of 5.0 and 7.0 mm, travel in the same direction along a 
stretched string; they produce a resultant wave with an ampli- 
tude of 9.0 mm. The phase constant of the 5.0 mm wave is 0. 
What is the phase constant of the 7.0 mm wave? 


ee38 Four waves are to be sent along the same string, in the 
same direction: 


y,(x, t) = (4.00 mm) sin(277x — 400zt) 
y2(x, t) = (4.00 mm) sin(27x — 400at + 0.77) 
y3(x, t) = (4.00 mm) sin(27rx — 4007t + 7) 
ya(x, t) = (4.00 mm) sin(27rx — 400at + 1.77). 
What is the amplitude of the resultant wave? 
2°39 These two waves travel along the same string: 
y1(x, t) = (4.60 mm) sin(277x — 400712) 
y2(x, t) = (5.60 mm) sin(27x — 4007t + 0.807 rad). 


What are (a) the amplitude and (b) the phase angle (relative 
to wave 1) of the resultant wave? (c) If a third wave of ampli- 
tude 5.00 mm is also to be sent along the string in the same 
direction as the first two waves, what should be its phase angle in 
order to maximize the amplitude of the new resultant wave? cs 





sec. 16-13 Standing Waves and Resonance 

40 A 125 cm length of string has mass 2.00 g and tension 
7.00 N. (a) What is the wave speed for this string? (b) What is 
the lowest resonant frequency of this string? 


°41 What are (a) the lowest frequency, (b) the second lowest 
frequency, and (c) the third lowest frequency for standing 
waves on a wire that is 10.0 m long, has a mass of 100 g, and is 
stretched under a tension of 250 N? SSM www 


e42 String A is stretched between two clamps separated by 
distance L. String B, with the same linear density and under 
the same tension as string A, is stretched between two clamps 
separated by distance 4L. Consider the first eight harmonics 
of string B. For which of these eight harmonics of B (if any) 
does the frequency match the frequency of (a) A’s first har- 
monic, (b) A’s second harmonic, and (c) A’s third harmonic? 


°43 A string fixed at both ends is 8.40 m long and has a mass 
of 0.120 kg. It is subjected to a tension of 96.0 N and set oscil- 
lating. (a) What is the speed of the waves on the string? 
(b) What is the longest possible wavelength for a standing 
wave? (c) Give the frequency of that wave. SSM 


*44 Two sinusoidal waves with identical wavelengths and 
amplitudes travel in opposite directions along a string with a 
speed of 10 cm/s. If the time interval between instants when 
the string is flat is 0.50 s, what is the wavelength of the waves? 


°45 A nylon guitar string has a D 

linear density of 7.20 g/m and is ee 

under a tension of 150 N. The - 
fixed supports are distance D = 
90.0 cm apart. The string is oscil- 
lating in the standing wave pattern shown in Fig. 16-41. Calculate 


the (a) speed, (b) wavelength, and (c) frequency of the traveling 
waves whose superposition gives this standing wave. '\W 
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FIG. 16-41 Problem 45. 


e46 A string under tension 7; oscillates in the third harmonic 
at frequency f;, and the waves on the string have wavelength 
A3. If the tension is increased to 7, = 47; and the string is again 
made to oscillate in the third harmonic, what then are (a) the 
frequency of oscillation in terms of f; and (b) the wavelength 
of the waves in terms of A;? 


e47 A string that is stretched between fixed supports sepa- 
rated by 75.0 cm has resonant frequencies of 420 and 315 Hz, 
with no intermediate resonant frequencies. What are (a) the 
lowest resonant frequency and (b) the wave speed? SSM ILWw. 


e438 If a transmission line in a cold climate collects ice, the 
increased diameter tends to cause vortex formation in a pass- 
ing wind. The air pressure variations in the vortexes tend to 
cause the line to oscillate (gallop), especially if the frequency 
of the variations matches a resonant frequency of the line. In 
long lines, the resonant frequencies are so close that almost 
any wind speed can set up a resonant mode vigorous enough 
to pull down support towers or cause the line to short out with 
an adjacent line. If a transmission line has a length of 347 m, a 
linear density of 3.35 kg/m, and a tension of 65.2 MN, what are 
(a) the frequency of the fundamental mode and (b) the fre- 
quency difference between successive modes? =e 


49 One of the harmonic frequencies for a particular string 
under tension is 325 Hz. The next higher harmonic frequency 
is 390 Hz. What harmonic frequency is next higher after the 
harmonic frequency 195 Hz? 


e@50 A rope, under a tension of 200 N and fixed at both 
ends, oscillates in a second-harmonic standing wave pattern. 
The displacement of the rope is given by 


y = (0.10 m)(sin 7x/2) sin 12 zt, 


where x = 0 at one end of the rope, x is in meters, and ¢ is in 
seconds. What are (a) the length of the rope, (b) the speed of 
the waves on the rope, and (c) the mass of the rope? (d) If the 
rope oscillates in a third-harmonic standing wave pattern, 
what will be the period of oscillation? 


ee51 A string oscillates according to the equation 


y’ = (0.50 cm) iol (2 cm-)y | cos[(407 s~')¢]. 


What are the (a) amplitude and (b) speed of the two waves 
(identical except for direction of travel) whose superposition 
gives this oscillation? (c) What is the distance between nodes? 
(d) What is the transverse speed of a particle of the string at 
the position x = 1.5 cm when t = ;s? 


°e52  Astanding wave pattern on a string is described by 


y(x, t) = 0.040 (sin 5arx)(cos 4072), 


where x and y are in meters and f is in seconds. For x = 0, what 
is the location of the node with the (a) smallest, (b) second 


smallest, and (c) third smallest value of x? (d) What is the 
period of the oscillatory motion of any (nonnode) point? 
What are the (e) speed and (f) amplitude of the two traveling 
waves that interfere to produce this wave? For t = 0, what are 
the (g) first, (h) second, and (1) third time that all points on the 
string have zero transverse velocity? 


ee53 Two waves are generated on a string of length 3.0m to 
produce a three-loop standing wave with an amplitude of 1.0 cm. 
The wave speed is 100 m/s. Let the equation for one of the waves 
be of the form y(x, t) = y,, sin(kx + of). In the equation for the 
other wave, what are (a) y,,, (b) k, (c) w, and (d) the sign in front of 
ee54 For a certain transverse 4 


standing wave on a long string, 
an antinode is at x = 0 and an 
adjacent node is at x = 0.10 m. 
The displacement y(t) of the 
string particle at x = 0 is shown | 
in Fig. 16-42, where the scale of oe 

the y axis is set by y, = 4.0 cm. FIG. 16-42 Problem 54. 
When t = 0.50 s, what is the dis- 

placement of the string particle at (a) x =0.20m and (b) 
x = 0.30 m? What is the transverse velocity of the string particle 
at x = 0.20 m at (c) t= 0.50s and (d) t = 1.0s? (e) Sketch the 
standing wave at t = 0.50 s for the range x = Oto x = 0.40 m. 


y (cm) 
° 





e@55 A generator at one end of a very long string creates a 
wave given by 


y = (6.0cm) cos 58 [(2.00 m-)x + (8.00 s~)4], 
and a generator at the other end creates the wave 
y = (6.0 cm) cos oe [(2.00 m~)x — (8.00 s~!)¢]. 


Calculate the (a) frequency, (b) wavelength, and (c) speed of 
each wave. For x = 0, what is the location of the node having 
the (d) smallest, (e) second smallest, and (f) third smallest 
value of x? For x = 0, what is the location of the antinode hav- 
ing the (g) smallest, (h) second smallest, and (i) third smallest 
value of x? 


e¢56 Two sinusoidal waves with the same amplitude and wave- 
length travel through each other along a string that is stretched 
along an x axis. Their resultant wave is shown twice in Fig. 16-43, 
as the antinode A travels from an extreme upward displacement 
to an extreme downward displacement in 6.0 ms. The tick marks 
along the axis are separated by 10 cm; height His 1.80 cm. Let the 
equation for one of the two waves be of the form y(x, ft) = 
Ym Sin(kx + wt). In the equation for the other wave, what are (a) 
Ym (b) k, (c) w, and (d) the sign in front of w? @& 








FIG. 16-43 Problem 56. 
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°e37 The following two waves are sent in opposite direc- 
tions on a horizontal string so as to create a standing wave ina 
vertical plane: 


y,(x, t) = (6.00 mm) sin(4.00ax — 400zt) 
y2(x, t) = (6.00 mm) sin(4.00ax + 400zt), 


with x in meters and f¢ in seconds. An antinode is located at 
point A. In the time interval that point takes to move from 
maximum upward displacement to maximum downward dis- 
placement, how far does each wave move along the string? 


ee58 In Fig. 16-44, a string, tied to a sinusoidal oscillator at P 
and running over a support at Q, is stretched by a block of 
mass m. Separation L = 1.20 m, linear density u = 1.6 g/m, and 
the oscillator frequency f = 120 Hz. The amplitude of the mo- 
tion at P is small enough for that point to be considered a node. 
A node also exists at Q. (a) What mass m allows the oscillator 
to set up the fourth harmonic on the string? (b) What standing 
wave mode, if any, can be set up ifm = 1.00 kg? 








FIG. 16-44 Problems 58 and 60. 


eee59 In Fig. 16-45, an aluminum wire, of length L, = 60.0 
cm, cross-sectional area 1.00 x 107? cm’, and density 2.60 
g/cm?, is joined to a steel wire, of density 7.80 g/cm? and the 
same cross-sectional area. The compound wire, loaded with a 
block of mass m = 10.0 kg, is arranged so that the distance L, 
from the joint to the supporting pulley is 86.6 cm. Transverse 
waves are set up on the wire by an external source of variable 
frequency; a node is located at the pulley. (a) Find the lowest fre- 
quency that generates a standing wave having the joint as one of 
the nodes. (b) How many nodes are observed at this frequency? 


FIG. 16-45 
Problem 59. 





#e°60 In Fig. 16-44, a string, tied to a sinusoidal oscillator at 
P and running over a support at Q, is stretched by a block of 
mass m. The separation L between P and Q is 1.20 m, and the 
frequency f of the oscillator is fixed at 120 Hz. The amplitude 
of the motion at P is small enough for that point to be consid- 
ered a node. A node also exists at Q. A standing wave appears 
when the mass of the hanging block is 286.1 g or 447.0 g, but 
not for any intermediate mass. What is the linear density of 
the string? &} 


Additional Problems 

61 Three sinusoidal waves of the same frequency travel along a 
string in the positive direction of an x axis. Their amplitudes are 
y1, y,/2, and y,/3, and their phase constants are O, 7/2, and 7, re- 
spectively. What are the (a) amplitude and (b) phase constant of 
the resultant wave? (c) Plot the wave form of the resultant wave 
at t = 0, and discuss its behavior as tincreases. SSM 


62 Figure 16-46 shows the dis- 
placement y versus time ¢ of the 
point on a string at x = 0, as a 
wave passes through that point. 
The scale of the y axis is set by 
y,; = 6.0 mm. The wave has form 
y(x, D=y, sin(kx — wt+ ¢). 
What is @? (Caution: A calcula- 
tor does not always give the proper inverse trig function, so 
check your answer by substituting it and an assumed value of 
w into y(x, t) and then plotting the function.) 





FIG. 16-46 Problem 62. 


63 Two sinusoidal waves, identical except for phase, travel 
in the same direction along a string, producing a net wave 
y'(x, t) = (3.0mm) sin(20x — 4.0t + 0.820 rad), with x in 
meters and ¢ in seconds. What are (a) the wavelength A of 
the two waves, (b) the phase difference between them, and 
(c) their amplitude y,,? 


64 Figure 16-47 shows trans- 
verse acceleration a, versus time t 
of the point on a string at x = 0, 
as a wave written in the form 
y(x, ) =y,, sin(kx — ot + ¢) eases | 
passes through that point. The es 
scale of the vertical axis is set F1G.16-47 Problem 64. 
by a, = 400 m/s’. What is ¢? 

(Caution: A calculator does not always give the proper inverse 
trig function, so check your answer by substituting it and an as- 
sumed value of w into y(x, ¢) and then plotting the function.) 


2 
dy (m/s*) 






65 At time t=0 and at position x = 0m along a string, 
a traveling sinusoidal wave with an angular frequency of 
440 rad/s has displacement y = +4.5 mm and transverse 
velocity u = —0.75 m/s. If the wave has general form y(x, t) = 
Ym Sin(kx — wt + ), what is phase constant ? 


66 A _ single pulse, given by 
h(x — 5.0t), is shown in Fig. 16-48 for 
t = 0. The scale of the vertical axis is 
set by h, = 2. Here x is in centimeters 
and ¢ is in seconds. What are the (a) 
speed and (b) direction of travel of 1g. 746.48 Problem 66. 
the pulse? (c) Plot h(x — St) as a 

function of x for t = 2s. (d) Plot h(x — 5?) as a function of t for 
x = 10cm. 





67 A transverse sinusoidal wave is generated at one end of a 
long, horizontal string by a bar that moves up and down 
through a distance of 1.00 cm. The motion is continuous and is 
repeated regularly 120 times per second. The string has linear 
density 120 g/m and is kept under a tension of 90.0 N. Find the 
maximum value of (a) the transverse speed u and (b) the 
transverse component of the tension 7. 

(c) Show that the two maximum values calculated above 
occur at the same phase values for the wave. What is the trans- 
verse displacement y of the string at these phases? (d) What 
is the maximum rate of energy transfer along the string? 
(ec) What is the transverse displacement y when this maximum 
transfer occurs? (f) What is the minimum rate of energy trans- 
fer along the string? (g) What is the transverse displacement 
y when this minimum transfer occurs? 





© ‘Two sinusoidal 120 Hz waves, of the same frequency and 
amplitude, are to be sent in the positive direction of an x axis 


that is directed along a cord un- y 
der tension. The waves can be 
sent in phase, or they can be 
phase-shifted. Figure 16-49 
shows the amplitude y’ of the 
resulting wave versus the dis- as 
tance of the shift (how far one 
wave is shifted from the other 
wave). The scale of the vertical 
axis is set by y, = 6.0 mm. If the equations for the two 
waves are of the form y(x, t) = y,, sin(kx + wt), what are (a) 
Ym (b) k, (c) w, and (d) the correct choice of sign in front of w? 


y’ (mm) 
= 





Shift distance (cm) 


FIG. 16-49 Problem 68. 


69 A sinusoidal transverse wave of amplitude y,, and wave- 
length A travels on a stretched cord. (a) Find the ratio of 
the maximum particle speed (the speed with which a single 
particle in the cord moves transverse to the wave) to the 
wave speed. (b) Does this ratio depend on the material of 
which the cord is made? SSM 


70 A sinusoidal transverse wave traveling in the positive 
direction of an x axis has an amplitude of 2.0 cm, a wavelength 
of 10 cm, and a frequency of 400 Hz. If the wave equation is of 
the form y(x, tf) = y,, sin(kx + wt), what are (a) y,,, (b) k, (c) @, 
and (d) the correct choice of sign in front of w? What are 
(ec) the maximum transverse speed of a point on the cord and 
(f) the speed of the wave? 


71 A sinusoidal transverse wave traveling in the negative 
direction of an x axis has an amplitude of 1.00 cm, a frequency 
of 550 Hz, and a speed of 330 m/s. If the wave equation is of 
the form y(x, t) = y,, sin(kx + wt), what are (a) y,,, (b) @, (c) k, 
and (d) the correct choice of sign in front of w? 


72 Two sinusoidal waves of the same wavelength travel in the 
same direction along a stretched string. For wave 1, y,, = 3.0 mm 
and d = 0; for wave 2, y,, = 5.0 mm and ¢ = 70°. What are the 
(a) amplitude and (b) phase constant of the resultant wave? 


73 A wave has a speed of 240 m/s and a wavelength of 3.2 m. 
What are the (a) frequency and (b) period of the wave? 


74 When played in a certain manner, the lowest resonant fre- 
quency of a certain violin string is concert A (440 Hz). What is the 
frequency of the (a) second and (b) third harmonic of the string? 


75 A 120cm length of string is stretched between fixed 
supports. What are the (a) longest, (b) second longest, and 
(c) third longest wavelength for waves traveling on the string if 
standing waves are to be set up? (d) Sketch those standing waves. 


76 The equation of a transverse wave traveling along a 
string 1s 
y = 0.15 sin(0.79x — 130), 


in which x and y are in meters and f is in seconds. (a) What is 
the displacement y at x = 2.3 m,t = 0.16s? A second wave is 
to be added to the first wave to produce standing waves on the 
string. If the wave equation for the second wave is of the form 
y(x, t) = y,, sin(kx + wt), what are (b) y,,, (c) k, (d) w, and 
(e) the correct choice of sign in front of w for this second 
wave? (f) What is the displacement of the resultant standing 
wave atx = 2.3 m,t = 0.168? 


77 A150mwire has a mass of 8.70 g and is under a tension of 
120 N. The wire is held rigidly at both ends and set into oscillation. 
(a) What is the speed of waves on the wire? What is the wave- 


length of the waves that produce (b) one-loop and (c) two-loop 
standing waves? What is the frequency of the waves that produce 
(d) one-loop and (e) two-loop standing waves? SSM 


78 Energy is transmitted at rate P, by a wave of frequency 
f, on a string under tension 7,. What is the new energy transmis- 
sion rate P, in terms of P, (a) if the tension is increased to 
T = 47, and (b) if, instead, the frequency is decreased to fy = f,/2? 


79 The equation of a transverse wave traveling along a 
string is 
y = (2.0 mm) sin[(20 m~!)x — (600 s~)¢]. 


Find the (a) amplitude, (b) frequency, (c) velocity (including 
sign), and (d) wavelength of the wave. (e) Find the maximum 
transverse speed of a particle in the string. 


80 Oscillation of a 600 Hz tuning fork sets up standing 
waves in a string clamped at both ends. The wave speed for the 
string is 400 m/s. The standing wave has four loops and an 
amplitude of 2.0 mm. (a) What is the length of the string? 
(b) Write an equation for the displacement of the string as 
a function of position and time. 


81 In an experiment on standing waves, a string 90 cm long 
is attached to the prong of an electrically driven tuning fork 
that oscillates perpendicular to the length of the string at a 
frequency of 60 Hz. The mass of the string is 0.044 kg. What 
tension must the string be under (weights are attached to the 
other end) if it is to oscillate in four loops? 


82 Body armor. When a high-speed projectile such as a bul- 
let or bomb fragment strikes modern body armor, the fabric of 
the armor stops the projectile and prevents penetration by 
quickly spreading the projectile’s energy over a large area. 
This spreading is done by longitudinal and transverse pulses 
that move radially from the impact point, where the projectile 
pushes a cone-shaped dent into the fabric. The longitudinal 
pulse, racing along the fibers of the fabric at speed v, ahead 
of the denting, causes the fibers to thin and stretch, with 











Radius reached i | Radius reached by 
by longitudinal | > transverse pulse 
pulse 7 






| Vy 


(a) 





v (m/s) 





t (us) 
(d) 
FIG. 16-50 Problem 82. 
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material flowing radially inward into the dent. One such radial 
fiber is shown in Fig. 16-50a. Part of the projectile’s energy 
goes into this motion and stretching. The transverse pulse, 
moving at a slower speed v,, is due to the denting. As the 
projectile increases the dent’s depth, the dent increases in 
radius, causing the material in the fibers to move in the same di- 
rection as the projectile (perpendicular to the transverse pulse’s 
direction of travel). The rest of the projectile’s energy goes into 
this motion. All the energy that does not eventually go into per- 
manently deforming the fibers ends up as thermal energy. 

Figure 16-50b is a graph of speed v versus time ¢ for a 
bullet of mass 10.2 g fired from a .38 Special revolver directly 
into body armor. The scales of the vertical and horizontal axes 
are set by v, = 300 m/s and ¢, = 40.0 ps. Take v; = 2000 m/s, 
and assume that the half-angle 6 of the conical dent is 60°. At 
the end of the collision, what are the radii of (a) the thinned 
region and (b) the dent (assuming that the person wearing the 
armor remains stationary)? == 


83 (a) What is the fastest transverse wave that can be sent 
along a steel wire? For safety reasons, the maximum tensile 
stress to which steel wires should be subjected is 7.00 x 108 
N/m”. The density of steel is 7800 kg/m. (b) Does your answer 
depend on the diameter of the wire? 


84 (a) Write an equation describing a sinusoidal transverse 
wave traveling on a cord in the positive direction of a y axis 
with an angular wave number of 60 cm™!, a period of 0.20s, 
and an amplitude of 3.0 mm. Take the transverse direction to 
be the z direction. (b) What is the maximum transverse speed 
of a point on the cord? 


85 A wave on astring is described by 
y(x, t) = 15.0 sin(ax/8 — 4a), 


where x and y are in centimeters and ¢ is in seconds. (a) What 
is the transverse speed for a point on the string at x = 6.00 
cm when t = 0.250 s? (b) What is the maximum transverse 
speed of any point on the string? (c) What is the magnitude of 
the transverse acceleration for a point on the string at x = 6.00 
cm when t = 0.250 s? (d) What is the magnitude of the maxi- 
mum transverse acceleration for any point on the string? 


86 A standing wave results from the sum of two transverse 
traveling waves given by 


y, = 0.050 cos(ax — 4) 
and y2 = 0.050 cos(ax + 4a), 


where x, y,, and y, are in meters and fis in seconds. (a) What is 
the smallest positive value of x that corresponds to a node? 
Beginning at t = 0, what is the value of the (b) first, (c) second, 
and (d) third time the particle at x = 0 has zero velocity? 


87 In a demonstration, a 1.2 kg horizontal rope is fixed in 
place at its two ends (x = 0 and x = 2.0 m) and made to oscil- 
late up and down in the fundamental mode, at frequency 
5.0 Hz. At t = 0, the point at x = 1.0m has zero displacement 
and is moving upward in the positive direction of a y axis with a 
transverse velocity of 5.0 m/s. What are (a) the amplitude of the 
motion of that point and (b) the tension in the rope? (c) Write 
the standing wave equation for the fundamental mode. ssm 


88 A certain transverse sinusoidal wave of wavelength 20 cm 
is moving in the positive direction of an x axis. The transverse ve- 
locity of the particle at x = 0 as a function of time is shown in Fig. 


16-51, where the scale of the verti- 
cal axis is set by u, = 5.0 cm/s. 
What are the (a) wave speed, 
(b) amplitude, and (c) frequency? 
(d) Sketch the wave between x = 
Oand x = 20 cmatt = 2.0s. 


u (cm/s) 





FIG. 16-51 Problem 88. 


89 The type of rubber band used inside some baseballs and 
golf balls obeys Hooke’s law over a wide range of elongation 
of the band. A segment of this material has an unstretched 
length € and a mass m. When a force F is applied, the band 
stretches an additional length Af. (a) What is the speed (in 
terms of m, Af, and the spring constant k) of transverse waves 
on this stretched rubber band? (b) Using your answer to (a), 
show that the time required for a transverse pulse to travel the 
length of the rubber band is proportional to 1/VA@ if Af « € 
and is constantifAf > €. ssm 


90 ‘Two waves, 
y, = (2.50 mm) sin[(25.1 rad/m)x — (440 rad/s)z] 
and yy = (1.50 mm) sin[(25.1 rad/m)x + (440 rad/s)¢], 


travel along a stretched string. (a) Plot the resultant wave as 
a function of t for x = 0, A/8, A/4, 3A/8, and A/2, where A is the 
wavelength. The graphs should extend from t = 0 to a little 
over one period. (b) The resultant wave is the superposition of 
a Standing wave and a traveling wave. In which direction does 
the traveling wave move? (c) How can you change the origi- 
nal waves so the resultant wave is the superposition of stand- 
ing and traveling waves with the same amplitudes as before 
but with the traveling wave moving in the opposite direction? 
Next, use your graphs to find the place at which the oscillation 
amplitude is (d) maximum and (e) minimum. (f) How is the 
maximum amplitude related to the amplitudes of the original 
two waves? (¢) How is the minimum amplitude related to the 
amplitudes of the original two waves? 


91 Two waves are described by 
y, = 0.30 sin[ 7(5x — 200)¢] 


and yz = 0.30 sin[ (5x — 200t) + 77/3], 


where y,, y2, and x are in meters and f is in seconds. When 
these two waves are combined, a traveling wave is produced. 
What are the (a) amplitude, (b) wave speed, and (c) wave- 
length of that traveling wave? 


92 The speed of electromagnetic waves (which include 
visible light, radio, and x rays) in vacuum is 3.0 X 10° m/s. 
(a) Wavelengths of visible light waves range from about 
400 nm in the violet to about 700 nm in the red. What is the 
range of frequencies of these waves? (b) The range of fre- 
quencies for shortwave radio (for example, FM radio and VHF 
television) is 1.5 to 300 MHz. What is the corresponding wave- 
length range? (c) X ray wavelengths range from about 5.0 nm to 
about 1.0 X 10° nm. What is the frequency range for x rays? 


93 A traveling wave on a string is described by 


t x 
= 2.0 sin| 27 | ——— + — 
y sin) (a5 *)| 


where x and y are in centimeters and f¢ is in seconds. (a) For t = 0, 
plot y as a function of x for 0 = x = 160 cm. (b) Repeat (a) for ¢ = 
0.05 s and t = 0.10s. From your graphs, determine (c) the wave 
speed and (d) the direction in which the wave is traveling. 








Echoes can be enchanting in certain outdoor settings and annoying in 
rooms where they make speech unintelligible, but they always mimic 
the source of the sound. For example, the sound of a handclap returns 
as the sound of a handclap. However, an echo in front of these steps up 
the side of a pyramid in the Mayan ruins at Chichen Itza, Mexico, is 
remarkably different because the handclap returns as a musical note 


descending in frequency. 





The answer is in this chapter. 
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FIG. 17-1 A loggerhead turtle is 
being checked with ultrasound 
(which has a frequency above your 
hearing range); an image of its 
interior is being produced on a 
monitor off to the right. (Mauro 
Fermariello/SPL/Photo Researchers) 
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FIG. 17-2. A sound wave travels 
from a point source S through a 
three-dimensional medium. The 
wavefronts form spheres centered on 
S; the rays are radial to S. The short, 
double-headed arrows indicate that 
elements of the medium oscillate 
parallel to the rays. 








17-1 WHAT IS PHYSICS? 





The physics of sound waves is the basis of countless studies in the research 
journals of many fields. Here are just a few examples. Some physiologists are 
concerned with how speech is produced, how speech impairment might be 
corrected, how hearing loss can be alleviated, and even how snoring is produced. 
Some acoustic engineers are concerned with improving the acoustics of cathe- 
drals and concert halls, with reducing noise near freeways and road construc- 
tion, and with reproducing music by speaker systems. Some aviation engineers 
are concerned with the shock waves produced by supersonic aircraft and the air- 
craft noise produced in communities near an airport. Some medical researchers 
are concerned with how noises produced by the heart and lungs can signal a 
medical problem in a patient. Some paleontologists are concerned with how 
a dinosaur’s fossil might reveal the dinosaur’s vocalizations. Some military 
engineers are concerned with how the sounds of sniper fire might allow a soldier 
to pinpoint the sniper’s location, and, on the gentler side, some biologists are 
concerned with how a cat purrs. Se 

To begin our discussion of the physics of sound, we must first answer the 
question “What are sound waves?” 


17-2 | Sound Waves 


As we saw in Chapter 16, mechanical waves are waves that require a material 
medium to exist. There are two types of mechanical waves: Transverse waves 
involve oscillations perpendicular to the direction in which the wave travels: 
longitudinal waves involve oscillations parallel to the direction of wave travel. 

In this book, a sound wave is defined roughly as any longitudinal wave. 
Seismic prospecting teams use such waves to probe Earth’s crust for oil. Ships 
carry sound-ranging gear (sonar) to detect underwater obstacles. Submarines 
use sound waves to stalk other submarines, largely by listening for the charac- 
teristic noises produced by the propulsion system. Figure 17-1 suggests how 
sound waves can be used to explore the soft tissues of an animal or human body. 
In this chapter we shall focus on sound waves that travel through the air and that 
are audible to people. 

Figure 17-2 illustrates several ideas that we shall use in our discussions. 
Point S represents a tiny sound source, called a point source, that emits sound 
waves in all directions. The wavefronts and rays indicate the direction of travel 
and the spread of the sound waves. Wavefronts are surfaces over which the 
oscillations due to the sound wave have the same value; such surfaces are repre- 
sented by whole or partial circles in a two-dimensional drawing for a point 
source. Rays are directed lines perpendicular to the wavefronts that indicate the 
direction of travel of the wavefronts. The short double arrows superimposed on 
the rays of Fig. 17-2 indicate that the longitudinal oscillations of the air are 
parallel to the rays. 

Near a point source like that of Fig. 17-2, the wavefronts are spherical and 
spread out in three dimensions, and there the waves are said to be spherical. As 
the wavefronts move outward and their radii become larger, their curvature 
decreases. Far from the source, we approximate the wavefronts as planes (or lines 
on two-dimensional drawings), and the waves are said to be planar. 
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The speed of any mechanical wave, transverse or longitudinal, depends on both an 
inertial property of the medium (to store kinetic energy) and an elastic property of 


the medium (to store potential energy). Thus, we can generalize Eq. 16-26, which 
gives the speed of a transverse wave along a stretched string, by writing 


me = fs | GENE property | (17-1) 
be inertial property 
where (for transverse waves) 7 is the tension in the string and yp is the string’s 
linear density. If the medium is air and the wave is longitudinal, we can guess 
that the inertial property, corresponding to p, is the volume density p of air. 
What shall we put for the elastic property? 

In a stretched string, potential energy is associated with the periodic stretching 
of the string elements as the wave passes through them. As a sound wave passes 
through air, potential energy is associated with periodic compressions and expan- 
sions of small volume elements of the air. The property that determines the extent 


to which an element of a medium changes in volume when the pressure (force per 
unit area) on it changes is the bulk modulus B, defined (from Eq. 12-25) as 


AE Ay 
AVIV 





(definition of bulk modulus). (17-2) 


Here AV/V is the fractional change in volume produced by a change in pressure 
Ap. As explained in Section 14-3, the SI unit for pressure is the newton per square 
meter, which is given a special name, the pascal (Pa). From Eq. 17-2 we see that 
the unit for B is also the pascal. The signs of Ap and AV are always 
opposite: When we increase the pressure on an element (Ap is positive), its vol- 
ume decreases (AV is negative). We include a minus sign in Eq. 17-2 so that B is 
always a positive quantity. Now substituting B for 7 and p for w in Eq. 17-1 yields 


| | B 
v= V— (speed of sound) (17-3) 
p 


as the speed of sound in a medium with bulk modulus B and density p.'Table 17-1 
lists the speed of sound in various media. 

The density of water is almost 1000 times greater than the density of air. 
If this were the only relevant factor, we would expect from Eq. 17-3 that the 
speed of sound in water would be considerably less than the speed of sound in air. 
However, Table 17-1 shows us that the reverse is true. We conclude (again from Eq. 
17-3) that the bulk modulus of water must be more than 1000 times greater than that 
of air. This is indeed the case. Water is much more incompressible than air, which 
(see Eq. 17-2) is another way of saying that its bulk modulus is much greater. 


Formal Derivation of Eq. 17-3 


We now derive Eq. 17-3 by direct application of Newton’s laws. Let a single 
pulse in which air is compressed travel (from right to left) with speed v through 
the air in a long tube, like that in Fig. 16-2. Let us run along with the pulse at 
that speed, so that the pulse appears to stand still in our reference frame. Figure 
17-3a shows the situation as it is viewed from that frame. The pulse is standing 
still, and air is moving at speed v through it from left to right. 

Let the pressure of the undisturbed air be p and the pressure inside the 
pulse be p + Ap, where Ap is positive due to the compression. Consider an element 
of air of thickness Ax and face area A, moving toward the pulse at speed v. As this 
element enters the pulse, the leading face of the element encounters a region of 
higher pressure, which slows the element to speed v + Av, in which Av is negative. 
This slowing is complete when the rear face of the element reaches the pulse, which 
requires time interval 

At = Ee (17-4) 


Vv 
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The Speed of Sound? 

Medium Speed (m/s) 
Gases 

Air (0°C) 3a 
Air (20°C) 343 
Helium 965 
Hydrogen 1284 
Liquids 

Water (0°C) 1402 
Water (20°C) 1482 
Seawater’ 1522 
Solids 

Aluminum 6420 
Steel 5941 
Granite 6000 


“At 0°C and 1 atm pressure, except 
where noted. 


>At 20°C and 3.5% salinity. 
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FIG. 17-3. A compression 
pulse is sent from right to left 
down a long air-filled tube. 

The reference frame of the 
figure is chosen so that the 
pulse is at rest and the air 
moves from left to right. (a) An 
element of air of width Ax 
moves toward the pulse with 
speed v. (b) The leading face of 
the element enters the pulse. 
The forces acting on the leading 
and trailing faces (due to air 
pressure) are shown. 





Let us apply Newton’s second law to the element. During Af, the average 
force on the element’s trailing face is pA toward the right, and the average force 
on the leading face is (p + Ap)A toward the left (Fig. 17-3b). Therefore, the 
average net force on the element during At is 


F=pA— (p+ Ap)A 
=—ApA (net force). (17-5) 
The minus sign indicates that the net force on the air element is directed to the 


left in Fig. 17-35. The volume of the element is A Ax, so with the aid of Eq. 17-4, 
we can write its mass as 


Am = pAV = pA Ax = pAvAt (mass). (17-6) 
The average acceleration of the element during Ar is 
A 
a= es (acceleration). (17-7) 


Thus, from Newton’s second law (F = ma), we have, from Eqs. 17-5, 17-6, 
and 17-7, 


—Ap A = (pAv At) = 


which we can write as 
__Ap 
Av/v- 


pv? = 





(17-8) 
The air that occupies a volume V (= Av At) outside the pulse is compressed by an 
amount AV (= A Av Af) as it enters the pulse. Thus, 
AV AAvAt_ Av 
Vo AVA ve 
Substituting Eq. 17-9 and then Eq. 17-2 into Eq. 17-8 leads to 
Ap Ap 


—_ 1 -_ = = — B 
a Aviv AV/V 


(17-9) 








Solving for v yields Eq. 17-3 for the speed of the air toward the right in Fig. 17-3, 
and thus for the actual speed of the pulse toward the left. 


Sample Problem rae 


When a sound pulse, as from a handclap, is produced at (Fig. 17-4b). The depth and height of the steps are d = 
the foot of the stairs at the Mayan pyramid shown in the 0.263 m, and the speed of sound is 343 m/s. The paths 
chapter’s opening photograph, the sound waves reflect taken by the sound waves to and from the steps near the 
from the steps in succession, the closest (lowest) one bottom of the stairs are approximately horizontal. The 
first (Fig. 17-4a) and the farthest (highest) one last slanted paths taken by the sound waves to and from the 


steps near the top are approximately 45° to the horizon- 
tal. At what frequency f,,,; do the echo pulses arrive at 
the listener from the bottom steps? At what frequency fio, 
do they arrive from the top steps a short time later? << me 


fata (1) The frequency f at which the pulses re- 


turn to the listener is the inverse of the time At between 
successive pulses. (2) The time interval At required by 
sound to travel a given distance L is related to the speed 
of sound v by v = L/At. 


Calculations: In Fig. 17-4a at the bottom of the stairs, 
the sound wave that reflects from the higher step travels 
a distance L = 2d more than the sound wave that re- 
flects from the lower step. (The higher wave must travel 
twice across the step’s depth.) So, the arrivals of the echo 
pulses at the listener are separated by the time interval 





i, 2d 
Atho = — = a (17-10) 
2(0.263 m) 
reer 1/533: 10s: 
ae 1533) 10's 
The frequency f,,,, at which the pulses arrive at the listener is 
1 
= 17-11 
Jes Atpot ( ) 
PO soemeriens erway 652 H (A ) 
aries Or eee =e 


The time interval At,,; is too short for a listener to dis- 
tinguish the individual pulses. Instead, the frequency fi, 
is brought to consciousness— the listener hears a musi- 
cal note of frequency 652 Hz. 

In Fig. 17-45 at the top of the stairs, the slanted ap- 
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(a) (0) 


FIG. 17-4 Sound waves reflect from (a) the bottom steps and 
(b) the top steps of a tall flight of stairs. 


proach and return of the sound waves means that the 
wave reflected from the higher step travels a distance 
L = 2\2d more than the wave that reflects from the 
lower step. (The travel is twice along the hypotenuse of 
a right triangle with equal legs of length d.) So, now the 
arrivals of the echo pulses at the listener are separated 
by the time interval 








ie 2\2d 
Atop === \2 (ie 
v v 
2\\2(0.263 m) 
SS nnn = 2.168 X 10? 
343 m/s aes 
and the frequency that is brought to consciousness is 
1 
Fp - Atop 
See eee 461 Hz (Answer) 
~ 2.168 X 10-35 : a 


Thus, a handclap in front of the stairs produces an echo 
that begins with a frequency of 652 Hz and ends with a 
frequency of 461 Hz. You might be able to hear such a 
musical echo from other stairs or even from a picket 
fence if you stand alongside it. 


Here we examine the displacements and pressure variations associated with a 
sinusoidal sound wave traveling through air. Figure 17-5a displays such a wave 
traveling rightward through a long air-filled tube. Recall from Chapter 16 that 


Compression 





FIG. 17-5 (a) A sound wave, traveling through a -étanadteendcaannte nested ante ciancncnt 


long air-filled tube with speed v, consists of a 
moving, periodic pattern of expansions and 
compressions of the air. The wave is shown at an 
arbitrary instant. (b) A horizontally expanded 
view of a short piece of the tube. As the wave 
passes, an air element of thickness Ax oscillates 
left and right in simple harmonic motion about its 
equilibrium position. At the instant shown in (b), 
the element happens to be displaced a distance s 
to the right of its equilibrium position. Its 
maximum displacement, either right or left, is s,,,. 


Expansion 
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= Oscillating fluid element 
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Displacement 


(a) 5(x, 8) = Say cos(Rkx — we) 


Displacement Oscillating 
amplitude corm 


(dD) Ap(x,f) = Ap, sin(kx — ot) 


‘ os amplitude 


Pressure variation 


FIG. 17-6 (a) The displacement 
function and (b) the pressure-varia- 
tion function of a traveling sound 
wave consist of an amplitude and an 
oscillating term. 





FIG. 17-7 (a) A plot of the displace- 
ment function (Eq. 17-13) for t = 0. 
(b) A similar plot of the pressure- 
variation function (Eq. 17-14). Both 
plots are for a 1000 Hz sound wave 
whose pressure amplitude is at the 
threshold of pain; see Sample 
Problem 17-2. 


we can produce such a wave by sinusoidally moving a piston at the left end of 
the tube (as in Fig. 16-2). The piston’s rightward motion moves the element of 
air next to the piston face and compresses that air; the piston’s leftward motion 
allows the element of air to move back to the left and the pressure to decrease. 
As each element of air pushes on the next element in turn, the right—left motion 
of the air and the change in its pressure travel along the tube as a sound wave. 

Consider the thin element of air of thickness Ax shown in Fig. 17-5b. As the 
wave travels through this portion of the tube, the element of air oscillates left 
and right in simple harmonic motion about its equilibrium position. Thus, the 
oscillations of each air element due to the traveling sound wave are like those of 
a string element due to a transverse wave, except that the air element oscillates 
longitudinally rather than transversely. Because string elements oscillate parallel 
to the y axis, we write their displacements in the form y(x, ft). Similarly, because 
air elements oscillate parallel to the x axis, we could write their displacements in 
the confusing form x(x, t), but we shall use s(x, t) instead. 

To show that the displacements s(x, ft) are sinusoidal functions of x and f, 
we can use either a sine function or a cosine function. In this chapter we use 
a cosine function, writing 


5(X, t) = S Cos(kx — at). (17-13) 


Figure 17-6a labels the various parts of this equation. In it, s,, is the displacement 
amplitude — that is, the maximum displacement of the air element to either side 
of its equilibrium position (see Fig. 17-55). The angular wave number k, angular 
frequency w, frequency f, wavelength A, speed v, and period T for a sound 
(longitudinal) wave are defined and interrelated exactly as for a transverse 
wave, except that A is now the distance (again along the direction of travel) in 
which the pattern of compression and expansion due to the wave begins to 
repeat itself (see Fig. 17-5a). (We assume s,, is much less than A.) 

As the wave moves, the air pressure at any position x in Fig. 17-5a varies 
sinusoidally, as we prove next. To describe this variation we write 


Ap(x, t) = Ap,, sin(kx — at). (17-14) 


Figure 17-6b labels the various parts of this equation. A negative value of Ap in 
Fq. 17-14 corresponds to an expansion of the air, and a positive value to a com- 
pression. Here Ap,, is the pressure amplitude, which is the maximum increase or 
decrease in pressure due to the wave; Ap,, is normally very much less than the 
pressure p present when there is no wave. As we shall prove, the pressure ampli- 
tude Ap,, is related to the displacement amplitude s,, in Eq. 17-13 by 


AP m = (VpH)Sy- (17-15) 


Figure 17-7 shows plots of Eqs. 17-13 and 17-14 at t= 0; with time, the 
two curves would move rightward along the horizontal axes. Note that the 
displacement and pressure variation are 7/2 rad (or 90°) out of phase. Thus, for 
example, the pressure variation Ap at any point along the wave is zero when the 
displacement there is a maximum. 


CHECKPOINT 1 When the oscillating air element in Fig. 17-55 is moving 
rightward through the point of zero displacement, is the pressure in the element at its 
equilibrium value, just beginning to increase, or just beginning to decrease? 


Derivation of Eqs. 17-14 and 17-15 


Figure 17-55 shows an oscillating element of air of cross-sectional area A and 
thickness Ax, with its center displaced from its equilibrium position by 
distance s. From Eq. 17-2 we can write, for the pressure variation in the dis- 


placed element, 


AV 
Ap = —B—. (17-16) 
V 
The quantity V in Eq. 17-16 is the volume of the element, given by 
V=AAx. (17-17) 


The quantity AV in Eq. 17-16 is the change in volume that occurs when the 
element is displaced. This volume change comes about because the displace- 
ments of the two faces of the element are not quite the same, differing by some 
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amount As. Thus, we can write the change in volume as 


(17-18) 


AV=AAs. 
Substituting Eqs. 17-17 and 17-18 into Eq. 17-16 and passing to the differen- 
tial limit yield 
As Os 
ApS 3B = Bb 
= Ax Ox 


(17-19) 


The symbols 0 indicate that the derivative in Eq. 17-19 is a partial derivative, 
which tells us how s changes with x when the time ¢ is fixed. From Eq. 17-13 we 


then have, treating ¢ as a constant, 


Os 
Ox Ox 


0 
— = —|s,,cos(kx — wt)] = —ks,,sin(kx — at). 


Substituting this quantity for the partial derivative in Eq. 17-19 yields 


Ap = Bks,, sin(kx — at). 


Setting Ap,, = Bks,,, this yields Eq. 17-14, which we set out to prove. 


Using Eq. 17-3, we can now write 


AD m = (BK)Sm = (V°pk)Sm: 


Equation 17-15, which we also wanted to prove, follows at once if we substitute 


w/v for k from Eq. 16-13. 


Sample Problem Eres 


The maximum pressure amplitude Ap,, that the human 
ear can tolerate in loud sounds is about 28 Pa (which is 
very much less than the normal air pressure of about 
10° Pa). What is the displacement amplitude s,, for such a 
sound in air of density p = 1.21 kg/m°, at a frequency of 
1000 Hz and a speed of 343 m/s? 


cei The displacement amplitude s,, of a sound 


wave is related to the pressure amplitude Ap,, of the 
wave according to Eq. 17-15. 


Calculations: Solving that equation for s,, yields 


— APm _ — APm _ 


Sm = = 


vow = vp(27f) 
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Substituting known data then gives us 

= 28 Pa 
(343 m/s)(1.21 kg/m°)(27r)(1000 Hz) | 

pel. lie Ome nan = ALi soni, 


Sim 


(Answer) 


That is only about one-seventh the thickness of this 
page. Obviously, the displacement amplitude of even 
the loudest sound that the ear can tolerate is very 
small. 

The pressure amplitude Ap,, for the faintest de- 
tectable sound at 1000 Hz is 2.8 X 107° Pa. Proceeding 
as above leads to s,, = 1.1 X 10°" m or 11 pm, which is 
about one-tenth the radius of a typical atom. The ear is 
indeed a sensitive detector of sound waves. 


Like transverse waves, sound waves can undergo interference. Let us consider, 
in particular, the interference between two identical sound waves traveling in 
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Ly P 


S} 


S, 
FIG. 17-8 Two point sources S$, and 
S> emit spherical sound waves in 
phase. The rays indicate that the 


waves pass through a common point P. 


the same direction. Figure 17-8 shows how we can set up such a situation: Two 
point sources S; and S, emit sound waves that are in phase and of identical 
wavelength A. Thus, the sources themselves are said to be in phase; that is, as 
the waves emerge from the sources, their displacements are always identical. 
We are interested in the waves that then travel through point P in Fig. 17-8. We 
assume that the distance to P is much greater than the distance between the 
sources so that we can approximate the waves as traveling in the same direc- 
tion at P. 

If the waves traveled along paths with identical lengths to reach point P, 
they would be in phase there. As with transverse waves, this means that they 
would undergo fully constructive interference there. However, in Fig. 17-8, path 
L, traveled by the wave from S) is longer than path L, traveled by the wave from 
S,. The difference in path lengths means that the waves may not be in 
phase at point P. In other words, their phase difference ¢@ at P depends on their 
path length difference AL = |L, — L,|. 

To relate phase difference ¢ to path length difference AL, we recall (from 
Section 16-4) that a phase difference of 27 rad corresponds to one wavelength. 
Thus, we can write the proportion 


pb AL 
—— SS 17-20 
27 A? ( ) 
from which 
AL 
bd = =o 27. (17-21) 


Fully constructive interference occurs when @ is zero, 27, or any integer multiple 
of 27. We can write this condition as 


db = m(27), form =0,1,2,... (fully constructive interference). (17-22) 
From Eq. 17-21, this occurs when the ratio AL/A is 
AL 
Tage ey 1 (fully constructive interference). (17-23) 


For example, if the path length difference AL = IL, — L,I in Fig. 17-8 is equal 
to 2A, then AL/A = 2 and the waves undergo fully constructive interference at 
point P. The interference is fully constructive because the wave from S, is phase- 
shifted relative to the wave from S, by 2A, putting the two waves exactly in phase 
at P. 

Fully destructive interference occurs when @ is an odd multiple of 7, a con- 
dition we can write as 


db = (2m + 1)z, form =0,1,2,... (fully destructive interference). (17-24) 
From Eq. 17-21, this occurs when the ratio AL/) is 

AL 

ace AMS oe 8, Ke a (fully destructive interference). (17-25) 


For example, if the path length difference AL = |L, — L,| in Fig. 17-8 is equal to 
2.54, then AL/A = 2.5 and the waves undergo fully destructive interference at 
point P. The interference is fully destructive because the wave from 5, is phase- 
shifted relative to the wave from S, by 2.5 wavelengths, which puts the two waves 
exactly out of phase at P. 

Of course, two waves could produce intermediate interference as, say, when 
AL/A = 1.2. This would be closer to fully constructive interference (AL/A = 1.0) 
than to fully destructive interference (AL/A = 1.5). 


17-3 


In Fig. 17-9a, two point sources S$, and S,, which are in 
phase and separated by distance D = 1.5A, emit identi- 
cal sound waves of wavelength A. 


(a) What is the path length difference of the waves from 
S; and S, at point P,;, which lies on the perpendicular bi- 
sector of distance D, at a distance greater than D from 
the sources? What type of interference occurs at P,? 


Reasoning: Because the waves travel identical dis- 
tances to reach P,, their path length difference is 

AL = 0. (Answer) 
From Eq. 17-23, this means that the waves undergo fully 
constructive interference at P,. 


(b) What are the path length difference and type of in- 
terference at point P, in Fig. 17-9a? 


Reasoning: The wave from S, travels the extra distance 
D (= 1.5A) to reach P. Thus, the path length difference is 


AL = 1.5A. 


From Eq. 17-25, this means that the waves are exactly 
out of phase at P, and undergo fully destructive inter- 
ference there. 


(Answer) 


(c) Figure 17-9b shows a circle with a radius much greater 
than D, centered on the midpoint between sources S, 
and S,. What is the number of points N around this circle 
at which the interference is fully constructive? 


Reasoning: Imagine that, starting at point a, we move 
clockwise along the circle to point d. As we move to 
point d, the path length difference AL increases and so 
the type of interference changes. From (a), we know 
that the path length difference is AL = OA at point a. 
From (b), we know that AL = 1.5A at point d. Thus, 
there must be one point along the circle between a and 
d at which AL = 4, as indicated in Fig. 17-9b. From Eq. 
17-23, fully constructive interference occurs at that 
point. Also, there can be no other point along the way 


17-6 | Intensity and Sound Level 


17-6 | Intensity and Sound Level 








(0) 
FIG. 17-9 (a) Two point sources S; and S,, separated by 
distance D, emit spherical sound waves in phase. The waves 
travel equal distances to reach point P). Point P, is on the line 
extending through S; and S). (b) The path length difference 
(in terms of wavelength) between the waves from S; and S$, at 
eight points on a large circle around the sources. 


from point a to point d at which fully constructive inter- 
ference occurs, because there is no other integer than 1 
between 0 and 1.5. 

We can now use symmetry to locate the other 
points of fully constructive interference along the rest 
of the circle. Symmetry about line cd gives us point D, at 
which AL = OA. Also, there are three more points at 
which AL = X. In all we have 


N= 6. (Answer) 





If you have ever tried to sleep while someone played loud music nearby, you are 
well aware that there is more to sound than frequency, wavelength, and speed. 
There is also intensity. The intensity / of a sound wave at a surface is the average 
rate per unit area at which energy is transferred by the wave through or onto the 
surface. We can write this as 
P 

z A? (17-26) 
where P is the time rate of energy transfer (the power) of the sound wave and 
A is the area of the surface intercepting the sound. As we shall derive shortly, the 
intensity /is related to the displacement amplitude s,, of the sound wave by 


I = Spvars?,. (17-27) 
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Sound can cause the wall of a 
drinking glass to oscillate. If the 
sound produces a standing wave of 
oscillations and if the intensity of 
the sound is large enough, the glass 
will shatter. (Ben Rose/The Image 
Bank/Getty Images) 


FIG. 17-10 A point source S emits 
sound waves uniformly in all direc- 
tions. The waves pass through an 
imaginary sphere of radius r that is 
centered on S. 


Variation of Intensity with Distance 


How intensity varies with distance from a real sound source is often complex. Some 
real sources (like loudspeakers) may transmit sound only in particular 
directions, and the environment usually produces echoes (reflected sound 
waves) that overlap the direct sound waves. In some situations, however, we can ig- 
nore echoes and assume that the sound source is a point source that emits the sound 
isotropically — that is, with equal intensity in all directions. The wavefronts spreading 
from such an isotropic point source S at a particular instant are shown in Fig. 17-10. 

Let us assume that the mechanical energy of the sound waves is conserved 
as they spread from this source. Let us also center an imaginary sphere of radius 
r on the source, as shown in Fig. 17-10. All the energy emitted by the source 
must pass through the surface of the sphere. Thus, the time rate at which energy 
is transferred through the surface by the sound waves must equal the time rate 
at which energy is emitted by the source (that is, the power P, of the source). 
From Eq. 17-26, the intensity / at the sphere must then be 


P, 
r= (17-28) 


Aor2’ 





where 47r” is the area of the sphere. Equation 17-28 tells us that the intensity of 
sound from an isotropic point source decreases with the square of the distance r 
from the source. 


CHECKPOINT 2 The figure indicates three small 

patches 1, 2, and 3 that lie on the surfaces of two imaginary 

spheres; the spheres are centered on an isotropic point , 

source S of sound. The rates at which energy is transmitted /. 
through the three patches by the sound waves are equal. | | es 
Rank the patches according to (a) the intensity of the sound \ ¥ f 
on them and (b) their area, greatest first. x ~~ 





The Decibel Scale 
You saw in Sample Problem 17-2 that the displacement amplitude at the human 
ear ranges from about 10°° m for the loudest tolerable sound to about 10°'! m 
for the faintest detectable sound, a ratio of 10°. From Eq. 17-27 we see that the 
intensity of a sound varies as the square of its amplitude, so the ratio of intensi- 
ties at these two limits of the human auditory system is 10'*. Humans can hear 
over an enormous range of intensities. 

We deal with such an enormous range of values by using logarithms. 
Consider the relation 





y = logx, 
in which x and y are variables. It is a property of this equation that if we multiply 
x by 10, then y increases by 1. To see this, we write 
y’' = log(10x) = log 10+ logx =1 + y. 


Similarly, if we multiply x by 10”, y increases by only 12. 
Thus, instead of speaking of the intensity / of a sound wave, it is much more 
convenient to speak of its sound level , defined as 


8 = (10 dB) log — (17-29) 
0 


Here dB is the abbreviation for decibel, the unit of sound level, a name that was 
chosen to recognize the work of Alexander Graham Bell. J) in Eq. 17-29 is a 
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standard reference intensity (= 107! W/m’), chosen because it is near the lower 





limit of the human range of hearing. For [ = Jp, Eq. 17-29 gives B= 10 log 1 = 0, Gomme sound bevels (dB) 
so our standard reference level corresponds to zero decibels. Then P increases ee ieee eee enemas 
by 10 dB every time the sound intensity increases by an order of magnitude (a fac- Hearing threshold 0 
tor of 10). Thus, 6 = 40 corresponds to an intensity that is 10* times the standard Rustle of leaves 10 
reference level. Table 17-2 lists the sound levels for a variety of environments. Conversation 60 
Rock concert 110 
Derivation of Eq. 17-27 Pain threshold 120 
Jet engine 130 


Consider, in Fig. 17-5a, a thin slice of air of thickness dx, area A, and mass dm, 
oscillating back and forth as the sound wave of Eq. 17-13 passes through it. The 
kinetic energy dK of the slice of air is 
dK = +dmv?. (17-30) 
Here v, is not the speed of the wave but the speed of the oscillating element of air, 
obtained from Eq. 17-13 as 
0 
v, = mos = —as,, sin(kx — at). 
Ot 


Using this relation and putting dm = pA dx allow us to rewrite Eq. 17-30 as 
dK = >(pA dx)(—as,,)° sin’(kx — ot). (17-31) 


Dividing Eq. 17-31 by dt gives the rate at which kinetic energy moves along with 
the wave. As we saw in Chapter 16 for transverse waves, dx/dt is the wave speed 


v,SO we have br 
ar spAvarss, sin’?(kx — wf). (17-32) 


The average rate at which kinetic energy is transported is 


dK 
() = 5pAveo’s?[sin’(kx — of)]ave 
Le 

= tpAvars?.. (17-33) 

To obtain this equation, we have used the fact that the average value of the 
square of a sine (or a cosine) function over one full oscillation is 7 

We assume that potential energy is carried along with the wave at this same 

average rate. The wave intensity J, which is the average rate per unit area at 


which energy of both kinds is transmitted by the wave, is then, from Eq. 17-33, 


-_ ee Sea, 


which is Eq. 17-27, the equation we set out to derive. 


Sample Problem Erze 


An electric spark jumps along a straight line of length FIG. 17-11 Aspark alonga 


L = 10m, emitting a pulse of sound that travels radi- straight line of length L emits 
ally outward from the spark. (The spark is said to be a sound waves radially outward. 
line source of sound.) The power of the emission is The waves pass through an 
P, = 1.6 X 10* W. imaginary cylinder of radius r 

and length L that is centered 
(a) What is the intensity J of the sound when it reaches on the spark. 


a distance r = 12 m from the spark? 


eto (1) Let us center an imaginary cylinder of where P is the time rate at which sound energy passes 


radius r= 12m and length L = 10m (open at both through the surface and A is the surface area. (2) We as- 
ends) on the spark, as shown in Fig. 17-11. Then the sume that the principle of conservation of energy applies 
intensity / at the cylindrical surface is the ratio P/A, to the sound energy. This means that the rate P at which 
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energy is transferred through the cylinder must equal 
the rate P, at which energy is emitted by the source. 


Calculations: Putting these ideas together and noting that 
the area of the cylindrical surface is A = 2arL, we have 
ee es 
A 2arL 
This tells us that the intensity of the sound from a line 
source decreases with distance r (and not with the 
square of distance r as for a point source). Substituting 
the given data, we find 


1.6 x 10¢°W 
27(12 m)(10 m) 
= 21.2 W/m? ~ 21 W/m. 





(17-34) 


= 


(Answer) 


(b) At what time rate P, is sound energy intercepted 
by an acoustic detector of area A, = 2.0 cm’, aimed at 
the spark and located a distance r= 12m from the 
spark? 


Calculations: We know that the intensity of sound at 
the detector is the ratio of the energy transfer rate P, 
there to the detector’s area Aj: 
Fi 
Aq 
We can imagine that the detector lies on the cylindrical 
surface of (a). Then the sound intensity at the detector 
is the intensity J (= 21.2 W/m?) at the cylindrical sur- 
face. Solving Eq. 17-35 for P, gives us 


P, = (21.2 W/m’)(2.0 X 1074 m?) = 4.2 mW. (Answer) 


I= (17-35) 


Sample Problem [eS 


Many veteran rockers suffer from acute hearing dam- 
age because of the high sound levels they endured for 
years while playing music near loudspeakers or listen- 
ing to music on headphones. Some, like Ted Nugent, can 
no longer hear in a damaged ear. Others, like Peter 
Townshend of the Who, have a continuous ringing sen- 
sation (tinnitus). Recently, many rockers, such as Lars 
Ulrich of Metallica (Fig. 17-12), began wearing special 
earplugs to protect their hearing during performances. 
If an earplug decreases the sound level of the sound 
waves by 20 dB, what is the ratio of the final ee fr 
of the waves to their initial intensity J;? 






For both the final and initial waves, the 
sound level 6 is related to the intensity by the definition 
of sound level in Eq. 17-29. 


Calculations: For the final waves we have 


Ir 
B; = (10 dB) log—, 
h 
and for the initial waves we have 


= (10 dB) log ai 
I 


The difference in the sound levels is 


I E 
By — B; = (10 dB) (iog _ loot) (17-36) 
0 
Using the identity 
C ad 
] = 108 = —— 
og — ; og e log be? 
we can rewrite Eq. 17-36 as 
I 
By — B; = (10 dB) log—- (17-37) 


FIG. 17-12 

Lars Ulrich of 
Metallica is an 
advocate for 
the organiza- 
tion HEAR 
(Hearing 
Education and 
Awareness for 
Rockers), which 
warns about the 
damage high 
sound levels 
can have on 
hearing. (Tim 
Mosenfelder/ 
Getty Images 
News and Sport 
Services) 





Rearranging and then substituting the given decrease in 


sound level as By — B; = —20 dB, we find 
LE Bre- B; —20 dB 
on — ee Z = Ci 
log I 10 dB 10 dB ne 


We next take the antilog of the far left and far right 
sides of this equation. (Although the antilog 107° can 
be evaluated mentally, you could use a calculator by 
keying in 10*-2.0 or using the 10* key.) We find 


a log! (—2.0) = 0.010. 
Thus, the earplug reduces the intensity of the sound 
waves to 0.010 of their initial intensity, which is a de- 
crease of two orders of magnitude. 


(Answer) 
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Musical sounds can be set up by oscillating strings (guitar, piano, violin), mem- 
branes (kettledrum, snare drum), air columns (flute, oboe, pipe organ, and the 
digeridoo of Fig. 17-13), wooden blocks or steel bars (marimba, xylophone), and 
many other oscillating bodies. Most common instruments involve more than a 
single oscillating part. te 

Recall from Chapter 16 that standing waves can be set up on a stretched 
string that is fixed at both ends. They arise because waves traveling along the 
string are reflected back onto the string at each end. If the wavelength of the 
waves is suitably matched to the length of the string, the superposition of waves 
traveling in opposite directions produces a standing wave pattern (or oscillation 
mode). The wavelength required of the waves for such a match is one that cor- 
responds to a resonant frequency of the string. The advantage of setting up 
standing waves is that the string then oscillates with a large, sustained amplitude, 
pushing back and forth against the surrounding air and thus generating a notice- 
able sound wave with the same frequency as the oscillations of the string. This 
production of sound is of obvious importance to, say, a guitarist. 

We can set up standing waves of sound in an air-filled pipe in a similar way. 
As sound waves travel through the air in the pipe, they are reflected at each end 
and travel back through the pipe. (The reflection occurs even if an end is open, 
but the reflection is not as complete as when the end is closed.) If the wavelength of 
the sound waves is suitably matched to the length of the pipe, the superposition of 
waves traveling in opposite directions through the pipe sets up a standing wave pat- 
tern. The wavelength required of the sound waves for such a match is one that cor- 
responds to a resonant frequency of the pipe. The advantage of such a standing 
wave is that the air in the pipe oscillates with a large, sustained amplitude, emitting 
at any open end a sound wave that has the same frequency as the oscillations in the 
pipe. This emission of sound is of obvious importance to, say, an organist. 

Many other aspects of standing sound wave patterns are similar to those of 
string waves: The closed end of a pipe is like the fixed end of a string in that 
there must be a node (zero displacement) there, and the open end of a pipe is 
like the end of a string attached to a freely moving ring, as in Fig. 16-215, in that 
there must be an antinode there. (Actually, the antinode for the open end of a 
pipe is located slightly beyond the end, but we shall not dwell on that detail.) 

The simplest standing wave pattern that can be set up in a pipe with two open 
ends is shown in Fig. 17-14a. There is an antinode across each open end, as 
required. There is also a node across the middle of the pipe. An easier way of 
representing this standing longitudinal sound wave is shown in Fig. 17-14b—by 
drawing it as a standing transverse string wave. 

The standing wave pattern of Fig. 17-14a is called the fundamental mode or 
first harmonic. For it to be set up, the sound waves in a pipe of length ZL must 
have a wavelength given by L = A/2, so that A = 2L. Several more standing 
sound wave patterns for a pipe with two open ends are shown in Fig. 17-15a 
using string wave representations. The second harmonic requires sound waves of 
wavelength A = L, the third harmonic requires wavelength A = 2L/3, and so on. 

More generally, the resonant frequencies for a pipe of length L with two 
open ends correspond to the wavelengths 


2L 


A= ae forn = 2.) 4 cel ao (17-38) 


where nis called the harmonic number. Letting v be the speed of sound, we write 
the resonant frequencies for a pipe with two open ends as 


Vv nv 


f= - == 


A ee LOK 71223) ieee, (17-39) 


(pipe, two open ends). 





FIG. 17-13 The air column within a 
digeridoo (“a pipe”) oscillates when 
the instrument is played. 

(Alamy Images) 





FIG. 17-14 (a) The simplest 
standing wave pattern of displacement 
for (Jongitudinal) sound waves in a 
pipe with both ends open has an 
antinode (A) across each end anda 
node (N) across the middle. (The 
longitudinal displacements repre- 
sented by the double arrows are 
greatly exaggerated.) (b) The 
corresponding standing wave pattern 
for (transverse) string waves. 
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Figure 17-15b shows (using string wave representations) some of the stand- 
ing sound wave patterns that can be set up in a pipe with only one open end. As 
required, across the open end there is an antinode and across the closed end 
there is a node. The simplest pattern requires sound waves having a wavelength 
given by L = A/4, so that A = 4L. The next simplest pattern requires a wave- 
length given by L = 3A/4,so that A = 4L/3, and so on. 

More generally, the resonant frequencies for a pipe of length L with only 
one open end correspond to the wavelengths 

A= = forn = 1,3,5,..., (17-40) 


in which the harmonic number n must be an odd number. The resonant frequen- 
cies are then given by 


f=—= a form H463, 54 =: (pipe, one open end). (17-41) 


Note again that only odd harmonics can exist in a pipe with one open end. For 
example, the second harmonic, with n = 2, cannot be set up in such a pipe. 
Note also that for such a pipe the adjective in a phrase such as “the third harmonic” 
FIG. 17-45 Standing wave patterns still refers to the harmonic number n (and not to, say, the third possible harmonic). 





for string waves superimposed on The length of a musical instrument reflects the range of frequencies over which 
pipes to represent standing sound the instrument is designed to function, and smaller length implies higher frequen- 
wave patterns in the pipes.(a) With —_—_ cies. Figure 17-16, for example, shows the saxophone and violin families, with their 
both ends of the pipe open, any frequency ranges suggested by the piano keyboard. Note that, for every instru- 


harmonic can be set up in the pipe. 
(65) With only one end open, only odd 
harmonics can be set up. 


ment, there is overlap with its higher- and lower-frequency neighbors. 

In any oscillating system that gives rise to a musical sound, whether it is a 
violin string or the air in an organ pipe, the fundamental and one or more of the 
higher harmonics are usually generated simultaneously. Thus, you hear them 
together — that is, superimposed as a net wave. When different instruments are 
played at the same note, they produce the same fundamental frequency but 
different intensities for the higher harmonics. For example, the fourth harmonic 
of middle C might be relatively loud on one instrument and relatively quiet or 
even missing on another. Thus, because different instruments produce different 
net waves, they sound different to you even when they are played at the same 
note. That would be the case for the two net waves shown in Fig. 17-17, which 
were produced at the same note by different instruments. 


CHECKPOINT 3 Pipe A, with length L, and pipe B, with length 2L, both 
have two open ends. Which harmonic of pipe B has the same frequency as the funda- 
mental of pipe A? 


_ Bass saxophone 









FIG. 17-16 The saxophone sy, | Baritone SaXO} hone 

and violin families, showing the @ i §s \@ Tenor saxophone 

relations between instrument Pe “on essa tlt Saxophone 

length and frequency range. : | ses Tiimemecoes Sei pHone 


The frequency range of each 
instrument is indicated by 

a horizontal bar along a 
frequency scale suggested by 
the keyboard at the bottom; 
the frequency increases toward 
the right. 


Ny 





—— ie 
Time 


FIG. 17-17 The wave forms pro- 
duced by (a) a flute and (b) an oboe 
Violin when played at the same note, with 


. Viola the same first harmonic frequency. 
7 § Cello 


> Bass 


Se ee ee eee eee 


Sample Problem Brey 


Weak background noises from a room set up the funda- 
mental standing wave in a cardboard tube of length L = 
67.0 cm with two open ends. Assume that the speed of 
sound in the air within the tube is 343 m/s. 


(a) What frequency do you hear from the tube? 


cory With both pipe ends open, we have a sym- 


metric situation in which the standing wave has an an- 
tinode at each end of the tube. The standing wave pat- 
tern (in string wave style) is that of Fig. 17-145. 





Calculation: The frequency is given by Eq. 17-39 with 
n = 1 for the fundamental mode: 

nv (1)(343 m/s) 

= Se ee = 20 Hz, 

2L-—-2(0.670 m) : 
If the background noises set up any higher harmonics, 
such as the second harmonic, you also hear frequencies 
that are integer multiples of 256 Hz. 


(Answer) 


(b) If you jam your ear against one end of the tube, 
what fundamental frequency do you hear from the 
tube? 


cory With your ear effectively closing one end 


of the tube, we have an asymmetric situation—an an- 
tinode still exists at the open end, but a node is now at 
the other (closed) end. The standing wave pattern is the 
top one in Fig. 17-15. 


Calculation: The frequency is given by Eq. 17-41 with 
n = 1 for the fundamental mode: 

nv (1)(343 m/s) 

= SS 8 

4L _-4(0.670 m) . 
If the background noises set up any higher harmonics, 
they will be odd multiples of 128 Hz. That means that 
the frequency of 256 Hz (which is an even multiple) 
cannot now occur. 


(Answer) 


17-8 | Beats 





If we listen, a few minutes apart, to two sounds whose frequencies are, say, 552 
and 564 Hz, most of us cannot tell one from the other. However, if the sounds 
reach our ears simultaneously, what we hear is a sound whose frequency is 
558 Hz, the average of the two combining frequencies. We also hear a striking 
variation in the intensity of this sound—zit increases and decreases in slow, 
wavering beats that repeat at a frequency of 12 Hz, the difference between the 
two combining frequencies. Figure 17-18 shows this beat phenomenon. Time 
Let the time-dependent variations of the displacements due to two sound 
waves of equal amplitude s,, be 





Sy = S,, COS wt and So = S,, COS Wot, (17-42) 
where w, > @. From the superposition principle, the resultant displacement is (c) 
_ _ FIG. 17-18 (a,b) The pressure vari- 
= 5, +5,= “| | 
Sy oar CONT COS1C7) ations Ap of two sound waves as they 
Using the trigonometric identity (see Appendix E) would be detected separately. The 
; 7 frequencies of the waves are nearly 
cos a + cos B = 2 cos[;(a@ — )]| cos[;(a + B)| equal. (c) The resultant pressure vari- 
allows us to write the resultant displacement as oo Feu Ocean ete cle 
simultaneously. 
s = 25, cos[3(@, — @)f] cos[3(w, + w>)f]. (17-43) 
If we write 
w' =3(@,—- @) and w= $(w@, + wo), (17-44) 
we can then write Eq. 17-43 as 
s(t) = [2s,, cos w't] cos at. (17-45) 


We now assume that the angular frequencies w, and w, of the combining 
waves are almost equal, which means that w > ow’ in Eq. 17-44. We can then 
regard Eq. 17-45 as a cosine function whose angular frequency is w and whose 
amplitude (which is not constant but varies with angular frequency w’) is the 
absolute value of the quantity in the brackets. 
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A maximum amplitude will occur whenever cos w’t in Eq. 17-45 has the 
value +1 or —1, which happens twice in each repetition of the cosine function. 
Because cos w’t has angular frequency w’, the angular frequency a.,, at which 


beats OCCUT 1S @.at = 


2w’. Then, with the aid of Eq. 17-44, we can write 


— (2)G)(@ — @) = @ — W». 


Because w = 27f, we can recast this as 


(pear ee 


(beat frequency). (17-46) 


Musicians use the beat phenomenon in tuning instruments. If an instru- 
ment is sounded against a standard frequency (for example, the note called 
“concert A” played on an orchestra’s first oboe) and tuned until the beat disap- 
pears, the instrument is in tune with that standard. In musical Vienna, concert A 
(440 Hz) is available as a telephone service for the city’s many musicians. 


Sample Problem eee 


When an emperor penguin returns from a search for 
food, how can it find its mate among the thousands of 
penguins huddled together for warmth in the harsh 
Antarctic weather? It is not by sight, because penguins 
all look alike, even to a penguin. 

The answer lies in the way penguins vocalize. Most 
birds vocalize by using only one side of their two-sided 
vocal organ, called the syrinx. Emperor penguins, 
however, vocalize by using both sides simultaneously. 
Each side sets up acoustic standing waves in the bird’s 
throat and mouth, much like in a pipe with two open 
ends. Suppose that the frequency of the first harmonic 
produced by side A is f4; = 432 Hz and the frequency 
of the first harmonic produced by side B is 
fe, = 371 Hz. What is the beat frequency between those 
two first-harmonic frequencies and between the two 
second-harmonic frequencies? : 


cry The beat frequency between two oa 


is their difference, as given by Eq. 17-46 (foeat = fi — fr). 


Calculations: For the two first-harmonic poi 
fa; and fp, the beat frequency is 


Weeset = fat — fri = 432 Hz — 371 Hz 
= 61 Hz. (Answer) 


Because the standing waves in the penguin are 
effectively in a pipe with two open ends, the resonant 
frequencies are given by Eq. 17-39 (f=nv/2L), in 
which L is the (unknown) length of the effective pipe. 
The first-harmonic frequency is f, =v/2L, and the 
second-harmonic frequency is f, = 2v/2L. Comparing 
these two frequencies, we see that, in general, 


to = 2f,. 


For the penguin, the second harmonic of side A has 
frequency f4, = 2f4, and the second harmonic of side B 
has frequency fp = 2f,. Using Eq. 17-46 with frequen- 
cies f4. and fg, we find that the corresponding beat fre- 
quency is 


Tee oe be ie 2fp1 
= 2(432 Hz) = CHEN Hz) 
= 122 Hz. (Answer) 


Experiments indicate that penguins can perceive such 
large beat frequencies (humans cannot). Thus, a pen- 
guin’s cry can be rich with different harmonics and dif- 
ferent beat frequencies, allowing the voice to be recog- 
nized even among the voices of thousands of other, 
closely huddled penguins. 


17-9 | The Doppler Effect 


A police car is parked by the side of the highway, sounding its 1000 Hz siren. If you 
are also parked by the highway, you will hear that same frequency. However, if there 
is relative motion between you and the police car, either toward or away from each 
other, you will hear a different frequency. For example, if you are driving toward the 
police car at 120 km/h (about 75 mi/h), you will hear a higher frequency (1096 Hz, an 
increase of 96 Hz). If you are driving away from the police car at that same SP you 
will hear a lower frequency (904 Hz, a decrease of 96 Hz). 

These motion-related frequency changes are examples of the Doppler effect. 
The effect was proposed (although not fully worked out) in 1842 by 
Austrian physicist Johann Christian Doppler. It was tested experimentally in 





1845 by Buys Ballot in Holland, “using a locomotive drawing an open car with 
several trumpeters.” 

The Doppler effect holds not only for sound waves but also for electromag- 
netic waves, including microwaves, radio waves, and visible light. Here, however, 
we shall consider only sound waves, and we shall take as a reference frame the 
body of air through which these waves travel. This means that we shall measure 
the speeds of a source S of sound waves and a detector D of those waves relative 
to that body of air. (Unless otherwise stated, the body of air is stationary relative 
to the ground, so the speeds can also be measured relative to the ground.) We 
shall assume that S and D move either directly toward or directly away from 
each other, at speeds less than the speed of sound. 

If either the detector or the source is moving, or both are moving, the emit- 
ted frequency f and the detected frequency f’ are related by 


I+ 


V V 
f= aaa (general Doppler effect), (17-47) 
asd aS: 


where v is the speed of sound through the air, vp is the detector’s speed relative 
to the air, and v, is the source’s speed relative to the air. The choice of plus or 
minus iene is set eis this rule: 








































































































In short, toward means ap up, and away means shift down. 

Here are some examples of the rule. If the detector moves toward the 
source, use the plus sign in the numerator of Eq. 17-47 to get a shift up in the 
frequency. If it moves away, use the minus sign in the numerator to get a shift 
down. If it is stationary, substitute 0 for vp. If the source moves toward the 
detector, use the minus sign in the denominator of Eq. 17-47 to get a shift up in 
the frequency. If it moves away, use the plus sign in the denominator to get 
a shift down. If the source is stationary, substitute 0 for vs. 

Next, we derive equations for the Doppler effect for the following two 
specific situations and then derive Eq. 17-47 for the general situation. 


1. When the detector moves relative to the air and the source is stationary relative 
to the air, the motion changes the frequency at which the detector intercepts 
wavefronts and thus changes the detected frequency of the sound wave. 


2. When the source moves relative to the air and the detector is stationary relative 
to the air, the motion changes the wavelength of the sound wave and thus 
changes the detected frequency (recall that frequency is related to wavelength). 


Detector Moving, Source Stationary 


In Fig. 17-19, a detector D (represented by an ear) is moving at speed vp toward 
a stationary source S that emits spherical wavefronts, of wavelength A and fre- 


FIG. 17-19 A stationary source of 
sound S$ emits spherical wavefronts, 
shown one wavelength apart, that ex- 
pand outward at speed v. A sound 
detector D, represented by an ear, 
moves with velocity Vp toward the 
source. The detector senses a higher 
frequency because of its motion. 
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FIG. 17-20 The wavefronts of Fig. 
17-19, assumed planar, (a) reach and 
(5) pass a stationary detector D; they 
move a distance vt to the right in 
time t. 
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FIG. 17-24 Wavefronts traveling to 
the right (a) reach and (b) pass detec- 
tor D, which moves in the opposite 
direction. In time ¢, the wavefronts 


move a distance vt to the right and D 
moves a distance vpf to the left. 


(0) 





quency f, moving at the speed v of sound in air. The wavefronts are drawn one 
wavelength apart. The frequency detected by detector D is the rate at which D 
intercepts wavefronts (or individual wavelengths). If D were stationary, that rate 
would be f, but since D is moving into the wavefronts, the rate of interception is 
greater, and thus the detected frequency f’ is greater than f. 

Let us for the moment consider the situation in which D is stationary (Fig. 
17-20). In time t, the wavefronts move to the right a distance vt. The number of 
wavelengths in that distance vt is the number of wavelengths intercepted by D 
in time t, and that number is vt/A. The rate at which D intercepts wavelengths, 
which is the frequency f detected by D, is 

vt/r Vv 


ifs = = +" (17-48) 





In this situation, with D stationary, there is no Doppler effect—the frequency 
detected by D is the frequency emitted by S. 

Now let us again consider the situation in which D moves in the direction 
opposite the wavefront velocity (Fig. 17-21). In time t, the wavefronts move to 
the right a distance vt as previously, but now D moves to the left a distance vpf. 
Thus, in this time ¢, the distance moved by the wavefronts relative to D is vt + 
Vpt. The number of wavelengths in this relative distance vt + vpf is the number 
of wavelengths intercepted by D in time ¢ and is (vf + vpf)/A. The rate at which 
D intercepts wavelengths in this situation is the frequency f’, given by 


t+ vot)/ a 
_ (Wt + vpt/A _ ee De (17-49) 
t A 
From Eq. 17-48, we have A = v/f. Then Eq. 17-49 becomes 
V+Vp V+Vp 
. 2S eee SS ff 17-50 
i vif f— (17-50) 


Note that in Eq. 17-50, f’ > funless vp = 0 (the detector is stationary). 
Similarly, we can find the frequency detected by D if D moves away from 

the source. In this situation, the wavefronts move a distance vt — vpf relative to 

D in time t, and f’ is given by 

v— Py 


———— (17-51) 
v 

In Eq. 17-51, f’ < funless vj = 0. We can summarize Eqs. 17-50 and 17-51 with 

(17-52) 


a Vay, | 
i, a (jaa ae (detector moving, source stationary). 
Vv 





source Moving, Detector Stationary 


Let detector D be stationary with respect to the body of air, and let source S$ 
move toward D at speed vs (Fig. 17-22). The motion of S changes the wavelength 
of the sound waves it emits and thus the frequency detected by D. 

To see this change, let T (= 1/f) be the time between the emission of any 
pair of successive wavefronts W, and W,. During T, wavefront W, moves a dis- 
tance v7 and the source moves a distance v,7. At the end of T, wavefront W, is 
emitted. In the direction in which S moves, the distance between W, and W,, 
which is the wavelength A’ of the waves moving in that direction, is v7 — vsT. If 
D detects those waves, it detects frequency f’ given by 


Vv Vv Vv 


a Tae eT Nee 





= f-——_ (17-53) 


Vly oe 


Note that f" must be greater than funless v, = 0. 
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FIG, 17-22 A detector D is station- 
ary, and a source S is moving toward it 
at speed v;. Wavefront W, was emitted 
when the source was at S,, wavefront 
W- when it was at S;. At the moment 
depicted, the source is at S. The detec- 
tor senses a higher frequency because 
the moving source, chasing its own 
wavefronts, emits a reduced wave- 
length A’ in the direction of its motion. 








In the direction opposite that taken by S, the wavelength A’ of the waves is 
vil + v<T. If D detects those waves, it detects oe f’ given by 


a rears (17-54) 


—— 


Now f’ must be less than funless v, = 0. 
We can summarize ae 17-53 and 17-54 with 


CS = (source moving, detector stationary). (17-55) 
Vv Vs 


General Doppler Effect Equation 


We can now derive the general Doppler effect equation by replacing f in Eq. 
17-55 (the source frequency) with f’ of Eq. 17-52 (the frequency associated with 
motion of the detector). The result is Eq. 17-47 for the general Doppler effect. 

That general equation holds not only when both detector and source 
are moving but also in the two specific situations we just discussed. For the situa- 
tion in which the detector is moving and the source is stationary, substitution of 
vs = 0 into Eq. 17-47 gives us Eq. 17-52, which we previously found. For the 
situation in which the source is moving and the detector is stationary, substitu- 
tion of vp = 0 into Eq. 17-47 gives us Eq. 17-55, which we previously found. 
Thus, Eq. 17-47 is the equation to remember. 


CHECKPOINT 4 The figure indicates the directions of motion of a Source Detector Source Detector 
sound source and a detector for six situations in stationary air. For each 

: ; tg) ¢ 0 speed (d= ee oe 
situation, is the detected frequency greater than or less than the emitted 

frequency, or can’t we tell without more information about the actual (2) *Ospeed  (¢) 

speeds? (Ome ck? oa mae [ese Ure cae 









Bats navigate and search out prey by emitting, and 
then detecting reflections of, ultrasonic waves, 
which are sound waves with frequencies greater 
than can be heard by a human. Suppose a bat emits 
ultrasound at frequency f,, = 82.52 kHz while fly- 
ing with velocity ¥, = (9.00 m/s)i as it chases a moth 
that flies with velocity ¥V,, = (8.00 m/s)i. What fre- 
quency f,,q does the moth detect? What frequency 
fog does the bat detect in the returning echo from a 
the moth? ee V = Vs 


toto The frequency is shifted by the relative motion 


of the bat and moth. Because they move along a single axis, 
the shifted frequency is given by Eq. 17-47 for the general 
Doppler effect. Motion toward tends to shift the frequency 
up,and motion away tends to shift the frequency down. 


Detection by moth: The general Doppler equation is 


wep 


(17-56) 
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Here, the detected frequency f’ that we want 1s the fre- 
quency f,,q detected by the moth. On the right side of 
the equation, the emitted frequency f is the bat’s emis- 
sion frequency f,,. = 82.52 kHz, the speed of sound is 
v = 343 m/s, the speed vp of the detector is the moth’s 
speed v,, = 8.00 m/s, and the speed vs of the source is 
the bat’s speed v, = 9.00 m/s. 

These substitutions into Eq. 17-56 are easy to make. 
However, the decisions about the plus and minus signs 
can be tricky. Think in terms of toward and away. We 
have the speed of the moth (the detector) in the nu- 
merator of Eq. 17-56. The moth moves away from the 
bat, which tends to lower the detected frequency. 
Because the speed is in the numerator, we choose the 
minus sign to meet that tendency (the numerator be- 
comes smaller). These reasoning steps are shown in 
Table 17-3. 

We have the speed of the bat in the denominator of 
Eq. 17-56. The bat moves toward the moth, which tends 
to increase the detected frequency. Because the speed is 
in the denominator, we choose the minus sign to meet 
that tendency (the denominator becomes smaller). 


With these substitutions and decisions, we have 





v= Vy 
Jud > fie _ 
Vv Vp 
343 m/s — 8. 
= (82.52 kHz) m/s — 8.00 m/s 


343 m/s — 9.00 m/s 


= 82.767 kHz ~ 82.8 kHz. (Answer) 


Detection of echo by bat: In the echo back to the 
bat, the moth acts as a source of sound, emitting at the 
frequency f,,q we just calculated. So now the moth is the 
source (moving away) and the bat is the detector (mov- 
ing toward). The reasoning steps are shown in Table 17 - 
3. To find the frequency f,, detected by the bat, we write 
Eq. 17-56 as 
toa i Ta 


V+ Vp 





Ve ee Ve 
343 m/s + 9.00 m/s 
343 m/s + 8.00 m/s 

= 83.00 kHz = 83.0 kHz. 


Some moths evade bats by “jamming” the detection 
system with ultrasonic clicks. 


= (82.767 kHz) 


(Answer) 


Pete 


Bat to Moth Echo Back to Bat 
Detector Source Detector Source 
moth bat bat moth 
speed Vp = Vin speed vs = v, speed Vp = v, speed vs = v,, 
away toward toward away 
shift down shift up shift up shift down 
numerator denominator numerator denominator 
minus minus plus plus 
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If a source is moving toward a stationary detector at a speed equal to the speed 
of sound—that 1s, if v; = v—Egs. 17-47 and 17-55 predict that the detected fre- 
quency f’ will be infinitely great. This means that the source is moving so fast 
that it keeps pace with its own spherical wavefronts, as Fig. 17-23a suggests. 
What happens when the speed of the source exceeds the speed of sound? 

For such supersonic speeds, Eqs. 17-47 and 17-55 no longer apply. Figure 
17-235 depicts the spherical wavefronts that originated at various positions of the 
source. The radius of any wavefront in this figure is vt, where v is the speed 
of sound and f is the time that has elapsed since the source emitted that wave- 
front. Note that all the wavefronts bunch along a V-shaped envelope in the 
two-dimensional drawing of Fig. 17-23b. The wavefronts actually extend in 
three dimensions, and the bunching actually forms a cone called the Mach cone. 
A shock wave is said to exist along the surface of this cone, because the bunch- 
ing of wavefronts causes an abrupt rise and fall of air pressure as the surface 


Review & Summary 


Ben Surface of 
“%¢ Mach cone 









FIG. 17-23 (a) Asource of sound S moves at speed v, equal to the speed of sound and thus as fast as the wavefronts it gen- 
erates. (b) A source S moves at speed vs faster than the speed of sound and thus faster than the wavefronts. When the source 
was at position S; it generated wavefront W,, and at position S;, it generated W,. All the spherical wavefronts expand at the 
speed of sound v and bunch along the surface of a cone called the Mach cone, forming a shock wave. The surface of the cone 
has half-angle 6 and is tangent to all the wavefronts. 


passes through any point. From Fig. 17-235, we see that the half-angle 6 of the 
cone, called the Mach cone angle, is given by 


sin @ = oe 2 (Mach cone angle). (17-57) 
Vst Vs 

The ratio vs/v is called the Mach number. When you hear 
that a particular plane has flown at Mach 2.3, it means that its 
speed was 2.3 times the speed of sound in the air through 
which the plane was flying. The shock wave generated by a su- 
personic aircraft (Fig. 17-24) or projectile produces a burst of 
sound, called a sonic boom, in which the air pressure first sud- 
denly increases and then suddenly decreases below normal 
before returning to normal. Part of the sound that is heard 
when a rifle is fired is the sonic boom produced by the bullet. 
A sonic boom can also be heard from a long bullwhip when it 
is snapped quickly: Near the end of the whip’s motion, its tip is 


FIG. 17-24 Shock waves produced by the wings of a Navy FA 
moving faster than sound and produces a small sonic bbom — ip 
18 jet. The shock waves are visible because the sudden decrease 
the crack of the whip. eS 


in air pressure in them caused water molecules in the air to con- 
dense, forming a fog. (U.S. Navy photo by Ensign John Gay) 


REVIEW & SUMMARY 





Sound Waves Sound waves are longitudinal mechanical The sound wave also causes a pressure change Ap of the 
waves that can travel through solids, liquids, or gases. The medium from the equilibrium pressure: 
speed v of a sound wave in a medium having bulk modulus B 
and density pis Ap = Ap,, sin(kx — at), (17-14) 
B where the pressure amplitude is 
v= \J— (speed of sound). (17-3) 
P APm = (VpH)S- (17-15) 


In air at 20°C, the speed of sound is 343 m/s. 
A sound wave causes a longitudinal displacement s of a 
mass element in a medium as given by 


Interference The interference of two sound waves with 
identical wavelengths passing through a common point 
depends on their phase difference ¢ there. If the sound waves 
S = Sm Ccos(kx — at), (17-13) were emitted in phase and are traveling in approximately the 


) : , same direction, ¢ is given by 
where 5s,, is the displacement amplitude (maximum displace- 


ment) from equilibrium, k = 277/A, and w = 27f, A and f being _ AL 5 17.21 
the wavelength and frequency, respectively, of the sound wave. a= apenas oe”) 
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where AL is their path length difference (the difference in the 
distances traveled by the waves to reach the common point). 
Fully constructive interference occurs when ¢ is an integer 
multiple of 277, 


bd = m(27), 
and, equivalently, when AL is related to wavelength A by 


form =0,1,2,..., (17-22) 


AL 
> = 0,1, 2, oe se (17-23) 


Fully destructive interference occurs when ¢ is an odd mul- 
tiple of 7, 


db = (2m + 1)7, form =0,1,2,..., (17-24) 
and, equivalently, when AL is related to A by 
AL 
ae OSA05. 25. a5 a (17-25) 


Sound Intensity The intensity J of a sound wave at a 
surface is the average rate per unit area at which energy is 
transferred by the wave through or onto the surface: 


I=— (17-26) 


where P is the time rate of energy transfer (power) of the 
sound wave and A is the area of the surface intercepting 
the sound. The intensity J is related to the displacement ampli- 
tude s,, of the sound wave by 


I = 5pvo’s?,. (lg27) 
The intensity at a distance r from a point source that emits 
sound waves of power P, is 
2 


rp (17-28) 





Sound Level in Decibels The sound level B in decibels 
(dB) is defined as 


I 
B = (10 dB) log 7. (17-29) 
0 


where I) (= 10~" W/m?) is a reference intensity level to 
which all intensities are compared. For every factor-of-10 
increase in intensity, 10 dB is added to the sound level. 


Standing Wave Patterns in Pipes Standing sound 
wave patterns can be set up in pipes. A pipe open at both ends 
will resonate at frequencies 


Vv nv 
= — = = 1 3 ems 
la , 


fi 
aT (17-39) 


where v is the speed of sound in the air in the pipe. For a pipe 
closed at one end and open at the other, the resonant fre- 
quencies are 
Vv nv 
f= 


= i Saas 
AD n = 1,3,5, 


(17-41) 


Beats Beats arise when two waves having slightly different 
frequencies, f,; and fs, are detected together. The beat 
frequency is 


leat = fa = 72 


The Doppler Effect The Doppler effect is a change in the 
observed frequency of a wave when the source or the detec- 
tor moves relative to the transmitting medium (such as air). 
For sound the observed frequency f" is given in terms of the 
source frequency f by 


(17-46) 


pe Mana 
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(general Doppler effect), 
where vp is the speed of the detector relative to the medium, 
vs 18 that of the source, and v is the speed of sound in the 
medium. The signs are chosen such that f’ tends to be greater 
for motion toward and less for motion away. 


Shock Wave If the speed of a source relative to the 
medium exceeds the speed of sound in the medium, the 
Doppler equation no longer applies. In such a case, shock 
waves result. The half-angle 6 of the Mach cone is given by 


; Vv 
sin @ = — 
Vs 


(Mach cone angle). (17-57) 


QUESTIONS _ 


1 In Fig. 17-25, three long ar ag ae 
tubes (A, B, and C ) are filled facta YT 
with different gases under dif- ul 

ferent pressures. The ratio of 
the bulk modulus to the den- L 
sity is indicated for each gas in l iH 
terms of a basic value Bo/po. Bo 
Each tube has a piston at its left fe 
end that can send a sound pulse 
through the tube (as in Fig. 16-  4Bo/po! 
2). The three pulses are sent si- | la 
multaneously. Rank the tubes | | | 
according to the time of arrival  By/py ——" 
of the pulses at the open right 
ends of the tubes, earliest first. 


FIG. 17-25 Question 1. 


2 In Fig. 17-26, two point S,e~ L, 
sources S, and S>, which are in Se 
phase, emit identical sound  §, P 


waves of wavelength 2.0 m. In ‘2 
terms of wavelengths, what is 
the phase difference between 
the waves arriving at point P if (a) L; = 38 m and L, = 34m, 
and (b) L; =39m and L, = 36m? (c) Assuming that the 
source separation is much smaller than L, and L,, what type 
of interference occurs at P in situations (a) and (b)? 


FIG. 17-26 Question 2. 


3 In a first experiment, a sinusoidal sound wave is sent 
through a long tube of air, transporting energy at the average 
rate of P,yoi. In a second experiment, two other sound waves, 
identical to the first one, are to be sent simultaneously 
through the tube with a phase difference ¢ of either 0, 


0.2 wavelength, or 0.5 wavelength between the waves. 
(a) With only mental calculation, rank those choices of ¢@ 
according to the average rate at which the waves will trans- 
port energy, greatest first. (b) For the first choice of ¢, what is 
the average rate in terms of P,yo1? 


4 Pipe A has length Z and one open end. Pipe B has length 
2L and two open ends. Which harmonics of pipe B have a 
frequency that matches a resonant frequency of pipe A? 


S For a particular tube, here are four of the six harmonic 
frequencies below 1000 Hz: 300, 600, 750, and 900 Hz. What 
two frequencies are missing from the list? 


6 The sixth harmonic is set up in a pipe. (a) How many 
open ends does the pipe have (it has at least one)? (b) Is there a 
node, antinode, or some intermediate state at the midpoint? 


7 In Fig. 17-27, pipe A is made to oscillate in its third har- 
monic by a small internal sound source. Sound emitted at the 
right end happens to resonate four nearby pipes, each with 
only one open end (they are not drawn to scale). Pipe B oscil- 
lates in its lowest harmonic, pipe C in its second lowest 
harmonic, pipe D in its third lowest harmonic, and pipe E in 
its fourth lowest harmonic. Without computation, rank all five 
pipes according to their length, greatest first. (Hint: Draw the 
standing waves to scale and then draw the pipes to scale.) 








FIG, 17-27 
Question 7. 





8 Figure 17-28 shows a stretched string of length L and 
pipes a, b, c, and d of lengths L, 2L, L/2, and L/2, respectively. 


The string’s tension is adjusted until the speed of waves on 
the string equals the speed of sound waves in the air. The fun- 
damental mode of oscillation is then set up on the string. 
In which pipe will the sound produced by the string cause 
resonance, and what oscillation mode will that sound set up? 





FIG. 17-28 Question 8. 


9 Figure 17-29 shows a moving 30 

sound source S that emits at a cer- | 74 
tain frequency, and four stationary | 

sound detectors. Rank the detec- 5 a. «hk o- ~ 


tors according to the frequency 
of the sound they detect from 
the source, greatest first. 


FIG. 17-29 Question 9. 


10 A friend rides, in turn, the rims of three fast merry- 
go-rounds while holding a sound source that emits isotro- 
pically at a certain frequency. You stand far from each 
merry-go-round. The frequency 
you hear for each of your friend’s 
three rides varies as the merry- 
go-round rotates. The variations 
in frequency for the three rides 
are given by the three curves in 
Fig. 17-30. Rank the curves ac- 
cording to (a) the linear speed v 
of the sound source, (b) the angular speeds w of the merry-go- 
rounds, and (c) the radii r of the merry-go-rounds, greatest first. 





FIG. 17-30 Question 10. 


PROBLEMS 


Tutoring problem available (at instructor's discretion) in WileyPLUS and WebAssign 


SSM Worked-out solution available in Student Solutions Manual 


e — ¢@e Number of dots indicates level of problem difficulty 


WWW Worked-out solution is at 





: a. http://www.wiley.com/college/halliday 
Interactive solution is at 


“86 = Additional information available in The Flying Circus of Physics and at flyingcircusofphysics.com 


Click here to view all step-by-step solutions 


Where needed in the problems, use 
speed of sound in air = 343 m/s 
and density of air = 1.21 kg/m? 


unless otherwise specified. 


sec. 17-3. The Speed of Sound 

#4 When the door of the Chapel of the Mausoleum in 
Hamilton, Scotland, is slammed shut, the last echo heard by 
someone standing just inside the door reportedly comes 15s 
later. (a) If that echo were due to a single reflection off a wall 
opposite the door, how far from the door would that wall be? 
(b) If, instead, the wall is 25.7 m away, how many reflections 
(back and forth) correspond to the last echo? == 


e2 A column of soldiers, marching at 120 paces per minute, 
keep in step with the beat of a drummer at the head of the col- 
umn. The soldiers in the rear end of the column are striding 
forward with the left foot when the drummer is advancing with 
the right foot. What is the approximate length of the column? 


*3 Two spectators at a soccer game in Montjuic Stadium see, 
and a moment later hear, the ball being kicked on the 
playing field. The time delay for spectator A is 0.23 s, and for 
spectator B it is 0.12 s. Sight lines from the two spectators to 
the player kicking the ball meet at an angle of 90°. How far are 
(a) spectator A and (b) spectator B from the player? 
(c) How far are the spectators from each other? 


e4 What is the bulk modulus of oxygen if 32.0 g of oxygen oc- 
cupies 22.4 L and the speed of sound in the oxygen is 317 m/s? 
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ee5 A stone is dropped into a well. The splash is heard 
3.00 s later. What is the depth of the well? ssm www 


ee6 Hot chocolate effect. Tap a metal spoon inside a mug of 
water and note the frequency /; you hear. Then add a spoonful 
of powder (say, chocolate mix or instant coffee) and tap again 
as you stir the powder. The frequency you hear has a lower 
value f, because the tiny air bubbles released by the powder 
change the water’s bulk modulus. As the bubbles reach the 
water surface and disappear, the frequency gradually shifts 
back to its initial value. During the effect, the bubbles don’t ap- 
preciably change the water’s density or volume or the sound’s 
wavelength. Rather, they change the value of dV/dp —that is, 
the differential change in volume due to the differential 
change in the pressure caused by the sound wave in the water. 
If f,/f, = 0.333, what is the ratio (dV/dp),/(dV/dp);? == 


ee7 Earthquakes generate sound waves inside Earth. 
Unlike a gas, Earth can experience both transverse (S) and 
longitudinal (P) sound waves. Typically, the speed of S waves is 
about 4.5 km/s, and that of P waves 8.0 km/s. A seismo- 
graph records P and S waves from an earthquake. The first 
P waves arrive 3.0 min before the first S waves. If the waves 
travel in a straight line, how far away does the earthquake 
occur? ‘SSM ILW 


*e8 A man strikes one end of a thin rod with a hammer. 
The speed of sound in the rod is 15 times the speed of sound 
in air. A woman, at the other end with her ear close to the 
rod, hears the sound of the blow twice with a 0.12 s interval 
between; one sound comes through the rod and the other 
comes through the air alongside the rod. If the speed of 
sound in air is 343 m/s, what is the length of the rod? 


sec. 17-4 Traveling Sound Waves 

°9 Diagnostic ultrasound of frequency 4.50 MHz is used to 
examine tumors in soft tissue. (a) What is the wavelength in air 
of such a sound wave? (b) If the speed of sound in tissue is 
1500 m/s, what is the wavelength of this wave in tissue? SSM 


e10 The pressure in a traveling sound wave is given by the 
equation 


Ap = (1.50 Pa) sin z[(0.900 m~')x — (315 s~!)é]. 


Find the (a) pressure amplitude, (b) frequency, (c) wave- 
length, and (d) speed of the wave. 


©4747 Ifthe form of a sound wave traveling through air is 
s(x, t) = (6.0 nm) cos(kx + (3000 rad/s)t + ¢), 


how much time does any given air molecule along the path take 
to move between displacements s = +2.0nm ands = —2.0 nm? 


e42 Underwater illusion. One clue used by your brain to de- 
termine the direction of a source of sound is the time delay At 
between the arrival of the sound at the ear closer to the source 
and the arrival at the farther ear. Assume that the source is 
distant so that a wavefront from it is approximately planar 
when it reaches you, and let D represent the separation be- 
tween your ears. (a) If the source is located at angle 0 in front of 
you (Fig. 17-31), what is At in terms of D and the speed of 
sound v in air? (b) If you are submerged in water and the 
sound source is directly to your right, what is At in terms of D 
and the speed of sound v,, in water? (c) Based on the time-de- 
lay clue, your brain interprets the submerged sound to arrive 


at an angle 6 from the forward 
direction. Evaluate @ for fresh 
water at 20°C. =<. 


ee13 A handclap on stage in 
an amphitheater sends out 
sound waves that scatter from 
terraces of width w=0.75m 7 D R 
(Fig. 17-32). The sound returns FIG. 17-31 Problem 12. 
to the stage as a_ periodic 

series of pulses, one from each terrace; the parade of pulses 
sounds like a played note. (a) Assuming that all the rays in 
Fig. 17-32 are horizontal, find the frequency at which the 
pulses return (that is, the frequency of the perceived note). 
(b) If the width w of the terraces were smaller, would the 
frequency be higher orlower? ~<——EGS 


Wavefronts 


| 
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FIG. 17-32. Problem 13. 


ee74 Figure 17-33 shows the 
output from a pressure monitor 
mounted at a point along the 
path taken by a sound wave 
of a single frequency traveling at | 7 
343 m/s through air with a uni- =1. Die euladaenee nL aenneeds 
form density of 1.21 kg/m°. The 
vertical axis scale is set by 
Ap, = 4.0 mPa. If the displace- 
ment function of the wave is writ- 
ten as s(x, t) =5,, cos(kx — at), 
what are (a) s,,,, (b) k, and (c) w? The air is then cooled so that its 
density is 1.35 kg/m? and the speed of a sound wave through it is 
320 m/s. The sound source again emits the sound wave at the 
same frequency and same pressure amplitude. What now are 
(d) s,,,(e) k, and (f) w? 


ee75 A sound wave of the form s=s,, cos(kx — wt + ¢) 
travels at 343 m/s through air in a long horizontal tube. At 
one instant, air molecule A at x = 2.000 m is at its maximum 
positive displacement of 6.00 nm and air molecule B at x = 
2.070 m is at a positive displacement of 2.00 nm. All the mole- 
cules between A and B are at intermediate displacements. 
What is the frequency of the wave? 


Ap (mPa) 






~t (ms) 


FiG. 17-33 Problem 14. 


| 

sec. 17-5 Interference 

«46 Two sound waves, from two different sources with 
the same frequency, 540 Hz, travel in the same direction at 
330 m/s. The sources are in phase. What is the phase differ- 
ence of the waves at a point that is 4.40 m from one source and 
4.00 m from the other? — 

a ea Dp — 2 


FIG. 17-34 
Problems 17 and 107. 


ee17 Figure 17-34 shows two 
isotropic point sources of 
sound, S$, and §,. The sources 


emit waves in phase at wavelength 0.50 m; they are separated 
by D = 1.75 m. If we move a sound detector along a large circle 
centered at the midpoint between the sources, at how many 
points do waves arrive at the detector (a) exactly in phase and 
(b) exactly out of phase? 


°e78 In Fig. 17-35, sound with 
a 40.0cm wavelength travels { } 
rightward from a source and Source 
through a tube that consists of a FIG. 17-35 Problem 18. 
straight portion and a half-cir- 

cle. Part of the sound wave travels through the half-circle and 
then rejoins the rest of the wave, which goes directly through 
the straight portion. This rejoining results in interference. 
What is the smallest radius r that results in an intensity mini- 
mum at the detector? 






Rene 


Detector 





ee19 In Fig. 17-36, two speak- % 
ers separated by distance d, = i 
2.00m are in phase. Assume 4d, 
the amplitudes of the sound 
waves from the speakers are 
approximately the same at the 
listener’s ear at distance d, = 
3.75 m directly in front of one 
speaker. Consider the full audi- 
ble range for normal hearing, 20 Hz to 20 kHz. (a) What is the 
lowest frequency fnin, that gives minimum signal (destructive 
interference) at the listener’s ear? By what number must foiny 
be multiplied to get (b) the second lowest frequency fixin2 that 
gives minimum signal and (c) the third lowest frequency fnin3 
that gives minimum signal? (d) What is the lowest frequency 
fax that gives maximum signal (constructive interference) at 
the listener’s ear? By what number must fi,.x be multiplied to 
get (e) the second lowest frequency finax2 that gives maximum 
signal and (f) the third lowest frequency fi,a.3 that gives maxi- 


mum signal? SSM 
ee20 In Fig. 17-37, sound ip 


Speakers 





a Listener 9 
es 
FIG. 17-36 Problem 19. 


waves A and B, both of wave- 
length A, are initially in phase 
and traveling rightward, as in- 
dicated by the two rays. Wave A 
is reflected from four surfaces 
but ends up traveling in its orig- 
inal direction. Wave B ends in 
that direction after reflecting 
from two surfaces. Let distance 
L in the figure be expressed as a multiple g of A: L = qd. What 
are the (a) smallest and (b) second smallest values of g that 
put A and B exactly out of phase with each other after the 
reflections? 





FIG. 17-37. Problem 20. 


e241 Two loudspeakers are located 3.35 m apart on an out- 
door stage. A listener is 18.3 m from one and 19.5 m from the 
other. During the sound check, a signal generator drives the 
two speakers in phase with the same amplitude and frequency. 
The transmitted frequency is swept through the audible range 
(20 Hz to 20 kHz). (a) What is the lowest frequency fyi that 
gives minimum signal (destructive interference) at the lis- 
tener’s location? By what number must fin, be multiplied to 
get (b) the second lowest frequency fpin2 that gives minimum 
signal and (c) the third lowest frequency fnin3 that gives mini- 
mum signal? (d) What is the lowest frequency f,,.x1 that gives 


Problems EI 


maximum signal (constructive interference) at the listener’s 
location? By what number must fh,.; be multiplied to get 
(e) the second lowest frequency fnax2 that gives maximum 
signal and (f) the third lowest frequency fi,ax3 that gives maxi- 
mum signal? iw 


ee22 Figure 17-38 shows four isotropic point sources of 
sound that are uniformly spaced on an x axis. The sources emit 
sound at the same wavelength A and same amplitude s,,, and 
they emit in phase. A point P is shown on the x axis. Assume 
that as the sound waves travel to P, the decrease in their 
amplitude is negligible. What multiple of s,, is the amplitude of 
the net wave at P if distance d in the figure is (a) 4/4, (b) A/2, 
and (c) A? 


S} So S3 S4 
———————— ——— — 
hese ape 


FIG. 17-38 Problem 22. 


eee23 Figure 17-39 shows two y 
point sources S, and S, that emit 
sound of wavelength A = 2.00 
m. The emissions are isotropic 
and in phase, and the separation 
between the sources is d = 16.0 
m. At any point P on the x axis, 
the wave from S, and the wave 
from S, interfere. When P is 
very far away (x ~ ©), what are 
(a) the phase difference be- 
tween the arriving waves from S, and S, and (b) the type of 
interference they produce? Now move point P along the x axis 
toward S,. (c) Does the phase difference between the waves 
increase or decrease? At what distance x do the waves have a 
phase difference of (d) 0.50A, (e) 1.00A, and (f) 1.50A? @ 





FIG. 17-39 Problem 23. 


sec. 17-6 Intensity and Sound Level 

24 A 1.0W point source emits sound waves isotropically. 
Assuming that the energy of the waves is conserved, find the in- 
tensity (a) 1.0 m from the source and (b) 2.5 m from the source. 


e25 A source emits sound waves isotropically. The intensity 
of the waves 2.50m from the source is 1.91 X 107-4 W/m’. 
Assuming that the energy of the waves is conserved, find the 
power of the source. SSM 


°26 Two sounds differ in sound level by 1.00 dB. What is the 
ratio of the greater intensity to the smaller intensity? 


27 A sound wave of frequency 300 Hz has an intensity of 
1.00 uW/m?. What is the amplitude of the air oscillations 
caused by this wave? 


e28 The source of asound wave has a power of 1.00 wW. If it 
is a point source, (a) what is the intensity 3.00 m away and 
(b) what is the sound level in decibels at that distance? 


e29 A certain sound source is increased in sound level by 
30.0 dB. By what multiple is (a) its intensity increased and 
(b) its pressure amplitude increased? ssm www 

30 Suppose that the sound level of a conversation is ini- 
tially at an angry 70 dB and then drops to a soothing 50 dB. 
Assuming that the frequency of the sound is 500 Hz, deter- 
mine the (a) initial and (b) final sound intensities and the (c) 
initial and (d) final sound wave amplitudes. 
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®31 Male Rana catesbeiana bullfrogs are known for their loud 
mating call. The call is emitted not by the frog’s mouth but by its 
eardrums, which lie on the surface of the head. And, surpris- 
ingly, the sound has nothing to do with the frog’s inflated throat. 
If the emitted sound has a frequency of 260 Hz and a sound 
level of 85 dB (near the eardrum), what is the amplitude of the 
eardrum’s oscillation? The air density is 1.21 kg/m*. =e 


°32 Approximately a third of people with normal hearing 
have ears that continuously emit a low-intensity sound out- 
ward through the ear canal. A person with such spontaneous 
otoacoustic emission is rarely aware of the sound, except 
perhaps in a noise-free environment, but occasionally the 
emission is loud enough to be heard by someone else nearby. 
In one observation, the sound wave had a frequency of 
1665 Hz and a pressure amplitude of 1.13 x 107° Pa. What 
were (a) the displacement amplitude and (b) the intensity of 
the wave emitted by the ear? == 


°33 When you “crack” a knuckle, you suddenly widen the 
knuckle cavity, allowing more volume for the synovial fluid in- 
side it and causing a gas bubble suddenly to appear in the 
fluid. The sudden production of the bubble, called “cavita- 
tion,” produces a sound pulse—the cracking sound. Assume 
that the sound is transmitted uniformly in all directions and 
that it fully passes from the knuckle interior to the outside. If 
the pulse has a sound level of 62 dB at your ear, estimate the 
rate at which energy is produced by the cavitation. == 


®@34 Party hearing. As the number of people at a party in- 
creases, you must raise your voice for a listener to hear you 
against the background noise of the other partygoers. However, 
once you reach the level of yelling, the only way you can be 
heard is if you move closer to your listener, into the listener’s 
“personal space.” Model the situation by replacing you with an 
isotropic point source of fixed power P and replacing your lis- 
tener with a point that absorbs part of your sound waves. These 
points are initially separated by 7; = 1.20 m. If the background 
noise increases by AB = 5 dB, the sound level at your listener 
must also increase. What separation r, is then required? eS 


®e35 A point source emits 30.0 W of sound isotropically. 
A small microphone intercepts the sound in an area of 
0.750 cm’, 200m from the source. Calculate (a) the sound 
intensity there and (b) the power intercepted by the microphone. 


¢e36 Two atmospheric sound sources A and B emit isotropi- 
cally at constant power. The sound levels 6 of their emissions 
are plotted in Fig. 17-40 versus the radial distance r from the 
sources. The vertical axis scale is set by 8, = 85.0 dB and B, = 
65.0 dB. What are (a) the ratio of the larger power to the small- 
er power and (b) the sound level difference atr = 10 m? & 


By 


B (dB) 





FIG. 17-40 Pe 100 500 1000 
Problem 36. r (m) 


eee37 A sound source sends a sinusoidal sound wave of 
angular frequency 3000 rad/s and amplitude 12.0 nm through 


a tube of air. The internal radius of the tube is 2.00 cm. 
(a) What is the average rate at which energy (the sum of the 
kinetic and potential energies) is transported to the opposite 
end of the tube? (b) If, simultaneously, an identical wave 
travels along an adjacent, identical tube, what is the total 
average rate at which energy is transported to the opposite 
ends of the two tubes by the waves? If, instead, those two 
waves are sent along the same tube simultaneously, what is 
the total average rate at which they transport energy when 
their phase difference is (c) 0, (d) 0.407 rad, and (e) 7 rad? 


sec. 17-7 Sources of Musical Sound 

°38 The crest of a Parasaurolophus dinosaur skull contains 
a nasal passage in the shape of a long, bent tube open at both 
ends. The dinosaur may have used the passage to produce 
sound by setting up the fundamental mode in it. (a) If the 
nasal passage in a certain Parasaurolophus fossil is 2.0 m long, 
what frequency would have been produced? (b) If that 
dinosaur could be recreated (as in Jurassic Park), would 
a person with a hearing range of 60 Hz to 20 kHz be able to 
hear that fundamental mode and, if so, would the sound 
be high or low frequency? Fossil skulls that contain shorter 
nasal passages are thought to be those of the female 
Parasaurolophus. (c) Would that make the female’s funda- 
mental frequency higher or lower than the male’s? == 


«39 A violin string 15.0cm long and fixed at both ends 
oscillates in its n = 1 mode. The speed of waves on the string is 
250 m/s, and the speed of sound in air in 348 m/s. What are the 
(a) frequency and (b) wavelength of the emitted sound wave? 


e40 A sound wave in a fluid medium is reflected at a barrier 
so that a standing wave is formed. The distance between nodes 
is 3.8 cm, and the speed of propagation is 1500 m/s. Find the 
frequency of the sound wave. 


e4% In pipe A, the ratio of a particular harmonic frequency 
to the next lower harmonic frequency is 1.2. In pipe B, the 
ratio of a particular harmonic frequency to the next lower 
harmonic frequency is 1.4. How many open ends are in 
(a) pipe A and (b) pipe B? 


e42 Organ pipe A, with both ends open, has a fundamental 
frequency of 300 Hz. The third harmonic of organ pipe B, 
with one end open, has the same frequency as the second 
harmonic of pipe A. How long are (a) pipe A and (b) pipe B? 


e43 (a) Find the speed of waves on a violin string of mass 
800 mg and length 22.0 cm if the fundamental frequency is 
920 Hz. (b) What is the tension in the string? For the funda- 
mental, what is the wavelength of (c) the waves on the string 
and (d) the sound waves emitted by the string? SSM ILw 


e44 The water level in a vertical glass tube 1.00 m long can 
be adjusted to any position in the tube. A tuning fork vibrating 
at 686 Hz is held just over the open top end of the tube, to set 
up a standing wave of sound in the air-filled top portion of the 
tube. (That air-filled top portion acts as a tube with one end 
closed and the other end open.) (a) For how many different 
positions of the water level will sound from the fork set up 
resonance in the tube’s air-filled portion, which acts as a pipe 
with one end closed (by the water) and the other end open? 
What are the (b) least and (c) second least water heights in the 
tube for resonance to occur? 


°e45 In Fig. 17-41, S is a small loudspeaker driven by an 
audio oscillator with a frequency that is varied from 1000 Hz 


to 2000 Hz, and D is a cylindrical pipe with 
two open ends and a length of 45.7 cm. The 
speed of sound in the air-filled pipe is 344 
m/s. (a) At how many frequencies does the 
sound from the loudspeaker set up reso- 
nance in the pipe? What are the (b) lowest 
and (c) second lowest frequencies at which 
resonance occurs? SSM 





FIG. 17-41 


ee46 One of the harmonic frequencies of sfopleni 42. 


tube A with two open ends is 325 Hz. The next-highest har- 
monic frequency is 390 Hz. (a) What harmonic frequency is 
next highest after the harmonic frequency 195 Hz? (b) What is 
the number of this next-highest harmonic? 

One of the harmonic frequencies of tube B with only one 
open end is 1080 Hz. The next-highest harmonic frequency is 
1320 Hz. (c) What harmonic frequency is next highest after 
the harmonic frequency 600 Hz? (d) What is the number of 
this next-highest harmonic? 


ee47 A violin string 30.0cm long with linear density 
0.650 g/m is placed near a loudspeaker that is fed by an audio 
oscillator of variable frequency. It is found that the string 1s 
set into oscillation only at the frequencies 880 and 1320 Hz as 
the frequency of the oscillator is varied over the range 
500-1500 Hz. What is the tension in the string? SSM 


e°48 A tube 1.20 m long is closed at one end. A stretched 
wire is placed near the open end. The wire 1s 0.330 m long and 
has a mass of 9.60 g. It is fixed at both ends and oscillates in its 
fundamental mode. By resonance, it sets the air column in the 
tube into oscillation at that column’s fundamental frequency. 
Find (a) that frequency and (b) the tension in the wire. 


°@49 A well with vertical sides and water at the bottom res- 
onates at 7.00 Hz and at no lower frequency. (The air-filled 
portion of the well acts as a tube with one closed end and one 
open end.) The air in the well has a density of 1.10 kg/m? and a 
bulk modulus of 1.33 X 10° Pa. How far down in the well is the 
water surface? 


°©@50 Pipe A, which is 1.20 m long and open at both ends, 
oscillates at its third lowest harmonic frequency. It is filled 
with air for which the speed of sound is 343 m/s. Pipe B, which 
is closed at one end, oscillates at its second lowest harmonic 
frequency. This frequency of B happens to match the fre- 
quency of A. An x axis extends along the interior of B, with 
x = 0 at the closed end. (a) How many nodes are along that 
axis? What are the (b) smallest and (c) second smallest value 
of x locating those nodes? (d) What is the fundamental fre- 
quency of B? @&) 


sec. 17-8 Beats 

°®51 The A string of a violin is a little too tightly stretched. 
Beats at 4.00 per second are heard when the string is sounded 
together with a tuning fork that is oscillating accurately at 
concert A (440 Hz). What is the period of the violin string 
oscillation? 


e52 A tuning fork of unknown frequency makes 3.00 beats 
per second with a standard fork of frequency 384 Hz. The beat 
frequency decreases when a small piece of wax is put on a 
prong of the first fork. What is the frequency of this fork? 


¢@53 Two identical piano wires have a fundamental fre- 
quency of 600 Hz when kept under the same tension. What 


fractional increase in the tension of one wire will lead to the 
occurrence of 6.0 beats/s when both wires oscillate simul- 
taneously? SSM 


e@54 You have five tuning forks that oscillate at close but 
different frequencies. What are the (a) maximum and (b) min- 
imum number of different beat frequencies you can produce 
by sounding the forks two at a time, depending on how the fre- 
quencies differ? 


sec. 17-9 The Doppler Effect 

e55 A state trooper chases a speeder along a straight road; 
both vehicles move at 160 km/h. The siren on the trooper’s ve- 
hicle produces sound at a frequency of 500 Hz. What is the 
Doppler shift in the frequency heard by the speeder? 


¢56 An ambulance with a siren emitting a whine at 1600 Hz 
overtakes and passes a cyclist pedaling a bike at 2.44 m/s. 
After being passed, the cyclist hears a frequency of 1590 Hz. 
How fast is the ambulance moving? 


°57 <A whistle of frequency 540 Hz moves in a circle of 
radius 60.0 cm at an angular speed of 15.0 rad/s. What are the 
(a) lowest and (b) highest frequencies heard by a listener a 
long distance away, at rest with respect to the center of the 
circle? 'W 

ee58 A stationary motion detector sends sound waves of 
frequency 0.150 MHz toward a truck approaching at a speed 
of 45.0 m/s. What is the frequency of the waves reflected back 
to the detector? 


¢°59 An acoustic burglar alarm consists of a source emitting 
waves of frequency 28.0 kHz. What is the beat frequency 
between the source waves and the waves reflected from an 
intruder walking at an average speed of 0.950 m/s directly 
away fromthe alarm? |! 


e¢60 A sound source A and a reflecting surface B move 
directly toward each other. Relative to the air, the speed of 
source A is 29.9 m/s, the speed of surface B is 65.8 m/s, and the 
speed of sound is 329 m/s. The source emits waves at fre- 
quency 1200 Hz as measured in the source frame. In the 
reflector frame, what are the (a) frequency and (b) wavelength 
of the arriving sound waves? In the source frame, what are the 
(c) frequency and (d) wavelength of the sound waves reflected 
back to the source? 


°¢61 In Fig. 17-42, a French submarine and a U.S. submarine 
move toward each other during maneuvers in motionless 
water in the North Atlantic. The French sub moves at speed 
Vp = 50.00 km/h, and the U.S. sub at vys = 70.00 km/h. The 
French sub sends out a sonar signal (sound wave in water) at 
1.000 x 10° Hz. Sonar waves travel at 5470 km/h. (a) What is 
the signal’s frequency as detected by the U.S. sub? (b) What 
frequency is detected by the French sub in the signal reflected 
back to it by the U.S. sub? @ 
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FIG. 17-42 Problem 61. 


*e62 A stationary detector measures the frequency of a 
sound source that first moves at constant velocity directly 
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toward the detector and then (after passing the detector) 
directly away from it. The emitted frequency is f. During the 
approach the detected frequency is f,,, and during the reces- 
sion it is ftec: If (fapp — ftec)/f = 0.500, what is the ratio v,/v of 
the speed of the source to the speed of sound? 


°63 A bat is flitting about in a cave, navigating via ultra- 
sonic bleeps. Assume that the sound emission frequency of the 
bat is 39 000 Hz. During one fast swoop directly toward a flat 
wall surface, the bat is moving at 0.025 times the speed of 
sound in air. What frequency does the bat hear reflected 
off the wall? jae 


°°64 Figure 17-43 
shows four tubes with 
lengths 1.0mor2.0m, 30 
with one or two open {gg 
ends as drawn. The FIG. 17-43 Problem 64. 

third harmonic is set 

up in each tube, and some of the sound that escapes from 
them is detected by detector D, which moves directly away 
from the tubes. In terms of the speed of sound v, what speed 
must the detector have such that the detected frequency of the 
sound from (a) tube 1, (b) tube 2, (c) tube 3, and (d) tube 4 is 
equal to the tube’s fundamental frequency? 














D 


ee°65 A girl is sitting near the open window of a train that is 
moving at a velocity of 10.00 m/s to the east. The girl’s uncle 
stands near the tracks and watches the train move away. The 
locomotive whistle emits sound at frequency 500.0 Hz. The air 
is still. (a) What frequency does the uncle hear? (b) What fre- 
quency does the girl hear? A wind begins to blow from the 
east at 10.00 m/s. (c) What frequency does the uncle now 
hear? (d) What frequency does the girl now hear? ssm www 


¢°°66 ‘Two trains are traveling toward each other at 30.5 m/s 
relative to the ground. One train is blowing a whistle at 500 Hz. 
(a) What frequency is heard on the other train in still air? (b) 
What frequency is heard on the other train if the wind is blow- 
ing at 30.5 m/s toward the whistle and away from the listener? 
(c) What frequency is heard if the wind direction is reversed? 


eee67 A 2000 Hz siren and a civil defense official are both 
at rest with respect to the ground. What frequency does the 
official hear if the wind is blowing at 12 m/s (a) from source to 
official and (b) from official to source? @% 





sec. 17-10 Supersonic Speeds, Shock Waves 

68 The shock wave off the cockpit of the FA 18 in Fig. 17-24 
has an angle of about 60°. The airplane was traveling at about 
1350 km/h when the photograph was taken. Approximately 
what was the speed of sound at the airplane’s altitude? 


°e69 A jet plane passes over you at a height of 5000 m and a 
speed of Mach 1.5. (a) Find the Mach cone angle (the sound 
speed is 331 m/s). (b) How long after the jet passes directly 
overhead does the shock wave reach you? SSM =—Sme 


°°70 A plane flies at 1.25 times the speed of sound. Its sonic 
boom reaches a man on the ground 1.00 min after the plane 
passes directly overhead. What is the altitude of the plane? 
Assume the speed of sound to be 330 m/s. 


Additional Problems 

71° In Fig. 17-44, sound of wavelength 0.850 m is emitted 
isotropically by point source S. Sound ray 1 extends directly to 
detector D, at distance L = 10.0 m. Sound ray 2 extends to D 


via a reflection (effectively, a “bouncing”) of the sound at a flat 
surface. That reflection occurs on a perpendicular bisector 
to the SD line, at distance d from the line. Assume that the 
reflection shifts the sound wave by 0.500A. For what least 
value of d (other than zero) do the direct sound and 
the reflected sound arrive at D (a) exactly out of phase and 
(b) exactly in phase? 


Ray 2 ~~ 
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FIG. 17-44 Problem 71. 





72 A detector initially moves at constant velocity directly 
toward a stationary sound source and then (after passing it) di- 
rectly from it. The emitted frequency is f. During the approach 
the detected frequency is f,,, and during the recession it is fie. If 
the frequencies are related by (fapp — fiec)/f = 0.500, what is the 
ratio vp/v of the speed of the detector to the speed of sound? 


73 Two sound waves with an amplitude of 12 nm and a 
wavelength of 35cm travel in the same direction through 
a long tube, with a phase difference of 7/3 rad. What are the 
(a) amplitude and (b) wavelength of the net sound wave pro- 
duced by their interference? If, instead, the sound waves 
travel through the tube in opposite directions, what are the 
(c) amplitude and (d) wavelength of the net wave? 


74 A sinusoidal sound wave moves at 343 m/s through air in 
the positive direction of an x axis. At one instant, air molecule 
A is at its maximum displacement in the negative direction of 
the axis while air molecule B is at its equilibrium position. The 
separation between those molecules is 15.0 cm, and the mole- 
cules between A and B have intermediate displacements in 
the negative direction of the axis. (a) What is the frequency of 
the sound wave? 

In a similar arrangement, for a different sinusoidal sound 
wave, air molecule C is at its maximum displacement in the 
positive direction while molecule D is at its maximum 
displacement in the negative direction. The separation 
between the molecules is again 15.0cm, and the molecules 
between C and D have intermediate displacements. (b) What is 
the frequency of the sound wave? 


73 In Fig. 17-45, sound waves 
A and B, both of wavelength 
A, are initially in phase and trav- 
eling rightward, as indicated by 
the two rays. Wave A is reflected 
from four surfaces but ends up 
traveling in its original direc- 
tion. What multiple of wave- 
length A is the smallest value of 
distance L in the figure that F1G.17-45 Problem75. 
puts A and B exactly out of 

phase with each other after the reflections? 





B 





76 A trumpet player on a moving railroad flatcar moves to- 
ward a second trumpet player standing alongside the track 
while both play a 440 Hz note. The sound waves heard by a 
stationary observer between the two players have a beat fre- 
quency of 4.0 beats/s. What is the flatcar’s speed? 


77 ~A siren emitting a sound of frequency 1000 Hz moves 
away from you toward the face of a cliff at a speed of 10 m/s. 
Take the speed of sound in air as 330 m/s. (a) What is the fre- 
quency of the sound you hear coming directly from the siren? 
(b) What is the frequency of the sound you hear reflected off 
the cliff? (c) What is the beat frequency between the two 
sounds? Is it perceptible (less than 20 Hz)? ssm 


78 Asound source moves along an x axis, between detectors 
A and B. The wavelength of the sound detected at A is 
0.500 that of the sound detected at B. What is the ratio v,/v of 
the speed of the source to the speed of sound? 


79 A certain loudspeaker system emits sound isotropically 
with a frequency of 2000 Hz and an intensity of 0.960 mW/m? 
at a distance of 6.10 m. Assume that there are no reflections. 
(a) What is the intensity at 30.0 m? At 6.10 m, what are (b) the 
displacement amplitude and (c) the pressure amplitude? 


80 At a certain point, two waves produce pressure varia- 
tions given by Ap, = Ap,, sin wt and Ap, = Ap,, sin(wt — ¢). 
At this point, what is the ratio Ap,/Ap,,, where Ap, is the 
pressure amplitude of the resultant wave, if ¢ is (a) 0, (b) 7/2, 
(c) 7/3, and (d) 7/4? 


81 The sound intensity is 0.0080 W/m? at a distance of 10m 
from an isotropic point source of sound. (a) What is the power of 
the source? (b) What is the sound intensity 5.0m from the 
source? (c) What is the sound level 10 m from the source? SSM 


82 The average density of Earth’s crust 10 km beneath the 
continents is 2.7 g/cm’. The speed of longitudinal seismic 
waves at that depth, found by timing their arrival from distant 
earthquakes, is 5.4 km/s. Use this information to find the bulk 
modulus of Earth’s crust at that depth. For comparison, the 
bulk modulus of steel is about 16 X 10'° Pa. 


83 Two identical tuning forks can oscillate at 440 Hz. 
A person is located somewhere on the line between them. 
Calculate the beat frequency as measured by this individual if 
(a) she is standing still and the tuning forks move in the same di- 
rection along the line at 3.00 m/s, and (b) the tuning forks are 
stationary and the listener moves along the line at 3.00 m/s. 


84 You can estimate your distance from a lightning stroke 
by counting the seconds between the flash you see and the 
thunder you later hear. By what integer should you divide the 
number of seconds to get the distance in kilometers? 


85 (a) If two sound waves, one in air and one in (fresh) 
water, are equal in intensity and angular frequency, what is the 
ratio of the pressure amplitude of the wave in water to that of 
the wave in air? Assume the water and the air are at 20°C. 
(See Table 14-1.) (b) If the pressure amplitudes are equal in- 
stead, what is the ratio of the intensities of the waves? SSM 


86 Find the ratios (greater to smaller) of the (a) intensities, 
(b) pressure amplitudes, and (c) particle displacement ampli- 
tudes for two sounds whose sound levels differ by 37 dB. 


$7 Figure 17-46 shows an air-filled, acoustic interferometer, 
used to demonstrate the interference of sound waves. Sound 
source S is an oscillating diaphragm; D is a sound detector, 
such as the ear or a microphone. Path SBD can be varied in 
length, but path SAD is fixed. At D, the sound wave coming 
along path SBD interferes with that coming along path SAD. 
In one demonstration, the sound intensity at D has a minimum 
value of 100 units at one position of the movable arm and con- 


tinuously climbs to a maximum 
value of 900 units when that arm 
is shifted by 1.65 cm. Find (a) the 
frequency of the sound emitted 
by the source and (b) the ratio of 
the amplitude at D of the SAD 
wave to that of the SBD wave. 
(c) How can it happen that these 
waves have different amplitudes, 
considering that they originate at the same source? SSM 


88 A bullet is fired with a speed of 685 m/s. Find the angle 
made by the shock cone with the line of motion of the bullet. 





FIG. 17-46 Problem 87. 


&9 A sperm whale (Fig. 17-47a) vocalizes by producing a 
series of clicks. Actually, the whale makes only a single sound 
near the front of its head to start the series. Part of that sound 
then emerges from the head into the water to become the first 
click of the series. The rest of the sound travels backward 
through the spermaceti sac (a body of fat), reflects from the 
frontal sac (an air layer), and then travels forward through the 
spermaceti sac. When it reaches the distal sac (another air 
layer) at the front of the head, some of the sound escapes into 
the water to form the second click, and the rest is sent back 
through the spermaceti sac (and ends up forming later clicks). 

Figure 17-47b shows a strip-chart recording of a series of 
clicks. A unit time interval of 1.0 ms is indicated on the chart. 
Assuming that the speed of sound in the spermaceti sac is 
1372 m/s, find the length of the spermaceti sac. From such a 
calculation, marine scientists estimate the length of a whale 
from its click series. =< 


Spermaceti sac 





Distal 


_-- Frontal 
Sac f 
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(a) 


(0) 1.0 ms 
FIG. 17-47 Problem 89. 


90 Acontinuous sinusoidal longitudinal wave is sent along a 
very long coiled spring from an attached oscillating source. 
The wave travels in the negative direction of an x axis; the 
source frequency is 25 Hz; at any instant the distance between 
successive points of maximum expansion in the spring is 
24 cm; the maximum longitudinal displacement of a spring 
particle is 0.30 cm; and the particle at x = 0 has zero displace- 
ment at time t = 0. If the wave is written in the form s(x, t) = 
Sm COS(kx + wt), what are (a) s,,, (b) k, (c) w, (d) the wave 
speed, and (e) the correct choice of sign in front of w? 

91 Ata distance of 10 km, a 100 Hz horn, assumed to be an 


isotropic point source, is barely audible. At what distance 
would it begin to cause pain? 
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92 The speed of sound in a certain metal is v,,. One end of 
a long pipe of that metal of length L is struck a hard blow. 
A listener at the other end hears two sounds, one from the 
wave that travels along the pipe’s metal wall and the other 
from the wave that travels through the air inside the pipe. 
(a) If v is the speed of sound in air, what is the time interval At 
between the arrivals of the two sounds at the listener’s ear? 
(b) If At = 1.00 s and the metal is steel, what is the length L? 


93 A pipe 0.60 m long and closed at one end is filled with an 
unknown gas. The third lowest harmonic frequency for the 
pipe is 750 Hz. (a) What is the speed of sound in the unknown 
gas? (b) What is the fundamental frequency for this pipe when 
it is filled with the unknown gas? 


94 Four sound waves are to be sent through the same tube 
of air, in the same direction: 


51(x, t) = (9.00 nm) cos(277x — 700zt) 

S>(x, t) = (9.00 nm) cos(277x — 700at + 0.777) 
s3(x, t) = (9.00 nm) cos(27x — 700at + 77) 
s4(x, t) = (9.00 nm) cos(27x — 700mt + 1.77). 


What is the amplitude of the resultant wave? (Hint: Use a 
phasor diagram to simplify the problem.) 


95 Straight line AB connects two point sources that are 
5.00 m apart, emit 300 Hz sound waves of the same ampli- 
tude, and emit exactly out of phase. (a) What is the shortest 
distance between the midpoint of AB and a point on AB 
where the interfering waves cause maximum oscillation of the 
air molecules? What are the (b) second and (c) third shortest 
distances? 


96 A point source that is stationary on an x axis emits a 
sinusoidal sound wave at a frequency of 686 Hz and speed 
343 m/s. The wave travels radially outward from the source, 
causing air molecules to oscillate radially inward and outward. 
Let us define a wavefront as a line that connects points where 
the air molecules have the maximum, radially outward dis- 
placement. At any given instant, the wavefronts are concentric 
circles that are centered on the source. (a) Along x, what is the 
adjacent wavefront separation? Next, the source moves along 
x at a speed of 110 m/s. Along x, what are the wavefront sepa- 
rations (b) in front of and (c) behind the source? 


97 You are standing at a distance D from an isotropic point 
source of sound. You walk 50.0m toward the source and 
observe that the intensity of the sound has doubled. Calculate 
the distance D. 


98 On July 10, 1996, a granite block broke away from a 
wall in Yosemite Valley and, as it began to slide down the wall, 
was launched into projectile motion. Seismic waves produced 
by its impact with the ground triggered seismographs as far 
away as 200 km. Later measurements indicated that the block 
had a mass between 7.3 X 10’ kg and 1.7 X 10° kg and that it 
landed 500 m vertically below the launch point and 30 m hori- 
zontally from it. (The launch angle is not known.) (a) Estimate 
the block’s kinetic energy just before it landed. 

Consider two types of seismic waves that spread from the 
impact point—a hemispherical body wave traveled through 
the ground in an expanding hemisphere and a cylindrical sur- 
face wave traveled along the ground in an expanding shallow 


vertical cylinder (Fig. 17-48). Assume that the impact lasted 
0.50 s, the vertical cylinder had a depth d of 5.0 m, and each 
wave type received 20% of the energy the block had just before 
impact. Neglecting any mechanical energy loss the waves experi- 
enced as they traveled, determine the intensities of (b) the body 
wave and (c) the surface wave when they reached a seismograph 
200 km away. (d) On the basis of these results, which wave is 
more easily detected on a distant seismograph? 


Cylindrical 


Wave 





Hemispherical wave 


FIG. 17-48 Problem 98. 


99 An avalanche of sand along some rare desert sand dunes 
can produce a booming that is loud enough to be heard 10 km 
away. The booming apparently results from a periodic oscilla- 
tion of the sliding layer of sand—the layer’s thickness 
expands and contracts. If the emitted frequency is 90 Hz, what 
are (a) the period of the thickness oscillation and (b) the 
wavelength of the sound? =e 


100 Passengers in an auto traveling at 16.0 m/s toward the 
east hear a siren frequency of 950 Hz from an emergency 
vehicle approaching them from behind at a speed (relative to 
the air and ground) of 40.0 m/s. The speed of sound in air is 340 
m/s. (a) What siren frequency does a passenger riding in the 
emergency vehicle hear? (b) What frequency do the passengers 
in the auto hear after the emergency vehicle passes them? 


401 Ultrasound, which consists of sound waves with fre- 
quencies above the human audible range, can be used to 
produce an image of the interior of a human body. Moreover, 
ultrasound can be used to measure the speed of the blood in 
the body; it does so by comparing the frequency of the 
ultrasound sent into the body with the frequency of the ultra- 
sound reflected back to the body’s surface by the blood. As 
the blood pulses, this detected frequency varies. 

Suppose that an ultrasound 
image of the arm of a patient 
shows an artery that is angled at 
6 = 20° to the ultrasound’s line 
of travel (Fig. 17-49). Suppose 
also that the frequency of the ul- 
trasound reflected by the blood 
in the artery is increased by a 
maximum of 5495 Hz from the 
original ultrasound frequency of 5.000 000 MHz. (a) In Fig. 17- 
49, is the direction of the blood flow rightward or leftward? 
(b) The speed of sound in the human arm is 1540 m/s. What is 
the maximum speed of the blood? (Hint: The Doppler effect is 
caused by the component of the blood’s velocity along the ultra- 
sound’s direction of travel.) (c) If angle 6 were greater, would 
the reflected frequency be greater or less? SSM 


Incident 
rund 





FIG. 17-49 Problem 101. 


102 Pipe A has only one open end; pipe B is four times as long 
and has two open ends. Of the lowest 10 harmonic numbers ng 
of pipe B, what are the (a) smallest, (b) second smallest, and (c) 


third smallest values at which a harmonic frequency of B 
matches one of the harmonic frequencies of A? 


103 Waterfall acoustics. The turbulent impact of the water in 
a waterfall causes the surrounding ground to oscillate in a 
wide range of low frequencies. If the water falls freely (instead 
of hitting rock on the way down), the oscillations are greatest 
in amplitude at a particular frequency f,,. This fact suggests 
that acoustic resonance 1s involved and f,, is the fundamental 
frequency. The following table gives, for nine U.S. and 
Canadian waterfalls, measured values for f,,, and for the length L 
of the water’s free fall. Determine how to plot the data to get the 
speed of sound in the water of a waterfall. From the plot, find the 
speed of sound if waterfall resonance is effectively like that in a 
tube with (a) two open ends and (b) only one open end. The 
speed of sound in turbulent water filled with air bubbles can be 
about 25% less than the speed of 1400 m/s in still water. (c) 
From the answers to (a) and (b), determine how many open 
ends are effectively involved in waterfall resonance. <i 


WATERFALL 1 2 3 4 5 67 8 9 
f,, (Hz) 56 38 80 61 88 60 19 21 40 
L (m) 97 71 53 49 35 24 13 11 8 


104 A person on a railroad car blows a trumpet note at 
440 Hz. The car is moving toward a wall at 20.0 m/s. Calculate 
the frequency of (a) the sound as received at the wall and 
(b) the reflected sound arriving back at the trumpeter. 


105 A police car is chasing a speeding Porsche 911. Assume 
that the Porsche’s maximum speed 1s 80.0 m/s and the police 
car’s is 54.0 m/s. At the moment both cars reach their maxi- 
mum speed, what frequency will the Porsche driver hear if the 
frequency of the police car’s siren is 440 Hz? Take the speed 
of sound in air to be 340 m/s. 


706 A sound wave travels out uniformly in all directions 
from a point source. (a) Justify the following expression for 
the displacement s of the transmitting medium at any distance 
r from the source: 


b 
Sey SimA(7 — Vi): 


where b is a constant. Consider the speed, direction of propa- 
gation, periodicity, and intensity of the wave. (b) What is the 
dimension of the constant b? 


107 In Fig. 17-34, S, and S, are two isotropic point sources of 
sound. They emit waves in phase at wavelength 0.50 m; they 
are separated by D = 1.60 m. If we move a sound detector 
along a large circle centered at the midpoint between the 
sources, at how many points do waves arrive at the detector 
(a) exactly in phase and (b) exactly out of phase? 


108 Suppose a spherical loudspeaker emits sound isotropi- 
cally at 10 W into a room with completely absorbent walls, 
floor, and ceiling (an anechoic chamber). (a) What is the 
intensity of the sound at distance d = 3.0m from the center 
of the source? (b) What is the ratio of the wave amplitude at 
d = 4.0 m to that at d = 3.0 m? 


409 To search for a fossilized dinosaur embedded in rock, 
paleontologists can use sound waves to produce a computer 
image of the dinosaur. The image then guides the paleontolo- 


gists as they dig the dinosaur Source 
out of the rock. (The technique 
is shown in the opening scenes 
of the movie Jurassic Park.) The 
basic idea of the detection tech- 
nique is that a strong pulse of 
sound is emitted by a source (a 
seismic gun) at ground level and 
then detected by hydrophones 
that lie at evenly spaced depths 
in a bore hole drilled into the 
ground. The source and one hy- 
drophone are shown in Fig. 17-50. 
If the sound wave travels from the source to the hydrophone 
through only rock as in Fig. 17-50, it travels at a known speed V 
and takes a certain time T. If, instead, it travels through a fos- 
silized bone along the way, it takes slightly more time because 
it travels more slowly in the bone than in the rock. By measur- 
ing the difference At between the expected and measured 
travel times, the distance d traveled in the bone can be deter- 
mined. After this procedure is repeated for many locations of 
the source and hydrophones, a computer can transform the 
many computed distances d into an image of the fossil. 

(a) Let the speed of sound through fossilized bone be 
V — AV, where AV is small relative to V. Show that the dis- 
tance d is given by 





FIG. 17-50 Problem 109. 


_ Vat 
AV — 
(b) For V = 5000 m/s and AV = 200 m/s, what typical value of 


At can be expected if the sound passes along the diameter of a 
leg bone of an adult T: rex? (Estimate the bone’s diameter. ) 





110 The period of a pulsating variable star may be 
estimated by considering the star to be executing radial longi- 
tudinal pulsations in the fundamental standing wave mode; 
that is, the star’s radius varies periodically with time, with a 
displacement antinode at the star’s surface. (a) Would you 
expect the center of the star to be a displacement node or 
antinode? (b) By analogy with a pipe with one open end, show 
that the period of pulsation Tis given by T = 4R/y, where R is 
the equilibrium radius of the star and v is the average sound 
speed in the material of the star. (c) Typical white dwarf stars 
are composed of material with a bulk modulus of 1.33 x 
10”? Pa and a density of 10!° kg/m°. They have radii equal to 
9.0 X 10°? solar radius. What is the approximate pulsation 
period of a white dwarf? 


711 A listener at rest (with respect to the air and the 
eround) hears a signal of frequency f; from a source moving 
toward him with a velocity of 15 m/s, due east. If the listener 
then moves toward the approaching source with a velocity of 
25 m/s, due west, he hears a frequency f, that differs from f, by 
37 Hz. What is the frequency of the source? (Take the speed of 
sound in air to be 340 m/s.) 


712 A guitar player tunes the fundamental frequency of a 
guitar string to 440 Hz. (a) What will be the fundamental fre- 
quency if she then increases the tension in the string by 20%? 
(b) What will it be if, instead, she decreases the length along 
which the string oscillates by sliding her finger from the tuning 
key one-third of the way down the string toward the bridge at 
the lower end? 


Temperature, Heat, 
and the First Law of 
Thermodynamics 





The fairly small Melanophila 
beetles are known for a 
bizarre behavior: They fly 
toward forest fires and mate 
near them, and then the 
females fly into the still smol- 
dering ruins to lay their eggs 
under burnt bark. This is the 
ideal environment for the 
larvae that hatch from the 
eggs, because the tree can no 
longer protect itself from the 
larvae by rosin or chemical 
means. If a beetle were at the 
periphery of a fire, detecting 
the fire would be easy, of 
course. However, these 
beetles can detect a fairly 
large fire from as far away as 
12 km. They do this without 


seeing or smelling the fire. 





The answer is in this chapter. 


Courtesy Nathan Schiff, Ph. D., USDA Forest Service, Center for 
Bottomland Hardwoods Research, Stoneville, MS 
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18-1 WHAT IS PHYSICS? 


One of the principal branches of physics and engineering is thermodynamics, 
which is the study and application of the thermal energy (often called the internal 
energy) of systems. One of the central concepts of thermodynamics is temperature, 
which we begin to explore in the next section. Since childhood, you have been devel- 
oping a working knowledge of thermal energy and temperature. For example, you 
know to be cautious with hot foods and hot stoves and to store perishable foods in 
cool or cold compartments. You also know how to control the temperature inside 
home and car, and how to protect yourself from wind chill and heat stroke. 

Examples of how thermodynamics figures into everyday engineering and sci- 
ence are countless. Automobile engineers are concerned with the heating of a car 
engine, such as during a NASCAR race. Food engineers are concerned both with 
the proper heating of foods, such as pizzas being microwaved, and with the 
proper cooling of foods, such as TV dinners being quickly frozen at a processing 
plant. Geologists are concerned with the transfer of thermal energy in an El Nino 
event and in the gradual warming of ice expanses in the Arctic and Antarctic. 
Agricultural engineers are concerned with the weather conditions that determine 
whether the agriculture of a country thrives or vanishes. Medical engineers are 
concerned with how a patient’s temperature might distinguish between a benign 
viral infection and a cancerous growth. MS 

The starting point in our discussion of thermodynamics is the concept of tem- 
perature and how it is measured. 


18-2 | Temperature 


Temperature is one of the seven SI base quantities. Physicists measure tempera- 
ture on the Kelvin scale, which is marked in units called kelvins. Although the 
temperature of a body apparently has no upper limit, it does have a lower limit; 
this limiting low temperature is taken as the zero of the Kelvin temperature scale. 
Room temperature is about 290 kelvins, or 290 K as we write it, above this 
absolute zero. Figure 18-1 shows a wide range of temperatures. 

When the universe began 13.7 billion years ago, its temperature was about 10°? K. 
As the universe expanded it cooled, and it has now reached an average temperature of 
about 3 K. We on Earth are a little warmer than that because we happen to live near a 
star. Without our Sun, we too would be at 3 K (or, rather, we could not exist). 
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The properties of many bodies change as we alter their temperature, perhaps by 
moving them from a refrigerator to a warm oven. To give a few examples: As 
their temperature increases, the volume of a liquid increases, a metal rod grows a 
little longer, and the electrical resistance of a wire increases, as does the pressure 
exerted by a confined gas. We can use any one of these properties as the basis of 
an instrument that will help us pin down the concept of temperature. 

Figure 18-2 shows such an instrument. Any resourceful engineer could design 
and construct it, using any one of the properties listed above. The instrument is 
fitted with a digital readout display and has the following properties: If you heat it 
(say, with a Bunsen burner), the displayed number starts to increase; if you then 
put it into a refrigerator, the displayed number starts to decrease. The instrument 
is not calibrated in any way, and the numbers have (as yet) no physical meaning. 
The device is a thermoscope but not (as yet) a thermometer. 

Suppose that, as in Fig. 18-3a, we put the thermoscope (which we shall call 
body 7’) into intimate contact with another body (body A). The entire system is 
confined within a thick-walled insulating box. The numbers displayed by the 
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FIG. 18-1 Some temperatures on 


the Kelvin scale. Temperature T = 0 
corresponds to 10°” and cannot be 
plotted on this logarithmic scale. 





Thermally sensitive 
element 


FIG. 18-2 A thermoscope. The 
numbers increase when the device 
is heated and decrease when it is 
cooled. The thermally sensitive 
element could be —among many 
possibilities —a coil of wire whose 
electrical resistance is measured and 
displayed. 
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FIG. 18-3 (a) Body T (a thermo- 
scope) and body A are in thermal 
equilibrium. (Body S is a thermally 
insulating screen.) (b) Body T and 
body B are also in thermal equilib- 
rium, at the same reading of the ther- 
moscope. (c) If (a) and (b) are true, 
the zeroth law of thermodynamics 
states that body A and body B are 
also in thermal equilibrium. 






thermoscope roll by until, eventually, they come to rest (let us say the reading is 
“137.04”) and no further change takes place. In fact, we suppose that every 
measurable property of body T and of body A has assumed a stable, unchanging 
value. Then we say that the two bodies are in thermal equilibrium with each other. 
Even though the displayed readings for body T have not been calibrated, we con- 
clude that bodies JT and A must be at the same (unknown) temperature. 

Suppose that we next put body TJ into intimate contact with body B (Fig. 
18-35) and find that the two bodies come to thermal equilibrium at the same 
reading of the thermoscope. Then bodies T and B must be at the same (still 
unknown) temperature. If we now put bodies A and B into intimate contact (Fig. 
18-3c), are they immediately in thermal equilibrium with each other? Experi- 
mentally, we find that they are. 

The experimental fact shown in Fig. 18-3 is summed up in the zeroth law of 
thermodynamics: 
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In less formal language, the message of the zeroth law is: “Every body has a 
property called temperature. When two bodies are in thermal equilibrium, their 
temperatures are equal. And vice versa.” We can now make our thermoscope 
(the third body 7) into a thermometer, confident that its readings will have 
physical meaning. All we have to do is calibrate it. 

We use the zeroth law constantly in the laboratory. If we want to know whether 
the liquids in two beakers are at the same temperature, we measure the tempera- 
ture of each with a thermometer. We do not need to bring the two liquids into inti- 
mate contact and observe whether they are or are not in thermal equilibrium. 

The zeroth law, which has been called a logical afterthought, came to light 
only in the 1930s, long after the first and second laws of thermodynamics had 
been discovered and numbered. Because the concept of temperature is funda- 
mental to those two laws, the law that establishes temperature as a valid concept 
should have the lowest number— hence the zero. 


18-4 | Measuring Temperature 


Here we first define and measure temperatures on the Kelvin scale. Then we 
calibrate a thermoscope so as to make it a thermometer. 


The Triple Point of Water 


To set up a temperature scale, we pick some reproducible thermal phenomenon 
and, quite arbitrarily, assign a certain Kelvin temperature to its environment; that 
is, we select a standard fixed point and give it a standard fixed-point temperature. 
We could, for example, select the freezing point or the boiling point of water but, 
for technical reasons, we select instead the triple point of water. 

Liquid water, solid ice, and water vapor (gaseous water) can coexist, in ther- 
mal equilibrium, at only one set of values of pressure and temperature. Figure 
18-4 shows a triple-point cell, in which this so-called triple point of water can be 
achieved in the laboratory. By international agreement, the triple point of water 
has been assigned a value of 273.16 K as the standard fixed-point temperature for 
the calibration of thermometers; that 1s, 


T;, = 273.16 K (triple-point temperature), (18-1) 


in which the subscript 3 means “triple point.” This agreement also sets the size of 
the kelvin as 1/273.16 of the difference between absolute zero and the triple- 
point temperature of water. 


18-4 | Measuring Temperature 


Note that we do not use a degree mark in reporting Kelvin temperatures. 
It is 300 K (not 300°K), and it is read “300 kelvins” (not “300 degrees Kelvin”). 
The usual SI prefixes apply. Thus, 0.0035 K is 3.5 mK. No distinction in nomen- 
clature is made between Kelvin temperatures and temperature differences, so 
we can write, “the boiling point of sulfur is 717.8 K” and “the temperature of this 
water bath was raised by 8.5 K.” 


The Constant-Volume Gas Thermometer 


The standard thermometer, against which all other thermometers are calibrated, 
is based on the pressure of a gas in a fixed volume. Figure 18-5 shows such a 
constant-volume gas thermometer; it consists of a gas-filled bulb connected by a 
tube to a mercury manometer. By raising and lowering reservoir R, the mercury 
level in the left arm of the U-tube can always be brought to the zero of the scale 
to keep the gas volume constant (variations in the gas volume can affect tem- 
perature measurements). 

The temperature of any body in thermal contact with the bulb (such as the 
liquid surrounding the bulb in Fig. 18-5) is then defined to be 


T=Cp, (18-2) 


in which p is the pressure exerted by the gas and C is a constant. From Kq. 14-10, 
the pressure p is 


P = Po — pgh, (18-3) 


in which pp is the atmospheric pressure, p is the density of the mercury in the 
manometer, and / is the measured difference between the mercury levels in the 
two arms of the tube.* (The minus sign is used in Eq. 18-3 because pressure p is 
measured above the level at which the pressure is .) 

If we next put the bulb in a triple-point cell (Fig. 18-4), the temperature now 
being measured is 


T; = Cp3, (18-4) 


in which p; is the gas pressure now. Eliminating C between Eggs. 18-2 and 18-4 
gives us the temperature as 


T=f7 (2) = (273.16 K) (2) (provisional). (18-5) 


3 P3 
We still have a problem with this thermometer. If we use it to measure, say, 
the boiling point of water, we find that different gases in the bulb give slightly 
different results. However, as we use smaller and smaller amounts of gas to fill 
the bulb, the readings converge nicely to a single temperature, no matter what 
gas we use. Figure 18-6 shows this convergence for three gases. 
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*For pressure units, we shall use units introduced in Section 14-3. The SI unit for pressure is the newton per 
square meter, which is called the pascal (Pa). The pascal is related to other common pressure units by 


Matt =O 10? Pa = 760tor= 147 Ibn: 
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FIG. 18-4 A triple-point cell, in 
which solid ice, liquid water, and wa- 
ter vapor coexist in thermal equilib- 
rium. By international agreement, 
the temperature of this mixture has 
been defined to be 273.16 K. The 
bulb of a constant-volume gas ther- 
mometer is shown inserted into the 
well of the cell. 


Gas-filled 
bulb 


FIG. 18-5 A -constant-volume gas 
thermometer, its bulb immersed in a 
liquid whose temperature TJ is to be 
measured. 


FIG. 18-6 Temperatures measured by a constant-volume gas 
thermometer, with its bulb immersed in boiling water. 

For temperature calculations using Eq. 18-5, pressure p3 was 
measured at the triple point of water. Three different gases in the 
thermometer bulb gave generally different results at different gas 
pressures, but as the amount of gas was decreased (decreasing p3), 
all three curves converged to 373.125 K. 
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TABLE 18-1 


Some Corresponding Temperatures 


Temperature “C op 
Boiling point of water? 100 212 
Normal body temperature 57.0 98.6 
Accepted comfort level 20 68 
Freezing point of water? 0 oe 
Zero of Fahrenheit scale =~ —18 9) 
Scales coincide —40 —40 


“Strictly, the boiling point of water on the Celsius scale is 99.975°C, 


Thus the recipe for measuring a temperature with a gas thermometer is 


T = (273.16 K) ( lim 2) (18-6) 


gas—>0 Pz 


The recipe instructs us to measure an unknown temperature T as follows: Fill 
the thermometer bulb with an arbitrary amount of any gas (for example, nitro- 
gen) and measure p; (using a triple-point cell) and p, the gas pressure at the 
temperature being measured. (Keep the gas volume the same.) Calculate the 
ratio p/p3. Then repeat both measurements with a smaller amount of gas in the bulb, 
and again calculate this ratio. Continue this way, using smaller and smaller amounts 
of gas, until you can extrapolate to the ratio p/p; that you would find if there were ap- 
proximately no gas in the bulb. Calculate the temperature T by substituting that ex- 
trapolated ratio into Eq. 18-6. (The temperature is called the ideal gas temperature. ) 


18-5 | The Celsius and Fahrenheit Scales 


So far, we have discussed only the Kelvin scale, used in basic scientific work. In nearly 
all countries of the world, the Celsius scale (formerly called the centigrade scale) is 
the scale of choice for popular and commercial use and much scientific use. Celsius 
temperatures are measured in degrees, and the Celsius degree has the same size as 
the kelvin. However, the zero of the Celsius scale is shifted to a more convenient 
value than absolute zero. If 7; represents a Celsius temperature and 7 a Kelvin tem- 
perature, then 

To = T — 273.15°. (18-7) 


In expressing temperatures on the Celsius scale, the degree symbol is commonly 
used. Thus, we write 20.00°C for a Celsius reading but 293.15 K for a Kelvin reading. 

The Fahrenheit scale, used in the United States, employs a smaller degree than 
the Celsius scale and a different zero of temperature. You can easily verify both 
these differences by examining an ordinary room thermometer on which both scales 
are marked. The relation between the Celsius and Fahrenheit scales is 


i iol, (18-8) 


where 7; is Fahrenheit temperature. Converting between these two scales can be 
done easily by remembering a few corresponding points, such as the freezing and 
boiling points of water (Table 18-1). Figure 18-7 compares the Kelvin, Celsius, 
and Fahrenheit scales. 
We use the letters C and F to distinguish measurements and degrees on the 
two scales. Thus, 
O°C = 32°F 





and the freezing point is 0.00°C. Thus, there is slightly less than100C° = FIG. 18-7, The Kelvin, Celsius, and Fahrenheit 
between those two points. temperature scales compared. 
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means that 0° on the Celsius scale measures the same temperature as 32° on the 


Fahrenheit scale, whereas 
5C° =9F° 


means that a temperature difference of 5 Celsius degrees (note the degree symbol 
appears after C) is equivalent to a temperature difference of 9 Fahrenheit degrees. 


CHECKPOINT 1 


temperatures, highest first: 50°X, 50°W, and 50°Y. 


Sample Problem 


The figure here shows three linear temperature 
scales with the freezing and boiling points of water indicated. (a) Rank 
the degrees on these scales by size, greatest first. (b) Rank the following 


70°X ~ 120°W : 90°Y o Boiling point 





30°W : ] O°Y : : Freezing point 





Suppose you come across old scientific notes that 
describe a temperature scale called Z on which the boil- 
ing point of water is 65.0°Z and the freezing point is 
—14.0°Z. To what temperature on the Fahrenheit scale 
would a temperature of 7 = —98.0°Z correspond? 
Assume that the Z scale is linear; that is, the size of a Z 
degree is the same everywhere on the Z scale. 


cei A conversion factor between two (linear) 


temperature scales can be calculated by using two known 
(benchmark) temperatures, such as the boiling and freez- 
ing points of water. The number of degrees between the 
known temperatures on one scale is equivalent to the 
number of degrees between them on the other scale. 


Calculations: We begin by relating the given temper- 
ature T to either known temperature on the Z scale. 
Since T = —98.0°Z is closer to the freezing point 
(—14.0°Z) than to the boiling point (65.0°Z), we use the 
freezing point. Then we note that T is below this point 
by —14.0°Z — (—98.0°Z) = 84.0 Z° (Fig. 18-8). (Read 
this difference as “84.0 Z degrees.”) 

Next, we set up a conversion factor between the Z 
and Fahrenheit scales to convert this difference. ‘To do 





FIG. 18-8 65.0°Z a Boil 
An unknown TOL? 
temperature scale 14.0°7 + oe 
compared with 

the Fahrenheit ee 
temperature T = -98.0°Z Me 

scale. 


so, we use both known temperatures on the Z scale and 
the corresponding temperatures on the Fahrenheit 
scale. On the Z scale, the difference between the boiling 
and freezing points is 65.0°Z — (—14.0°Z) = 79.0 Z°. 
On the Fahrenheit scale, it is 212°F — 32.0°F = 180 F*. 
Thus, a temperature difference of 79.0 Z° is equivalent to 
a temperature difference of 180 F° (Fig. 18-8), and we can 
use the ratio (180 F°)/(79.0 Z°) as our conversion factor. 

Now, since 7 is below the freezing point by 84.0 Z°, 
it must also be below the freezing point by 


180 F° 
IDOZ 


Because the freezing point is at 32.0°F, this means that 


T = 32.0°F — 191 F° = —159°F (Answer) 


(84.0 Z°) = 191 F°. 








Tactic 7: Temperature Changes Between the boiling 
and freezing points of water, there are (approximately) 100 
kelvins and 100 Celsius degrees. Thus, a kelvin is the same size as 
a Celsius degree. From this or from Eq. 18-7, we then know that 
any temperature change is the same number whether expressed 
in Kelvins or Celsius degrees. For example, a temperature change 
of 10 K is exactly equivalent to a temperature change of 10 C°. 

Between the boiling and freezing points of water, there 
are 180 Fahrenheit degrees. Thus, 180 F° = 100K, and a 
Fahrenheit degree must be 100/180, or 5/9, the size of a kelvin 
or Celsius degree. From this or from Eq. 18-8, we then know 
that any temperature change expressed in Fahrenheit degrees 


PROBLEM-SOLVING TACTICS 


must be : times that same temperature change expressed in 
either kelvins or Celsius degrees. For example, in Fahrenheit 
degrees, a temperature change of 10 K is (9/5)(10 K), or 18 F°. 

Take care not to confuse a temperature with a tempera- 
ture change or difference. A temperature of 10 K is certainly 
not the same as one of 10°C or 18°F but, as noted above, 
a temperature change of 10 K is the same as one of 10 C® or 
18 F°. This distinction is very important in an equation 
containing a temperature J instead of a temperature change 
or difference such as 7, — 7): A temperature T by itself 
should generally be in kelvins and not degrees Celsius or 
Fahrenheit. In short, beware the “bare 7-” 





FIG. 18-9 When a Concorde flew 
faster than the speed of sound, ther- 
mal expansion due to the rubbing by 
passing air increased the aircraft’s 
length by about 12.5 cm. (The tem- 
perature increased to about 128°C at 
the aircraft nose and about 90°C at 
the tail, and cabin windows were no- 
ticeably warm to the touch.) 

(Hugh Thomas/BWP Media/Getty 
Images News and Sport Services) 
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(a) A bimetal strip, con- 
sisting of a strip of brass and a strip 
of steel welded together, at tempera- 
ture T,. (b) The strip bends as shown 
at temperatures above this reference 
temperature. Below the reference 
temperature the strip bends the 
other way. Many thermostats operate 
on this principle, making and break- 
ing an electrical contact as the tem- 
perature rises and falls. 
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6 | Thermal Expansion 


You can often loosen a tight metal jar lid by holding it under a stream of hot 
water. Both the metal of the lid and the glass of the jar expand as the hot water 
adds energy to their atoms. (With the added energy, the atoms can move a bit 
farther from one another than usual, against the spring-like interatomic forces 
that hold every solid together.) However, because the atoms in the metal move 
farther apart than those in the glass, the lid expands more than the jar and thus is 
loosened. 

Such thermal expansion of materials with an increase in temperature must be 
anticipated in many common situations. When a bridge is subject to large 
seasonal changes in temperature, for example, sections of the bridge are sepa- 
rated by expansion slots so that the sections have room to expand on hot days 
without the bridge buckling. When a dental cavity is filled, the filling material 
must have the same thermal expansion properties as the surrounding tooth; 
otherwise, consuming cold ice cream and then hot coffee would be very painful. 
When the Concorde aircraft (Fig. 18-9) was built, the design had to allow for the 
thermal expansion of the fuselage during supersonic flight because of frictional 
heating by the passing air. ee 

The thermal expansion properties of some materials can be put to common 
use. Thermometers and thermostats may be based on the differences in expan- 
sion between the components of a bimetal strip (Fig. 18-10). Also, the familiar 
liquid-in-glass thermometers are based on the fact that liquids such as mercury 
and alcohol expand to a different (greater) extent than their glass containers. 


Linear Expansion 


If the temperature of a metal rod of length L is raised by an amount A7, its length 
is found to increase by an amount 


A = orn. (18-9) 
in which a is a constant called the coefficient of linear expansion. The coefficient 
a has the unit “per degree” or “per kelvin” and depends on the material. 
Although a varies somewhat with temperature, for most practical purposes it can 
be taken as constant for a particular material. Table 18-2 shows some coefficients 
of linear expansion. Note that the unit C° there could be replaced with the unit K. 

The thermal expansion of a solid is like photographic enlargement except it 
is in three dimensions. Figure 18-11b shows the (exaggerated) thermal expansion 
of a steel ruler. Equation 18-9 applies to every linear dimension of the ruler, 
including its edge, thickness, diagonals, and the diameters of the circle etched on 
it and the circular hole cut in it. If the disk cut from that hole originally fits snugly 
in the hole, it will continue to fit snugly if it undergoes the same temperature 
increase as the ruler. 


Volume Expansion 


If all dimensions of a solid expand with temperature, the volume of that solid 
must also expand. For liquids, volume expansion is the only meaningful expan- 
sion parameter. If the temperature of a solid or liquid whose volume is V is 
increased by an amount AT, the increase in volume is found to be 
AV = VBAT, (18-10) 
where B is the coefficient of volume expansion of the solid or liquid. The coef- 
ficients of volume expansion and linear expansion for a solid are related by 


B= 3a. (18-11) 


TABLE 18-2 


Some Coefficients of Linear Expansion“ 
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Substance BLO KeS) Substance a (10~*/C°) is (a) Circle Circular \ 
Te / hole \ 
Ice (at 0°C) 51 Steel Uh 
Lead 29 Glass (ordinary) 9 
Aluminum 23 Glass (Pyrex) 5.2 
Brass 19 Diamond tee (b) 

Copper 17 Invar? 0.7 
Concrete 12 Fused quartz 0.5 - FIG. 18-71 The same steel ruler at two different tem- 
MM ___ peratures. When it expands, the scale, the numbers, the 
“Room temperature values except for the listing for ice. thickness, and the diameters of the circle and circular 
’This alloy was designed to have a low coefficient of expansion. The word is a hole are all increased by the same factor. (The expan- 
shortened form of “invariable.” sion has been exaggerated for clarity.) 


The most common liquid, water, does not behave like other liquids. Above 
about 4°C, water expands as the temperature rises, as we would expect. 
Between 0 and about 4°C, however, water contracts with increasing temperature. 
Thus, at about 4°C, the density of water passes through a maximum. At all other 
temperatures, the density of water is less than this maximum value. 

This behavior of water is the reason lakes freeze from the top down 
rather than from the bottom up. As water on the surface is cooled from, say, 
10°C toward the freezing point, it becomes denser (“heavier”) than lower wa- 
ter and sinks to the bottom. Below 4°C, however, further cooling makes the 
water then on the surface Jess dense (“lighter”) than the lower water, so it 
stays on the surface until it freezes. Thus the surface freezes while the lower 
water is still liquid. If lakes froze from the bottom up, the ice so formed would 
tend not to melt completely during the summer, because it would be insulated 
by the water above. After a few years, many bodies of open water in the tem- 
perate zones of Earth would be frozen solid all year round—and aquatic life 
could not exist. Ge 


CHECKPOINT 2 The figure here 
shows four rectangular metal plates, with 
sides of L,2L, or 3L. They are all made of 
the same material, and their temperature is 
to be increased by the same amount. Rank 
the plates according to the expected 
increase in (a) their vertical heights and (b) , 
their areas, greatest first. (1) (2) (3) (4) 





( 


Sample Problem Erez 


On a hot day in Las Vegas, an oil trucker loaded 37 000 ture decreased, the volume of the fuel did/also, as given 
L of diesel fuel. He encountered cold weather on the by Eq. 18-10 (AV = VB AT). 


way to Payson, Utah, where the temperature was 23.0 K 


lower than in Las Vegas, and where he delivered his en- GaiculsonsWe ind — | 

tire load. How many liters did he deliver? The coeffi- AV= (37000 L)(9.50 x 10~“/C*)(—23.0 K) = —808L. + 
cient of volume expansion for diesel fuel is 9.50 X Thus, the amount delivered was 

ee ae oe poraret ues linear expansion for his Va = V + AV = 37000 L — 808L 

ony eae = 36 190 L. (Answer) 


Note that the thermal expansion of the steel tank has 
walueaaie! The volume of the diesel fuel depends di- nothing to do with the problem. Question: Who paid for 


rectly on the temperature. Thus, because the tempera- the “missing” diesel fuel? 
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Ln H 18-7 | Temperature and Heat 
If you take a can of cola from the refrigerator and leave it on the kitchen table, its 
(a) temperature will rise —rapidly at first but then more slowly — until the tempera- 
ture of the cola equals that of the room (the two are then in thermal equilibrium). 
In the same way, the temperature of a cup of hot coffee, left sitting on the table, 
will fall until it also reaches room temperature. 
In generalizing this situation, we describe the cola or the coffee as a system 
“ : (with temperature 7;) and the relevant parts of the kitchen as the environment 
Environment Th. (with temperature 7;) of that system. Our observation is that if T; is not equal to 
: | T;, then T; will change (7; can also change some) until the two temperatures are 
equal and thus thermal equilibrium 1s reached. 

Such a change in temperature is due to a change in the thermal energy of the 
system because of a transfer of energy between the system and the system’s 
environment. (Recall that thermal energy is an internal energy that consists of the 
kinetic and potential energies associated with the random motions of the atoms, 
molecules, and other microscopic bodies within an object.) The transferred 
energy is called heat and is symbolized Q. Heat is positive when energy is trans- 
ferred to a system’s thermal energy from its environment (we say that heat is 
absorbed by the system). Heat is negative when energy is transferred from a 
(c) system’s thermal energy to its environment (we say that heat is released or lost by 
the system). 

This transfer of energy is shown in Fig. 18-12. In the situation of Fig. 18-12a, in 
which 7; > T;, energy is transferred from the system to the environment, so Q is 
negative. In Fig. 18-125, in which T; = T;, there is no such transfer, Q is zero, and 

heat is neither released nor absorbed. In Fig. 18-12c, in which T; < T;, the trans- 
system exceeds that of its environ- j ae 
ment as in (a), heat Q is lost by the fer is to the system from the environment; so Q is positive. 
system to the environment until ther- We are led then to this definition of heat: 





“get 
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is 
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Environment Tr 





FIG. 18-12 Ifthe temperature of a 


mal equilibrium (b) is established. a . — ane 
(c) If the temperature of the system 

is below that of the environment, 
heat is absorbed by the system until 
thermal equilibrium is established. 
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Recall that energy can also be transferred between a system and its environ- 
ment as work W via a force acting on a system. Heat and work, unlike tempera- 
ture, pressure, and volume, are not intrinsic properties of a system. They have 
meaning only as they describe the transfer of energy into or out of a system. 
Similarly, the phrase “a $600 transfer” has meaning if it describes the transfer to 
or from an account, not what is in the account, because the account holds money, 
not a transfer. Here, it is proper to say: “During the last 3 min, 15 J of heat was 
transferred to the system from its environment” or “During the last minute, 12 J 
of work was done on the system by its environment.” It is meaningless to say: 
“This system contains 450 J of heat” or “This system contains 385 J of work.” 

Before scientists realized that heat is transferred energy, heat was measured 
in terms of its ability to raise the temperature of water. Thus, the calorie (cal) was 
defined as the amount of heat that would raise the temperature of 1 g of water 
from 14.5°C to 15.5°C. In the British system, the corresponding unit of heat was 
the British thermal unit (Btu), defined as the amount of heat that would raise the 
temperature of 1 lb of water from 63°F to 64°F. 

In 1948, the scientific community decided that since heat (like work) is trans- 
ferred energy, the SI unit for heat should be the one we use for energy —namely, 
the joule. The calorie is now defined to be 4.1868 J (exactly), with no reference to 
the heating of water. (The “calorie” used in nutrition, sometimes called the 
Calorie (Cal), is really a kilocalorie.) The relations among the various heat units 
are 


1 cal = 3.968 X 10-° Btu = 4.1868 J. (18-12) 
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Some Specific Heats and Molar 





Heat Capacity Specific Heats at Room 
The heat capacity C of an object is the proportionality constant between the heat permpe latte 
QO that the object absorbs or loses and the resulting temperature change AT of Molar 
the object; that is, Spécific 
Specific Heat Heat 
QO = CAT=C(T,— T,), (18-13) Gale J 


Substance g:K  kg-K mol-K 





in which T; and 7; are the initial and final temperatures of the object. Heat 

capacity C has the unit of energy per degree or energy per kelvin. The heat = Ejemental 

capacity C of, say, a marble slab used in a bun warmer might be 179 cal/C°, which Solids 

we can also write as 179 cal/K or as 749 J/K. Lead 0.0305 128 26.5 
The word “capacity” in this context is really misleading in that it suggests analogy Tungsten 0.0321 134 248 

with the capacity of a bucket to hold water. That analogy is false, and you should not 


: ee TOS aS Soe) Silver 0.0564 236 25.5 
think of the object as containing heat or being limited in its ability to absorb heat. eanne! 0.0923 386 245 
Heat transfer can proceed without limit as long as the necessary temperature differ- . 

Roe : Aluminum 0.215 900 244 
ence is maintained. The object may, of course, melt or vaporize during the process. . 

Other Solids 
es 5 Brass 0.092 380 

Specific Heat Granite Ong 790 
Two objects made of the same material—say, marble —will have heat capacities Glass 0.20 840 


proportional to their masses. It is therefore convenient to define a “heat capacity [ce (—10°C) 0.530 2220 
per unit mass” or specific heat c that refers not to an object but to a unit mass of 


Liquids 
the material of which the object is made. Equation 18-13 then becomes Mercury NGake Aaa 
O=cmAT= cm(T; easy (18-14) Ethyl 


alcohol 0.58 2430 


Through experiment we would find that although the heat capacity of a particular Seawater 0.93 = 3900 
marble slab might be 179 cal/C° (or 749 J/K), the specific heat of marble itself Water 1.00 4180 
(in that slab or in any other marble object) is 0.21 cal/g-C° (or 880 J/kg: K). 

From the way the calorie and the British thermal unit were initially defined, 
the specific heat of water is 


c = 1 cal/g-C° = 1 Btu/Ib- F° = 4190 J/kg - K. (18-15) 


Table 18-3 shows the specific heats of some substances at room temperature. 
Note that the value for water is relatively high. The specific heat of any substance 
actually depends somewhat on temperature, but the values in Table 18-3 apply 
reasonably well in a range of temperatures near room temperature. 


CHECKPOINT 3 A certain amount of heat Q will warm 1 g of material A by 
3 C° and 1 g of material B by 4 C°. Which material has the greater specific heat? 


Molar Specific Heat 


In many instances the most convenient unit for specifying the amount of a sub- 
stance is the mole (mol), where 


1 mol = 6.02 X 107 elementary units 


of any substance. Thus 1 mol of aluminum means 6.02 < 107 atoms (the atom is 
the elementary unit), and 1 mol of aluminum oxide means 6.02 10” molecules 
(the molecule is the elementary unit of the compound). 

When quantities are expressed in moles, specific heats must also involve 
moles (rather than a mass unit); they are then called molar specific heats. Table 
18-3 shows the values for some elemental solids (each consisting of a single ele- 
ment) at room temperature. 
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In determining and then using the specific heat of any substance, we need to 
know the conditions under which energy is transferred as heat. For solids and 
liquids, we usually assume that the sample is under constant pressure (usually 
atmospheric) during the transfer. It is also conceivable that the sample is held at 
constant volume while the heat is absorbed. This means that thermal expansion 
of the sample is prevented by applying external pressure. For solids and liquids, 
this is very hard to arrange experimentally, but the effect can be calculated, and it 
turns out that the specific heats under constant pressure and constant volume for 
any solid or liquid differ usually by no more than a few percent. Gases, as you will 
see, have quite different values for their specific heats under constant-pressure 
conditions and under constant-volume conditions. 


Heats of Transformation 


When energy is absorbed as heat by a solid or liquid, the temperature of the sample 
does not necessarily rise. Instead, the sample may change from one phase, or state, 
to another. Matter can exist in three common states: In the solid state, the mole- 
cules of a sample are locked into a fairly rigid structure by their mutual attraction. 
In the liquid state, the molecules have more energy and move about more. They 
may form brief clusters, but the sample does not have a rigid structure and can flow 
or settle into a container. In the gas, or vapor, state, the molecules have even more 
energy, are free of one another, and can fill up the full volume of a container. 

To melt a solid means to change it from the solid state to the liquid state. The 
process requires energy because the molecules of the solid must be freed from their 
rigid structure. Melting an ice cube to form liquid water is a common example. ‘To 
freeze a liquid to form a solid is the reverse of melting and requires that energy be 
removed from the liquid, so that the molecules can settle into a rigid structure. 

To vaporize a liquid means to change it from the liquid state to the vapor 
(gas) state. This process, like melting, requires energy because the molecules must 
be freed from their clusters. Boiling liquid water to transfer it to water vapor (or 
steam —a gas of individual water molecules) is a common example. Condensing a 
gas to form a liquid is the reverse of vaporizing; it requires that energy be 
removed from the gas, so that the molecules can cluster instead of flying away 
from one another. 

The amount of energy per unit mass that must be transferred as heat when a 
sample completely undergoes a phase change is called the heat of transformation 
L.Thus, when a sample of mass m completely undergoes a phase change, the total 
energy transferred is 


QO = Lm. (18-16) 


When the phase change is from liquid to gas (then the sample must absorb heat) 
or from gas to liquid (then the sample must release heat), the heat of transfor- 
mation is called the heat of vaporization Ly. For water at its normal boiling or 
condensation temperature, 


Ly = 539 cal/g = 40.7 kJ/mol = 2256 kJ/kg. (18-17) 


When the phase change is from solid to liquid (then the sample must absorb 
heat) or from liquid to solid (then the sample must release heat), the heat of 
transformation is called the heat of fusion L;. For water at its normal freezing or 
melting temperature, 


Lp = 79.5 cal/g = 6.01 kJ/mol = 333 kJ/kg. (18-18) 


Table 18-4 shows the heats of transformation for some substances. 


TABLE 18-4 


Some Heats of Transformation 


Melting 

Substance Melting Point (K) Heat of Fusion L; (kJ/kg) 
Hydrogen 14.0 58.0 

Oxygen 54.8 1359 

Mercury 234 11.4 

Water pas 333 

Lead 601 23,2 

Silver 1235 105 

Copper 1356 207 
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Boiling 
Boiling Point (K) Heat of Vaporization Ly (kJ/kg) 

20.3 455 

90.2 219 

630 296 

373 2256 

2017 858 

2323 2336 

2868 4730 


Sample Problem LES 


(a) How much heat must be absorbed by ice of mass 
m = 720 g at —10°C to take it to liquid state at 15°C? 


Cem The heating process is accomplished in 


three steps: (1) The ice cannot melt at a temperature be- 
low the freezing point—so initially, any energy trans- 
ferred to the ice as heat can only increase the tempera- 
ture of the ice, until 0°C is reached. (2) The temperature 
then cannot increase until all the ice melts—so any en- 
ergy transferred to the ice as heat now can only change 
ice to liquid water, until all the ice melts. (3) Now the 
energy transferred to the liquid water as heat can only 
increase the temperature of the liquid water. 


Warming the ice: The heat Q, needed to increase the 
temperature of the ice from the initial value 7; = 
—10°C to a final value T; = 0°C (so that the ice can then 
melt) is given by Eq. 18-14 (Q = cm AT). Using the spe- 
cific heat of ice c;,, in Table 18-3 gives us 


QO; = Cio (Ty i T;) 
= (2220 kg -K)(0.720 kg)[0°C — (—10°C)] 
= 15 984 J ~ 15.98 kJ. 


Melting the ice: The heat Q, needed to melt all the ice 
is given by Eq. 18-16 (OQ = Lm). Here L is the heat of 
fusion L;, with the value given in Eq. 18-18 and Table 
18-4. We find 


QO, = Lm = (333 kJ/kg)(0.720 kg) ~ 239.8 kJ. 


Warming the liquid: The heat Q; needed to increase 
the temperature of the water from the initial value T; = 
O°C to the final value 7; = 15°C is given by Eq. 18-14 
(with the specific heat of liquid water c,,): 


Oe Cig Ty = 1} 
= (4190 J/kg - K)(0.720 kg)(15°C — 0°C) 
= 45252 J = 45.25 kJ. 


Total: The total required heat Q,,, is the sum of the 
amounts required in the three steps: 


OR Ci Oa 
= 15.98 kJ + 239.8 kJ + 45.25 kJ 
= 300 kJ. (Answer) 


Note that the heat required to melt the ice is much 
ereater than the heat required to raise the temperature 
of either the ice or the liquid water. 


(b) If we supply the ice with a total energy of only 210 kJ 
(as heat), what then are the final state and temperature of 
the water? 


cSt From step 1, we know that 15.98kJ is 


needed to raise the temperature of the ice to the melt- 
ing point. The remaining heat Q,,,, is then 210 kJ — 
15.98 kJ, or about 194 kJ. From step 2, we can see that 
this amount of heat is insufficient to melt all the ice. 
Because the melting of the ice is incomplete, we must 
end up with a mixture of ice and liquid; the temperature 
of the mixture must be the freezing point, 0°C. 


Calculations: We can find the mass m of ice that is melted 
by the available energy Q,,.,, by using Eq. 18-16 with L-: 


Orem 194 kJ 
m = =O 
Lr 333 k3/ke 





= 0.583 kg = 580 g. 


Thus, the mass of the ice that remains is 720 g — 580 g, 
or 140 g, and we have 


580 gwater and 140gice, at0°C. (Answer) 
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Sample Problem Era 


A copper slug whose mass m, 1s 75 g is heated in a labora- 
tory oven to a temperature T of 312°C. The slug is then 
dropped into a glass beaker containing a mass m,, = 220 g 
of water. The heat capacity C; of the beaker is 45 cal/K. 
The initial temperature 7; of the water and the beaker is 
12°C. Assuming that the slug, beaker, and water are an 
isolated system and the water does not vaporize, find the 
final temperature 7; of the system at thermal equilibrium. 


feieo (1) Because the system is isolated, the sys- 


tem’s total energy cannot change and only internal 
transfers of thermal energy can occur. (2) Because noth- 
ing in the system undergoes a phase change, the thermal 
energy transfers can only change the temperatures. 


Calculations: To relate the transfers to the temperature 
changes, we can use Eqs. 18-13 and 18-14 to write 


for the water: 


Temperatures are contained in Eq. 18-23 only as differ- 
ences. Thus, because the differences on the Celsius and 
Kelvin scales are identical, we can use either of those 
scales in this equation. Solving it for T;, we obtain 

T= Cm fC, bso me 

CoN tie ee iT 


Using Celsius temperatures and taking values for c, and 
cy from Table 18-3, we find the numerator to be 


(0.0923 cal/g -K)(75 g)(312°C) + (45 cal/K)(12°C) 
+ (1.00 cal/g -K)(220 g)(12°C) = 5339.8 cal, 
and the denominator to be 


(1.00 cal/g - K)(220 g) + 45 cal/K 
+ (0.0923 cal/g -K)(75 g) = 271.9 cal/C°. 


QO, = cym,(T; — Tj); (18-19) We then have 
for the beaker: Q, = C,(T; — T;); (18-20) 5339.8 cal 
;= eee 1016 Oke (Answer) 
for the copper: Q,=cm(T;—-T). (18-21) 271.9 cal/C° 
Because the total energy of the system cannot change, From the given data you can show that 
the sum of these three energy transfers is zero: Oe 1610eal! QO, ~ 342 cal, QO, ~ —2020 cal. 


QO, + QO, + Q. = 0. 
Substituting Eqs. 18-19 through 18-21 into Eq. 18-22 yields 


Insulation 





FIG. 18-13 A gas is confined toa 
cylinder with a movable piston. 
Heat Q can be added to or with- 
drawn from the gas by regulating 
the temperature T of the adjustable 
thermal reservoir. Work W can be 
done by the gas by raising or lower- 
ing the piston. 


18-22 
( ) Apart from rounding errors, the algebraic sum of these 


three heat transfers is indeed zero, as Eq. 18-22 requires. 
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Here we look in some detail at how energy can be transferred as heat and work 
between a system and its environment. Let us take as our system a gas confined 
to a cylinder with a movable piston, as in Fig. 18-13. The upward force on the pis- 
ton due to the pressure of the confined gas is equal to the weight of lead shot 
loaded onto the top of the piston. The walls of the cylinder are made of insulating 
material that does not allow any transfer of energy as heat. The bottom of the 
cylinder rests on a reservoir for thermal energy, a thermal reservoir (perhaps a hot 
plate) whose temperature T you can control by turning a knob. 

The system (the gas) starts from an initial state i, described by a pressure p,, 
a volume V;, and a temperature 7;. You want to change the system to a final state 
f, described by a pressure p;,a volume V;, and a temperature T;. The procedure by 
which you change the system from its initial state to its final state is called a ther- 
modynamic process. During such a process, energy may be transferred into the 
system from the thermal reservoir (positive heat) or vice versa (negative heat). 
Also, work can be done by the system to raise the loaded piston (positive work) 
or lower it (negative work). We assume that all such changes occur slowly, with 
the result that the system is always in (approximate) thermal equilibrium (that is, 
every part of the system is always in thermal equilibrium with every other part). 

Suppose that you remove a few lead shot from the piston of Fig. 18-13, 
allowing the gas to push the piston and remaining shot upward through a dif- 
ferential displacement ds’ with an upward force F. Since the displacement is 
tiny, we can assume that F is constant during the displacement. Then F has a 
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magnitude that is equal to pA, where p is the pressure of the gas and A 1s the face 
area of the piston. The differential work dW done by the gas during the displace- 
ment is 


dW = F «ds = (pA)(ds) = p(Ads) 
= p dV, (18-24) 
in which dV is the differential change in the volume of the gas due to the move- 


ment of the piston. When you have removed enough shot to allow the gas to 
change its volume from V; to V,, the total work done by the gas is 


Pressure 


V 
ir 

VW — | aw = | Pp dv. (18-25) 
Vi 





During the change in volume, the pressure and temperature of the gas may also (a) 0 
change. To evaluate the integral in Eq. 18-25 directly, we would need to know how 
pressure varies with volume for the actual process by which the system changes 
from state i to state f. 

There are actually many ways to take the gas from state i to state f, One way 
is shown in Fig. 18-14a, which 1s a plot of the pressure of the gas versus its volume 
and which is called a p-V diagram. In Fig. 18-14a, the curve indicates that the 
pressure decreases as the volume increases. The integral in Eq. 18-25 (and thus 
the work W done by the gas) is represented by the shaded area under the curve 
between points z and f. Regardless of what exactly we do to take the gas along the 
curve, that work is positive, due to the fact that the gas increases its volume by 
forcing the piston upward. 

Another way to get from state 7 to state fis shown in Fig. 18-14b. There the 
change takes place in two steps—the first from state i to state a, and the second 
from state a to state f. 

Step ia of this process is carried out at constant pressure, which means that 
you leave undisturbed the lead shot that ride on top of the piston in Fig. 18-13. 
You cause the volume to increase (from V; to V,) by slowly turning up the tem- or” 
perature control Knob, raising the temperature of the gas to some higher value 
T,. (Increasing the temperature increases the force from the gas on the piston, 
moving it upward.) During this step, positive work is done by the expanding gas 
(to lift the loaded piston) and heat is absorbed by the system from the thermal 
reservoir (in response to the arbitrarily small temperature differences that you 
create as you turn up the temperature). This heat is positive because it is added to 
the system. 

Step af of the process of Fig. 18-140 is carried out at constant volume, so you 
must wedge the piston, preventing it from moving. Then as you use the control 
knob to decrease the temperature, you find that the pressure drops from p, to 
its final value p,. During this step, heat is lost by the system to the thermal 
reservoir. 

For the overall process iaf, the work W, which is positive and is carried out 
only during step ia, is represented by the shaded area under the curve. Energy is 
transferred as heat during both steps ia and af, with a net energy transfer Q. 

Figure 18-14c shows a process in which the previous two steps are carried out 
in reverse order. The work W in this case is smaller than for Fig. 18-14), as is the 


Pressure 





(ie On RU Raes 


Pressure 


Pressure 





(d) 0 Volume 


Pressure 


FIG. 18-14 (a) The shaded area represents the work W done by a system as it goes 

from an initial state 7 to a final state f. Work W is positive because the system’s volume 
increases. (b) Wis still positive, but now greater. (c) Wis still positive, but now smaller. 

(d) W can be even smaller (path icdf) or larger (path ighf). (e) Here the system goes from 
state fto state i as the gas is compressed to less volume by an external force. The work W 
done by the system is now negative. (f) The net work W,,., done by the system during 

a complete cycle is represented by the shaded area. (f) 0 Volume 


Pressure 
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net heat absorbed. Figure 18-14d suggests that you can make the work done by 
the gas as small as you want (by following a path like icdf) or as large as you want 
(by following a path like ighf). 

To sum up: A system can be taken from a given initial state to a given final 
state by an infinite number of processes. Heat may or may not be involved, and in 
general, the work W and the heat Q will have different values for different 
processes. We say that heat and work are path-dependent quantities. 

Figure 18-14e shows an example in which negative work is done by a system 
as some external force compresses the system, reducing its volume. The absolute 
value of the work done is still equal to the area beneath the curve, but because 
the gas is compressed, the work done by the gas is negative. 

Figure 18-14f shows a thermodynamic cycle in which the system is taken from 
some initial state 7 to some other state fand then back to i. The net work done by 
the system during the cycle is the sum of the positive work done during the 
expansion and the negative work done during the compression. In Fig. 18-14f, the 
net work is positive because the area under the expansion curve (i to f) is greater 
than the area under the compression curve (f to i). 


CHECKPOINT 4 The p-V diagram here 
shows six curved paths (connected by vertical 
paths) that can be followed by a gas. Which two of 
the curved paths should be part of a closed cycle 
(those curved paths plus connecting vertical 
paths) if the net work done by the gas during the 
cycle is to be at its maximum positive value? 
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You have just seen that when a system changes from a given initial state to a 
given final state, both the work W and the heat Q depend on the nature of the 
process. Experimentally, however, we find a surprising thing. The quantity OQ — W 
is the same for all processes. It depends only on the initial and final states and 
does not depend at all on how the system gets from one to the other. All other 
combinations of Q and W, including Q alone, W alone, Q + W, and O — 2W, are 
path dependent; only the quantity Q — Wis not. 

The quantity Q — W must represent a change in some intrinsic property of 
the system. We call this property the internal energy E;,, and we write 


AE. = 1 ers Fint ;=QO-W (first law). (18-26) 


Equation 18-26 is the first law of thermodynamics. If the thermodynamic system 
undergoes only a differential change, we can write the first law as* 


dE. = dO — dW (first law). (18-27) 






































In Chapter 8, we discussed the principle of energy conservation as it applies 
to isolated systems— that is, to systems in which no energy enters or leaves the 
system. The first law of thermodynamics is an extension of that principle to 


*Here dQ and dW, unlike dE,,,, are not true differentials; that is, there are no such functions as 
O(p,V) and W(p, V) that depend only on the state of the system. The quantities dO and dW are 
called inexact differentials and are usually represented by the symbols dQ and dW. For our 
purposes, we can treat them simply as infinitesimally small energy transfers. 
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systems that are not isolated. In such cases, energy may be transferred into or out 
of the system as either work W or heat Q. In our statement of the first law of ther- 
modynamics above, we assume that there are no changes in the kinetic energy or 
the potential energy of the system as a whole; that is, AK = AU = 0. 

Before this chapter, the term work and the symbol W always meant the work 
done on a system. However, starting with Eq. 18-24 and continuing through the 
next two chapters about thermodynamics, we focus on the work done by a sys- 
tem, such as the gas in Fig. 18-13. 

The work done on a system is always the negative of the work done by the 
system, so if we rewrite Eq. 18-26 in terms of the work W,,, done on the system, 
we have AEF,,, = QO + W,,. This tells us the following: The internal energy of a 
system tends to increase if heat is absorbed by the system or if positive work is 
done on the system. Conversely, the internal energy tends to decrease if heat is 
lost by the system or if negative work is done on the system. 


CHECKPOINT 5 The figure here shows four p 
paths on a p-V diagram along which a gas can be taken 
from state i to state f Rank the paths according to (a) 
the change AE,,,, in the internal energy of the gas, (b) 
the work W done by the gas, and (c) the magnitude of 
the energy transferred as heat Q between the gas and 
its environment, greatest first. 





4 Ps - é 





| | Some Special Cases of the First Law 
of Thermodynamics 


Here we look at four different thermodynamic processes to see what conse- 
quences follow when we apply the first law of thermodynamics. The results are 
summarized in Table 18-5. 


1. Adiabatic processes. An adiabatic process is one that occurs so rapidly or 
occurs in a system that is so well insulated that no transfer of energy as heat 
occurs between the system and its environment. Putting Q = 0 in the first law 
(Eq. 18-26) yields 


AF...= —W (adiabatic process). (18-28) 


This tells us that if work is done by the system (that is, if W is positive), the 
internal energy of the system decreases by the amount of work. Conversely, if 
work is done on the system (that is, if W is negative), the internal energy of the 
system increases by that amount. 

Figure 18-15 shows an idealized adiabatic process. Heat cannot enter or 
leave the system because of the insulation. Thus, the only way energy can be 


TABLE 18-5 


The First Law of Thermodynamics: Four Special Cases 


The Law: AE;,, = Q — W (Eq. 18-26) 





Process Restriction Consequence 
sc ening >a Sie ne tea == ce ng cece ae a Insulation 
Adiabatic Oh) AE ins = —W FIG. 78-75 An adiabatic expansion 
Constant volume W=0 AE in = Q can be carried out by slowly remov- 
Closed cycle Nie 0 W, ing lead shot from the top of the pis- 
Free expansion O=W=0 AE, = 0 ton. Adding lead shot reverses the 


process at any stage. 
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Cy Stopcock 





Insulation 


FIG. 18-16 The initial stage ofa 
free-expansion process. After the 
stopcock is opened, the gas fills both 3 
chambers and eventually reaches an 
equilibrium state. 


4. 


“Sample Problem 


CHECKPOINT 6 
the p-V diagram here, are (a) AEF;,, for the gas and (b) the net 
energy transferred as heat Q positive, negative, or zero? 


transferred between the system and its environment is by work. If we remove 
shot from the piston and allow the gas to expand, the work done by the system 
(the gas) is positive and the internal energy of the gas decreases. If, instead, we 
add shot and compress the gas, the work done by the system is negative and 
the internal energy of the gas increases. 


. Constant-volume processes. If the volume of a system (such as a gas) is held con- 


stant, that system can do no work. Putting W = 0 in the first law (Eq. 18-26) yields 
AFin = Q (18-29) 


Thus, if heat is absorbed by a system (that is, if Q is positive), the internal 
energy of the system increases. Conversely, if heat is lost during the process 
(that is, if Q is negative), the internal energy of the system must decrease. 


(constant-volume process). 


. Cyclical processes. There are processes in which, after certain interchanges of 


heat and work, the system is restored to its initial state. In that case, no intrinsic 
property of the system—including its internal energy—can possibly change. 
Putting AE;,,, = 0 in the first law (Eq. 18-26) yields 


O=W (18-30) 


Thus, the net work done during the process must exactly equal the net amount 
of energy transferred as heat; the store of internal energy of the system 
remains unchanged. Cyclical processes form a closed loop on a p-V plot, as 
shown in Fig. 18-14f. We discuss such processes in detail in Chapter 20. 


(cyclical process). 


Free expansions. These are adiabatic processes in which no transfer of heat 
occurs between the system and its environment and no work is done on or by 
the system. Thus, Q = W = 0, and the first law requires that 


AE,,, = 0 (18-31) 


(free expansion). 


Figure 18-16 shows how such an expansion can be carried out. A gas, which is 
in thermal equilibrium within itself, is initially confined by a closed stopcock to 
one half of an insulated double chamber; the other half is evacuated. The stop- 
cock is opened, and the gas expands freely to fill both halves of the chamber. No 
heat is transferred to or from the gas because of the insulation. No work is done 
by the gas because it rushes into a vacuum and thus does not meet any pressure. 

A free expansion differs from all other processes we have considered 
because it cannot be done slowly and in a controlled way. As a result, at any 
given instant during the sudden expansion, the gas is not in thermal equilib- 
rium and its pressure is not uniform. Thus, although we can plot the initial and 
final states on a p-V diagram, we cannot plot the expansion itself. 


For one complete cycle as shown in p 


Le 





Let 1.00 kg of liquid water at 100°C be converted to 
steam at 100°C by boiling at standard atmospheric pres- 
sure (which is 1.00 atm or 1.01 X 10° Pa) in the arrange- 
ment of Fig. 18-17. The volume of that water changes 
from an initial value of 1.00 X 10-7 m° as a liquid to 
1.671 m? as steam. 


(a) How much work is done by the system during this 
process? 


camo (1) The system must do positive work be- 


cause the volume increases. (2) We calculate the work 
W done by integrating the pressure with respect to the 
volume (Eq. 18-25). 


Calculation: Because here the pressure is constant at 
1.01 X 10° Pa, we can take p outside the integral. We 
then have 
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Calculation: Because the change is from liquid to 


FIG. 18-17 gaseous phase, L is the heat of vaporization Ly, with the 
Water boiling at value given in Eq. 18-17 and Table 18-4. We find 
constant pressure. 


Energy is trans- 
ferred from the 


Q = Lym = (2256 kJ/kg)(1.00 kg) 





th , = 2256 kJ ~ 2260 kJ. (Answer) 
ermal reservoir 
as heat until the (c) What is the change in the system’s internal energy 
si Uy cena during the process? 
changed com- Insulation 
pletely into steam. RSME the chance in the svstem’s internal enerev 
Work is done by The change in the system’s internal energy 
the expanding gas is related to the heat (here, this is energy transferred 
as it lifts the into the system) and the work (here, this is energy trans- 
loaded piston. ferred out of the system) by the first law of thermody- 
namics (Kq. 18-26). 
Calculation: We write the first law as 
Ms a, 
w= | pav =p | dV = p(Y — Vi) AE int = QO — W = 2256 kJ — 169 kJ 
Ve V: 
= 2090 kJ = 2.09 MJ. Answe 
= (1.01 X 105 Pa)(1.671 m3 — 1.00 X 10-3 m3) Ca 
= 169 Xx 105 S= 160eT (Answer) This quantity is positive, indicating that the internal en- 
. ergy of the system has increased during the boiling 
(b) How much energy is transferred as heat during the process. This energy goes into separating the H,O mole- 
process? cules, which strongly attract one another in the liquid 
State. We see that, when water is boiled, about 7.5% 
Pere Because the heat causes only a phase (= 169 kJ/2260 kJ) of the heat goes into the work of 
change and not a change in temperature, it is given fully pushing back the atmosphere. The rest of the heat goes 
by Eq. 18-16 (Q = Lm). into the system’s internal energy. 
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We have discussed the transfer of energy as heat between a system and its en- 
vironment, but we have not yet described how that transfer takes place. There are 
three transfer mechanisms: conduction, convection, and radiation. 


Conduction 
If you leave the end of a metal poker in a fire for enough time, its handle will get 
hot. Energy is transferred from the fire to the handle by (thermal) conduction 
along the length of the poker. The vibration amplitudes of the atoms and elec- Z| 
trons of the metal at the fire end of the poker become relatively large because : 
of the high temperature of their environment. These increased vibrational ampli- 
tudes, and thus the associated energy, are passed along the poker, from atom to 
atom, during collisions between adjacent atoms. In this way, a region of rising 
temperature extends itself along the poker to the handle. 

Consider a slab of face area A and thickness L, whose faces are maintained 
at temperatures 7), and T- by a hot reservoir and a cold reservoir, as in Fig. 18-18. 
Let Q be the energy that is transferred as heat through the slab, from its hot face 
to its cold face, in time ¢. Experiment shows that the conduction rate Pong (the : 
amount of energy transferred per unit time) is FIG. 18-18 Thermal conduction. 





Energy is transferred as heat from a 
pe MO: tee Laie 18-32 reservoir at temperature Tytoa 
Coe ee ip ? (18-32) cooler reservoir at temperature 7 


through a conducting slab of thick- 
in which k, called the thermal conductivity, is a constant that depends on the | ness L and thermal conductivity k. 
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TABLE 18-6 


Some Thermal Conductivities 


Substance k (W/m: K) 
Metals 
Stainless steel 14 
Lead 35 
Iron‘, 67 
Brass 109 
Aluminum ZS 
Copper ~ A401 
Silver 428 
Gases 
Air (dry) 0.026 
Helium 0.15 
Hydrogen 0.18 
Building Materials 
Polyurethane foam: 0.024 
’Rock wool 0.043 
Fiberglass 0.048 
White pine Okt 
Window glass 1.0 
d 
i 
f 
224 











FIG. 18-19 Heat is transferred ata 
steady rate through a composite slab 
made up of two different materials 
with different thicknesses and differ- 
ent thermal conductivities. 

The steady-state temperature at the 
interface of the two materials is Ty. 


CHECKPOINT 7 The figure shows the face and interface tem- 
peratures of a composite slab consisting of four materials, of identical 25°C 
thicknesses, through which the heat transfer is steady. Rank the materials 
according to their thermal conductivities, greatest first. 


material of which the slab is made. A material that readily transfers energy by 
conduction is a good thermal conductor and has a high value of k. Table 18-6 gives 
the thermal conductivities of some common metals, gases, and building materials. 


Thermal Resistance to Conduction (R-Value) 


If you are interested in insulating your house or in keeping cola cans cold on a 
picnic, you are more concerned with poor heat conductors than with good ones. 
For this reason, the concept of thermal resistance R has been introduced into 
engineering practice. The R-value of a slab of thickness L is defined as 


R=—. (18-33) 


The lower the thermal conductivity of the material of which a slab is made, the 
higher the R-value of the slab; so something that has a high R-value is a poor ther- 
mal conductor and thus a good thermal insulator. 

Note that R is a property attributed to a slab of a specified thickness, not to a 
material. The commonly used unit for R (which, in the United States at least, is 
almost never stated) is the square foot—Fahrenheit degree—hour per British 
thermal unit (ft7- F° - h/Btu). (Now you know why the unit is rarely stated.) 


Conduction Through a Composite Slab 


Figure 18-19 shows a composite slab, consisting of two materials having different 
thicknesses L, and L, and different thermal conductivities k, and kj. The tempera- 
tures of the outer surfaces of the slab are 7}, and T;. Each face of the slab has area 
A. Let us derive an expression for the conduction rate through the slab under the 
assumption that the transfer is a steady-state process; that is, the temperatures 
everywhere in the slab and the rate of energy transfer do not change with time. 

In the steady state, the conduction rates through the two materials must be 
equal. This is the same as saying that the energy transferred through one material 
in a certain time must be equal to that transferred through the other material in 
the same time. If this were not true, temperatures in the slab would be changing 
and we would not have a steady-state situation. Letting 7 be the temperature of 
the interface between the two materials, we can now use Eq. 18-32 to write 


_ kATy -— Ty) _ A(Ty — Te) 


Poona = 18-34 

cond i ie ( ) 
Solving Eq. 18-34 for Ty yields, after a little algebra, 
k,LoTo + k,L,Ty 

aS 18-35 

. kL) + kL, Ce 

Substituting this expression for Ty into either equality of Eq. 18-34 yields 
AUT, — Ti 
Pate (18-36) 


ieee ice 


We can extend Eq. 18-36 to apply to any number 7 of materials making up 
a slab: 
_ A(Ty - Te) 
cond S ( cl k) 


The summation sign in the denominator tells us to add the values of L/k for all 
the materials. 


(18-37) 
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Convection 


When you look at the flame of a candle or a match, you are watching thermal 
energy being transported upward by convection. Such energy transfer occurs 
when a fluid, such as air or water, comes in contact with an object whose tem- 
perature is higher than that of the fluid. The temperature of the part of the fluid 
that is in contact with the hot object increases, and (in most cases) that fluid 
expands and thus becomes less dense. Because this expanded fluid is now lighter 
than the surrounding cooler fluid, buoyant forces cause it to rise. Some of the 
surrounding cooler fluid then flows so as to take the place of the rising warmer 
fluid, and the process can then continue. 

Convection is part of many natural processes. Atmospheric convection plays a 
fundamental role in determining global climate patterns and daily weather varia- 
tions. Glider pilots and birds alike seek rising thermals (convection currents of warm 
air) that keep them aloft. Huge energy transfers take place within the oceans by the 
same process. Finally, energy is transported to the surface of the Sun from the nuclear 
furnace at its core by enormous cells of convection, in which hot gas rises to the sur- 
face along the cell core and cooler gas around the core descends below the surface. 


Radiation 


The third method by which an object and its environment can exchange energy as 
heat is via electromagnetic waves (visible light is one kind of electromagnetic 
wave). Energy transferred in this way is often called thermal radiation to distin- 
guish it from electromagnetic signals (as in, say, television broadcasts) and from 
nuclear radiation (energy and particles emitted by nuclei). (To “radiate” gener- 
ally means to emit.) When you stand in front of a big fire, you are warmed by 
absorbing thermal radiation from the fire; that is, your thermal energy increases 
as the fire’s thermal energy decreases. No medium is required for heat transfer 
via radiation — the radiation can travel through vacuum from, say, the Sun to you. 

The rate P,,q at which an object emits energy via electromagnetic radiation 
depends on the object’s surface area A and the temperature T of that area in 
Kelvins and is given by 


Prog = G&AT*. (18-38) 


Here o = 5.6704 X 107° W/m’: K* is called the Stefan—Boltzmann constant after 
Josef Stefan (who discovered Eq. 18-38 experimentally in 1879) and Ludwig 
Boltzmann (who derived it theoretically soon after). The symbol ¢ represents the 
emissivity of the object’s surface, which has a value between 0 and 1, depending on the 
composition of the surface. A surface with the maximum emissivity of 1.0 is said to be 
a blackbody radiator, but such a surface is an ideal limit and does not occur in nature. 
Note again that the temperature in Eq. 18-38 must be in Kelvins so that a temperature 
of absolute zero corresponds to no radiation. Note also that every object whose tem- 
perature is above 0 K— including you— emits thermal radiation. (See Fig, 18-20.) 

The rate P,, at which an object absorbs energy via thermal radiation from its 
environment, which we take to be at uniform temperature T,,, (in kelvins), is 


Pas = 08 AT 4. (18-39) 


The emissivity e in Eq. 18-39 is the same as that in Eq. 18-38. An idealized black- 
body radiator, with e = 1, will absorb all the radiated energy it intercepts (rather 
than sending a portion back away from itself through reflection or scattering). 

Because an object will radiate energy to the environment while it absorbs 
energy from the environment, the object’s net rate P,,, of energy exchange due to 
thermal radiation is 


decie m ek _ Pad a TEAR ens i dey (18-40) 





FIG. 18-20 A false-color thermo- 
gram reveals the rate at which energy 
is radiated by a cat. The rate is color- 
coded, with white and red indicating 
the greatest radiation rate. The nose 
is cool. (Edward Kinsman/Photo 
Researchers) 
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Pret 18 positive if net energy is being absorbed via radiation and negative if it is 
being lost via radiation. 

Let’s now return to the story about the ability of a Melanophila beetle to de- 
tect a fairly large fire from a distance of 12 km without seeing or smelling it. A 
pair of organs along each side of the beetle’s body can detect even low-level ther- 
mal radiation. Each organ contains about 70 small knob-like sensors that expand 
very slightly when they absorb thermal radiation from the fire; the expansion 
causes them to press down on sensory cells. Thus, the detector is a mechanism 
that transfers energy from the thermal radiation to the energy of a mechanical 
device. The beetle can locate the fire by orienting itself so that all four infrared- 
detecting organs are affected, and then it flies toward the fire so that the response 
of the organs increases. SS 

Thermal radiation is also involved in the numerous medical cases of a dead 
rattlesnake striking a hand reaching toward it. Pits between each eye and nostril of 
a rattlesnake (Fig. 18-21) serve as sensors of thermal radiation. When, say, a mouse 
moves close to a rattlesnake’s head, the thermal radiation from the mouse triggers 
these sensors, causing a reflex action in which the snake strikes the mouse with its 
fangs and injects its venom. The thermal radiation from a reaching hand can cause 
the same reflex action even if the snake has been dead for as long as 30 min 
because the snake’s nervous system continues to function. As one snake expert 
advised, if you must remove a recently killed rattlesnake, use a long stick rather 
than your hand. es 





FIG. 18-21 A rattlesnake’s face has 
thermal radiation detectors, allowing 
the snake to strike at an animal even 


in complete darkness. 
(David A. Northcott/Corbis Images) 


Sample Problem 





Figure 18-22 shows the cross section of a wall made of 
white pine of thickness L, and brick of thickness L, 


(= 2.0L), sandwiching two layers of unknown material F T; 
with identical thicknesses and thermal conductivities. 

The thermal conductivity of the pine is k, and that of 

the brick is kz (= 5.0k,). The face area A of the wall is Indoors Outdoors 


unknown. Thermal conduction through the wall has 
reached the steady state; the only known interface tem- 
peratures are T, = 25°C, 7, = 20°C, and T; = —10°C. 
What is interface temperature 7? 


Eizo (1) Temperature 7), helps determine the rate 


P, at which energy is conducted through the brick, as given 
by Eq. 18-32. However, we lack enough data to solve Eq. 
18-32 for Ty. (2) Because the conduction is steady, the con- 
duction rate P, through the brick must equal the conduc- (pee Kaha T—-T)4T. 

— (T; 2) 5- 
tion rate P, through the pine. That gets us going. Kal, 


Letting Ly = 2.0L, and kz =5.0k,, and inserting the 
known temperatures, we find 





(a) (d) (c) (d) 


FIG. 78-22 A wall of four layers through which there is 
steady-state heat transfer. 


Setting P, = P, and solving for 7, yield 





Calculations: From Eq. 18-32 and Fig. 18-22, we can 


write 
k(2.0L,) 
TG pe ri OS Oa 0 Outed 0 C) 
TZ - Tf, em SIGE 
P(A and (PF, = A a 
of i | Ly = —8.0°C. (Answer) 








During an extended wilderness hike, you have a terrific 
craving for ice. Unfortunately, the air temperature drops 
to only 6.0°C each night—too high to freeze water. 
However, because a clear, moonless night sky acts like a 


blackbody radiator at a temperature of 7, = —23°C, per- 
haps you can make ice by letting a shallow layer of water 
radiate energy to such a sky. To start, you thermally insu- 
late a container from the ground by placing a poorly 


conducting layer of, say, foam rubber or straw beneath it. 
Then you pour water into the container, forming a thin, 
uniform layer with mass m = 4.5 g, top surface area A = 
9.0 cm’, depth d = 5.0 mm, emissivity « = 0.90, and ini- 
tial temperature 6.0°C. Find the time required for the 
water to freeze via radiation. Can the freezing be accom 

plished during one night? aS 


cei (1) The water cannot freeze at a temperature 


above the freezing point. Therefore, the radiation must 
first remove an amount of energy Q, to reduce the water 
temperature from 6.0°C to the freezing point of 0°C. (2) 
The radiation then must remove an additional amount of 
energy Q, to freeze all the water. (3) Throughout this 
process, the water is also absorbing energy radiated to it 
from the sky. We want a net loss of energy. 


Cooling the water: Using Eq. 18-14 and Table 18-3, we 
find that cooling the water to 0°C requires an energy loss of 


QO, = cm T; — T;) 
(4190 J/kg: K)(4.5 x 107-3 ke) (O76 = 6.0°C} 
= —113 J. 


Thus, 113 J must be radiated away by the water to drop 
its temperature to the freezing point. 


Freezing the water: Using Eq. 18-16 (Q = mL) with 
the value of L being L; from Eq. 18-18 or Table 18-4, and 
inserting a minus sign to indicate an energy loss, we find 
QO, = —mL; = —(45 X 1077 kg)(3.33 X 10° J/kg) 
= —1499 J. 





Temperature; Thermometers Temperature is an SI 
base quantity related to our sense of hot and cold. It is mea- 
sured with a thermometer, which contains a working sub- 
stance with a measurable property, such as length or pressure, 
that changes in a regular way as the substance becomes hotter 
or colder. 


Zeroth Law of Thermodynamics When a thermome- 
ter and some other object are placed in contact with each 
other, they eventually reach thermal equilibrium. The reading 
of the thermometer is then taken to be the temperature of the 
other object. The process provides consistent and useful tem- 
perature measurements because of the zeroth law of thermo- 
dynamics: If bodies A and B are each in thermal equilibrium 
with a third body C (the thermometer), then A and B are in 
thermal equilibrium with each other. 


The Kelvin Temperature Scale In the SI system, tem- 
perature is measured on the Kelvin scale, which is based on 
the triple point of water (273.16 K). Other temperatures are 
then defined by use of a constant-volume gas thermometer, in 


Review & Summary 


The total required energy loss is thus 
Om os O, ale QO, = —113J — 1499 J = -1612 J. 


Radiation: While the water loses energy by radiating to 
the sky, it also absorbs energy radiated to it from the 
sky. In a total time ¢, we want the net energy of this 
exchange to be the energy loss Q,,,; so we want the 
power of this exchange to be 


netenergy  Qrot 
Scene = oer 


(18-41) 
time 


power = 


The power of such an energy exchange is also the net 
rate P,., of thermal radiation, as given by Eq. 18-40; so 
the time ¢t required for the energy loss to be Q,,, is 


2. 9 
Pret ae A(T; a” T“) . 
Although the temperature 7 of the water decreases 
slightly while the water is cooling, we can approximate 
T as being the freezing point, 273 K. With 7, = 250 K, 
the denominator of Eq. 18-42 is 
(5.67 X 107-8 W/m? - K*)(0.90)(9.0 X 1074 m7?) 
x [(250 K)* — (273 K)4] = —7.57 X 1077 Js, 


and Eq. 18-42 gives us 


(18-42) 





—1612 J 
—7.57 X 1077 Jis 
= 2.13 X 10*s = 5.9h. 


t= 


(Answer) 


Because t is less than a night, freezing water by having it 
radiate to the dark sky is feasible. In fact, in some parts 
of the world people used this technique long before the 
introduction of electric freezers. 





REVIEW & SUMMARY 


which a sample of gas is maintained at constant volume so its 
pressure is proportional to its temperature. We define the tem- 
perature T as measured with a gas thermometer to be 


T = (273.16 K) ( lim 2.) (18-6) 
gas— 


P3 
Here T is in Kelvins, and p3 and p are the pressures of the gas 
at 273.16 K and the measured temperature, respectively. 
Celsius and Fahrenheit Scales The Celsius tempera- 
ture scale is defined by 
Tc = T — 273.15°, (18-7) 
with 7 in kelvins. The Fahrenheit temperature scale is defined by 


T= io 32”. (18-8) 


Thermal Expansion All objects change size with changes 
in temperature. For a temperature change AT, a change AL in 
any linear dimension L is given by 


AL = La AT, (18-9) 





in which a is the coefficient of linear expansion. The change 
AV in the volume V of a solid or liquid is 


AV = VBAT. (18-10) 


Here B = 3a is the material’s coefficient of volume expansion. 


Heat Heat OQ is energy that is transferred between a system 
and its environment because of a temperature difference 
between them. It can be measured in joules (J), calories (cal), 
kilocalories (Cal or kcal), or British thermal units (Btu), with 


1 cal = 3.968 X 10-3 Btu = 4.1868 J. (18-12) 
Heat Capacity and Specific Heat If heat Q is absorbed 
by an object, the object’s temperature change 7;— T; is re- 
lated to Q by 


in which C is the heat capacity of the object. If the object has 
mass m, then 


(18-13) 


O=cm( lh 7,), (18-14) 


where c is the specific heat of the material making up the 
object. The molar specific heat of a material is the heat capac- 
ity per mole, which means per 6.02 X 10” elementary units of 
the material. 


Heat of Transformation Heat absorbed by a material may 
change the material’s physical state—for example, from solid to 
liquid or from liquid to gas. The amount of energy required per 
unit mass to change the state (but not the temperature) of a par- 
ticular material is its heat of transformation L. Thus, 


Q = Lm. (18-16) 


The heat of vaporization L, is the amount of energy per unit 
mass that must be added to vaporize a liquid or that must be 
removed to condense a gas. The heat of fusion L; is the 
amount of energy per unit mass that must be added to melt a 
solid or that must be removed to freeze a liquid. 


Work Associated with Volume Change A gas may 
exchange energy with its surroundings through work. The 
amount of work W done by a gas as it expands or contracts 
from an initial volume V; to a final volume Vis given by 


Vp 
w= |aw=| p av. 
Vi 


The integration is necessary because the pressure p may vary 
during the volume change. 


(18-25) 
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First Law of Thermodynamics The principle of conser- 
vation of energy for a thermodynamic process is expressed in 
the first law of thermodynamics, which may assume either of 
the forms 


AE... a eee rs Pint; a OQ a Ww (first law) (18-26) 


or dE, = dQ — dW (first law). (18-27) 


FEint Tepresents the internal energy of the material, which 
depends only on the material’s state (temperature, pressure, 
and volume). Q represents the energy exchanged as heat 
between the system and its surroundings; Q is positive if the 
system absorbs heat and negative if the system loses heat. W is 
the work done by the system; W is positive if the system 
expands against an external force from the surroundings and 
negative if the system contracts because of an external force. 
QO and W are path dependent; AE,,, is path independent. 


Applications of the First Law The first law of thermo- 
dynamics finds application in several special cases: 


adiabatic processes) Q=0, AE, = —W 
WwW = 0, AEF int a Q 
AE = 0, Q = 


Q = W= LE; = 0 


constant-volume processes: 
cyclical processes: 


free expansions: 


Conduction, Convection, and Radiation The rate 
Peong at Which energy is conducted through a slab whose faces 
are maintained at temperatures 7}, and T¢ 1s 

Q 


dee oly 
Een a ee ae = < 


18-32 
; —E, (18-32) 


in which A and L are the face area and length of the slab, and 
k is the thermal conductivity of the material. 

Convection occurs when temperature differences cause an 
energy transfer by motion within a fluid. Radiation is an energy 
transfer via the emission of electromagnetic energy. The rate P,aq 
at which an object emits energy via thermal radiation is 


Pq = O6AT", (18-38) 


where o (= 5.6704 X 10-® W/m’: K*) is the Stefan—Boltz- 
mann constant, ¢ 1s the emissivity of the object’s surface, A is 
its surface area, and T is its surface temperature (in kelvins). 
The rate P,,, at which an object absorbs energy via thermal ra- 
diation from its environment, which is at the uniform temper- 
ature T.,, (in kelvins), is 


Pa GOAL (18-39) 


QUESTIONS 


1 Materials A, B, and C are solids that are at their melting 
temperatures. Material A requires 200 J to melt 4 kg, material 
B requires 300 J to melt 5 kg, and material C requires 300 J 
to melt 6 kg. Rank the materials according to their heats of 
fusion, greatest first. 


2 Figure 18-23 shows three linear temperature scales, with 
the freezing and boiling points of water indicated. Rank the 


three scales according to the size of one degree on them, 
greatest first. 


150°H 120° b 
X YI) 





: -140° 
FIG. 18-23 Question 2. i 


3 The initial length L, change in temperature AT, and change 
in length AL of four rods are given in the following table. 
Rank the rods according to their coefficients of thermal ex- 
pansion, greatest first. 


Rod L (m) AT (C2) AL (m) 
a 2 10 4x 104 
b 1 20 ae NOe* 
C 2 10 8 x 1074 
d 4 5 AX 0 


4 Figure 18-24 shows three different arrangements of ma- 
terials 1,2, and 3 to form a wall. The thermal conductivities 
are k, > k, > k3. The left side of the wall is 20 C° higher than 
the right side. Rank the arrangements according to (a) the 
(steady state) rate of energy conduction through the wall 
and (b) the temperature difference across material 1, great- 
est first. 





FIG. 18-24 Question 4. 


5 Figure 18-25 p 
shows two. closed 
cycles on p-V dia- 
grams for a gas. The 
three parts of cycle 

1 are of the same 
length and shape as 
those of cycle 2. For 
each cycle, should 

the cycle be traversed clockwise or counterclockwise if (a) the 
net work W done by the gas is to be positive and (b) the net 
energy transferred by the gas as heat Q is to be positive? 


a (2) 
FIG. 18-25 Questions 5 and 6. 


6 For which cycle in Fig. 18-25, traversed clockwise, is (a) W 
greater and (b) Q greater? 


? A hot object is dropped into a thermally insulated con- 
tainer of water, and the object and water are then allowed to 
come to thermal equilibrium. The experiment is repeated twice, 
with different hot objects. All three objects have the same mass 
and initial temperature, and the mass and initial temperature of 
the water are the same in the three experiments. For each of the 
experiments, Fig. 18-26 gives graphs of the temperatures T of 





(a) (d) 
FIG. 18-26 Question 7. 


the object and the water versus time f. Rank the graphs accord- 
ing to the specific heats of the objects, greatest first. 


& Asample A of liquid water and a sample B of ice, of iden- 
tical mass, are placed in a thermally insulated container and 
allowed to come to thermal equilibrium. Figure 18-27a is a 
sketch of the temperature 7 of the samples versus time t. (a) Is 
the equilibrium temperature above, below, or at the freezing 
point of water? (b) In reaching equilibrium, does the liquid 
partly freeze, fully freeze, or undergo no freezing? (c) Does 
the ice partly melt, fully melt, or undergo no melting? 


r EL 7 

P— — l 
(a) 2) (c) 

T T r 

> 7 l 
(d) (e) (/) 


FIG. 18-27 Questions 8 and 9. 


9 Question 8 continued: Graphs b through f of Fig. 18-27 are 
additional sketches of TJ versus t, of which one or more are 1m- 
possible to produce. (a) Which is impossible and why? (b) In 
the possible ones, is the equilibrium temperature above, below, 
or at the freezing point of water? (c) As the possible situations 
reach equilibrium, does the liquid partly freeze, fully freeze, or 
undergo no freezing? Does the ice partly melt, fully melt, or 
undergo no melting? 


10 A solid cube of edge length r, a solid sphere of radius r, 
and a solid hemisphere of radius 7, all made of the same 
material, are maintained at temperature 300 K in an environ- 
ment at temperature 350 K. Rank the objects according to the 
net rate at which thermal radiation is exchanged with the 
environment, greatest first. 


17 Three different materials of identical mass are placed one 
at a time in a special freezer that can extract energy from a ma- 
terial at a certain constant rate. During the cooling process, 
each material begins in the liquid state and ends in the solid 
state; Fig. 18-28 shows the temperature T versus time ft. (a) For 
material 1, is the specific heat 
for the liquid state greater than 
or less than that for the solid 
state? Rank the materials 
according to (b) freezing-point 
temperature, (c) specific heat in 
the liquid state, (d) specific heat 
in the solid state, and (e) heat of 
fusion, all greatest first. 





FIG. 18-28 Question 11. 
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PROBLEMS 


@ Tutoring problem available (at instructor's discretion) in WileyPLUS and WebAssign 


SSM Worked-out solution available in Student Solutions Manual 
e — eee Number of dots indicates level of problem difficulty 


WWW_Worked-out solution is at . “ 
ae http://www.wiley.com/college/halliday 
Interactive solution is at 


“86 Additional information available in The Flying Circus of Physics and at flyingcircusofphysics.com 


Cite here to-vrew “all step-by-step selut rons 


sec. 18-4 Measuring Temperature 

e1 A gas thermometer is constructed of two gas-containing 
bulbs, each in a water bath, as shown in Fig. 18-29. The pressure 
difference between the two bulbs is measured by a mercury 
manometer as shown. Appropriate reservoirs, not shown in 
the diagram, maintain constant gas volume in the two bulbs. 
There is no difference in pressure when both baths are at the 
triple point of water. The pressure difference is 120 torr when 
one bath is at the triple point and 
the other is at the boiling point of 
water. It is 90.0 torr when one 
bath is at the triple point and the 
other is at an unknown tempera- 
ture to be measured. What is the 
unknown temperature? 


FIG. 18-29 Problem 1. 


e2 ‘Two constant-volume gas thermometers are assembled, one 
with nitrogen and the other with hydrogen. Both contain enough 
gas so that p; = 80 kPa. (a) What is the difference between the 
pressures in the two thermometers if both bulbs are in boiling wa- 
ter? (Hint: See Fig. 18-6.) (b) Which gas is at higher pressure? 

¢3 Suppose the temperature of a gas is 373.15 K when it is at 
the boiling point of water. What then is the limiting value of 
the ratio of the pressure of the gas at that boiling point to its 
pressure at the triple point of water? (Assume the volume of 
the gas is the same at both temperatures. ) 


sec. 18-5 The Celsius and Fahrenheit Scales 

e4 (a) In 1964, the temperature in the Siberian village of 
Oymyakon reached —71°C. What temperature is this on the 
Fahrenheit scale? (b) The highest officially recorded tempera- 
ture in the continental United States was 134°F in Death Valley, 
California. What is this temperature on the Celsius scale? 


e5 At what temperature is the Fahrenheit scale reading 
equal to (a) twice that of the Celsius scale and (b) half that of 
the Celsius scale? 


ee6 On a linear X temperature scale, water freezes at 
—125.0°X and boils at 375.0°X. On a linear Y temperature scale, 
water freezes at —70.00°Y and boils at —30.00°Y. A temperature 
of 50.00°Y corresponds to what temperature on the X scale? 


ee7 Suppose that on a linear temperature scale X, water 
boils at —53.5°X and freezes at —170°X. What is a tempera- 
ture of 340 K on the X scale? (Approximate water’s boiling 
point as 373 K.) !tw 


sec. 18-6 Thermal Expansion 
¢8 An aluminum flagpole is 33 m high. By how much does 
its length increase as the temperature increases by 15 C°? 


e9 Find the change in volume of an aluminum sphere with 
an initial radius of 10cm when the sphere is heated from 
0.0°C to 100°C. SSM 


e710 An aluminum-alloy rod has a length of 10.000cm at 





20.000°C and a length of 10.015 cm at the boiling point of 
water. (a) What is the length of the rod at the freezing point of 
water? (b) What is the temperature if the length of the rod is 
10.009 cm? 


e171 A circular hole in an aluminum plate is 2.725 cm in 
diameter at 0.000°C. What is its diameter when the tempera- 
ture of the plate is raised to 100.0°C?  'LW. 


°12 At20°C,a brass cube has an edge length of 30 cm. What 
is the increase in the cube’s surface area when it is heated 
from 20°C to 75°C? 


173 What is the volume of a lead ball at 30.00°C if the ball’s 
volume at 60.00°C is 50.00 cm?? 


ee14 When the temperature of a metal cylinder is raised from 
0.0°C to 100°C, its length increases by 0.23%. (a) Find the per- 
cent change in density. (b) What is the metal? Use Table 18-2. 


ee15 An aluminum cup of 100 cm? capacity is completely 
filled with glycerin at 22°C. How much glycerin, if any, will 
spill out of the cup if the temperature of both the cup and the 
glycerin is increased to 28°C? (The coefficient of volume 
expansion of glycerin is 5.1 X 10~4/C°.)  ssm www 


°°16 At 20°C, a rod is exactly 20.05 cm long on a steel 
ruler. Both the rod and the ruler are placed in an oven at 
270°C, where the rod now measures 20.11 cm on the same 
ruler. What is the coefficient of linear expansion for the mate- 
rial of which the rod is made? 


ee17 A steel rod is 3.000 cm in diameter at 25.00°C. A brass 
ring has an interior diameter of 2.992 cm at 25.00°C. At what 
common temperature will the ring just slide onto the rod? 't\W 


®e{8 When the temperature of a copper coin is raised by 
100 C°, its diameter increases by 0.18%. To two significant 
figures, give the percent increase in (a) the area of a face, 
(b) the thickness, (c) the volume, and (d) the mass of the coin. 
(e) Calculate the coefficient of linear expansion of the coin. 


ee19 A vertical glass tube of length L = 1.280 000 m is half 
filled with a liquid at 20.000 000°C. How much will the height 
of the liquid column change when the tube is heated to 
30.000 000°C? Take apja5 = 1.000 000 x 10-°/K and Biiguia = 
4.000 000 x 10-°/K. &® 


ee20 In a certain experi- 

ment, a small radioactive Radioactive Electric 
source must move at selected, source Cater 
extremely slow speeds. This | 
motion is accomplished by fas- 
tening the source to one end of yd] 

an aluminum rod and heating FIG. 18-30 Problem 20. 
the central section of the rod 

in a controlled way. If the effective heated section of the rod 
in Fig. 18-30 has length d = 2.00 cm, at what constant rate 
must the temperature of the rod be changed if the source is to 






move at a constant speed of 100 
nm/s? 


eee241 Asaresult of a temper- 
ature rise of 32 C°, a bar with a 
crack at its center buckles up- 
ward (Fig. 18-31). If the fixed 
distance Ly is 3.77 m and the co- 
efficient of linear expansion of 
the bar is 25 X 10~°/C°, find the 
rise x of the center. SSM ILW 


FIG. 18-31 Problem 21. 


sec. 18-8 The Absorption of Heat by Solids and Liquids 
e22 A certain substance has a mass per mole of 50.0 g/mol. 
When 314 J is added as heat to a 30.0 g sample, the sample’s 
temperature rises from 25.0°C to 45.0°C. What are the (a) spe- 
cific heat and (b) molar specific heat of this substance? 
(c) How many moles are present? 


°23 A certain diet doctor encourages people to diet by drink- 
ing ice water. His theory is that the body must burn off enough 
fat to raise the temperature of the water from 0.00°C to the 
body temperature of 37.0°C. How many liters of ice water 
would have to be consumed to burn off 454 g (about 1 Ib) of fat, 
assuming that burning this much fat requires 3500 Cal be trans- 
ferred to the ice water? Why is it not advisable to follow this 
diet? (One liter = 107 cm?. The density of water is 1.00 g/cm>.) 


24 How much water remains unfrozen after 50.2 kJ is 
transferred as heat from 260 g of liquid water initially at its 
freezing point? 


e25 Calculate the minimum amount of energy, in joules, re- 
quired to completely melt 130 g of silver initially at 15.0°C. ssm 


°26 One way to Keep the contents of a garage from becoming 
too cold on a night when a severe subfreezing temperature is 
forecast is to put a tub of water in the garage. If the mass of the 
water is 125 kg and its initial temperature is 20°C, (a) how much 
energy must the water transfer to its surroundings in order to 
freeze completely and (b) what is the lowest possible tempera- 
ture of the water and its surroundings until that happens? <3 


e27 A small electric immersion heater is used to heat 100 g 
of water for a cup of instant coffee. The heater is labeled 
“200 watts” (it converts electrical energy to thermal energy at 
this rate). Calculate the time required to bring all this water 
from 23.0°C to 100°C, ignoring any heat losses. SSM 


28 What mass of butter, which has a usable energy content 
of 6.0 Cal/g (= 6000 cal/g), would be equivalent to the change 
in gravitational potential energy of a 73.0 kg man who ascends 
from sea level to the top of Mt. Everest, at elevation 8.84 km? 
Assume that the average g for the ascent is 9.80 m/s?. 


©e29 What mass of steam at 100°C must be mixed with 150 g 
of ice at its melting point, in a thermally insulated container, to 
produce liquid water at 50°C? ILw 


¢@30 A 150g copper bowl contains 220 g of water, both at 
20.0°C. A very hot 300 g copper cylinder is dropped into the wa- 
ter, causing the water to boil, with 5.00 g being converted to 
steam. The final temperature of the system is 100°C. Neglect en- 
ergy transfers with the environment. (a) How much energy (in 
calories) is transferred to the water as heat? (b) How much to 
the bowl? (c) What is the original temperature of the cylinder? 


ee31 Nonmetric version: (a) How long does a 2.0 X 10° 








Btu/h water heater take to raise the temperature of 40 gal of 
water from 70°F to 100°F? Metric version: (b) How long does 
a 59 kW water heater take to raise the temperature of 150 L 
of water from 21°C to 38°C? 


ee32 Samples A and B are at different initial temperatures 
when they are placed in a thermally insulated container and 
allowed to come to thermal equilibrium. Figure 18-32a gives 
their temperatures 7 versus time t. Sample A has a mass 
of 5.0 kg; sample B has a mass of 1.5 kg. Figure 18-32) is a 
general plot for the material of sample B. It shows the 
temperature change AT that the material undergoes when 
energy is transferred to it as heat Q. The change AT is plotted 
versus the energy Q per unit mass of the material, and the 
scale of the vertical axis is set by AT, = 4.0 C°. What is the spe- 
cific heat of sample A? @ 


100 AT. 





= 60 = 
B < 
20) ! . 
0 8 16 
¢ (min) Q/m (kI/kg) 


(a) (0) 
FIG. 18-32 Problem 32. 


e@33 In a solar water heater, energy from the Sun is gath- 
ered by water that circulates through tubes in a rooftop 
collector. The solar radiation enters the collector through 
a transparent cover and warms the water in the tubes; this 
water is pumped into a holding tank. Assume that the effi- 
ciency of the overall system is 20% (that is, 80% of the 
incident solar energy is lost from the system). What collector 
area is necessary to raise the temperature of 200 L of water in 
the tank from 20°C to 40°C in 1.0h when the intensity of 
incident sunlight is 700 W/m? 


2°34 <A 0.400 kg sample is 
placed in a cooling apparatus 
that removes energy as heat at 
a constant rate. Figure 18-33 
gives the temperature 7 of the 
sample versus time ¢; the hori- 
zontal scale is set by t, = 80.0 
min. The sample freezes dur- ¢ (min) 

ing the energy removal. The FIG. 18-33 Problem 34. 
specific heat of the sample in 

its initial liquid phase is 3000 J/kg - K. What are (a) the sample’s 
heat of fusion and (b) its specific heat in the frozen phase? 





ee35 An insulated Thermos contains 130 cm? of hot coffee 
at 80.0°C. You put in a 12.0 g ice cube at its melting point to 
cool the coffee. By how many degrees has your coffee cooled 
once the ice has melted and equilibrium is reached? Treat the 
coffee as though it were pure water and neglect energy ex- 
changes with the environment. 


e@36 A 0.530 kg sample of liquid water and a sample of ice 
are placed in a thermally insulated container. The container 
also contains a device that transfers energy as heat from the 
liquid water to the ice at a constant rate P, until thermal equi- 
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librium is reached. 40 


The temperatures T 
of the liquid water 
and the ice are given 
in Fig. 18-34 as func- 
tions of time ¢, the 
horizontal scale is 
set by ¢, = 80.0 min. 
(a) What is rate P? 
(b) What is the ini- 
tial mass of the ice 
in the container? (c) When thermal equilibrium is reached, 
what is the mass of the ice produced in this process? 


TES) 





¢ (min) 


FIG. 18-34 Problem 36. 


°e37 Ethyl alcohol has a boiling point of 78.0°C, a freezing 
point of —114°C, a heat of vaporization of 879 kJ/Kg, a heat of fu- 
sion of 109 kJ/kg, and a specific heat of 2.43 kJ/kg- K. How much 
energy must be removed from 0.510 kg of ethyl alcohol that is int- 
tially a gas at 78.0°C so that it becomes a solid at —-114°C? 


°@38 The specific heat of a substance varies with temper- 
ature according to c = 0.20 + 0.147 + 0.023T?, with T in °C 
and c in cal/g-K. Find the energy required to raise the 
temperature of 2.0 g of this substance from 5.0°C to 15°C. 


e@39 A person makes a quantity of iced tea by mixing 500 g 
of hot tea (essentially water) with an equal mass of ice at its 
melting point. Assume the mixture has negligible energy 
exchanges with its environment. If the tea’s initial tempera- 
ture is T; = 90°C, when thermal equilibrium is reached what are 
(a) the mixture’s temperature 7; and (b) the remaining mass my 
of ice? If T; = 70°C, when thermal equilibrium is reached what 
are (c) T; and (d) my? 

eee49 Icicles. Liquid water 
coats an active (growing) icicle 
and extends up a short, narrow 
tube along the central axis 
(Fig. 18-35). Because the wa- 
ter—ice interface must have a 
temperature of O0°C, the water 
in the tube cannot lose energy a Liquid coating 
through the sides of the icicle a / ce 

or down through the tip be- 

cause there is no temperature 
change in those directions. It 
can lose energy and freeze 
only by sending energy up 
(through distance L) to the top of the icicle, where the tem- 
perature 7, can be below O0°C. Take L = 0.12 m and T, = 
—5°C. Assume that the central tube and the upward conduc- 
tion path both have cross-sectional area A. In terms of A, 
what rate is (a) energy conducted upward and (b) mass con- 
verted from liquid to ice at the top of the central tube? (c) At 
what rate does the top of the tube move downward because of 
water freezing there? The thermal conductivity of ice is 0.400 
W/m-K, and the density of liquid water is 1000 kg/m?. SRE 


e224] (a) Two 50 g ice cubes are dropped into 200 g of water 
in a thermally insulated container. If the water is initially at 
25°C, and the ice comes directly from a freezer at — 15°C, what 
is the final temperature at thermal equilibrium? (b) What is 
the final temperature if only one ice cube is used? ssm www 


gy Energy transfer 


| 
| 
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| 
| 
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| 

Liquid water 

| (0°C) 


FIG. 18-35 Problem 40. 


eee42 A 20.0 g copper ring at 0.000°C has an inner diameter 
of D = 2.54000 cm. An aluminum sphere at 100.0°C has a 





- with volume via (a) path A, (b) 


diameter of d = 2.545 08 cm. 
The sphere is placed on top of 
the ring (Fig. 18-36), and the 
two are allowed to come to 
thermal equilibrium, with no 
heat lost to the surroundings. 
The sphere just passes through 
the ring at the equilibrium 
temperature. What is the mass 
of the sphere? 





D 
FIG. 18-36 Problem 42. 








sec. 18-11 Some Special Cases of the 
First Law of Thermodynamics 
e43 A gas within a closed 

chamber undergoes the cycle 

shown in the p-V diagram of 

Fig. 18-37. The horizontal scale 

is set by V, = 4.0 m°. Calculate 

the net energy added to the 

system as heat during one 

complete cycle. SSM ILw 


Pressure (N/m7°) 





°44 Suppose 200 J of work is “ V, 
done on a system and 70.0 cal Volume (m*) 

is extracted from the systemas FIG.18-37 Problem 43. 
heat. In the sense of the first 

law of thermodynamics, what 

are the values (including alge- bo 
braic signs) of (a) W, (b) Q, 
and (c) AE;,,? 


e435 In Fig. 18-38, a gas sample 
expands from Vp to 4.0V) while 
its pressure decreases from pg to 
P/4.0. If Vo = 1.0 m? and py = 
40 Pa, how much work is done 
by the gas if its pressure changes 


Pressure (Pa) 





0 4.0Vy 
Volume (m°) 


FIG. 18-38 Problem 45. 
path B, and (c) path C? 


e46 A thermodynamic system is taken from state A to 
state B to state C, and then back to A, as shown in the p-V 
diagram of Fig. 18-39a. The vertical scale is set by p, = 40 Pa, 
and the horizontal scale is set by V, = 4.0 m°. (a)-(g) 
Complete the table in Fig. 18-39b by inserting a plus sign, a 
minus sign, or a zero in each indicated cell. (h) What is the 
net work done by the system as it moves once through the 
cycle ABCA? 


Ps 


Pressure (Pa) 





0 


(a) Volume (m2) SS (8) 


FIG. 18-39 Problem 46. 


ee47 Figure 18-40 displays a closed cycle for a gas (the figure 
is not drawn to scale). The change in the internal energy of the 


gas as it moves from a to c along the 
path abc is —200 J. As it moves from c 
to d, 180 J must be transferred to it as 
heat. An additional transfer of 80 J to 
it as heat is needed as it moves from d 
to a. How much work is done on the 
gas as it moves fromc tod? @& 





FIG. 18-40 Problem 47. 
ee48 A sample of gas is taken » 


through cycle abca shown in the p-V 

diagram of Fig. 18-41. The net work ‘ h 
done is +1.2J. Along path ab, the 

change in the internal energy is +3.0 J 

and the magnitude of the work done is 

5.0 J. Along path ca, the energy trans- 

ferred to the gas as heat is +2.5 J. How . 

much energy is transferred as heat V 
along (a) path ab and (6) path bc? FIG. 18-41 Problem 48. 


ee49 When a system is taken 





from state i to state f along , S 
path iaf in Fig. 18-42,Q=50 § TA a 
caland W = 20cal.Along path 

ibf, Q = 36 cal. (a) What is W ™ ; b 
along path ibf? (b) If W= , 





Volume 


FIG. 18-42 Problem 49. 


—13 cal for the return path fi, 
what is Q for this path? (c) If 
Fini = 10 cal, what is Ej, ¢? If 
Fintp = 22 cal, what is Q for (d) path 
ib and (e) path bf? ssm www 


¢e50 Gas within a chamber passes 
through the cycle shown in Fig. 18-43. 
Determine the energy transferred 
by the system as heat during process 
CA if the energy added as heat Oy, 
during process AB is 20.0 J, no en- 
ergy is transferred as heat during 
process BC, and the net work done 
during the cycle is 15.0 J. 


Pressure 





0 Volume 


FIG. 18-43 Problem 50. 


sec. 18-12 Heat Transfer Mechanisms 

°51 Consider the slab shown in Fig. 18-18. Suppose that 
L = 25.0 cm, A = 90.0 cm’, and the material is copper. If Ty, = 
125°C, Tc = 10.0°C, and a steady state is reached, find the con- 
duction rate through the slab. SSM 


e352 If you were to walk briefly in space without a spacesuit 
while far from the Sun (as an astronaut does in the movie 2001, A 
Space Odyssey), you would feel the cold of space—while you ra- 
diated energy, you would absorb almost none from your environ- 
ment. (a) At what rate would you lose energy? (b) How much en- 
ergy would you lose in 30s? Assume that your emissivity is 0.90, 
and estimate other data needed in the calculations. =e 


°53 A cylindrical copper rod of length 1.2m and cross- 
sectional area 4.8 cm” is insulated to prevent heat loss through 
its surface. The ends are maintained at a temperature differ- 
ence of 100 C® by having one end in a water—ice mixture and 
the other in a mixture of boiling water and steam. (a) At what 
rate is energy conducted along the rod? (b) At what rate does 
ice melt at the cold end? !Lw 


54 The ceiling of a single-family dwelling in a cold climate 
should have an R-value of 30. To give such insulation, how thick 
would a layer of (a) polyurethane foam and (b) silver have to be? 


¢55 Asphere of radius 0.500 m, temperature 27.0°C, and emis- 
sivity 0.850 is located in an environment of temperature 77.0°C. 
At what rate does the sphere (a) emit and (b) absorb thermal ra- 
diation? (c) What is the sphere’s net rate of energy exchange? 


6°56 A solid cylinder of radius r, = 2.5 cm, length h, = 5.0 
cm, emissivity 0.85, and temperature 30°C is suspended in an 
environment of temperature 50°C. (a) What is the cylinder’s 
net thermal radiation transfer rate P,? (b) If the cylinder is 
stretched until its radius is r, = 0.50 cm, its net thermal radi- 
ation transfer rate becomes P,. What is the ratio P,/P,? 


ee57 In Fig. 18-44a, two identical 
rectangular rods of metal are welded 
end to end, with a temperature of 7; 
= 0°C on the left side and a temper- 
ature of 7, = 100°C on the right 
side. In 2.0 min, 10 J is conducted at 
a constant rate from the right side 
to the left side. How much time 
would be required to conduct 10 J if 
the rods were welded side to side as 
in Fig. 18-445? 





FIG. 18-44 Problem 57. 


ee58 Figure 18-45 shows the cross 
section of a wall made of three lay- 
ers. The thicknesses of the layers are 
L,, L, = 0.700L,, and L3 = 0.350L}. ) 
The thermal conductivities are ki,ky FIG.48-45 Problem58. 
= 0.900k,, and k;=0.800k,. The 

temperatures at the left and right sides of the wall are T, = 

30.0°C and T¢- =—15.0°C, respectively. Thermal conduction is 

steady. (a) What is the temperature difference AT, across layer 2 

(between the left and right sides of the layer)? If k, were, instead, 

equal to 1.1k;, (b) would the rate at which energy is conducted 

through the wall be greater than, less than, or the same as 

previously, and (c) what would be the value of AT,? 





°¢59 (a) What is the rate of energy loss in watts per square 
meter through a glass window 3.0 mm thick if the outside tem- 
perature is —20°F and the inside temperature is +72°F? (b) A 
storm window having the same thickness of glass is installed 
parallel to the first window, with an air gap of 7.5 cm between 
the two windows. What now is the rate of energy loss if con- 
duction is the only important energy-loss mechanism? 


®¢60 The giant hornet Vespa mandarinia japonica preys on 
Japanese bees. However, if one of the hornets attempts to in- 
vade a beehive, several hundred of the bees quickly form a 
compact ball around the hornet to stop it. They don’t sting, bite, 
crush, or suffocate it. Rather they overheat it by quickly raising 
their body temperatures from the normal 35°C to 47°C or 48°C, 
which is lethal to the hornet but not to the bees (Fig. 18-46). 
Assume the following: 500 bees form a ball of radius R = 2.0 


FIG. 18-46 
Problem 60. 

(© Dr. Masato 
Ono, Tamagawa 
University) 





cm for a time ¢ = 20 min, the primary loss of energy by the ball 
is by thermal radiation, the ball’s surface has emissivity « = 
0.80, and the ball has a uniform temperature. On average, how 
much additional energy must each bee produce during the 20 
min to maintain 47°C? =%Ge 


ee61 Figure 18-47 shows (in cross section) a wall consisting 
of four layers, with thermal conductivities k, = 0.060 W/m:K, 
k; = 0.040 W/m -K, and k, = 0.12 W/m: K (k, is not known). 
The layer thicknesses are L; = 1.5 cm, L3 = 2.8 cm, and L, = 
3.5 cm (L, is not known). The known temperatures are 7; = 
30°C, Ti. = 25°C, and T, = —10°C. Energy transfer through 
the wall is steady. What is interface temperature 7°34? 


I" 











L L = 


®e62 Penguin huddling. To withstand the harsh weather of 
the Antarctic, emperor penguins huddle in groups (Fig. 18-48). 
Assume that a penguin is a circular cylinder with a top surface 
area a = 0.34 m? and height h = 1.1 m. Let P, be the rate at 
which an individual penguin radiates energy to the environment 
(through the top and the sides); thus NP, is the rate at which N 
identical, well-separated penguins radiate. If the penguins hud- 
dle closely to form a huddled cylinder with top surface area Na 
and height h, the cylinder radiates at the rate P,. If N = 1000, (a) 
what is the value of the fraction P,/NP, and (b) by what percent- 
age does huddling reduce the total radiation loss? = amie 





FIG. 18-47 Problem 61. 


[ +4 mer 





FIG. 18-48 Problem 62. 
(Alain Torterotot/Peter Arnold, Inc.) 


ee63 Ice has formed on a shallow pond, and a steady state has 
been reached, with the air above the ice at —5.0°C and the bot- 
tom of the pond at 4.0°C. If the total depth of ice + water is 1.4 
m, how thick is the ice? (Assume that the thermal conductivities 
of ice and water are 0.40 and 0.12 cal/m- C° -s, respectively.) 


°°64 Leidenfrost effect. A water drop that is slung onto a 
skillet with a temperature between 100°C and about 200°C 
will last about 1 s. However, if the skillet 1s much hotter, the 
drop can last several minutes, an effect named after an early 
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investigator. The longer lifetime 
is due to the support of a thin 
layer of air and water vapor that 
separates the drop from the 
metal (by distance L in Fig. 18- 
49). Let L = 0.100 mm, and as- 
sume that the drop is flat with height h = 1.50 mm and bottom 
face area A = 4.00 X 10~° m”. Also assume that the skillet has 
a constant temperature 7, = 300°C and the drop has a tem- 
perature of 100°C. Water has density p = 1000 kg/m, and the 
supporting layer has thermal conductivity k = 0.026 W/m-K. 
(a) At what rate is energy conducted from the skillet to the drop 
through the drop’s bottom surface? (b) If conduction is the pri- 
mary way energy moves from the skillet to the drop, how long 
will the drop last? m= 


®e65 A tank of water has 
been outdoors in cold weather, 
and a slab of ice 5.0 cm thick 
has formed on its surface (Fig. 
18-50). The air above the ice is 

—10°C. Calculate the rate of 
ice formation (in centimeters 
per hour) on the ice slab. Take 
the thermal conductivity of ice 
to be 0.0040 cal/s-cm-C®° and 
its density to be 0.92 g/cm’. 
Assume no energy transfer 
through the tank walls or bot- 
tom. SSM 


_ Water drop 
1 siete 


Skillet 
FIG. 18-49 Problem 64. 














_ Air 


FIG. 18-50 Problem 65. 


®ee66 Evaporative cooling 
of beverages. A cold beverage 
can be kept cold even on a warm day if it is slipped into a 
porous ceramic container that has been soaked in water. 
Assume that energy lost to evaporation matches the net en- 
ergy gained via the radiation exchange through the top and 
side surfaces. The container and beverage have temperature 
T = 15°C, the environment has temperature T,,,, = 32°C, and 
the container is a cylinder with radius r = 2.2 cm and height 
10 cm. Approximate the emissivity as « = 1, and neglect other 
energy exchanges. At what rate dm/dt is the container losing 


water mass? @ ie 


Additional Problems 

67 In the extrusion of cold chocolate from a tube, work is 
done on the chocolate by the pressure applied by a ram forc- 
ing the chocolate through the tube. The work per unit mass 
of extruded chocolate is equal to p/p, where p is the difference 
between the applied pressure and the pressure where the 
chocolate emerges from the tube, and p is the density of 
the chocolate. Rather than increasing the temperature of the 
chocolate, this work melts cocoa fats in the chocolate. 
These fats have a heat of fusion of 150 kJ/kg. Assume that all 
of the work goes into that melting and that these fats make up 
30% of the chocolate’s mass. What percentage of the fats melt 
during the extrusion if p = 5.5 MPa and p = 1200 kg/m*? 


68 In a series of experiments, block B is to be placed in a 
thermally insulated container with block A, which has the 
same mass as block B. In each experiment, block B is initially at 
a certain temperature 7,, but temperature 7, of block A 
is changed from experiment to experiment. Let 7; represent 
the final temperature of the two blocks when they reach ther- 


mal equilibrium in any of the ex- Ti 
periments. Figure 18-51 gives 
temperature 7; versus the initial 
temperature T, for a range of 
possible values of 74, from Ty, 
= 0K to T4, = 500 K. The verti- 
cal axis scale is set by 7T,, = 400 
K. What are (a) temperature Tz, 0 
and (b) the ratio cg/c, of the spe- 
cific heats of the blocks? 


69 A 0.300 kg sample is placed 
in a cooling apparatus that re- 
moves energy as heat at a con- 
stant rate of 2.81 W. Figure 18-52 
gives the temperature T of the 
sample versus time t«. The tem- 
perature scale is set by 7, = 
30°C and the time scale is set by 
t, = 20 min. What is the specific 
heat of the sample? 0 


70 Calculate the specific heat of 
a metal from the following data. A 
container made of the metal has a 
mass of 3.6 kg and contains 14 kg of water. A 1.8 kg piece of the 
metal initially at a temperature of 180°C is dropped into the wa- 
ter. The contamer and water initially have a temperature of 
16.0°C, and the final temperature of the entire system is 18.0°C. 


T; (K) 


T) (K) 


FIG. 18-51 Problem 68. 


T, 


T (°C) 





t (min) 


FIG. 18-52 Problem 69. 


71 What is the volume increase of an aluminum cube 5.00 
cm on an edge when heated from 10.0°C to 60.0°C? 


7@ A copper rod, an aluminum rod, and a brass rod, each of 
6.00 m length and 1.00 cm diameter, are placed end to end 
with the aluminum rod between the other two. The free end of 
the copper rod is maintained at water’s boiling point, and the 
free end of the brass rod is maintained at water’s freezing 
point. What is the steady-state temperature of (a) the copper-— 
aluminum junction and (b) the aluminum — brass junction? 


73 A sample of gas undergoes a 
transition from an initial state a 
to a final state b by three differ- 
ent paths (processes), as shown in 
the p-V diagram in Fig. 18-53, 
where V, = 5.00V;. The energy 
transferred to the gas as heat in 
process 1 is 10p;V;. In terms of 
piV;, what are (a) the energy 
transferred to the gas as heat in 
process 2 and (b) the change in 
internal energy that the gas undergoes in process 3? SSM 


FIG. 18-53 Problem 73. 


74 The average rate at which energy is conducted outward 
through the ground surface in North America is 54.0 mW/m’, 
and the average thermal conductivity of the near-surface 
rocks is 2.50 W/m-K. Assuming a surface temperature of 
10.0°C, find the temperature at a depth of 35.0 km (near the 
base of the crust). Ignore the heat generated by the presence 
of radioactive elements. 


75 The temperature of a Pyrex disk is changed from 10.0°C 
to 60.0°C. Its initial radius is 8.00 cm; its initial thickness is 
0.500 cm. Take these data as being exact. What is the change in 
the volume of the disk? (See Table 18-2.) SSM 


TA Ths 





76 Inacertain solar house, energy from the Sun is stored in 
barrels filled with water. In a particular winter stretch of five 
cloudy days, 1.00 x 10° kcal is needed to maintain the inside 
of the house at 22.0°C. Assuming that the water in the bar- 
rels is at 50.0°C and that the water has a density of 1.00 x 
10° kg/m?, what volume of water is required? 


77 Asample of gas expands from an initial pressure and vol- 
ume of 10 Pa and 1.0 m3 to a final volume of 2.0 m°. During 
the expansion, the pressure and volume are related by the 
equation p = aV’, where a = 10 N/m®. Determine the work 
done by the gas during this expansion. S5™ 


7& (a) Calculate the rate at which body heat is conducted 
through the clothing of a skier in a steady-state process, given 
the following data: the body surface area is 1.8 m7, and the cloth- 
ing is 1.0 cm thick; the skin surface temperature is 33°C and the 
outer surface of the clothing is at 1.0°C; the thermal conductivity 
of the clothing is 0.040 W/m: K. (b) If, after a fall, the skier’s 
clothes became soaked with water of thermal conductivity 0.60 
W/m - K, by how much is the rate of conduction multiplied? 


79 Figure 18-54 displays a /p 

closed cycle for a gas. From c to c 
b, 40J is transferred from the 
gas as heat. From b to a, 130 J is 
transferred from the gas as heat, 
and the magnitude of the work 
done by the gas is 80 J. From a to 
c,400 J is transferred to the gas as V 
heat. What is the work done by gig. 19-54 PEOBieiTo: 
the gas from a to c? (Hint: You 

need to supply the plus and minus signs for the given data.) 


80 A glass window pane is exactly 20 cm by 30 cm at 10°C. 
By how much has its area increased when its temperature is 
40°C, assuming that it can expand freely? 


31 A 2.50 kg lump of aluminum is heated to 92.0°C and then 
dropped into 8.00 kg of water at 5.00°C. Assuming that the 
lump-—water system is thermally isolated, what is the system’s 
equilibrium temperature? SSM 


82 Figure 18-55a shows a cylinder containing gas and closed 
by a movable piston. The cylinder is kept submerged in an 
ice—water mixture. The piston is quickly pushed down from 
position 1 to position 2 and then held at position 2 until the 
gas is again at the temperature of the ice—water mixture; it 
then is slowly raised back to position 1. Figure 18-55b is a p-V 
diagram for the process. If 100 g of ice is melted during the 
cycle, how much work has been done on the gas? 


Pressure 


| Start 
| | 
| 





Vo Vi 
Volume 
(a) (0) 
FIG. 18-55 Problem 82. 


83 The temperature of a 0.700 kg cube of ice is decreased to 
—150°C. Then energy is gradually transferred to the cube as 
heat while it is otherwise thermally isolated from its environ- 
ment. The total transfer is 0.6993 MJ. Assume the value of ¢;,. 
given in Table 18-3 is valid for temperatures from —150°C to 
0°C. What is the final temperature of the water? SSM 


84 A steel rod at 25.0°C is bolted at both ends and then 
cooled. At what temperature will it rupture? Use Table 12-1. 


85 Suppose that you intercept 5.0 x 107° of the energy 
radiated by a hot sphere that has a radius of 0.020 m, an emis- 
sivity of 0.80, and a surface temperature of 500 K. How much 
energy do you intercept in 2.0 min? 


86 Three equal-length straight rods, of aluminum, Invar, and 
steel, all at 20.0°C, form an equilateral triangle with hinge pins 
at the vertices. At what temperature will the angle opposite 
the Invar rod be 59.95°? See Appendix E for needed trigono- 
metric formulas and Table 18-2 for needed data. 





87 It is possible to melt ice by rubbing one block of it 
against another. How much work, in joules, would you have to 
do to get 1.00 g of ice to melt? 


88 A thermometer of mass 0.0550 kg and of specific heat 
0.837 kJ/kg -K reads 15.0°C. It is then completely immersed in 
0.300 kg of water, and it comes to the same final temperature 
as the water. If the thermometer then reads 44.4°C, what was 
the temperature of the water before insertion of the ther- 
mometer? 


89 A recruit can join the semi-secret “300 F” club at the 
Amundsen-Scott South Pole Station only when the outside 
temperature is below —70°C. On such a day, the recruit first 
basks in a hot sauna and then runs outside wearing only shoes. 
(This is, of course, extremely dangerous, but the rite is effec- 
tively a protest against the constant danger of the cold.) 

Assume that upon stepping out of the sauna, the recruit’s 
skin temperature is 102°F and the walls, ceiling, and floor of the 
sauna room have a temperature of 30°C. Estimate the recruit’s 
surface area, and take the skin emissivity to be 0.80. (a) What is 
the approximate net rate P,., at which the recruit loses energy 
via thermal radiation exchanges with the room? Next, assume 
that when outdoors, half the recruit’s surface area exchanges 
thermal radiation with the sky at a temperature of —25°C and 
the other half exchanges thermal radiation with the snow and 
ground at a temperature of —80°C. What is the approximate net 
rate at which the recruit loses energy via thermal radiation ex- 
changes with (b) the sky and (c) the snow and ground? 


90 A rectangular plate of glass initially has the dimensions 
0.200 m by 0.300 m. The coefficient of linear expansion for the 
glass is 9.00 X 10~°/K. What is the change in the plate’s area if 
its temperature is increased by 20.0 K? 


91 An athlete needs to lose weight and decides to do it by 
“pumping iron.” (a) How many times must an 80.0 kg weight be 
lifted a distance of 1.00 m in order to burn off 1.00 lb of fat, as- 
suming that that much fat is equivalent to 3500 Cal? (b) If the 
weight is lifted once every 2.00 s, how long does the task take? 


92 Icebergs in the North Atlantic present hazards to ship- 
ping, causing the lengths of shipping routes to be increased by 
about 30% during the iceberg season. Attempts to destroy 
icebergs include planting explosives, bombing, torpedoing, 
shelling, ramming, and coating with black soot. Suppose that 
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direct melting of the iceberg, by placing heat sources in the 
ice, 1s tried. How much energy as heat is required to melt 10% 
of an iceberg that has a mass of 200 000 metric tons? (Use 
1 metric ton = 1000 kg.) 


93 A sample of gas expands 
from V,=1.0 m and p,= 
40 Pa to V, = 4.0 m? and p, = 10 
Pa along path B in the p-V dia- 
gram in Fig. 18-56. It is then com- 
pressed back to V; along either 
path A or path C. Compute the 
net work done by the gas for the 
complete cycle along (a) path BA 
and (b) path BC. 


94 Soon after Earth was formed, 

heat released by the decay of radioactive elements raised the av- 
erage internal temperature from 300 to 3000 K, at about which 
value it remains today. Assuming an average coefficient of vol- 
ume expansion of 3.0 x 10~° K~!, by how much has the radius of 
Earth increased since the planet was formed? 





FIG. 18-56 Problem 93. 





95 Figure 18-57 displays a closed cy-  » 
cle for a gas. The change in internal en- 
ergy along path ca is —160 J. The en- 
ergy transferred to the gas as heat is 
200 J along path ab, and 40 J along path 
bc. How much work is done by the gas 


along (a) path abc and (b) path ab? 


FIG. 16-57 
96 The p-V diagram in Fig. 18-58 Problem 95. 


shows two paths along which a sample of 
gas can be taken from state a to state 

b, where V, = 3.0V,. Path 1 requires P 
that energy equal to 5.0p,V, be 
transferred to the gas asheat.Path2 2 
requires that energy equal to 5.5p,V, 

be transferred to the gas as heat. 
What is the ratio p./p,? Pi 
97 A cube of edge length 6.0 X 

10~° m, emissivity 0.75, and temper- V 
ature —100°C floats in an environ- 
ment at —150°C. What is the cube’s FIG. 18-58 Problem 96. 
net thermal radiation transfer rate? 





2 


98 A flow calorimeter is a device used to measure the spe- 
cific heat of a liquid. Energy is added as heat at a known rate 
to a stream of the liquid as it passes through the calorimeter at 
a known rate. Measurement of the resulting temperature 
difference between the inflow and the outflow points of the 
liquid stream enables us to compute the specific heat of the 
liquid. Suppose a liquid of density 0.85 g/cm? flows through 
a calorimeter at the rate of 8.0 cm?/s. When energy is added at 
the rate of 250 W by means of an electric heating coil, a 
temperature difference of 15 C° is established in steady-state 
conditions between the inflow and the outflow points. What is 
the specific heat of the liquid? 


99 An object of mass 6.00 kg falls through a height of 50.0 m 
and, by means of a mechanical linkage, rotates a paddle wheel 
that stirs 0.600 kg of water. Assume that the initial gravita- 
tional potential energy of the object is fully transferred to 
thermal energy of the water, which is initially at 15.0°C. What 
is the temperature rise of the water? 
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When a container of co 
champagne, soda pop, or 
any other carbonated drink is 
opened, a slight fog forms 
around the opening and 
some of the liquid sprays 
outward. In the photograph, 
the fog is the white cloud that 
surrounds the stopper, and 
the spray has formed streaks 


within the cloud. 








The answer is in this chapter. 





Tom Branch/Photo Researchers 


Chapter 19 | The Kinetic Theory of Gases 
19-1 WHAT IS PHYSICS? 


One of the main subjects in thermodynamics is the physics of gases. A gas consists 
of atoms (either individually or bound together as molecules) that fill their con- 
tainer’s volume and exert pressure on the container’s walls. We can usually assign 
a temperature to such a contained gas. These three variables associated with a 
gas— volume, pressure, and temperature—are all a consequence of the motion 
of the atoms. The volume is a result of the freedom the atoms have to spread 
throughout the container, the pressure is a result of the collisions of the atoms 
with the container’s walls, and the temperature has to do with the kinetic energy 
of the atoms. The kinetic theory of gases, the focus of this chapter, relates the 
motion of the atoms to the volume, pressure, and temperature of the gas. 

Applications of the kinetic theory of gases are countless. Automobile engi- 
neers are concerned with the combustion of vaporized fuel (a gas) in the automo- 
bile engines. Food engineers are concerned with the production rate of the 
fermentation gas that causes bread to rise as it bakes. Beverage engineers are 
concerned with how gas can produce the head in a glass of beer or shoot a cork 
from a champagne bottle. Medical engineers and physiologists are concerned 
with calculating how long a scuba diver must pause during ascent to eliminate 
nitrogen gas from the bloodstream (to avoid the bends). Environmental scientists 
are concerned with how heat exchanges between the oceans and the atmosphere 
can affect weather conditions. 

The first step in our discussion of the kinetic theory of gases deals with measur- 
ing the amount of a gas present in a sample, for which we use Avogadro’s number. 


19-2 | Avogadro’s Number 


When our thinking is slanted toward atoms and molecules, it makes sense to 
measure the sizes of our samples in moles. If we do so, we can be certain that we 
are comparing samples that contain the same number of atoms or molecules. 
The mole is one of the seven SI base units and is defined as follows: 



























































The obvious question now is: “How many atoms or molecules are there in a 
mole?” ‘The answer is determined experimentally and, as you saw in Chapter 18, 
is 

Na = 6.02 X 10% mol~! — (Avogadro’s number), (19-1) 


where mol”! represents the inverse mole or “per mole,” and mol is the abbre- 
viation for mole. The number WN, is called Avogadro’s number after Italian sci- 
entist Amedeo Avogadro (1776-1856), who suggested that all gases occupying 
the same volume under the same conditions of temperature and pressure contain 
the same number of atoms or molecules. 

The number of moles n contained in a sample of any substance is equal to the 
ratio of the number of molecules N in the sample to the number of molecules 
N, in 1 mol: 


n= —., (19-2) 


(Caution: The three symbols in this equation can easily be confused with one 
another, so you should sort them with their meanings now, before you end in 
“N-confusion.”) We can find the number of moles n in a sample from the mass 
Mam Of the sample and either the molar mass M (the mass of 1 mol) or the 


molecular mass m (the mass of one molecule): 
Noa ee ees (19-3) 


In Eq. 19-3, we used the fact that the mass M of 1 mol is the product of the mass 
m of one molecule and the number of molecules N, in 1 mol: 


M = MN,. (19-4) 
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PROBLEM-SOLVING TACTICS 


Tactic 1: Avogadro’s Number of What? In Eq. 19-1, if the elementary unit is an atom, we might write N, = 6.02 X 
Avogadro’s number is expressed in terms of mol~', which is 107? atoms/mol. If, instead, the elementary unit is a molecule, 
the inverse mole, or 1/mol. We could instead explicitly state then we might write Ny, = 6.02 X 10% molecules/mol. Being 
the elementary unit involved in a given situation. For example, explicit about the unit is usually the better style of writing. 
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Our goal in this chapter is to explain the macroscopic properties of a gas—such 
as its pressure and its temperature—in terms of the behavior of the molecules 
that make it up. However, there is an immediate problem: which gas? Should it 
be hydrogen, oxygen, or methane, or perhaps uranium hexafluoride? They are 
all different. Experimenters have found, though, that if we confine 1 mol samples 
of various gases in boxes of identical volume and hold the gases at the same 
temperature, then their measured pressures are nearly—though not exactly — 
the same. If we repeat the measurements at lower gas densities, then these small 
differences in the measured pressures tend to disappear. Further experiments 
show that, at low enough densities, all real gases tend to obey the relation 


pV =nkRT (ideal gas law), (19-5) 


in which p is the absolute (not gauge) pressure, n is the number of moles of gas 
present, and T is the temperature in kelvins. The symbol R is a constant called 
the gas constant that has the same value for all gases —namely, 


R = 8.31 J/mol-K. (19-6) 


Equation 19-5 is called the ideal gas law. Provided the gas density is low, this law 
holds for any single gas or for any mixture of different gases. (For a mixture, 
nis the total number of moles in the mixture.) 
We can rewrite Eq. 19-5 in an alternative form, in terms of a constant called 
the Boltzmann constant k, which is defined as 
R 8.31 J/mol-K 


ae ee oo Le, 
N, «000243 10> iol 


This allows us to write R = kN, .Then, with Eq. 19-2 (n = N/N,«), we see that 
nR = Nk. (19-8) 


= 1.38 x 10-3 JK. (19-7) 


Substituting this into Eq. 19-5 gives a second expression for the ideal gas law: 
DV =NkT (ideal gas law). (19-9) 


(Caution: Note the difference between the two expressions for the ideal gas 
law — Eq. 19-5 involves the number of moles n, and Eq. 19-9 involves the number 
of molecules N.) 

You may well ask, “What is an ideal gas, and what is so ‘ideal’ about it?” The 
answer lies in the simplicity of the law (Eqs. 19-5 and 19-9) that governs its 
macroscopic properties. Using this law—as you will see—we can deduce many 
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FIG. 19-1 A railroad tank car 
crushed overnight. (Photo courtesy 
www. Houston. RailFan.net) 





FIG. 19-2. Three isotherms on a 
p-V diagram. The path shown along 
the middle isotherm represents an 
isothermal expansion of a gas from 
an initial state i to a final state f. 

The path from f toi along the 
isotherm would represent the re- 
verse process— that is, an isothermal 
compression. 


properties of the ideal gas in a simple way. Although there is 
no such thing in nature as a truly ideal gas, all real gases ap- 
proach the ideal state at low enough densities — that is, under 
conditions in which their molecules are far enough apart that 
they do not interact with one another. Thus, the ideal gas con- 
cept allows us to gain useful insights into the limiting behav- 
ior of real gases. 

The interior of the railroad tank car in Fig. 19-1 was being 
cleaned with steam by a crew late one afternoon. Because the 
job was unfinished at the end of their work shift, they sealed the 
car and left for the night. When they returned the next morning, 
they discovered that something had crushed the car in spite of 
its extremely strong steel walls, as if some giant creature from a 
grade B science fiction movie had stepped on it during a ram- 
page that night. 

With Eq. 19-9, we can explain what actually crushed the 
railroad tank car. When the car was being cleaned, its interior 
was filled with very hot steam, which is a gas of water molecules. The cleaning crew 
left the steam inside the car when they closed all the valves on the car at the end of 
their work shift. At that point the pressure of the gas in the car was equal to atmo- 
spheric pressure because the valves had been opened to the atmosphere during the 
cleaning. As the car cooled during the night, the steam cooled and much of it con- 
densed, which means that the number N of gas molecules and the temperature T of 
the gas both decreased. Thus, the right side of Eq. 19-9 decreased, and because vol- 
ume V was constant, the gas pressure p on the left side also decreased. At some point 
during the night, the gas pressure inside the car reached such a low value that the ex- 
ternal atmospheric pressure was able to crush the car’s steel walls. The cleaning crew 
could have prevented this accident by leaving the valves open, so that air could enter 
the car to keep the internal pressure equal to the external atmospheric pressure. == 


Work Done by an Ideal Gas at Constant Temperature 


Suppose we put an ideal gas in a piston—cylinder arrangement like those in 
Chapter 18. Suppose also that we allow the gas to expand from an initial volume 
V; to a final volume V; while we keep the temperature T of the gas constant. Such 
a process, at constant temperature, is called an isothermal expansion (and the 
reverse is called an isothermal compression). 
On a p-V diagram, an isotherm is a curve that connects points that have the 
Same temperature. Thus, it is a graph of pressure versus volume for a gas whose tem- 
perature Tis held constant. For n moles of an ideal gas, it is a graph of the equation 


1 il 
p= nRT = (a constant) Vv" (19-10) 


Figure 19-2 shows three isotherms, each corresponding to a different (constant) 
value of 7. (Note that the values of T for the isotherms increase upward to the 
right.) Superimposed on the middle isotherm is the path followed by a gas during 
an isothermal expansion from state i to state fat a constant temperature of 310 K. 

To find the work done by an ideal gas during an isothermal expansion, we 
start with Eq. 18-25, 


Vp 
W= | p dv. (19-11) 
Vi 


This is a general expression for the work done during any change in volume of any 
gas. For an ideal gas, we can use Eq. 19-5 (pV = nRT) to substitute for p, obtaining 





“* nRT 
W = | —— @V; (19-12) 
% ¥ 


Because we are considering an isothermal expansion, 7 is constant, so we can 
move it in front of the integral sign to write 


“tf dV i) 
W= nk | “ = nT) I v| . (19-13) 


Vi Vi 


By evaluating the expression in brackets at the limits and then using the rela- 
tionship In a — In b = In(a/b), we find that 


V 
W =nRT In ae (ideal gas, isothermal process). (19-14) 


Recall that the symbol In specifies a natural logarithm, which has base e. 

For an expansion, Vis greater than V,, so the ratio V;/V; in Eq. 19-14 is greater 
than unity. The natural logarithm of a quantity greater than unity is positive, and 
so the work W done by an ideal gas during an isothermal expansion is positive, as 
we expect. For a compression, V; is less than V,, so the ratio of volumes in Eq. 
19-14 is less than unity. The natural logarithm in that equation—hence the work 
W — is negative, again as we expect. 


Work Done at Constant Volume and at Constant Pressure 


Equation 19-14 does not give the work W done by an ideal gas during every 
thermodynamic process. Instead, it gives the work only for a process in which 
the temperature is held constant. If the temperature varies, then the symbol T 
in Eq. 19-12 cannot be moved in front of the integral symbol as in Eq. 19-13, and 
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thus we do not end up with Eq. 19-14. 


However, we can always go back to Eq. 19-11 to find the work W done by an ideal 
gas (or any other gas) during any process, such as a constant-volume process and a 
constant-pressure process. If the volume of the gas is constant, then Eq. 19-11 yields 


W=0 (constant-volume process). 


(19-15) 


If, instead, the volume changes while the pressure p of the gas is held constant, 


then Eq. 19-11 becomes 


W = p(V,— Vj) =p AV (constant-pressure process). (19-16) 
CHECKPOINT 4 An ideal gas has an initial pressure of 3 pressure units and an initial vol- GB se. @ 2 
ume of 4 volume units. The table gives the final pressure and volume of the gas (in those same units) DoD .6 <8 ed: 4] 
in five processes. Which processes start and end on the same isotherm? Wi joo a, Sole 


Sample Problem cree 


A cylinder contains 12 L of oxygen at 20°C and 15 atm. 
The temperature is raised to 35°C, and the volume is re- 
duced to 8.5 L. What is the final pressure of the gas in 
atmospheres? Assume that the gas is ideal. 


corey Because the gas is ideal, its pressure, vol- 


ume, temperature, and number of moles are related by 
the ideal gas law, both in the initial state 7 and in the fi- 
nal state f (after the changes). 

Caiculations: From Eq. 19-5 we can write 


pVi=nRT, and p,vy=nkT,. 


Dividing the second equation by the first equation and 
solving for py yields phy, 


<a TV; ; 

Note here that if we converted the given initial and final 
volumes from liters to the proper units of cubic meters, 
the multiplying conversion factors would cancel out of 
Eq. 19-17. The same would be true for conversion fac- 
tors that convert the pressures from atmospheres to the 
proper pascals. However, to convert the given tempera- 
tures to kelvins requires the addition of an amount that 
would not cancel and thus must be included. Hence, we 
must write 


(19-17) 
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T; = (273 + 20) K = 293 K Inserting the given data into Eq. 19-17 then yields 





and T; = (273 + 35) K = 308 K. me (15 atm)(308 K)(Q2L) _ TONED 
(293 K)(8.5 L) 
Sample Problem Erez 
One mole of oxygen (assume it to be an ideal gas) ex- 3.0 
pands at a constant temperature 7 of 310 K from an in1- 
tial volume V; of 12 L to a final volume V; of 19 L. How 
much work is done by the gas during the expansion? 
Generally we find the work by integrating a 
the gas pressure with respect to the gas volume, using Eq. - 
19-11. However, because the gas here is ideal and the ex- é 
pansion is isothermal, that integration leads to Eq. 19-14. ev LO 
Calculation: Therefore, we can write 
W =nRT1 si 
=n n 7 | a 
19 L 0 10 20 30 
= (1 mol)(8.31 J/mol: K)(310 K) In DL Volume (L) 
FIG. 19-3 The shaded area represents the work done by 1 
= 1180 J. (Answer) 


mol of oxygen in expanding from V, to V;at a constant temper- 


The expansion is graphed in the p-V diagram of Fig. ature T’of 310 K. 


19-3. The work done by the gas during the expansion is 


represented by the area beneath the curve if 
You can show that if the expansion is now reversed, 
with the gas undergoing an isothermal compression 


from 19L to 12 L, the work done by the gas will be 
—1180 J. Thus, an external force would have to do 
1180 J of work on the gas to compress it. 






Normal to 
shaded wall 


FIG. 19-4 A cubical box of edge 
length L, containing 1 moles of an 
ideal gas. A molecule of mass m and 
velocity V is about to collide with the 
shaded wall of area L?. A normal to 
that wall is shown. 
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Here is our first kinetic theory problem. Let n moles of an ideal gas be confined 
in a cubical box of volume V, as in Fig. 19-4. The walls of the box are held at 
temperature 7. What is the connection between the pressure p exerted by the gas 
on the walls and the speeds of the molecules? 

The molecules of gas in the box are moving in all directions and with various 
speeds, bumping into one another and bouncing from the walls of the box like 
balls in a racquetball court. We ignore (for the time being) collisions of the mole- 
cules with one another and consider only elastic collisions with the walls. 

Figure 19-4 shows a typical gas molecule, of mass m and velocity V, that is 
about to collide with the shaded wall. Because we assume that any collision of a 
molecule with a wall is elastic, when this molecule collides with the shaded wall, 
the only component of its velocity that is changed is the x component, and that 
component is reversed. This means that the only change in the particle’s momen- 
tum is along the x axis, and that change is 


nN aa) 7 (mv,) = —Lmv,. 


Hence, the momentum Ap, delivered to the wall by the molecule during the colli- 
sion is +2mv,. (Because in this book the symbol p represents both momentum 
and pressure, we must be careful to note that here p represents momentum and is 
a vector quantity. ) | 
The molecule of Fig. 19-4 will hit the shaded wall repeatedly. The time At 
between collisions is the time the molecule takes to travel to the opposite wall and 
back again (a distance 2L) at speed v,. Thus, At is equal to 2L/v,. (Note that this re- 
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sult holds even if the molecule bounces off any of the other walls along the way, be- 
cause those walls are parallel to x and so cannot change v,.) Therefore, the average 
rate at which momentum is delivered to the shaded wall by this single molecule is 

Ap, _ 2mv, _ mvz 


At 2Lh, on 





From Newton’s second law (F = dp/dt), the rate at which momentum is 
delivered to the wall is the force acting on that wall. To find the total force, we 
must add up the contributions of all the molecules that strike the wall, allowing 
for the possibility that they all have different speeds. Dividing the magnitude of 
the total force F,, by the area of the wall (= L’) then gives the pressure p on that 
wall, where now and in the rest of this discussion, p represents pressure. Thus, 
using the expression for Ap,/At, we can write this pressure as 





 aemval Lb hmvolh > 22® + mol L 
p— oe a 2 
mM \y.,2 2 2 
= (7 Nou 7 Vx2 Hee ES Vin)» (19-18) 


where N is the number of molecules in the box. 

Since N = nN,, there are nN, terms in the second set of parentheses of Eq. 
19-18. We can replace that quantity by nNa(V7Z)ayg, Where (VZ)ayg is the average 
value of the square of the x components of all the molecular speeds. Equation 


19-18 then becomes 
nmNa 


pe L3 we ive : 





However, mN, is the molar mass M of the gas (that is, the mass of 1 mol of the 
gas). Also, L? is the volume of the box, so 
NM(V2) avo 
p= PM(Vs)avg_ (19-19) 
V 
For any molecule, v* = v2 + vj + v2. Because there are many molecules and 
because they are all moving in random directions, the average values of the 
squares of their velocity components are equal, so that v2 = v?. Thus, Eq. 


19-19 becomes Some RMS Speeds at Room 


2 
_ nM(v avg (19-20) Temperature (JT = 300 K)? 
3V ws 
Molar 
The square root of (v*),y, is a kind of average speed, called the root-mean- Mass 
Square speed of the molecules and symbolized by v,,,. Its name describes it — (1073 Vems 
rather well: You square each speed, you find the mean (that is, the average) of Gas kg/mol) (m/s) 
all these squared speeds, and then you take the square root of that mean. With == ess 
(v*)ave = Vrms» We can then write Eq. 19-20 as Hydrogen (Hp) 2.02 1920 
Helium (He) 4.0 1370 
NMV? nc Wat 
p= (19-21) alter vapor 
3V (H,0) 18.0 645 
Equation 19-21 is very much in the spirit of kinetic theory. It tells us how the Nitrogen (Nz) 28.0 S17 
pressure of the gas (a purely macroscopic quantity) depends on the speed of the Oxygen (OQ)) 320 483 
molecules (a purely microscopic quantity). Carbon dioxide 
We can turn Eq. 19-21 around and use it to calculate v,,,,. Combining Eq. (CO,) 44.0 412 
19-21 with the ideal gas law (pV = nRT) leads to Sulfur dioxide 
(SO) 64.1 342 
Vims = \ | SRI , (19-22) “For convenience, we often set room 
M temperature equal to 300 K even though 


(at 27°C or 81°F) that represents a fairly 
Table 19-1 shows some rms speeds calculated from Eq. 19-22. The speeds are sur- warm room. 
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prisingly high. For hydrogen molecules at room temperature (300 K), the rms 
speed is 1920 m/s, or 4300 mi/h—faster than a speeding bullet! On the surface 
of the Sun, where the temperature is 2 x 10°K, the rms speed of hydrogen 
molecules would be 82 times greater than at room temperature were it not for 
the fact that at such high speeds, the molecules cannot survive collisions among 
themselves. Remember too that the rms speed is only a kind of average speed; 
many molecules move much faster than this, and some much slower. 

The speed of sound in a gas is closely related to the rms speed of the mole- 
cules of that gas. In a sound wave, the disturbance is passed on from molecule to 
molecule by means of collisions. The wave cannot move any faster than the 
“average” speed of the molecules. In fact, the speed of sound must be somewhat 
less than this “average” molecular speed because not all molecules are moving in 
exactly the same direction as the wave. As examples, at room temperature, the 
rms speeds of hydrogen and nitrogen molecules are 1920 m/s and 517 m/s, 
respectively. The speeds of sound in these two gases at this temperature are 
1350 m/s and 350 m/s, respectively. 

A question often arises: If molecules move so fast, why does it take as long as 
a minute or so before you can smell perfume when someone opens a bottle 
across a room? The answer is that, as we shall discuss in Section 19-6, each 
perfume molecule may have a high speed but it moves away from the bottle only 
very slowly because its repeated collisions with other molecules prevent it from 
moving directly across the room to you. 


Sample Problem Er=y 


Here are five numbers: 5, 11, 32,67, and 89. 52 4 142 + 322 + 672 + 892 
Nims = yo 
(a) What is the average value n,,, of these numbers? 5 


Calculation: We find this from 


5 +11 + 32+ 67+ 89 


= $2.1. (Answer) 


The rms value is greater than the average value be- 
cause the larger numbers—being squared—are rela- 


Navg = 5 = 40.8. (Answer) tively more important in forming the rms value. To test 
this, let us replace 89 in our set of five numbers by 300. 
(b) What is the rms value n,,,, of these numbers? The average value of the new set of five numbers (as you 


Calculation: We find this from 


should show) is 2.0 times the previous average value. The 
rms value, however, is 2.7 times the previous rms value. 


We again consider a single molecule of an ideal gas as it moves around in the box 
of Fig. 19-4, but we now assume that its speed changes when it collides with other 
molecules. Its translational kinetic energy at any instant is +mv?. Its average 
translational kinetic energy over the time that we watch it is 


ve = (5 Vyas zs 5M(V?)ayp = See (19-23) 


in which we make the assumption that the average speed of the molecule during our 
observation is the same as the average speed of all the molecules at any given time. 
(Provided the total energy of the gas is not changing and provided we observe our 
molecule for long enough, this assumption is appropriate.) Substituting for v,,,, from 


Eq. 19-22 leads to Bean 
Ie = (G m) MS 


However, M/m, the molar mass divided by the mass of a molecule, 1s simply 


Avogadro’s number. Thus, 
3RT 


2Ns ” 





Kove = 


Using Eq. 19-7 (k = R/N,), we can then write 


Keele (19-24) 


Gar oa eae) 


This equation tells us something unexpected: 













































































































































































































































































CHECKPOINT 2 A gas mixture consists of molecules of types 1, 2, and 3, 
with molecular masses m, > m, > m3. Rank the three types according to (a) average 
kinetic energy and (b) rms speed, greatest first. 
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We continue to examine the motion of molecules in an ideal gas. Figure 19-5 
shows the path of a typical molecule as it moves through the gas, changing both 
speed and direction abruptly as it collides elastically with other molecules. 
Between collisions, the molecule moves in a straight line at constant speed. 
Although the figure shows the other molecules as stationary, they are also moving. 

One useful parameter to describe this random motion is the mean free path 
A of the molecules. As its name implies, A is the average distance traversed by a 
molecule between collisions. We expect A to vary inversely with N/V, the number 
of molecules per unit volume (or density of molecules). The larger N/V is, the 
more collisions there should be and the smaller the mean free path. We also 
expect A to vary inversely with the size of the molecules—with their diameter d, 
say. (If the molecules were points, as we have assumed them to be, they would 
never collide and the mean free path would be infinite.) Thus, the larger the mole- 
cules are, the smaller the mean free path. We can even predict that A should vary 
(inversely) as the square of the molecular diameter because the cross section of 
a molecule —not its diameter — determines its effective target area. 

The expression for the mean free path does, in fact, turn out to be 


1 
V2 ad? N/V 


(mean free path). (19-25) 


To justify Eq. 19-25, we focus attention on a single molecule and assume —as 
Fig. 19-5 suggests—that our molecule is traveling with a constant speed v and 
that all the other molecules are at rest. Later, we shall relax this assumption. 

We assume further that the molecules are spheres of diameter d. A collision 
_ will then take place if the centers of two molecules come within a distance d of 
each other, as in Fig. 19-6a. Another, more helpful way to look at the situation is 
to consider our single molecule to have a radius of d and all the other molecules 
to be points, as in Fig. 19-6b. This does not change our criterion for a collision. 

As our single molecule zigzags through the gas, it sweeps out a short cylinder 
of cross-sectional area 7d’ between successive collisions. If we watch this mol- 
ecule for a time interval Az, it moves a distance v At, where v is its assumed speed. 
Thus, if we align all the short cylinders swept out in interval At, we form a 
composite cylinder (Fig. 19-7) of length v At and volume (zd’)(v At). The number 
of collisions that occur in time Af is then equal to the number of (point) mole- 
cules that lie within this cylinder. 

Since N/V is the number of molecules per unit volume, the number of molecules 
in the cylinder is N/V times the volume of the cylinder, or (N/V )(zd’v At). This is also 
the number of collisions in time Ar. The mean free path is the length of the path (and 
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FIG. 19-5 A molecule traveling 
through a gas, colliding with other 
gas molecules in its path. Although 
the other molecules are shown as sta- 
tionary, they are also moving 

in a similar fashion. 





FIG. 19-6 (a) A collision occurs 
when the centers of two molecules 
come within a distance d of each 
other, d being the molecular diame- 
ter. (b) An equivalent but more con- 
venient representation is to think of 
the moving molecule as having a ra- 
dius d and all other molecules as be- 
ing points. The condition for a colli- 
sion is unchanged. 





FIG. 19-7 In time Af the moving 
molecule effectively sweeps out a 
cylinder of length v Atand radius d. , 
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of the cylinder) divided by this number: 


_ length of path during At v At 
number of collisions in At adv At N/V 
1 
ava Pee) 


This equation is only approximate because it is based on the assumption that 
all the molecules except one are at rest. In fact, all the molecules are moving; 
when this is taken properly into account, Eq. 19-25 results. Note that it differs 
from the (approximate) Eq. 19-26 only by a factor of 1/V2. 

The approximation in Eq. 19-26 involves the two v symbols we canceled. 
The v in the numerator is v,,,, the mean speed of the molecules relative to the 
container. The v in the denominator is v,,), the mean speed of our single molecule 
relative to the other molecules, which are moving. It is this latter average speed 
that determines the number of collisions. A detailed calculation, taking into 
account the actual speed distribution of the molecules, gives v,., = V2 Vavg and 
thus the factor V2. 

The mean free path of air molecules at sea level is about 0.1 wm. At an altitude of 
100 km, the density of air has dropped to such an extent that the mean free path rises 
to about 16 cm. At 300 km, the mean free path is about 20 km. A problem faced by 
those who would study the physics and chemistry of the upper atmosphere in the lab- 
oratory is the unavailability of containers large enough to hold gas samples that simu- 
late upper atmospheric conditions. Yet studies of the concentrations of Freon, carbon 
dioxide, and ozone in the upper atmosphere are of vital public concern. 


CHECKPOINT 3 One mole of gas A, with molecular diameter 2d) and aver- 
age molecular speed vo, is placed inside a certain container. One mole of gas B, with 
molecular diameter dy and average molecular speed 2v, (the molecules of B are smaller 
but faster), is placed in an identical container. Which gas has the greater average colli- 
sion rate within its container? 


Sample Problem 





(a) What is the mean free path A for oxygen molecules 
at temperature 7 = 300K and pressure p = 1.0 atm? 
Assume that the molecular diameter is d = 290 pm and 
the gas is ideal. 


cessive collisions for any given molecule? At what rate 
does the molecule collide; that is, what is the frequency f 
of its collisions? 


Cage (1) Between collisions, the molecule trav- 





cei Each oxygen molecule moves among other 


moving oxygen molecules in a zigzag path due to the result- 
ing collisions. Thus, we use Eq. 19-25 for the mean free path. 


Calculation: We first need the number of molecules per 
_ unit volume, N/V. Because we assume the gas is ideal, we 
can use the ideal gas law of Eq. 19-9 (pV = NkT) to write 
NIV = p/kT: Substituting this into Eq. 19-25, we find 

1 — kT 
V2ad2 NIV = \21d?p 

(1.38 X 10~* J/K)(300 K) 
V27(2.9 X 107!°m)?(1.01 x 10° Pa) 

= 1.1 x 1077 m. (Answer) 

This is about 380 molecular diameters. 


j= 


(b) Assume the average speed of the oxygen molecules 
is v = 450 m/s. What is the average time t between suc- 


els, on average, the mean free path A at speed v. (2) The 
average rate or frequency at which the collisions occur 
is the inverse of the time t between collisions. 


Calculations: From the first key idea, the average time 
between collisions is 


_ distance _ A 


Lhe rn 
speed sv 450 m/s 
= 2.44 x 107s = 0.24 ns. 


(Answer) 


This tells us that, on average, any given oxygen mole- 
cule has less than a nanosecond between collisions. 
From the second key idea, the collision frequency is 
5 poll Sys 1 
I= > Fae x 10-5 
This tells us that, on average, any given oxygen mole- 
cule makes about 4 billion collisions per second. 


= 41x 10’s7'. (Answer) 
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The root-mean-square speed v,,,, gives us a general idea of molecular speeds in 
a gas at a given temperature. We often want to know more. For example, what 
fraction of the molecules have speeds greater than the rms value? What fraction 
have speeds greater than twice the rms value? To answer such questions, we need 
to know how the possible values of speed are distributed among the molecules. 
Figure 19-8a shows this distribution for oxygen molecules at room temperature 
(T = 300 K); Fig. 19-8b compares it with the distribution at T = 80 K. 

In 1852, Scottish physicist James Clerk Maxwell first solved the problem of 
finding the speed distribution of gas molecules. His result, known as Maxwell’s 
speed distribution law, is 





P(v) =4 ( Ss y ae (19-27) 

"\ 2aRT , 

Here M is the molar mass of the gas, R is the gas constant, 7 is the gas temper- 
ature, and v is the molecular speed. It is this equation that is plotted in Fig. 
19-8a, b. The quantity P(v) in Eq. 19-27 and Fig. 19-8 is a probability distribution 
function: For any speed v, the product P(v) dv (a dimensionless quantity) is the 
fraction of molecules with speeds in the interval dv centered on speed v. 

As Fig. 19-8a shows, this fraction is equal to the area of a strip with height 
P(v) and width dv. The total area under the distribution curve corresponds to the 
fraction of the molecules whose speeds lie between zero and infinity. All 
molecules fall into this category, so the value of this total area is unity; that is, 


| P(v) dv = 1. (19-28) 
0 
The fraction (frac) of molecules with speeds in an interval of, say, v; to v is then 


frac = [°P dv. (19-29) 
vy 
Average, RMS, and Most Probable Speeds 


In principle, we can find the average speed v,,, of the molecules in a gas with the 
following procedure: We weight each value of v in the distribution; that is, we mul- 


P(v) (1073 s/m) 
a 
© 
II 
oe 
SN 





600. 800 1000 1200 
Speed (m/s) 
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FIG. 19-8 (a) The Maxwell speed distribution for oxygen Lyi | | | | a 
molecules at T = 300 K. The three characteristic speeds are i ig Desa — | bencstaacd AW _— cath Mechanar as — | _— = 
marked. (b) The curves for 300 K and 80 K. Note that the , ee) <a ee 
molecules move more slowly at the lower temperature. 600 : 3 A ar a ) 1900 
Because these are probability distributions, the area under Speed (m/s) 

each curve has a numerical value of unity. 6) 


P(v) (107° s/m) 
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tiply it by the fraction P(v) dv of molecules with speeds in a differential interval dv 
centered on v. Then we add up all these values of v P(v) dv. The result is vay.. In prac- 
tice, we do all this by evaluating 


Vag. = | v P(v) dv. (19-30) 
0 


Substituting for P(v) from Eq. 19-27 and using generic integral 20 from the list of 
integrals in Appendix E, we find 


: | SRT 
Vive = car (average speed). (19-31) 


Similarly, we can find the average of the square of the speeds (v”),,. with 


(V)ave = |v P(v) av. (19-32) 


Substituting for P(v) from Eq. 19-27 and using generic integral 16 from the list of 
integrals in Appendix E, we find 


3RT 
(V")avg = 


— (19-33) 


The square root of (v*)ays is the root-mean-square speed v,ms. Thus, 


| 3RT 
Vims = ype (rms speed), (19-34) 


which agrees with Eq. 19-22. 

The most probable speed v> is the speed at which P(v) is maximum (see Fig. 
19-8a). To calculate vp, we set dP/dv = 0 (the slope of the curve in Fig. 19-8a is 
zero at the maximum of the curve) and then solve for v. Doing so, we find 


| 2RT 
Vp = ae (most probable speed). (19-35) 


A molecule is more likely to have speed vp than any other speed, but some 
molecules will have speeds that are many times vp. These molecules lie in the 
high-speed tail of a distribution curve like that in Fig. 19-8a. We should be thank- 
ful for these few, higher speed molecules because they make possible both rain 
and sunshine (without which we could not exist). We next see why. 


Rain The speed distribution of water molecules in, say, a pond at summertime 
temperatures can be represented by a curve similar to that of Fig. 19-8a. Most of 
the molecules do not have nearly enough kinetic energy to escape from the water 
through its surface. However, small numbers of very fast molecules with speeds 
far out in the high-speed tail of the curve can do so. It is these water molecules 
that evaporate, making clouds and rain a possibility. 

As the fast water molecules leave the surface, carrying energy with them, the 
temperature of the remaining water is maintained by heat transfer from the 
surroundings. Other fast molecules— produced in particularly favorable collisions — 
quickly take the place of those that have left, and the speed distribution is maintained. 


Sunshine Let the distribution curve of Fig. 19-8a now refer to protons in the 
core of the Sun. The Sun’s energy is supplied by a nuclear fusion process that 
starts with the merging of two protons. However, protons repel each other 
because of their electrical charges, and protons of average speed do not have 
enough kinetic energy to overcome the repulsion and get close enough to merge. 
Very fast protons with speeds in the high-speed tail of the distribution curve can 
do so, however, and for that reason the Sun can shine. 
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Sample Problem eres 


A container is filled with oxygen gas maintained at 
room temperature (300 K). What fraction of the mole- 
cules have speeds in the interval 599 to 601 m/s? The 
molar mass M of oxygen is 0.0320 kg/mol. 


1. The speeds of the molecules are distributed over a wide 
range of values, with the distribution P(v) of Eq. 19-27. 


2. The fraction of molecules with speeds in a differen- 
tial interval dv is P(v) dv. 


3. For a larger interval, the fraction is found by integrat- 
ing P(v) over the interval. 





4. However, the interval Av = 2 m/s here is small com- 
pared to the speed v = 600 m/s on which it is centered. 


Calculations: Because Av is small, we can avoid the in- 
tegration by approximating the fraction as 





3/2 
frac = P(v) Av = tn y2e-Mv*I2RT Ay, 


27RT 


The function P(v) is plotted in Fig. 19-8a. The total area 
between the curve and the horizontal axis represents 


the total fraction of molecules (unity). The area of the 
thin gold strip represents the fraction we seek. 
To evaluate frac in parts, we can write 


frac = (477)(A)(v’)(e”)(Av), (19-36) 


where 
27RT (27r)(8.31 J/mol- K)(300 K) 
= 2.90 x ee? s?/m? 


and B = — MY _ _ {0.0320 kg/mol)(600 mis)? 
2RT ~—(2)(8.31 J/mol- K)(300 K) 
= —231. 


Substituting A and B into Eq. 19-36 yields 
frac = (477)(A)(v’)(e”)(Av) 
= (47)(2.92 X 10°? s*/m*)(600 m/s)?(e~231)(2 m/s) 


= 2:02 < 10 (Answer) 


Thus, at room temperature, 0.262% of the oxygen mole- 
cules will have speeds that lie in the narrow range be- 
tween 599 and 601 m/s. If the gold strip of Fig. 19-8a 
were drawn to the scale of this problem, it would be a 
very thin strip indeed. 


Sample Problem tes 


The molar mass M of oxygen is 0.0320 kg/mol. 


(a) What is the average speed v,,, of oxygen gas mole- 
cules at 7 = 300 K? 


corey To find the average speed, we must weight 


speed v with the distribution function P(v) of Eq. 19-27 
and then integrate the resulting expression over the 
range of possible speeds (0 to ~). 


Calculation: We end up with Eq. 19-31, which gives us 


1 =a 8RE 
oe 7™M 
_ | 8(8.31 J/mol-K)(300 K) 
77(0.0320 kg/mol) 
= 445 m/s. 
This result is plotted in Fig. 19-8a. 


(Answer) 


(b) What is the root-mean-square speed v,,, at 300 K? 


cei To find V,ms, we must first find (v’).,,. by 


weighting v” with the distribution function P(v) of Eq. 
19-27 and then integrating the expression over the 
range of possible speeds. Then we must take the square 
root of the result. 





Calculation: We end up with Eq. 19-34, which gives us 


3RT 


oe M 
_ | 3(8.31 J/mol- K)(300 K) 
- 0.0320 kg/mol 
= 483 m/s. 


This result, plotted in Fig. 19-8a, is greater than v,,, be- 
cause the greater speed values influence the calculation 
more when we integrate the v’ values than when we in- 
tegrate the v values. 


(c) What is the most probable speed vp at 300 K? 


(Answer) 





Speed vp corresponds to the maximum of 
the distribution function P(v), which we obtain by set- 
ting the derivative dP/dv = 0 and solving the result for v. 


Calculation: We end up with Eq. 19-35, which gives us 


Salen 
ve VW 
7 | 2(8.31 J/mol- K)(300 K) 
7 0.0320 kg/mol 
= 395 m/s. 
This result is also plotted in Fig. 19-8a. 


(Answer) 
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(a) 


Pressure 


Volume 


(0) 


FIG. 19-9 (a) The temperature of an 
ideal gas is raised from T to T + AT 
in a constant-volume process. Heat is 
added, but no work is done. (b) The 
process on a p-V diagram. 
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In this section, we want to derive from molecular considerations an expression for 
the internal energy £;,, of an ideal gas. In other words, we want an expression for the 
energy associated with the random motions of the atoms or molecules in the gas. We 
shall then use that expression to derive the molar specific heats of an ideal gas. 


| Ene 


Let us first assume that our ideal gas is a monatomic gas (which has individual 
atoms rather than molecules), such as helium, neon, or argon. Let us also assume 
that the internal energy £,,, of our ideal gas is simply the sum of the translational 
kinetic energies of its atoms. (As explained by quantum theory, individual atoms 
do not have rotational kinetic energy.) 

The average translational kinetic energy of a single atom depends only on 
the gas temperature and 1s given by Eq. 19-24 as K,,, = 3kT . A sample of n 
moles of such a gas contains nN, atoms. The internal energy E;,, of the sample is then 


Hin -_ (Na) Kaye - (nN GAT). (119297) 
Using Eq. 19-7 (k = R/N,), we can rewrite this as 





Interna 





rgy E; 


ant 


Ein = =nRT (monatomic ideal gas). (19-38) 







































































































































































With Eq. 19-38 in hand, we are now able to derive an expression for the molar spe- 
cific heat of an ideal gas. Actually, we shall derive two expressions. One is for the case in 
which the volume of the gas remains constant as energy is transferred to or from it as 
heat. The other is for the case in which the pressure of the gas remains constant as en- 
ergy is transferred to or from it as heat. The symbols for these two molar specific heats 
are C\ and C,, respectively. (By convention, the capital letter C is used in both cases, 
even though Cy and C, represent types of specific heat and not heat capacities.) 


Molar Specific Heat at Constant Volume 


Figure 19-9a shows n moles of an ideal gas at pressure p and temperature T, 
confined to a cylinder of fixed volume V. This initial state i of the gas is marked on 
the p-V diagram of Fig. 19-95. Suppose now that you add a small amount of 
energy to the gas as heat Q by slowly turning up the temperature of the thermal 
reservoir. The gas temperature rises a small amount to 7'+ AT, and its pressure 
rises to p + Ap, bringing the gas to final state f. In such experiments, we would 
find that the heat Q is related to the temperature change AT by 


O=nCy AT (constant volume), (19-39) 


where Cy is a constant called the molar specific heat at constant volume. Substi- 
tuting this expression for Q into the first law of thermodynamics as given by Eq. 18- 
26 (AE in, = Q — W) yields 

AE = nCy AT — W. (19-40) 


With the volume held constant, the gas cannot expand and thus cannot do any 
work. Therefore, W = 0, and Eq. 19-40 gives us 


AEF; 
C = int 
"— n AT 
From Eq. 19-38, the change in internal energy must be 


AE = 3nR AT. (19-42) 


(19-41) 
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Substituting this result into Eq. 19-41 yields 


Cy = =R = 12.5 J/mol-K — (monatomic gas). (19-43) 
As Table 19-2 shows, this prediction of the kinetic theory (for ideal gases) agrees 
very well with experiment for real monatomic gases, the case that we have 
assumed. The (predicted and) experimental values of Cy for diatomic gases 
(which have molecules with two atoms) and polyatomic gases (which have mole- 
cules with more than two atoms) are greater than those for monatomic gases for 
reasons that will be suggested in Section 19-9. 

We can now generalize Eq. 19-38 for the internal energy of any ideal gas by 


substituting Cy for 3R; we get 


Ent = nCyT (any ideal gas). (19-44) 


This equation applies not only to an ideal monatomic gas but also to diatomic 
and polyatomic ideal gases, provided the appropriate value of Cy is used. Just as 
with Eq. 19-38, we see that the internal energy of a gas depends on the temper- 
ature of the gas but not on its pressure or density. 

When an ideal gas that is confined to a container undergoes a temperature 
change A7, then from either Eq. 19-41 or Eq. 19-44 we can write the resulting 
change in its internal energy as 

AF in = nCy AT (19-45) 


(ideal gas, any process). 


This equation tells us: 























































































































































































































As examples, consider the three paths between the two isotherms in the p-V dia- 
gram of Fig. 19-10. Path 1 represents a constant-volume process. Path 2 represents a 
constant-pressure process (that we are about to examine). Path 3 represents a 
process in which no heat is exchanged with the system’s environment (we discuss this 
in Section 19-11). Although the values of heat Q and work W associated with these 
three paths differ, as do p,; and V,, the values of AE;,, associated with the three paths 
are identical and are all given by Eq. 19-45, because they all involve the same temper- 
ature change A7. Therefore, no matter what path is actually taken between J and 
T + AT, we can always use path 1 and Eq. 19-45 to compute AE, easily. 


Molar Specific Heat at Constant Pressure 


We now assume that the temperature of our ideal gas is increased by the same 
small amount AT as previously but now the necessary energy (heat Q) is added 
with the gas under constant pressure. An experiment for doing this 1s shown in 
Fig. 19-11a; the p-V diagram for the process is plotted in Fig. 19-115. From such 
experiments we find that the heat Q is related to the temperature change AT by 


OQ =nC, AT (19-46) 
Pp 


(constant pressure), 


where C, is a constant called the molar specific heat at constant pressure. This 
C, 1s greater than the molar specific heat at constant volume Cy, because energy 
must now be supplied not only to raise the temperature of the gas but also for 
the gas to do work — that is, to lift the weighted piston of Fig. 19-11a. 
To relate molar specific heats C, and Cy, we start with the first law of ther- 
modynamics (Eq. 18-26): 
NE i 


Or W. (19-47) 


We next replace each term in Eq. 19-47. For AE;,,, we substitute from Eq. 
19-45. For Q, we substitute from Eq. 19-46. To replace W, we first note that since 


TABLE 19-2 


Molar Specific Heats at 
Constant Volume 


Cy 
Molecule Example (J/mol- K) 
_ Ideal sR = 12.5 
Monatomic = 
Real He 1255 
12.6 
pee ake Ideal 2R = 20.8 
Diatomic —— 
Real N> 20.7 
O, 20.8 
. Ideal 3R = 24.9 
Polyatomic 
Real NH, 29.0) 
CO, oo) 


Pressure 





Volume 


FiG.19-10 Three paths represent- 
ing three different processes that 
take an ideal gas from an initial state 
i at temperature T to some final state 
fat temperature T + AT. The change 
AF,,, in the internal energy of the gas 
is the same for these three processes 
and for any others that result in the 
same change of temperature. 
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(a) 


(0) 






FIG. 19-12 The rel- 


ative values of Q for ~ DRAT AS See See Q@con p 

a monatomic gas | ‘a7 

(left side) anda F rotation 
diatomic gas under- " AFin« trans 
going a constant-vol- | 

ae ae . 2 nRAT Q@ con p —— Q@con V 

(labeled “con V”’) 2 
anda constant-pres- > W = Totes, <~ Ben 
sure process (labeled W AE.nt > trans aa 


“con p”’). The trans- 
fer of the energy into 


work W and internal 4 nRAT —— Qe@econV 


energy (AE,,,) is 
noted. = AE. nt > trans 








the pressure remains constant, Eq. 19-16 tells us that W = p AV. Then we note 
that, using the ideal gas equation (pV = nRT), we can write 





W=pAV=nRAT. (19-48) 
; Making these substitutions in Eq. 19-47 and then dividing through by n AT, we find 
a 
Cy = C., — R 
and then 
Gi Cy alt (19-49) 


Volume 


FIG. 19-11 (a)Thetemperatureof = This prediction of kinetic theory agrees well with experiment, not only for 

i geal Se eo ee monatomic gases but also for gases in general, as long as their density is low 

AT in a constant-pressure process. 

. , enough so that we may treat them as ideal. 

Heat is added and work is done in ; : 

ae The left side of Fig. 19-12 shows the relative values of Q for a monatomic gas 

lifting the loaded piston. (b) The 3 

process on a p-V diagram. The work undergoing either a ponstaae ous process (Q = 5nRAT) or a constant- 

p AV is given by the shaded area. pressure process (Q = 5nR AT). Note that for the latter, the value of Q is higher 
by the amount W, the work done by the gas in the expansion. Note also that for 
the constant-volume process, the energy added as Q goes entirely into the change 
in internal energy AE;,,, and for the constant-pressure process, the energy added 


as Q goes into both AEF, and the work W. 


CHECKPOINT 4. The figure here 
shows five paths traversed by a gas on a 
p-V diagram. Rank the paths according to 
the change in internal energy of the gas, 
greatest first. 








A bubble of 5.00 mol of helium is submerged at a cer- PET teat O is telated to the temnerature 
tain depth in liquid water when the water (and thus the Heat Q is related to the temperature 
helium) undergoes a temperature increase AT of 20.0 change AT by a molar specific heat of the gas. 
C® at constant pressure. As a result, the bubble expands. 


fs . Calculations: Because the pressure p is held constant 
The helium is monatomic and ideal. 


during the addition of energy, we use the molar specific 
(a) How much energy is added to the helium as heat heat at constant pressure C, and Eq. 19-46, 
during the increase and expansion? Q = nC, AT, (19-50) 


to find Q. To evaluate C, we go to Eq. 19-49, which tells 
us that for any ideal gas, C, = Cy + R. Then from Eq. 
19-43, we know that for any monatomic gas (like the he- 
lium here), Cy = 3R. Thus, Eq. 19-50 gives us 


Q = n(Cy + R) AT = nGR + R) AT = n(3R) AT 
= (5.00 mol)(2.5)(8.31 J/mol - K)(20.0 C°) 
= 2077.5 J = 2080 J. (Answer) 


(b) What is the change A£,,, in the internal energy of 
the helium during the temperature increase? 


rene Because the bubble expands, this is not a 


constant-volume process. However, the helium is 
nonetheless confined (to the bubble). Thus, the change 
AE, 18 the same as would occur in a constant-volume 
process with the same temperature change AT’ 


Calculation: We can now easily find the constant- 
volume change A£,,,, with Eq. 19-45: 
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fate The work done by any gas expanding 


against the pressure from its environment is given by 
Eq. 19-11, which tells us to integrate p dV. When 
the pressure is constant (as here), we can simplify that 
to W = p AV. When the gas is ideal (as here), we can use 
the ideal gas law (Eq. 19-5) to write p AV = nRAT.- 


Calculation: We end up with 


W=nRAT 
= (5.00 mol)(8.31 J/mol - K)(20.0 C°) 
= 831 J. (Answer) 


Another way: Because we happen to know Q and 
AE;,,, we can work this problem another way: We can 
account for the energy changes of the gas with the first 
law of thermodynamics, writing 


W = QO — AE,, = 2077.53 — 1246.5 J 
= 831 J. 


(Answer) 
AE in, = nCy AT = nGR) AT 


= (5.00 mol)(1.5)(8.31 J/mol - K)(20.0 C°) 
= 1246.5 J ~ 1250 J. (Answer) 


(c) How much work W is done by the helium as it ex- 
pands against the pressure of the surrounding water 
during the temperature increase? 


The transfers: Let’s follow the energy. Of the 2077.5 J trans- 
ferred to the helium as heat Q, 831 J goes into the work W re- 
quired for the expansion and 1246.5 J goes into the internal 
energy F;,,, which, for a monatomic gas, is entirely the kinetic 
energy of the atoms in their translational motion. These sev- 
eral results are suggested on the left side of Fig. 19-12. 
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H 
As Table 19-2 shows, the prediction that Cy = 3R agrees with experiment for ' 
monatomic gases but fails for diatomic and polyatomic gases. Let us try to explain oes 
the discrepancy by considering the possibility that molecules with more than one i 


atom can store internal energy in forms other than translational kinetic energy. 

Figure 19-13 shows common models of helium (a monatomic molecule, con- 
taining a single atom), oxygen (a diatomic molecule, containing two atoms), and 
methane (a polyatomic molecule). From such models, we would assume that all 
three types of molecules can have translational motions (say, moving left—right 
and up—down) and rotational motions (spinning about an axis like a top). In 
addition, we would assume that the diatomic and polyatomic molecules can have 
oscillatory motions, with the atoms oscillating slightly toward and away from one 
another, as if attached to opposite ends of a spring. 

To keep account of the various ways in which energy can be stored in a gas, 
James Clerk Maxwell introduced the theorem of the equipartition of energy: 





















































































































































(c) CH, 




































































FIG. 19-13 Models of molecules as 
used in kinetic theory: (a) helium, a 
typical monatomic molecule; (b) oxy- 
gen, a typical diatomic molecule; and 
(c) methane, a typical polyatomic 
molecule. The spheres represent 
atoms, and the lines between them 
represent bonds. Two rotation axes 
are shown for the oxygen molecule. 


Let us apply the theorem to the translational and rotational motions of the 
molecules in Fig. 19-13. (We discuss oscillatory motion in the next section.) For 
the translational motion, superimpose an xyz coordinate system on any gas. The 
molecules will, in general, have velocity components along all three axes. Thus, gas 
molecules of all types have three degrees of translational freedom (three ways to 
move in translation) and, on average, an associated energy of 3(;kT ) per molecule. 

For the rotational motion, imagine the origin of our xyz coordinate system at 
the center of each molecule in Fig. 19-13. In a gas, each molecule should be able 
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Degrees of Freedom for Various Molecules 





Degrees of Freedom Predicted Molar Specific Heats 


Molecule Example Translational Rotational Total (f) Cy (Eq. 19-51) Co Cy ek 
Monatomic He 3 0 3 3R 2R 
Diatomic O, 2 2 5 2R ZR 
Polyatomic CH, 3 3 6 3R 4R 


to rotate with an angular velocity component along each of the three axes, so 
each gas should have three degrees of rotational freedom and, on average, an 
additional energy of 3GkT) per molecule. However, experiment shows this is true 
only for the polyatomic molecules. According to quantum theory, the physics deal- 
ing with the allowed motions and energies of molecules and atoms, a monatomic 
gas molecule does not rotate and so has no rotational energy (a single atom cannot 
rotate like a top). A diatomic molecule can rotate like a top only about axes per- 
pendicular to the line connecting the atoms (the axes are shown in Fig. 19-135) and 
not about that line itself. Therefore, a diatomic molecule can have only two degrees 
of rotational freedom and a rotational energy of only 2GkT) per molecule. 

‘To extend our analysis of molar specific heats (C, and Cy, in Section 19-8) to ideal 
diatomic and polyatomic gases, it is necessary to retrace the derivations of that analysis 
in detail. First, we replace Eq. 19-38 (Ej,, = 34RT) with Ej, = (f/2)nRT, where fis the 
number of degrees of freedom listed in Table 19-3. Doing so leads to the prediction 

Cy = (Lr = 4.16f J/mol-K, (19-51) 
which agrees—as it must—with Eq. 19-43 for monatomic gases (f= 3). As 
Table 19-2 shows, this prediction also agrees with experiment for diatomic gases (f = 5), 
but it is too low for polyatomic gases (f = 6 for molecules comparable to CH,). 





We transfer 1000 J to a diatomic gas, allowing it to ex- 
pand with the pressure held constant. The gas molecules 
rotate but do not oscillate. How much of the 1000 J goes 
into the increase of the gas’s internal energy? Of that 
amount, how much goes into AK,,,, (the kinetic energy 
of the translational motion of the molecules) and AK,,; 
(the kinetic energy of their rotational motion)? 


1. The transfer of energy as heat Q to a gas under con- 
stant pressure is related to the resulting temperature 
increase AT via Eq. 19-46 (Q = nC, AT). 

2. Because the gas is diatomic with molecules undergo- 
ing rotation but not oscillation, the molar specific 
heat is, from Fig. 19-12 and Table 19-3, C, = 3R. 

3. The increase A£;,, in the internal energy is the same as 
would occur with a constant-volume process resulting 
in the same AT. Thus, from Eq. 19-45, AE;,, = nCy AT. 
From Fig. 19-12 and Table 19-3, we see that Cy = 3R. 

4. For the same n and AT, AE,,, is greater for a diatomic 
gas than a monatomic gas because additional energy is 
required for rotation. 


increase in E,,,: Let’s first get the temperature change 
AT due to the transfer of energy as heat. From Eq. 
19-46, substituting ZR for C,,, we have 


Q 
”R- 
We next find A£;,,, from Eq. 19-45, substituting the mo- 
lar specific heat Cy(=2R) for a constant-volume 
process and using the same A7’.. Because we are dealing 
with a diatomic gas, let’s call this change AEF int dia. 
Equation 19-45 gives us 


AT = 





(19-52) 





O 
AF nt dia = nCy (A Bo rR ™nR = 20 


= 0.714280 = 714.3 J. (Answer) 


In words, about 71% of the energy transferred to the 
gas goes into the internal energy. The rest goes into the 
work required to increase the volume of the gas. 


Increases in K: If we were to increase the temperature 
of a monatomic gas (with the same value of n) by the 
amount given in Eq. 19-52, the internal energy would 
change by a smaller amount, call it AF int mon, because ro- 
tational motion is not involved. To calculate that smaller 


amount, we still use Eq. 19-45 but now we substitute the 


value of Cy for a monatomic gas— namely, Cy = SR. So, 
AE; = n=R AT. 


int,mon 


Substituting for AT from Eq. 19-52 leads us to 
Q 

aR nlR = 70 

0.42857Q = 428.6 J. 





(NTS en = 
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For the monatomic gas, all this energy would go into the 
kinetic energy of the translational motion of the atoms. 
The important point here is that for a diatomic gas with 
the same values of n and AT, the same amount of en- 
ergy goes into the kinetic energy of the translational 
motion of the molecules. The rest of AZ ;n, gj, (that is, the 
additional 285.7 J) goes into the rotational motion of 
the molecules. Thus, for the diatomic gas, 


AK rans = 428.63 and AK, = 285.7J. 


(Answer) 


Sample Problem Ere 


A cabin of volume V is filled with air (which we consider 
to be an ideal diatomic gas) at an initial low temperature 
T,. After you light a wood stove, the air temperature in- 
creases to T,. What is the resulting change AE£,,, in the 
internal energy of the air in the cabin? 


Ceizu As the air temperature increases, the air pres- 


sure p cannot change but must always be equal to the air 
pressure outside the room. The reason is that, because the 
room is not airtight, the air is not confined. As the temper- 
ature increases, air molecules leave through various open- 
ings and thus the number of moles n of air in the room de- 
creases. Thus, we cannot use Eq. 19-45 (AE; = nCy AT) to 
find AF;,,, because it requires constant n. However, we can 
relate the internal energy E;,,, at any instant to n and the 
temperature 7 with Eq. 19-44 (E;,, =nCyT). 


Calculations: From Eq. 19-44 we can then write 
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We can improve the agreement of kinetic theory with ex- 
periment by including the oscillations of the atoms in a gas 
of diatomic or polyatomic molecules. For example, the two 
atoms in the O, molecule of Fig. 19-13b can oscillate toward 
and away from each other, with the interconnecting bond 
acting like a spring. However, experiment shows that such 
oscillations occur only at relatively high temperatures of the 
gas— the motion is “turned on” only when the gas molecules 
have relatively large energies. Rotational motion is also sub- 
ject to such “turning on,” but at a lower temperature. 

Figure 19-14 is of help in seeing this turning on of rota- 
tional motion and oscillatory motion. The ratio Cy/R for di- 
atomic hydrogen gas (H,) is plotted there against temperature, 
with the temperature scale logarithmic to cover several orders 
of magnitude. Below about 80 K, we find that Cy/R = 1.5. This 
result implies that only the three translational degrees of free- 
dom of hydrogen are involved in the specific heat. 


AF in = AnCyT) = Cy A(nT). 


| Op 
Next, using Eq. 19-5 (pV = nRT), we can replace nT 
with pV/R, obtaining 


pV 
NE "GN 
int V es R ) 


Because p, V, and R are all constants, this yields 
AEs = 0, 


even though the temperature changes. 

Why does the cabin feel more comfortable at the 
higher temperature? There are at least two factors involved: 
(1) You exchange electromagnetic radiation (thermal radia- 
tion) with surfaces inside the room, and (2) you exchange 
energy with air molecules that collide with you. When the 
room temperature is increased, (1) the amount of thermal 
radiation emitted by the surfaces and absorbed by you is in- 
creased, and (2) the amount of energy you gain through the 
collisions of air molecules with you is increased. 


(Answer) 
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FIG. 19-14 C)/R versus temperature for (diatomic) hydrogen 
gas. Because rotational and oscillatory motions begin at certain 
energies, only translation is possible at very low temperatures. 
As the temperature increases, rotational motion can begin. 

At still higher temperatures, oscillatory motion can begin. 


As the temperature increases, the value of Cy/R gradually increases to 2.5, 
implying that two additional degrees of freedom have become involved. 
Quantum theory shows that these two degrees of freedom are associated with the 
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FIG. 19-15 (a) The volume 
of an ideal gas is increased 
by removing mass from the 
piston. The process is adia- 
batic (Q = 0). (b) The 
process proceeds from i 

to falong an adiabat on a 
p-V diagram. 





rotational motion of the hydrogen molecules and that this motion requires a 
certain minimum amount of energy. At very low temperatures (below 80 K), the 
molecules do not have enough energy to rotate. As the temperature increases 
from 80 K, first a few molecules and then more and more obtain enough energy 
to rotate, and C)/R increases, until all of them are rotating and Cy/R = 2.5. 

Similarly, quantum theory shows that oscillatory motion of the molecules 
requires a certain (higher) minimum amount of energy. This minimum amount is 
not met until the molecules reach a temperature of about 1000 K, as shown in 
Fig. 19-14. As the temperature increases beyond 1000 K, more molecules have 
enough energy to oscillate and C,/R increases, until all of them are oscillating 
and Cy/R = 3.5. (In Fig. 19-14, the plotted curve stops at 3200 K because there 
the atoms of a hydrogen molecule oscillate so much that they overwhelm their 
bond, and the molecule then dissociates into two separate atoms. ) 
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We saw in Section 17-4 that sound waves are propagated through air and 
other gases as a series of compressions and expansions; these variations in the 
transmission medium take place so rapidly that there is no time for energy to 
be transferred from one part of the medium to another as heat. As we saw in 
Section 18-11, a process for which Q = 0 is an adiabatic process. We can ensure 
that Q = 0 either by carrying out the process very quickly (as in sound waves) or 
by doing it (at any rate) in a well-insulated container. Let us see what the kinetic 
theory has to say about adiabatic processes. 

Figure 19-15a shows our usual insulated cylinder, now containing an ideal gas 
and resting on an insulating stand. By removing mass from the piston, we can 
allow the gas to expand adiabatically. As the volume increases, both the pressure 
and the temperature drop. We shall prove next that the relation between the 
pressure and the volume during such an adiabatic process is 


pV” = aconstant (adiabatic process), (19-53) 


in which y = C,/Cy, the ratio of the molar specific heats for the gas. On a p-V 
diagram such as that in Fig. 19-155, the process occurs along a line (called an 
adiabat) that has the equation p = (a constant)/V”. Since the gas goes from an 
initial state 7 to a final state f, we can rewrite Eq. 19-53 as 


DV, = pV; (adiabatic process). (19-54) 

To write an equation for an adiabatic process in terms of T and V, we use the 
ideal gas equation (pV = nRT ) to eliminate p from Eq. 19-53, finding 

(ze 


V’ = aconstant. 
V ; 





Pressure 





Isotherms: 


Insulation 


Volume 


(a) (d) 
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Because n and R are constants, we can rewrite this in the alternative form 





VWs =aconstant (adiabatic process), (19-55) 


in which the constant is different from that in Eq. 19-53. When the gas goes from 
an initial state i to a final state f, we can rewrite Eq. 19-55 as 


1 es TV} (adiabatic process). (19-56) 


Understanding adiabatic processes allows you to understand why popping the 
cork on a cold bottle of champagne (as in this chapter’s opening photograph) or the 
tab on a cold can of soda causes a slight fog to form at the opening of the container. At 
the top of any unopened carbonated drink sits a gas of carbon dioxide and water va- 
por. Because the gas pressure is greater than atmospheric pressure, the gas expands 
out into the atmosphere when the container is opened. Thus, the gas volume increases, 
but that means the gas must do work pushing against the atmosphere. Because the ex- 
pansion is rapid, it is adiabatic, and the only source of energy for the work is the inter- 
nal energy of the gas. Because the internal energy decreases, the temperature of the 
gas also decreases, which causes the water vapor in the gas to condense into tiny drops 
of fog. (Note that Eq. 19-56 also tells us that the temperature must decrease during an 
adiabatic expansion: V;is greater than V;,and so 7; must be less than 7;.) “ae 


Proof of Eq. 19-53 


Suppose that you remove some shot from the piston of Fig. 19-15a, allowing the ideal 
gas to push the piston and the remaining shot upward and thus to increase the volume 
by a differential amount dV. Since the volume change is tiny, we may assume that the 
pressure p of the gas on the piston is constant during the change. This assumption al- 
lows us to say that the work dW done by the gas during the volume increase is equal to 
p dV. From Eq. 18-27, the first law of . can then be written as 


| a a P dv. (19-57) 


Since the gas is thermally insulated (and thus the expansion is adiabatic), we 
substitute 0 for QO. Then we use Eq. 19-45 to substitute nCy dT for dE;,,. With 
these substitutions, and after some rearranging, we have 


ndT = — ( a dV. (19-58) 


Now from the ideal gas law (pV = nRT ) we have 
pdV + Vdp =nRadT. (19-59) 
Replacing R with its equal, C, — Cy,in Eq. 19-59 yields 
pdV + Vdp 
C,- &y 
Equating Eqs. 19-58 and 19-60 and rearranging then give 
a (G\ a 
Pp Cy/ V 


Replacing the ratio of the molar specific heats with y and integrating (see integral 
5 in Appendix E) yield 


n dT = (19-60) 


Inp + yln V = aconstant. 
Rewriting the left side as In pV” and then taking the antilog of both sides, we find 
pV” = aconstant. (19-61) 


Free Expansions 


Recall from Section 18-11 that a free expansion of a gas is an adiabatic process 
that involves no work done on or by the gas, and no change in the internal energy 
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of the gas. A free expansion is thus quite different from the type of adiabatic 
process described by Eqs. 19-53 through 19-61, in which work is done and the 
internal energy changes. Those equations then do not apply to a free expansion, 
even though such an expansion is adiabatic. 

Also recall that in a free expansion, a gas is in equilibrium only at its initial 
and final points; thus, we can plot only those points, but not the expansion itself, 
on a p-V diagram. In addition, because AEF;,, = 0, the temperature of the final 
state must be that of the initial state. Thus, the initial and final points on a p-V 


diagram must be on the same isotherm, and instead of Eq. 19-56 we have 


ele (free expansion). (19-62) 


If we next assume that the gas is ideal (so that pV = nRT), then because 
there is no change in temperature, there can be no change in the product pV. 
Thus, instead of Eq. 19-53 a free expansion involves the relation 


DV DV (free expansion). (19-63) 


Sample Problem Erary 


In Sample Problem 19-2, 1 mol of oxygen (assumed to 
be an ideal gas) expands isothermally (at 310 K) from 
an initial volume of 12 L to a final volume of 19 L. 


(a) What would be the final temperature if the gas had 
expanded adiabatically to this same final volume? Oxygen 
(O,) is diatomic and here has rotation but not oscillation. 


Bg 


1. When a gas expands against the pressure of its envi- 
ronment, it must do work. 


2. When the process is adiabatic (no energy is transferred 
as heat), then the energy required for the work can 
come only from the internal energy of the gas. 


3. Because the internal energy decreases, the tempera- 
ture 7 must also decrease. 


Calculations: We can relate the initial and final temper- 
atures and volumes with Eq. 19-56: 
TV}! = TV}. (19-64) 


Because the molecules are diatomic and have rotation 
but not oscillation, we can take the molar specific heats 
from Table 19-3. Thus, 


“PROBLEM-SOLVING TACTICS 


C3 
=—2? =~? _ 140. 
UN Ten BER 


Solving Eq. 19-64 for 7; and inserting known data then 
yield 


{VP  (Gi0K)d2L)"* 
ve (19 [eyes 


= (310 K)(%)°” = 258 K. (Answer) 





iy = 


(b) What would be the final temperature and pressure 
if, instead, the gas had expanded freely to the new vol- 
ume, from an initial pressure of 2.0 Pa? 


cei The temperature does not change in a free 


expansion. 





Calculation: Thus, the temperature is 


T, = T; = 310K. (Answer) 
We find the new pressure using Eq. 19-63, which gives us 
| V; i205 
Pr = Pi = (2.0 Pa) —— = 13 Pa. (Answer) 
Ve jb 





Tactic 2: A Graphical Summary of Four Gas Processes 
In this chapter we have discussed four special processes that an 
ideal gas can undergo. An example of each (for a monatomic 
ideal gas) is shown in Fig. 19-16, and some associated character- 
istics are given in Table 19-4, including two process names (iso- 
baric and isochoric) that we have not used but that you might 
see in other courses. 


FIG. 19-16 A p-V diagram representing four special 
processes for an ideal monatomic gas. 


Pressure 





Volume 


Review & Summary 


Four Special Processes 
Some Special Results 


(AE = Q — Wand AE,,, = nCyAT for all paths) 


Path in Fig. 19-16 Constant Quantity Process Type 
1 p Isobaric OR fiC al W = paVv 
2 EP Isothermal QO = W =nkRTIn(V/V); AE = 0 
3 DV LVS Adiabatic O=0; W=-AEn 
4 V Isochoric O = AE, =nCy AT; W=0 


Yc HECKPOINT 5 Rank paths 1,2, and 3 in Fig. 19-16 according to the energy transfer to the gas as heat, greatest first. 


REVIEW & SUMMARY 


Kinetic Theory of Gases The kinetic theory of gases re- 
lates the macroscopic properties of gases (for example, pres- 
sure and temperature) to the microscopic properties of gas 
molecules (for example, speed and kinetic energy). 


Avogadro's Number One mole of a substance contains 
N, (Avogadro’s number) elementary units (usually atoms or 
molecules), where N, is found experimentally to be 


Na = 6.02 X 10% mol! (19-1) 


One molar mass M of any substance is the mass of one mole of 
the substance. It is related to the mass m of the individual 
molecules of the substance by 


M=mwN,j. 


(Avogadro’s number). 


(19-4) 


The number of moles n contained in a sample of mass M,,,,, 
consisting of N molecules, is given by 
N IVa = Vivre 


AnF=Tl = 


19-2, 19- 
Na M mNs ee) 


Ideal Gas An ideal gas is one for which the pressure p, 
volume V, and temperature T are related by 


pV =nRT (19-5) 


Here n is the number of moles of the gas present and R is a con- 
stant (8.31 J/mol- K) called the gas constant. The ideal gas law 
can also be written as 


(ideal gas law). 


DV = NkT, (19-9) 
where the Boltzmann constant k is 
R 
k= TD = 1,38 X 10-2 J/K. (19-7) 


A 


Work in an Isothermal Volume Change The work 
done by an ideal gas during an isothermal (constant-tempera- 
ture) change from volume V, to volume J; is 

(19-14) 


(ideal gas, isothermal process). 


W = nRT1 vi 
= nRT In V 
Pressure, Temperature, and Molecular Speed The 
pressure exerted by 1 moles of an ideal gas, in terms of the speed 
of its molecules, is 
nMVimns 


P-—a7 (19-21) 


where Vim; = V(V)ave is the root-mean-square speed of the 
molecules of the gas. With Eq. 19-5 this gives 


| 3RT 
4 = ee ae 
rms M 


Temperature and Kinetic Energy The average transla- 
tional kinetic energy K,,. per molecule of an ideal gas is 


KAZ. (19-24) 


vg «2 


(19-22) 


Mean Free Path The mean free path d of a gas molecule is 
its average path length between collisions and is given by 


1 
\ = ——— 19-25 
\2md? N/V ae 
where N/V is the number of molecules per unit volume and d 


is the molecular diameter. 


Maxwell Speed Distribution The Maxwell speed distri- 
bution P(v) is a function such that P(v) dv gives the fraction 
of molecules with speeds in the interval dv at speed v: 


M 3/2 5 
a 2 9-Mv?/2RT 
P(v) a( aaR =) ve 


Three measures of the distribution of speeds among the mole- 
cules of a gas are 





(19-27) 


8RT 
V — —_—_—_—_—— 
avg aM 


| 2RT 
ee a (most probable speed), (19-35) 


and the rms speed defined above in Eq. 19-22. 


(19-31) 


(average speed), 


Molar Specific Heats The molar specific heat Cy of a gas 
at constant volume is defined as 
OQ INE 
= = 19-39, 19-41 

Vie RG nie Qe aan) 
in which Q is the energy transferred as heat to or from a sam- 
ple of n moles of the gas, AT is the resulting temperature 
change of the gas, and AE£,;,, is the resulting change in the 
internal energy of the gas. For an ideal monatomic gas, 


Cy = 3R = 12.5 J/mol-K. 





(19-43) 
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The molar specific heat C, of a gas at constant pressure is 
defined to be 





Ce eo (19-46) 
in which Q, n, and AT are defined as above. C, is also given by 
Co Cy: (19-49) 

For n moles of an ideal gas, 
Ein = NCyT (ideal gas). (19-44) 


If n moles of a confined ideal gas undergo a temperature 
change A7 due to any process, the change in the internal 
energy of the gas is 


AE im = nCy AT (19-45) 


in which the appropriate value of Cy must be substituted, 
according to the type of ideal gas. 


(ideal gas, any process), 


Degrees of Freedom and Cy We find C, by using the 


QUESTIONS 


equipartition of energy theorem, which states that every 
degree of freedom of a molecule (that is, every independent 
way it can store energy) has associated with it— on average — 
an energy kT per molecule (= SRT per mole). If f is the num- 
ber of degrees of freedom, then F;,, = (f/2)nRT and 

Cy = (L)e = 4.16f J/mol-K. (19-51) 
For monatomic gases f= 3 (three translational degrees); for di- 
atomic gases f = 5 (three translational and two rotational degrees). 


Adiabatic Process When an ideal gas undergoes a slow 
adiabatic volume change (a change for which Q = 0), its pres- 
sure and volume are related by 


V” = aconstant 19-53 
p ( 


(adiabatic process), 


in which y (= C,/C,) is the ratio of molar specific heats for the 
gas. For a free expansion, however, pV = aconstant. 





1 Fora temperature increase of AT;, a certain amount of an 
ideal gas requires 30 J when heated at constant volume and 
50 J when heated at constant pressure. How much work is 
done by the gas in the second situation? 


2 The dot in Fig. 19-17a represents the initial state of a gas, 
and the vertical line through the dot divides the p-V diagram 
into regions 1 and 2. For the following processes, determine 
whether the work W done by the gas is positive, negative, or 
zero: (a) the gas moves up along the vertical line, (b) it moves 
down along the vertical line, (c) it moves to anywhere in 
region 1, and (d) it moves to anywhere in region 2. 


p p p 


V V V 
(a) (5) (c) 
FIG. 19-17 Questions 2,4, and 6. 


3 For four situations for a6 e« a 
an ideal gas, the table gives 50 435 —15 +20 
the energy transferred to or 

from the gas as heat Q and —30 +35 

either the work W done by Seana) 
the gas or the work W,, 

done on the gas, all in joules. Rank the four situations in terms 
of the temperature change of the gas, most positive first. 








Z=0 


n 


4 The dot in Fig. 19-175 represents the initial state of a gas, and 
the isotherm through the dot divides the p-V diagram into regions 
1 and 2. For the following processes, determine whether the 
change A£;,,; in the internal energy of the gas 1s positive, negative, 
or zero: (a) the gas moves up along the isotherm, (b) it moves 
down along the isotherm, (c) it moves to anywhere in region 1, 
and (d) it moves to anywhere in region 2. 


5 A certain amount of energy is to be transferred as heat to 
1 mol of a monatomic gas (a) at constant pressure and (b) at con- 


stant volume, and to 1 mol of a di- 
atomic gas (c) at constant pressure 
and (d) at constant volume. Figure 
19-18 shows four paths from an ini- 
tial point to four final points on a p- 
V diagram. Which path goes with 
which process? (e) Are the mole- 
cules of the diatomic gas rotating? 





FIG. 19-18 Question 5. 


6 The dot in Fig. 19-17c represents the initial state of a gas, 
and the adiabat through the dot divides the p-V diagram into 
regions 1 and 2. For the following processes, determine 
whether the corresponding heat Q is positive, negative, or 
zero: (a) the gas moves up along the adiabat, (b) it moves 
down along the adiabat, (c) it moves to anywhere in region 1, 
and (d) it moves to anywhere in region 2. 


7 An ideal diatomic gas, with molecular rotation but not 
oscillation, loses energy as heat Q. Is the resulting decrease in 
the internal energy of the gas 

greater if the loss occurs in a p 

constant-volume process or in a 
constant-pressure process? 


8 In the p-V diagram of Fig. 
19-19, the gas does 5 J of work 
when taken along isotherm ab 
and 4J when taken along 
adiabat bc. What is the change 
in the internal energy of the gas 
when it is taken along the 
straight path from a to c? 


9 (a) Rank the four paths of Fig. 19-16 according to the work 
done by the gas, greatest first. (b) Rank paths 1, 2, and 3 
according to the change in the internal energy of the gas, most 
positive first and most negative last. 





V 


FIG. 19-19 Question 8. 


10 Does the temperature of an ideal gas increase, decrease, 
or stay the same during (a) an isothermal expansion, (b) an 
expansion at constant pressure, (c) an adiabatic expansion, 
and (d) an increase in pressure at constant volume? 


ee): 8 


& Tutoring problem available (at instructor's discretion) in WileyPLUS and WebAssign 


SSM Worked-out solution available in Student Solutions Manual 
® —@e@e Number of dots indicates level of problem difficulty 
a, Ake information availa e in The Flying Circus of Physic. 


Ske 


sec. 19-2 Avogadro's Number 

4 Gold has a molar mass of 197 g/mol. (a) How many 
moles of gold are in a 2.50 g sample of pure gold? (b) How 
many atoms are in the sample? 


2 Find the mass in kilograms of 7.50 X 10% atoms of 
arsenic, which has a molar mass of 74.9 g/mol. 


sec. 19-3 Ideal Gases 

®3 The best laboratory vacuum has a pressure of about 
1.00 < 107'8 atm, or 1.01 < 107 Pa. How many gas molecules 
are there per cubic centimeter in such a vacuum at 293 K? 


e4 Compute (a) the number of moles and (b) the number of 
molecules in 1.00 cm? of an ideal gas at a pressure of 100 Pa 
and a temperature of 220 K. 


5 An automobile tire has a volume of 1.64 < 10°* m? and 
contains air at a gauge pressure (pressure above atmospheric 
pressure) of 165 kPa when the temperature is 0.00°C. What is 
the gauge pressure of the air in the tires when its temperature 
rises to 27.0°C and its volume increases to 1.67 X 10°? m3? 
Assume atmospheric pressure is 1.01 X 10° Pa. 


6 A quantity of ideal gas at 10.0°C and 100 kPa occupies a 
volume of 2.50 m°. (a) How many moles of the gas are 
present? (b) If the pressure is now raised to 300 kPa and 
the temperature is raised to 30.0°C, how much volume does 
the gas occupy? Assume no leaks. 


°7 Oxygen gas having a volume of 1000 cm? at 40.0°C and 
1.01 x 10° Pa expands until its volume is 1500 cm? and its pres- 
sure is 1.06 X 10° Pa. Find (a) the number of moles of oxygen 
present and (b) the final temperature of the sample. SSM. 


8 Acontainer encloses 2 mol of an ideal gas that has molar 
mass M, and 0.5 mol of a second ideal gas that has molar mass 
M, = 3M,. What fraction of the total pressure on the con- 
tainer wall is attributable to the second gas? (The kinetic 
theory explanation of pressure leads to the experimentally 
discovered law of partial pressures for a mixture of gases that 
do not react chemically: The total pressure exerted by the mix- 
ture is equal to the sum of the pressures that the several gases 
would exert separately if each were to occupy the vessel alone.) 


9 Suppose 1.80 mol of an ideal gas is taken from a volume 
of 3.00 m? to a volume of 1.50 m? via an isothermal compres- 
sion at 30°C. (a) How much energy is transferred as heat dur- 
ing the compression, and (b) is the transfer to or from the gas? 


410 Water bottle in a hot car. In the American Southwest, 
the temperature in a closed car parked in sunlight during the 
summer can be high enough to burn flesh. Suppose a bottle 
of water at a refrigerator temperature of 5.00°C is opened, then 
closed, and then left in a closed car with an internal temperature 
of 75.0°C. Neglecting the thermal expansion of the water and the 
bottle, find the pressure in the air pocket trapped in the bottle. 
(The pressure can be enough to push the bottle cap past the 
threads that are intended to keep the bottle closed.) =e 


WWW) Worked-out solution is at 






MPO eo COC 
Interactive solution is at — 


s at flyingcircusofphysics.com 3 
O View eye ‘o-by-step solutions 


eef7 nes 0.825 mol of an ideal gas undergoes an 
isothermal expansion as energy is added to it as heat Q. If Fig. 
19-20 shows the final volume V; versus Q, what is the gas tem- 
perature? The scale of the vertical axis is set by V;, = 0.30 m’, 
and the scale of the horizontal axis is set by Q, = 1200 J. 


V; (m*) 





Q J) 


FIG. 19-20 Problem 11. 


ee42 In the temperature range 310 K to 330 K, the pressure 
p of acertain nonideal gas is related to volume V and temper- 
ature T by 


= (24.9 J/K) Ade (0.00662 J/K’) at 
“7 « V ° V ° 


How much work is done by the gas if its temperature is raised 
from 315 K to 325 K while the pressure is held constant? 


°©13 Air that initially occupies 0.140 m° at a gauge pressure 
of 103.0 kPa is expanded isothermally to a pressure of 101.3 
kPa and then cooled at constant pressure until it reaches its 
initial volume. Compute the work done by the air. (Gauge 
pressure is the difference between the actual pressure and 
atmospheric pressure.) SSMILW WWW 


e@74 Submarine rescue. When the U. S. submarine Squalus 
became disabled at a depth of 80 m, a cylindrical chamber was 
lowered from a ship to rescue the crew. The chamber had a ra- 
dius of 1.00 m and a height of 4.00 m, was open at the bottom, 
and held two rescuers. It slid along a guide cable that a diver 
had attached to a hatch on the submarine. Once the chamber 
reached the hatch and clamped to the hull, the crew could es- 
cape into the chamber. During the descent, air was released 
from tanks to prevent water from flooding the chamber. Assume 
that the interior air pressure matched the water pressure at depth 
h as given by pp + pgh, where pp = 1.000 atm is the surface pres- 
sure and p = 1024 kg/m’ is the density of seawater. Assume a sur- 
face temperature of 20.0°C and a submerged water temperature 
of —30.0°C. (a) What is the air volume in the chamber at the sur- 
face? (b) If air had not been released from the tanks, what would 
have been the air volume in the chamber at depth h = 80.0 m? 
(c) How many moles of air were needed to be released to main- 
tain the original air volume in the chamber? SS 


2°15 A sample of an ideal gas is taken through the cyclic 
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process abca shown in Fig, 19-21. 
The scale of the vertical axis is set 
by p, = 7.5 kPa and p,, = 2.5 kPa. 
At point a, T= 200K. (a) How 
many moles of gas are in the sam- 
ple? What are (b) the temperature 
of the gas at point b, (c) the tem- 
perature of the gas at point c, and 
(d) the net energy added to the gas 
as heat during the cycle? & 


eee76 An air bubble of vol- 
ume 20 cm? is at the bottom of a 
lake 40 m deep, where the tem- 
perature is 4.0°C. The bubble rises to the surface, which is at a 
temperature of 20°C. Take the temperature of the bubble’s air 
to be the same as that of the surrounding water. Just as the 
bubble reaches the surface, what is its volume? 


eee17 Container A in Fig. 19-22 
holds an ideal gas at a pressure of 
5.0 X 10° Pa and a temperature of 
300 K. It is connected by a thin 
tube (and a closed valve) to con- 
tainer B, with four times the vol- 
ume of A. Container B holds the 
same ideal gas at a pressure of 1.0 
< 10° Pa and a temperature of 
400 K. The valve is opened to allow the pressures to equalize, but 
the temperature of each container is maintained. What then is the 
pressure in the two containers? 


Pressure (kPa) 





1.0 3.0 
Volume (m?) 


FIG. 19-21 Problem 15. 


FIG. 19-22 Problem 17. 


sec. 19-4 Pressure, Temperature, and RMS Speed 
®18 Calculate the rms speed of helium atoms at 1000 K. See 
Appendix F for the molar mass of helium atoms. 


°19 The lowest possible temperature in outer space is 2.7 K. 
What is the rms speed of hydrogen molecules at this tempera- 
ture? (The molar mass is given in Table 19-1.) SSM 


e20 Find the rms speed of argon atoms at 313K. See 
Appendix F for the molar mass of argon atoms. 


e21 (a) Compute the rms speed of a nitrogen molecule at 
20.0°C. The molar mass of nitrogen molecules (N,) is given 
in Table 19-1. At what temperatures will the rms speed be 
(b) half that value and (c) twice that value? 


e22 ‘The temperature and pressure in the Sun’s atmosphere are 
2.00 X 10° K and 0.0300 Pa. Calculate the rms speed of free elec- 
trons (mass 9.11 X 107°! kg) there, assuming they are an ideal gas. 


ee23 A beam of hydrogen molecules (H,) is directed toward a 
wall, at an angle of 55° with the normal to the wall. Each molecule 
in the beam has a speed of 1.0 km/s and a mass of 3.3 x 10° g. 
The beam strikes the wall over an area of 2.0 cm’, at the rate of 107 
molecules per second. What is the beam’s pressure on the wall? 


e024 At 273K and 1.00 xX 10~? atm, the density of a gas is 
1.24 X 107° g/cm”. (a) Find v,,, for the gas molecules. (b) Find 
the molar mass of the gas and (c) identify the gas. (Hint: The 
gas is listed in Table 19-1.) 


sec. 19-5 Translational Kinetic Energy 

e25 Determine the average value of the translational ki- 
netic energy of the molecules of an ideal gas at (a) 0.00°C and 
(b) 100°C. What is the translational kinetic energy per mole of 
an ideal gas at (c) 0.00°C and (d) 100°C? 





¢26 What is the average translational kinetic energy of 
nitrogen molecules at 1600 K? 


e°27 Water standing in the open at 32.0°C evaporates because 
of the escape of some of the surface molecules. The heat of va- 
porization (539 cal/g) is approximately equal to en, where e is 
the average energy of the escaping molecules and n is the num- 
ber of molecules per gram. (a) Find e. (b) What is the ratio of 
to the average kinetic energy of H,O molecules, assuming the 
latter is related to temperature in the same way as it is for gases? 


sec. 19-6 Mean Free Path 

*28 The mean free path of nitrogen molecules at 0.0°C and 1.0 
atm is 0.80 X 10-°cm. At this temperature and pressure there 
are 2.7 X 10’? molecules/cm’. What is the molecular diameter? 


®29 The atmospheric density at an altitude of 2500 km is about 
1 molecule/cm?’. (a) Assuming the molecular diameter of 2.0 x 
10-* cm, find the mean free path predicted by Eq. 19-25. (b) 
Explain whether the predicted value is meaningful. SSM 


«30 At what frequency would the wavelength of sound in 
air be equal to the mean free path of oxygen molecules at 1.0 
atm pressure and 0.00°C? Take the diameter of an oxygen 
molecule to be 3.0 X 107° cm. 


¢®31 Inacertain particle accelerator, protons travel around 
a circular path of diameter 23.0 m in an evacuated chamber, 
whose residual gas is at 295 K and 1.00 x 10 torr pressure. 
(a) Calculate the number of gas molecules per cubic centime- 
ter at this pressure. (b) What is the mean free path of the gas 
molecules if the molecular diameter is 2.00 X 107° cm? 


2e32 At20°C and 750 torr pressure, the mean free paths for ar- 
gon gas (Ar) and nitrogen gas (N,) are Aa, = 9.9 X 10° cm and 
Ay, = 27.5 X 10~° cm. (a) Find the ratio of the diameter of an Ar 
atom to that of an N, molecule. What is the mean free path of ar- 
gon at (b) 20°C and 150 torr, and (c) — 40°C and 750 torr? 


sec. 19-7 The Distribution of Molecular Speeds 

®33 Ten particles are moving with the following speeds: four 
at 200 m/s, two at 500 m/s, and four at 600 m/s. Calculate their 
(a) average and (b) rms speeds. (c) Is Vims > Vave? 


°34 The speeds of 22 particles are as follows (N; represents 
the number of particles that have speed v,): 


N, 2 4 6 8 2 
vi(cm/s) 1.0 2.0 3.0 4.0 5.0 


What are (a) Vayp, (D) Vims, and (Cc) vp? 
«35 The speeds of 10 molecules are 2.0, 3.0, 4.0, ...,11 km/s. 


What are their (a) average speed and (b) rms speed? SSM 


°°36 Figure 19-23 
gives the probability 
distribution for nitro- 
gen gas. The scale of the 
horizontal axis is set by 
v, = 1200 m/s. What are 
the (a) gas temperature 
and (b) rms speed of 
the molecules? 


e237 At what tem- 
perature does the rms 
speed of (a) H, (molec- 
ular hydrogen) and (b) 


P(v) 





v (m/s) 
FIG. 19-23 Problem 36. 


O, (molecular oxygen) equal the escape speed from Earth (Table 
13-2)? At what temperature does the rms speed of (c) H, and (d) 
O, equal the escape speed from the Moon (where the gravita- 
tional acceleration at the surface has magnitude 0.16g)? 
Considering the answers to parts (a) and (b), should there be 
much (e) hydrogen and (f) oxygen high in Earth’s upper atmos- 
phere, where the temperature is about 1000 K? 


«38 Two containers are at the same temperature. The first 
contains gas with pressure p;, molecular mass m,, and rms 
speed vV,ms;- The second contains gas with pressure 2.0p,, mo- 
lecular mass m, and average speed Vayg. = 2.0V,msi. Find the 
mass ratio m,/mp. 


ee39 A hydrogen molecule (diameter 1.0 X 107° cm), travel- 
ing at the rms speed, escapes from a 4000 K furnace into 
a chamber containing cold argon atoms (diameter 3.0 X 
10~° cm) at a density of 4.0 X 10° atoms/cm’. (a) What is the 
speed of the hydrogen molecule? (b) If it collides with an argon 
atom, what is the closest their centers can be, considering each 
as spherical? (c) What is the initial number of collisions per sec- 
ond experienced by the hydrogen molecule? (Hint: Assume 
that the argon atoms are stationary. Then the mean free path of 
the hydrogen molecule is given by Eq. 19-26 and not Eq. 19-25.) 


ee40 It is found that the most probable speed of molecules 
in a gas when it has (uniform) temperature T, is the same 
as the rms speed of the molecules in this gas when it has 
(uniform) temperature 7;. Calculate 7>/T,. 


ee44 Figure 19-24 shows a hy- ar 


pothetical speed distribution for @ 
a sample of N gas particles(note ™ 
that P(v) = 0 for speed v > 2v9). 0 Vo 2Qvo 


What are the values of (a) avg, Speed 
(b) Vavg!Vos and (c) Vims/Vo? (d) 
What fraction of the particles 
has a speed between 1.5vy and 2.0v9?  ssm www 


FIG. 19-24 Problem 41. 


sec. 19-8 The Molar Specific Heats of an Ideal Gas 
e42 What is the internal energy of 1.0mol of an ideal 
monatomic gas at 273 K? 


ee43 The temperature of 2.00 mol of an ideal monatomic 
gas is raised 15.0 K at constant volume. What are (a) the work 
W done by the gas, (b) the energy transferred as heat Q, (c) 
the change AF;,, in the internal energy of the gas, and (d) the 
change AK in the average kinetic energy per atom? 


ee44 Under constant pressure, the temperature of 2.00 mol 
of an ideal monatomic gas is raised 15.0 K. What are (a) the 
work W done by the gas, (b) the energy transferred as heat Q, 
(c) the change AF;,, in the internal energy of the gas, and 
(d) the change AK in the average kinetic energy per atom? 


ee45 A container holds a mixture of three nonreacting 
gases: 2.40 mol of gas 1 with Cy, = 12.0 J/mol-K, 1.50 mol 
of gas 2 with Cy, =12.8 


J/mol-K, and 3.20 mol of gas3) & Pu 
with Cy3 = 20.0 J/mol-K. What = 
is Cy of the mixture? SSM 
ee46 One mole of an ideal di- 2 Pe 


atomic gas goes from a to c along 
the diagonal path in Fig. 19-25. 
The scale of the vertical axis is set 
by Pa = 5.0 kPa and p, = 2.0 


Volume (m*) 


FIG. 19-25 Problem 46. 








kPa, and the scale of the horizontal axis is set by V,, = 4.0 m° 
and V, = 2.0 m’. During the transition, (a) what is the change 
in internal energy of the gas, and (b) how much energy is 
added to the gas as heat? (c) How much heat is required if the 
gas goes from a toc along the indirect path abc? &@ 


ee47 The mass of a gas molecule can be computed from its 
specific heat at constant volume cy. (Note that this is not Cy.) 
Take cy = 0.075 cal/g-C° for argon and calculate (a) the mass 
of an argon atom and (b) the molar mass of argon. ''W 


ee48 When 20.9J was added as heat to a particular ideal 
gas, the volume of the gas changed from 50.0 cm? to 100 cm? 
while the pressure remained at 1.00 atm. (a) By how much did 
the internal energy of the gas change? If the quantity of gas 
present was 2.00 < 10~° mol, find (b) C, and (c) Cy. 


ee49 The temperature of 3.00 mol of an ideal diatomic gas is 
increased by 40.0 C° without the pressure of the gas changing. 
The molecules in the gas rotate but do not oscillate. (a) How 
much energy is transferred to the gas as heat? (b) What is the 
change in the internal energy of the gas? (c) How much work 
is done by the gas? (d) By how much does the rotational 
kinetic energy of the gas increase? 


sec. 19-9 Degrees of Freedom and Molar Specific Heats 

50 We give 70 J as heat to a diatomic gas, which then expands 
at constant pressure. The gas molecules rotate but do not oscil- 
late. By how much does the internal energy of the gas increase? 


°57 When 1.0 mol of oxygen (O,) gas is heated at constant 
pressure starting at 0°C, how much energy must be added to 
the gas as heat to double its volume? (The molecules rotate 
but do not oscillate.) iLw 


ee52 Suppose 12.0 g of oxygen (O,) gas is heated at constant 
atmospheric pressure from 25.0°C to 125°C. (a) How many 
moles of oxygen are present? (See Table 19-1 for the molar 
mass.) (b) How much energy is transferred to the oxygen as 
heat? (The molecules rotate but do not oscillate.) (c) What frac- 
tion of the heat is used to raise the internal energy of the oxygen? 


ee53 Suppose 4.00 mol of an ideal diatomic gas, with molecular 
rotation but not oscillation, experienced a temperature increase 
of 60.0 K under constant-pressure conditions. What are (a) the en- 
ergy transferred as heat Q, (b) the change AE, in internal energy 
of the gas, (c) the work W done by the gas, and (d) the change AK 


in the total translational kinetic energy of the gas? ssm www 


sec. 19-11 The Adiabatic Expansion of an Ideal Gas 

54 Suppose 1.00 L of a gas with y = 1.30, initially at 273 K 
and 1.00 atm, is suddenly compressed adiabatically to half its 
initial volume. Find its final (a) pressure and (b) temperature. 
(c) If the gas is then cooled to 273 K at constant pressure, what 
is its final volume? 


e55  Acertain gas occupies a volume of 4.3 L at a pressure of 
1.2 atm and a temperature of 310 K. It is compressed adiabati- 
cally to a volume of 0.76 L. Determine (a) the final pressure 
and (b) the final temperature, assuming the gas to be an ideal 
gas for which y = 1.4. 


°56 We know that for an adiabatic process pV’ = a con- 
stant. Evaluate “a constant” for an adiabatic process involving 
exactly 2.0mol of an ideal gas passing through the state 
having exactly p = 1.0 atm and T = 300 K. Assume a diatomic 
gas whose molecules rotate but do not oscillate. 
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°e®57 Figure 19-26 shows two paths that may be taken by a 
gas from an initial point i to a final point f. Path 1 consists of an 
isothermal expansion (work is 50J in magnitude), an adia- 
batic expansion (work is 40 J in magnitude), an isothermal 
compression (work is 30 J in magnitude), and then an adia- 
batic compression (work is 25 J in magnitude). What is the 
change in the internal energy of the gas if the gas goes from 
point i to point falong path2? @ 
p 


2 








Path 1 


Isothermal 


er Adiabatic 


Isothermal 


FIG. 19-26 Problem 57. 


®®58 Adiabatic wind. The normal airflow over the Rocky 
Mountains is west to east. The air loses much of its moisture 
content and is chilled as it climbs the western side of the 
mountains. When it descends on the eastern side, the increase 
in pressure toward lower altitudes causes the temperature to 
increase. The flow, then called a chinook wind, can rapidly 
raise the air temperature at the base of the mountains. 
Assume that the air pressure p depends on altitude y accord- 
ing to p = pp exp (—ay), where py = 1.00 atm and a = 1.16 X 
10-4 m™!. Also assume that the ratio of the molar specific 
heats is y = 5. A parcel of air with an initial temperature of 
—5.00°C descends adiabatically from y, = 4267 m to y = 
1567 m. What is its temperature at the end of the descent? =e 


®e59 A gas is to be expanded from initial state i to final state 
f along either path 1 or path 2 on a p-V diagram. Path 1 con- 
sists of three steps: an isothermal expansion (work is 40 J in 
magnitude), an adiabatic expansion (work is 20 J in magni- 
tude), and another isothermal expansion (work is 30 J in mag- 
nitude). Path 2 consists of two steps: a pressure reduction at 
constant volume and an expansion at constant pressure. What 
is the change in the internal energy of the gas along path 2? 





©@60 Opening champagne. In a bottle of champagne, the 
pocket of gas (primarily carbon dioxide) between the liquid 
and the cork is at pressure of p; = 5.00 atm. When the cork is 
pulled from the bottle, the gas undergoes an adiabatic expan- 
sion until its pressure matches the ambient air pressure of 1.00 
atm. Assume that the ratio of the molar specific heats is y = 5. 
If the gas has initial temperature 7; = 5.00°C, what is its tem- 
perature at the end of the adiabatic expansion? =@me 


e671 The volume of an ideal gas is adiabatically reduced 
from 200 L to 74.3 L. The initial pressure and temperature are 
1.00 atm and 300 K. The final pressure is 4.00 atm. (a) Is the 
gas monatomic, diatomic, or polyatomic? (b) What is the final 
temperature? (c) How many moles are in the gas? 


eee62 An ideal diatomic gas, with rotation but no oscilla- 
tion, undergoes an adiabatic compression. Its initial pressure 
and volume are 1.20 atm and 0.200 m’. Its final pressure is 2.40 
atm. How much work is done by the gas? @ 


e063 Figure 19-27 shows a cycle undergone by 1.00 mol of 
an ideal monatomic gas. The temperatures are T, = 300 K, 


T, = 600 K, and 7; = 455 K. For 
1—2, what are (a) heat Q, 
(b) the change in internal energy 
AF nt, and (c) the work done W? 
For 2 — 3, what are (d) Q, (e) 
AF int, and (f) W? For 3 1, 
what are (g) Q, (h) AEF;,;, and (i) 
W? For the full cycle, what are 
(j) Q, (kK) AEin, and (1) W? The 
initial pressure at point 1 is 1.00 
atm (= 1.013 x 10° Pa). What 
are the (m) volume and (n) pres- 
sure at point 2 and the (0) volume and (p) pressure at point 3? 


Additional Problems 

64 In an interstellar gas cloud at 50.0K, the pressure is 
1.00 X 10-® Pa. Assuming that the molecular diameters of the 
gases in the cloud are all 20.0 nm, what is their mean free path? 


65 The temperature of 3.00 mol of a gas with Cy = 6.00 
cal/mol - K is to be raised 50.0 K. If the process is at constant 
volume, what are (a) the energy transferred as heat Q, (b) the 
work W done by the gas, (c) the change AEF;,, in internal 
energy of the gas, and (d) the change AK in the total transla- 
tional kinetic energy? If the process is at constant pressure, 
what are (e) Q, (f) W, (g) AE;,,, and (h) AK? If the process is 
adiabatic, what are (i) Q, (j) W, (k) AE;,,, and (1) AK? 


66 Oxygen (O,) gas at 273 K and 1.0 atm is confined to a 
cubical container 10 cm on a side. Calculate AU,/K,,,, where 
AU, is the change in the gravitational potential energy of an 
oxygen molecule falling the height of the box and K,,, is the 
molecule’s average translational kinetic energy. 






Adiabatic 


Pressure 


Volume 


FIG. 19-27 Problem 63. 


67 The envelope and basket of a hot-air balloon have a 
combined weight of 2.45 KN, and the envelope has a capacity 
(volume) of 2.18 X 10° m°>. When it is fully inflated, what 
should be the temperature of the enclosed air to give the bal- 
loon a lifting capacity (force) of 2.67 kN (in addition to the 
balloon’s weight)? Assume that the surrounding air, at 20.0°C, 
has a weight per unit volume of 11.9 N/m? and a molecular 
mass of 0.028 kg/mol, and is at a pressure of 1.0 atm. SSM 


68 (a) An ideal gas initially at pressure py undergoes a free 
expansion until its volume is 3.00 times its initial volume. 
What then is the ratio of its pressure to py? (b) The gas is next 
slowly and adiabatically compressed back to its original vol- 
ume. The pressure after compression is (3.00)'?pp. Is the gas 
monatomic, diatomic, or polyatomic? (c) What is the ratio of 
the average kinetic energy per molecule in this final state to 
that in the initial state? 


69 The temperature of 2.00 mol of an ideal monatomic gas 
is raised 15.0 K in an adiabatic process. What are (a) the work 
W done by the gas, (b) the energy transferred as heat Q, (c) 
the change AE£,,, in internal energy of the gas, and (d) the 
change AK in the average kinetic energy per atom? SSM 


70 During a compression at a constant pressure of 250 Pa, 
the volume of an ideal gas decreases from 0.80 m? to 0.20 m’. 
The initial temperature is 360 K, and the gas loses 210 J as 
heat. What are (a) the change in the internal energy of the gas 
and (b) the final temperature of the gas? 


71 At what frequency do molecules (diameter 290 pm) col- 
lide in (an ideal) oxygen gas (O,) at temperature 400 K and 
pressure 2.00 atm? SSM 


72 An ideal gas consists of 1.50 mol of diatomic mole- 
cules that rotate but do not oscillate. The molecular diameter 
is 250 pm. The gas is expanded at a constant pressure of 1.50 x 
10° Pa, with a transfer of 200 J as heat. What is the change in 
the mean free path of the molecules? 


73 An ideal monatomic gas initially has a temperature of 
330 K and a pressure of 6.00 atm. It is to expand from volume 
500 cm? to volume 1500 cm*. If the expansion is isothermal, 
what are (a) the final pressure and (b) the work done by the 
gas? If, instead, the expansion is adiabatic, what are (c) the 
final pressure and (d) the work done by the gas? 


74 An ideal gas with 3.00 mol is initially in state 1 with pres- 
sure p; = 20.0 atm and volume V, = 1500 cm”. First it is taken 
to state 2 with pressure p, = 1.50p,; and volume V, = 2.00V,. 
Then it is taken to state 3 with pressure p3; = 2.00p, and vol- 
ume V3 = 0.500V,. What is the temperature of the gas in 
(a) state 1 and (b) state 2? (c) What is the net change in inter- 
nal energy from state 1 to state 3? 


75 An ideal gas undergoes an adiabatic compression from 
p=10atm, V=1.0x10°L, T=0.0°C to p=1.0 x 10° 
atm, V = 1.0 x 10° L. (a) Is the gas monatomic, diatomic, or 
polyatomic? (b) What is its final temperature? (c) How many 
moles of gas are present? What is the total translational 
kinetic energy per mole (d) before and (e) after the compres- 
sion? (f) What is the ratio of the squares of the rms speeds 
before and after the compression? 


76 An ideal gas, at initial temperature 7, and initial volume 
2.0 m°, is expanded adiabatically to a volume of 4.0 m°, then 
expanded isothermally to a volume of 10 m°, and then com- 
pressed adiabatically back to 7;. What is its final volume? 


77 A sample of ideal gas expands from an initial pressure 
and volume of 32 atm and 1.0L to a final volume of 4.0 L. 
The initial temperature is 300 K. If the gas is monatomic and 
the expansion isothermal, what are the (a) final pressure p,, 
(b) final temperature 7;, and (c) work W done by the gas? 
If the gas is monatomic and the expansion adiabatic, what are 
(d) py, (e) Ty, and (f) W? If the gas is diatomic and the expan- 
sion adiabatic, what are (g) p;,(h) T;,and (i) W? SSM 


78 Calculate the work done by an external agent during an 
isothermal compression of 1.00 mol of oxygen from a volume 
of 22.4 L at O°C and 1.00 atm to a volume of 16.8 L. 


79 A steel tank contains 300 g of ammonia gas (NH;3) at 
a pressure of 1.35 X 10°Pa and a temperature of 77°C. 
(a) What is the volume of the tank in liters? (b) Later the tem- 
perature is 22°C and the pressure is 8.7 X 10° Pa. How many 
grams of gas have leaked out of the tank? 


80 At what temperature do atoms of helium gas have the same 
rms speed as molecules of hydrogen gas at 20.0°C? (The molar 
masses are given in Table 19-1.) 


81 Figure 19-28 shows a hypothetical speed distribution for par- 
ticles of a certain gas: P(v) = Cv? 
for0 <v < vyand P(v) = Ofor v 


| 
> vo. Find (a) an expression for @ ! 
C in terms of vo, (b) the average * ! 
speed of the particles, and (c) , 
their rms speed. SSM 0 Vo 


; : Speed 
82 In an industrial process : 


the volume of 25.0mol of FIG. 19-28 Problem 8l. 


a monatomic ideal gas is reduced at a uniform rate from 
0.616 m? to 0.308 m? in 2.00h while its temperature is 
increased at a uniform rate from 27.0°C to 450°C. Throughout 
the process, the gas passes through thermodynamic equilib- 
rium states. What are (a) the cumulative work done on the gas, 
(b) the cumulative energy absorbed by the gas as heat, and 
(c) the molar specific heat for the process? (Hint: To evaluate 
the integral for the work, you might use 
at Dx bx aB — bA 
[tt x= > + ay InfA + Bx), 


an indefinite integral.) Suppose the process is replaced with a 
two-step process that reaches the same final state. In step 1, 
the gas volume is reduced at constant temperature, and in step 
2 the temperature is increased at constant volume. For this 
process, what are (d) the cumulative work done on the gas, 
(ec) the cumulative energy absorbed by the gas as heat, and 
(f) the molar specific heat for the process? 


83 An ideal gas undergoes isothermal compression from an 
initial volume of 4.00 m? to a final volume of 3.00 m?. There is 
3.50 mol of the gas, and its temperature is 10.0°C. (a) How 
much work is done by the gas? (b) How much energy is trans- 
ferred as heat between the gas and its environment? SSM 


84 (a) What is the number of molecules per cubic meter in 
air at 20°C and at a pressure of 1.0 atm (= 1.01 X 10° Pa)? 
(b) What is the mass of 1.0 m? of this air? Assume that 75% of 
the molecules are nitrogen (N,) and 25% are oxygen (O,). 


85 Figure 19-29 shows a cycle consisting of five paths: AB 
is isothermal at 300 K, BC is adiabatic with work = 5.0 J, CD 
is at a constant pressure of 5 atm, DE is isothermal, and EA is 
adiabatic with a change in internal energy of 8.0 J. What is the 
change in internal energy of the gas along path CD? 





FIG. 19-29 Problem 85. 


86 An ideal gas initially at 300 K is compressed at a constant 
pressure of 25 N/m? from a volume of 3.0 m? to a volume of 
1.8 m°. In the process, 75 J is lost by the gas as heat. What are 
(a) the change in internal energy of the gas and (b) the final 
temperature of the gas? 


87 An ideal gas is taken through a complete cycle in three 
steps: adiabatic expansion with work equal to 125 J, isother- 
mal contraction at 325 K, and increase in pressure at constant 
volume. (a) Draw a p-V diagram for the three steps. (b) How 
much energy is transferred as heat in step 3, and (c) is it trans- 
ferred to or from the gas? 


88 (a) What is the volume occupied by 1.00 mol of an 
ideal gas at standard conditions—that is, 1.00 atm (= 1.01 X 
10° Pa) and 273 K? (b) Show that the number of molecules 
per cubic centimeter (the Loschmidt number) at standard 
conditions is 2.69 x 10”. 


Entropy and the 
Second Law of 
Thermodynamics 





Inflating a balloon with your 


breath and stretching a rubber 
band with your hands require 
effort because the rubber (or 
rubber-like material) resists be- 
ing stretched. In most materi- 
als, the resistance to stretching 
is due to the forces that bind 
the atoms and molecules to- 
gether. Because any stretching 
tends to separate the atoms 
and molecules, the binding 
forces resist the stretching. 
However, rubber is very differ- 
ent because it is elastic and 
stretching does not tend to in- 
crease the separation of the 
atoms and molecules. Thus, its 
resistance is not due to bind- 
ing forces. Instead, it is due to 
a quantity that gives direction 


to the flow of time. 





The answer is in this chapter. 





Photo provided courtesy of Ronald P. Fowler, Jr., Flower Entertainment, www.flowerclown.com. 


20-2 | Irreversible Processes and Entropy 
20-1 WHAT IS PHYSICS? 


Time has direction, the direction in which we age. We are accustomed to one-way 
processes — that is, processes that can occur only in a certain sequence (the right 
way) and never in the reverse sequence (the wrong way). An egg is dropped onto 
a floor, a pizza is baked, a car is driven into a lamppost, large waves erode a sandy 
beach—these one-way processes are irreversible, meaning that they cannot be 
reversed by means of only small changes in their environment. 

One goal of physics is to understand why time has direction and why one- 
way processes are irreversible. Although this physics might seem disconnected 
from the practical issues of everyday life, it is in fact at the heart of any engine, 
such as a car engine, because it determines how well an engine can run. 

The key to understanding why one-way processes cannot be reversed 
involves a quantity known as entropy. 


20 
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The one-way character of irreversible processes is so pervasive that we take it for 
granted. If these processes were to occur spontaneously (on their own) in the 
wrong way, we would be astonished. Yet none of these wrong-way events would 
violate the law of conservation of energy. 

For example, if you were to wrap your hands around a cup of hot coffee, you 
would be astonished if your hands got cooler and the cup got warmer. That is 
obviously the wrong way for the energy transfer, but the total energy of the 
closed system (hands + cup of coffee) would be the same as the total energy if 
the process had run in the right way. For another example, if you popped a helium 
balloon, you would be astonished if, later, all the helium molecules were to gather 
together in the original shape of the balloon. That is obviously the wrong way for 
molecules to spread, but the total energy of the closed system (molecules + 
room) would be the same as for the right way. 

Thus, changes in energy within a closed system do not set the direction of 
irreversible processes. Rather, that direction is set by another property that we 
shall discuss in this chapter—the change in entropy AS of the system. The change 
in entropy of a system is defined in the next section, but we can here state its 
central property, often called the entropy postulate: 
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tem, the entropy S of the system: 
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Entropy differs from energy in that entropy does not obey a conservation law. 
The energy of a closed system is conserved; it always remains constant. For 
irreversible processes, the entropy of a closed system always increases. Because of 
this property, the change in entropy is sometimes called “the arrow of time.” For 
example, we associate the explosion of a popcorn kernel with the forward 
direction of time and with an increase 1n entropy. The backward direction of time 
(a videotape run backwards) would correspond to the exploded popcorn re- 
forming the original kernel. Because this backward process would result in an 
entropy decrease, it never happens. 

There are two equivalent ways to define the change in entropy of a system: 
(1) in terms of the system’s temperature and the energy the system gains or loses 
as heat, and (2) by counting the ways in which the atoms or molecules that make 
up the system can be arranged. We use the first approach in the next section and 
the second in Section 20-8. 


) Stopcock closed 


(a) Initial state 2 


Irreversible 
process 





Stopcock open 





(bd) Final state f 


FIG. 20-1 The free expansion of an 
ideal gas. (a) The gas is confined to 
the left half of an insulated container 
by a closed stopcock. (b) When the 
stopcock 1s opened, the gas rushes to 
fill the entire container. This process 
is irreversible; that is, it does not 
occur in reverse, with the gas sponta- 
neously collecting itself in the left 
half of the container. 


Pressure 





Volume 


FIG. 20-2 A p-V diagram showing 
the initial state i and the final state f 
of the free expansion of Fig. 20-1. The 
intermediate states of the gas cannot 
be shown because they are not equi- 
librium states. 
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20-3 | Change in Entropy 


Let’s approach this definition of change in entropy by looking again at a process 
that we described in Sections 18-11 and 19-11: the free expansion of an ideal gas. 
Figure 20-la shows the gas in its initial equilibrium state i, confined by a closed 
stopcock to the left half of a thermally insulated container. If we open the 
stopcock, the gas rushes to fill the entire container, eventually reaching the final 
equilibrium state f shown in Fig. 20-1b. This is an irreversible process; all the 
molecules of the gas will never return to the left half of the container. 

The p-V plot of the process, in Fig. 20-2, shows the pressure and volume 
of the gas in its initial state 7 and final state f. Pressure and volume are State 
properties, properties that depend only on the state of the gas and not on how it 
reached that state. Other state properties are temperature and energy. We now 
assume that the gas has still another state property—its entropy. Furthermore, 
we define the change in entropy S; — S; of a system during a process that takes 
the system from an initial state 7 to a final state fas 


f dQ 
AS = Sy — §, = ete (change in entropy defined). (20-1) 


Here Qs the energy transferred as heat to or from the system during the process, 
and TJ is the temperature of the system in kelvins. Thus, an entropy change 
depends not only on the energy transferred as heat but also on the temperature 
at which the transfer takes place. Because T is always positive, the sign of AS is 
the same as that of Q. We see from Eq. 20-1 that the SI unit for entropy and 
entropy change is the joule per kelvin. 

There is a problem, however, in applying Eq. 20-1 to the free expansion of 
Fig. 20-1. As the gas rushes to fill the entire container, the pressure, temperature, 
and volume of the gas fluctuate unpredictably. In other words, they do not have a 
sequence of well-defined equilibrium values during the intermediate stages of the 
change from initial equilibrium state 7 to final equilibrium state f. Thus, we cannot 
trace a pressure—volume path for the free expansion on the p-V plot of Fig. 20-2 
and, more important, we cannot find a relation between Q and T that allows us to 
integrate as Eq. 20-1 requires. 

However, if entropy is truly a state property, the difference in entropy 
between states i and f must depend only on those states and not at all on the way 
the system went from one state to the other. Suppose, then, that we replace the 
irreversible free expansion of Fig. 20-1 with a reversible process that connects 
States i and f. With a reversible process we can trace a pressure—volume path on 
a p-V plot, and we can find a relation between Q and T that allows us to use 
Eq. 20-1 to obtain the entropy change. 

We saw in Section 19-11 that the temperature of an ideal gas does not change 
during a free expansion: 7; = T;= T. Thus, points 7 and fin Fig. 20-2 must be on 
the same isotherm. A convenient replacement process is then a reversible 
isothermal expansion from state i to state f, which actually proceeds along that 
isotherm. Furthermore, because T is constant throughout a reversible isothermal 
expansion, the integral of Eq. 20-1 is greatly simplified. 

Figure 20-3 shows how to produce such a reversible isothermal expansion. 
We confine the gas to an insulated cylinder that rests on a thermal reservoir 
maintained at the temperature T. We begin by placing just enough lead shot on 
the movable piston so that the pressure and volume of the gas are those of the 
initial state i of Fig. 20-1a. We then remove shot slowly (piece by piece) until the 
pressure and volume of the gas are those of the final state f of Fig. 20-1b. The 
temperature of the gas does not change because the gas remains in thermal con- 
tact with the reservoir throughout the process. 
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The reversible isothermal expansion of Fig. 20-3 is physically quite different pas aOu 


from the irreversible free expansion of Fig. 20-1. However, both processes have 
the same initial state and the same final state and thus must have the same change in 
entropy. Because we removed the lead shot slowly, the intermediate states of the 
gas are equilibrium states, so we can plot them on a p-V diagram (Fig. 20-4). 

To apply Eq. 20-1 to the isothermal expansion, we take the constant tempera- 
ture 7 outside the integral, obtaining 





1 if 


Because { dQ = Q, where Q is the total energy transferred as heat during the 
process, we have 


AS = S;— S; = (change in entropy, isothermal process). 20-2 — 
p 


Q 
cL 
To keep the temperature T of the gas constant during the isothermal expansion (a) Initial state i 
of Fig. 20-3, heat Q must have been energy transferred from the reservoir to the 
gas. Thus, Q is positive and the entropy of the gas increases during the isothermal 





process and during the free expansion of Fig. 20-1. Reversible 
To summarize: 
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When the temperature change AT of a system is small relative to the tem- 
perature (in kelvins) before and after the process, the entropy change can be 
approximated as 


Q 
lee 





AS = S,- S,~ (20-3) 


where 77,,. is the average temperature of the system in kelvins during the process. 


Yen ECKPOINT 14 Water is heated on a stove. Rank the entropy changes of 
the water as its temperature rises (a) from 20°C to 30°C, (b) from 30°C to 35°C, and 
(c) from 80°C to 85°C, greatest first. 





(b) Final state f 


FIG. 20-3 The isothermal 
expansion of an ideal gas, done 
in a reversible way. The gas 

has the same initial state 7 

and same final state fas in the 
irreversible process of Figs. 20-1 







Isotherm 


f 


Pressure 


FiG. 20-4 A p-V diagram for the reversible isother- 
mal expansion of Fig. 20-3. The intermediate states, 
which are now equilibrium states, are shown. Volume and 20-2. 





State Function 





Entropy as a 


We have assumed that entropy, like pressure, energy, and temperature, is a property 
of the state of a system and is independent of how that state is reached. That entropy 
is indeed a state function (as state properties are usually called) can be deduced only 
by experiment. However, we can prove it is a state function for the special and impor- 
tant case in which an ideal gas is taken through a reversible process. 

To make the process reversible, it is done slowly in a series of small steps, 
with the gas in an equilibrium state at the end of each step. For each small step, 
the energy transferred as heat to or from the gas is dQ, the work done by the gas 
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is dW, and the change in internal energy is dE,,,. These are related by the first law 
of thermodynamics in differential form (Eq. 18-27): 


dE int = dQ me dW. 


Because the steps are reversible, with the gas in equilibrium states, we can use 
Eq. 18-24 to replace dW with p dV and Eq. 19-45 to replace dE,,, with nCy dT. 
Solving for dQ then leads to 


dQ = pdV + nC, dT. 


Using the ideal gas law, we replace p in this equation with nRT/V. Then we divide 
each term in the resulting equation by 7, obtaining 
dQ dV dT 
—— tt he —— ae, 
ye ge ee 
Now let us integrate each term of this equation between an arbitrary initial state 
i and an arbitrary final state fto get 


i) [’ dV [’ dT 
—=—- — _———— 4. — ,, 
| + nkR V nCy F 


The quantity on the left is the entropy change AS (= S; — S;) defined by Eq. 20-1. 
Substituting this and integrating the quantities on the right yield 


V T 
AS = S;— $= nRIn> + nCy in (20-4) 


I; 
Note that we did not have to specify a particular reversible process when we 
integrated. Therefore, the integration must hold for all reversible processes that 
take the gas from state i to state f: Thus, the change in entropy AS between the 
initial and final states of an ideal gas depends only on properties of the initial 
state (V, and 7;) and properties of the final state (V; and 7;); AS does not depend 
on how the gas changes between the two states. 


vVemaeaas 2. Anideal gas has 
temperature 7; at the initial state i shown in 
the p-V diagram here. The gas has a higher 
temperature 7, at final states a and b, which 
it can reach along the paths shown. Is the 
entropy change along the path to state a 
larger than, smaller than, or the same as that 
along the path to state b? 


Pressure 





Volume 


Sample Problem 





Suppose 1.0 mol of nitrogen gas is confined to the left 
side of the container of Fig. 20-1a. You open the stop- 
cock, and the volume of the gas doubles. What is the en- 
tropy change of the gas for this irreversible process? 
‘Treat the gas as ideal. 


fea (1) We can determine the entropy change for 


the irreversible process by calculating it for a reversible 
process that provides the same change in volume. (2) The 
temperature of the gas does not change in the free expan- 
sion. Thus, the reversible process should be an isothermal 
expansion —namely, the one of Figs. 20-3 and 20-4. 


Calculations: From Table 19-4, the energy O added as 
heat to the gas as it expands isothermally at tempera- 
ture 7 from an initial volume V; to a final volume Vj is 


RT| ui 
Q — Nn nN Ve 
in which n is the number of moles of gas present. From 
Eq. 20-2 the entropy change for this reversible process 
1s 


NSiey = 


Q  nRTIn(V,/V,) V; 
ee ee ee 
T T ao V, 


Substituting n = 1.00 mol and V;/V; = 2, we find 


V, 
AS.e, = Rin a = (1.00 mol)(8.31 J/mol-K)(In 2) 


l 


+5.76 J/K. 


Thus, the entropy change for the free expansion (and 


y6 OYA 


Figure 20-5a shows two identical copper blocks of mass 
m=1.5 kg: block L at temperature 7;, = 60°C and 
block R at temperature 7jp = 20°C. The blocks are ina 
thermally insulated box and are separated by an insulat- 
ing shutter. When we lift the shutter, the blocks eventu- 
ally come to the equilibrium temperature 7; = 40°C 
(Fig. 20-55). What is the net entropy change of the two- 
block system during this irreversible process? The spe- 
cific heat of copper is 386 J/kg - K. 


cSt To calculate the entropy change, we must 


find a reversible process that takes the system from the 
initial state of Fig. 20-5a to the final state of Fig. 20-Sb. 
We can calculate the net entropy change AS,.,, of the re- 
versible process using Eq. 20-1, and then the entropy 
change for the irreversible process is equal to AS,,,. 


Calculations: For the reversible process, we need a 
thermal reservoir whose temperature can be changed 
slowly (say, by turning a knob). We then take the blocks 
through the following two steps, illustrated in Fig. 20-6. 


Steo 1 With the reservoir’s temperature set at 60°C, 
put block L on the reservoir. (Since block and 
reservoir are at the same temperature, they are al- 
ready in thermal equilibrium.) Then slowly lower 
the temperature of the reservoir and the block to 
40°C. As the block’s temperature changes by each 
increment dT during this process, energy dQ is 
transferred as heat from the block to the reservoir. 
Using Eq. 18-14, we can write this transferred en- 


Movable ‘ 
shutter | 


Insulation 





Irreversible 
process 


(a) (0) 





FIG. 20-5 (a) In the initial state, two copper blocks L and R, 
identical except for their temperatures, are in an insulating 
box and are separated by an insulating shutter. (b) When the 
shutter is removed, the blocks exchange energy as heat and 
come to a final state, both with the same temperature T;. 
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for all other processes that connect the initial and final 


states shown in Fig. 20-2) is 
ASirey = ASyey = +5.76 J/K. (Answer) 


Because AS is positive, the entropy increases, in accor- 
dance with the entropy postulate of Section 20-2. 


Insulation 








Reservoir 


(a) Step | 


(b) Step 2 


FIG. 20-6 The blocks of Fig. 20-5 can proceed from their initial 
state to their final state in a reversible way if we use a reservoir 


with a controllable temperature (a) to extract heat reversibly 
from block L and (5b) to add heat reversibly to block R. 


ergy as dQ = mc dT, where c is the specific heat of 
copper. According to Eq. 20-1, the entropy change 
AS, of block L during the full temperature change 
from initial temperature T;, (= 60°C = 333 K) to 
final temperature T;(= 40°C = 313 K) is 





AS - |e - ("eet a eae 
° i iL ee Tt 
T; 
= mc In. 
Inserting the given data yields 
313 K 
= (1. ‘K)1 
AS, = (1.5 kg)(386 J/kg: K) In 333K 


—35.86 J/K. 


Step 2 With the reservoir’s temperature now set at 
20°C, put block R on the reservoir. Then slowly 
raise the temperature of the reservoir and the block 
to 40°C. With the same reasoning used to find AS;, 
you can show that the entropy change ASp of block 
R during this process is 


ASp = (1.5 kg)(386 J/kg: K) In 
= +38.23 JK. 


The net entropy change AS,,., of the two-block system 
undergoing this two-step reversible process is then 


N See = AS, ale ASpr 
= —35.86 J/K + 38.23 J/K = 2.4 J/K. 


Thus, the net entropy change AS;,,., for the two-block 
system undergoing the actual irreversible process 1s 


ASirrey = AS ey = 2.4 J/K. 


This result is positive, in accordance with the entropy 
postulate of Section 20-2. 


313 K 
293 K 


(Answer) 
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20-4 | The Second Law of Thermodynamics 


Here is a puzzle. We saw in Sample Problem 20-1 that if we cause the reversible 
process of Fig. 20-3 to proceed from (a) to (b) in that figure, the change in entropy 
of the gas—which we take as our system—1is positive. However, because the 
process is reversible, we can just as easily make it proceed from (b) to (a), simply 
by slowly adding lead shot to the piston of Fig. 20-35 until the original volume of 
the gas is restored. In this reverse process, energy must be extracted as heat from 
the gas to keep its temperature from rising. Hence Q is negative and so, from 
Eq. 20-2, the entropy of the gas must decrease. 

Doesn’t this decrease in the entropy of the gas violate the entropy postulate 
of Section 20-2, which states that entropy always increases? No, because that 
postulate holds only for irreversible processes occurring in closed systems. The 
procedure suggested here does not meet these requirements. The process is not 
irreversible, and (because energy is transferred as heat from the gas to the reser- 
voir) the system — which is the gas alone —is not closed. 

However, if we include the reservoir, along with the gas, as part of the system, then 
we do have a closed system. Let’s check the change in entropy of the enlarged system 
gas + reservoir for the process that takes it from (b) to (a) in Fig. 20-3. During this re- 
versible process, energy is transferred as heat from the gas to the reservoir —that is, 
from one part of the enlarged system to another. Let |Q! represent the absolute value 
(or magnitude) of this heat. With Eq. 20-2, we can then calculate separately the en- 
tropy changes for the gas (which loses IQI) and the reservoir (which gains |Ql). We get 


IQ! 
AS ip = 
IQ! 
and ae = oA 


The entropy change of the closed system is the sum of these two quantities: 0. 
With this result, we can modify the entropy postulate of Section 20-2 to 
include both reversible and irreversible processes: 
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Although entropy may decrease in part of a closed system, there will always 
be an equal or larger entropy increase in another part of the system, so that the 
entropy of the system as a whole never decreases. This fact is one form of the 
second law of thermodynamics and can be written as 


AS = 0 (second law of thermodynamics), (20-5) 


where the greater-than sign applies to irreversible processes and the equals sign 
to reversible processes. Equation 20-5 applies only to closed systems. 

In the real world almost all processes are irreversible to some extent because 
of friction, turbulence, and other factors, so the entropy of real closed systems 
undergoing real processes always increases. Processes in which the system’s 
entropy remains constant are always idealizations. 


Force Due to Entropy 


To understand why rubber resists being stretched, let’s write the first law of ther- 
modynamics 
dE = dQ — dW 


for a rubber band undergoing a small increase in length dx as we stretch it between 
our hands. The force from the rubber band has magnitude F, is directed inward, and 
does work dW = —F dx during length increase dx. From Eq. 20-2 (AS = Q/T), 
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small changes in Q and S at constant temperature are related by dS = dQ/T, or A, 
dQ = TdS.So,now we can rewrite the first law as AS 
Coiled 
dE = TdS + Fdx. (20-6) — 






To good approximation, the change dE in the internal energy of rubber is 0 if the 
total stretch of the rubber band is not very much. Substituting 0 for dF in Eq. 20-6 : 
leads us to an expression for the force from the rubber band: (a) 


dS 
F=--7T—. (20-7) 
dx Uncoiled 


This tells us that F is proportional to the rate dS/dx at which the rubber band’s en- 
tropy changes during a small change dx in the rubber band’s length. Thus, you can . 
feel the effect of entropy on your hands as you stretch a rubber band. (b) 

To make sense of the relation between force and entropy, let’s consider a simple 
model of the rubber material. Rubber consists of cross-linked polymer chains (long FIG. 20-7 A section of a rubber 
molecules with cross links) that resemble three-dimensional zig-zags (Fig. 20-7). band (a) unstretched and (5) 
When the rubber band is at its rest length, the polymers are coiled up in a spaghetti- Stretched, and a polymer within it (a) 
like arrangement. Because of the large disorder of the molecules, this rest state hasa  Colled and (5) uncoiled. 
high value of entropy. When we stretch a rubber band, we uncoil many of those poly- 
mers, aligning them in the direction of stretch. Because the alignment decreases the 
disorder, the entropy of the stretched rubber band is less. That is, the change dS/dx in 
Eq. 20-7 is a negative quantity because the entropy decreases with stretching. Thus, 
the force on our hands from the rubber band is due to the tendency of the polymers 








to return to their former disordered state and higher value of entropy. eS 
Sample Problem Ey 
The force of a stretched rubber band is given approxi- Calculation: From Eq. 20-7, we know that the magni- 
mately by Hooke’s Law of Eq. 7-21 (F, = —kx), in which tude of the force is equal to T|dS/dx|. From Eq. 7-21, we 
k is the spring constant. Suppose a rubber band with k = know that the magnitude is also equal to klx!. Thus, 
50.0 N/m and at temperature 7 = 27°C is stretched by dS 
x = 1.2 cm. For a small additional stretching, at what rate T|—! = kel, 
dS/dx does the entropy of the rubber band decrease? ae 
which yields 
cry The force of a stretched rubber is due to aS = Lab = (50.0 N/m)(0.012 m)_ 
the change in the entropy of the polymers according to dx L (273 K + 27K) 
Eq. 20-7 (F = —T dS/dx). = 2.0 X 10-7 J/K-m. (Answer) 
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A heat engine, or more simply, an engine, is a device that extracts energy from its 
environment in the form of heat and does useful work. At the heart of every 
engine is a working substance. In a steam engine, the working substance 1s water, 
in both its vapor and its liquid form. In an automobile engine the working sub- 
stance is a gasoline—air mixture. If an engine is to do work on a sustained basis, 
the working substance must operate in a cycle; that 1s, the working substance 
must pass through a closed series of thermodynamic processes, called strokes, 
returning again and again to each state in its cycle. Let us see what the laws of 
thermodynamics can tell us about the operation of engines. 


A Carnot Engine 


We have seen that we can learn much about real gases by analyzing an ideal gas, 
which obeys the simple law pV = nRT. Although an ideal gas does not exist, any 
real gas approaches ideal behavior if its density is low enough. Similarly, we can 
study real engines by analyzing the behavior of an ideal engine. 





FIG. 20-8 The elements of a Carnot 
engine. The two black arrowheads on 
the central loop suggest the working 
substance operating in a cycle, as if 
ona p-V plot. Energy |Q}]! 1s trans- 
ferred as heat from the high-temper- 
ature reservoir at temperature 7}, to 
the working substance. Energy |Q_] is 
transferred as heat from the working 
substance to the low-temperature 
reservoir at temperature 7). Work W 
is done by the engine (actually by the 
working substance) on something in 
the environment. 


Pressure 


0 


Volume 


FIG. 20-9 A pressure—volume plot 
of the cycle followed by the working 
substance of the Carnot engine in 
Fig. 20-8. The cycle consists of two 
isothermal (ab and cd) and two adia- 
batic processes (bc and da). The 
shaded area enclosed by the cycle is 
equal to the work W per cycle done 
by the Carnot engine. 
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We shall focus on a particular ideal engine called a Carnot engine after the 
French scientist and engineer N. L. Sadi Carnot (pronounced “car-no”), who first 
proposed the engine’s concept in 1824. This ideal engine turns out to be the best 
(in principle) at using energy as heat to do useful work. Surprisingly, Carnot was 
able to analyze the performance of this engine before the first law of thermo- 
dynamics and the concept of entropy had been discovered. 

Figure 20-8 shows schematically the operation of a Carnot engine. During 
each cycle of the engine, the working substance absorbs energy |Qyl as heat from 
a thermal reservoir at constant temperature 7}, and discharges energy |Q,]| as 
heat to a second thermal reservoir at a constant lower temperature 7T;. 

Figure 20-9 shows a p-V plot of the Carnot cycle—the cycle followed by the 
working substance. As indicated by the arrows, the cycle is traversed in the clock- 
wise direction. Imagine the working substance to be a gas, confined to an insu- 
lating cylinder with a weighted, movable piston. The cylinder may be placed at 
will on either of the two thermal reservoirs, as in Fig. 20-6, or on an insulating 
slab. Figure 20-9 shows that, if we place the cylinder in contact with the high- 
temperature reservoir at temperature 7};, heat |Qyl is transferred to the working 
substance from this reservoir as the gas undergoes an isothermal expansion from 
volume V, to volume V,. Similarly, with the working substance in contact with 
the low-temperature reservoir at temperature 7,, heat IQ] is transferred from 
the working substance to the low-temperature reservoir as the gas undergoes an 
isothermal compression from volume V, to volume V,. 

In the engine of Fig. 20-8, we assume that heat transfers to or from the work- 
ing substance can take place only during the isothermal processes ab and cd of 
Fig. 20-9. Therefore, processes bc and da in that figure, which connect the two 
isotherms at temperatures Tj, and 7,, must be (reversible) adiabatic processes; 
that is, they must be processes in which no energy is transferred as heat. To ensure 
this, during processes bc and da the cylinder is placed on an insulating slab as the 
volume of the working substance 1s changed. 

During the consecutive processes ab and bc of Fig. 20-9, the working sub- 
stance is expanding and thus doing positive work as it raises the weighted piston. 
This work is represented in Fig. 20-9 by the area under curve abc. During the con- 
secutive processes cd and da, the working substance is being compressed, which 
means that it is doing negative work on its environment or, equivalently, that 
its environment is doing work on it as the loaded piston descends. This work is 
represented by the area under curve cda. The net work per cycle, which is repre- 
sented by W in both Figs. 20-8 and 20-9, is the difference between these two areas 
and is a positive quantity equal to the area enclosed by cycle abcda in Fig. 20-9. 
This work W is performed on some outside object, such as a load to be lifted. 

Equation 20-1 (AS = f dQ/T) tells us that any energy transfer as heat must 
involve a change in entropy. To illustrate the entropy changes for a Carnot 
engine, we can plot the Carnot cycle on a temperature—entropy (7-S) diagram as 
shown in Fig. 20-10. The lettered points a, b, c, and d in Fig. 20-10 correspond to 
the lettered points in the p-V diagram in Fig. 20-9. The two horizontal lines in 
Fig. 20-10 correspond to the two isothermal processes of the Carnot cycle (be- 
cause the temperature is constant). Process ab is the isothermal expansion of the 
cycle. As the working substance (reversibly) absorbs energy |Qy as heat at con- 
stant temperature 7}, during the expansion, its entropy increases. Similarly, dur- 
ing the isothermal compression cd, the working substance (reversibly) loses en- 
ergy |Q,| as heat at constant temperature 7,, and its entropy decreases. 

The two vertical lines in Fig. 20-10 correspond to the two adiabatic processes 
of the Carnot cycle. Because no energy is transferred as heat during the two 
processes, the entropy of the working substance is constant during them. 
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The Work To calculate the net work done by a Carnot engine during a cycle, let us 
apply Eq. 18-26, the first law of thermodynamics (A E;,, = Q — W), to the working 
substance. That substance must return again and again to any arbitrarily selected 
state in the cycle. Thus, if X represents any state property of the working substance, 
such as pressure, temperature, volume, internal energy, or entropy, we must have 
AX = 0 for every cycle. It follows that A £;,, = 0 for a complete cycle of the working 
substance. Recalling that Q in Eq. 18-26 is the net heat transfer per cycle and W is 
the net work, we can write the first law of thermodynamics for the Carnot cycle as 


W = 10y! — 10, (20-8) 


Entropy Changes In a Carnot engine, there are two (and only two) reversible 
energy transfers as heat, and thus two changes in the entropy of the working sub- 
stance — one at temperature 7), and one at 7,. The net entropy change per cycle is then 


Qui 1x 


AS = AS, + AS, = 
H L Ts Te 


(20-9) 
Here AS; is positive because energy IQ}! is added to the working substance as heat 
(an increase in entropy) and AS, is negative because energy |Q,| is removed from the 
working substance as heat (a decrease in entropy). Because entropy is a state function, 
we must have AS = 0 for a complete cycle. Putting AS = 0 in Eq. 20-9 requires that 


lOq lO,! 
ane (20-10) 
Vy iit 
Note that, because 7;, > T,, we must have |Qyl > |Q_,/; that is, more energy is 
extracted as heat from the high-temperature reservoir than is delivered to the 
low-temperature reservoir. 


We shall now use Eqs. 20-8 and 20-10 to derive an expression for the effi- 
ciency of a Carnot engine. 


Efficiency of a Carnot Engine 


The purpose of any engine is to transform as much of the extracted energy Oy 
into work as possible. We measure its success in doing so by its thermal efficiency 
€, defined as the work the engine does per cycle (“energy we get”) divided by the 
energy it absorbs as heat per cycle (“energy we pay for’): 


energy we get WI 
aca RR Deel aa ale (efficiency, any engine). 


Ou! 





(20-11) 
energy we pay for 


For a Carnot engine we can substitute for W from Eq. 20-8 to write Eq. 20-11 as 


IOy! — IQ! IQ! 
Ee: = IQul — 1Qu _ jo JQx! (20-12) 
On Ou 
Using Eq. 20-10 we can write this as 
Ty , 
Ec =1- 7 (efficiency, Carnot engine), (20-13) 
H 


where the temperatures 7; and 7}; are in kelvins. Because 7; < Ty, the Carnot en- 
gine necessarily has a thermal efficiency less than unity—that is, less than 100%. 
This is indicated in Fig. 20-8, which shows that only part of the energy extracted as 
heat from the high-temperature reservoir is available to do work, and the rest is de- 
livered to the low-temperature reservoir. We shall show in Section 20-7 that no real 
engine can have a thermal efficiency greater than that calculated from Eq. 20-13. 
Inventors continually try to improve engine efficiency by reducing the energy 
|QO,| that is “thrown away” during each cycle. The inventor’s dream is to produce 


Temperature T 





Entropy S$ 


FIG. 20-10 The Carnot cycle of 
Fig. 20-9 plotted on a 
temperature—entropy diagram. 
During processes ab and cd the 
temperature remains constant. 
During processes bc and da the 
entropy remains constant. 





Q, = 0 

The elements of a per- 
fect engine — that is, one that con- 
verts heat Qy from a high-tempera- 
ture reservoir directly to work W 
with 100% efficiency. 


FIG. 20-11 





FIG. 20-12 The North Anna nuclear 
power plant near Charlottesville, 
Virginia, which generates electric en- 
ergy at the rate of 900 MW. At the 
same time, by design, it discards 
energy into the nearby river at the 
rate of 2100 MW. This plant and all 
others like it throw away more en- 
ergy than they deliver in useful form. 
They are real counterparts of the 
ideal engine of Fig. 20-8. (© Robert 
Ustinich) 


Pressure 


Volume 


FIG. 20-13 A p-V plot for the 
working substance of an ideal 
Stirling engine, with the working 
substance assumed for convenience 
to be an ideal gas. 
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the perfect engine, diagrammed in Fig. 20-11, in which |Q,| is reduced 
to zero and |Qy is converted completely into work. Such an engine on 
an ocean liner, for example, could extract energy as heat from the wa- 
ter and use it to drive the propellers, with no fuel cost. An automobile 
fitted with such an engine could extract energy as heat from the sur- 
rounding air and use it to drive the car, again with no fuel cost. Alas, a 
perfect engine is only a dream: Inspection of Eq. 20-13 shows that we 
can achieve 100% engine efficiency (that is, e = 1) only if 7, = 0 or Ty 
— «, impossible requirements. Instead, experience gives the following 
alternative version of the second law of thermodynamics, which says in 
short, there are no perfect engines: 










s is possible whose sole result is the transfer of en 
mal reservoir and the complete conversion of this _ 
































































































































































































































To summarize: The thermal efficiency given by Eq. 20-13 applies only to 
Carnot engines. Real engines, in which the processes that form the engine cycle 
are not reversible, have lower efficiencies. If your car were powered by 
a Carnot engine, it would have an efficiency of about 55% according to Eq. 
20-13; its actual efficiency is probably about 25%. A nuclear power plant 
(Fig. 20-12), taken in its entirety, is an engine. It extracts energy as heat from a 
reactor core, does work by means of a turbine, and discharges energy as heat to 
a nearby river. If the power plant operated as a Carnot engine, its efficiency 
would be about 40%; its actual efficiency is about 30%. In designing engines of 
any type, there is simply no way to beat the efficiency limitation imposed by 
Eq. 20-13. 


Stirling Engine 


Equation 20-13 applies not to all ideal engines but only to those that can be 
represented as in Fig. 20-9— that is, to Carnot engines. For example, Fig. 20-13 
shows the operating cycle of an ideal Stirling engine. Comparison with the 
Carnot cycle of Fig. 20-9 shows that each engine has isothermal heat transfers at 
temperatures Tj; and 7,. However, the two isotherms of the Stirling engine cy- 
cle are connected, not by adiabatic processes as for the Carnot engine but by 
constant-volume processes. To increase the temperature of a gas at constant 
volume reversibly from T,, to Ty (process da of Fig. 20-13) requires a transfer of 
energy as heat to the working substance from a thermal reservoir whose tem- 
perature can be varied smoothly between those limits. Also, a reverse transfer is 
required in process bc. Thus, reversible heat transfers (and corresponding en- 
tropy changes) occur in all four of the processes that form the cycle of a Stirling 
engine, not just two processes as in a Carnot engine. Thus, the derivation that 
led to Eq. 20-13 does not apply to an ideal Stirling engine. More important, the 
efficiency of an ideal Stirling engine is lower than that of a Carnot engine oper- 
ating between the same two temperatures. Real Stirling engines have even 
lower efficiencies. 

The Stirling engine was developed in 1816 by Robert Stirling. This engine, 
long neglected, is now being developed for use in automobiles and spacecraft. 
A Stirling engine delivering 5000 hp (3.7 MW) has been built. Because they are 
quiet, Stirling engines are used on some military submarines. 


Ki ECKPOINT 3 Three Carnot engines operate between reservoir tempera- 


tures of (a) 400 and 500 K, (b) 600 and 800 K, and (c) 400 and 600 K. Rank the engines 
according to their thermal efficiencies, greatest first. 


Sample Problem 
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Imagine a Carnot engine that operates between the 
temperatures Ty; = 850 K and 7, = 300 K. The engine 
performs 1200 J of work each cycle, which takes 0.25 s. 


(a) What is the efficiency of this engine? 





_KEYIDEA Bye efficiency ¢ of a Carnot engine depends 
only on the ratio 7,/T;; of the temperatures (in kelvins) of 
the thermal reservoirs to which it is connected. 
Calculation: Thus, from Eq. 20-13, we have 

1 T. 300 K 
— - — = — 


Thy 850 K 
(b) What is the average power of this engine? 


ct The average power P of an engine is the ra- 


tio of the work W it does per cycle to the time ¢ that 
each cycle takes. 





= 0.647 ~ 65%. (Answer) 


Calculation: For this Carnot engine, we find 
W _ 1200J 


fat Oo 


(c) How much energy |Qyl is extracted as heat from the 
high-temperature reservoir every cycle? 


cSt For any engine, including a Carnot engine, 


the efficiency « is the ratio of the work W that is done per 
cycle to the energy !Q,| that 1s extracted as heat from the 
high-temperature reservoir per cycle (e = W/IQ4]). 





= 4800 W = 4.8kW. (Answer) 





Calculation: Here we have 
WwW 1200 J 
al = = 0.647 





= 1855 J. (Answer) 


(d) How much energy |Q,! is delivered as heat to the 
low-temperature reservoir every cycle? 





Bade For a Carnot engine, the work W done per 
cycle is equal to the difference in the energy transfers as 
heat: |Qyl — |Q,| ,as in Eq. 20-8. 


Calculation: Thus, we have 
= 1855 J — 1200 J = 655 J. 


(e) By how much does the entropy of the working sub- 
stance change as a result of the energy transferred to it 
from the high-temperature reservoir? From it to the 
low-temperature reservoir? 


cei The entropy change AS during a transfer of 


energy as heat Q at constant temperature 7 is given by 
Eq. 20-2 (AS = Q/T). 


(Answer) 


Calculations: Thus, for the positive transfer of energy 
Oy from the high-temperature reservoir at Ty, the 
change in the entropy of the working substance 1s 


Oy 1855 
i, es Ss = HDR TK 
T, 850K 


Similarly, for the negative transfer of energy Q, to the 
low-temperature reservoir at 7,,, we have 


& Qu = 695 I — —718J)/K. (Answer) 
F300K 


Note that the net entropy change of the working substance 
for one cycle is zero, as we discussed in deriving Eq. 20-10. 


ASi (Answer) 


AS, 
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An inventor claims to have constructed an engine that 
has an efficiency of 75% when operated between the 
boiling and freezing points of water. Is this possible? 





_KEY IDEA fait efficiency of a real engine (with its irre- 
versible processes and wasteful energy transfers) must 
be less than the efficiency of a Carnot engine operating 
between the same two temperatures. 






PROBLEM-SOLVING TACTICS 


Tactic 1: The Language of Thermodynamics A rich 
but sometimes misleading language is used in scientific and engi- 
neering studies of thermodynamics. You may see statements that 
say heat is added, absorbed, subtracted, extracted, rejected, 
discharged, discarded, withdrawn, delivered, gained, lost, 
transferred, or expelled, or that it flows from one body to an- 
other (as if it were a liquid). You may also see statements that 
describe a body as having heat (as if heat can be held or pos- 
sessed) or that its heat is increased or decreased. You should 


Calculation: From Eq. 20-13, we find that the efficiency 
of a Carnot engine operating between the boiling and 
freezing points of water is 


ce ee 0-4 2K 


arr nina 
‘ ie (100 + 273) K 


= 0.268 ~ 27%. 


Thus, the claimed efficiency of 75% for a real engine op- 
erating between the given temperatures is impossible. 


always keep in mind what is meant by the term “eat in science 
and engineering: 











































































































When we identify one of the bodies as being our system, any 
such transfer of energy into it is positive heat Q and out of it is 
negative heat Q. 


Chapter 20 | Entropy and the Second Law of Thermodynamics 


The term work also requires close attention. You 
may see statements that say work is produced or generated, 
or combined with heat or changed from heat. Here is what is 
meant by the term work: 














ro Work i is s energy that i is transferre “C {from ‘one body One: 


“another body due to: aforce that ‘acts sbetweenthem. = eae 































































































When we identify one of the bodies as being our system of 
interest, any such transfer of energy out of the system is either 
positive work W done by the system or negative work W done 
on the system. Any such transfer of energy into the system is 
negative work done by the system or positive work done on 
the system. (The preposition that is used is important.) 
Obviously, this can be confusing — whenever you see the term 
work, read carefully. 
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A refrigerator is a device that uses work to transfer energy from a low- 
temperature reservoir to a high-temperature reservoir as the device continuously 
repeats a set series of thermodynamic processes. In a household refrigerator, for 
example, work is done by an electrical compressor to transfer energy from the 
food storage compartment (a low-temperature reservoir) to the room (a high- 


temperature reservoir). 


Air conditioners and heat pumps are also refrigerators. The differences are 
only in the nature of the high- and low-temperature reservoirs. For an air condi- 
tioner, the low-temperature reservoir is the room that is to be cooled and the 
high-temperature reservoir is the (presumably warmer) outdoors. A heat pump is 
an air conditioner that can be operated in reverse to heat a room; the room is the 
high-temperature reservoir, and heat is transferred to it from the (presumably 


cooler) outdoors. 


Let us consider an ideal refrigerator: 





























+ In an n ideal: ea all processes arer reversi 
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Figure 20-14 shows the basic elements of an ideal refrigerator. Note that its oper- 
ation is the reverse of how the Carnot engine of Fig. 20-8 operates. In other 
words, all the energy transfers, as either heat or work, are reversed from those of 
a Carnot engine. We can call such an ideal refrigerator a Carnot refrigerator. 





FIG. 20-14 The elements of a refrig- 
erator. The two black arrowheads on 
the central loop suggest the working 
substance operating in a cycle, as if 
ona p-V plot. Energy is transferred 
as heat Q, to the working substance 
from the low-temperature reservoir. 
Energy is transferred as heat Qy, to 
the high-temperature reservoir from 
the working substance. Work W is 
done on the refrigerator (on the 
working substance) by something 

in the environment. | 


__ what we want lQx) 
what we pay for [WI 


The designer of a refrigerator would like to extract as much energy |Q,! as pos- 
sible from the low-temperature reservoir (what we want) for the least amount of 
work |W| (what we pay for). A measure of the efficiency of a refrigerator, then, is 


Zs (coefficient of performance, (20-1 4) 


any refrigerator), 


where K is called the coefficient of performance. For a Carnot refrigerator, the first law 
of thermodynamics gives |W] = 
transferred as heat to the high-temperature reservoir. Equation 20-14 then becomes 


lOyl — 1Q,|, where |Qy]! is the magnitude of the energy 


IQ, | 


(20-15) 


Because a Carnot refrigerator is a Carnot engine operating in reverse, we can 
combine Eq. 20-10 with Eq. 20-15; after some algebra we find 


ioe (coefficient of performance, 
Carnot refrigerator). 


(20-16) 


For typical room air conditioners, K ~ 2.5. For household refrigerators, 
K = 5. Perversely, the value of K is higher the closer the temperatures of the two 
reservoirs are to each other. That is why heat pumps are more effective in 
temperate climates than in climates where the outside temperature is much lower 
than the desired inside temperature. 
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It would be nice to own a refrigerator that did not require some input of 
work — that is, one that would run without being plugged in. Figure 20-15 rep- 
resents another “inventor’s dream,” a perfect refrigerator that transfers energy as 
heat O from a cold reservoir to a warm reservoir without the need for work. 
Because the unit operates in cycles, the entropy of the working substance does 
not change during a complete cycle. The entropies of the two reservoirs, however, 
do change: The entropy change for the cold reservoir is —|QI/T,,, and that for the 
warm reservoir is +|1QI/7T);. Thus, the net entropy change for the entire system 1s 

IQ! IQ! 


+ —— 


AS = ; 
I Ty 








Because 7}; > 71, the right side of this equation is negative and thus the net 
change in entropy per cycle for the closed system refrigerator + reservoirs is also 
negative. Because such a decrease in entropy violates the second law of ther- 


FIG. 20-15 The elements of a per- 
fect refrigerator — that is, one that 
transfers energy from a low-tempera- 


modynamics (Eq. 20-5), a perfect refrigerator does not exist. (If you want your ture reservoir to a high-temperature 

refrigerator to operate, you must plug it in.) reservoir without any input of work. 
This result leads us to another (equivalent) formulation of the second law of 

thermodynamics: 



































































































































In short, there are no perfect refrigerators. 


vii ECKPOINT 4 You wish to increase the coefficient of performance of an 
ideal refrigerator. You can do so by (a) running the cold chamber at a slightly higher 
temperature, (b) running the cold chamber at a slightly lower temperature, (c) moving 
the unit to a slightly warmer room, or (d) moving it to a slightly cooler room. The mag- 
nitudes of the temperature changes are to be the same in all four cases. List the changes 
according to the resulting coefficients of performance, greatest first. 
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ncies of Real Engines 





Let ec be the efficiency of a Carnot engine operating between two given tem- 
peratures. In this section we prove that no real engine operating between those 
temperatures can have an efficiency greater than «c¢. If it could, the engine would 
violate the second law of thermodynamics. 

Let us assume that an inventor, working in her garage, has constructed an 
engine X, which she claims has an efficiency €, that is greater than é€¢: 


Ey > Ec (a claim). (20-17) 


Let us couple engine X to a Carnot refrigerator, as in Fig. 20-16a. We adjust the 








; Carnot 
FIG. 20-16 (a)Engine Xdrivesa & refrigerator 
Carnot refrigerator. (b) If, as 
claimed, engine X is more efficient 
than a Carnot engine, then the 
combination shown in (a) is equiv- 
alent to the perfect refrigerator 
shown here. This violates the sec- 
ond law of thermodynamics, 

so we conclude that engine X can- 
not be more efficient than a Carnot ae ae 
engine. (a) (b) 


Perfect 
refrigerator 
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FIG. 20-17 An insulated box con- 
tains six gas molecules. Each mole- 
cule has the same probability of be- 
ing in the left half of the box as in the 
right half. The arrangement in 

(a) corresponds to configuration III 
in Table 20-1, and that in (5) corre- 
sponds to configuration IV. 





strokes of the Carnot refrigerator so that the work it requires per cycle is just equal 
to that provided by engine X. Thus, no (external) work is performed on or by the 
combination engine + refrigerator of Fig. 20-16a, which we take as our system. 

If Eq. 20-17 is true, from the definition of efficiency (Eq. 20-11), we must have 


WI WI 
> 2, 
IQyl = IQul 
where the prime refers to engine X and the right side of the inequality is the 


efficiency of the Carnot refrigerator when it operates as an engine. This inequal- 
ity requires that 





Onl > 1%. (20-18) 


Because the work done by engine X is equal to the work done on the Carnot 
refrigerator, we have, from the first law of thermodynamics as given by Eq. 20-8, 


Ou! — 1Qr! = 1Qyl — 1Qx), 


which we can write as 
lIOg!l — Oy! = 1O | — IO Ll = QO. (20-19) 


Because of Eq. 20-18, the quantity Q in Eq. 20-19 must be positive. 

Comparison of Eq. 20-19 with Fig. 20-16 shows that the net effect of engine X 
and the Carnot refrigerator working in combination is to transfer energy Q as 
heat from a low-temperature reservoir to a high-temperature reservoir without 
the requirement of work. Thus, the combination acts like the perfect refrigerator 
of Fig. 20-15, whose existence is a violation of the second law of thermodynamics. 

Something must be wrong with one or more of our assumptions, and it can 
only be Eq. 20-17. We conclude that no real engine can have an efficiency greater 
than that of a Carnot engine when both engines work between the same two tem- 
peratures. At most, the real engine can have an efficiency equal to that of a 
Carnot engine. In that case, the real engine is a Carnot engine. 
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In Chapter 19 we saw that the macroscopic properties of gases can be explained 
in terms of their microscopic, or molecular, behavior. For one example, recall that 
we were able to account for the pressure exerted by a gas on the walls of its con- 
tainer in terms of the momentum transferred to those walls by rebounding gas 
molecules. Such explanations are part of a study called statistical mechanics. 

Here we shall focus our attention on a single problem, one involving the 
distribution of gas molecules between the two halves of an insulated box. This 
problem is reasonably simple to analyze, and it allows us to use statistical 
mechanics to calculate the entropy change for the free expansion of an ideal gas. 
You will see in Sample Problem 20-7 that statistical mechanics leads to the same 
entropy change we obtained in Sample Problem 20-1 using thermodynamics. 

Figure 20-17 shows a box that contains six identical (and thus indistinguish- 
able) molecules of a gas. At any instant, a given molecule will be in either the 
left or the right half of the box; because the two halves have equal volumes, the 
molecule has the same likelihood, or probability, of being in either half. 

Table 20-1 shows the seven possible configurations of the six molecules, each 
configuration labeled with a Roman numeral. For example, in configuration I, all 
six molecules are in the left half of the box (n, = 6) and none are in the right half 
(n, = 0). We see that, in general, a given configuration can be achieved in a 
number of different ways. We call these different arrangements of the molecules 
microstates. Let us see how to calculate the number of microstates that corre- 
spond to a given configuration. 

Suppose we have N molecules, distributed with n, molecules in one half of 
the box and n, in the other. (Thus n, + n, = N.) Let us imagine that we distribute 
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Six Molecules in a Box 


Calculation Entropy 
Configuration Multiplicity W of W 107-7 J/K 
Label nm Nn (number of microstates) (Eq. 20-20) (Eq. 20-21) 
I 6 0 1 6!/(6! O!) = 1 0 
II 5 1 6 6!/(5! 1!) = 6 2.47 
III 4 2 15 6!/(4! 2!) = 15 3.74 
IV 3 3 20 6!/(3! 3!) = 20 4.13 
V 2 4 15 6!/(2! 4!) = 15 3.74 
VI 1 5 6 6!/(1! 5!) = 6 2.47 
VII 0 6 1 6!/(O! 6!) = 1 0 


Total = 64 


the molecules “by hand,” one at a time. If N = 6, we can select the first molecule 
in six independent ways; that is, we can pick any one of the six molecules. We can 
pick the second molecule in five ways, by picking any one of the remaining five 
molecules; and so on. The total number of ways in which we can select all six mol- 
ecules is the product of these independent ways, or6 X 5 X 4X 3 X 2 X 1 = 720. 
In mathematical shorthand we write this product as 6! = 720, where 6! is pro- 
nounced “six factorial.” Your hand calculator can probably calculate factorials. 
For later use you will need to know that 0! = 1. (Check this on your calculator.) 
However, because the molecules are indistinguishable, these 720 arrange- 
ments are not all different. In the case that n, = 4 and n, = 2 (which is config- 
uration III in Table 20-1), for example, the order in which you put four molecules 
in one half of the box does not matter, because after you have put all four in, 
there is no way that you can tell the order in which you did so. The number of 
ways in which you can order the four molecules is 4! = 24. Similarly, the number 
of ways in which you can order two molecules for the other half of the box is 
simply 2! = 2. To get the number of different arrangements that lead to the (4, 2) 
split of configuration HI, we must divide 720 by 24 and also by 2. We call the 
resulting quantity, which is the number of microstates that correspond to a given 
configuration, the multiplicity W of that configuration. Thus, for configuration ITI, 


6! 720 


ee oe ay 


Thus, Table 20-1 tells us there are 15 independent microstates that correspond to 

configuration III. Note that, as the table also tells us, the total number of mi- 

crostates for six molecules distributed over the seven configurations is 64. 
Extrapolating from six molecules to the general case of N molecules, we have 


N 


SSS (multiplicity of configuration). (20-20) 
n,!n,! 


You should verify that Eq. 20-20 gives the multiplicities for all the configurations 
listed in Table 20-1. 
The basic assumption of statistical mechanics is 
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In other words, if we were to take a great many snapshots of the six molecules as 
they jostle around in the box of Fig. 20-17 and then count the number of times 
each microstate occurred, we would find that all 64 microstates would occur 
equally often. Thus the system will spend, on average, the same amount of time in 
each of the 64 microstates. 






= 
g 
g Central 
° 
F configuration 
‘¢ peak 
Gey 
3 
© 
Si 
E 
5 
Z 
0 Zo 50 75 100% 


Percentage of molecules in left half 


FIG. 20-18 Fora large number of mole- 
cules in a box, a plot of the number of 
microstates that require various per- 
centages of the molecules to be in the 
left half of the box. Nearly all the mi- 
crostates correspond to an approxi- 
mately equal sharing of the molecules 
between the two halves of the box; those 
microstates form the central configura- 
tion peak on the plot. For N ~ 10”, the 
central configuration peak is much too 
narrow to be drawn on this plot. 
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Because all microstates are equally probable but different configurations 
have different numbers of microstates, the configurations are not all equally 
probable. In Table 20-1 configuration IV, with 20 microstates, is the most probable 
configuration, with a probability of 20/64 = 0.313. This result means that the sys- 
tem is in configuration IV 31.3% of the time. Configurations I and VII, in which 
all the molecules are in one half of the box, are the least probable, each with a 
probability of 1/64 = 0.016 or 1.6%. It is not surprising that the most probable 
configuration is the one in which the molecules are evenly divided between the 
two halves of the box, because that is what we expect at thermal equilibrium. 
However, it is surprising that there is any probability, however small, of finding all 
six molecules clustered in half of the box, with the other half empty. 

For large values of N there are extremely large numbers of microstates, but 
nearly all the microstates belong to the configuration in which the molecules are 
divided equally between the two halves of the box, as Fig. 20-18 indicates. Even 
though the measured temperature and pressure of the gas remain constant, the 
gas is churning away endlessly as its molecules “visit” all probable microstates 
with equal probability. However, because so few microstates lie outside the very 
narrow central configuration peak of Fig. 20-18, we might as well assume that the 
gas molecules are always divided equally between the two halves of the box. As 
we shall see, this is the configuration with the greatest entropy. 


Sample Problem era 


Suppose that there are 100 indistinguishable molecules in 
the box of Fig. 20-17. How many microstates are associated 
with the configuration n, = 50 and n, = 50, and with the 
configuration 1, = 100 and n, = 0? Interpret the results in 
terms of the relative probabilities of the two configurations. 


| KEY IDEA | The multiplicity W of a configuration of in- 


distinguishable molecules in a closed box is the number 
of independent microstates with that configuration, as 
given by Eq. 20-20. 


Calculations: For the (n,,n,) configuration (50, 50), that 


equation yields 
N! 100! 


~ nln! 50! 50! 
- 9.33 x 10157 
(3.04 X 10)(3.04 x 10%) 


= Ol >< 102. (Answer) 


Similarly, for the configuration (100, 0), we have 


N! 100! 1 ie, 
10010! Ok sd 





= Answer 
n,!n,! ( ) 


The meaning: Thus, a 50—50 distribution is more likely 
than a 100-0 distribution by the enormous factor of 
about 1 X 10°’. If you could count, at one per nanosec- 
ond, the number of microstates that correspond to the 
50-50 distribution, it would take you about 3 x 10’ 
years, which is about 200 times longer than the age of 
the universe. Keep in mind that the 100 molecules used 
in this sample problem is a very small number. Imagine 
what these calculated probabilities would be like for a 
mole of molecules, say about N = 10”. Thus, you need 
never worry about suddenly finding all the air mole- 
cules clustering in one corner of your room, with you 
gasping for air in another corner. 


Probability and Entropy 


In 1877, Austrian physicist Ludwig Boltzmann (the Boltzmann of Boltzmann’s 
constant k) derived a relationship between the entropy S of a configuration of a 
gas and the multiplicity W of that configuration. That relationship is 


S=kinw 


(20-21) 


(Boltzmann’s entropy equation). 


This famous formula is engraved on Boltzmann’s tombstone. 
It is natural that S and W should be related by a logarithmic function. The 


total entropy of two systems is the sum of their separate entropies. The proba- 
bility of occurrence of two independent systems is the product of their separate 
probabilities. Because In ab = In a + In D, the logarithm seems the logical way to 
connect these quantities. 
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Table 20-1 displays the entropies of the configurations of the six-molecule 
system of Fig. 20-17, computed using Eq. 20-21. Configuration IV, which has the 
greatest multiplicity, also has the greatest entropy. 

When you use Eq. 20-20 to calculate W, your calculator may signal “OVER- 
FLOW?” if you try to find the factorial of a number greater than a few hundred. 
Fortunately, there is a very good approximation, known as Stirling’s approxima- 
tion, not for N! but for In M!, which is exactly what is needed in Eq. 20-21. 
Stirling’s approximation is 


In N! ~ N(InN) — N (20-22) 


(Stirling’s approximation). 


The Stirling of this approximation was an English mathematician and not the 
Robert Stirling of engine fame. 


es ECKPOINT 5 A box contains 1 mol of a gas. Consider two configurations: 


(a) each half of the box contains half the molecules and (b) each third of the box 
contains one-third of the molecules. Which configuration has more microstates? 


Sample Problem bras 


In Sample Problem 20-1 we showed that when n moles 
of an ideal gas doubles its volume in a free expansion, 
the entropy increase from the initial state 7 to the final 
state fis S,;— S$; = nR In 2. Derive this result with statis- 
tical mechanics. 


cei We can relate the entropy S of any given 


configuration of the molecules in the gas to the multi- 
plicity W of microstates for that configuration, using Eq. 
20-21(S =kInW). 


Calculations: We are interested in two configurations: 
the final configuration f (with the molecules occupying 
the full volume of their container in Fig. 20-1b) and the 
initial configuration i (with the molecules occupying the 
left half of the container). Because the molecules are in 
a closed container, we can calculate the multiplicity W 
of their microstates with Eq. 20-20. Here we have N 
molecules in the n moles of the gas. Initially, with the 
molecules all in the left half of the container, their (n,, 
ny) configuration is (N, 0). Then, Eq. 20-20 gives their 
multiplicity as 
N! 
“i= Nror 


Finally, with the molecules spread through the full vol- 
ume, their (7, 72) configuration is (N/2, N/2). Then, Eq. 
20-20 gives their multiplicity as 
N! 
7, ——eE 
! (N/2)! (N/2)! 


From Eq. 20-21, the initial and final entropies are 


S,=kiInW,=kin1=0 


and 
S,= kin W; = k \n(M!) — 2k In{(N/2)!]. (20-23) 


In writing Eq. 20-23, we have used the relation 
In5> = Ina—2Inb. 


Now, applying Eq. 20-22 to evaluate Eq. 20-23, we find 
that 


S, = kIn(N!) — 2k In[(N/2)!] 
= k[N(In N) — N] — 2k[(N/2) In(N/2) — (N/2)] 
= k[N(In N) — N — NIn(N/2) + NJ 


= k[N(InN) — N(InN —1n2)]=NkIn2. — (20-24) 


From Eq. 19-8 we can substitute nR for Nk, where R is 
the universal gas constant. Equation 20-24 then be- 
comes 


The change in entropy from the initial state to the final 
is thus 


S,— S,;=nRIn2—0 


= nR Iin2, (Answer) 


which is what we set out to show. In Sample Problem 
20-1 we calculated this entropy increase for a free ex- 
pansion with thermodynamics by finding an equivalent 
reversible process and calculating the entropy change 
for that process in terms of temperature and heat trans- 
fer. In this sample problem, we calculate the same in- 
crease in entropy with statistical mechanics using the 
fact that the system consists of molecules. In sHort, the 
two, very different approaches give the same answer. 
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REVIEW & SUMMARY 


One-Way Processes _ An irreversible process is one that 
cannot be reversed by means of small changes in the environ- 
ment. The direction in which an irreversible process proceeds 
is set by the change in entropy AS of the system undergoing 
the process. Entropy S is a state property (or state function) of 
the system; that is, it depends only on the state of the system and 
not on the way in which the system reached that state. The en- 
tropy postulate states (in part): If an irreversible process occurs in 
a closed system, the entropy of the system always increases. 


Calculating Entropy Change The entropy change AS for 
an irreversible process that takes a system from an initial state i to 
a final state fis exactly equal to the entropy change AS for any re- 
versible process that takes the system between those same two 
states. We can compute the latter (but not the former) with 

AS = Se 5 = [42 (20-1) 
Here Q is the energy transferred as heat to or from the system 
during the process, and T is the temperature of the system in 
kelvins during the process. 

For a reversible isothermal process, Eq. 20-1 reduces to 


AS = S¢ — S; = < (20-2) 
When the temperature change AT of a system is small relative 
to the temperature (in kelvins) before and after the process, 
the entropy change can be approximated as 
Q 
AS = S; — S; ~ 20-3 
ys L T. ( ) 


avg 





where T,,, is the system’s average temperature during the process. 

When an ideal gas changes reversibly from an initial state 
with temperature 7; and volume V; to a final state with tempera- 
ture T;and volume V;, the change AS in the entropy of the gas is 





, T, 
AS = S;— 8; =7R In- + nCylIn 7 (20-4) 


The Second Law of Thermodynamics This law, which 
is an extension of the entropy postulate, states: [fa process oc- 
curs in a closed system, the entropy of the system increases for 
irreversible processes and remains constant for reversible 
processes. It never decreases. In equation form, 


AS = 0. (20-5) 


Engines An engine is a device that, operating in a cycle, 
extracts energy as heat |Qyl from a high-temperature reser- 
voir and does a certain amount of work |W1. The efficiency e of 
any engine is defined as 


energy we get — |IWI 

energy we payfor lQyl 

In an ideal engine, all processes are reversible and no wasteful 
energy transfers occur due to, say, friction and turbulence. 


A Carnot engine is an ideal engine that follows the cycle of 
Fig. 20-9. Its efficiency is 


(20-11) 


IO) _, th 
lon (ae 





(20-12, 20-13) 


Ec=1- 


in which 7}, and 7; are the temperatures of the high- and low- 
temperature reservoirs, respectively. Real engines always have 
an efficiency lower than that given by Eq. 20-13. Ideal engines 
that are not Carnot engines also have lower efficiencies. 

A perfect engine is an imaginary engine in which energy 
extracted as heat from the high-temperature reservoir is 
converted completely to work. Such an engine would violate 
the second law of thermodynamics, which can be restated as 
follows: No series of processes is possible whose sole result is 
the absorption of energy as heat from a thermal reservoir and 
the complete conversion of this energy to work. 


Refrigerators A refrigerator is a device that, operating in 
a cycle, has work W done on it as it extracts energy |Q,]| as heat 
from a low-temperature reservoir. The coefficient of perfor- 
mance K of a refrigerator is defined as 


what we want — |Q_/ 





————— 20-14 
what we pay for IW] ( ) 
A Carnot refrigerator is a Carnot engine operating in 
reverse. For a Carnot refrigerator, Eq. 20-14 becomes 
IO | T, 
kp ee SS 20-15, 20-16 
©“ lOui-lQi) Ty — Th ( 
A perfect refrigerator is an imaginary refrigerator in which 
energy extracted as heat from the low-temperature reservoir 1s 
converted completely to heat discharged to the high-tempera- 
ture reservoir, without any need for work. Such a refrigerator 
would violate the second law of thermodynamics, which can be 
restated as follows: No series of processes is possible whose sole 
result is the transfer of energy as heat from a reservoir at a 
given temperature to a reservoir at a higher temperature. 


Entropy from a Statistical View The entropy of a sys- 
tem can be defined in terms of the possible distributions of its 
molecules. For identical molecules, each possible distribution 
of molecules is called a microstate of the system. All equiva- 
lent microstates are grouped into a configuration of the 
system. The number of microstates in a configuration is the 
multiplicity W of the configuration. 

For a system of N molecules that may be distributed 
between the two halves of a box, the multiplicity is given by 

W= _ (20-20) 
n,! ny»! 

in which n, is the number of molecules in one half of the box and 
Ny is the number in the other half. A basic assumption of statisti- 
cal mechanics is that all the microstates are equally probable. 
Thus, configurations with a large multiplicity occur most often. 
When Nis very large (say, N = 10” molecules or more), the mol- 
ecules are nearly always in the configuration in which n, = np. 

The multiplicity W of a configuration of a system and the 
entropy S of the system in that configuration are related by 
Boltzmann’s entropy equation: 


S=kinwW, 


where k = 1.38 X 107% J/K is the Boltzmann constant. 
When N is very large (the usual case), we can approxi- 
mate In MN! with Stirling’s approximation: 


InN! ~ Nin N) -N. 


(20-21) 


(20-22) 


4 In four experiments, 2.5 mol of hydrogen gas undergoes 
reversible isothermal expansions, starting from the same vol- 
ume but at different temperatures. The corresponding p-V 
plots are shown in Fig. 20-19. Rank the situations according 
to the change in the entropy of the gas, greatest first. (Hint: 
See Sample Problem 20-1.) 





FIG. 20-19 Question 1. 


2 In four experiments, blocks A and B, starting at different 
initial temperatures, were brought together in an insulating 
box (as in Sample Problem 20-2) and allowed to reach a com- 
mon final temperature. The entropy changes for the blocks in 
the four experiments had the following values (in joules per 
kelvin), but not necessarily in the order given. Determine 
which values for A go with which values for B. 


Block 


Values 
A 8 5 3 9 


B =3 —8 = =—2 


3 Point iin Fig. 20-20 represents 
the initial state of an ideal gas at 
temperature T. Taking algebraic 
signs into account, rank the en- 
tropy changes that the gas under- 
goes as it moves, successively and 
reversibly, from point 7 to points 
a, b,c, and d, greatest first. 


Pressure 


Volume 
. an ideal Be orale gas at FIG. 20-20 Question 3. 
initial temperature 7) (in kelvins) 

expands from initial volume V, to volume 2Vp by each of the five 
processes indicated in the 7-V diagram of Fig. 20-21. In which 
process is the expansion (a) isothermal, (b) isobaric (constant 
pressure), and (c) adiabatic? Explain your answers. (d) In which 


processes does the entropy of the gas decrease? 





Questions 
QUESTIONS 





Temperature 


0.63 Ty 





Volume 


FIG. 20-21 Question 4. 


5 A gas, confined to an insulated cylinder, is compressed 
adiabatically to half its volume. Does the entropy of the gas 
increase, decrease, or remain unchanged during this process? 


© Three Carnot engines operate between temperature limits 
of (a) 400 and 500 K, (b) 500 and 600 K, and (c) 400 and 600 K. 
Each engine extracts the same amount of energy per cycle 
from the high-temperature reservoir. Rank the magnitudes of 
the work done by the engines per cycle, greatest first. 


7 An inventor claims to have invented four engines, each of 
which operates between constant-temperature reservoirs at 
400 and 300 K. Data on each engine, per cycle of operation, 
are: engine A, Qy = 200J, Q, = —-175J, and W=40J; 
engine B, Qy = 500 J, OQ, = —200 J, and W = 400 J; engine C, 
Oy = 600 J, Q, = —200J, and W = 400 J; engine D, Qy = 
100 J, O, = —90 J, and W = 10 J. Of the first and second laws of 
thermodynamics, which (if either) does each engine violate? 


Does the entropy per cycle increase, decrease, or remain 
the same for (a) a Carnot refrigerator, (b) a real refrigerator, 
and (c) a perfect refrigerator (which is, of course, impossible 
to build)? 


9 Does the entropy per cycle increase, decrease, or remain 
the same for (a) a Carnot engine, (b) a real engine, and (c) a 
perfect engine (which is, of course, impossible to build)? 


40 A box contains 100 atoms in a configuration that has 
50 atoms in each half of the box. Suppose that you could count 
the different microstates associated with this configuration 
at the rate of 100 billion states per second, using a super- 
computer. Without written calculation, guess how much 
computing time you would need: a day, a year, or much more 
than a year. 





PROBLEMS 


© Tutoring problem available (at instructor's discretion) in WileyPLUS and WebAssign 


Www Worked-out solution is at 
¢ — #86 Number of dots indicates level of problem difficulty ILW 


Ssh Worked-out solution available in Student Solutions Manual 





: ee http://www.wiley.com/college/halliday | 
Interactive solution is at 


— Additional information available in The Flying Circus of Physics and at flyingcircusofphysics.com 


Click here to view all step-by-step solutions 


isothermally at 360 K until its volume is doubled. What is the 


increase in entropy of the gas? ‘LW 


sec. 20-3 Change in Entropy 
«4 A 2.50 mol sample of an ideal gas expands reversibly and 


*2 How much energy must be transferred as heat for a 
reversible isothermal expansion of an ideal gas at 132°C if the 
entropy of the gas increases by 46.0 J/K? 


*3 Find (a) the energy absorbed as heat and (b) the change 
in entropy of a 2.00 kg block of copper whose temperature is 
increased reversibly from 25.0°C to 100°C. The specific heat of 
copper is 386 J/kg: K. 'tW 


*4 (a) What is the entropy change of a 12.0 g ice cube that 
melts completely in a bucket of water whose temperature is 
just above the freezing point of water? (b) What is the entropy 
change of a 5.00 g spoonful of water that evaporates com- 
pletely on a hot plate whose temperature 1s slightly above the 
boiling point of water? 


*5 Suppose 4.00 mol of an ideal gas undergoes a reversible 
isothermal expansion from volume V, to volume V, = 2.00V, 
at temperature T = 400 K. Find (a) the work done by the gas 
and (b) the entropy change of the gas. (c) If the expansion is 
reversible and adiabatic instead of isothermal, what is the 
entropy change of the gas? SSM 


*6 An ideal gas undergoes a reversible isothermal expan- 
sion at 77.0°C, increasing its volume from 1.30 L to 3.40 L. 
The entropy change of the gas is 22.0 J/K. How many moles of 
gas are present? 


*®7 In an experiment, 200 g of aluminum (with a specific 
heat of 900 J/kg-K) at 100°C is mixed with 50.0 g of water at 
20.0°C, with the mixture thermally isolated. (a) What is the 
equilibrium temperature? What are the entropy changes of 
(b) the aluminum, (c) the water, and (d) the aluminum-water 
system? .sSM WWW 


°°8 A 364 ¢ block is put in contact with a thermal reservoir. 
The block is initially at a lower temperature than the reservoir. 
Assume that the consequent transfer of energy as heat from 
the reservoir to the block is reversible. Figure 20-22 gives the 
change in entropy AS of the block until thermal equilibrium is 
reached. The scale of the horizontal axis is set by T, = 280 K 
and 7), = 380 K. What is the specific heat of the block? 


60 


40 


AS (J/K) 


20 





T (K) 


FIG. 20-22 Problem 8. 


**9 In the irreversible process of Fig. 20-5, let the initial tem- 
peratures of identical blocks L and R be 305.5 and 294.5 K, 
respectively, and let 215 J be the energy that must be trans- 
ferred between the blocks in order to reach equilibrium. For 
the reversible processes of Fig. 20-6, what is AS for (a) block 
L, (b) its reservoir, (c) block R, (d) its reservoir, (e) the 
two-block system, and (f) the system of the two blocks and 
the two reservoirs? 


*°10 A gas sample undergoes a reversible isothermal ex- 
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pansion. Figure 20- 
23 gives the change 
AS in entropy of the 
gas versus the final 
volume V; of the 
gas. The scale of the 
vertical axis is set 
by AS, = 64 J/K. 
How many moles 
are in the sample? 


AS (J/K) 





0 0.8 1.6 2.4 Sag 4.0 
V; (m3) 


FIG. 20-23 Problem 10. 


©°77 A 50.0 g block of copper whose temperature is 400 K is 
placed in an insulating box with a 100 g block of lead whose 
temperature is 200 K. (a) What is the equilibrium temperature 
of the two-block system? (b) What is the change in the inter- 
nal energy of the system between the initial state and the 
equilibrium state? (c) What is the change in the entropy of the 
system? (See Table 18-3.) !LW 


e712 At very low temperatures, the molar specific heat Cy 
of many solids is approximately Cy = AT°, where A depends 
on the particular substance. For aluminum, A = 3.15 X 107 
J/mol - K*. Find the entropy change for 4.00 mol of aluminum 
when its temperature is raised from 5.00 K to 10.0 K. 


e013 In Fig. 20-24, where V2; = 

3.00V,, n moles of a diatomic l 
ideal gas are taken through the 
cycle with the molecules rotat- 
ing but not oscillating. What 
are (a) pa/p1, (b) p3/p;, and (c) 
T;/T,? For path 1—2, what 
are (d) W/nRT,, (e) O/nRT;,, (£) 
AEF j,/nRT,, and (g) AS/nR? 
For path 2 — 3, what are (h) 
W/nRT,, (i) Q/nRT;,  (j) V, Vos 
AF in/NRT,, (k) AS/nR? For Volume 

path 3-1, what are 
(1) W/nRT,, (m) Q/nRT,, (n) 
AEj,/nRT,, (0) AS/nR? 


ee14 A 2.0 mol sample of an 
ideal monatomic gas undergoes 
the reversible process shown in 
Fig. 20-25. The scale of the verti- 
cal axis is set by 7, = 400.0 K 
and the scale of the horizontal 
axis is set by S, = 20.0 J/K. (a) 
How much energy is absorbed 
as heat by the gas? (b) What is 
the change in the internal en- 
ergy of the gas? (c) How much 
work is done by the gas? 







Isothermal 


Pressure 


Adiabatic 


FIG. 20-24 Problem 13. 


Temperature (K) 





Entropy (J/K) 


FIG. 20-25 Problem 14. 


°°15 A 10g ice cube at —10°C is placed in a lake whose 
temperature is 15°C. Calculate the change in entropy of the 
cube—lake system as the ice cube comes to thermal equilib- 
rium with the lake. The specific heat of ice is 2220 J/kg: K. 
(Hint: Will the ice cube affect the lake temperature?) 


°°16 (a) For 1.0mol of a monatomic ideal gas taken 
through the cycle in Fig. 20-26, where V, = 4.00Vo, what is 
W/poVo as the gas goes from state a to state c along path abc? 
What is AE;,,,/poVo in going (b) from b to c and (c) through one 


full cycle? What is AS in going 
(d) from b to c and (e) through 
one full cycle? 


ee77 A mixture of 1773 g of 
water and 227 ¢ of ice is in an 
initial equilibrium state at 
0.000°C. The mixture is then, in 
a reversible process, brought to 
a second equilibrium state 
where the water-—ice ratio, by mass, is 1.00:1.00 at 0.000°C. 
(a) Calculate the entropy change of the system during 
this process. (The heat of fusion for water is 333 kJ/kg.) 
(b) The system is then returned to the initial equilibrium state 
in an irreversible process (say, by using a Bunsen burner). 
Calculate the entropy change of the system during this 
process. (c) Are your answers consistent with the second law 
of thermodynamics? 


Pressure 





Volume 


FIG. 20-26 Problem 16. 


#18 An 8.0g ice cube at —10°C is put into a Thermos flask 
containing 100 cm? of water at 20°C. By how much has the 
entropy of the cube—water system changed when equilibrium 
is reached? The specific heat of ice is 2220 J/kg - K. 


ee¢19 Energy can be removed from water as heat at and 
even below the normal freezing point (0.0°C at atmospheric 
pressure) without causing the water to freeze; the water is 
then said to be supercooled. Suppose a 1.00 g water drop is 
supercooled until its temperature is that of the surrounding 
air, which is at —5.00°C. The drop then suddenly and irre- 
versibly freezes, transferring energy to the air as heat. What 
is the entropy change for the drop? (Hint: Use a three-step 
reversible process as if the water were taken through the 
normal freezing point.) The specific heat of ice is 2220 






ee@20 An insulated Thermos contains 130g of water at 
80.0°C. You put in a 12.0 g ice cube at 0°C to form a system of 
ice + original water. (a) What is the equilibrium temperature 
of the system? What are the entropy changes of the water that 
was originally the ice cube (b) as it melts and (c) as it warms to 
the equilibrium temperature? (d) What is the entropy change 
of the original water as it cools to the equilibrium tempera- 
ture? (e) What is the net entropy change of the ice + original 
water system as it reaches the equilibrium temperature? © 


eee2% Suppose 1.00 mol of a monatomic ideal gas is taken 
from initial pressure p, and volume V, through two steps: 
(1) an isothermal expansion to volume 2.00V, and (2) a pres- 
sure increase to 2.00p, at constant volume. What is Q/p,V, for 
(a) step 1 and (b) step 2? What is W/p,V; for (c) step 1 and 
(d) step 2? For the full process, what are (e) AEF;,,/p,V, and 
(f) AS? The gas is returned to its initial state and again taken 
to the same final state but now through these two steps: (1) an 
isothermal compression to pressure 2.00p, and (2) a volume in- 
crease to 2.00V, at constant pressure. What is Q/p,V; for (g) step 
1 and (h) step 2? What is W/p,V, for (i) step 1 and (j) step 2? For 
the full process, what are (k) AE,,,,/p,V, and (1) AS? 


eee22 Expand 1.00 mol of an monatomic gas initially at 
5.00 kPa and 600 K from initial volume V; = 1.00 m? to final 
volume V; = 2.00 m’. At any instant during the expansion, the 
pressure p and volume V of the gas are related by p= 
5.00 exp[(V; — V )/a], with p in kilopascals, V; and V in cubic 


meters, and a = 1.00 m*. What are the final (a) pressure and 
(b) temperature of the gas? (c) How much work is done by the 
gas during the expansion? (d) What is AS for the expansion? 
(Hint: Use two simple reversible processes to find AS.) 


sec. 20-5 Entropy in the Real World: Engines 

23 A Carnot engine has an efficiency of 22.0%. It operates 
between constant-temperature reservoirs differing in temper- 
ature by 75.0 C°. What is the temperature of the (a) lower- 
temperature and (b) higher-temperature reservoir? 


24 Ina hypothetical nuclear fusion reactor, the fuel is deu- 
terium.gas at a temperature of 7 X 10° K. If this gas could be 
used to operate a Carnot engine with T;, = 100°C, what would 
be the engine’s efficiency? Take both temperatures to be exact 
and report your answer to seven significant figures. 


«25 A Carnot engine operates between 235°C and 115°C, 
absorbing 6.30 X 10*J per cycle at the higher temperature. 
(a) What is the efficiency of the engine? (b) How much work 


e26 A Carnot engine absorbs 52 kJ as heat and exhausts 
36 kJ as heat in each cycle. Calculate (a) the engine’s efficiency 
and (b) the work done per cycle in kilojoules. 


¢27 A Carnot engine whose low-temperature reservoir is at 
17°C has an efficiency of 40%. By how much should the 
temperature of the high-temperature reservoir be increased to 
increase the efficiency to 50%? 


#28 A 500 W Carnot engine operates between constant- 
temperature reservoirs at 100°C and 60.0°C. What is the rate 
at which energy is (a) taken in by the engine as heat and (b) ex- 
hausted by the engine as heat? 


ee29 Figure 20-27 shows a 
reversible cycle through which Po 
1.00 mol of a monatomic ideal 
gas is taken. Volume V, = 
8.00V,. Process bc is an adia- 
batic expansion, with p, = 10.0 
atm and V,= 1.00 x 10°7m’. 
For the cycle, find (a) the energy 
added to the gas as heat, (b) the 
energy leaving the gas as heat, V5 
(c) the net work done by the gas, 
and (d) the efficiency of the cy- 
cle. SSM ILW. 


Adiabatic 


Pressure 





Volume 


FIG. 20-27 Problem 29. 


®e30 A Carnot engine is set up to produce a certain work W 
per cycle. In each cycle, energy in the form of heat Qy is 
transferred to the working substance of the engine from 
the higher-temperature thermal reservoir, which is at an 
adjustable temperature 7},. The lower-temperature thermal 
reservoir is maintained 

at temperature 7, = 

250K. Figure 20-28  Hs{ 
gives QO, for a range of 
Ty. The scale of the 
vertical axis is set by 
Oy; = 6.0. kJ. If Ty is 


set at 550K, what 0 : 
is On? 250 300 350 


ee31 Figure 20-29 nee 
shows a reversible cycle 


Qy (kJ) 





FIG. 20-28 Problem 30. 


through which 1.00mol of a 
monatomic ideal gas is taken. 
Assume that p = 2p, V = 2V, 
Do = Ol 102 Pan “and: V— 
0.0225 m°. Calculate (a) the 
work done during the cycle, 
(b) the energy added as heat 
during stroke abc, and (c) the 
efficiency of the cycle. (d) What 
is the efficiency of a Carnot en- 
gine operating between the 
highest and lowest temperatures 
that occur in the cycle? (e) Is this 
greater than or less than the efficiency calculated in (c)? € 


Pressure 





Volume 


FIG. 20-29 Problem 31. 


*e32 An ideal gas (1.0 mol) is the working substance in an 
engine that operates on the cycle shown in Fig. 20-30. 
Processes BC and DA are reversible and adiabatic. (a) Is the 
gas monatomic, diatomic, or polyatomic? (b) What is the 
engine efficiency? 


Pressure 





Volume 


FIG. 20-30 Problem 32. 


ee33 The efficiency of a particular car engine is 25% when 
the engine does 8.2 kJ of work per cycle. Assume the process 
is reversible. What are (a) the energy the engine gains per 
cycle as heat Q,,i, from the fuel combustion and (b) the 
energy the engine loses per cycle as heat Q,,,. If a tune-up 
increases the efficiency to 31%, what are (C) Qgain and (d) Qiost 
at the same work value? 


®e34 In the first stage of a two-stage Carnot engine, energy 
is absorbed as heat Q, at temperature 7;, work W, is done, and 
energy is expelled as heat Q, at a lower temperature 7}. The 
second stage absorbs that energy as heat Q,, does work W,, 
and expels energy as heat Q; at a still lower temperature 73. 
Prove that the efficiency of 

the engine is (7; — T3)/T}. 3.00P, 


eee33 The cycle in Fig. 20-31 
represents the operation of a 
gasoline internal combustion 
engine. Volume V3 = 4.00V,. 
Assume the gasoline—air in- 
take mixture is an ideal gas 
with y= 1.30. What are the 
ratios (a) T/T}, (b) T3/T;, (c) 
T4/T;, (4) p3/pi, and (e) p4/p,? a us 
(f{) What is the engine effi- MONS 

ciency? FIG. 20-31 Problem 35. 







Adiabatic 


Adiabatic 





20-6 Entropy in the Real World: Refrigerators 
#36 The electric motor of a heat pump transfers energy as 
heat from the outdoors, which is at —5.0°C, to a room that is at 
17°C. If the heat pump were a Carnot heat pump (a Carnot en- 
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gine working in reverse), how much energy would be transferred 
as heat to the room for each joule of electric energy consumed? 


37 A Carnot air conditioner takes energy from the thermal 
energy of a room at 70°F and transfers it as heat to the 
outdoors, which is at 96°F. For each joule of electric energy 
required to operate the air conditioner, how many joules are 
removed from the room? SSM 


®38 To make ice, a freezer that is a reverse Carnot engine 
extracts 42 kJ as heat at —15°C during each cycle, with coeffi- 
cient of performance 5.7. The room temperature is 30.3°C. 
How much (a) energy per cycle is delivered as heat to the 
room and (b) work per cycle is required to run the freezer? 


39 A heat pump is used to heat a building. The outside 
temperature is —5.0°C, and the temperature inside the building is 
to be maintained at 22°C. The pump’s coefficient of performance 
is 3.8, and the heat pump delivers 7.54 MJ as heat to the building 
each hour. If the heat pump is a Carnot engine working in re- 
verse, at what rate must work be done torunit? SSM 


®40 How much work must be done by a Carnot refrigerator 
to transfer 1.0 J as heat (a) from a reservoir at 7.0°C to one at 
27°C, (b) from a reservoir at —73°C to one at 27°C, (c) from 
a reservoir at —173°C to one at 27°C, and (d) from a reservoir 
at —223°C to one at 27°C? 


ee4% Figure 20-32 represents a Carnot engine that works 
between temperatures T, = 400 K and T, = 150 K and drives 
a Carnot refrigerator that works between temperatures 7; = 
325 K and T, = 225 K. What is the ratio Q3/Q,? @ 









Refrigerator 


Engine 


FIG. 20-32 Problem 41. 


ee42 (a) During each cycle, a Carnot engine absorbs 750 J as 
heat from a high-temperature reservoir at 360K, with the 
low-temperature reservoir at 280 K. How much work is done 
per cycle? (b) The engine is then made to work in reverse to 
function as a Carnot refrigerator between those same two 
reservoirs. During each cycle, how much work is required 
to remove 1200 J as heat from the low-temperature reservoir? 


*e43 An air conditioner operating between 93°F and 70°F is 
rated at 4000 Btu/h cooling capacity. Its coefficient of perfor- 
mance is 27% of that of a Carnot refrigerator operating 
between the same two temperatures. What horsepower is 
required of the air conditioner motor? !LW 


se44 The motor in a refrigerator has a power of 200 W. If 
the freezing compartment is at 270 K and the outside air is at 
300 K, and assuming the efficiency of a Carnot refrigerator, 
what is the maximum amount of energy that can be extracted 
as heat from the freezing compartment in 10.0 min? 


sec. 20-8 A Statistical View of Entropy 
e45 Construct a table like Table 20-1 for eight molecules. 


©®46 <A box contains N identical gas molecules equally 
divided between its two halves. For N = 50, what are (a) the 
multiplicity W of the central configuration, (b) the total 
number of microstates, and (c) the percentage of the time the 
system spends in the central configuration? For N = 100, what 
are (d) W of the central configuration, (e) the total number 
of microstates, and (f) the percentage of the time the 
system spends in the central configuration? For N = 200, what 
are (g) W of the central configuration, (h) the total number of 
microstates, and (i) the percentage of the time the system spends 
in the central configuration? (j) Does the time spent in the cen- 
tral configuration increase or decrease with an increase in N? 


eee47 <A box contains N gas molecules. Consider the box 
to be divided into three equal parts. (a) By extension of 
Eq. 20-20, write a formula for the multiplicity of any given 
configuration. (b) Consider two configurations: configuration 
A with equal numbers of molecules in all three thirds of the 
box, and configuration B with equal numbers of molecules in 
each half of the box divided into two equal parts rather than 
three. What is the ratio W,/W, of the multiplicity of config- 
uration A to that of configuration B? (c) Evaluate W,/Wz for 
N = 100. (Because 100 is not evenly divisible by 3, put 34 mol- 
ecules into one of the three box parts of configuration A and 
33 in each of the other two parts. 


Additional Problems F(N) 
48 Figure 20-33 gives the force 
magnitude F versus stretch dis- 
tance x for a rubber band, with the 
scale of the F axis set by F, = 1.50 ° 
N and the scale of the x axis set by 

>» = 3.50 cm. The temperature is 
2.00°C. When the rubber band is 
stretched by x = 1.70 cm, at what : 
rate does the entropy of the rub- 
ber band change during asmallad- FIG. 20-33. Problem 48. 
ditional stretch? =< 9a 


49 Asa sample of nitrogen gas (N,) undergoes a tempera- 
ture increase at constant volume, the distribution of molecular 
speeds increases. That is, the probability distribution function 
P(v) for the molecules spreads to higher speed values, as sug- 
gested in Fig. 19-8b. One way to report the spread in P(v) is to 
measure the difference Av between the most probable speed 
vp and the rms speed v,,,,. When P(v) spreads to higher speeds, 
Av increases. Assume that the gas is ideal and the N, mole- 
cules rotate but do not oscillate. For 1.5 mol, an initial temper- 
ature of 250K, and a final temperature of 500 K, what are 
(a) the initial difference Av,, (b) the final difference Avy, and 
(c) the entropy change AS for the gas? SSM 
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50 A three-step cycle is undergone by 3.4 mol of an ideal 
diatomic gas: (1) the temperature of the gas is increased from 
200 K to 500 K at constant volume; (2) the gas is then isother- 
mally expanded to its original pressure; (3) the gas is then 
contracted at constant pressure back to its original volume. 
Throughout the cycle, the molecules rotate but do not oscil- 
late. What is the efficiency of the cycle? 


21 Suppose that a deep shaft were drilled in Earth’s crust 
near one of the poles, where the surface temperature is 


—40°C, to a depth where the temperature is 800°C. (a) What is 
the theoretical limit to the efficiency of an engine operating 
between these temperatures? (b) If all the energy released as 
heat into the low-temperature reservoir were used to melt ice 
that was initially at —40°C, at what rate could liquid water at 
0°C be produced by a 100 MW power plant (treat it as an 
engine)? The specific heat of ice is 2220 J/kg -K; water’s heat 
of fusion is 333 kJ/kg. (Note that the engine can operate only 
between 0°C and 800°C in this case. Energy exhausted at 
—40°C cannot warm anything above —40°C.) 


52 (a) A Carnot engine operates between a hot reservoir at 
320 K and a cold one at 260 K. If the engine absorbs 500 J as 
heat per cycle at the hot reservoir, how much work per cycle 
does it deliver? (b) If the engine working in reverse functions 
as a refrigerator between the same two reservoirs, how much 
work per cycle must be supplied to remove 1000 J as heat 
from the cold reservoir? 


53 <A 600g lump of copper at 80.0°C is placed in 70.0 g of 
water at 10.0°C in an insulated container. (See Table 18-3 for 
specific heats.) (a) What is the equilibrium temperature of the 
copper—water system? What entropy changes do (b) the cop- 
per, (c) the water, and (d) the copper—water system undergo 
in reaching the equilibrium temperature? 


54 Suppose 0.550 mol of an ideal gas is isothermally and 
reversibly expanded in the four situations given below. What 
is the change in the entropy of the gas for each situation? 


Situation (a) (b) (c) (d) 


Temperature (K) 250 350 400 450 
Initial volume (cm°) 0.200 0.200 0.300 0.300 
Final volume (cm?) 0.800 =0.800 = 1.20 1.20 


55 <A 0.600 kg sample of water is initially ice at temperature 
—20°C. What is the sample’s entropy change if its temperature 
is increased to 40°C? SSM 

56 What is the entropy change for 3.20 mol of an ideal 
monatomic gas undergoing a reversible increase in tempera- 
ture from 380 K to 425 K at constant volume? 


97 A three-step cycle is undergone reversibly by 4.00 mol 
of an ideal gas: (1) an adiabatic expansion that gives the gas 
2.00 times its initial volume, (2) a constant-volume process, 
(3) an isothermal compression back to the initial state of the 
gas. We do not know whether the gas is monatomic or 
diatomic; if it is diatomic, we do not know whether the mole- 
cules are rotating or oscillating. What are the entropy changes 
for (a) the cycle, (b) process 1, (c) process 3, and (d) process 2? 


58 Suppose 1.0 mol of a monatomic ideal gas initially at 10 
L and 300 K is heated at constant volume to 600 K, allowed to 
expand isothermally to its initial pressure, and finally com- 
pressed at constant pressure to its original volume, pressure, 
and temperature. During the cycle, what are (a) the net energy 
entering the system (the gas) as heat and (b) the net work 
done by the gas? (c) What is the efficiency of the cycle? 


59 A 2.00 mol diatomic gas initially at 300 K undergoes this 
cycle: It is (1) heated at constant volume to 800 K, (2) then 
allowed to expand isothermally to its initial pressure, (3) then 
compressed at constant pressure to its initial state. Assuming 
the gas molecules neither rotate nor oscillate, find (a) the net 


energy transferred as heat to the gas, (b) the net work done by 
the gas, and (c) the efficiency of the cycle. 


60 A 45.0 g block of tungsten at 30.0°C and a 25.0 g block of 
silver at —120°C are placed together in an insulated container. 
(See Table 18-3 for specific heats.) (a) What is the equilibrium 
temperature? What entropy changes do (b) the tungsten, 
(c) the silver, and (d) the tungsten—silver system undergo in 
reaching the equilibrium temperature? 


61 Acylindrical copper rod of length 1.50 m and radius 2.00 cm 
is insulated to prevent heat loss through its curved surface. One 
end is attached to a thermal reservoir fixed at 300°C; the other is 
attached to a thermal reservoir fixed at 30.0°C. What is the rate at 
which entropy increases for the rod—reservoirs system? 


62 An ideal refrigerator does 150 J of work to remove 560 J 
as heat from its cold compartment. (a) What is the refrigera- 
tor’s coefficient of performance? (b) How much heat per cycle 
is exhausted to the kitchen? 


63 A Carnot refrigerator extracts 35.0kJ as heat during 
each cycle, operating with a coefficient of performance of 4.60. 
What are (a) the energy per cycle transferred as heat to the 
room and (b) the work done per cycle? SSM 


64 Four particles are in the insulated box of Fig. 20-17. 
What are (a) the least multiplicity, (b) the greatest multiplicity, 
(c) the least entropy, and (d) the greatest entropy of the 
four-particle system? 


65 A brass rod is in thermal contact with a constant- 
temperature reservoir at 130°C at one end and a constant- 
temperature reservoir at 24.0°C at the other end. (a) Compute 
the total change in entropy of the rod—reservoirs system when 
5030 J of energy is conducted through the rod, from one reser- 
voir to the other. (b) Does the entropy of the rod change? © 


66 An apparatus that liquefies helium is in a room main- 
tained at 300 K. If the helium in the apparatus is at 4.0 K, what 
is the minimum ratio Q,,/Ogom, Where Q,, is the energy deliv- 
ered as heat to the room and Q,,.,, is the energy removed as 
heat from the helium? 


67 System A of three particles and system B of five particles 
are in insulated boxes like that in Fig. 20-17. What is the least 
multiplicity W of (a) system A and (b) system B? What is the 
greatest multiplicity W of (c) A and (d) B? What is the great- 
est entropy of (e) A and (f) B? ssm 


68 Calculate the efficiency of a fossil-fuel power plant that 
consumes 380 metric tons of coal each hour to produce useful 
work at the rate of 750 MW. The heat of combustion of coal 
(the heat due to burning it) is 28 MJ/kg. 


69 The temperature of 1.00 mol of a monatomic ideal gas is 
raised reversibly from 300 K to 400 K, with its volume kept 
constant. What is the entropy change of the gas? 


70 Repeat Problem 69, with the pressure now kept constant. 


71 Suppose that 260J is conducted from a constant- 
temperature reservoir at 400 K to one at (a) 100 K, (b) 200 K, 
(c) 300 K, and (d) 360 K. What is the net change in entropy 
AS,e¢ Of the reservoirs in each case? (e) As the temperature 
difference of the two reservoirs decreases, does AS,,; increase, 
decrease, or remain the same? 


72 A Carnot engine whose high-temperature reservoir is at 
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400 K has an efficiency of 30.0%. By how much should the 
temperature of the low-temperature reservoir be changed to 
increase the efficiency to 40.0%? 


73 A box contains N molecules. Consider two configura- 
tions: configuration A with an equal division of the molecules 
between the two halves of the box, and configuration B with 
60.0% of the molecules in the left half of the box and 40.0% in 
the right half. For N = 50, what are (a) the multiplicity W, of 
configuration A, (b) the multiplicity W, of configuration B, 
and (c) the ratio fz, of the time the system spends in con- 
figuration B to the time it spends in configuration A? For 
N = 100, what are (d) Wg, (e) Wg, and (f) fg,4? For N = 200, 
what are (g) Wy, (h) Wg, and (i) fg/4? (j) With increasing N, 
does f increase, decrease, or remain the same? 


74 Suppose 2.00 mol of a di- 
atomic gas is taken reversibly 
around the cycle shown in the 
T-S diagram of Fig. 20-34, 
where S,; = 6.00 J/K and S, = 
8.00 J/K. The molecules do not 
rotate or oscillate. What is the 
energy transferred as heat Q 
for (a) path 1 — 2, (b) path 2 
—> 3, and (c) the full cycle? (d) Sy So 
What is the work W for the Eomepyad7k) 
isothermal process? The vol- EIG. 20-24 Problem 74. 
ume V, in state 1 is 0.200 m°. 
What is the volume in (e) state 2 and (f) state 3? 

What is the change AE,,, for (g) path 1 — 2, (h) path 
2 — 3, and (i) the full cycle? (Hint: (h) can be done with one or 
two lines of calculation using Section 19-8 or with a page of 
calculation using Section 19-11.) (j) What is the work W for 
the adiabatic process? 
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75 An inventor has built an engine X and claims that its 
efficiency €x is greater than the efficiency « of an ideal engine 
operating between the same two temperatures. Suppose you 
couple engine X to an ideal refrigerator (Fig. 20-35a) and 
adjust the cycle of engine X so that the work per cycle it 
provides equals the work per cycle required by the ideal 
refrigerator. Treat this combination as a single unit and show 
that if the inventor’s claim were true (if €x > &), the combined 
unit would act as a perfect refrigerator (Fig. 20-35D), transfer- 
ring energy as heat from the low-temperature reservoir to the 
high-temperature reservoir without the need for work. 
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(a) (Dd) 
FIG. 20-35 Problem 75. 





Hospital personnel go to 
extraordinary lengths to 
avoid bacterial infection of a 
patient. Surfaces are 
scrubbed, masks are donned, 
hands are meticulously 
cleaned and then gloved, 
and instruments are sanitized 
at high temperature and in 
alcohol baths. But there 

are still subtle sources of 
bacteria, such as possibly in 


this photograph. 


The answer is in this chapter. 
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Chapter 21 | Electric Charge 


si 





FIG. 21-1 Static cling, an electrical 
phenomenon that accompanies dry 
weather, causes these pieces of paper 
to stick to one another and to the 
plastic comb, and your clothing 
to stick to your body. 

(Fundamental Photographs) 


21-1 WHAT IS PHYSICS? 





You are surrounded by devices that depend on the physics of electromagnetism, 
which is the combination of electric and magnetic phenomena. This physics is at 
the root of computers, television, radio, telecommunications, household lighting, 
and even the ability of food wrap to cling to a container. This physics is also the 
basis of the natural world. Not only does it hold together all the atoms and 
molecules in the world, it also produces lightning, auroras, and rainbows. 

The physics of electromagnetism was first studied by the early Greek 
philosophers, who discovered that if a piece of amber is rubbed and then brought 
near bits of straw, the straw will jump to the amber. We now know that the attrac- 
tion between amber and straw is due to an electric force. The Greek philosophers 
also discovered that if a certain type of stone (a naturally occurring magnet) is 
brought near bits of iron, the iron will jump to the stone. We now know that the 
attraction between magnet and iron is due to a magnetic force. 

From these modest origins with the Greek philosophers, the sciences of 
electricity and magnetism developed separately for centuries—until 1820, in 
fact, when Hans Christian Oersted found a connection between them: an electric 
current in a wire can deflect a magnetic compass needle. Interestingly enough, 
Oersted made this discovery, a big surprise, while preparing a lecture demonstra- 
tion for his physics students. 

The new science of electromagnetism was developed further by workers in 
many countries. One of the best was Michael Faraday, a truly gifted experimenter 
with a talent for physical intuition and visualization. That talent is attested to by 
the fact that his collected laboratory notebooks do not contain a single equation. 
In the mid-nineteenth century, James Clerk Maxwell put Faraday’s ideas into 
mathematical form, introduced many new ideas of his own, and put electromag- 
netism on a sound theoretical basis. 

Our discussion of electromagnetism is spread through the next 16 chapters. 
We begin with electrical phenomena, and our first step is to discuss the nature of 
electric charge and electric force. 
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In dry weather, you can produce a spark by walking across certain types of carpet 
and then bringing one of your fingers near a metal doorknob, metal faucet, or 
even a friend. You can also produce multiple sparks when you pull, say, a sweater 
from your body or clothes from a dryer. Sparks and the “static cling” of clothing 
(similar to what is seen in Fig. 21-1) are usually just annoying. However, if you 
happen to pull off a sweater and then spark to a computer, the results are more 
than just annoying. eS 

These examples reveal that we have electric charge in our bodies, sweaters, 
carpets, doorknobs, faucets, and computers. In fact, every object contains a vast 
amount of electric charge. Electric charge is an intrinsic characteristic of the 
fundamental particles making up those objects; that is, it is a property that comes 
automatically with those particles wherever they exist. 

The vast amount of charge in an everyday object is usually hidden because the 
object contains equal amounts of the two kinds of charge: positive charge and nega- 
tive charge. With such an equality—or balance — of charge, the object is said to be 
electrically neutral; that is, it contains no net charge. If the two types of charge are not 
in balance, then there is a net charge. We say that an object is charged to indicate that 
it has a charge imbalance, or net charge. The imbalance is always much smaller than 
the total amounts of positive charge and negative charge contained in the object. 

Charged objects interact by exerting forces on one another. To show this, we 
first charge a glass rod by rubbing one end with silk. At points of contact between 


21-3 | Conductors and Insulators 


the rod and the silk, tiny amounts of charge are transferred from one to the other, 
slightly upsetting the electrical neutrality of each. (We rub the silk over the rod to 
increase the number of contact points and thus the amount, still tiny, of trans- 
ferred charge.) 

Suppose we now suspend the charged rod from a thread to electrically isolate 
it from its surroundings so that its charge cannot change. If we bring a second, 
similarly charged, glass rod nearby (Fig. 21-2a), the two rods repel each other; that 
is, each rod experiences a force directed away from the other rod. However, if we 
rub a plastic rod with fur and then bring the rod near the suspended glass rod 
(Fig. 21-2b), the two rods attract each other; that is, each rod experiences a force 
directed toward the other rod. 

We can understand these two demonstrations in terms of positive and 
negative charges. When a glass rod is rubbed with silk, the glass loses some of its 
negative charge and then has a small unbalanced positive charge (represented by 
the plus signs in Fig. 21-2a). When the plastic rod is rubbed with fur, the plastic 
gains a small unbalanced negative charge (represented by the minus signs in 
Fig. 21-2b). Our two demonstrations reveal the following: 
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In Section 21-4, we shall put this rule into quantitative form as Coulomb’s law of 
electrostatic force (or electric force) between charges. The term electrostatic is 
used to emphasize that, relative to each other, the charges are either stationary or 
moving only very slowly. 

The “positive” and “negative” labels and signs for electric charge were 
chosen arbitrarily by Benjamin Franklin. He could easily have interchanged the 
labels or used some other pair of opposites to distinguish the two kinds of charge. 
(Franklin was a scientist of international reputation. It has even been said that 
Franklin’s triumphs in diplomacy in France during the American War of 
Independence were facilitated, and perhaps even made possible, because he was 
so highly regarded as a scientist.) 

The attraction and repulsion between charged bodies have many industrial ap- 
plications, including electrostatic paint spraying and powder coating, fly-ash collec- 
tion in chimneys, nonimpact ink-jet printing, and photocopying. Figure 21-3 shows 
a tiny carrier bead in a photocopying machine, covered with particles of black pow- 
der called toner, which stick to it by means of electrostatic forces. The negatively 
charged toner particles are eventually attracted from the carrier bead to a rotating 
drum, where a positively charged image of the document being copied has formed. 
A charged sheet of paper then attracts the toner particles from the drum to itself, 
after which they are heat-fused permanently in place to produce the copy. 


| Conductors and Insulators 





We can classify materials generally according to the ability of charge to move 
through them. Conductors are materials through which charge can move rather 
freely; examples include metals (such as copper in common lamp wire), the 
human body, and tap water. Nonconductors — also called insulators— are materi- 
als through which charge cannot move freely; examples include rubber (such 
as the insulation on common lamp wire), plastic, glass, and chemically pure water. 
Semiconductors are materials that are intermediate between conductors and 
insulators; examples include silicon and germanium in computer chips. Super- 
conductors are materials that are perfect conductors, allowing charge to move with- 
out any hindrance. In these chapters we discuss only conductors and insulators. 
Here is an example of how conduction can eliminate excess charge on an 
object. If you rub a copper rod with wool, charge is transferred from the wool to 
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FIG. 21-2. (a) Two charged rods of 
the same sign repel each other. (b) 
Two charged rods of opposite signs 
attract each other. Plus signs indicate 
a positive net charge, and minus signs 
indicate a negative net charge. 





FIG. 21-3 A carrier bead froma 
photocopying machine; the bead 1s 
covered with toner particles that 
cling to it by electrostatic attraction. 
The diameter of the bead is 

about 0.3 mm. (Courtesy Xerox) 
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FIG. 21-4 A neutral copper rod is 
electrically isolated from its sur- 
roundings by being suspended on a 
nonconducting thread. Either end of 
the copper rod will be attracted by 

a charged rod. Here, conduction elec- 
trons in the copper rod are repelled 
to the far end of that rod by the nega- 
tive charge on the plastic rod. Then 
that negative charge attracts the re- 
maining positive charge on the near 
end of the copper rod, rotating the 
copper rod to bring that near end 
closer to the plastic rod. 
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FIG. 21-5 ‘Two pieces of a winter- 
green LifeSaver candy as they fall 
away from each other. Electrons 
jumping from the negative surface of 
piece A to the positive surface 

of piece B collide with nitrogen (N2) 
molecules in the air. 


the rod. However, if you are holding the rod while also touching a faucet, you 
cannot charge the rod in spite of the transfer. The reason is that you, the rod, and 
the faucet are all conductors connected, via the plumbing, to Earth’s surface, 
which is a huge conductor. Because the excess charges put on the rod by the wool 
repel one another, they move away from one another by moving first through the 
rod, then through you, and then through the faucet and plumbing to reach Earth’s 
surface, where they can spread out. The process leaves the rod electrically neutral. 

In thus setting up a pathway of conductors between an object and Earth’s 
surface, we are said to ground the object, and in neutralizing the object (by elimi- 
nating an unbalanced positive or negative charge), we are said to discharge the 
object. If instead of holding the copper rod in your hand, you hold it by an 
insulating handle, you eliminate the conducting path to Earth, and the rod can 
then be charged by rubbing (the charge remains on the rod), as long as you do 
not touch it directly with your hand. 

The properties of conductors and insulators are due to the structure and 
electrical nature of atoms. Atoms consist of positively charged protons, negatively 
charged electrons, and electrically neutral neutrons. The protons and neutrons are 
packed tightly together in a central nucleus. 

The charge of a single electron and that of a single proton have the same 
magnitude but are opposite in sign. Hence, an electrically neutral atom contains 
equal numbers of electrons and protons. Electrons are held near the nucleus 
because they have the electrical sign opposite that of the protons in the nucleus 
and thus are attracted to the nucleus. 

When atoms of a conductor like copper come together to form the solid, 
some of their outermost (and so most loosely held) electrons become free to 
wander about within the solid, leaving behind positively charged atoms (positive 
ions). We call the mobile electrons conduction electrons. There are few (if any) 
free electrons in a nonconductor. 

The experiment of Fig. 21-4 demonstrates the mobility of charge in a conductor. 
A negatively charged plastic rod will attract either end of an isolated neutral copper 
rod. What happens is that many of the conduction electrons in the closer end of the 
copper rod are repelled by the negative charge on the plastic rod. Some of the con- 
duction electrons move to the far end of the copper rod, leaving the near end de- 
pleted in electrons and thus with an unbalanced positive charge. This positive charge 
is attracted to the negative charge in the plastic rod. Although the copper rod 1s still 
neutral, it is said to have an induced charge, which means that some of its positive 
and negative charges have been separated due to the presence of a nearby charge. 

Similarly, if a positively charged glass rod is brought near one end of a 
neutral copper rod, conduction electrons in the copper rod are attracted to that 
end. That end becomes negatively charged and the other end positively charged, 
so again an induced charge is set up in the copper rod. Although the copper rod is 
still neutral, it and the glass rod attract each other. 

Note that only conduction electrons, with their negative charges, can move; 
positive ions are fixed in place. Thus, an object becomes positively charged only 
through the removal of negative charges. 


Blue Flashes from a Wintergreen LifeSaver 


Indirect evidence for the attraction of charges with opposite signs can be seen 
with a wintergreen LifeSaver (the candy shaped in the form of a marine life- 
saver). If you adapt your eyes to darkness for about 15 minutes and then have a 
friend chomp on a piece of the candy in the darkness, you will see a faint blue 
flash from your friend’s mouth with each chomp. Whenever a chomp breaks a 
sugar crystal into pieces, each piece will probably end up with a different number 
of electrons. Suppose a crystal breaks into pieces A and B, with A ending up with 
more electrons on its surface than B (Fig. 21-5). This means that B has positive 
ions (atoms that lost electrons to A) on its. surface. Because the electrons on A 


are strongly attracted to the positive ions on B, some of those electrons jump 
across the gap between the pieces. 

As A and B fall away from each other, air (primarily nitrogen, N,) flows into 
the gap, and many of the jumping electrons collide with nitrogen molecules in the 
air, causing the molecules to emit ultraviolet light. You cannot see this type of 
light. However, the wintergreen molecules on the surfaces of the candy pieces 
absorb the ultraviolet light and then emit blue light, which you can see —it is the 
blue light coming from your friend’s mouth. —SS 





Bacterial Contamination and Electrostatics 





Electrostatic forces can play a subtle role in bacterial contamination in a hospital, 
such as during endoscopic surgery. In such a procedure, a surgeon sees the inte- 
rior of a patient’s body on the viewing screen of a video monitor. In a traditional 
(tube) monitor (not a “flat-screen monitor”), the screen image is produced by elec- 
trons directed toward a positively charged screen. The charged screen also attracts 
airborne particles floating around in the operating room, such as lint, dust, and skin 
cells. If an airborne particle is negatively charged, it is pulled onto the screen’s exte- 
rior surface. If, instead, it is electrically neutral, some of its conduction electrons can 
be pulled to the side of the particle nearest the screen, giving the particle an induced 
charge (Fig. 21-6a). Such a particle is then pulled to the screen’s exterior surface just 
as the copper rod is pulled to the charged plastic rod in Fig. 21-4. 

Because many of the particles collected on the screen’s exterior surface carry 
bacteria, the screen becomes contaminated with bacteria. Suppose a surgeon’s 
gloved fingers come within a few centimeters of the screen, pointing to a particu- 
lar part of the image, say, in explaining a surgical concern to other medical staff. 
The positively charged screen pulls electrons from inside the fingers to the finger- 
tips (Fig. 21-6b). The negatively charged fingertips then cause particles (airborne 
or on the screen) to collect on the gloves at the tips. When the surgeon next 
touches the patient with the contaminated gloves, the bacteria end up on or 
(worse) inside the patient’s body. To avoid this risk, surgeons are now warned not 
to bring fingers near a video monitor. 

Similar contamination can occur with the plastic aprons commonly worn by 
hospital staff to protect them from a patient’s blood. Those aprons can become 
highly charged when peeled from a dispenser or when repeatedly rubbed against 
underlying clothing or skin, especially in a dry environment. Once an apron be- 
comes charged, it can pull bacteria and contaminated dust out of the surrounding 
air. Because a staff member occasionally touches the apron, the bacteria can eas- 
ily be transferred to a patient during an examination or surgery. << 


CHECKPOINT 1 The figure shows five pairs of plates: 
A, B, and D are charged plastic plates and C is an electrically 
neutral copper plate. The electrostatic forces between the pairs 
of plates are shown for three of the pairs. For the remaining 
two pairs, do the plates repel or attract each other? 


21-4 Coulomb's Law 


If two charged particles are brought near each other, they each exert a force on 
the other. If the particles have the same sign of charge, they repel each other 
(Figs. 21-7a and b). That is, the force on each particle is directed away from the 
other particle, and if the particles can move, they move away from each other. If, 
instead, the particles have opposite signs of charge, they attract each other 
(Fig. 21-7c) and, if free to move, they move closer to each other. 
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FIG. 21-6 (a) Across section of the 
viewing screen on a traditional 
(tube) video monitor. The positively 
charged screen produces induced 
charge on a nearby neutral dust 
particle. (b) A gloved finger (not to 
scale) brought near the screen has an 
induced charge and can attract dust 
particles from the air and from the 


screen. 
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F1G. 21-7 Twocharged particles re- 
pel each other if they have the same 
sign of charge, either (a) both positive 
or (6) both negative. (c) They attract 
each other if they have opposite signs 
of charge. 





FiG. 21-8 The electrostatic force 


on particle 1 can be described in 
terms of a unit vector r along an axis 
through the two particles. 


This force of repulsion or attraction due to the charge properties of objects is 
called an electrostatic force. The equation giving the force for charged particles is 
called Coulomb’s law after Charles-Augustin de Coulomb, whose experiments in 
1785 led him to it. In terms of the particles in Fig. 21-8, where particle 1 has 
charge q, and particle 2 has charge qp, the force on particle 1 is 


F=k a t (Coulomb’s law), (21-1) 





a 


in which fF is a unit vector along an axis extending through the two particles, r is 
the distance between them, and k is a constant. (As with other unit vectors, f has a 
magnitude of exactly 1 and no dimension or unit; its purpose is to point.) If the 
particles have the same signs of charge, the force on particle 1 is in the direction 
of r;1f they have opposite signs, the force is opposite f. 

Curiously, the form of Eq. 21-1 is the same as that of Newton’s equation (Eq. 
13-3) for the gravitational force between two particles with masses m, and m, 
that are separated by a distance r: 


F=G a Tt (Newton’s law), (21-2) 


in which G is the gravitational constant. 

The constant k in Eq. 21-1, by analogy with the gravitational constant G in 
Eq. 21-2, may be called the electrostatic constant. Both equations describe inverse 
square laws that involve a property of the interacting particles—the mass in 
one case and the charge in the other. The laws differ in that gravitational forces 
are always attractive but electrostatic forces may be either attractive or repulsive, 
depending on the signs of the two charges. This difference arises from the fact 
that, although there 1s only one kind of mass, there are two kinds of charge. 

Coulomb’s law has survived every experimental test; no exceptions to it have 
ever been found. It holds even within the atom, correctly describing the force 
between the positively charged nucleus and each of the negatively charged 
electrons, even though classical Newtonian mechanics fails in that realm and is 
replaced there by quantum physics. This simple law also correctly accounts for 
the forces that bind atoms together to form molecules, and for the forces that 
bind atoms and molecules together to form solids and liquids. 

The SI unit of charge is the coulomb. For practical reasons having to do with 
the accuracy of measurements, the coulomb unit is derived from the SI unit 
ampere for electric current t. Current is the rate dq/dt at which charge moves past 
a point or through a region. In Chapter 26 we shall discuss current in detail. Until 
then we shall use the relation 


1 = — (electric current), (21-3) 


in which 7 is the current (in amperes) and dq (in coulombs) is the amount of charge 
moving past a point or through a region in time df (in seconds). Rearranging Eq. 21-3 
tells us that 

1C=(1A)(1s). 


For historical reasons (and because doing so simplifies many other formulas), 
the electrostatic constant k of Eq. 21-1 is usually written 1/47e,. Then the magni- 
tude of the force in Coulomb’s law becomes 


| Iqyllqo! 
CS ae (Coulomb’s law). (21-4) 
477, r~ 


The constants in Eqs. 21-1 and 21-4 have the value 


k=—+ = 8.99 x 10°N-m/C?2 (21-5) 


477 





The quantity &o, called the permittivity constant, sometimes appears separately in 
equations and is 
Ey = 8.85 x 10-* C7/N - m?. (21-6) 


Still another parallel between the gravitational force and the electrostatic 
force is that both obey the principle of superposition. If we have n charged parti- 
cles, they interact independently in pairs, and the force on any one of them, let us 
say particle 1,1s given by the vector sum 


Finet = Fi + Fi3 t+ Fug t+ Fis + +++ + Fin Gey 


in which, for example, F 14 18 the force acting on particle 1 due to the presence of 
particle 4. An identical formula holds for the gravitational force. 

Finally, the shell theorem that we found so useful in our study of gravitation 
has analogs in electrostatics: 
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(In the first theorem, we assume that the charge on the shell is much greater than 
that of the particle. Then any redistribution of the charge on the shell due to the 
presence of the particle’s charge can be neglected.) 


Spherical Conductors 


If excess charge is placed on a spherical shell that is made of conducting material, the 
excess charge spreads uniformly over the (external) surface. For example, if we place 
excess electrons on a spherical metal shell, those electrons repel one another and tend 
to move apart, spreading over the available surface until they are uniformly distrib- 
uted. That arrangement maximizes the distances between all pairs of the excess elec- 
trons. According to the first shell theorem, the shell then will attract or repel an exter- 
nal charge as if all the excess charge on the shell were concentrated at its center. 

If we remove negative charge from a spherical metal shell, the resulting pos- 
itive charge of the shell is also spread uniformly over the surface of the shell. For 
example, if we remove n electrons, there are then n sites of positive charge (sites 
missing an electron) that are spread uniformly over the shell. According to the 
first shell theorem, the shell will again attract or repel an external charge as if all 
the shell’s excess charge were concentrated at its center. 


CHECKPOINT 2 The figure shows two protons (symbol 
p) and one electron (symbol e) on an axis. What is the direction of 
(a) the electrostatic force on the central proton due to the electron, 
(b) the electrostatic force on the central proton due to the other 
proton, and (c) the net electrostatic force on the central proton? 
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(a) Figure 21-9a shows two positively charged particles 
fixed in place on an x axis. The charges are gq; = 1.60 X 
10°" C and q, = 3.20 X 10°C, and the particle separa- 
tion is R = 0.0200 m. What are the magnitude and direction 
of the electrostatic force F , on particle 1 from particle 2? 


feta Because both particles are positively 


charged, particle 1 is repelled by particle 2, with a force 
magnitude given by Eq. 21-4. Thus, the direction of force 


FIG. 21-9 a-b (a)Twocharged 
particles of charges qg, and q 
are fixed in place on an x axis. 
(6) The free-body diagram for 3 
particle 1, showing the electro- ie 


. . ° x 
static force on it from particle 2. t 
(d) 





F, on particle 1 is away from particle 2, in the negative di- 
rection of the x axis, as indicated in the free-body dia- 
gram of Fig. 21-95. 
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FIG. 21-9 continued (c) Particle 
3 included. (d) Free-body dia- 
gram for particle 1. (e) Particle 4 
included. (f) Free-body diagram 
for particle 1. 


Two particles: Using Eq. 21-4 with separation R substi- 
tuted for r, we can write the magnitude F,, of this force as 
1 Iqyllqo! 
Ame,  R? 
= (8.99 x 10° N-m*7/C’) 
x Lt 60 xX 10°” C)B.20 xX 107? C) 
(0.0200 m)? 
— lle INE 


Thus, force E> has the following magnitude and direc- 
tion (relative to the positive direction of the x axis): 


1.15 x10°4N and 180°. (Answer) 
We can also write F,, in unit-vector notation as 
Fy = —(1.15 X 1074 N)i. 


(b) Figure 21-9c is identical to Fig. 21-9a except that 
particle 3 now lies on the x axis between particles 1 and 
2. Particle 3 has charge q, = —3.20 X 10°!’ C and is ata 
distance =R from particle 1. What is the net electrostatic 
force hee on particle 1 due to particles 2 and 3? 


Eres The presence of particle 3 does not alter the 


electrostatic force on particle 1 from particle 2. Thus, 
force F> still acts on particle 1. Similarly, the force Fi that 
acts on particle 1 due to particle 3 is not affected by the 
presence of particle 2. Because particles 1 and 3 have 
charge of opposite signs, particle 1 is attracted to particle 
3. Thus, force Fi is directed toward particle 3, as indicated 
in the free-body diagram of Fig. 21-9d. 


12 


(Answer) 





Three particles: To find the magnitude of F,, we can 
rewrite Eq. 21-4 as 


1 Iqyllgs 
4iey (GRY 
= (8.99 X 10? N-m7/C’) 
G60: x 10 = CVG 20 X10 2 ©) 
(3)?(0.0200 m)? 
—205 107 N 
We can also write in unit-vector notation: 
= (2.05 X 10-4 NV. 
The net re oa net ON particle 1 is the vector sum of 
Ee and ie that is, from Eq. 21-7, we can write the net 








3° > 





force ee on particle 1 in unit-vector notation as 
Finet = Fo + Fis 
= —(1.15 x 10-%4N)i + (2.05 X 10-4N)i 
= (9.00 x 10° N)i. (Answer) 
Thus, ee, has the following magnitude and direction 
(relative to the positive direction of the x axis): 
9.00 x 10-2 N and 0°. (Answer) 


(c) Figure 21-9e is identical to Fig. 21-9a except that parti- 
cle 4 is now included. It has charge g, = —3.20 X 10°” Cis 
at a distance =R from particle 1, and lies on a line that 
makes an angle 6 = 60° with the x axis. What is the net elec- 
trostatic force F. net ON particle 1 due to particles 2 and 4? 


cere The net force F. net 1S the vector sum of Be 


and a new force Fi, acting on particle 1 due to particle 4. 
Because particles 1 and 4 have charge of opposite signs, 
particle 1 is attracted to particle 4. Thus, force Fj, on 
particle 1 is directed toward particle 4, at angle 6 = 60°, 
as indicated in the free-body diagram of Fig. 21-9f. 
Four particles: We can rewrite Eq. 21-4 as 
4 Ane, (GRY 
= (8.99 x 10’? N:-m7/C’) 
(1:60 < 10-7 C)G20 x 10 ©) 
(+)?(0.0200 m)? 
=77.05 4 102 Ne 


Then from Eq. 21-7, we can write the net force ee, on 
particle 1 as 








—> =—> —> 
ie = Fy sts Fy. 


Because the forces Fi, and F, are not directed along the 
same axis, we cannot sum simply by combining their 
magnitudes. Instead, we must add them as vectors, using 
one of the following methods. 


Method 1. Summing directly on a vector-capable calcula- 
tor. For F.>, we enter the magnitude 1.15 x 107 ~4 and 
the angle 180°. For Fg we enter the magnitude 2. 05 x 
10~-~ and the angle 60°. Then we add the vectors. 


Method 2. Summing in unit-vector notation. First we 
rewrite F,, as 


ja = (Fi4 cos 6)i + (A, sin 6) 


Substituting 2.05 x 10° N for F,, and 60° for 90, 
this becomes 


Fig = (1.025 X 10-24N)i + (1.775 X 1074N)j. 
Then we sum: 
ee a Foy a Fig 
= —(1.15 x 10-4 N)i 
+ (1.025 x 10-74N)i + (1.775 X 10~74N)j 
ae (— 1.25 xX 10-N)i + (1.78 x 10-*N)j. 
(Answer) 


Method 3. Summing components axis by axis. The sum 
of the x components gives us 
cere = Fin y as Fray a fia al; fig COS 60° 
=—115 x 10°“ N + (2.05 x 10° N)(cos 60°) 
= leon 2 N: 


The sum of the y components gives us 


are iy = Fin y a Fay a 0 ain Fy sin 60° 
= (2.05 X 10-*4 N)(sin 60°) 
= 1738 < 10-4 N. 


CHECKPOINT 3 The figure here shows three arrangements of 
an electron e and two protons p. (a) Rank the arrangements according 
to the magnitude of the net electrostatic force on the electron due to 
the protons, largest first. (b) In situation c, is the angle between the net 
force on the electron and the line labeled d less than or more than 45°? 
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The net force noe has the magnitude 


Fi net = VFinetx + Finety = 1.78 X 10°“ N. (Answer) 


To find the direction of Bae. we take 


eines 
6 = tan-!1—* = — 86.0°. 
IL net x 
However, this is an unreasonable result because F, y¢, 
must have a direction between the directions of 


Ee and Ee To correct 6, we add 180°, obtaining 
—86.0° + 180° = 94.0°. (Answer) 





(a) (0) 3) 





PROBLEM-SOLVING TACTICS 


Tactic 7: Symbols Representing Charge Here is a 
general guide to the symbols representing charge. If the sym- 
bol g, with or without a subscript, is used in a sentence when 
no electrical sign has been specified, the charge can be either 
positive or negative. Sometimes the sign is explicitly shown, as 
in the notation +g or —q. 


Sample Problem 


When more than one charged object is being considered, 
their charges might be given as multiples of a charge magni- 
tude. As examples, the notation +2g means a positive charge 
with magnitude twice that of some reference charge magni- 
tude g, and —3q means a negative charge with magnitude 
three times that of the reference charge magnitude gq. 





Figure 21-10a shows two particles fixed in place: a particle of 
charge q, = +8q at the origin and a particle of charge q, = 
—2q at x = L. At what point (other than infinitely far away) 
can a proton be placed so that it is in equilibrium (the net 
force on it is zero)? Is that equilibrium stable or unstable? 


con If Fi is the force on the proton due to charge 


q, and Fi is the force on the proton due to charge q>, then 
the point we seek is where F, + F, = 0. Thus, 


F, = -F, (21-8) 

This tells us that at the point we seek, the forces acting 

on the proton due to the other two particles must be of 
equal magnitudes, 

F, = F,, (21-9) 


and that the forces must have opposite directions. 


Reasoning: Because a proton has a positive charge, the 
proton and the particle of charge q, are of the same 
sign, and force F, on the proton must point away from 
q,. Also, the proton and the particle of charge q> are of 
opposite signs, so force F, on the proton must point to- 
ward q>. “Away from q,” and “toward q,” can be in oppo- 
site directions only if the proton is located on the x axis. 

If the proton is on the x axis at any point between q, 
and q>, such as point P in Fig. 21-10), then F, and F, are 
in the same direction and not in opposite directions as 
required. If the proton is at any point on the x axis to 





(a) 





(d) 

FIG. 21-19 (a) Two particles of charges g, and q, are fixed in 
place on an x axis, with separation L.(b)—(d) Three possible 
locations P, S, and R for a proton. At each location, F;, is the 
force on the proton from particle 1 and Fy i is the force on the 
proton from particle 2. 


the left of g;, such as point S in Fig. 21-10c, then F, and F, 
are in opposite directions. However, Eq. 21-4 tells us that 
F, and ie cannot have equal magnitudes there: F', must be 
greater than F5, because F; is produced by a closer charge 
(with lesser r) of greater magnitude (8q versus 2q). 

Finally, if the proton is at any point on the x axis to the 
right of go, such as point R in Fig. 21-10d, then F, and F, 
are again in opposite directions. However, because now 
the charge of greater magnitude (q,) is farther away from 
the proton than the charge of lesser magnitude, there is a 
point at which F; is equal to F,. Let x be the coordinate of 
this point, and let q, be the charge of the proton. 
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Calculations: With the aid of Eq. 21-4, we can now rewrite 

Eq. 21-9 (which says that the forces have equal magnitudes): 
1 84m 1 2494p 

Amey x? Age ye) 











(21-10) 


(Note that only the charge magnitudes appear in Eq. 
21-10.) Rearranging Eq. 21-10 gives us 


par pot 
i 4° 


After taking the square roots of both sides, we have 








which gives us 
x =2L. 
The equilibrium at x = 27 is unstable; that is, if the pro- 
ton 1s displaced leftward from point R, then F; and F, both 
increase but F, increases more (because q, is closer than q,), 
and a net force will drive the proton farther leftward. If the 
proton is displaced rightward, both F, and F, decrease but 
F, decreases more, and a net force will then drive the proton 
farther rightward. In a stable equilibrium, if the proton is 
displaced slightly, it returns to the equilibrium position. 


(Answer) 


PROBLEM-SOLVING TACTICS coon 


Tactic 2: Drawing Electrostatic Force Vectors When 
you are given a diagram of charged particles, such as Fig. 21- 
9a, and are asked to find the net electrostatic force on one of 
them, you should usually draw a free-body diagram showing 
only the particle of concern and the forces that particle expe- 
riences, as in Fig. 21-9b. If, instead, you choose to superimpose 


those forces on the given diagram showing all the particles, be 
sure to draw the force vectors with either their tails (prefer- 
ably) or their heads on the particle of concern. If you draw the 
vectors elsewhere in the diagram, you invite confusion— and 
confusion is guaranteed if you draw the vectors on the parti- 
cles causing the forces on the particle of concern. 


Sample Problem pas 


@+Q/2 


In Fig. 21-1la, two identical, electrically isolated con- 
ducting spheres A and B are separated by a (center-to- 
center) distance a that is large compared to the spheres. 
Sphere A has a positive charge of +@Q, and sphere B is 
electrically neutral. Initially, there is no electrostatic force 
between the spheres. (Assume that there is no mduced 
charge on the spheres because of their large separation.) 


(a) Suppose the spheres are connected for a moment 
by a conducting wire. The wire is thin enough so that 
any net charge on it is negligible. What is the electrosta- 
tic force between the spheres after the wire is removed? 





eaalas 


(1) Because the spheres are identical, con- 
necting them means that they end up with identical 
charges (same sign and same amount). (2) The initial 
sum of the charges (including the signs of the charges) 
must equal the final sum of the charges. 


Reasoning: When the spheres are wired together, the 
(negative) conduction electrons on B, which repel one 
another, have a way to move away from one another 
(along the wire to positively charged A, which attracts 
them—Fig. 21-11b.) As B loses negative charge, it be- 
comes positively charged, and as A gains negative 
charge, it becomes Jess positively charged. ‘The transfer 
of charge stops when the charge on B has increased to 
+Q/2 and the charge on A has decreased to +Q/2, 
which occurs when — Q/2 has shifted from B to A. 

After the wire has been removed (Fig. 21-11c), we 
can assume that the charge on either sphere does not dis- 
turb the uniformity of the charge distribution on the other 
sphere, because the spheres are small relative to their sep- 
aration. Thus, we can apply the first shell theorem to each 
sphere. By Eq. 21-4 with g,; = gq. = Q/2 andr = a, 








O+9/2 @+0/2 





(a) (d) (¢) 
FIG. 21-17 Twosmall conducting spheres A and B. (a) To start, 
sphere A is charged positively. (b) Negative charge is transferred 
from B to A through a connecting wire. (c) Both spheres are then 
charged positively. (d) Negative charge is transferred through 
a grounding wire to sphere A. (e) Sphere A is then neutral. 


ATE a 


Fe= : {OP MOP) = (2) (Answer) 
167€ \ a 


The spheres, now positively charged, repel each other. 


(b) Next, suppose sphere A is grounded momentarily, 
and then the ground connection is removed. What now 
is the electrostatic force between the spheres? 


Reasoning: When we provide a conducting path be- 
tween a charged object and the ground (which is a huge 
conductor), we neutralize the object. Were sphere A 
negatively charged, the mutual repulsion between the 
excess electrons would cause them to move from the 
sphere to the ground. However, because sphere A is 
positively charged, electrons with a total charge of 
—Q/2 move from the ground up onto the sphere (Fig. 
21-11d), leaving the sphere with a charge of 0 (Fig. 21- 
lle). Thus, there is (again) no electrostatic force be- 
tween the two spheres. 
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The Charges of Three Particles 
In Benjamin Franklin’s day, electric charge was thought to Be @ COMEITIUQTS — remme mere eererrmererneemmmennmenemne 
fluid—an idea that was useful for many purposes. However, we now know that _ Particle Symbol Charge 
fluids themselves, such as air and water, are not continuous but are made up of 








age Electron core —e 
atoms and molecules; matter is discrete. Experiment shows that “electrical fluid” Beaten is 
is also not continuous but is made up of multiples of a certain elementary charge. — EF ji 
Any positive or negative charge g that can be detected can be written as Seo a 

gq = ne, Faget ee rane, (21-11) 
in which e, the elementary charge, has the approximate value 
e = 1.602 x 10°” C. (21-12) 


The elementary charge e is one of the important constants of nature. The electron 
and proton both have a charge of magnitude e (Table 21-1). (Quarks, the con- 
stituent particles of protons and neutrons, have charges of +e/3 or +2e/3, but 
they apparently cannot be detected individually. For this and for historical 
reasons, we do not take their charges to be the elementary charge.) 

You often see phrases—such as “the charge on a sphere,” “the amount of 
charge transferred,” and “the charge carried by the electron” —that suggest that 
charge is a substance. (Indeed, such statements have already appeared in this 
chapter.) You should, however, keep in mind what is intended: Particles are the 
substance and charge happens to be one of their properties, just as mass is. 

When a physical quantity such as charge can have only discrete values rather 
than any value, we say that the quantity is quantized. It is possible, for example, to 
find a particle that has no charge at all or a charge of +10e or —6e, but not a parti- 
cle with a charge of, say, 3.57e. 

The quantum of charge is small. In an ordinary 100 W lightbulb, for example, 
about 10” elementary charges enter the bulb every second and just as many 
leave. However, the graininess of electricity does not show up in such large-scale 
phenomena (the bulb does not flicker with each electron), just as you cannot feel 
the individual molecules of water with your hand. 


CHECKPOINT 4 Initially, sphere A has a charge of —S50e and sphere B has a 
charge of +20e. The spheres are made of conducting material and are identical in size. 
If the spheres then touch, what is the resulting charge on sphere A? 


Sample Problem Lea 


The nucleus in an iron atom has a radius of about 4.0 x No explosion: This is a small force to be acting on a 
10~' m and contains 26 protons. macroscopic object like a cantaloupe, but an enormous 


(a) What is the magnitude of the repulsive electrostatic force to be acting on a proton. Such forces should eX: 
force between two of the protons that are separated by plode the nucleus of any element but hydrogen (which 
40x 107-5 m? has only one proton in its nucleus). However, they don’t, 


not even in nuclei with a great many protons. Therefore, 


ceiae The protons can be treated as charged par- there must be some enormous attractive force to 


ticles, so the magnitude of the electrostatic force on one counter this enormous repulsive electrostatic force. 
from the other is given by Coulomb’s law. (b) What is the magnitude of the gravitational force be- 


t th t tons? 
Calculation: Table 21-1 tells us that the charge of a pro- A igi ana een Su ealalaee 


ton is +e. Thus, Eq. 21-4 gives us Pega . 
3 Because the protons are particles, the mag- 





F= ! — nitude of the gravitational force on one from the other 
Amey 1 is given by Newton’s equation for the gravitational 
(8.99 x 10? N-m7/C’)(1.602 x 107 C)? force (Eq. 21-2). 


(4.0 x 10~" m)* Calculation: With m, (= 1.67 X 10-*’ kg) representing 
= 14N. (Answer) the mass of a proton, Eq. 21-2 gives us 
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2 
My 
2 


F=G 
i 


“TeG67 0 INem kee) Coy 2< Ne als) 
(4.0 x 10-5 my? 
LD <0 IN, 


(Answer) 


Weak versus strong: This result tells us that the (at- 
tractive) gravitational force is far too weak to counter 
the repulsive electrostatic forces between protons in a 
nucleus. Instead, the protons are bound together by an 
enormous force called (aptly) the strong nuclear 


force—a force that acts between protons (and neu- 
trons) when they are close together, as in a nucleus. 
Although the gravitational force is many times 
weaker than the electrostatic force, it is more important 
in large-scale situations because it is always attractive. 
This means that it can collect many small bodies into 
huge bodies with huge masses, such as planets and stars, 
that then exert large gravitational forces. The electrosta- 
tic force, on the other hand, is repulsive for charges of 
the same sign, so it is unable to collect either positive 
charge or negative charge into large concentrations that 


would then exert large electrostatic forces. 








FIG. 271-12 A photograph of trails 
of bubbles left in a bubble chamber 
by an electron and a positron. The 
pair of particles was produced by a 
gamma ray that entered the chamber 
directly from the bottom. Being elec- 
trically neutral, the gamma ray did 
not generate a telltale trail of bub- 
bles along its path, as the electron 
and positron did. (Courtesy 
Lawrence Berkeley Laboratory) 


21-6 | Charge Is Conserved 


If you rub a glass rod with silk, a positive charge appears on the rod. Measure- 
ment shows that a negative charge of equal magnitude appears on the silk. This 
suggests that rubbing does not create charge but only transfers it from one body 
to another, upsetting the electrical neutrality of each body during the process. 
This hypothesis of conservation of charge, first put forward by Benjamin 
Franklin, has stood up under close examination, both for large-scale charged 
bodies and for atoms, nuclei, and elementary particles. No exceptions have ever 
been found. Thus, we add electric charge to our list of quantities—including 
energy and both linear and angular momentum — that obey a conservation law. 

Important examples of the conservation of charge occur in the radioactive 
decay of nuclei, in which a nucleus transforms into (becomes) a different type of 
nucleus. For example, a uranium-238 nucleus (7°°U) transforms into a thorium- 
234 nucleus (***Th) by emitting an alpha particle. Because that particle has the 
same makeup as a helium-4 nucleus, it has the symbol *He. The number used in 
the name of a nucleus and as a superscript in the symbol for the nucleus is called 
the mass number and is the total number of the protons and neutrons in the 
nucleus. For example, the total number in **°U is 238. The number of protons in 
a nucleus is the atomic number Z, which is listed for all the elements in Appendix 
F. From that list we find that in the decay 


238] > 2MTh + 4He, rss) 


the parent nucleus **U contains 92 protons (a charge of +92e), the daughter nucleus 
34Th contains 90 protons (a charge of +90e), and the emitted alpha particle *He con- 
tains 2 protons (a charge of +2e). We see that the total charge is + 92e before and after 
the decay; thus, charge is conserved. (The total number of protons and neutrons is also 
conserved: 238 before the decay and 234 + 4 = 238 after the decay.) 

Another example of charge conservation occurs when an electron e~ (whose 
charge is —e) and its antiparticle, the positron e* (whose charge is +e), undergo an an- 
nihilation process in which they transform into two gamma rays (high-energy light): 


ore er yay (annihilation). (21-14) 


In applying the conservation-of-charge principle, we must add the charges alge- 
braically, with due regard for their signs. In the annihilation process of Eq. 21-14 
then, the net charge of the system is zero both before and after the event. Charge 
is conserved. 

In pair production, the converse of annihilation, charge is also conserved. In 
this process a gamma ray transforms into an electron and a positron: 


yore Abe (pair production). 


(21-15) 


Figure 21-12 shows such a pair-production event that occurred in a bubble cham- 


Questions [ze 


ber. A gamma ray entered the chamber from the bottom and at one point trans- 
formed into an electron and a positron. Because those new particles were charged 
and moving, each left a trail of tiny bubbles. (The trails were curved because a mag- 
netic field had been set up in the chamber.) The gamma ray, being electrically neutral, 
left no trail. Still, you can tell exactly where it underwent pair production—at the tip 
of the curved V, which is where the trails of the electron and positron begin. 


REVIEW & SUMMARY 


Electric Charge The strength of a particle’s electrical in- 
teraction with objects around it depends on its electric charge, 
which can be either positive or negative. Charges with the 
same sign repel each other, and charges with opposite signs 
attract each other. An object with equal amounts of the two 
kinds of charge is electrically neutral, whereas one with an 
imbalance is electrically charged. 

Conductors are materials in which a significant number 
of charged particles (electrons in metals) are free to move. 
The charged particles in nonconductors, or insulators, are not 
free to move. 


The Coulomb and Ampere The SI unit of charge is the 
coulomb (C). It is defined in terms of the unit of current, the 
ampere (A), as the charge passing a particular point in 1 sec- 
ond when there is a current of 1 ampere at that point: 


1C =(1A)(18). 


This is based on the relation between current i and the rate 
dq/dt at which charge passes a point: 


dq 
LS aoe 


- (electric current). (21-3) 


Coulomb's Law Coulomb’s law describes the electrostatic 
force between small (point) electric charges gq, and q, at rest 


(or nearly at rest) and separated by a distance r: 


1 lqyllgsl 
— Ame, r? 
Here e) = 8.85 X 10°” C*/N- m’ is the permittivity constant, 
and 1/47) = k = 8.99 x 10°N- m7/C?. 

The force of attraction or repulsion between point 
charges at rest acts along the line joining the two charges. If 
more than two charges are present, Eq. 21-4 holds for each 
pair of charges. The net force on each charge is then found, 
using the superposition principle, as the vector sum of the 
forces exerted on the charge by all the others. 

The two shell theorems for electrostatics are 


(Coulomb’s law). (21-4) 


A shell of uniform charge attracts or repels a charged 
particle that is outside the shell as if all the shell’s charge 
were concentrated at its center. 


If a charged particle is located inside a shell of uniform 
charge, there is no net electrostatic force on the particle 
from the shell. 


The Elementary Charge Electric charge is quantized: 
any charge can be written as ne, where n is a positive or nega- 
tive integer and e is a constant of nature called the elementary 
charge (~ 1.602 x 10-" C). Electric charge is conserved: the 
net charge of any isolated system cannot change. 


QUESTIONS 


1 Figure 21-13 shows four situations in which charged particles 
are fixed in place on an axis. In which situations is there a point to 
the left of the particles where an electron will be in equilibrium? 
—__e—______e—_____ i) 
+q 39 “4 +39 
(a) (0) 


i 


+39q —q —3q +q 
(¢) (d) 
FIG. 21-13 Question 1. 


2 Figure 21-14 shows two -——#———_-#s— 
charged particles on an axis. The —3q = 
charges are free to move. fig. 24.44 Question2. 
However, a third charged parti- 

cle can be placed at a certain point such that all three particles 
are then in equilibrium. (a) Is that point to the left of the first 
two particles, to their right, or between them? (b) Should the 
third particle be positively or negatively charged? (c) Is the 
equilibrium stable or unstable? 


3 Figure 21-15 shows four situations in which five charged 
particles are evenly spaced along an axis. The charge values 
are indicated except for the central particle, which has the 
same charge in all four situations. Rank the situations accord- 
ing to the magnitude of the net electrostatic force on the 
central particle, greatest first. 


)) SS SS 

(=. 

= eo 

(1) aie 
FIG. 21-15 Question 3. 


4 Figure 21-16 shows three pairs of identical spheres that are 
to be touched together and then separated. The initial charges 
on them are indicated. Rank the pairs according to (a) the mag- 
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nitude of the charge transferred during touching and (b) the 
charge left on the positively charged sphere, greatest first. 





-12¢  +14e 
(3) 





FIG. 21-16 Question 4. 


5 Figure 21-17 shows three situations involving a charged 
particle and a uniformly charged spherical shell. The charges 
are given, and the radii of the shells are indicated. Rank the 
situations according to the magnitude of the force on the par- 
ticle due to the presence of the shell, greatest first. 





FIG. 21-17 Question 5. 


6 In Fig. 21-18, a central particle of charge —2q is sur- 
rounded by a square array of charged particles, separated by 
either distance d or d/2 along the perimeter of the square. 
What are the magnitude and direction of the net electrostatic 
force on the central particle due to the other particles? (Hint: 
Consideration of symmetry can greatly reduce the amount of 
work required here.) 


=/ 
+2q Z +4q 
—5q —34q 
—2 
+Og - 
—3q —54q 
+4 +2 
q Ty q 


FIG. 21-18 Question 6. 


7 In Fig. 21-19, a central parti- 
cle of charge —q is surrounded 
by two circular rings of charged 
particles. What are the magni- 
tude and direction of the net 
electrostatic force on the central 
particle due to the other parti- 
cles? (Hint: Consideration of 
symmetry can greatly reduce 
the amount of work required 
here.) 


8 A positively charged ball is 
brought close to an electrically 
neutral isolated conductor. The 





FIG. 21-19 Question 7. 


conductor is then grounded while the ball is kept close. Is the 
conductor charged positively, charged negatively, or neutral if 
(a) the ball is first taken away and then the ground connection 
is removed and (b) the ground connection is first removed and 
then the ball is taken away? 


9 Figure 21-20 shows four situations in which particles of 
charge +q or —q are fixed in place. In each situation, the parti- 
cles on the x axis are equidistant from the y axis. First, 
consider the middle particle in situation 1; the middle particle 
experiences an electrostatic force from each of the other two 
particles. (a) Are the magnitudes F of those forces the same or 
different? (b) Is the magnitude of the net force on the middle 
particle equal to, greater than, or less than 2F? (c) Do the 
x components of the two forces add or cancel? (d) Do their 
y components add or cancel? (e) Is the direction of the net 
force on the middle particle that of the canceling components 
or the adding components? (f) What is the direction of that 
net force? Now consider the remaining situations: What is 
the direction of the net force on the middle particle in (g) situ- 
ation 2, (h) situation 3, and (i) situation 4? (In each situation, 
consider the symmetry of the charge distribution and deter- 
mine the canceling components and the adding components.) 


y y 


+q 4 


+q +q +q +q 


+q 


+q —q +q —G 


(3) (4) 
FIG. 27-20 Question 9. 


10 Figure 21-21 shows four arrangements of charged parti- 
cles. Rank the arrangements according to the magnitude of 
the net electrostatic force on the particle with charge +Q, 
greatest first. 


p p 

d d 

p ce 
+O 2d +O 2d 
(a) (bd) 

€ c 

d d 

Pp e 
+Q 2d +Q 2d 
(¢) (d) 

FIG. 24-21 Question 10. 


PROBLEMS 


& Tutoring problem available (at instructor's discretion) in WileyPLUS and WebAssign 


SSM Worked-out solution available in Student Solutions Manual 


®— ee Number of dots indicates level of problem difficulty 


WWW) Worked-out solution is at 


; a http://www.wiley.com/college/halliday 
Interactive solution is at 


cr Additional information available in The ane Circus of Physics and at flyingcircusotphysics.com 


Click here to view all step-by-step solutions 


sec. 21-4 Coulomb's Law 

*47 What must be the distance between point charge q, = 
26.0 wC and point charge g, = —47.0 »C for the electrostatic 
force between them to have a magnitude of 5.70 N? ssmM 


e2 Two equally charged particles are held 3.2 x 10°? m 
apart and then released from rest. The initial acceleration of 
the first particle is observed to be 7.0 m/s? and that of the sec- 
ond to be 9.0 m/s’. If the mass of the first particle is 6.3 X 107’ 
kg, what are (a) the mass of the second particle and (b) the 
magnitude of the charge of each particle? !Lw 


3 A particle of charge +3.00 X 10~°C is 12.0 cm distant 
from a second particle of charge —1.50 X 10~°C. Calculate 
the magnitude of the electrostatic force between the particles. 


#4 Identical isolated conducting spheres 1 and 2 have equal 
charges and are separated by a distance that 1s large compared 
with their diameters (Fig. 21-22a). The electrostatic force act- 
ing on sphere 2 due to sphere 1 is F. Suppose now that a third 
identical sphere 3, having an insulating handle and initially 
neutral, is touched first to sphere 1 (Fig. 21-22), then to 
sphere 2 (Fig. 21-22c), and finally removed (Fig. 21-22d). The 
electrostatic force that now acts on sphere 2 has magnitude 
F’, What is the ratio F''/F? 


5 
a 
Pac 
ge e 





(a) (0) 





(@) (d) 
FIG. 21-22 Problem 4. 


5 Of the charge Q initially on a tiny sphere, a portion gq is 
to be transferred to a second, nearby sphere. Both spheres can 
be treated as particles. For what value of g/Q will the electro- 
static force between the two spheres be maximized? ssm iLw 


6 In the return stroke of a typical lightning bolt, a current 
of 2.5 X 10* A exists for 20 ws. How much charge is trans- 
ferred in thisevent? <%= 


ee7 Two identical conducting spheres, fixed in place, attract 
each other with an electrostatic force of 0.108 N when their 
center-to-center separation is 50.0 cm. The spheres are then 
connected by a thin conducting wire. When the wire is 
removed, the spheres repel each other with an electrostatic 
force of 0.0360 N. Of the initial charges on the spheres, with 


a positive net charge, what was (a) 
the negative charge on one of them 
and (b) the positive charge on the 
other? ssm www 


ee8 In Fig. 21-23, four particles 
form a square. The charges are q; = 
g4 = O and q2 = q3 = q.(a) What is 
O/q if the net electrostatic force on 
particles 1 and 4 is zero? (b) Is 
there any value of g that makes the 
net electrostatic force on each of the 
four particles zero? Explain. €% 





FIG. 21-23 
Problems 8, 9, and 62. 


ee9 In Fig. 21-23, the particles have charges g, = —q.= 
100 nC and q3 = —q, = 200 nC, and distance a = 5.0 cm. What 
are the (a) x and (b) y components of the net electrostatic force 
on particle 3? iLw 


ee70Q Three particles are fixed on an x axis. Particle 1 of 
charge q, is atx = —a,and particle 2 of charge q) is atx = +a. If 
their net electrostatic force on particle 3 of charge +Q is to be 
zero, what must be the ratio g,/q. when particle 3 is at (a) x = 
+0.500a and (b) x = +1.50a? 


ee17 In Fig. 21-24, three 





isp 1 eater mmr 05 a 
—& & e 


Xx 
charged particles lie on an x 1 2 3 


FIG. 21-24 Problems 11 
and 56. 


axis. Particles 1 and 2 are fixed 
in place. Particle 3 is free to 
move, but the net electrostatic 
force on it from particles 1 and 
2 happens to be zero. If L,3 = 
L 4, what is the ratio q,/qz? 


ee72 Figure 21-25 shows four 
identical conducting spheres 
that are actually well separated 
from one another. Sphere W 
(with an initial charge of zero) is touched to sphere A and 
then they are separated. Next, sphere W is touched to sphere 
B (with an initial charge of —32e) and then they are separated. 
Finally, sphere W is touched to sphere C (with an initial charge 
of +48e), and then they are separated. The final charge on 
sphere W is + 18e. What was the initial charge on sphere A? €& 
ee13 In Fig. 21-26a, particles 1 
and 2 have charge 20.0 wC each 
and are held at separation dis- 
tance d = 1.50 m. (a) What is 
the magnitude of the electro- | ae 
De 








FIG. 21-25 Problem 12. 


static force on particle 1 due to 
particle 2? In Fig. 21-26), parti- 
cle 3 of charge 20.0 uC 1s posi- 
tioned so as to complete an 
equilateral triangle. (b) What is 
the magnitude of the net elec- 
trostatic force on particle 1 due to particles 2 and 3? 


(a) 2) 
FIG. 21-26 Problem 13. 
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2°14 In Fig. 21-27a, particle 1 (of charge q,) and particle 2 
(of charge q) are fixed in place on an x axis, 8.00 cm apart. 
Particle 3 (of charge gq, = +8.00 x 107’? C) is to be placed on 
the line between particles 1 and 2 so that they produce a net 
electrostatic force ne on it. Figure 21-27b gives the x compo- 
nent of that force versus the coordinate x at which particle 
3 is placed. The scale of the x axis is set by x, = 8.0 cm. What 
are (a) the sign of charge q, and (b) the ratio q./q,? 


2 
F(10-*3 N) 





FIG. 21-27 Problem 14. 


ee75 In Fig. 21-28, particle 1 of 


charge +1.0 uC and particle 2 of 1 


charge —3.0 uC are held at separa- | 2 


tion L = 10.0cm on an x axis. If 
particle 3 of unknown charge gq; 1s 
to be located such that the net 
electrostatic force on it from parti- 
cles 1 and 2 is zero, what must be 
the (a) x and (b) y coordinates 


—1— 
FIG. 21-28 Problems 
15,19, 32, 64, and 69. 





xX 


of particle 3? A BC 
ee16 In Fig. 21-29a, three 2) 

positively charged particles are c 
fixed on an x axis. Particles BB A C . 
and C are so close to each other (b) 


that they can be considered to 
be at the same distance from 
particle A. The net force on particle A due to particles B and 
C is 2.014 x 10-* N in the negative direction of the x axis. In 
Fig. 21-295, particle B has been moved to the opposite side of 
A but is still at the same distance from it. The net force on A is 
now 2.877 X 10~*4N in the negative direction of the x axis. 
What is the ratio gc/qz? 


FIG. 21-29 Problem 16. 


ee17 The charges and coordinates of two charged particles 
held fixed in an xy plane are gq, = +3.0 wC, x, = 3.5 cm, yy = 
0.50 cm, and gq, = —4.0 uC, x, = —2.0cm, y. = 1.5 cm. Find 
the (a) magnitude and (b) direction of the electrostatic force 
on particle 2 due to particle 1. At what (c) x and (d) y coordi- 
nates should a third particle of charge q3 = +4.0 uC be placed 
such that the net electrostatic force on particle 2 due to parti- 
cles 1 and 3 is zero? 


ee18 Two particles are fixed on an x axis. Particle 1 of charge 
40 uC is located at x = —2.0 cm; particle 2 of charge Q is 
located at x = 3.0 cm. Particle 3 of charge magnitude 20 uC is 
released from rest on the y axis at y = 2.0cm. What is the 
value of Q if the initial acceleration of particle 3 is in the posi- 
tive direction of (a) the x axis and (b) the y axis? 


e619 In Fig. 21-28, particle 1 of charge +q and particle 2 of 
charge +4.00g are held at separation L = 9.00cm on an x 
axis. If particle 3 of charge q3 is to be located such that the 
three particles remain in place when released, what must be 
the (a) x and (b) y coordinates of particle 3, and (c) the ratio 
q3/q? ‘ssmM www 


eee20 Figure 21-30 shows an arrangement of four charged 


particles, with angle 6 = 30.0° 
and distance d= 2.00cm. 
Particle 2 has charge q, 
+8.00 x 10°” C; particles 

and 4 have charges q3 = qy 
=1,60°< 10>" CG. (a), What is 
distance D between the origin 
and particle 2 if the net electro- 
static force on particle 1 due to 
the other particles is zero? (b) If 
particles 3 and 4 were moved closer to the x axis but maintained 
their symmetry about that axis, would the required value of D be 
greater than, less than, or the same asin part (a)? € 


eee21 In Fig. 21-31, particles 1 

and 2 of charge gq; = gz = +3.20 
x 10° C are on a y axis at dis- 
tance d = 17.0cm from the ori- 
gin. Particle 3 of charge q3 = 
+6.40 X 107 Cis moved gradu- 
ally along the x axis from x = 0 to 
x = +5.0 m. At what values of x 
will the magnitude of the electro- 
static force on the third particle from the other two particles be (a) 
minimum and (b) maximum? What are the (c) minimum and (d) 
maximum magnitudes? 


ll wo Il 





FIG. 21-30 Problem 20. 





FIG. 21-31 Problem 21. 


e6622 Figure 21-32a shows an arrangement of three charged 
particles separated by distance d. Particles A and C are fixed 
on the x axis, but particle B can be moved along a circle 
centered on particle A. During the movement, a radial line 
between A and B makes an angle 6 relative to the positive 
direction of the x axis (Fig. 21-32b). The curves in Fig. 21-32c 
give, for two situations, the magnitude F,., of the net electro- 
static force on particle A due to the other particles. That net 
force is given as a function of angle 6 and as a multiple of a 
basic amount Fo. For example on curve 1, at 6 = 180°, we see 
that F,., = 2Fo. (a) For the situation corresponding to curve 1, 
what is the ratio of the charge of particle C to that of particle 
B (including sign)? (b) For the situation corresponding to 
curve 2, what is that ratio? 





ded 
A BC 3 
(a) m" 
B 
> 0 0 Oo fo) oO 
: : 0 90 180 
A C Q 


FIG. 21-32 Problem 22. 


eee23 A nonconducting spherical shell, with an inner radius 
of 4.0cm and an outer radius of 6.0 cm, has charge spread 
nonuniformly through its volume between its inner and outer 
surfaces. The volume charge density p is the charge per unit 
volume, with the unit coulomb per cubic meter. For this shell p = 
b/r, where r is the distance in meters from the center of the shell 
and b = 3.0 wC/m2. What is the net charge in the shell? 


sec. 21-5 Charge Is Quantized 
24 What is the magnitude of the electrostatic force between 


a singly charged sodium ion (Na", of charge +e) and an ad- 
jacent singly charged chlorine ion (Cl, of charge —e) in a salt 
crystal if their separation is 2.82 < 107'° m? 


25 The magnitude of the electrostatic force between two 
identical ions that are separated by a distance of 5.0 x 107" 
m is 3.7 X 10° N. (a) What is the charge of each ion? (b) How 
many electrons are “missing” from each ion (thus giving the 
ion its charge imbalance)? SSM 


26 A current of 0.300 A through your chest can send your 
heart into fibrillation, ruining the normal rhythm of heartbeat 
and disrupting the flow of blood (and thus oxygen) to your 
brain. If that current persists for 2.00 min, how many conduc- 
tion electrons pass through your chest? =e 


«27 How many electrons would have to be removed from a 
coin to leave it with a charge of +1.0 X 107’ C? iw 


°28 Two tiny, spherical water drops, with identical charges 
of —1.00 x 107!°C, have a center-to-center separation of 1.00 
cm. (a) What is the magnitude of the electrostatic force acting 
between them? (b) How many excess electrons are on each 
drop, giving it its charge imbalance? 


ee29 Earth’s atmosphere is constantly bombarded by cosmic 
ray protons that originate somewhere in space. If the protons 
all passed through the atmosphere, each square meter of 
Earth’s surface would intercept protons at the average rate of 
1500 protons per second. What would be the electric current 
intercepted by the total surface area of the planet? ILw 


630 Figure 21-33a shows charged particles 1 and 2 that are 
fixed in place on an x axis. Particle 1 has a charge with a magnitude 
of |g! = 8.00e. Particle 3 of charge q3 = +8.00e 1s initially on the x 
axis near particle 2. Then particle 3 is gradually moved in the posi- 
tive direction of the x axis. As a result, the magnitude of the net 
electrostatic force be on particle 2 due to particles 1 and 3 
changes. Figure 21-335 gives the x component of that net force 
as a function of the position x of particle 3. The scale of the x 
axis is set by x, = 0.80 m. The plot has an asymptote of Fy ne = 
1.5 x 10° N as x ~ %. As a multiple of e and including the 
sign, what is the charge q> of particle 2? 
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(a) 
FIG. 21-33 Problem 30. 


¢¢3% Calculate the number of coulombs of positive charge 
in 250 cm? of (neutral) water. (Hint: A hydrogen atom con- 
tains one proton; an oxygen atom contains eight protons.) 


axis, at a Separation of L = 8.00 cm. Their charges are gq, = +e 
and q, = —27e. Particle 3 with charge q3 = +4e is to be placed 
on the line between particles 1 and 2, so that they produce a 
net electrostatic force Hie on it. (a) At what coordinate 
should particle 3 be placed to minimize the magnitude of that 
force? (b) What is that minimum magnitude? 


6¢33 In Fig. 21-34, particles 2 y 
and 4, of charge —e, are fixed in 

place on a y axis, at y. = —10.0 

cm and y, = 5.00 cm. Particles —, 
1 and 3, of charge —e, can be 
moved along the x axis. 
Particle 5, of charge +e, 1s fixed 
at the origin. Initially particle 1 9 
is at x, = —10.0cm and parti- 
cle 3 is at x3 = 10.0 cm. (a) To 
what x value must particle 1 be moved to rotate the direction 
of the net electric force F.,, on particle 5 by 30° counterclock- 
wise? (b) With particle 1 fixed at its new position, to what x 
value must you move particle 3 to rotate F,,, back to its origi- 
nal direction? €% 


e¢e34 Figure 21-35 shows | 


Sa 





FIG. 21-34 Problem 33. 






electrons 1 and 2 on an x axis a= 
and charged ions 3 and 4 of ig eeiaeanaile 6 “ 
identical charge —g and at ~~ wee ge 


identical angles 6. Electron 2 is 
free to move; the other three 
particles are fixed in place at 
horizontal distances R from 
electron 2 and are intended to 
hold electron 2 in place. For physically possible values of gq = 
Se, what are the (a) smallest, (b) second smallest, and (c) third 
smallest values of 6 for which electron 2 is held in place? 





aa 7-9 
ae 


FIG. 21-35 Problem 34. 


ee¢35 In crystals of the salt cesium chloride, cesium ions 
Cs* form the eight corners of a cube and a chlorine ion Cl” 
is at the cube’s center (Fig. 21-36). The edge length of the 
cube is 0.40nm. The Cs* ions are each deficient by one 
electron (and thus each has a charge of +e), and the Cl” 
ion has one excess electron (and thus has a charge of —e). 
(a) What is the magnitude of the net electrostatic force exerted 
on the Cl” ion by the eight Cs* ions at the corners of the cube? 
(b) If one of the Cs* ions is missing, the crystal is said to have a 
defect; what is the magnitude of the net electrostatic force ex- 
erted on the Cl” ion by the seven remaining Cs* ions? SSM 






0.40 nm 


FIG. 21-36 
Problem 35. 





sec. 21-6 Charge Is Conserved 

36 Electrons and positrons are produced by the nuclear trans- 
formations of protons and neutrons known as beta decay. (a) If a 
proton transforms into a neutron, is an electron or a positron pro- 
duced? (b) If a neutron transforms into a proton, is an electron or 
a positron produced? 





37 Identify X in the following nuclear reactions: (a) H + 
"Be > X +n; (b) "C+ !H > X; (c) PN + 'H —> ‘He + X. 
Appendix F willhelp. ss™ 


Additional Problems eee ge ey 
38 In Fig. 21-37, four particles | : 3 4 
are fixed along an x axis, sepa- FIG.21-37 Problem 38. 
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rated by distances d = 2.00 cm. The charges are g, = +2e, 
G, = —e, gz = te, and g, = +4e, with e = 1.60 x 10°" C. In 
unit-vector notation, what is the net electrostatic force on 
(a) particle 1 and (b) particle 2 due to the other particles? 


39 In Fig. 21-38, particle 1 of » 
charge +4e is above a floor by | 
distance d, = 2.00 mm and par- 
ticle 2 of charge +6e is on the 
floor, at distance d, = 6.00 mm 
horizontally from particle 1. 
What is the x component of the 
electrostatic force on particle 2 
due to particle 1? ssm 





[-—do— 


FIG. 21-38 Problem 39. 





40 A particle of charge Q is fixed at the origin of an xy coor- 
dinate system. At t = 0a particle (m = 0.800 g,g = 4.00 uC) is 
located on the x axis at x = 20.0 cm, moving with a speed of 
50.0 m/s in the positive y direction. For what value of Q will 
the moving particle execute circular motion? (Neglect the 
gravitational force on the particle.) 


44 A charged nonconducting rod, with a length of 2.00 m 
and a cross-sectional area of 4.00 cm’, lies along the positive 
side of an x axis with one end at the origin. The volume charge 
density p is charge per unit volume in coulombs per cubic 
meter. How many excess electrons are on the rod if p 1s 
(a) uniform, with a value of —4.00 wC/m*, and (b) nonuni- 
form, with a value given by p = bx’, where b = —2.00 wC/m>? 


42 A charge of 6.0 uC is to be split into two parts that are 
then separated by 3.0mm. What is the maximum possible 
magnitude of the electrostatic force between those two parts? 


43 How many megacoulombs of positive charge are in 1.00 
mol of neutral molecular-hydrogen gas (H,)? 


44 Figure 21-39 shows a long, nonconducting, massless rod of 
length L, pivoted at its center and balanced with a block of 
weight W at a distance x from the left end. At the left and right 
ends of the rod are attached small conducting spheres with posi- 
tive charges q and 2g, respectively. A distance h directly beneath 
each of these spheres is a fixed sphere with positive charge Q. (a) 
Find the distance x when the rod is horizontal and balanced. (b) 
What value should / have so that the rod exerts no vertical force 
on the bearing when the rod is horizontal and balanced”? 














FIG. 21-39 Problem 44. 


45 A neutron consists of one “up” quark of charge +2e/3 and 
two “down” quarks each having charge —e/3. If we assume that 
the down quarks are 2.6 xX 10~ m apart inside the neutron, 
what is the magnitude of the electrostatic force between them? 


46 In Fig. 21-40, three identical conducting spheres form an 
equilateral triangle of side length d = 20.0cm. The sphere 
radii are much smaller than d, and the sphere charges are gy = 
—2.00 nC, gg = —4.00 nC, and gc = +8.00 nC. (a) What is the 


magnitude of the electrostatic force 
between spheres A and C? The fol- 
lowing steps are then taken: A and B 
are connected by a thin wire and then 
disconnected; B is grounded by the / 

wire, and the wire is then removed; B gL B es 





e@ 
and C are connected by the wire and .—_— | 
then disconnected. What now are the | 
; FIG. 21-40 
magnitudes of the electrostatic force 
Problem 46. 


(b) between spheres A and C and 
(c) between spheres B and C? 


47 What would be the magnitude of the electrostatic force 
between two 1.00 C point charges separated by a distance of 
(a) 1.00 m and (b) 1.00 km if such point charges existed (they 
do not) and this configuration could be set up? 


48 In Fig. 21-41, three identical conducting spheres initially 
have the following charges: sphere A, 4Q; sphere B, —6Q; and 
sphere C,0.Spheres A and B are fixed in place, with a center-to- 
center separation that is much larger than the spheres. Two ex- 
periments are conducted. In experiment 1, sphere C is touched 
to sphere A and then (separately) to sphere B, and then it is re- 
moved. In experiment 2, starting 
with the same initial states, the 
procedure is reversed: Sphere C 
is touched to sphere B and then 
(separately) to sphere A, and 
then it is removed. What is the 
ratio of the electrostatic force 
between A and B at the end of 
experiment 2 to that at the end 
of experiment 1? 








FIG. 21-44 
Problems 48 and 67. 


49 We know that the negative charge on the electron and 
the positive charge on the proton are equal. Suppose, how- 
ever, that these magnitudes differ from each other by 
0.00010%. With what force would two copper coins, placed 
1.0 m apart, repel each other? Assume that each coin contains 
3 X 10” copper atoms. (Hint: A neutral copper atom contains 
29 protons and 29 electrons.) What do you conclude? 


SO How far apart must two protons be if the magnitude of 
the electrostatic force acting on either one due to the other is 
equal to the magnitude of the gravitational force on a proton 
at Earth’s surface? SSM 


51 Of the charge Q on a tiny sphere, a fraction a 1s to be 
transferred to a second, nearby sphere. The spheres can be 
treated as particles. (a) What value of a maximizes the magni- 
tude F of the electrostatic force between the two spheres? 
What are the (b) smaller and (c) larger values of a that put F 
at half the maximum magnitude? 


52 If acat repeatedly rubs against your cotton slacks on a 
dry day, the charge transfer between the cat hair and the cot- 
ton can leave you with an excess charge of —2.00 uC. (a) How 
many electrons are transferred between you and the cat? 

You will gradually discharge via the floor, but if instead of 
waiting, you immediately reach toward a faucet, a painful 
spark can suddenly appear as your fingers near the faucet. 
(b) In that spark, do electrons flow from you to the faucet or 
vice versa? (c) Just before the spark appears, do you induce 
positive or negative charge in the faucet? (d) If, instead, the 
cat reaches a paw toward the faucet, which way do electrons 





flow in the resulting spark? (e) If you stroke a cat with a bare 
hand on a dry day, you should take care not to bring your 
fingers near the cat’s nose or you will hurt it with a spark. 
Considering that cat hair is an insulator, explain how the spark 


can appear. me 

53 (a) What equal positive charges 
would have to be placed on Earth 
and on the Moon to neutralize their 
gravitational attraction? (b) Why 
don’t you need to know the lunar 
distance to solve this problem? (c) 
How many kilograms of hydrogen 
ions (that is, protons) would be 
needed to provide the positive 
charge calculated in (a)? 


54 In Fig. 21-42, two tiny conduct- 
ing balls of identical mass m and 
identical charge gq hang from non- 
conducting threads of length L. 
Assume that 6 1s so small that tan 6 
can be replaced by its approximate equal, sin 6. (a) Show that 


2p, \13 
(ti 
2TE)yMg 


gives the equilibrium separation x of the balls. (b) If L = 
120 cm,m = 10 g,and x = 5.0 cm. what is iq’? 


FIG. 27-42 Problems 
54 and S55. 


55 (a) Explain what happens to the balls of Problem 54 if 
one of them is discharged (loses its charge q to. say. the 
ground). (b) Find the new equilibrium separation x. using the 
given values of L and 7 and the computed value of gq. 


56 In Fig. 21-24, particles 1 and 2 are fixed in place. but parti- 
cle 3 is free to move. If the net electrostatic force on particle 
3 due to particles 1 and 2 is zero 
and LL», = 2.00L,, what is the 
ratio g/qz? 


5/ What is the total charge in 
coulombs of 75.0 kg of electrons? 


58 In Fig. 21-43, six charged 
particles surround particle 7 at 
radial distances of either d = 1.0 
cm or 2d, as drawn. The charges 
are gq, = +2e,q>. = +4e, q3 = +e, 
G4 = +4e, gs = +2e, dg = +8e, G7 
= +6e, with e = 1.60 x 107!’ C. What is the magnitude of the 
net electrostatic force on particle 7? 





FIG, 21-43 Problem 58. 


59 Three charged particles form a triangle: particle 1 with 
charge Q, = 80.0 nC is at xy coordinates (0, 3.00 mm), particle 
2 with charge Q, is at (0, —3.00 
mm), and particle 3 with charge 
q = 18.0nC is at (4.00 mm, 0). 2 
In unit-vector notation, what is 
the electrostatic force on parti- 
cle 3 due to the other two parti- 
cles if Q2 is equal to (a) 80.0 nC 
and (b) —80.0 nC? 

60 In Fig. 21-44, what are the 
(a) magnitude and (b) direction 
of the net electrostatic force on 





FIG. 21-44 Problem 60. 





particle 4 due to the other three particles? All four particles 
are fixed in the xy plane, and g, = —3.20x 10°C, q= 
+320 X107:C, gf = ote lhe Ola — 320 <x 10-7 
C, 6, = 35.0°, d, = 3.00 cm, and d, = d, = 2.00cm. SSM 


61 Two point charges of 30 nC and —40 nC are held fixed on 
an x axis, at the origin and at x = 72 cm, respectively. A parti- 
cle with a charge of 42 uC is released from rest at x = 28 cm. 
If the initial acceleration of the particle has a magnitude of 
100 km/s’, what is the particle’s mass? 


62 In Fig. 21-23, four particles form a square. The charges 
are gq; = +Q,q2 = g3 = gq, and gz = —2.00Q. What is g/Q if the 
net electrostatic force on particle 1 1s zero? 


63 Point charges of +6.0 wC and —4.0 uC are placed on an 
x axis, at x = 8.0m and x = 16m, respectively. What charge 
must be placed at x = 24m so that any charge placed at the 
origin would experience no electrostatic force? @&§ 


64 In Fig. 21-28, particle 1 of charge —80.0 uC and par- 
ticle 2 of charge +40.0 uC are held at separation L = 20.0 cm 
on an x axis. In unit-vector notation, what is the net electrosta- 
tic force on particle 3, of charge q3 = 20.0 uC, if particle 3 is 
placed at (a) x = 40.0 cm and (b) x = 80.0 cm? What should 
be the (c) x and (d) y coordinates of particle 3 if the net elec- 
trostatic force on it due to particles 1 and 2 is zero? 


65 In the radioactive decay of Eq. 21-13, a **U nucleus 
transforms to **“Th and an ejected “He. (These are nuclei, not 
atoms, and thus electrons are not involved.) When the separa- 
tion between 7*Th and *He is 9.0 X 107 m, what are the 
magnitudes of (a) the electrostatic force between them and 
(b) the acceleration of the ‘He particle? 


66 Two small, positively charged spheres have a combined 
charge of 5.0 X 10°°C. If each sphere is repelled from the 
other by an electrostatic force of 1.0 N when the spheres are 
2.0 m apart, what is the charge on the sphere with the smaller 
charge? 

67 The initial charges on the three identical metal spheres in 
Fig. 21-41 are the following: sphere A. Q: sphere B. —Q/4: and 
sphere C. O/2. where QO = 2.00 X 10°" C. Spheres A and B 
are fixed in place, with a center-to-center separation of d = 
1.20 m. which is much larger than the spheres. Sphere C is 
touched first to sphere A and then to sphere 6 and is then 
removed. What then is the magnitude of the electrostatic force 
between spheres A and B? 


68 Anelectron isin a vacuum near Earth's surtace and located 
at v = 0 on a vertical y axis. At what value of vy should a second 
electron be placed such that its electrostatic force on the first 
electron balances the gravitational force on the first electron? 


69 In Fig. 21-28. particle 1 of charge —5.00g and particle 2 of 
charge +2.00g are held at separation L on an x axis. If particle 
3 of unknown charge q; is to be located such that the net elec- 
trostatic force on it from particles 1 and 2 is zero, what must be 
the (a) x and (b) y coordinates of particle 3? ssm 


70 ‘Two engineering students, John with a mass of 90 kg and 
Mary with a mass of 45 kg, are 30 m apart. Suppose each has a 
0.01% imbalance in the amount of positive and negative 
charge, one student being positive and the other negative. 
Find the order of magnitude of the electrostatic force of 
attraction between them by replacing each student with a 
sphere of water having the same mass as the student. 


a a Electric Fields 


Steve Hopkin/Taxi/Getty Images, Inc. 





Reproduction in many flower species depends on insects carrying 


ollen from one flower to another. Honeybees commonly provide this What Causes 


service as they visit flowers to collect nectar. However, they do not 


| | the pollen to 
merely brush against the flower, collecting the pollen as you wou 2 ; 
collect chalk from a dusty chalkboard by brushing against it. Instead, jJuUMPp, first to 


the pollen jumps from a flower to the bee, clings to the bee during the the bee and 


ight to a second flower, and then jumps to the second flower. 


then away 
from it? 


The answer is in this chapter. 


22-1 WHAT IS PHYSICS? 


The physics of the preceding chapter tells us how to find the electric force on 
a particle 1 of charge +q, when the particle is placed near a particle 2 of 
charge +q>.A nagging question remains: How does particle 1 “know” of the pres- 
ence of particle 2? That is, since the particles do not touch, how can particle 
2 push on particle 1—how can there be such an action at a distance with no 
visible connection between the particles? 

One purpose of physics is to record observations about our world, such as the 
magnitude and direction of the push on particle 1. Another purpose is to provide 
a deeper explanation of what is recorded. One purpose of this chapter is to 
provide such a deeper explanation to our nagging questions about electric force 
at a distance. We can answer those questions by saying that particle 2 sets up an 
electric field in the space surrounding itself. If we place particle 1 at any given 
point in that space, the particle “knows” of the presence of particle 2 because it 1s 
affected by the electric field that particle 2 has already set up at that point. Thus, 
particle 2 pushes on particle 1 not by touching it but by means of the electric field 
produced by particle 2. 

Our goal in this chapter is to define electric field and discuss how to calculate 
it for various arrangements of charged particles. 


22-2 The Electric Field 


The temperature at every point in a room has a definite value. You can measure 
the temperature at any given point or combination of points by putting a ther- 
mometer there. We call the resulting distribution of temperatures a temperature 
field. In much the same way, you can imagine a pressure field in the atmosphere; 
it consists of the distribution of air pressure values, one for each point in the 
atmosphere. These two examples are of scalar fields because temperature and air 
pressure are scalar quantities. 

The electric field is a vector field; it consists of a distribution of vectors, one for 
each point in the region around a charged object, such as a charged rod. In principle, 
we can define the electric field at some point near the charged object, such as point P 
in Fig. 22-1la, as follows: We first place a positive charge qo, called a test charge, at the 
point. We then measure the electrostatic force F that acts on the test charge. Finally, 
we define the electric field E at point P due to the charged object as 

8 sat gel 
b= (electric field). (22-1) 


4p 


Thus, the magnitude of the electric field E at point P is FE = F/qo, and the direc- 
tion of E is that of the force F that acts on the positive test charge. As shown in 
Fig. 22-1b, we represent the electric field at P with a vector whose tail is at P. To 
define the electric field within some region, we must similarly define it at all 
points in the region. 

The SI unit for the electric field is the newton per coulomb (N/C). Table 22-1 
shows the electric fields that occur in a few physical situations. 

Although we use a positive test charge to define the electric field of a charged 
object, that field exists independently of the test charge. The field at point P in 
Figure 22-1b existed both before and after the test charge of Fig. 22-la was put 
there. (We assume that in our defining procedure, the presence of the test charge 
does not affect the charge distribution on the charged object, and thus does not 
alter the electric field we are defining.) 

To examine the role of an electric field in the interaction between charged 

objects, we have two tasks: (1) calculating the electric field produced by a given 
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FIG. 22-1 (a) A positive test charge 
Go placed at point P near a charged 
object. An electrostatic force F acts 
on the test charge. (b) The electric 
field E' at point P produced by the 
charged object. 


TABLE 22-1 


Some Electric Fields 


Field Location 
or Situation Value (N/C) 


At the surface of a 
uranium nucleus 3 x 102! 


Within a hydrogen 
atom, at a radius 
of 529 <x 1057 im S10 


Electric breakdown 
occurs in air 3 x 10° 


Near the charged 

drum of a photo- 

copier 10° 
Near a charged 

comb 102 
In the lower atmo- 

sphere 104 
Inside the copper 

wire of household 

circuits Ome 
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FIG. 22-2. (a) The electrostatic force 
F acting on a positive test charge 
near a sphere of uniform negative 
charge. (b) The electric field vector E 
at the location of the test charge, and 
the electric field lines in the space 
near the sphere. The field lines ex- 
tend toward the negatively charged 
sphere. (They originate on distant 
positive charges.) 


FIG. 22-3 (a) The electrostatic force 
Fona positive test charge near a 
very large, nonconducting sheet with 
uniformly distributed positive charge 
on one side. (b) The electric field vec- 
tor E at the location of the test 
charge, and the electric field lines in 
the space near the sheet. The field 
lines extend away from the positively 
charged sheet. (c) Side view of (5). 





distribution of charge and (2) calculating the force that a given field exerts on a 
charge placed in it. We perform the first task in Sections 22-4 through 22-7 for 
several charge distributions. We perform the second task in Sections 22-8 and 
22-9 by considering a point charge and a pair of point charges in an electric field. 
First, however, we discuss a way to visualize electric fields. 


22-3 Electric Field Lines 


Michael Faraday, who introduced the idea of electric fields in the 19th century, 
thought of the space around a charged body as filled with lines of force. Although 
we no longer attach much reality to these lines, now usually called electric field 
lines, they still provide a nice way to visualize patterns in electric fields. 

The relation between the field lines and electric field vectors is this: (1) At 
any point, the direction of a straight field line or the direction of the tangent to a 
curved field line gives the direction of E at that point, and (2) the field lines are 
drawn so that the number of lines per unit area, measured in a plane that is 
perpendicular to the lines, is proportional to the magnitude of E. Thus, E is large 
where field lines are close together and small where they are far apart. 

Figure 22-2a shows a sphere of uniform negative charge. If we place a positive 
test charge anywhere near the sphere, an electrostatic force pointing toward the 
center of the sphere will act on the test charge as shown. In other words, the elec- 
tric field vectors at all points near the sphere are directed radially toward the 
sphere. This pattern of vectors is neatly displayed by the field lines in Fig. 22-25, 
which point in the same directions as the force and field vectors. Moreover, the 
spreading of the field lines with distance from the sphere tells us that the magni- 
tude of the electric field decreases with distance from the sphere. 

If the sphere of Fig. 22-2 were of uniform positive charge, the electric field 
vectors at all points near the sphere would be directed radially away from 
the sphere. Thus, the electric field lines would also extend radially away from the 
sphere. We then have the following rule: 























= Electric field lines extend away from positive charge (where they originate) and 

















Figure 22-3a shows part of an infinitely large, nonconducting sheet (or plane) 
with a uniform distribution of positive charge on one side. If we were to place a 
positive test charge at any point near the sheet of Fig. 22-3a, the net electrostatic 
force acting on the test charge would be perpendicular to the sheet, because 
forces acting in all other directions would cancel one another as a result of 
the symmetry. Moreover, the net force on the test charge would point away from 
the sheet as shown. Thus, the electric field vector at any point in the space on 
either side of the sheet is also perpendicular to the sheet and directed away from 


t 
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it (Figs. 22-3b and c). Because the charge is uniformly distributed along the sheet, 
all the field vectors have the same magnitude. Such an electric field, with the same 
magnitude and direction at every point, is a uniform electric field. 

Of course, no real nonconducting sheet (such as a flat expanse of plastic) is 
infinitely large, but if we consider a region that is near the middle of a real sheet 
and not near its edges, the field lines through that region are arranged as in Figs. 
22-35 and c. 

Figure 22-4 shows the field lines for two equal positive charges. Figure 22-5 
shows the pattern for two charges that are equal in magnitude but of opposite 
sign, a configuration that we call an electric dipole. Although we do not often use 
field lines quantitatively, they are very useful to visualize what is going on. Can 
you not almost “see” the charges being pushed apart in Fig. 22-4 and pulled 
together in Fig. 22-5? 


22-4 | The Electric Field Due to a Point Charge 


To find the electric field due to a point charge q (or charged particle) at any point 
a distance r from the point charge, we put a positive test charge qo at that point. 
From Coulomb’s law (Eq. 21-1), the electrostatic force acting on qo is 
> 1 
PF 


qq » 
ee 





— 22-2 
ATE, r ( ) 
The direction of F is directly away from the point charge if q is positive, and 


directly toward the point charge if g is negative. The electric field vector is, from 
Eq. 22-1, 





E ae os 5 T (point charge). (22-3) 


The direction of E is the same as that of the force on the positive test charge: 
directly away from the point charge if g is positive, and toward it if g is negative. 

Because there is nothing special about the point we chose for go, Eq. 22-3 
gives the field at every point around the point charge q. The field for a positive 
point charge is shown in Fig. 22-6 in vector form (not as field lines). 

We can quickly find the net, or resultant, electric field due to more than one 
point charge. If we place a positive test charge gy near n point charges q1, qo,... , 
q,, then, from Eq. 21-7, the net force F, from the n point charges acting on the test 
charge is 

y= Fit y+ +++ + Foe 


Therefore, from Eq. 22-1, the net electric field at the position of the test charge is 
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FIG. 22-6 The electric field vectors at various points 
around a positive point charge. 
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FiG. 22-4 Field lines for two equal 
positive point charges. The charges re- 
pel each other. (The lines terminate on 
distant negative charges.) To “see” the 
actual three-dimensional pattern of 
field lines, mentally rotate the pattern 
shown here about an axis passing 
through both charges in the plane of 
the page. The three-dimensional pat- 
tern and the electric field it represents 
are said to have rotational symmetry 
about that axis. The electric field vector 
at one point is shown; note that it is tan- 
gent to the field line through that point. 


<@Q> 


FiG. 22-5 Field lines for a positive 
point charge and a nearby negative 
point charge that are equal in magni- 
tude. The charges attract each other. 
The pattern of field lines and the elec- 
tric field it represents have rotational 
symmetry about an axis passing 
through both charges in the plane of 
the page. The electric field vector at 
one point is shown; the vector is tan- 
gent to the field line through the point. 
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Here E. is the electric field that would be set up by point charge 7 acting alone. 
Equation 22-4 shows us that the principle of superposition applies to electric 
fields as well as to electrostatic forces. 





The figure here shows a proton p and an electron e on an 


X axis. What i is the Hineenon of the electric field due to the electron at (a) point S and 


(b) point R? What is the direction of the net electric 
field at (c) point R and (d) point S$? 





Sample Problem eee 


Figure 22-7a shows three particles with charges q,; = 
+2Q, q2 = —2Q, and q3 = —4Q, each a distance d from 
the origin. What net electric field E is produced at the 
origin? 


rr _Charges q;, q2, and q3 produce electric field 


vectors En ae and E;, respectively, at t the origin, a and the 
net electric field is the vector sum FE = E, a E, + E;. 
To find this sum, we first must find the magnitudes and 
orientations of the three field vectors. 


Magnitudes and directions: To find the magnitude of 
E,, which is due to qg,, we use Eq. 22-3, substituting d for 
r and 2Q for q and obtaining 


— 1 29 


4 7Tré, d? 





Similarly, we find the magnitudes of the fields E, and ie 








(0) 


FUG. 22-7 (a) Three particles with charges q,, q2, and q3 are at 
the same distance d from the origin. (b) The electric field vec- 
tors E,, E>, and E;, at the origin due to the three particles. (c) 
The electric field vector E; and the vector sum E, ats E, at the 
origin. 


to be 


je 1 4 
2Q and b= Q 


Ey = = ae 
: Ate, d’ Ame, d? 








We next must find the orientations of the three 
electric field vectors at the origin. Because q, is a posi- 
tive charge, the field vector it produces points directly 
away from it, and because q> and q; are both negative, 
the field vectors they produce point directly toward 
each of them. Thus, the three electric fields produced 
at the origin by the three charged particles are ori- 
ented as in Fig. 22-7b. (Caution: Note that we have 
placed the tails of the vectors at the point where the 
fields are to be evaluated; doing so decreases the 
chance of error.) 


Adding the fields: We can now add the fields vectori- 
ally as outlined for forces in Sample Problem 21-Ic. 
However, here we can use symmetry to simplify the 
procedure. From Fig. 22-7b, we see that ioe and E, have 
the same direction. Hence, their vector sum has that di- 
rection and has the magnitude 


1 20, 1 2 
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which happens to equal the magnitude of field oe 

We must now combine two vectors, E; and the vec- 
tor sum E, aa Be that have the same magnitude and that 
are oriented symmetrically about the x axis, as shown in 
Fig. 22-7c. From the symmetry of Fig. 22-7c, we realize 
that the equal y components of our two vectors cancel 
and the equal x components add. Thus, the net electric 
field E' at the origin is in the positive direction of the x 
axis and has the magnitude 


vm = 2... — hs COS 30° 
6. 6257, 
‘Ameya 





(Answer) 
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Es) 
Figure 22-8a shows two charged particles of magnitude q but of opposite sign, 
separated by a distance d. As was noted in connection with Fig. 22-5, we call this 
configuration an electric dipole. Let us find the electric field due to the dipole of P 
Fig. 22-8a at a point P, a distance z from the midpoint of the dipole and on the ie 
axis through the particles, which is called the dipole axis. Evy 


From symmetry, the electric field E at point P—and also the fields Ea) and 
Ev ) due to the separate charges that make up the dipole—must lie along the 
dipole axis, which we have taken to be a z axis. Applying the superposition princi- 
ple for electric fields, we find that the magnitude E of the electric field at P is 


B= Boy 7 Be ; 
ee ee ee 
Ame T+) 47€ T(_) f? 
“ Dipol 
= d ia ss ees (22-5) center 
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After a little algebra, we can rewrite this equation as 


See ee 
7 Ame z” d \2 d \2 (22-6) (a) (d) 
ha Oz Lo Se FIG. 22-8 (a) Anelectric dipole. 
electric field vectors E (+) and E,-) 
After forming a common denominator and multiplying its terms, we come to point P on the dipole axis result oma 
the dipole’s two charges. Point P 1s at 
oo diz eee ee oe 27) distances r,,) and r;_) from the indi- 
AtrEeyz? fs de Ne Dene ae aN vidual charges that make up the di- 
27 2z pole. (b) The dipole moment p of the 


; ; dipole points from the negative 
We are usually interested in the electrical effect of a dipole only at distances charge to the positive charge. 


that are large compared with the dimensions of the dipole — that is, at distances such 
that z > d. At such large distances, we have d/2z <« 1 in Eq. 22-7. Thus, in our ap- 
proximation, we can neglect the d/2z term in the denominator, which leaves us with 

1 qd 


2T7E zZ° 





(22-8) 


The product qd, which involves the two intrinsic properties g and d of the 
dipole, is the magnitude p of a vector quantity known as the electric dipole moment 
p of the dipole. (The unit of pis the coulomb-meter.) Thus, we can write Eq. 22-8 as 


1 
| i — (electric dipole). (22-9) 
27E G2 





The direction of p is taken to be from the negative to the positive end of the 
dipole, as indicated in Fig. 22-8b. We can use the direction of p to specify the 
orientation of a dipole. 

Equation 22-9 shows that, if we measure the electric field of a dipole only at 
distant points, we can never find g and d separately; instead, we can find only their 
product. The field at distant points would be unchanged if, for example, g were 
doubled and d simultaneously halved. 

Although Eq. 22-9 holds only for distant points along the dipole axis, it turns 
out that E for a dipole varies as 1/r° for all distant points, regardless of whether 
they lie on the dipole axis; here r is the distance between the point in question 
and the dipole center. 

Inspection of Fig. 22-8 and of the field lines in Fig. 22-5 shows that the direc- 
tion of E for distant points on the dipole axis is always the direction of the dipole 
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moment vector p. This is true whether point P in Fig. 22-8a is on the upper or the 
lower part of the dipole axis. 

Inspection of Eq. 22-9 shows that if you double the distance of a point from a di- 
pole, the electric field at the point drops by a factor of 8. If you double the distance 
from a single point charge, however (see Eq. 22-3), the electric field drops only by a 
factor of 4. Thus the electric field of a dipole decreases more rapidly with distance 
than does the electric field of a single charge. The physical reason for this rapid de- 
crease in electric field for a dipole is that from distant points a dipole looks like two 
equal but opposite charges that almost— but not quite—coincide. Thus, their elec- 
tric fields at distant points almost— but not quite — cancel each other. 


Sample Problem (zzz 


Sprites (Fig. 22-9a) are huge flashes that occur far above 
a large thunderstorm. They were seen for decades by pi- 
lots flying at night, but they were so brief and dim that 
most pilots figured they were just illusions. Then in the 
1990s sprites were captured on video. They are still not 
well understood but are believed to be produced when 
especially powerful lightning occurs between the 
eround and storm clouds, particularly when the light- 
ning transfers a huge amount of negative charge —q 
from the ground to the base of the clouds (Fig. 22-9b). 
Just after such a transfer, the ground has a compli- 
cated distribution of positive charge. However, we can 
model the electric field due to the charges in the clouds 
and the ground by assuming a vertical electric dipole that 
has charge —g at cloud height 4 and charge +q at below- 
ground depth h (Fig. 22-9c). If g = 200 C and h = 6.0 km, 
what is the magnitude of the dipole’s electric field at alti- 
tude z,; = 30 km somewhat above the clouds and altitude 
Z, = 60 km somewhat above the stratosphere? aS 


Pez We can approximate the magnitude F of an 


electric dipole’s electric field on the dipole axis with Eq. 22-8. 
Calculations:We write that equation as 


1 q(2h) 


3 








27E) 2 


where 2h is the separation between —q and +q in Fig. 22- 
9c. For the electric field at altitude z; = 30 km, we find 


1 (200 C)(2)(6.0 X 103 m) 


—— Q€y (30 X 103 m)? 
= 1.6 X 10° N/C. (Answer) 

Similarly, for altitude z, = 60 km, we find 
E20 <10- NC (Answer) 


As we discuss in Section 22-8, when the magnitude 


of an electric field exceeds a certain critical value EF, the 
field can pull electrons out of atoms (ionize the atoms), 
and then the freed electrons can run into other atoms, 
causing those atoms to emit light. The value of EF, de- 
pends on the density of the air in which the electric field 
exists. At altitude z, = 60 km the density of the air is so 
low that E = 2.0 x 10? N/C exceeds E,, and thus light is 
emitted by the atoms in the air. That light forms sprites. 
Lower down, just above the clouds at z; = 30 km, the 
density of the air is much higher, E = 1.6 x 10° N/C 
does not exceed E,., and no light is emitted. Hence, 
sprites occur only far above storm clouds. 










Cloud 


Charge 
transfer 





== Ground 


(b) (c) 
FIG. 22-9 (a) Photograph of a sprite. (Courtesy NASA) 
(b) Lightning in which a large amount of negative charge is 
transferred from ground to cloud base. (c) The cloud— ground 
system modeled as a vertical electric dipole. 


erg 
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So far we have considered the electric field that 1s produced by one or, at most, 
a few point charges. We now consider charge distributions that consist of a great 
many closely spaced point charges (perhaps billions) that are spread along a line, 
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over a surface, or within a volume. Such distributions are said to be continuous rather 
than discrete. Since these distributions can include an enormous number of point 
charges, we find the electric fields that they produce by means of calculus rather than 
by considering the point charges one by one. In this section we discuss the electric 
field caused by a line of charge. We consider a charged surface in the next section. In 
the next chapter, we shall find the field inside a uniformly charged sphere. 

When we deal with continuous charge distributions, it is most convenient to 
express the charge on an object as a charge density rather than as a total charge. 
For a line of charge, for example, we would report the linear charge density 
(or charge per unit length) A, whose SI unit is the coulomb per meter. Table 22-2 
shows the other charge densities we shall be using. 

Figure 22-10 shows a thin ring of radius R with a uniform positive linear 
charge density A around its circumference. We may imagine the ring to be made 
of plastic or some other insulator, so that the charges can be regarded as fixed 
in place. What is the electric field E' at point P,a distance z from the plane of the 
ring along its central axis? 

To answer, we cannot just apply Eq. 22-3, which gives the electric field set up 
by a point charge, because the ring is obviously not a point charge. However, we 
can mentally divide the ring into differential elements of charge that are so small 
that they are like point charges, and then we can apply Eq. 22-3 to each of them. 
Next, we can add the electric fields set up at P by all the differential elements. 
The vector sum of the fields gives us the field set up at P by the ring. 

Let ds be the (arc) length of any differential element of the ring. Since A is 
the charge per unit (arc) length, the element has a charge of magnitude 


dq = dds. (22-10) 


This differential charge sets up a differential electric field dE at point P, which is 
a distance r from the element. Treating the element as a point charge and using 
Eq. 22-10, we can rewrite Eq. 22-3 to express the magnitude of dE as 











1 dq 1 Ads 
dE = —— , 22-11 
Ame, r Amey rr? ( ) 
From Fig. 22-10, we can rewrite Eq. 22-11 as 
1 ds 
dE = (22-12) 





- Aqey (z* + R*) 


Figure 22-10 shows that dE is at angle @ to the central axis (which we have taken 
to be a z axis) and has components perpendicular to and parallel to that axis. 

Every charge element in the ring sets up a differential field dE at P, with 
magnitude given by Eq. 22-12. All the dE vectors have identical components 
parallel to the central axis, in both magnitude and direction. All these dE vec- 
tors have components perpendicular to the central axis as well; these perpendicu- 
lar components are identical in magnitude but point in different directions. In 
fact, for any perpendicular component that points in a given direction, there is 
another one that points in the opposite direction. The sum of this pair of compo- 
nents, like the sum of all other pairs of oppositely directed components, is zero. 

Thus, the perpendicular components cancel and we need not consider them 
further. This leaves the parallel components; they all have the same direction, 
so the net electric field at P is their sum. 

The parallel component of dE shown in Fig. 22-10 has magnitude dE cos 0. 
The figure also shows us that 


G x 
cos 6 = Pa = (2+ RAP" (22-13) 


Then multiplying Eq. 22-12 by Eq. 22-13 gives us, for the parallel component of dE, 


A 
dE cos 6 = ———___ ds. 


Aqey(z* +° R27 ee 


TABLE 22-2 


Some Measures of Electric Charge 


Name Symbol = SI Unit 
Charge q C 
Linear charge 

density Ad C/m 
Surface charge 

density o C/m? 
Volume charge 

density p C/m? 





Zz — 
La dE 


dE cos 0, 






FIG. 22-10 A ring of uniform posi- 
tive charge. A differential element of 
charge occupies a length ds (greatly 
exaggerated for clarity). This element 
sets up an electric field dE at point P. 
The component of dE along the cen- 
tral axis of the ring is dE cos 6. 
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To add the parallel components dE cos @ produced by all the elements, we 
integrate Eq. 22-14 around the circumference of the ring, from s = 0 to s = 27R. 
Since the only quantity in Eq. 22-14 that varies during the integration is s, the other 
quantities can be moved outside the integral sign. The integration then gives us 


[az cos 0 a \" l 
le = s 
Ame ((z?7 + R*)? Jo ‘ 


zA(27kR) 
- ATmeao ne ee 


iE 


Since A is the charge per length of the ring, the term A(27R) in Eq. 22-15 is qg, the 
total charge on the ring. We then can rewrite Eq. 22-15 as 


= ey (charged ring). (22-16) 
If the charge on the ring is negative, instead of positive as we have assumed, the 
magnitude of the field at P is still given by Eq. 22-16. However, the electric field 
vector then points toward the ring instead of away from it. 

Let us check Eq. 22-16 for a point on the central axis that is so far away that 
z > R.For such a point, the expression z? + R’ in Eq. 22-16 can be approximated 
as z’,and Eq. 22-16 becomes 


1 
= = (charged ring at large distance). (22-17) 
4 Tre ~ 





This is a reasonable result because from a large distance, the ring “looks like” 
a point charge. If we replace z with r in Eq. 22-17, we indeed do have Eq. 22-3, 
the magnitude of the electric field due to a point charge. 

Let us next check Eq. 22-16 for a point at the center of the ring—that 1s, for 
z = 0.At that point, Eq. 22-16 tells us that E = 0. This is a reasonable result because if 
we were to place a test charge at the center of the ring, there would be no net electro- 
static force acting on it; the force due to any element of the ring would be canceled by 
the force due to the element on the opposite side of the ring. By Eq. 22-1, if the force 
at the center of the ring were zero, the electric field there would also have to be zero. 





Figure 22-11a shows a plastic rod having a uniformly fete 
distributed charge —Q. The rod has been bent in a 120° Because the rod has a continuous charge 


circular arc of radius r. We place coordinate axes such distribution, we must find an expression for the electric 
that the axis of symmetry of the rod lies along the x axis fields due to differential elements of the rod and then 
and the origin is at the center of curvature P of the rod. sum those fields via calculus. 

In terms of Q and r, what is the electric field E due to An element: Consider a differential element having 
the rod at point P? arc length ds and located at an angle 6 above the x axis 


Plastic rod 
of charge —Q 





FIG. 22-11 (a) A plastic rod of charge 
—Q is acircular section of radius r and 
central angle 120°; point P is the center of 
curvature of the rod. (b) A differential ele- 
ment in the top half of the rod, at an angle 
6 to the x axis and of arc length ds, sets up 
a differential electric field dE at P Anele- 
ment ds’, symmetric to ds about the x axis, 
sets up a field dE' at P with the same mag- -Symmetric 
nitude. (c) Arc length ds makes an angle element ds’ 
d@ about point P (a) (d) (c) 





(Fig. 22-115). If we let A represent the linear charge density 
of the rod, our element ds has a differential charge of mag- 


nitude 
dq = Ads. (22-18) 
The element's field: Our element produces a differen- 
tial electric field dE at point P, which is a distance r 
from the element. Treating the element as a point 
charge, we can rewrite Eq. 22-3 to express the 
magnitude of dE as 
1 d 1 Ad 
dE = “i = = 
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(22-19) 


The direction of dE is toward ds because charge dq 1s 
negative. 


Symmetric partner: Our element has a symmetrically lo- 
cated (mirror image) element ds’ in the bottom half of the 
rod. The electric field dE" set up at P by ds’ also has the 
magnitude given by Eq. 22-19, but the field vector points 
toward ds’ as shown in Fig. 22-11b. If we resolve the elec- 
tric field vectors of ds and ds’ into x and y components as 
shown in Fig. 22-11b, we see that their y components can- 
cel (because they have equal magnitudes and are in oppo- 
site directions). We also see that their x components have 
equal magnitudes and are in the same direction. 


Summing: Thus, to find the electric field set up by the 
rod, we need sum (via integration) only the x compo- 
nents of the differential electric fields set up by all the dif- 
ferential elements of the rod. From Fig. 22-11b and Eq. 
22-19, we can write the component dE, set up by ds as 


1 ésA 
GTi QE COS ee a C08 US 22-0) 
Ate 1 


Equation 22-20 has two variables, 6 and s. Before we 
can integrate it, we must eliminate one variable. We do 
so by replacing ds, using the relation 


ds = rdé, 
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in which dé is the angle at P that includes arc length ds 
(Fig. 22-11c). With this replacement, we can integrate 
Eq. 22-20 over the angle made by the rod at P, from 6 = 
—60° to 6 = 60°; that will give us the magnitude of the 
electric field at P due to the rod: 


60° il r 
E | ae, = | =z cos Or dé 
| 60° 477Ey 1 
r 60° iN 60° 
= | cos 6d@ = sin 6 
4 TES? J-—60° 4 TEL —60° 


r 
“s [sin 60° — sin(—60°)] 
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1.73 
ae O22) 
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(If we had reversed the limits on the integration, we 
would have gotten the same result but with a minus 
sign. Since the integration gives only the magnitude of 
E’, we would then have discarded the minus sign.) 


Charge density: To evaluate A, we note that the rod 
subtends an angle of 120° and so is one-third of a full 
circle. Its arc length is then 2777/3, and its linear charge 
density must be 








_ charge Q _ 0.477Q 
length 2271/3 ro 

Substituting this into Eq. 22-21 and simplifying give us 

(1.73)(0.477Q) 

ba 

Atrepr? 
0.83Q 

= ee (Answer) 


The direction of E is toward the rod, along the axis of sym- 
metry of the charge distribution. We can write E in unit- 
vector notation as 





. 0.830 . 
E= 
A aegr? : 


PROBLEM-SOLVING TACTICS 


Tactic 1: A Field Guide for Lines of Charge Here is 
a generic guide for finding the electric field E produced at a 
point P by a line of uniform charge, either circular or straight. 
The general strategy is to pick out an element dq of the 
charge, find dE due to that element, and integrate dE over the 
entire line of charge. 


Step1. Ifthe line of charge is circular, let ds be the arc length 
of an element of the distribution. If the line is straight, 
run an x axis along it and let dx be the length of an 
element. Mark the element on a sketch. 


Step 2. Relate the charge dq of the element to the length of 
the element with either dg = A ds or dq = X dx. Consider 
dq and A to be positive, even if the charge is actually neg- 
ative. (The sign of the charge is used in the next step.) 


Step 3. Express the field dE produced at P by dq with 
Eq. 22-3, replacing g in that equation with either A ds or 
A dx. If the charge on the line 1s positive, then at P draw a 
vector dE that points directly away from dq. If the charge 
is negative, draw the vector pointing directly toward dq. 


Step 4. Always look for any symmetry in the situation. If P is 
on an axis of symmetry of the charge distribution, resolve 
the field dE produced by dq into components that are 
perpendicular and parallel to the axis of symmetry. Then 
consider a second element dq’ that is located symmettri- 
cally to dq about the line of symmetry. At P draw the 
vector dE" that this symmetrical element produces and 
resolve it into components. One of the components pro- 
duced by dq is a canceling component; it is canceled 
by the corresponding component produced by dq’ and 
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P 








Straight line, with point P at perpendicular dis- 
tance y from the line of charge, as in Fig. 22-12b. In the 
expression for dé, replace r with an expression involving 
x and y. If Pis on the perpendicular bisector of the line of 
charge, find an expression for the adding component of 
dE’. That will introduce either sin @ or cos 6. Reduce the 
resulting two variables x and 6 to one, x, by replacing the 
trigonometric function with an expression (its definition) 
involving x and y. Integrate over x from end to end of the 
line of charge. If P is not on a line of symmetry, as in Fig. 


FIG. 22-12 (a) Point Pis onan extension of the line of 22-12c, set up an integral to sum the components dE,, 
charge. (b) P is on a line of symmetry of the line of charge, at and integrate over x to find E,. Also set up an integral 
perpendicular distance y from that line. (c) Same as (b) except to sum the components dE, and integrate over x again to 


that P is not on a line of symmetry. 


find £,. Use the components £, and £,, in the usual way to 


needs no further attention. The other component pro- 
duced by dq is an adding component, it adds to the corre- 
sponding component produced by dq’. Add the adding 
components of all the elements via integration. 


Step 5. Here are four general types of uniform charge 


distributions, with strategies for simplifying the integral 
of step 4. 

Ring, with point P on (central) axis of symmetry, as 
in Fig. 22-10. In the expression for dE, replace r? with 
z* + R*, as in Eq. 22-12. Express the adding component of 
dE in terms of 6. That introduces cos 6, but 6 is identical 
for all elements and thus is not a variable. Replace cos 0 
as in Eq. 22-13. Integrate over s, around the circumfer- 
ence of the ring. 

Circular arc, with point P at the center of curvature, 
as in Fig. 22-11. Express the adding component of dE in 
terms of 6. That introduces either sin 6 or cos 6. Reduce 
the resulting two variables s and @ to one, 6, by replacing 
ds with r dé. Integrate over 6, as in Sample Problem 22-3, 


find the magnitude F and the orientation of is 


Step 6. One arrangement of the integration limits gives a pos- 
itive result. The reverse arrangement gives the same result 
with a minus sign; discard the minus sign. If the result is to 
be stated in terms of the total charge Q of the distribution, 
replace A with Q/L, in which L is the length of the distribu- 
tion. For a ring, L is the ring’s circumference. 


fix ECKPOINT 2 The figure here shows three non- 
conducting rods, one circular and two straight. Each has a 
uniform charge of magnitude Q along its top half and an- 
other along its bottom half. For each rod, what is the 
direction of the net electric field at point P? 


from one end of the arc to the other end. 

Straight line, with point P on an extension of the line, 
as in Fig. 22-12a. In the expression for dE, replace r with 
x. Integrate over x, from end to end of the line of charge. (a) (0) 





FIG. 22-13 A disk of radius R and 
uniform positive charge. The ring 
shown has radius r and radial width 
dr. It sets up a differential electric 
field dE at point P on its central axis. 








| The Electric Field Due to a Charged Disk 


Figure 22-13 shows a circular plastic disk of radius R that has a positive surface 
charge of uniform density o on its upper surface (see Table 22-2). What is the 
electric field at point P, a distance z from the disk along its central axis? 

Our plan is to divide the disk into concentric flat rings and then to calculate 
the electric field at point P by adding up (that is, by integrating) the contribu- 
tions of all the rings. Figure 22-13 shows one such ring, with radius r and radial 
width dr. Since ois the charge per unit area, the charge on the ring 1s 


dq = adA = 0 (2ar dr), (22-22) 


where dA is the differential area of the ring. 

We have already solved the problem of the electric field due to a ring of charge. 
Substituting dg from Eq. 22-22 for g in Eq. 22-16, and replacing R in Eq. 22-16 with r, 
we obtain an expression for the electric field dE at P due to the arbitrarily chosen 
flat ring of charge shown in Fig. 22-13: 


_ zo2nr dr 
A tre)(z7 poy : 


dk 
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which we may write as 
OZ 2r dr 
———————— 22-23 
de, (22 + r2)32 ( ) 
We can now find F by integrating Eq. 22-23 over the surface of the disk — 
that is, by integrating with respect to the variable r from r = 0 tor = R. Note that 
z remains constant during this process. We get 


oz |* | 
E= | ae = = | (ge +t p22 (27) de. (22-24) 
AE (0) 


To solve this integral, we cast it in the form { X™ dX by setting X = (z* + r’), 
m = —3, and dX = (2r) dr. For the recast integral we have 

Xml 

m+1° 





| X”" dX = 
and so Eq. 22-24 becomes 


Tee AP) Ps 
_ fej | (22-25) 
4E 3 0 
‘Taking the limits in Eq. 22-25 and rearranging, we find 
es ( z (Gtarsedaie (22-26) 
aS ae SS charged dis : 
2& Vz" + OR? 


as the magnitude of the electric field produced by a flat, circular, charged disk at 
points on its central axis. (In carrying out the integration, we assumed that z = 0.) 

If we let R — ~ while keeping z finite, the second term in the parentheses in 
Eq. 22-26 approaches zero, and this equation reduces to 





= (infinite sheet). (22-27) 
2€ 

This is the electric field produced by an infinite sheet of uniform charge located 
on one side of a nonconductor such as plastic. The electric field lines for such 
a situation are shown in Fig. 22-3. 

We also get Eq. 22-27 if we let z — 0 in Eq. 22-26 while keeping R finite. This 
shows that at points very close to the disk, the electric field set up by the disk is 
the same as if the disk were infinite in extent. 


22-8 | A Point Charge in an Electric Field 


In the preceding four sections we worked at the first of our two tasks: given a 
charge distribution, to find the electric field it produces in the surrounding space. 
Here we begin the second task: to determine what happens to a charged particle 
when it is in an electric field set up by other stationary or slowly moving charges. 
What happens is that an electrostatic force acts on the particle, as given by 


Roa ou (22-28) 


in which q is the charge of the particle (including its sign) and E is the electric 
field that other charges have produced at the location of the particle. (The field is 
not the field set up by the particle itself; to distinguish the two fields, the field 
acting on the particle in Eq. 22-28 is often called the external field. A charged 
particle or object is not affected by its own electric field.) Equation 22-28 tells us 
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wall 






Microscope 


FIG. 22-14 The Millikan oil-drop 
apparatus for measuring the elemen- 
tary charge e. When a charged oil 
drop drifted into chamber C through 
the hole in plate P,, its motion could 
be controlled by closing and opening 
switch S and thereby setting up or 
eliminating an electric field in cham- 
ber C. The microscope was used to 
view the drop, to permit timing of its 
motion. 


Paper 


Input 
signals 


Deflecting plate 











G € - 
Deflecting 
plate 
FIG. 22-75 The essential features of 


an ink-jet printer. Drops are shot out 
from generator G and receive a 
charge in charging unit C. An input 
signal from a computer controls 

the charge given to each drop and 
thus the effect of field E on the drop 
and the position on the paper at 
which the drop lands. About 100 tiny 
drops are needed to form a single 
character. 


i ECKPOINT 3 (a) In the figure, what is the 
direction of the electrostatic force on the electron due 
to the external electric field shown? (b) In which direc- 
tion will the electron accelerate if it is moving parallel 
to the y axis before it encounters the external field? (c) 
If, instead, the electron is initially moving rightward, 
will its speed increase, decrease, or remain constant? 





Measuring the Elementary Charge 


Equation 22-28 played a role in the measurement of the elementary charge e by 
American physicist Robert A. Millikan in 1910-1913. Figure 22-14 is a represen- 
tation of his apparatus. When tiny oil drops are sprayed into chamber A, some of 
them become charged, either positively or negatively, in the process. Consider a 
drop that drifts downward through the small hole in plate P; and into chamber C. 
Let us assume that this drop has a negative charge gq. 

If switch S in Fig. 22-14 is open as shown, battery B has no electrical effect on 
chamber C. If the switch is closed (the connection between chamber C and the 
positive terminal of the battery is then complete), the battery causes an excess 
positive charge on conducting plate P, and an excess negative charge on conduct- 
ing plate P,. The charged plates set up a downward-directed electric field E in 
chamber C. According to Eq. 22-28, this field exerts an electrostatic force on any 
charged drop that happens to be in the chamber and affects its motion. In partic- 
ular, our negatively charged drop will tend to drift upward. 

By timing the motion of oil drops with the switch opened and with it closed 
and thus determining the effect of the charge g, Millikan discovered that the 
values of g were always given by 


G Hey ORM — OMe ae ae See (22-29) 


in which e turned out to be the fundamental constant we call the elementary 
charge, 1.60 X 10°" C. Millikan’s experiment is convincing proof that charge is 
quantized, and he earned the 1923 Nobel Prize in physics in part for this work. 
Modern measurements of the elementary charge rely on a variety of interlocking 
experiments, all more precise than the pioneering experiment of Millikan. 


Ink-Jet Printing 


The need for high-quality, high-speed printing has caused a search for an 
alternative to impact printing, such as occurs in a standard typewriter. Building 
up letters by squirting tiny drops of ink at the paper is one such alternative. 

Figure 22-15 shows a negatively charged drop moving between two conduct- 
ing deflecting plates, between which a uniform, downward-directed electric field 
E has been set up. The drop is deflected upward according to Eq. 22-28 and then 
strikes the paper at a position that is determined by the magnitudes of E and the 
charge gq of the drop. 

In practice, £ is held constant and the position of the drop is determined by 
the charge g delivered to the drop in the charging unit, through which the drop 
must pass before entering the deflecting system. The charging unit, in turn, is 
activated by electronic signals that encode the material to be printed. 


Electrical Breakdown and Sparking 


If the magnitude of an electric field in air exceeds a certain critical value F,, the 
air undergoes electrical breakdown, a process whereby the field removes elec- 
trons from the atoms in the air. The air then begins to conduct electric current 
because the freed electrons are propelled into motion by the field. As they move, 
they collide with any atoms in their path, causing those atoms to emit light. We can 
see the paths, commonly called sparks, taken by the freed electrons because of that 
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emitted light. Figure 22-16 shows sparks above charged metal wires where the 
electric fields due to the wires cause electrical breakdown of the air. = 





The ability of a bee to transport pollen from flower to flower depends on two fea- 
tures. (1) Bees become charged while flying through the air. (2) The anther of a 
flower (Fig. 22-17a) is electrically isolated from the ground but the stigma is electri- 
cally connected to the ground. When a bee hovers near an anther, the electric field 
due to the charge on the bee induces charge on a neutral pollen grain, making the 
closer side slightly more negative than the farther side (Fig. 22-17b). The charges on 
the two sides are equal but their distances from the bee are not, and the attractive 
force on the closer side is slightly larger than the repulsive force on the farther 
side. As a result, the pollen grain is pulled to the bee, where it clings to hairs dur- 
ing the bee’s flight to the next flower. 

When the bee happens to come close to a stigma in the next flower, the 
charge on the bee and induced charge on the grain bring conduction electrons 
up to the tip of the stigma (Fig. 22-17c) because the stigma is electrically con- 
nected to the ground. Those electrons attract the closer side of the grain and re- 
pel the farther side. If the grain is close enough to the stigma, the net force 
causes the grain to jump to the stigma, starting the fertilization of the flower. 
Agricultural engineers now mimic this process by spraying plants with charged 
pollen grains, so that the grains collect on the stigma rather than fall uselessly to 
the ground. eS 


Stigma 
“a 
ah 





FIG, 22-16 The metal wires are so 
charged that the electric fields they 
produce in the surrounding space 
cause the air there to undergo electri- 
cal breakdown. (Adam Hart-Davis/ 
Photo Researchers) 


FIG. 22-17 (a) The anther 

and stigma portions of a flower. 
(6b) A pollen grain near an 
anther has induced charge due to 
a bee. (c) Electrons collect at a 





Charged 
surface 
of bee 





electrons 





stigma tip, attracting the grain. (a) 


Sample Problem 


(0) (c) 





Figure 22-18 shows the deflecting plates of an ink-jet 
printer, with superimposed coordinate axes. An ink 
drop with a mass m of 1.3 X 10°'° kg and a negative 
charge of magnitude O = 1.5 X 10°® C enters the re- 
gion between the plates, initially moving along the x 
axis with speed v, = 18 m/s. The length L of each 
plate is 1.6 cm. The plates are charged and thus pro- 
duce an electric field at all points between them. 
Assume that field E is downward directed, is uniform, 


y 


FIG. 22-18 An ink drop of 
mass m and charge magni- 
tude Q is deflected in the 
electric field of an ink-jet Plate 
printer. 





and has a magnitude of 1.4 X 10° N/C. What is the 
vertical deflection of the drop at the far edge of the 
plates? (The gravitational force on the drop is small 
relative to the electrostatic force acting on the drop 
and can be neglected.) 


cers The drop is negatively charged and the 


electric field is directed downward. From Eq. 22-28, a 
constant electrostatic force of magnitude QE acts up- 
ward on the charged drop. Thus, as the drop travels par- 
allel to the x axis at constant speed v,, it accelerates up- 
ward with some constant acceleration a,. 


Calculations: Applying Newton’s second law (F = ma) 
for components along the y axis, we find that 
FF. QE 


Mm Mm 


(22-30) 
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Let ¢ represent the time required for the drop to pass 
through the region between the plates. During ¢ the ver- 
tical and horizontal displacements of the drop are 

y= 5a? and L=vwlt, 


respectively. Eliminating t between these two equations 
and substituting Eq. 22-30 for a,, we find 


Positive side 





Negative side 


FIG. 22-19 A molecule of H,O, 
showing the three nuclei (repre- 
sented by dots) and the regions in 
which the electrons can be located. 
The electric dipole moment p’ points 
from the (negative) oxygen side to 
the (positive) hydrogen side of the 
molecule. 








(0) 


FIG. 22-20 (a) Anelectric dipole in 
a uniform external electric field E. 
Two centers of equal but opposite 
charge are separated by distance d. 
The line between them represents 
their rigid connection. (b) Field E 
causes a torque 7 on the dipole. The 
direction of 7 is into the page, as rep- 
resented by the symbol &). 


QEL? 
~ 2mv2 
Did@orx 1022 G4 << 102 N/@)\Gre < 102m)? 
- (2)(1.3 X 107! kg)(18 m/s) 
=6-4.< 102° m 
= 0.64 mm. 





230) 


(Answer) 
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We have defined the electric dipole moment p of an electric dipole to be a vector that 
points from the negative to the positive end of the dipole. As you will see, the behavior 
of a dipole in a uniform external electric field E can be described completely in terms 
of the two vectors E and 7 p,with no need of any details about the dipole’s structure. 

A molecule of water (H,O) is an electric dipole; Fig. 22-19 shows why. There 
the black dots represent the oxygen nucleus (having eight protons) and the two 
hydrogen nuclei (having one proton each). The colored enclosed areas represent 
the regions in which electrons can be located around the nuclei. 

In a water molecule, the two hydrogen atoms and the oxygen atom do not 
lie on a straight line but form an angle of about 105°, as shown in Fig. 22-19. As 
a result, the molecule has a definite “oxygen side” and “hydrogen side.” 
Moreover, the 10 electrons of the molecule tend to remain closer to the oxygen 
nucleus than to the hydrogen nuclei. This makes the oxygen side of the molecule 
slightly more negative than the hydrogen side and creates an electric dipole 
moment p that points along the symmetry axis of the molecule as shown. 
If the water molecule is placed in an external electric field, it behaves as would be 
expected of the more abstract electric dipole of Fig. 22-8. 

To examine this behavior, we now consider such an abstract dipole in a uniform 
external electric field E’, as shown in Fig. 22-20a. We assume that the dipole is a rigid 
structure that consists of two centers of opposite charge, each of magnitude q, sepa- 
rated by a distance d. The dipole moment p makes an angle 6 with field E. 

Electrostatic forces act on the charged ends of the dipole. Because the 
electric field is uniform, those forces act in opposite directions (as shown in 
Fig. 22-20a) and with the same magnitude F = gE. Thus, because the field is 
uniform, the net force on the dipole from the field is zero and the center of mass 
of the dipole does not move. However, the forces on the charged ends do produce 
a net torque 7 on the dipole about its center of mass. The center of mass lies on 
the line connecting the charged ends, at some distance x from one end and thus 
a distance d — x from the other end. From Eq. 10-39 (7 = rF sin #), we can write 
the magnitude of the net torque 7 as 


+= Fxsin@ + F(d — x) sin 6 = Fdsin 6. (22-32) 


We can also write the magnitude of 7 in terms of the magnitudes of the elec- 
tric field E and the dipole moment p = qd. To do so, we substitute gE for F and 
p/q for d in Eq. 22-32, finding that the magnitude of 7 is 


T= pEsin 6. (22-33) 
We can generalize this equation to vector form as 
=p x E (torque on a dipole). (22-34) 


Vectors 7 SP and E are shown in Fig. 22-20b. The torque acting on a dipole tends to 
rotate p’ (hence the dipole) into the direction of field E, thereby reducing @. In 
Fig. 22-20, such rotation is clockwise. As we discussed in Chapter 10, we can rep- 
resent a torque that gives rise to a clockwise rotation by including a minus sign 





with the magnitude of the torque. With that notation, the torque of Fig. 22-20 is 
T= —pEsin 6. (22-35) 





Potential Energy of an Electric Dipole 


Potential energy can be associated with the orientation of an electric dipole in an 
electric field. The dipole has its least potential energy when it is in its equilibrium 
orientation, which is when its moment p is lined up with the field E (then 
T=p*€x E = 0). It has greater potential energy in all other orientations. Thus 
the dipole is like a pendulum, which has its least gravitational potential energy in 
its equilibrium orientation—at its lowest point. To rotate the dipole or the 
pendulum to any other orientation requires work by some external agent. 

In any situation involving potential energy, we are free to define the zero- 
potential-energy configuration in a perfectly arbitrary way because only differ- 
ences in potential energy have physical meaning. It turns out that the expression 
for the potential energy of an electric dipole in an external electric field is simplest 
if we choose the potential energy to be zero when the angle @ in Fig. 22-20 is 90°. 
We then can find the potential energy U of the dipole at any other value of 6 with 
Eq. 8-1 (AU = —W) by calculating the work W done by the field on the dipole 
when the dipole is rotated to that value of 6 from 90°. With the aid of Eq. 10-53 (W 
= J7d6) and Eq. 22-35, we find that the potential energy U at any angle @is 


0 0 
u=-w=-|' ra0= |" pesin ods (22-36) 
9 9 


0° 0° 
Evaluating the integral leads to 


U = —pE cos 6. (22-37) 


We can generalize this equation to vector form as 
U=-p: E (potential energy of a dipole). (22-38) 


_ Equations 22-37 and 22-38 show us that the potential energy of the dipole is least (U = 
—pE) when 6 = 0(p and E are in the same direction); the potential energy is greatest 
(U = pE) when 6 = 180° ( p and E are in opposite directions). 

When a dipole rotates from an initial orientation 6; to another orientation 6,, 
the work W done on the dipole by the electric field is 


W = -AU = -(U,; - U)), (22-39) 


where U; and U; are calculated with Eq. 22-38. If the change in orientation is 
caused by an applied torque (commonly said to be due to an external agent), then 
the work W, done on the dipole by the applied torque is the negative of the work 
done on the dipole by the field; that is, 


W, = —W= (U;— Ui). (22-40) 


NT 4 The figure shows four 
orientations of an electric dipole in an external elec- 
tric field. Rank the orientations according to (a) the 
magnitude of the torque on the dipole and (b) the 
potential energy of the dipole, greatest first. 





Microwave Cooking 


Food can be warmed and cooked in a microwave oven if the food contains water 
because water molecules are electric dipoles. When you turn on the oven, the mi- 
crowave source sets up a rapidly oscillating electric field E within the oven and 
thus also within the food. From Eq. 22-34, we see that any electric field E pro- 





8 576. Chapter 22 | Electric Fields 


Sample Problem ra 


duces a | torque on an electric dipole moment p to align p with E. Because the 
oven’s E oscillates, the water molecules continuously flip-flop in a frustrated at- 
tempt to align with E. 

Energy is transferred from the electric field to the thermal energy of the water 
(and thus of the food) where three water molecules happened to have bonded to- 
gether to form a group. The flip-flop breaks some of the bonds. When the mole- 
cules reform the bonds, energy is transferred to the random motion of the group 
and then to the surrounding molecules. Soon, the thermal energy of the water is 
enough to cook the food. Sometimes the heating is surprising. If you heat a jelly 
donut, for example, the jelly (which holds a lot of water) heats far more than the 
donut material (which holds much less water). Although the exterior of the donut 
may not be hot, biting into the jelly can burn you. If water molecules were not 
electric dipoles, we would not have microwave ovens. a 


A neutral water molecule (H,O) in its vapor state has an 
electric dipole moment of magnitude 6.2 x 10°-*° C- m. 


(a) How far apart are the molecule’s centers of positive 
and negative charge? 


cr A molecule’s dipole moment depends on 


the magnitude q of the molecule’s positive or negative 
charge and the charge separation d. 


Calculations: There are 10 electrons and 10 protons in 
a neutral water molecule; so the magnitude of its dipole 


moment is 
p= ga = (ve) a). 


in which d is the separation we are seeking and e is the 
elementary charge. Thus, 





De allen et C225 lO Cm 
~ 10e = (10)(1.60 x 10-9 C) 
= 3.9 Xx 10°’ m = 3.9 pm. (Answer) 


This distance is not only small, but it is also actually 
smaller than the radius of a hydrogen atom. 


(b) If the molecule is placed in an electric field of 1.5 x 
10* N/C, what maximum torque can the field exert on it? 
(Such a field can easily be set up in the laboratory.) 





Saaz : The torque on a dipole is maximum when 
the angle 6 between p and E is 90°. 
Calculation: Substituting @ = 90° in Eq. 22-33 yields 
T= pEsin@ 
= (6.2 X 10°? C-m)(1.5 X 104 N/C)(sin 90°) 
= 9.3 X 10° N-m. (Answer) 
(c) How much work must an external agent do to rotate 


this molecule by 180° in this field, starting from its fully 
aligned position, for which 6 = 0? 





Diiiemaie’ The work done by an external agent (by 
means of a torque applied to the molecule) is equal to 
the change in the molecule’s potential energy due to the 
change in orientation. 


Calculation: From Eq. 22-40, we find 
W, = Ugo — Up 
= (—pE cos 180°) — (—pE cos 0) 
= 2pE = (2)(6.2 X 10°°° C-m)(1.5 x 104 N/C) 


=19x 10° J. (Answer) 





REVIEW & SUMMARY 


Electric Field One way to explain the electrostatic force 
between two charges is to assume that each charge sets up an 
electric field in the space around it. The electrostatic force act- 
ing on any one charge is then due to the electric field set up at 
its location by the other charge. 


Definition of Electric Field The electric field E at any 
point is defined in terms of the electrostatic force F that 
would be exerted on a positive test charge gy placed there: 

F 
Qo 


E= (22-1) 


Electric Field Lines Electric field lines provide a means for 





visualizing the direction and magnitude of electric fields. The 
electric field vector at any point is tangent to a field line through 
that point. The density of field lines in any region is proportional 
to the magnitude of the electric field in that region. Field lines 
originate on positive charges and terminate on negative charges. 


Field Due to a Point Charge The magnitude of the 
electric field E’ set up by a point charge gq at a distance r from 
the charge is 





i = : 
A Trey rc (22-3) 


The direction of E is away from the point charge if the charge 
is positive and toward it if the charge is negative. 


Field Due to an Electric Dipole An electric dipole con- 
sists of two particles with charges of equal magnitude q but 
opposite sign, separated by a small distance d. Their electric 
dipole moment p has magnitude gd and points from the 
negative charge to the positive charge. The magnitude of the 
electric field set up by the dipole at a distant point on the 
dipole axis (which runs through both charges) is 
|p 


E= ea 22-9 
2G. ( ) 





where z is the distance between the point and the center of the 
dipole. 


Field Due to a Continuous Charge Distribution 
The electric field due to a continuous charge distribution is 
found by treating charge elements as point charges and then 
summing, via integration, the electric field vectors produced 
by all the charge elements. 


QUESTIONS 


Force on a Point Charge in an Electric Field Whena 
point charge q is placed in an external electric field E, the 
electrostatic force F that acts on the point charge is 


F = gE. (22-28) 


Force F has the same direction as E if q 1S positive and the 
opposite direction if g is negative. 


Dipole in an Electric Field When an electric dipole of 
dipole moment PB is placed in an electric field E, the field 
exerts a torque 7 on the dipole: 
=BXxE. (22-34) 
The dipole has a potential energy U associated with its orien- 
tation in the field: , 
Oe Dis Tee (22-38) 


This potential energy is defined to be zero when 7 is perpen- 
dicular to E’ it is least (U = —pE) when p is aligned with E 
and greatest (U = pE) when p is directed opposite E. 





7 Figure 22-21 shows three arrangements of electric field 
lines. In each arrangement, a proton is released from rest at 
point A and is then accelerated through point B by the electric 
field. Points A and B have equal separations in the three 
arrangements. Rank the arrangements according to the linear 
momentum of the proton at point B, greatest first. 
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(a) 2) (c) 
FIG. 22-21 Question 1. 


2 Figure 22-22 shows four situations in which four charged 
particles are evenly spaced to the left and right of a central 
point. The charge values are indicated. Rank the situations 
according to the magnitude of the net electric field at the 
central point, greatest first. 








dd ad 


FIG. 22-22 Question 2. 





3 Figure 22-23 shows two 
charged particles fixed in place ad —3q 
on an axis. (a) Where on the FIG. 22-23 Question 3. 


axis (other than at an infinite distance) is there a point at 
which their net electric field is zero: between the charges, to their 
left, or to their right? (b) Is there a point of zero net electric field 
anywhere off the axis (other than at an infinite distance)? 


4 Figure 22-24 shows two square arrays of charged particles. 
The squares, which are centered on point P, are misaligned. 
The particles are separated by either d or d/2 along the 
perimeters of the squares. What are the magnitude and direc- 
tion of the net electric field at P? 


+6q +3q 


+3q 





FIG. 22-24 (Question 4. 


3 In Fig. 22-25, two particles 
of charge —gq are arranged sym- 
metrically about the y axis; each 
produces an electric field at 
point P on that axis. (a) Are the 
magnitudes of the fields at P 
equal? (b) Is each electric field 
directed toward or away from 
the charge producing it? (c) Is 
the magnitude of the net electric field at P equal to the sum of 
the magnitudes F of the two field vectors (is it equal to 2E)? 
(d) Do the x components of those two field vectors add or can- 
cel? (e) Do their y components add or cancel? (f) Is the direc- 
tion of the net field at P that of the canceling components or 





FIG. 22-25 QuestionS. 
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the adding components? (g) 
What is the direction of the net 


field? | i. 
i 


M 


ee 
6 In Fig. 22-26, an electrone “4! : _ 
travels through a small hole in ; 
plate A and then toward plate A if 
B. A uniform electric field in 
the region between the plates RIS p emer a uesuane. 
then slows the electron without deflecting it. (a) What is the 
direction of the field? (b) Four other particles similarly travel 
through small holes in either plate A or plate B and then into 
the region between the plates. Three have charges +q,, +qp, 
and —q3. The fourth (labeled n) is a neutron, which is electri- 
cally neutral. Does the speed of each of those four other parti- 
cles increase, decrease, or remain the same in the region be- 
tween the plates? 


7 In Fig. 22-27a, a circular plastic rod with uniform charge 
+ Q produces an electric field of magnitude E at the center of 
curvature (at the origin). In Figs. 22-27b, c, and d, more 
circular rods, each with identical uniform charges +Q, are 
added until the circle is complete. A fifth arrangement (which 
would be labeled e) is like that in d except the rod in the 


(a) 





(d) 
FIG. 22-27 (Question 7. 





PROBLEMS 


fourth quadrant has charge —Q. Rank the five arrangements 
according to the magnitude of the electric field at the center of 
curvature, greatest first. 


8 In Fig. 22-28, two identical circular nonconducting rings 
are centered on the same line. For three situations, the uni- 
form charges on rings A and B are, respectively, (1) go and qo, 
(2) —qo and —qpo, and (3) —qo 
and qo. Rank the situations 
according to the magnitude 
of the net electric field at (a) 
point P,; midway between 
the rings, (b) point P, at the 
center of ring B, and (c) point 
P; to the right of ring B, greatest first. 





FIG. 22-28 Question &. 


9 The potential energies associated with four orientations 
of an electric dipole in an electric field are (1) —5Up, (2) —7U,, 
(3) 3Up, and (4) 5Uo, where Up is positive. Rank the orienta- 
tions according to (a) the angle between the electric dipole 
moment 7 and the electric field E and (b) the magnitude of 
the torque on the electric dipole, greatest first. 


10 (a) In Checkpoint 4, if the dipole rotates from orienta- 
tion 1 to orientation 2, is the work done on the dipole by the 
field positive, negative, or zero? (b) If, instead, the dipole ro- 
tates from orientation 1 to orientation 4, is the work done by 
the field more than, less than, or the same as in (a)? 


141 Figure 22-29 shows two disks and a flat ring, each with the 
same uniform charge Q. Rank the objects according to the 
magnitude of the electric field they create at points P (which 
are at the same vertical heights), greatest first. 





FIG. 22-29 Question 11. 





@ Tutoring problem available (at instructor's discretion) in WileyPLUS and WebAssign 


SSM Worked-out solution available in Student Solutions Manual 


® —@@@ Number of dots indicates level of problem difficulty 


WWW Worked-out solution is at 





http://www.wiley.com/college/halliday 





Interactive solution is at 


See Additional information available in The Flying Circus of Physics and at flyingcircusofphysics.com 
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sec. 22-3 Electric Field Lines 
4 In Fig. 22-30 the electric 





field lines on the lefthave twice © 3¢  °—————— 
thesseparation "OL thoser@r: (Gt eat seen ere 


right. (a) If the magnitude of 
the field at A is 40 N/C, what is 
the magnitude of the force on a 
proton at A? (b) What is the magnitude of the field at B? 


FIG. 22-30 Problem 1. 


*2 Sketch qualitatively the electric field lines both between 
and outside two concentric conducting spherical shells when a 


uniform positive charge gq, is on the inner shell and a uniform 
negative charge —q> is on the outer. Consider the cases g, > 
9241 = Go, and q; < qo. 





sec. 22-4 The Electric Field Due to a Point Charge 


°®3 What is the magnitude of a point charge whose electric 
field 50 cm away has the magnitude 2.0 N/C? SSM 


4 What is the magnitude of a point charge that would cre- 
ate an electric field of 1.00 N/C at points 1.00 m away? 


9 The nucleus of a plutonium-239 atom contains 94 pro- 


tons. Assume that the nucleus is a sphere with radius 6.64 fm 
and with the charge of the protons uniformly spread through 
the sphere. At the nucleus surface, what are the (a) magnitude 
and (b) direction (radially inward or outward) of the electric 
field produced by the protons? SsM 


«6 ‘Two particles are fixed to an x axis: particle 1 of charge 
—2.00 X 107’ C at x =6.00cm and particle 2 of charge 
+2.00 x 10°’ C at x = 21.0 cm. Midway between the particles, 
what is their net electric field in unit-vector notation? 


ef Two particles are fixed to an x axis: particle 1 of charge 
g, = 2.1 X 10°° C at x = 20cm and particle 2 of charge gq, = 
—4.00q, at x = 70 cm. At what coordinate on the axis is the net 
electric field produced by the particles equal to zero? SSM 


8 In Fig. 22-31, particle 1 of 
charge q, = —5.00g and particle 2 y 
of charge g, = +2.00g are fixed to 
an x axis. (a) As a multiple of dis- 
tance L, at what coordinate on the 
axis 1s the net electric field of the 
particles zero? (b) Sketch the net 
electric field lines. 


9 In Fig. 22-32, the four parti- 
cles form a square of edge length a 
= 5.00 cm and have charges gq; = 
+10.0nC, g.= —-20.0nC, q3= 
+20.0 nC, and g, = —10.0 nC. In 
unit-vector notation, what net 
electric field do the particles pro- 
duce at the square’s center? 
SSM ILW WWW 


ee1Q In Fig. 22-33, the four par- 
ticles are fixed in place and have 
charges gq, = gz = +5e, g3 = +3e, 
and g4, = —12e. Distance d = 5.0 
ym. What is the magnitude of the 
net electric field at point P due to 
the particles? 3 


e147 Figure 22-34 shows two 
charged particles on an x axis: 
== 3.20 105? (Cranes = 
=F 00mmeancng =S oO 10rs ee 
at x = +3.00 m. What are the (a) 
magnitude and (b) direction (rel- 
ative to the positive direction of 
the x axis) of the net electric field 
produced at point P at y = 4.00 ) 


m’? @ P 


ee12 Figure 22-35a shows two 
charged particles fixed in place 
on an x axis with separation L. 
The ratio qg,/q, of their charge 









FIG. 22-31 Problem 8. 
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FIG. 22-32 Problem 9. 





FIG. 22-33 Problem 10. 


magnitudes is 4.00. Figure 22-35b @- x 


shows the x component Ey, of  ~4 1 
their net electric field along the x 

axis just to the right of particle 2. FIG. 22-34 Problem 11. 
The x axis scale is set by x, = 30.0 

cm. (a) At what value of x > 0 is E,.,, maximum? (b) If 
particle 2 has charge —q, = —3e, what is the value of that 
maximum? 


qo 





Beale NAC) 





(a) 


FIG. 22-35 Problem 12. 


ee73 In Fig. 22-36, the three particles 
are fixed in place and have charges q, 
= g. = +e and q3 = +2e. Distance a = 
6.00 wm. What are the (a) magnitude 
and (b) direction of the net electric 
field at point P due to the particles? 


e¢74 Figure 22-37 shows an uneven 
arrangement of electrons (e) and pro- 
tons (p) on a circular arc of radius r = 
2.00 cm, with angles 6, = 30.0°, @ = 
50.0°, 63; = 30.0°, and 4, = 20.0°. 
What are the (a) magnitude and 
(b) direction (relative to the 
positive direction of the x axis) 
of the net electric field pro- 
duced at the center of the arc? 


ee75 Figure 22-38 shows a 
proton (p) on the central axis 
through a disk with a uniform 
charge density due to excess 
electrons. Three of those elec- 
trons are shown: electron e, at p 

the disk center and electrons e, 

at opposite sides of the disk, at 

radius R from the center. The e e e 
proton is initially at distance z = 
R= 2.00 cm from the disk. At 
that location, what are the mag- 
nitudes of (a) the electric field 
E. due to electron e, and (b) the 
net electric field Bae, due to electrons e,? The proton is then 
moved to z= R/10.0. What then are the magnitudes of 
(c) E, and (d) cee at the proton’s location? (e) From (a) and 
(c) we see that as the proton gets nearer to the disk, the magni- 
tude of E. increases. Why does the magnitude of ee decrease, 
as we see from (b) and (d)? 


eee76 Figure 22-39 shows a 
plastic ring of radius R= 
50.0cm. Two small charged 
beads are on the ring: Bead 1 
of charge +2.00 uC is fixed in 
place at the left side; bead 2 of 
charge +6.00u4~C can be 
moved along the ring. The two 
beads produce a net electric 
field of magnitude FE at the 
center of the ring. At what (a) 
positive and (b) negative value of angle 6 should bead 2 be po- 
sitioned such that E = 2.00 x 10° N/C? 





FIG, 22-36 
Problem 13. 
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FIG. 22-38 Problem 15. 
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FIG. 22-39 Problem 16. 
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eee47 ‘Two charged beads are on the plastic ring in Fig. 22-40a. 
Bead 2, which is not shown, is fixed in place on the ring, which has 
radius R = 60.0 cm. Bead 1 is initially on the x axis at angle @ = 0°. 
It is then moved to the opposite side, at angle 6 = 180°, through 
the first and second quadrants of the xy coordinate system. Figure 
22-40b gives the x component of the net electric field produced at 
the origin by the two beads as a function of 6, and Fig. 22-40c gives 
the y component. The vertical axis scales are set by E,, = 5.0 X 10* 
N/C and E,, = —9.0 < 10* NIC. (a) At what angle 0 is bead 2 lo- 
cated’? What are the charges of (b) bead 1 and (c) bead 2? 


90° 180° 





FIG. 22-40 Problem 17. 


sec. 22-5 The Electric Field Due to an Electric Dipole 
®e78 Equations 22-8 and 22-9 are approximations of the mag- 
nitude of the electric field of an electric dipole, at points along 
the dipole axis. Consider a point P on that axis at distance z = 
5.00d from the dipole center (d is the separation distance be- 
tween the particles of the dipole). Let F,,,, be the magnitude of 
the field at point P as approximated by Eqs. 22-8 and 22-9. Let 
Ect be the actual magnitude. What is the ratio Eayy/Eact? 


ee19 Figure 22-41 shows an electric dipole. What are the 
(a) magnitude and (b) direction (relative to the positive 
direction of the x axis) of the dipole’s electric field at point P, 
located at distance r > d? 


+¢@ y 


i. ie 


a 


d/2 


+8 


ee20 The electric field of an electric dipole along the dipole 
axis is approximated by Eqs. 22-8 and 22-9. If a binomial ex- 
pansion is made of Eq. 22-7, what is the next term in the ex- 
pression for the dipole’s electric field along the dipole axis? 
That is, what is £,,.,; in the expression 

eee cigehe en 


3 next * 


“y © 


FIG. 22-41 Problem 19. 
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eee24 Electric quadrupole. 
Figure 22-42 shows an electric 
quadrupole. It consists of two 
dipoles with dipole moments 
that are equal in magnitude but 
opposite in direction.Show that <——= 
the value of Eon the axisofthe ~~? BP 
quadrupole for a point Padis- — Fig. 22-42 Problem 21. 
tance z from its center (assume 

z > d)is given by 





ae 


Ate z* ’ 





in which Q (= 2qd*) is known as the quadrupole moment of 
the charge distribution. SSM 


sec. 22-6 The Electric Field Due to a Line of Charge 

°22 Density, density, density. (a) A charge —300e is uni- 
formly distributed along a circular arc of radius 4.00 cm, which 
subtends an angle of 40°. What is the linear charge density 
along the arc? (b) A charge —300e is uniformly distributed 
over one face of a circular disk of radius 2.00 cm. What is the 
surface charge density over that face? (c) A charge —300e is 
uniformly distributed over the surface of a sphere of radius 
2.00 cm. What is the surface charge density over that surface? 
(d) A charge —300e is uniformly spread through the volume 
of a sphere of radius 2.00 cm. What is the volume charge den- 
sity in that sphere? 


e23 Figure 22-43 shows two 
parallel nonconducting rings 
with their central axes along a 
common line. Ring 1 has uni- 
form charge g, and radius R; 
ring 2 has uniform charge q, 
and the same radius R. The 
rings are separated by distance 
d = 3.00R. The net electric field 
at point P on the common line, at distance R 
from ring 1, is zero. What is the ratio g,/q? 


ee24 In Fig. 22-44, a thin glass rod forms a 
semicircle of radius r = 5.00cm. Charge is 
uniformly distributed along the rod, with +q % 

= 4.50 pC in the upper half and —g = —4.50 “7p : 
pC in the lower half. What are the (a) magni- 7 
tude and (b) direction (relative to the positive 
direction of the x axis) of the electric field E at 
P,the center of the semicircle? !W 





FIG. 22-43 Problem 23. 





FIG. 22-44 
Problem 24. 


ee25 In Fig. 22-45, two curved plastic 
rods, one of charge +g and the other 
of charge —q, form a circle of radius R 
= 8.50 cm in an xy plane. The x axis 
passes through both of the connecting 
points, and the charge is distributed 
uniformly on both rods. If g = 15.0 
pC, what are the (a) magnitude and 
(b) direction (relative to the positive 
direction of the x axis) of the electric 
field E produced at P, the center of the circle? 





FIG, 22-45 
Problem 25. 


¢e26 Charge is uniformly distributed around a ring of radius R 
= 2.40 cm, and the resulting electric field magnitude FE is mea- 
sured along the ring’s central axis (perpendicular to the plane of 


the ring). At what distance from -q p 
the ring’s center is £ maximum? | 


®e27 In Fig. 22-46, a noncon- 

ducting rod of length L= = Fig.22.46 Problem 27. 
8.15 cm has charge —q = —4.23 

fC uniformly distributed along its length. (a) What is the linear 
charge density of the rod? What are the (b) magnitude and (c) 
direction (relative to the positive direction of the x axis) of the 
electric field produced at point P, at distance a = 12.0 cm from 
the rod? What is the electric field magnitude produced at dis- 
tance a = 50 m by (d) the rod and (e) a particle of charge —q = 
—4,23 fC that replaces the rod? ssmitw www 


x 


ar esl 





L 





ee28 Figure 22-47 shows two 
concentric rings, of radi R and 
R' = 3.00R, that lie on the same 
plane. Point P lies on the central 
z axis, at distance D = 2.00R 
from the center of the rings. The 
smaller ring has uniformly dis- 
tributed charge +Q. In terms of 
Q, what is the uniformly distrib- 
uted charge on the larger ring if 
the net electric field at P is zero? 


ee29 Figure 22-48 shows 
three circular arcs centered on 
the origin of a coordinate sys- 
tem. On each arc, the uniformly 
distributed charge is given in 
terms of O = 2.00 wC. The radu 
are given in terms of R = 10.0 
cm. What are the (a) magnitude 
and (b) direction (relative to 
the positive x direction) of the 
net electric field at the origin 
due to the arcs? 


FIG. 22-48 Problem 29. 


*e30 A thin nonconducting 
rod with a uniform distribution 
of positive charge Q is bent into 
a circle of radius R (Fig. 22-49). 
The central perpendicular axis 
through the ring is a Z axis, 
with the origin at the center of 
the ring. What is the magnitude 
of the electric field due to the 
rod at (a) z = 0 and (b) z= &? 
(c) In terms of R, at what positive value of z is that magnitude 
maximum? (d) If R = 2.00cm and Q = 4.00 uC, what is the 
maximum magnitude? 





FIG. 22-49 Problem 30. 


ee3% Figure 22-50a shows a nonconducting rod with a uni- 
formly distributed charge +@Q. The rod forms a half-circle with 





(d) 
FIG. 22-50 Problem 31. 








radius R and produces an electric field of magnitude £,,,. at its 
center of curvature P. If the arc is collapsed to a point at distance 
R from P (Fig. 22-50b), by what factor is the magnitude of the 
electric field at P multiplied? 


eee32 In Fig. 22-51, positive oP 
charge g = 7.81 pC is spread uni- 
formly along a thin nonconduct- 
ing rod of length L = 14.5 cm. 
What are the (a) magnitude and 
(b) direction (relative tothe pos- 
itive direction of the x axis) of a 
the electric field produced at 
point P, at distance R = 6.00 cm 
from the rod along its perpen- 
dicular bisector? 


eee33 In Fig. 22-52, a “semi-infi- | 
nite” nonconducting rod (that is,in- —_p 





R 








ee 
FIG. 22-51 Problem 32. 








finite in one direction only) has uni- 
form linear charge density A. Show 
that the electric field E, at point P 
makes an angle of 45° with the rod 
and that this result is independent 
of the distance R. (Hint: Separately find the component of E, par- 
allel to the rod and the component perpendicular to the rod.) 


sec. 22-7 The Electric Field Due to a Charged Disk 

#34 A disk of radius 2.5 cm has a surface charge density of 
5.3 wC/m? on its upper face. What is the magnitude of the elec- 
tric field produced by the disk at a point on its central axis at 
distance z = 12 cm from the disk? 


FIG. 22-52 Problem 33. 


35 At what distance along the central perpendicular axis of 
a uniformly charged plastic disk of radius 0.600 m is the mag- 
nitude of the electric field equal to one-half the magnitude of 
the field at the center of the surface of the disk? ssm www 


e°36 Figure 22-53a shows a circular disk that is uniformly 
charged. The central z axis is perpendicular to the disk face, 
with the origin at the disk. Figure 22-53b gives the magnitude 
of the electric field along that axis in terms of the maximum 
magnitude E,, at the disk surface. The z axis scale is set by z, = 
8.0 cm. What is the radius of the disk? 


> 
A 





z (cm) 
(a) (b) 
FIG. 22-53 Problem 36. 


e®37 Suppose you design an 
apparatus in which a uniformly 
charged disk of radius R is to 
produce an electric field. The 
field magnitude is most impor- 
tant along the central perpen- 
dicular axis of the disk, at a 
point P at distance 2.00R from 
the disk (Fig. 22-54a). Cost (a) (0) 

analysis suggests that you FIG. 22-54 Problem 37. 
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switch to a ring of the same outer radius R but with inner radius 
R/2.00 (Fig. 22-54b). Assume that the ring will have the same 
surface charge density as the original disk. If you switch to the 
ring, by what percentage will you decrease the electric field 
magnitude at P? 


ee38 A circular plastic disk with radius R = 2.00 cm has a 
uniformly distributed charge OQ = +(2.00 X 10°)e on one face. 
A circular ring of width 30 um is centered on that face, with 
the center of that width at radius r = 0.50 cm. In coulombs, 
what charge is contained within the width of the ring? 


sec. 22-8 A Point Charge in an Electric Field 

39 An electron is released from rest in a uniform electric 
field of magnitude 2.00 x 10* N/C. Calculate the acceleration 
of the electron. (Ignore gravitation.) SSM 


e40 An electron is accelerated eastward at 1.80 < 10? m/s? 
by an electric field. Determine the (a) magnitude and 
(b) direction of the electric field. 


e471 An electron on the axis of an electric dipole is 25 nm 
from the center of the dipole. What is the magnitude of the 
electrostatic force on the electron if the dipole moment is 
3.6 X 10-7? C-m? Assume that 25 nm is much larger than the 
dipole charge separation. !tW 


e42 An alpha particle (the nucleus of a helium atom) has a 
mass of 6.64 X 10°?’ kg and a charge of +2e. What are the 
(a) magnitude and (b) direction of the electric field that will 
balance the gravitational force on the particle? 


e43 Acharged cloud system produces an electric field in the 
air near Earth’s surface. A particle of charge —2.0 X 10°? Cis 
acted on by a downward electrostatic force of 3.0 X 10°°N 
when placed in this field. (a) What is the magnitude of the 
electric field? What are the (b) magnitude and (c) direction of 
the electrostatic force EF, on the proton placed in this field? 
(d) What is the magnitude of the gravitational force FE on the 
proton? (e) What is the ratio F,,/F, in this case? SSM 


44 Humid air breaks down (its molecules become ionized) 
in an electric field of 3.0 x 10° N/C. In that field, what is the 
magnitude of the electrostatic force on (a) an electron and 
(b) an ion with a single electron missing? 


®45 Beams of high-speed protons can be produced in 
“suns” using electric fields to accelerate the protons. (a) What 
acceleration would a proton experience if the gun’s electric 
field were 2.00 x 10* N/C? (b) What speed would the proton 
attain if the field accelerated the proton through a distance of 
1.00cm? SSM 


°46 An electron with a speed of 5.00 X 10° cm/s enters an 
electric field of magnitude 1.00 x 10° N/C, traveling along a 
field line in the direction that retards its motion. (a) How far 
will the electron travel in the field before stopping momen- 
tarily, and (b) how much time will have elapsed? (c) If the 
region containing the electric field is 8.00 mm long (too short 
for the electron to stop within it), what fraction of the elec- 
tron’s initial kinetic energy will be lost in that region? © 


47 Jn Millikan’s experiment, an oil drop of radius 1.64 wm 
and density 0.851 g/cm? is suspended in chamber C (Fig. 
22-14) when a downward electric field of 1.92 X 10° N/C is 
applied. Find the charge on the drop, in terms of e. 


ee48 At some instant the velocity components of an elec- 
tron moving between two charged parallel plates are v, = 


1.5 X 10° m/s and v, = 3.0 X 10° m/s, Suppose the electric field 
between the plates is given by E = (120 N/C)j. In unit-vector 
notation, what are (a) the electron’s acceleration in that field 
and (b) the electron’s velocity when its x coordinate has 
changed by 2.0 cm? 


ee49 A uniform electric field exists in a region between two 
oppositely charged plates. An electron is released from rest at 
the surface of the negatively charged plate and strikes the sur- 
face of the opposite plate, 2.0 cm away, in a time 1.5 x 1078s. 
(a) What is the speed of the electron as it strikes the second 
plate? (b) What is the magnitude of the electric field E? iw 


@¢@50 = In Fig. 22-55, an electron 
is shot at an initial speed of 
Vo = 2.00 X 10° m/s, at angle 4 
= 40.0° from an x axis. It moves 
through a uniform electric field 
E = (5.00 N/C)j. A screen for a 

detecting electrons is posi- F!G.22-55 Problem 50. 


tioned parallel to the y axis, at 
distance x =3.00m. In unit- Positive, | Negative 
plate |p plate 
kee 
ee 
E 
FIG. 22-56 Problem 51. 


screen 


x 





vector notation, what is the ve- 
locity of the electron when it 
hits the screen? © 


ee51 Two large parallel cop- 
per plates are 5.0 cm apart and 
have a uniform electric field be- 
tween them as depicted in Fig. 
22-56. An electron is released 
from the negative plate at the same time that a proton 1s re- 
leased from the positive plate. Neglect the force of the particles 
on each other and find their distance from the positive plate 
when they pass each other. (Does it surprise you that you need 
not know the electric field to solve this problem?) €% 


ee52 In Fig. 22-57, an electron 
(e) is to be released from rest on 
the central axis of a uniformly 
charged disk of radius R. The sur- 
face charge density on the disk is 
+4.00 jsC/m?. What is the magni- 
tude of the electron’s initial ac- — 
celeration if itis released ata dis- Fie, 29-87 Problem 52. 
tance (a) R, (b) R/100, and (c) 

R/1000 from the center of the disk? (d) Why does the acceler- 
ation magnitude increase only slightly as the release point is 
moved closer to the disk? 


ee53 A 10.0g block with a charge of +8.00 x 10 °C is 
placed in an electric field E = (30001 — 600)) N/C. What are 
the (a) magnitude and (b) direction (relative to the positive 
direction of the x axis) of the electrostatic force on the block? 
If the block is released from rest at the origin at time ¢t = 0, 
what are its (c) x and (d) y coordinates at t = 3.00 s? 





e@54 An electron enters a region of uniform electric field 
with an initial velocity of 40 km/s in the same direction as 
the electric field, which has magnitude FE = 50 N/C. (a) What 
is the speed of the electron 1.5 ns after entering this region? 
(b) How far does the electron travel during the 1.5 ns 
interval? 


®@55 Assume that a honeybee is a sphere of diameter 1.000 
cm with a charge of +45.0 pC uniformly spread over its surface. 


Assume also that a spherical pollen grain of diameter 40.0 wm 
is electrically held on the surface of the sphere because the 
bee’s charge induces a charge of —1.00 pC on the near side of 
the sphere and a charge of +1.00 pC on the far side. (a) What 
is the magnitude of the net electrostatic force on the grain due 
to the bee? Next, assume that the bee brings the grain to a 
distance of 1.000 mm from the tip of a flower’s stigma and that 
the tip is a particle of charge —45.0 pC. (b) What is the magni- 
tude of the net electrostatic force on the grain due to the 
stigma? (c) Does the grain remain on the bee or does it move 


to the stigma? Mme 


sec, 22-9 A Dipole in an Electric Field 
¢56 An electric dipole consists of charges +2e and —2e sep- 
arated by 0.78 nm. It is in an electric field of strength 3.4 x 
10° N/C. Calculate the magnitude of the torque on the dipole 
when the dipole moment is (a) parallel to, (b) perpendicular 
to, and (c) antiparallel to the electric field. 


#57 An electric dipole consisting of charges of magnitude 
1.50 nC separated by 6.20 um is in an electric field of strength 
1100 N/C. What are (a) the magnitude of the electric dipole 
moment and (b) the difference between the potential energies 
for dipole orientations parallel and antiparallel to E? ssm 


ee58 A certain electric dipole 1s 
placed in a uniform electric field E of 
magnitude 40 N/C. Figure 22-58 gives 
the magnitude 7 of the torque on the 
dipole versus the angle @ between field 
E and the dipole moment p.The verti- 
cal axis scale is set by 7, = 100 x 10° 
N-m. What is the magnitude of p? 





7 (10°72 N-m) 


0 





e«59 Find an expression for the oscillation frequency of an 
electric dipole of dipole moment 7p and rotational inertia J for 
small amplitudes of oscillation about its equilibrium position 
in a uniform electric field of magnitude F. 


*e60 A certain electric dipole 
is placed in a uniform electric 
field E of magnitude 20 N/C. 
Figure 22-59 gives the potential 
energy U of the dipole versus the 
angle 6 between E and the dipole 
moment p. The vertical axis scale 
is set by U, = 100 X 107-78 J. What 
is the magnitude of p? 


(1024) 





FIG. 22-59 Problem 60. 


®@§4 How much work is required to turn an electric dipole 
180° in a uniform electric field of magnitude EF = 46.0 N/C if 
p = 3.02 X 10°” C: mand the initial angle is 64°? 


Additional Problems 


62 In one of his experiments, Millikan observed that the fol- 
lowing measured charges, among others, appeared at different 
times on a single drop: 


G63) <P He 
$204 % lr’ C 
I S0rl0r ee 


Isls c 
1G AS i NOES 
18:08 X10 Ae 


199i rene 
28K Nore Cc 
26.13" 10°" 


What value for the elementary charge e can be deduced from 
these data? 


FIG. 22-58 Problem 58. 


63 In Fig. 22-60a, a 
particle of charge +Q 
produces an_ electric 
field of magnitude EF, 
at point P, at distance 
R from the particle. 
In Fig. 22-60b, that 
same amount of 
charge is spread uni- 
formly along a circular arc that has radius R and subtends an 





FIG. 22-60 Problem 63. 


‘angle 6. The charge on the arc produces an electric field 


of magnitude E,,, at its center of curvature P For what value 
of 6 does Fy,. = O.500E ja? (Hint: You will probably resort to 
a graphical solution. ) 


64 In Fig. 22-61, eight particles 
form a square in which distance d = 
2.0 cm. The charges are gq, = +3e, qo 
= Ch BO ear Oey ie ee, Ge 
+3e, dg = +e, G7 = —Se, and gg = 
+e. In unit-vector notation, what 
net electric field do the particles d (dd 
produce at the square’s center? 











65 Two particles, each with a 47 16 q5 
charge of magnitude 12 nC, are at pies 99.64 Problem 64. 
two of the vertices of an equilateral 

triangle with edge length 2.0 m. What is the magnitude of the 
electric field at the third vertex if (a) both charges are positive 
and (b) one charge is positive and the other is negative? 


66 Three particles, each with positive charge Q, form an 
equilateral triangle, with each side of length d. What is the 
magnitude of the electric field produced by the particles at the 
midpoint of any side? 


67 A particle of charge —q, is at the origin of an x axis. 
(a) At what location on the axis should a particle of charge 
—4q, be placed so that the net electric field is zero at x = 
2.0 mm on the axis? (b) If, instead, a particle of charge +4q, 1s 
placed at that location, what is the direction (relative to the 
positive direction of the x axis) of the net electric field at x = 
2.0 mm? 


68 A proton and an electron form two corners of an equilat- 
eral triangle of side length 2.0 X 107° m. What is the magni- 
tude of the net electric field these two particles produce at the 


third corner? : 

69 In Fig. 22-62, particle 1 (of / “\ | 
i a 
/ \ x 


charge +1.00 pC), particle 2 (of 


charge +1.00 uC), and particle 3 A KN 

(of charge Q) form an equilateral / \ 

triangle of edge length a. For | 9 
& 


what value of Q (both sign and sf. 
magnitude) does the net electric 
field produced by the particles at 
the center of the triangle vanish? 





a 





| 


FIG. 22-62 Problems 69 
and 82. 


22-13 have for the electric field on the surface of the disk at its 
center to have magnitude 3.0 X 10° N/C, the E value at which 
air breaks down electrically, producing sparks? Take the disk 
radius as 2.5cm, and use the listing for air in Table 22-1. 
(b) Suppose each surface atom has an effective cross-sectional 
area of 0.015 nm’. How many atoms are needed to make up 
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the disk surface? (c) The charge calculated in (a) results from 
some of the surface atoms having one excess electron. What 
fraction of these atoms must be so charged? 


77 Aspherical water drop 1.20 um in diameter is suspended 
in calm air due to a downward-directed atmospheric electric 
field of magnitude E = 462 N/C. (a) What is the magnitude of 
the gravitational force on the drop? (b) How many excess 
electrons does it have? 


72 In Fig. 22-63, an electric dipole swings 
from an initial orientation i (6, = 20.0°) to 
a final orientation f (6; = 20.0°) in a uniform 
external electric field E. The electric dipole 
moment is 1.60 X 10-7’ C- m; the field mag- 
nitude is 3.00 X 10° N/C. What is the change 
in the dipole’s potential energy? 





73 A charge of 20 nC is uniformly dis- 
tributed along a straight rod of length 4.0 
m that is bent into a circular arc with a ra- 
dius of 2.0 m. What is the magnitude of the 
electric field at the center of curvature of the arc? 


FIG. 22-63 
Problem 72. 


74 (a) What is the magnitude of an electron’s acceleration in a 
uniform electric field of magnitude 1.40 x 10° N/C? (b) How 
long would the electron take, starting from rest, to attain one- 
tenth the speed of light? (c) How far would it travel in that time? 


75 A clock face has negative point charges —q, —2q, 
—3q,..., —12q fixed at the positions of the corresponding 
numerals. The clock hands do not perturb the net field due to 
the point charges. At what time does the hour hand point 
in the same direction as the electric field vector at the center 
of the dial? (Hint: Use symmetry.) 


76 An electron is constrained to the central axis of the ring 
of charge of radius R in Fig. 22-10, with z < R. Show that the 
electrostatic force on the electron can cause it to oscillate 
through the ring center with an angular frequency 


_ \ eq 
. Ate, mR? . 


where q is the ring’s charge and mis the electron’s mass. 


77. Anelectric field E with an average magnitude of about 
150 N/C points downward in the atmosphere near Earth’s 
surface. We wish to “float” a sulfur sphere weighing 4.4 N in 
this field by charging the sphere. (a) What charge (both sign 
and magnitude) must be used? (b) Why is the experiment 
impractical? 


78 Calculate the electric dipole moment of an electron and 
a proton 4.30 nm apart. 


79 The electric field in an xy plane produced by a posi- 
tively charged particle is 7.2(4.0i + 3.0}) N/C at the point 
(3.0, 3.0) cm and 100i N/C at the point (2.0, 0) cm. What are 
the (a) x and (b) y coordinates of the particle? (c) What is the 
charge of the particle? SSM 


80 Acircular rod has a radius of curvature R = 9.00 cm and 
a uniformly distributed positive charge Q = 6.25 pC and sub- 
tends an angle 6 = 2.40 rad. What is the magnitude of the elec- 
tric field that Q produces at the center of curvature? 


81 Anelectric dipole with dipole moment 


B = (3.00i + 4.00) )(1.24 x 10°°° C-m) 


is in an electric field E = (4000 N/C)i. (a) What is the poten- 
tial energy of the electric dipole? (b) What is the torque acting 
on it? (c) If an external agent turns the dipole until its electric 
dipole moment is 


P = (—4.00i + 3.00} )(1.24 x 10-39 C-m), 
how much work is done by the agent? ssm 


82 In Fig. 22-62, particle 1 (of charge +2.00 pC), particle 2 
(of charge —2.00 pC), and particle 3 (of charge +5.00 pC) 
form an equilateral triangle of edge length a = 9.50 cm. 
(a) Relative to the positive direction of the x axis, determine 
the direction of the force F on particle 3 due to the other 
particles by sketching electric field lines of the other particles. 
(b) Calculate the magnitude of force F}. 


83 A charge (uniform linear density = 9.0nC/m) lies on 
a string that is stretched along an x axis from x =0 to 
x = 3.0 m. Determine the magnitude of the electric field at 
x = 4.0m on the x axis. 


84 ‘Two particles, each of positive charge q, are fixed in place 
on a y axis, one at y = d and the other at y = —d. (a) Write an 
expression that gives the magnitude E of the net electric field 
at points on the x axis given by x = ad. (b) Graph E versus a 
for the range 0 < a < 4. From the graph, determine the values 
of a that give (c) the maximum value of FE and (d) half the 
maximum value of E. 


85 In Fig. 22-64, particle 1 of charge g,; = 1.00 pC and 
particle 2 of charge q, = —2.00 pC are fixed at a distance d = 
5.00 cm apart. In unit-vector notation, what is the net electric 
field at points (a) A, (b) B, and (c) C? (d) Sketch the electric 
field lines. 


— d——>-@< § a d -+-e--— d —_* 
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FIG. 22-64 Problem§835. 





86 In Fig. 22-65, a uniform, 

upward electric field E of mag- | 
nitude 2.00 X 10° N/C has been | 
set up between two horizontal 
plates by charging the lower 
plate positively and the upper . L al 
plate negatively. The plates | 

have meee L=100¢em and C-2265 Problem 86. 
separation d = 2.00 cm. An electron is then shot between the 
plates from the left edge of the lower plate. The initial velocity 
Vo of the electron makes an angle 6 = 45.0° with the lower 
plate and has a magnitude of 6.00 X 10° m/s. (a) Will the elec- 
tron strike one of the plates? (b) If so, which plate and how far 
horizontally from the left edge will the electron strike? 





87 For the data of Problem 62, assume that the charge qg on 
the drop is given by g = ne, where n is an integer and e is the 
elementary charge. (a) Find for each given value of g. (b) Do 
a linear regression fit of the values of qg versus the values of 
n and then use that fit to find e. 


88 In Fig. 22-8, let both charges be positive. Assuming z > d, 
show that F at point P in that figure is then given by 


ee 


Ame, Zz? 
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Lightning storms are danger- 


ous for several reasons: (1) If 
lightning strikes you or some- 
thing you are touching, it will 
produce a fatal charge flow in 
your boa’. (2) If it strikes an 
object near you, a portion of 
the charge flow can jump 
through the air to you (an 
effect known as side flash). 

(3) If lightning strikes the 
ground near you, part of the 
charge flow it produces along 
the ground can be diverted 
through your body. Recently 
a fourth danger of a lightning 
storm was recognized. The 
photograph here, in which 
lightning strikes a tree, 


Contains Aint. 


The answer is in this chapter. 
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606. Chapter 23 | Gauss’ Law 


Spherical 
Gaussian 


surface 





FIG. 23-1 A spherical Gaussian 
surface. If the electric field vectors 
are of uniform magnitude and point 
radially outward at all surface points, 
you can conclude that a net positive 
distribution of charge must lie within 
the surface and have spherical 
symmetry. 


FIG. 23-2 (a) A uniform airstream 
of velocity V is perpendicular to the 
plane of a square loop of area A. 

(b) The component of V perpendicu- 
lar to the plane of the loop is v cos 6, 
where 6is the angle between V anda 
normal to the plane. (c) The area vec- 
tor A is perpendicular to the plane of 
the loop and makes an angle 6 with 
V.(d) The velocity field intercepted 
by the area of the loop. 


23-1 WHAT IS PHYSICS? 


One of the primary goals of physics is to find simple ways of solving seemingly 
complex problems. One of the main tools of physics in attaining this goal is the 
use of symmetry. For example, in finding the electric field E of the charged 
ring of Fig. 22-10 and the charged rod of Fig. 22-11, we considered the fields 
dE (=k dqir*) of charge elements in the ring and rod. Then we simplified the cal- 
culation of E by using symmetry to discard the perpendicular components of the 
dE vectors. That saved us some work. 

For certain charge distributions involving symmetry, we can save far more 
work by using a law called Gauss’ law, developed by German mathematician and 
physicist Carl Friedrich Gauss (1777-1855). Instead of considering the fields dE 
of charge elements in a given charge distribution, Gauss’ law considers a 
hypothetical (imaginary) closed surface enclosing the charge distribution. This 
Gaussian surface, as it is called, can have any shape, but the shape that minimizes 
our calculations of the electric field is one that mimics the symmetry of the 
charge distribution. For example, if the charge is spread uniformly over a sphere, 
we enclose the sphere with a spherical Gaussian surface, such as the one in Fig. 
23-1, and then, as we discuss in this chapter, find the electric field on the surface 
by using the fact that 













































































































































































We can also use Gauss’ law in reverse: If we know the electric field on a 
Gaussian surface, we can find the net charge enclosed by the surface. As a limited 
example, suppose that the electric field vectors in Fig. 23-1 all point radially 
outward from the center of the sphere and have equal magnitude. Gauss’ law 
immediately tells us that the spherical surface must enclose a net positive charge 
that is either a particle or distributed spherically. However, to calculate how 
much charge is enclosed, we need a way of calculating how much electric field is 
intercepted by the Gaussian surface in Fig. 23-1. This measure of intercepted field 
is called flux, which we discuss next. 


23-2 | Flux 


Suppose that, as in Fig. 23-2a, you aim a wide airstream of uniform velocity V at 
a small square loop of area A. Let ® represent the volume flow rate (volume per unit 
time) at which air flows through the loop. This rate depends on the angle between V 
and the plane of the loop. If V is perpendicular to the plane, the rate ® is equal to vA. 

If V is parallel to the plane of the loop, no air moves through the loop, so 
® is zero. For an intermediate angle 0, the rate ® depends on the component of 





23-3 | Flux of an Electric Field 


Vv normal to the plane (Fig. 23-2b). Since that component is v cos 6, the rate of 
volume flow through the loop is 


® = (vcos O)A. (23-1) 


This rate of flow through an area is an example of a flux—a volume flux in this 
situation. 

Before we discuss a flux involved in electrostatics, we need to rewrite Eq. 
23-1 in terms of vectors. To do this, we first define an area vector A as being a 
vector whose magnitude is equal to an area (here the area of the loop) and whose 
direction is normal to the plane of the area (Fig. 23- 3-2¢). We then rewrite Eq. 23-1 
as the scalar (or dot) product of the velocity vector V of the airstream and the area 
vector A of the loop: 


® = vAcosd=7:°A, (23-2) 


where is the angle between V and A. 

The word “flux” comes from the Latin word meaning “to flow.” That mean- 
ing makes sense if we talk about the flow of air volume through the loop. 
However, Eq. 23-2 can be regarded in a more abstract way. To see this different 
way, note that we can assign a velocity vector to each point in the airstream pass- 
ing through the loop (Fig. 23-2d). Because the composite of all those vectors is a 
velocity field, we can interpret Eq. 23-2 as giving the flux of the velocity field 
through the loop. With this interpretation, flux no longer means the actual flow 
of something through an area—rather it means the product of an area and the 
field across that area. 
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Gaussian 


To define the flux of an electric field, consider Fig. 23-3, which shows an arbitrary ee . 


(asymmetric) Gaussian surface immersed in a nonuniform electric field. Let us 
divide the surface into small squares of area AA, each square being small enough 
to permit us to neglect any curvature and to consider the individual square tobe —— Ae ~~ 
flat. We represent each such element of area with an area vector AA, whose mag- “= CSS = 
nitude is the area AA. Each vector AA is perpendicular to the Gaussian surface : eo : , 
and directed away from the interior of the surface. 

Because the squares have been taken to be arbitrarily small, the electric field 
E may be taken as constant over any given square. The vectors AA and E for 
each square then make some angle 6 with each other. Figure 23-3 shows an 
enlarged view of three squares on the Gaussian surface and the angle 6 for each. 

A provisional definition for the flux of the electric field for the Gaussian 
surface of Fig. 23-3 is 


@=SE-AA. (23-3) 


This equation instructs us to visit each square on the Gaussian surface, evaluate 
the scalar product E- AA for the two vectors E and AA we find there, and sum 
the results algebraically (that is, with signs included) for all the squares that make 
up the surface. The value of each scalar product (positive, negative, or zero) 
determines whether the flux through its square is positive, negative, or zero. 
Squares like square 1| in Fig. 23-3, in which E points inward, make a negative 
contribution to the sum of Eq. 23-3. Squares like 2, in which E lies in the surface, 
make zero contribution. Squares like 3, in which E’ points outward, make a posi- 
tive contribution. 





TAA 
®D = 0 

FIG. 23-3 A Gaussian surface of 

arbitrary shape immersed in an 

electric field. The surface is divided 


ind . . into small squares of area AA. The 
The exact definition of the flux of the electric field through a closed surface is  gjectric field vectors E and the area 


found by allowing the area of the squares shown in Fig. 23-3 to become smaller vectors AA for three representative 
and smaller, approaching a differential limit dA. The area vectors then approach squares, marked 1,2, and 3, are 
a differential limit dA. The sum of Eq. 23-3 then becomes an integral and we — shown. 


Chapter 23 | Gauss’ Law 


have, for the definition of electric flux, 


@ = E-dA (electric flux through a Gaussian surface). 


(23-4) 


The loop on the integral sign indicates that the integration is to be taken over the 
entire (closed) surface. The flux of the electric field is a scalar, and its SI unit is the 
newton—square-meter per coulomb (N- m7/C), 

We can interpret Eq. 23-4 in the following way: First recall that we can use 
the density of electric field lines passing through an area as a proportional mea- 
sure of the magnitude of the electric field E there. Specifically, the magnitude E is 
proportional to the number of electric field lines per unit area. Thus, the scalar 
product E-dA in Eq. 23-4 is proportional to the number of electric field lines 
passing through area dA. Then, because the integration in Eq. 23-4 is carried out 


over a Gaussian surface, which 1s closed, we see that 


































































































cube of PACE area A immersed in a uniform electric field E that 
has the positive direction of the z axis. In terms of FE and A, 
what is the flux through (a) the front face (which is in the xy 
plane), (b) the rear face, (c) the top face, and (d) the whole 


cube? 








The figure here shows a Gaussian 





Sample Problem Peo 


Figure 23-4 shows a Gaussian surface in the form of a 
cylinder of radius R immersed in a uniform electric 
field E, with the cylinder axis parallel to the field. 
What is the flux ® of the electric field through this 
closed surface? 





(iieMiemem We can find the flux ® through the 
Gaussian surface by integrating the scalar product 
E - dA over that surface. 


Calculations: We can do the integration by writing the 
flux as the sum of three terms: integrals over the left 
cylinder cap a, the cylindrical surface b, and the right 
cap c. Thus, from Eq. 23-4, 


ee 


- | B-dk+ | B-dd + | Bead (23-5) 
a hb Cc 


For all points on the left cap, the angle 6 between E 
and dA is 180° and the magnitude F of the field is uni- 
form. Thus, 


| E-aa = | (cos 180°) dA = -E | aa = —EA, 


a 


where { dA gives the cap’s area A (= wR’). Similarly, 





Gaussian 
surface 





FIG. 23-4 A cylindrical Gaussian surface, closed by end caps, 
is immersed in a uniform electric field. The cylinder axis is par- 
allel to the field direction. 


for the right cap, where @ = 0 for all points, 


| B-aa = | Ecos) 4a = Ba. 


Finally, for the cylindrical surface, where the angle @ is 
90° at all points, 


| B-aa = | B(c0s 90°) dA = 0. 


b 


Substituting these results into Eq. 23-5 leads us to 
® = -—FA+0+ EFA =0. (Answer) 


This result is perhaps not surprising because the field 
lines that represent the electric field all pass entirely 
through the Gaussian surface, entering through the left 
end cap, leaving through the right end cap, and giving a 
Netnux ORZere, 


ie EPs 
A nonuniform electric field given by E = 3.0xi + 4.0} 
pierces the Gaussian cube shown in Fig. 23-5. (F is in new- 
tons per coulomb and x is in meters.) What is the electric 


flux through the right face, the left face, and the top face? 
(We consider the other faces in Sample Problem 23-4.) 





: cS rae We can find the flux ® b through t the surface 
by integrating the scalar product E+ dA over each face. 


Right face: An area vector Ais always perpendicular to its 
surface and always points away from the interior of a 
Gaussian surface. Thus, the vector dA for the right face of 
the cube must point in the positive direction of the x axis. In 
unit-vector notation, 


dA = dAi. 
From Eq. 23-4, the flux ®, through the right face is then 


o.= | E-dA= | (3.0xi + 4.0}) - (dA1) 
= | [(3.0x)(dA)i +1 + (4.0)(dA)j «i 


~ | (3.0x dA + 0) = 30 | eda. 


We are about to integrate over the right face, but we 
note that x has the same value everywhere on that 
face—namely, x = 3.0 m. This means we can substitute 
that constant value for x. Then 


®, = 3.0 | (3.0) dA = 9.0 | dA. 


The integral { dA merely gives us the area A = 4.0 m’ of 
the right face; so 


®, = (9.0 N/C)(4.0 m’?) = 36 N:m7/C. (Answer) 
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Gaussian 
surface 


n= 1.0m = 3.0 m 





z 


FIG. 23-5 A Gaussian cube with one edge on the x axis lies 
within a nonuniform electric field. 


Left face: The procedure for finding the flux through 
the left face is the same as that for the right face. 
However, two factors change. (1) The differential area 
vector dA points in the negative direction of the x axis, 
and thus dA = —dAi. (2) The term x again appears in 
our integration, and it 1s again constant over the face be- 
ing considered. However, on the left face, x = 1.0m. 
With these two changes, we find that the flux ®, through 


the left face 1s 
®, = —12N-m/’/C. (Answer) 


Top face: The differential area vector dA points in the 
positive direction of the y axis, and thus fA = dAj. 
The flux ®, through the top face is then 


i= | (3.0xi + 4.0}) « (dAj) 
= | [(3.0x)(dA)i +} + (4.0)(dA)j -j] 


- | @+ 404A) = 40 | aa 


= ON aime C, (Answer) 


Gauss’ law relates the net flux ® of an electric field through a closed surface 
(a Gaussian surface) to the net charge dey, that is enclosed by that surface. It tells us that 


(Gauss’ law). 


EyP = Denc 


(23-6) 


By substituting Eq. 23-4, the definition of flux, we can also write Gauss’ law as 


af E-dA = enc  (Gauss’ law). 


(23-7) 


Equations 23-6 and 23-7 hold only when the net charge is located in a vacuum or 
(what is the same for most practical purposes) in air. In Chapter 25, we modify Gauss’ 
law to include situations in which a material such as mica, oil, or glass is present. 

In Eqs. 23-6 and 23-7, the net charge q,,, 1s the algebraic sum of all the 
enclosed positive and negative charges, and it can be positive, negative, or zero. We 
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FiG. 23-6 ‘Two point charges, equal 
in magnitude but opposite in sign, 
and the field lines that represent 
their net electric field. Four Gaussian 
surfaces are shown in cross section. 
Surface S$; encloses the positive 
charge. Surface S, encloses the nega- 
tive charge. Surface $3 encloses no 
charge. Surface S, encloses both 
charges and thus no net charge. 


include the sign, rather than just use the magnitude of the enclosed charge, be- 
cause the sign tells us something about the net flux through the Gaussian surface: 
If denc IS positive, the net flux is outward; if ¢.,, is negative, the net flux is inward. 

Charge outside the surface, no matter how large or how close it may be, is 
not included in the term q,,, in Gauss’ law. The exact form and location of the 
charges inside the Gaussian surface are also of no concern; the only things that 
matter on the right side of Eqs. 23-6 and 23-7 are the magnitude and sign of the 
net enclosed charge. The quantity E on the left side of Eq. 23-7, however, is the 
electric field resulting from all charges, both those inside and those outside the 
Gaussian surface. This may seem to be inconsistent, but keep in mind what 
we saw in Sample Problem 23-1: The electric field due to a charge outside the 
Gaussian surface contributes zero net flux through the surface, because as many 
field lines due to that charge enter the surface as leave it. 

Let us apply these ideas to Fig. 23-6, which shows two point charges, equal in 
magnitude but opposite in sign, and the field lines describing the electric fields 
the charges set up in the surrounding space. Four Gaussian surfaces are also 
shown, in cross section. Let us consider each in turn. 


Surface S,. The electric field is outward for all points on this surface. Thus, the 
flux of the electric field through this surface is positive, and so is the net 
charge within the surface, as Gauss’ law requires. (That is, in Eq. 23-6, if ® is 
positive, Geno must be also.) 


Surface S,._ The electric field is inward for all points on this surface. Thus, the flux of 
the electric field is negative and so is the enclosed charge, as Gauss’ law requires. 


Surface S,. This surface encloses no charge, and thus gen. = 0. Gauss’ law (Eq. 
23-6) requires that the net flux of the electric field through this surface be 
zero. That 1s reasonable because all the field lines pass entirely through the 
surface, entering it at the top and leaving at the bottom. 


Surface S,. This surface encloses no net charge, because the enclosed positive 
and negative charges have equal magnitudes. Gauss’ law requires that the net 
flux of the electric field through this surface be zero. That is reasonable 
because there are as many field lines leaving surface S, as entering it. 


What would happen if we were to bring an enormous charge Q up close to sur- 
face S, in Fig. 23-6? The pattern of the field lines would certainly change, but the 
net flux for each of the four Gaussian surfaces would not change. We can under- 
stand this because the field lines associated with the added Q would pass entirely 
through each of the four Gaussian surfaces, making no contribution to the net 
flux through any of them. The value of Q would not enter Gauss’ law in any way, 
because Q lies outside all four of the Gaussian surfaces that we are considering. 


ea ECKPOINT 2 The figure shows three situations in which a Gaussian cube 


sits in an electric field. The arrows and the values indicate the directions of the field 
lines and the magnitudes (in N- m’/C) of the flux through the six sides of each cube. 
(The lighter arrows are for the hidden faces.) In which situation does the cube enclose 
(a) a positive net charge, (b) a negative net charge, and (c) zero net charge? 


10 | 
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Sample Problem 


Figure 23-7 shows five charged lumps of plastic and an 
electrically neutral coin. The cross section of a Gaussian 
surface S is indicated. What is the net electric flux 
through the surface if g, = qs = +3.1 nC, q@=qs;= 
—5.9 nC, and g; = —3.1 nC? 





& e 
E 4 


FIG. 23-7 Five plastic objects, each with an electric charge, 
and a coin, which has no net charge. A Gaussian surface, 
shown in cross section, encloses three of the plastic objects 
and the coin. 


par 


What is the net charge enclosed by the Gaussian cube of 
Sample Problem 23-2 and Fig. 23-5? 


rei The net charge enclosed by a (real or math- 


ematical) closed surface is related to the total electric 
flux through the surface by Gauss’ law as given by Eq. 
23-6 (ep = Cae 


Flux: To use Eq. 23-6, we need to know the flux through 
all six faces of the cube. We already know the flux 
through the right face (®, = 36 N-m/7’/C), the left face 
(@, = —12 N-m’/C), and the top face (®, = 16 N-m7/C). 

For the bottom face, our calculation is just like that for 
the top face except that the differential area vector dA is 
now directed downward along the y axis (recall, it must be 
outward from the Gaussian enclosure). Thus, we have 
iA= = dAj, and we find 


ceva The net flux ® through the surface depends 


on the net charge q.,, enclosed by surface S. 


Calculation: The coin does not contribute to ® because 
it is neutral and thus contains equal amounts of positive 
and negative charge. Charges g, and qs; do not con- 
tribute because they are outside surface S. Thus, gene 18 
gd, + q. + q3and Eq. 23-6 gives us 
+ q+ 

p = fee Nt ht 

EQ EQ 

ok 10 AC == SOX Ne € =i x 10 e 

8155-6 107 SC N-am- 

—670N:-m7/C. 


The minus sign shows that the net flux through the sur- 
face is inward and thus that the net charge within the 
surface is negative. 


(Answer) 


®, = -16N-w?/C. 


For the front face we have dA = dAk, and for the back 
face, dA = —dAk . When we take the dot product of 
the given electric field E= = 3.0xi + 4. 0j with either of 
these expressions for dA, we get 0 and thus there is no 
flux through those faces. We can now find the total flux 
through the six sides of the cube: 
= (Cor lo elroy Oe ON ia © 
= 24N-m’/C. 
Enclosed charge: Next, we use Gauss’ law to find the 
charge Geno enclosed by the cube: 
denc = &9P = (8.85 X 107% C*/N- m’)(24 N-m7/C) 
Soe ue. 


Thus, the cube encloses a net positive charge. 


(Answer) 
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Because Gauss’ law and Coulomb’s law are different ways of describing the rela- 
tion between electric charge and electric field in static situations, we should be 
able to derive each from the other. Here we derive Coulomb’s law from Gauss’ Sersteon 
law and some symmetry considerations. ance 
Figure 23-8 shows a positive point charge g, around which we have drawn a 

concentric spherical Gaussian surface of radius r. Let us divide this surface into 
differential areas dA. By definition, the area vector dA at any point is perpendic- 
ular to the surface and directed outward from the interior. _From the symmetry of 
the situation, we know that at any point the electric field E is also perpendicular 
to the surface and directed outward from the interior. Thus, since the angle 6 
between E and dA is zero, we can rewrite Eq. 23-7 for Gauss’ law as 


of E-d = ey Edd = enc: 





FIG. 23-8 A spherical Gaussian 
surface centered on a point charge gq. 


(23-8) 
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Here gene = g. Although F varies radially with distance from g, it has the same 
value everywhere on the spherical surface. Since the integral in Eq. 23-8 is taken 
over that surface, E is a constant in the integration and can be brought out in 


front of the integral sign. That gives us 


(23-9) 


cE a = q. 


The integral is now merely the sum of all the differential areas dA on the sphere 
and thus is just the surface area, 4zr7. Substituting this, we have 


OT 


eoE(4ar) = q 


1 
E= ae (23-10) 


Ate) r? 





This is exactly Eq. 22-3, which we found using Coulomb’s law. 


Vo ECKPOINT 3 There is a certain net flux ®,; through a Gaussian sphere of 
radius r Siete an isolated charged particle. Suppose the enclosing Gaussian surface 
is changed to (a) a larger Gaussian sphere, (b) a Gaussian cube with edge length equal 
to r, and (c) a Gaussian cube with edge length equal to 2r. In each case, is the net flux 
through the new Gaussian surface greater than, less than, or equal to ®,;? 


PROBLEM-SOLVING TACTICS 


Tactic 1: Choosing a Gaussian Surface Because the de- 
rivation of Eq. 23-10 using Gauss’ law is a warm-up for deriva- 
tions of electric fields produced by other charge configurations, 
let us go back over the steps involved. We started with a given 
positive point charge g; we know that electric field lines extend 
radially outward from g in a spherically symmetric pattern. 

To use Gauss’ law (Eq. 23-7) to find the magnitude F of 
the electric field at a distance r, we had to place a hypothetical 
closed Gaussian surface around gq, through a point that is 
a distance r from g. Then we had to sum via integration 
the values of E - dA over the full Gaussian surface. To make 
this integration as simple as possible, we chose a spherical 
Gaussian surface (to mimic the spherical symmetry of 
the electric field). That choice produced three simplifying fea- 
tures. (1) The dot product E+ dA became simple, because at 





all points on the Gaussian surface the angle between E and 
dA is zero, and so at all points we have E-dA = EdA. (2) 
The electric field magnitude EF is the same at all points on the 
spherical Gaussian surface; so F was a constant in the integra- 
tion and could be brought out in front of the integral sign. 
(3) The result was a very simple integration —a summation of 
the differential areas of the sphere, which we could immedi- 
ately write as 477°”. 

Note that Gauss’ law holds regardless of the shape of the 
Gaussian surface we choose to place around charge Gene. 
However, if we had chosen, say, a cubical Gaussian surface, 
our three simplifying features would have disappeared and 
the integration of E- dA over the cubical surface would have 
been very difficult. The moral here is to choose the Gaussian 
surface that most simplifies the integration in Gauss’ law. 


23-6 | A Charged Isolated Conductor 


Gauss’ law permits us to prove an important theorem about conductors: 
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This might seem reasonable, considering that charges with the same sign repel 
one another. You might imagine that, by moving to the surface, the added charges 
are getting as far away from one another as they can. We turn to Gauss’ law for 
verification of this speculation. 

Figure 23-9a shows, in cross section, an isolated lump of copper hanging from 
an insulating thread and having an excess charge g. We place a Gaussian surface 
just inside the actual surface of the conductor. 

The electric field inside this conductor must be zero. If this were not so, the field 
would exert forces on the conduction (free) electrons, which are always present in a 
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conductor, and thus current would always exist within a conductor. (That is, charge 
would flow from place to place within the conductor.) Of course, there is no such 
perpetual current in an isolated conductor, and so the internal electric field is zero. 

(An internal electric field does appear as a conductor is being charged. How- 
ever, the added charge quickly distributes itself in such a way that the net internal 
electric field—the vector sum of the electric fields due to all the charges, both 
inside and outside —is zero. The movement of charge then ceases, because the 
net force on each charge is zero; the charges are then in electrostatic equilibrium. ) 

If E is zero everywhere inside our copper conductor, it must be zero for all 
points on the Gaussian surface because that surface, though close to the surface 
of the conductor, is definitely inside the conductor. This means that the flux 
through the Gaussian surface must be zero. Gauss’ law then tells us that the net 
charge inside the Gaussian surface must also be zero. Then because the excess 
charge is not inside the Gaussian surface, it must be outside that surface, which 
means it must lie on the actual surface of the conductor. 


An Isolated Conductor with a Cavity 


Figure 23-9b shows the same hanging conductor, but now with a cavity that 1s 
totally within the conductor. It is perhaps reasonable to suppose that when we 
scoop out the electrically neutral material to form the cavity, we do not change 
the distribution of charge or the pattern of the electric field that exists in Fig. 
23-9a. Again, we must turn to Gauss’ law for a quantitative proof. 

We draw a Gaussian surface surrounding the cavity, close to its surface but in- 
side the conducting body. Because E = O inside the conductor, there can be no flux 
through this new Gaussian surface. Therefore, from Gauss’ law, that surface can en- 
close no net charge. We conclude that there is no net charge on the cavity walls; all 
the excess charge remains on the outer surface of the conductor, as in Fig. 23-9a. 


The Conductor Removed 


Suppose that, by some magic, the excess charges could be “frozen” into position 
on the conductor’s surface, perhaps by embedding them in a thin plastic coating, 
and suppose that then the conductor could be removed completely. This is 
equivalent to enlarging the cavity of Fig. 23-9b until it consumes the entire con- 
ductor, leaving only the charges. The electric field would not change at all; it 
would remain zero inside the thin shell of charge and would remain unchanged 
for all external points. This shows us that the electric field is set up by the charges 
and not by the conductor. The conductor simply provides an initial pathway for 
the charges to take up their positions. 


The External Electric Field 


You have seen that the excess charge on an isolated conductor moves entirely to 
the conductor’s surface. However, unless the conductor is spherical, the charge 
does not distribute itself uniformly. Put another way, the surface charge density o 
(charge per unit area) varies over the surface of any nonspherical conductor. 
Generally, this variation makes the determination of the electric field set up by 
the surface charges very difficult. 

However, the electric field just outside the surface of a conductor is easy to 
determine using Gauss’ law. To do this, we consider a section of the surface that 
is small enough to permit us to neglect any curvature and thus to take the section 
to be flat. We then imagine a tiny cylindrical Gaussian surface to be embedded in 
the section as in Fig. 23-10: One end cap is fully inside the conductor, the other is 
fully outside, and the cylinder is perpendicular to the conductor’s surface. 

The electric field E at and just outside the conductor’s surface must also be 
perpendicular to that surface. If it were not, then it would have a component 
along the conductor’s surface that would exert forces on the surface charges, 
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FIG. 23-9 (a) A lump of copper 
with a charge g hangs from an insu- 
lating thread. A Gaussian surface is 
placed within the metal, just inside 
the actual surface. (b) The lump of 
copper now has a cavity within it. 
A Gaussian surface lies within the 
metal, close to the cavity surface. 





(0) 


FIG. 23-10 (a) Perspective view and 
(b) side view of a tiny portion of a 
large, isolated conductor with excess 
positive charge on its surface. A 
(closed) cylindrical Gaussian surface, 
embedded perpendicularly in the 
conductor, encloses some of the 
charge. Electric field lines pierce the 
external end cap of the cylinder, but 
not the internal end cap. The external 
end cap has area A and area vector A. 
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causing them to move. However, such motion would violate our implicit as- 
sumption that we are dealing with electrostatic equilibrium. Therefore, E is per- 
pendicular to the conductor’s surface. 

We now sum the flux through the Gaussian surface. There is no flux through 
the internal end cap, because the electric field within the conductor is zero. There 
is no flux through the curved surface of the cylinder, because internally (in the 
conductor) there is no electric field and externally the electric field is parallel to 
the curved portion of the Gaussian surface. The only flux through the Gaussian 
surface is that through the external end cap, where E is perpendicular to the 
plane of the cap. We assume that the cap area A is small enough that the field 
magnitude F is constant over the cap. Then the flux through the cap is EA, and 
that is the net flux ® through the Gaussian surface. 

The charge gen, enclosed by the Gaussian surface lies on the conductor’s sur- 
face in an area A. If ois the charge per unit area, then q,,, is equal to cA. When 
we substitute oA for g.,,and EA for ®, Gauss’ law (Eq. 23-6) becomes 


EgLA = OA, 


from which we find 


(23-11) 


O e 
EL =— (conducting surface). 
E( 


Thus, the magnitude of the electric field just outside a conductor is proportional 
to the surface charge density on the conductor. If the charge on the conductor is 
positive, the electric field is directed away from the conductor as in Fig. 23-10. It 
is directed toward the conductor if the charge is negative. 

The field lines in Fig. 23-10 must terminate on negative charges somewhere in 
the environment. If we bring those charges near the conductor, the charge den- 
sity at any given location on the conductor’s surface changes, and so does the 
magnitude of the electric field. However, the relation between o and E is still 
given by Eq. 23-11. 


Sample Problem pa 


Figure 23-11a shows a cross section of a spherical metal 
shell of inner radius R. A point charge of —5.0 uC is lo- 
cated at a distance R/2 from the center of the shell. If 
the shell is electrically neutral, what are the (induced) 
charges on its inner and outer surfaces? Are those 
charges uniformly distributed? What is the field pattern 
inside and outside the shell? 


paieleaaatea Figure 23-115 shows a cross section of a 


spherical Gaussian surface within the metal, just outside 
the inner wall of the shell. The electric field must be zero 
inside the metal (and thus on the Gaussian surface 
inside the metal). This means that the electric flux 
through the Gaussian surface must also be zero. Gauss’ 
law then tells us that the net charge enclosed by the 
Gaussian surface must be zero. 


Reasoning: With a point charge of —5.0 wC within the 
shell, a charge of +5.0 wC must lie on the inner wall of the 
shell in order that the net enclosed charge be zero. If the 
point charge were centered, this positive charge would be 
uniformly distributed along the inner wall. However, since 


Gaussian \ Zé 
surface “K 








(a) 
FIG. 22-11 (a) A negative point charge is located within a 
spherical metal shell that is electrically neutral. (b) As a result, 
positive charge is nonuniformly distributed on the inner wall 
of the shell, and an equal amount of negative charge is uni- 
formly distributed on the outer wall. 


the point charge 1s off-center, the distribution of positive 
charge is skewed, as suggested by Fig. 23-11b, because the 
positive charge tends to collect on the section of the inner 
wall nearest the (negative) point charge. 


Because the shell is electrically neutral, its inner 
wall can have a charge of +5.0 uC only if electrons, with 
a total charge of —5.0 wC, leave the inner wall and 
move to the outer wall. There they spread out uniformly, 
as is also suggested by Fig. 23-115. This distribution of 
negative charge is uniform because the shell is spherical 
and because the skewed distribution of positive charge on 
the inner wall cannot produce an electric field in the shell 
to affect the distribution of charge on the outer wall. 
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The field lines inside and outside the shell are 
shown approximately in Fig. 23-115. All the field lines 
intersect the shell and the point charge perpendicularly. 
Inside the shell the pattern of field lines is skewed be- 
cause of the skew of the positive charge distribution. 
Outside the shell the pattern is the same as if the point 
charge were centered and the shell were missing. In 
fact, this would be true no matter where inside the shell 
the point charge happened to be located. 
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ZIT 


a uniform positive linear charge density A. Let us find an expression for the mag- 
nitude of the electric field E at a distance r from the axis of the rod. 

Our Gaussian surface should match the symmetry of the problem, which is 
cylindrical. We choose a circular cylinder of radius r and length h, coaxial with the | 
rod. Because the Gaussian surface must be closed, we include two end caps as 
part of the surface. 

Imagine now that, while you are not watching, someone rotates the plastic rod 
about its longitudinal axis or turns it end for end. When you look again at the rod, 
you will not be able to detect any change. We conclude from this symmetry that the 
only uniquely specified direction in this problem is along a radial line. Thus, at every 
point on the cylindrical part of the Gaussian surface, E must have the same magni- 
tude F and (for a positively charged rod) must be directed radially outward. 

Since 27r is the cylinder’s circumference and h is its height, the area A of the 
cylindrical surface is 27rh. The flux of E through this cylindrical surface is then 


® = EA cos 6 = E(2arh) cos0 = E(27rh). 


Gaussian 


Figure 23-12 shows a section of an infinitely long cylindrical plastic rod with —— 
| surface 


E 


FIG. 23-12 A Gaussian surface in 
the form of a closed cylinder 
surrounds a section of a very long, 
uniformly charged, cylindrical 
plastic rod. 


There is no flux through the end caps because E, being radially directed, is paral- 
lel to the end caps at every point. 
The charge enclosed by the surface is Ah, which means Gauss’ law, 





EoD = dene 
reduces to eyi(2arh) = xh, 
pit A 
yielding E = (line of charge). (23-12) 
27K 


This is the electric field due to an infinitely long, straight line of charge, at a point 
that is a radial distance r from the line. The direction of E is radially outward 
from the line of charge if the charge is positive, and radially inward if it is nega- 
tive. Equation 23-12 also approximates the field of a finite line of charge at points 
that are not too near the ends (compared with the distance from the line). 


Sample Problem zr 


Upward streamer in a lightning storm. The woman in Fig. 
23-13 was standing on a lookout platform in the Sequoia 
National Park when a large storm cloud moved over- 
head. Some of the conduction electrons in her body were 
driven into the ground by the cloud’s negatively charged 
base (Fig. 23-14a), leaving her positively charged. You 
can tell she was highly charged because her hair strands 
repelled one another and extended away from her along 
the electric field lines produced by the charge on her. 


Lightning did not strike the woman, but she was in 
extreme danger because that electric field was on the 
verge of causing electrical breakdown in the surround- 
ing air. Such a breakdown would have occurred along a 
path extending away from her in what is called an up- 
ward streamer. You can see a bright upward streamer 
near the top of the tree in the opening photograph for 
this chapter. An upward streamer is dangerous because 
the resulting ionization of molecules in the air suddenly 
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because we assume that the charge is uniformly 
distributed along this line, we can approximate the 
magnitude of the electric field along the side of her 
body with Eq. 23-12 (FE = A/27e9r). 


Calculations: Substituting the critical value EL. for E, 
the cylinder radius R for radial distance r, and the ratio 
Q/L for linear charge density A, we have 


ple 
dee a — 
2TTE OR 
FIG. 23-13 This 
woman has become or O = 27€)RLE.. 


positively charged by 
an overhead storm 
cloud. (Courtesy 
NOAA) 


Substituting given data then gives us 
O = (27)(8.85 X 10-4 C*/N-m?)(0.10 m) 
x (1.8 m)(2.4 x 10° N/C) 
= 2.402 X 10°C = 24 uC. (Answer) 





frees a tremendous number of electrons from those 
molecules. Had the woman in Fig. 23-13 developed an 
upward streamer, the free electrons in the air would 
have moved to neutralize her (Fig. 23-14b), producing a 
large, perhaps fatal, charge flow through her body. 

Let’s model her body as a narrow vertical cylinder 
of height L = 1.8 m and radius R = 0.10 m (Fig. 23-14c). 
Assume that charge Q was uniformly distributed along 
the cylinder and that electrical breakdown would have 
occurred if the electric field magnitude along her body 
had exceeded the critical value EF, = 2.4 MN/C. What 
value of Q would have put the air along her body on the 
verge of breakdown? S 






Upward 
streamer 





(b) (c) 

FIG. 23-14 (a) Some of the conduction electrons in the 

woman’s body are driven into the ground, leaving her posi- 

tively charged. (b) An upward streamer develops if the air 

WAM Becuce R <I. we can anoroximate the undergoes electrical breakdown, which provides a path for 
Because R < L, we can approximate the electrons freed from molecules in the air to move to the 


charge distribution as a long line of charge. Further, woman. (c) A cylinder represents the woman. 
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Nonconducting Sheet 


Figure 23-15 shows a portion of a thin, infinite, nonconducting sheet with a uni- 
form (positive) surface charge density o. A sheet of thin plastic wrap, uniformly 
charged on one side, can serve as a simple model. Let us find the electric field E 
a distance r in front of the sheet. 

A useful Gaussian surface is a closed cylinder with end caps of area A, 
arranged to pierce the sheet perpendicularly as shown. From symmetry, E must 
be perpendicular to the sheet and hence to the end caps. Furthermore, since the 
charge 1s positive, E is directed away from the sheet, and thus the electric field 
lines pierce the two Gaussian end caps in an outward direction. Because the field 
lines do not pierce the curved surface, there is no flux through this portion of the 
Gaussian surface. Thus E - dA is simply E dA; then Gauss’ law, 


EQ E- dA = Genes 


becomes é)(EA + EA) = oA, 
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where aA is the charge enclosed by the Gaussian surface. This gives 


Bett (sheet of charge). (23-13) 
2€ 


Since we are considering an infinite sheet with uniform charge density, this result 
holds for any point at a finite distance from the sheet. Equation 23-13 agrees with 
Eq. 22-27, which we found by integration of the electric field components produced 
by individual charges. (Look back to that time-consuming and challenging integra- 
tion, and note how much more easily we obtain the result with Gauss’ law. That is 
one reason for devoting a whole chapter to that law: for certain symmetric arrange- 
ments of charge, it is very much easier to use than integration of field components.) 


Two Conducting Plates 


Figure 23-16a shows a cross section of a thin, infinite conducting plate with excess 
positive charge. From Section 23-6 we know that this excess charge lies on the 
surface of the plate. Since the plate is thin and very large, we can assume that 
essentially all the excess charge is on the two large faces of the plate. 

If there is no external electric field to force the positive charge into some par- 
ticular distribution, it will spread out on the two faces with a uniform surface 
charge density of magnitude o;. From Eq. 23-11 we know that just outside the 
plate this charge sets up an electric field of magnitude E = o;/e . Because the 
excess charge 1s positive, the field 1s directed away from the plate. 

Figure 23-16) shows an identical plate with excess negative charge having 
the same magnitude of surface charge density o,. The only difference is that now 
the electric field is directed toward the plate. 

Suppose we arrange for the plates of Figs. 23-16a and 5b to be close to each 
other and parallel (Fig. 23-16c). Since the plates are conductors, when we bring 
them into this arrangement, the excess charge on one plate attracts the excess 
charge on the other plate, and all the excess charge moves onto the inner faces of 
the plates as in Fig. 23-16c. With twice as much charge now on each inner face, the 
new surface charge density (call it 7) on each inner face is twice a). Thus, the elec- 
tric field at any point between the plates has the magnitude 


f= = (23-14) 
EQ E0 
This field is directed away from the positively charged plate and toward the nega- 
tively charged plate. Since no excess charge is left on the outer faces, the electric 
field to the left and right of the plates is zero. 

Because the charges on the plates moved when we brought the plates close 
to each other, Fig. 23-16c is not the superposition of Figs. 23-16a and 5b; that is, the 
charge distribution of the two-plate system is not merely the sum of the charge 
distributions of the individual plates. 

You may wonder why we discuss such seemingly unrealistic situations as the 
field set up by an infinite line of charge, an infinite sheet of charge, or a pair of 


FIG. 23-16 (a) A thin, very large con- 
ducting plate with excess positive 
charge. (b) An identical plate with ex- 
cess negative charge. (c) The two plates 
arranged so they are parallel and close. (4) (2) 
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FIG. 23-15 (a) Perspective view and 
(5) side view of a portion of a very 
large, thin plastic sheet, uniformly 
charged on one side to surface 
charge density o. A closed cylindrical 
Gaussian surface passes through the 
sheet and is perpendicular to it. 
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infinite plates of charge. One reason is that analyzing such situations with Gauss’ 
law is easy. More important is that analyses for “infinite” situations yield good 
approximations to many real-world problems. Thus, Eq. 23-13 holds well for a 
finite nonconducting sheet as long as we are dealing with points close to the sheet 
and not too near its edges. Equation 23-14 holds well for a pair of finite conduct- 
ing plates as long as we consider points that are not too close to their edges. 

The trouble with the edges of a sheet or a plate, and the reason we take care not 
to deal with them, is that near an edge we can no longer use planar symmetry to find 
expressions for the fields. In fact, the field lines there are curved (said to be an edge 


effect or fringing), and the fields can be very difficult to express algebraically. 


‘Sample Problem 





Figure 23-17a shows portions of two large, parallel, non- 
conducting sheets, each with a fixed uniform charge on 
one side. The magnitudes of the surface charge densities 
are 04) = 6.8 wC/m? for the positively charged sheet 
and o_) = 4.3 wC/m’ for the negatively charged sheet. 

Find the electric field E (a) to the left of the sheets, 
(b) between the sheets, and (c) to the right of the sheets. 


ria With the charges fixed in place (they are on 


nonconductors), we can find the electric field of the 
sheets in Fig. 23-17a by (1) finding the field of each sheet 
as if that sheet were isolated and (2) algebraically 
adding the fields of the isolated sheets via the superpo- 
sition principle. (We can add the fields algebraically be- 
cause they are parallel to each other.) 


Calculations: At any point, the electric field Ei +) due to 
the positive sheet is directed away from the sheet and, 
from Eq. 23-13, has the magnitude 
p= 2H 6.8 X 10~° C/m? 
26 (2)(8.85 X 10-1 C2/N- m2) 
= 3.84 x 10° NIC. 


Similarly, at any point, the electric field Ee due to the 


FIG. 23-17 (a) Two large, parallel 
sheets, uniformly charged on one 
side. (b) The individual electric 
fields resulting from the two 
charged sheets. (c) The net field 
due to both charged sheets, found 
by superposition. 


negative sheet is directed toward that sheet and has the 
magnitude 


O-) 4.3 x 10-6 C/m? 
2e  (2)(8.85 X 10-2 C2/N- m2) 
= 2.43 x 105 NIC. 


Figure 23-17b shows the fields set up by the sheets to the left 
of the sheets (L), between them (B), and to their right (R). 

The resultant fields in these three regions follow from 
the superposition principle. To the left, the field magni- 
tude is 


1b = 


By = B+) — Be 
= 3.84 x 10° N/C — 2.43 X 10° N/C 
= 14x 10° N/C. 


Because Es) is larger than F;_), the net electric field E 7 in 
this region is directed to the left, as Fig. 23-17c shows. To 
the right of the sheets, the electric field Ep has the same 
magnitude but is directed to the right, as Fig. 23-17c shows. 
Between the sheets, the two fields add and we have 
Bp = Bayt BR) 
= 3.84 x 10° N/C + 2.43 X 10° N/C 


(Answer) 


= 6.3 X 10° NIC. 
The electric field E; is directed to the right. 


(Answer) 
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Here we use Gauss’ law to prove the two shell theorems presented without proof 


in Section 21-4: 
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Figure 23-18 shows a charged spherical shell of total charge g and radius R and two 
concentric spherical Gaussian surfaces, $,; and 5S). If we followed the procedure of 
Section 23-5 as we applied Gauss’ law to surface $5, for which r= R,we would find that 


1 
Bie 


ATE r 





, (spherical shell, field at r = R). 


(23-15) 


This field is the same as one set up by a point charge g at the center of the shell of 
charge. Thus, the force produced by a shell of charge g on a charged particle 
placed outside the shell is the same as the force produced by a point charge q 
located at the center of the shell. This proves the first shell theorem. 

Applying Gauss’ law to surface S,,for which r < R, leads directly to 


bE=0 (spherical shell, field atr < R), (23-16) 
because this Gaussian surface encloses no charge. Thus, if a charged particle were 
enclosed by the shell, the shell would exert no net electrostatic force on the parti- 
cle. This proves the second shell theorem. 

Any spherically symmetric charge distribution, such as that of Fig. 23-19, can 
be constructed with a nest of concentric spherical shells. For purposes of applying 
the two shell theorems, the volume charge density p should have a single value 
for each shell but need not be the same from shell to shell. Thus, for the charge 
distribution as a whole, p can vary, but only with r, the radial distance from the 
center. We can then examine the effect of the charge distribution “shell by shell.” 

In Fig. 23-19a, the entire charge lies within a Gaussian surface with r > R. 
The charge produces an electric field on the Gaussian surface as if the charge 
were a point charge located at the center, and Eq. 23-15 holds. 

Figure 23-195 shows a Gaussian surface with r < R. To find the electric field 
at points on this Gaussian surface, we consider two sets of charged shells— one 
set inside the Gaussian surface and one set outside. Equation 23-16 says that the 
charge lying outside the Gaussian surface does not set up a net electric field on 
the Gaussian surface. Equation 23-15 says that the charge enclosed by the surface 
sets up an electric field as if that enclosed charge were concentrated at the center. 
Letting g’ represent that enclosed charge, we can then rewrite Eq. 23-15 as 

Log eee 
= (spherical distribution, field at r <= R). 
Ame, r? 








(2257) 


If the full charge q enclosed within radius R is uniform, then q’ enclosed 
within radius r in Fig. 23-195 is proportional to g: 


charge enclosed by 
sphere of radius r full charge 


volume enclosed by\ _ full volume 
sphere of radius r 


q q 





—— = 5 23-18 
a sar? <atR> ( 
This gives us 
as 
q' =i R32 (23-19) 
Substituting this into Eq. 23-17 yields 
k= [aU h (uniform charge, field at r < R). (23-20) 
47e,R 






FIG. 23-18 A thin, uniformly 
charged, spherical shell with total 
charge q, in cross section. Two 
Gaussian surfaces S, and S, are also 
shown in cross section. Surface S, en- 
closes the shell, and S$; encloses only 
the empty interior of the shell. 


Enclosed 


Gaussian 
charge is g — 


surface 





Enclosed 
charge is q' 
3 : Gaussian 
surface 
2) 
FIG. 23-19 The dots represent a 


spherically symmetric distribution of 
charge of radius R, whose volume 
charge density pis a function only of 
distance from the center. The 
charged object is not a conductor, 
and therefore the charge is assumed 
to be fixed in position. A concentric 
spherical Gaussian surface with r > 
R is shown in (a). A similar Gaussian 
surface with r < R is shown in (b). 
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ousses 


POINT 4 The 4 





figure shows two large, parallel, el 
nonconducting sheets with identi- 
cal (positive) uniform surface e2 e3 + e4 





charge densities, and a sphere with 
a uniform (positive) volume ,*—4 -|- d ~- d -|- d ~- d 
charge density. Rank the four 

numbered points according to the magnitude of the net electric field there, greatest first. 


REVIEW & SUMMARY 











Gauss’ Law Gauss’ law and Coulomb’s law are different 
ways of describing the relation between charge and electric 


field in static situations. Gauss’ law is 
EoP = enc (Gauss’ law), (23-6) 


in which dene IS the net charge inside an imaginary closed sur- 
face (a Gaussian surface) and ® is the net flux of the electric 
field through the surface: 


w= Eda 


Coulomb’s law can be derived from Gauss’ law. 


(electric flux through a 
(23-4) 


Gaussian surface). 


Applications of Gauss’ Law _ Using Gauss’ law and, in 
some cases, Symmetry arguments, we can derive several im- 
portant results in electrostatic situations. Among these are: 


1. An excess charge on an isolated conductor is located en- 
tirely on the outer surface of the conductor. 

2. The external electric field near the surface of a charged con- 
ductor 1s perpendicular to the surface and has magnitude 


@3:14)} 


B= a (conducting surface). 
Eo 
Within the conductor, E = 0. 
3. The electric field at any point due to an infinite line of 
charge with uniform linear charge density A 1s perpendicu- 
lar to the line of charge and has magnitude 


QUESTIONS 


a. 


2TTE(r 





(line of charge), (23-12) 
where r is the perpendicular distance from the line of 
charge to the point. 


4. The electric field due to an infinite nonconducting sheet 
with uniform surface charge density o is perpendicular to 
the plane of the sheet and has magnitude 





(sheet of charge). (23-13) 


a 2E 

5. The electric field outside a spherical shell of charge with radius 
R and total charge gq is directed radially and has magnitude 

tg 


= 4 are (spherical shell, for r = R). 
TEg VL 





(23-15) 


Here r is the distance from the center of the shell to the point 
at which FE is measured. (The charge behaves, for external 
points, as if it were all located at the center of the sphere.) The 
field inside a uniform spherical shell of charge is exactly zero: 


(23-16) 


6. The electric field inside a uniform sphere of charge 1s di- 
rected radially and has magnitude 


E=0 (spherical shell, for r < R). 


q 


k= ache] F. (23-20) 





1 Figure 23-20 shows, in cross 3R 
section, a central metal ball, 
two spherical metal shells, and 
three spherical Gaussian 
surfaces of radi R, 2R, and 3R, 
all with the same center. The 
uniform charges on the three 
objects are: ball, Q; smaller 
shell, 3Q; larger shell,5Q. Rank  pface 
the Gaussian surfaces accord- 

ing to the magnitude of the "!@- 23-20 Question 1. 
electric field at any point on the surface, greatest first. 






Gaussian 7 
OA 


2 Figure 23-21 shows, in cross section, two Gaussian spheres 
and two Gaussian cubes that are centered on a positively charged 
particle. (a) Rank the net flux through the four Gaussian sur- 
faces, greatest first. (b) Rank the magnitudes of the electric fields 


on the surfaces, greatest first, and 
indicate whether the magnitudes 
are uniform or variable along 
each surface. 


3 A surface has the area vec- 
tor A = (2i + 3) m2. What is 
the flux of a uniform electric 
field through it if the field is 
(a) E = 4iN/C and (b) E = 
4k N/C? 


4 Figure 23-22 shows, in cross 
section, three solid cylinders, each 
of length ZL and uniform charge Q. Concentric with each cylinder 
is a cylindrical Gaussian surface, with all three surfaces having 
the same radius. Rank the Gaussian surfaces according to the 
electric field at any point on the surface, greatest first. 





FIG. 23-21 Question 2. 


8 Three infinite nonconducting sheets, with uniform positive 
surface charge densities o, 20, and 30, are arranged to be 
parallel like the two sheets in Fig. 23-17a. What is their order, 
from left to right, if the electric field E produced by the 
arrangement has magnitude & = 0 in one region and FE = 
2o/€, in another region? 





Cylinder 
Gaussian 
surface 


FIG. 23-22 Question 4. 





9 In Fig. 23-24, an electron is 
released between two infinite 
nonconducting sheets that are ee 
horizontal and have uniform 
surface charge densities 0.. 
and o(_), as indicated. The elec- 
tron is subjected to the follow- 
ing three situations mvolving 
surface charge densities and sheet separations. Rank the magni- 
tudes of the electron’s acceleration, greatest first. 





3 Figure 23-23 shows four situations in which four very long 
rods extend into and out of the page (we see only their cross 
sections). The value below each cross section gives that par- 
ticular rod’s uniform charge density in microcoulombs per 
meter. The rods are separated by either d or 2d as drawn, and 
a central point is shown midway between the inner rods. Rank 
the situations according to the magnitude of the net electric 
field at that central point, greatest first. 








FIG. 23-24 Question 9. 


(a) —C}>——_)--_e-_)-___-- Situation O(+) O(-) Separation 
+3 +2 = aes eae a ee ee 
+4o —4o d 
() OO > —O- 2 eo —¢ Ad 
+2 — ~4 +2 5 OG —So 9d 
(() = OH 10 Figure 23-25 shows four solid spheres, each with charge 
+8 —2 +2 +8 


Q uniformly distributed through its volume. (a) Rank the 
spheres according to their volume charge density, greatest 


(d) —@—_@__>"—___—_-_Q- first. The figure also shows a point P for each sphere, all at the 
6 2 +9 6 same distance from the center of the sphere. (b) Rank the 
FIG. 23-23 Question 5. spheres according to the magnitude of the electric field they 


produce at point P, greatest first. 
6 A small charged ball lies within the hollow of a metallic 


spherical shell of radius A. For three situations, the net charges Pe 
on the ball and shell, respectively, are (1) +4q, 0; (2) —6q, 
+10q; (3) +16q, —12q. Rank the situations according to the 
charge on (a) the inner surface of the shell and (b) the outer 
surface, most positive first. 





? Rank the situations of Question 6 according to the magni- 


tude of the electric field (a) halfway through the shell and 2) 2 to (d) 








(b) at a point 2R from the center of the shell, greatest first. FIG. 23-25 Question 10. 
& Tutoring problem available (at instructor's discretion) in WileyPLUS and WebAssign 
SSM Worked-out solution available in Student Solutions Manual WWW Worked-out solution is at 
@ —ee@e Number of dots indicates level of problem difficulty iLW Interactive solution is at sae ob as hl ele 


coax oa Additional information available in The Flying Circus of Physics and at flyingcircusofphysics.com 


Click here to view all step-by-step solutions 


sec. 23-3 Flux of an normal to be directed “outward,” as though the surface were 
Electric Field ae one face of a box. Calculate the electric flux through the 
e{ The square surface shown surface. SSM 

in Fig. 23-26 measures 3.2 mm ee2 An electric field given by E = 4.01 — 3.0(y? + 2.0)} 
on each side. It is immersed in pierces a Gaussian cube of edge length 2.0 m and posi- 
a uniform electric field with tioned as shown in Fig. 23-5. (The magnitude E is in new- 
magnitude EF = 1800 N/C and tons per coulomb and the position x is in meters.) What is 
with field lines at an angle of the electric flux through the (a) top face, (b) bottom face, 
@ = 35° with a normal to the (c) left face, and (d) back face? (e) What is the net electric 
surface, as shown. Take that FIG. 23-26 Problem 1. flux through the cube? 
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& 


ee3 The cube in Fig. 23-27 
has edge length 1.40 m and is 
oriented as shown in a region 
of uniform electric field. Find 
the electric flux through the 
Meht facet the electric field, in 
newtons per coulomb, is given 
by (a) 6.001, (b) —2.00), and 
(c) — 3.001 + 4.00k. (d) What is 
the total flux through the cube 
for each field”? 





FIG. 23-27 Problems 3,4, 
and 11. 


sec. 23-4 Gauss’ Law 

e4 At each point on the sur- 
face of the cube shown in Fig. 23-27, the electric field is paral- 
leliontherz axds, Ihelenethsor cachicdec of the cubes 3.0mm. 
On the top face of the cube E = —34k N/C, and on the bot- 
tom face E = + 20k N/C. Determine the net charge contained 
within the cube. 


«5 A point charge of 1.8 uC is at the center of a cubical 
Gaussian surface 55 cm on edge. What is the net electric flux 
through the surface? 


*6 In Fig. 23-28, a butterfly 

net is in a uniform electric field 

of magnitude E=3.0mN/C. —= 
The rim, a circle of radius a = 
11 cm, is aligned perpendicular | 
to the field. The net contains no 
net charge. Find the electric flux 
through the netting. 





VU 
j 
3 
; 
y 
2 
| 
2 


FIG. 23-28 Problem 6. 


e7 In Fig. 23-29, a proton is a distance d/2 directly above 
the center of a square of side d. What is the magnitude of the 
electric flux through the square? (Hint: Think of the square as 
one face of a cube with edge d.) 





FIG. 23-29 Problem /7. 


®®8 Figure 23-30 shows two 
nonconducting spherical shells 
fixed in place. Shell 1 has unt- 
form surface charge density 
+6.0 wC/m? on its outer surface 
and radius 3.0cm; shell 2 has 
uniform surface charge density 
+4.0 wC/m? on its outer surface 
and radius 2.0 cm; the shell cen- 
ters are separated by L = 10 
cm. In unit-vector notation, 
what is the net electric field at x = 2.0 cm? 


FIG. 23-30 Problem 8. 


ee9 It is found experimentally that the electric field in a cer- 
tain region of Earth’s atmosphere is directed vertically down. 
At an altitude of 300 m the field has magnitude 60.0 N/C; at an 
altitude of 200m, the magnitude is 100 N/C. Find the net 
amount of charge contained in a cube 100m on edge, with 
horizontal faces at altitudes of 200 and 300 m. SSM 








#@7Q When a shower is turned on in a closed bathroom, the 
splashing of the water on the bare tub can fill the room’s air 
with negatively charged ions and produce an electric field in 
the air as great as 1000 N/C. Consider a bathroom with di- 
mensions 2.5m X 3.0m X 2.0 m. Along the ceiling, floor, and 
four walls, approximate the electric field in the air as being 
directed perpendicular to the surface and as having a uniform 
magnitude of 600 N/C. Also, treat those surfaces as forming a 
closed Gaussian surface around the room’s air. What are (a) 
the volume charge density p and (b) the number of excess 
elementary charges e per cubic meter in the room’s air? 


e¢77 Fig. 23-27 shows a Gaussian surface in the shape of a 
cube with edge length 1.40 m. What are (a) the net flux ® 
through the surface and (b) the net charge q,,, enclosed by the 
surface if E =(3.00y}) N/C, with y in meters? What are (c) ® 
and (d) dencif E = [—4.001 + (6.00 + 3.00y)j] N/C? 1Lw 


e@%2 Flux and nonconducting shells. A charged particle is sus- 
pended at the center of two concentric spherical shells that are 
very thin and made of nonconducting material. Figure 23-31a 
shows a cross section. Figure 23-315 gives the net flux ® through 
a Gaussian sphere centered on the particle, as a function of the 
radius r of the sphere. The scale of the vertical axis is set by ®, = 
5.0 X 10° N- m’/C. (a) What is the charge of the central particle? 
What are the net charges of (b) shell A and (c) shell B? 


(a) (b) 
FIG. 23-31. Problem 12. 


e@73 A particle of charge +q is placed 
at one corner of a Gaussian cube. What 
multiple of g/eg gives the flux through (a) 
each cube face forming that corner and 
(b) each of the other cube faces? 





ee74 Figure 23-32 shows a_ closed 
Gaussian surface in the shape of a cube of 
edge length 2.00m. It hes in a region 
where the electric field is given by 
E = (3.00x + 4.00)i + 6.00} + 7.00k N/C, with x in meters. 
What is the net charge contained by the cube? 


PIG, 23-32 
Problem 14. 


ee75 Figure 23-33 shows a closed 
Gaussian surface in the shape of a 
cube of edge length 2.00 m, with 
one corner at x; = 5.00 m, y, = 4.00 
m. The cube lies in a region where 
the electric field vector is given by 
E = —3.00i1 — 4.00y2} + 3.00k N/C, 
with y in meters. What is the net 
charge contained by the cube? 





FIG. 23-33 
Problem 15. 


ee@76 The box-like Gaussian surface of Fig. 23-34 encloses 
a net charge of +24.0e) C and lies in an electric field given 
by E = [(10.0 + 2.00x)i — 3.00} + bzk] N/C, with x and z in 
meters and b a constant. The bottom face is in the xz plane; 
the top face is in the horizontal plane passing through y) = 1.00 


m. For x, = 1.00m, x, = 4.00 m, z; =1.00m, and z, =3.00m, 
what is b? 


x 


FIG. 23-34 Problem16. z 


sec. 23-6 A Charged Isolated Conductor 

e417 Space vehicles traveling through Earth’s radiation belts 
can intercept a significant number of electrons. The resulting 
charge buildup can damage electronic components and dis- 
rupt operations. Suppose a spherical metal satellite 1.3 m in 
diameter accumulates 2.4 wC of charge in one orbital revo- 
lution. (a) Find the resulting surface charge density. (b) Cal- 
culate the magnitude of the electric field just outside the sur- 
face of the satellite, due to the surface charge. 


48 Flux and conducting shells. A charged particle is held at the 
center of two concentric conducting spherical shells. Figure 23- 
35a shows a cross section. Figure 23-35b gives the net flux ® 
through a Gaussian sphere centered on the particle, as a function 
of the radius r of the sphere. The scale of the vertical axis is set by 
®, = 5.0 X 10° N- m’/C. What are (a) the charge of the central 
particle and the net charges of (b) shell A and (c) shell B? & 


® (10° N- m?/C) 





(a) (0) 
FIG. 23-35 Problem 18. 


79 A uniformly charged conducting sphere of 1.2 m diame- 
ter has a surface charge density of 8.1 wC/m”. (a) Find the net 
charge on the sphere. (b) What is the total electric flux leaving 
the surface of the sphere? SSM 


«20 ‘The electric field just above the surface of the charged 
drum of a photocopying machine has a magnitude E of 2.3 x 
10° N/C. What is the surface charge density on the drum, as- 
suming the drum is a conductor? 


ee21 Anisolated conductor of arbitrary shape has a net charge 
of +10 x 10~°C. Inside the conductor is a cavity within which is 
a point charge g = +3.0 x 107° 
C. What is the charge (a) on the 
cavity wall and (b) on the outer 
surface of the conductor? 


sec. 23-7 Applying Gauss’ 
Law: Cylindrical Symmetry 

22 Figure 23-36 shows a sec- 
tion of a long, thin-walled metal 
tube of radius R = 3.00 cm, with 
a charge per unit length A = 2.00 
xX 10-8 C/m. What is the magni- 





FIG. 23-36 Problem 22. 





tude E of the electric field at radial distance (a) r = R/2.00 and (b) 
r = 2.00R? (c) Graph E versus r for the range r = 0 to 2.00R. 


23 An infinite line of charge produces a field of magnitude 
4.5 xX 10*N/C at a distance of 2.0m. Calculate the linear 
charge density. SSM 


®24 An electron is released from rest at a perpendicular 
distance of 9.0cm from a line of charge on a very long 
nonconducting rod. That charge is uniformly distributed, with 
6.0 wC per meter. What is the magnitude of the electron’s 
initial acceleration? 


25 (a) The drum of a photocopying machine has a length of 
42 cm and a diameter of 12 cm. The electric field just above 
the drum’s surface is 2.3 X 10° N/C. What is the total charge on 
the drum? (b) The manufacturer wishes to produce a desktop 
version of the machine. This requires reducing the drum 
length to 28 cm and the diameter to 8.0 cm. The electric field 
at the drum surface must not change. What must be the charge 
on this new drum? 


e626 In Fig. 23-37, short sections y 
of two very long parallel lines of 

charge are shown, fixed in place, Line | 
separated by L = 8.0 cm. The uni- 
form lmear charge densities are 
+6.0 wC/m for line 1 and —2.0 
pC/m for line 2. Where along the x 
axis shown is the net electric field 
from the two lines zero? 







Line 2 





MTS? iL F2 | 
FIG. 23-37 Problem 26. 


e027 Figure 23-38 is a section 
of a conducting rod of radius R, 
= 1.30 mm and length L = 11.00 
m inside a thin-walled coaxial 
conducting cylindrical shell of 
radius R,=10.0R, and_ the 
(same) length L. The net charge 
on the rod is QO, = +3.40 X 
10~' C; that on the shell is OQ, = 
—2.00Q,. What are the (a) mag- 
nitude E and (b) direction (radi- 
ally inward or outward) of the 
electric field at radial distance r 
= 2.00R,? What are (c) E and 
(d) the direction at r = 5.00R,? What is the charge on the (e) 
interior and (f) exterior surface of the shell? ssm www 





Qs 
FIG. 23-38 Problem 27. 


ee28 Figure 23-39a shows a narrow charged solid cylinder 
that is coaxial with a larger charged cylindrical shell. Both are 
nonconducting and thin and have uniform surface charge 
densities on their outer surfaces. Figure 23-39b gives the 





nen 
(a) (0) 
FIG. 23-39 Problem 28. 
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radial component F of the electric field versus radial distance 
r from the common axis. The vertical axis scale is set by E, = 
3.0 X 10° N/C. What is the linear charge density of the shell? 





7 ‘Two long, charged, thin-walled, concentric cylindrical 
shells have radii of 3.0 and 6.0 cm. The charge per unit length 
is 5.0 X 10~° C/m on the inner shell and —7.0 x 107° C/m on 
the outer shell. What are the (a) magnitude F and (b) direc- 
tion (radially inward or outward) of the electric field at radial 
distance r = 4.0cm? What are (c) EF and (d) the direction at 
r=8.0cm? ILW 


2030 





A charge of uniform linear density 2.0 nC/m is distrib- 
uted along a long, thin, nonconducting rod. The rod is coaxial 
with a long conducting cylindrical shell (inner radius = 5.0 cm, 
outer radius = 10 cm). The net charge on the shell is zero. (a) 
What is the magnitude of the electric field 15 cm from the axis 
of the shell? What is the surface charge density on the (b) inner 
and (c) outer surface of the shell? 


ee3% A long, straight wire has fixed negative charge with a 
linear charge density of magnitude 3.6 nC/m. The wire is to be 
enclosed by a coaxial, thin-walled nonconducting cylindrical 
shell of radius 1.5 cm. The shell is to have positive charge on 
its outside surface with a surface charge density o that makes 
the net external electric field zero. Calculate o. 


eee32 A long, nonconducting, solid cylinder of radius 4.0 cm 
has a nonuniform volume charge density p that is a function 
of radial distance r from the cylinder axis: p = Ar’. For A = 
2.5 wC/m°, what is the magnitude of the electric field at (a) r = 
3.0 cm and (b) r = 5.0 cm? 





sec. 23-8 Applying Gauss’ Law: Planar Symmetry 

°33 Figure 23-40a shows three plastic sheets that are large, par- 
allel, and uniformly charged. Figure 23-40b gives the component 
of the net electric field along an x axis through the sheets. The 
scale of the vertical axis is set by E, = 6.0 X 10° N/C. What is the 
ratio of the charge density on sheet 3 to that on sheet 2? GB 


1 2 3 


(a) 


E (10° N/C) 





FIG. 23-40 Problem 33. 


*34 Figure 23-41 shows cross sec- 
tions through two large, parallel, 
nonconducting sheets with identi- 
cal distributions of positive charge 
with surface charge density o= +++ +44 450 
1.77 X 10-% C/m?. In unit-vector FIG, 23-41 Problem 34. 
notation, what is E at points (a) 

above the sheets, (b) between them, and (c) below them? 








#35 A square metal plate of edge length 8.0 cm and negligible 
thickness has a total charge of 6.0 x 10°C. (a) Estimate the 
magnitude E of the electric field just off the center of the plate 
(at, say, a distance of 0.50 mm from the center) by assuming that 
the charge is spread uniformly over the two faces of the plate. (b) 
Estimate £ at a distance of 30 m (large relative to the plate size) 
by assuming that the plate is a point charge. SSM www 


®36 In Fig. 23-42, a small circular hole of radius R = 1.80 cm 
has been cut in the middle of an infinite, flat, nonconducting sur- 
face that has uniform charge density o = 4.50 pC/m*. A z axis, 
with its origin at the hole’s center, is perpendicular to the sur- 
face. In unit-vector notation, what is the electric field at point P 
at z = 2.56 cm? (Hint: See Eq. 22-26 and use superposition. ) 





z 





FIG. 23-42 Problem 36. 


—-, 


37 In Fig. 23-43, two large, 
thin metal plates are parallel 
and close to each other. On their 
inner faces, the plates have ex- 
cess surface charge densities of 
opposite signs and magnitude 
7.00 X 10-” C/m?. In unit-vec- 
tor notation, what is the electric 
field at points (a) to the left of 
the plates, (b) to the right of them, and (c) between them? 





FIG. 23-43 Problem 37. 


*°38 Two large metal plates of area 1.0 m? face each other. 
They are 5.0 cm apart and have equal but opposite charges on 
their inner surfaces. If the magnitude EF of the electric field 
between the plates is 55 N/C, what is the magnitude of the 
charge on each plate? Neglect edge effects. 


#°39 An electron is shot directly toward the center of a 
large metal plate that has surface charge density —2.0 x 10~° 
C/m?. If the initial kinetic energy of the electron is 1.60 X 
10!’ J and if the electron is to stop (due to electrostatic repul- 
sion from the plate) just as it reaches the plate, how far from 
the plate must the launch point be? € 


2°40 In Fig. 23-44a, an electron is shot directly away from 
a uniformly charged plastic sheet, at speed v, = 2.0 X 10° m/s. 
The sheet is nonconducting, flat, and very large. Figure 23-44b 
gives the electron’s vertical velocity component v versus time f 


Vv (10° m/s) 








(a) 


FIG. 23-44 Problem 40. 


until the return to the launch point. What is the sheet’s surface 
charge density? 


e044 In Fig. 23-45, a small, nonconducting + 
ball of mass m = 1.0 mg and charge g = 2.0 | + 
x 107° C (distributed uniformly through its 
volume) hangs from an insulating thread that 
makes an angle 6 = 30° with a vertical, uni- 
formly charged nonconducting sheet (shown 
in cross section). Considering the gravita- 
tional force on the ball and assuming the 
sheet extends far vertically and into and out 
of the page, calculate the surface charge den- | # i 
sity oof the sheet. SSM . ed 


ee42 Figure 23-46 shows a very large non- = FIG. 23-45 
Problem 41. 


conducting sheet that has a uniform surface 
charge density of o = —2.00 
uC/m7?; it also shows a particle of 
charge Q = 6.00 uC, at distance 
d from the sheet. Both are fixed 
in place. If d = 0.200 m, at what 
(a) positive and (b) negative co- 
ordinate on the x axis (other 
than infinity) is the net electric 
field ee of the sheet and parti- 
cle zero? (c) If d = 0.800 m, at what co- 
ordinate on the x axis is le, = (0? 


FIG. 23-46 Problem 42. 


eee43 Figure 23-47 shows a cross section 
through a very large nonconducting slab of 
thickness d = 9.40mm and uniform vol- 
ume charge density p=5.80fC/m*. The 
origin of an x axis 1s at the slab’s center. 
What is the magnitude of the slab’s electric 
field at an x coordinate of (a) 0, (b) 2.00 
mm, (c) 4.70 mm, and (d) 26.0 mm? 








PIG, 23-47 
Problem 43. 


sec. 23-9 Applying Gauss’ Law: Spherical Symmetry 
«44 A point charge causes an electric flux of —750 N-m?/C 
to pass through a spherical Gaussian surface of 10.0 cm radius 
centered on the charge. (a) If the radius of the Gaussian 
surface were doubled, how much flux would pass through the 
surface? (b) What is the value of the point charge? 


e4S Anunknown charge sits on a conducting solid sphere of 
radius 10 cm. If the electric field 15 cm from the center of the 
sphere has the magnitude 3.0 x 10° N/C and is directed radi- 
ally inward, what is the net charge on the sphere? SSM 


e46 Figure 23-48 gives the magnitude of the electric field inside 
and outside asphere witha posi- si, 





tive charge distributed uniformly Y& 
throughout its volume. The scale 7 
of the vertical axis is set by E, = = 
5.0 X 10’ N/C. What isthe charge & F = 


on the sphere? 


yt Cini) 


FIG. 23-48 Problem 46. 


e47 Two charged concentric 
spherical shells have radii 
10.0 cm and 15.0 cm. The charge on the inner shell is 4.00 X 
107° C, and that on the outer shell is 2.00 x 107° C. Find the 
electric field (a) at r = 12.0 cm and (b) at r = 20.0 cm. 


ee48 Figure 23-49 shows two nonconducting spherical shells 
fixed in place on an x axis. Shell 1 has uniform surface charge 
density +4.0 wC/m? on its outer surface and radius 0.50 cm, 











and shell 2 has uniform surface 
charge density —2.0 wC/m? on 
its outer surface and radius 2.0 
cm; the centers are separated by 
L=6.0cm. Other than at x = 
co, where on the x axis is the net 
electric field equal to zero? €} 


ee49 In Fig. 23-50, a noncon- 
ducting spherical shell of inner 
radius a = 2.00 cm and outer ra- 
dius b = 2.40 cm has (within its 
thickness) a positive volume 
charge density p = A/r, where A 
is a constant and r is the distance 
from the center of the shell. In ad- 
dition, a small ball of charge g = 
45.0 fC is located at that center. 
What value should A have if the 
electric field in the shell (a=rs 
b) is to be uniform? ssm www 


#e50 Figure 23-51 shows a 
spherical shell with uniform 
volume charge density p= 1.84 
nC/m’, inner radius a = 10.0 cm, 
and outer radius 6 = 2.00a. What 
is the magnitude of the electric 
field at radial distances (a) r = 0; 
(b) r = a/2.00, (c) r=a, (d) r= 
1.50a, (e) r = b, and (f) r = 3.00b? 


ee57 In Fig. 23-52, a solid 
sphere of radius a = 2.00 cm 
is concentric with a spherical 
conducting shell of inner radius 
b = 2.00a and outer radius c = 
2.40a. The sphere has a net 
uniform charge g; = +5.00 fC; 
the shell has a net charge gq, = 
—q,. What is the magnitude of 
the electric field at radial 
distances (a) r=0, (b) r= 
a/2.00, (c) r =a, (d) r = 1.50a, 
(e) r = 2.30a, and (f) r = 3.50a? 
What is the net charge on the 
(g) inner and (h) outer surface 
of the shell? 


¢e52 A charged particle is held at the center of a spherical 
shell. Figure 23-53 gives the magnitude F of the electric field 


Shel] _pxnsom 
Shell 9 / & 





FIG. 23-49 Problem 48. 





FIG. 23-50 Problem 49. 





+ +++ 4+ 4+ + + 
+++ + 4+ + 4+ + 


FIG. 23-51 Problem 50. 





FIG. 23-52 Problem 51. 


E 


E (107 N/C) 





r (cm) 


FIG. 23-53 Problem 52. 
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versus radial distance r. The scale of the vertical axis is set by 
E, = 10.0 X 10’ N/C. Approximately, what is the net charge on 
the shell? 


eee53 <A charge distribution that is spherically symmetric 
but not uniform radially produces an electric field of magni- 
tude E = Kr*, directed radially outward from the center of 
the sphere. Here r is the radial distance from that center, and 
K is a constant. What is the volume density p of the charge 


distribution? 
e°054 Figure 23-54 shows, in fe > Lo 


cross section, two solid spheres 

with uniformly distributed 

charge throughout their vol- 

umes. Each has radius R. Point pig 23.54 Problem 54. 

P hes on a line connecting the 

centers of the spheres, at radial distance R/2.00 from the cen- 
ter of sphere 1. If the net electric field at point P is zero, what 
is the ratio g,/q, of the total charge q> in sphere 2 to the total 
charge qg, insphere 1? 


ee@55 A solid nonconducting sphere of radius R = 5.60 cm 
has a nonuniform charge distribution of volume charge den- 
sity p = (14.1 pC/m*)r/R, where r is radial distance from the 
sphere’s center. (a) What is the sphere’s total charge? What 1s 
the magnitude F of the electric field at (b) r= 0, (c) r= 
R/2.00, and (d) r = R? (e) Sketch a graph of E versus 7, ILw 


Additional Problems 

56 The chocolate crumb mystery. Explosions ignited by elec- 
trostatic discharges (sparks) constitute a serious danger in fa- 
cilities handling grain or powder. Such an explosion occurred 
in chocolate crumb powder at a biscuit factory in the 1970s. 
Workers usually emptied newly delivered sacks of the powder 
into a loading bin, from which it was blown through electri- 
cally grounded plastic pipes to a silo for storage. Somewhere 
along this route, two conditions for an explosion were met: 
(1) The magnitude of an electric field became 3.0 x 10° N/C or 
greater, so that electrical breakdown and thus sparking could oc- 
cur. (2) The energy of a spark was 150 mJ or greater so that it 
could ignite the powder explosively. Let us check for the first 
condition in the powder flow through the plastic pipes. 

Suppose a stream of negatively charged powder was 
blown through a cylindrical pipe of radius R =5.0cm. 
Assume that the powder and its charge were spread uniformly 
through the pipe with a volume charge density p. (a) Using 
Gauss’ law, find an expression for the magnitude of the elec- 
tric field E’ in the pipe as a function of radial distance r from 
the pipe center. (b) Does F increase or decrease with increas- 
ing r? (c) Is E directed radially inward or outward? (d) For 
p = 1.1 X 107° C/m: (a typical value at the factory), find the 
maximum & and determine where that maximum field occurs. 
(e) Could sparking occur, and if so, where? (The story contin- 
ues with Problem 68 in Chapter 24.) ie 


57 Charge Q is uniformly distributed in a sphere of radius 
R. (a) What fraction of the charge is contained within radius 
r = R/2.00? (b) What is the ratio of the electric field magnitude 
at r = R/2.00 to that on the surface of the sphere? 


58 Charge of uniform volume density p = 3.2 wC/m? fills 
a nonconducting solid sphere of radius 5.0 cm. What is the 
magnitude of the electric field (a) 3.5 cm and (b) 8.0 cm from 
the sphere’s center? 


59 The electric field at point P just outside the outer surface 
of a hollow spherical conductor of inner radius 10cm and 
outer radius 20cm has magnitude 450 N/C and is directed 
outward. When an unknown point charge Q is introduced into 
the center of the sphere, the electric field at P is still directed 
outward but is now 180 N/C. (a) What was the net charge 
enclosed by the outer surface before Q was introduced? (b) 
What is charge Q? After Q is introduced, what is the charge 
on the (c) inner and (d) outer surface of the conductor? SSM 


60 Assume that a ball of charged particles has a uniformly 
distributed negative charge density except for a narrow radial 
tunnel through its center, from the surface on one side to the 
surface on the opposite side. Also assume that we can position 
a proton anywhere along the tunnel or outside the ball. Let Fp 
be the magnitude of the electrostatic force on the proton 
when it is located at the ball’s surface, at radius R. As a multi- 
ple of R, how far from the surface is there a point where the 
force magnitude is 0.50Fp if we move the proton (a) away 
from the ball and (b) into the tunnel? 


61 Charge of uniform volume density p = 1.2 nC/m’ fills an 
infinite slab between x = —5.0cm and x = +5.0 cm. What is 
the magnitude of the electric field at any point with the co- 
ordinate (a) x = 4.0 cm and (b) x = 6.0 cm? 


62 A uniform surface charge of density 8.0 nC/m? is distrib- 
uted over the entire xy plane. What is the electric flux through 
a spherical Gaussian surface centered on the origin and having 
a radius of 5.0 cm? 


63 A thin-walled metal spherical shell has radius 25.0 cm 
and charge 2.00 xX 10°’C. Find E for a point (a) inside the 
shell, (b) just outside it, and (c) 3.00 m from the center. 


64 The electric field in a particular space is E = (x + 2)1 
N/C, with x in meters. Consider a cylindrical Gaussian surface 
of radius 20cm that is coaxial with the x axis. One end of 
the cylinder is at x = 0. (a) What is the magnitude of the elec- 
tric flux through the other end of the cylinder at x = 2.0 m? 
(b) What net charge is enclosed within the cylinder? 


65 Figure 23-55 shows, in cross section, three infinitely large 
nonconducting sheets on which charge is uniformly spread. The 
surface charge densities are o, = +2.00 wC/m’, oy = +4.00 
uC/m’, and o; = —5.00 wC/m’, and distance L = 1.50 cm. In 
unit-vector notation, what is the net electric field at point P? 


Pe I 








66 The net electric flux through each face of a die (singular 
of dice) has a magnitude in units of 10° N- m’/C that is exactly 
equal to the number of spots N on the face (1 through 6). The 
flux is inward for N odd and outward for N even. What is 
the net charge inside the die? 


67 A Gaussian surface in the form of a hemisphere of radius 
R = 5.68 cm lies in a uniform electric field of magnitude EF = 
2.50 N/C. The surface encloses no net charge. At the (flat) base 
of the surface, the field is perpendicular to the surface and 
directed into the surface. What is the flux through (a) the base 
and (b) the curved portion of the surface? 


68 A point charge g = 1.0 x 107’C is at the center of a 
spherical cavity of radius 3.0cm in a chunk of metal. Use 
Gauss’ law to find the electric field (a) 1.5 cm from the cavity 
center and (b) anyplace in the metal. 


69 _A thin-walled metal spherical shell of radius a has a 
charge q,. Concentric with it is a thin-walled metal spherical 
shell of radius b > a and charge q,. Find the electric field at 
points a distance r from the common center, where (a) r < a, 
(b) a<r<b, and (c) r>b. (d) Discuss the criterion you 
would use to determine how the charges are distributed on 
the inner and outer surfaces of the shells. SSM 


70 What net charge is enclosed by the Gaussian cube of 
Problem 2? 


71 A proton with speed v = 3.00 X 10° m/s orbits just out- 
side a charged sphere of radius r= 1.00 cm. What is the 
charge on the sphere? 


72 Equation 23-11 (EF = o/e,) gives the electric field at points 
near a charged conducting surface. Apply this equation to a con- 
ducting sphere of radius r and charge g, and show that the electric 
field outside the sphere is the same as the field of a point charge 
located at the center of the sphere. 


73 Figure 23-56 shows a Geiger _y Particle 
counter, a device used to detect | 
ionizing radiation, which causes 
ionization of atoms. A thin, posi- 
tively charged central wire 1s sur- 
rounded by a concentric, circular, 
conducting cylindrical shell with 
an equal negative charge, creating 
a strong radial electric field. The 
shell contains a low-pressure inert 
gas. A particle of radiation enter- 
ing the device through the shell 
wall ionizes a few of the gas atoms. 
The resulting free electrons (e) are 
drawn to the positive wire. Charged 

However, the electric field is soin- cylindrical shell 

tense that, between collisions with gig 93.56 Problem 73. 
gas atoms, the free electrons gain 

energy sufficient to ionize these atoms also. More free elec- 
trons are thereby created, and the process is repeated until the 
electrons reach the wire. The resulting “avalanche” of elec- 
trons 1s collected by the wire, generating a signal that is used 
to record the passage of the original particle of radiation. 
Suppose that the radius of the central wire is 25 um, the inner 
radius of the shell 1.4 cm, and the length of the shell 16 cm. If 
the electric field at the shell’s inner wall is 2.9 x 10+ N/C, what 
is the total positive charge on the central wire? 





i 
# \* 
/f# Signal 


74 Charge is distributed uniformly throughout the volume 
of an infinitely long solid cylinder of radius R. (a) Show that, at 
a distance r < RK from the cylinder axis, 


PF 
2& 


where p is the volume charge density. (b) Write an expression 
hore Wwihlemer = ie 


75 Water in an irrigation ditch of width w = 3.22m and 
depth d = 1.04m flows with a speed of 0.207 m/s. The mass 
flux of the flowing water through an imaginary surface is the 
product of the water’s density (1000 kg/m*) and its volume 
flux through that surface. Find the mass flux through the 
following imaginary surfaces: (a) a surface of area wd, entirely 
in the water, perpendicular to the flow; (b) a surface with area 
3wd/2, of which wd 1s in the water, perpendicular to the flow; 
(c) a surface of area wd/2, entirely in the water, perpendicular to 
the flow; (d) a surface of area wd, half in the water and half out, 
perpendicular to the flow; (e) a surface of area wd, entirely in the 
water, with its normal 34.0° from the direction of flow. 


76 A free electron is placed between two large, parallel, 
nonconducting plates that are horizontal and 2.3 cm apart. 
One plate has a uniform positive charge; the other has an 
equal amount of uniform negative charge. The force on the 
electron due to the electric field E between the plates bal- 
ances the gravitational force on the electron. What are (a) the 
magnitude of the surface charge density on the plates and (b) 
the direction (up or down) of E? ssm 


77 A nonconducting solid sphere has a uniform volume 
charge density p. Let 7 be the vector from the center of the 
sphere to a general point P within the sphere. (a) Show that 
the electric field at P is given by E = pr/3é . (Note that the 
result is independent of the radius of the 
sphere.) (b) A spherical cavity is hol- 
lowed out of the sphere, as shown in Fig. 
23-57. Using superposition concepts, show 
that the electric field at all points within 
the cavity is uniform and equal to 
E = pa/3e, where @ is the position vector 
from the center of the sphere to the center 
of the cavity. (Note that this result is inde- 
pendent of the radius of the sphere and the 
radius of the cavity.) 





PIG. 23-57 
Problem 77. 


78 <A uniform charge density of 500 nC/m? is distributed 
throughout a spherical volume of radius 6.00 cm. Consider a 
cubical Gaussian surface with its center at the center of the 
sphere. What is the electric flux through this cubical surface if its 
edge length is (a) 4.00 cm and (b) 14.0 cm? 


79 A spherical conducting shell has a charge of —14 wC on 
its outer surface and a charged particle in its hollow. If the net 
charge on the shell is —10 uC, what is the charge (a) on the 
inner surface of the shell and (b) of the particle? SSM 





80 Acharge of 6.00 pC is spread uniformly throughout the vol- 
ume of a sphere of radius r = 4.00 cm. What is the magnitude of 
the electric field at a radial distance of (a) 6.00 cm and (b) 3.00 cm? 


$1 A spherical ball of charged particles has a uniform 
charge density. In terms of the ball’s radius R, at what radial 
distances (a) inside and (b) outside the ball is the magnitude 
of the ball’s electric field equal to 3 of the maximum magni- 
tude of that field? 


82 Charge of uniform surface density 8.00 nC/m‘? is distributed 
over an entire xy plane; charge of uniform surface density 3.00 
nC/m* is distributed over the parallel plane defined by z = 2.00 
m. Determine the magnitude of the electric field at any point 
having a z coordinate of (a) 1.00 m and (b) 3.00 m. 





If a person peels off a jacket 
or sweater while working at a 
computer, the computer can 
be destroyed. If a child slides 
down a plastic slide 

and then reaches for another 
person, the child can be in 
for a painful surprise. If an 
anesthesiologist does not 
wear the right type of shoes 
during surgery, the patient 
can be fatally injured. If a 
customer at a self-serve gas 
station slides back into the 
car while the tank is being 
filled, a fire can erupt at the 
pump nozzle when the 
customer returns to pull the 


nozzle from the car. 











The answer is in this chapter. 
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24-2 | Electric Potential Energy _ 
24-1 WHAT IS PHYSICS? 


One goal of physics is to identify basic forces in our world, such as the electric 
force we discussed in Chapter 21. A related goal is to determine whether a force 
is conservative — that is, whether a potential energy can be associated with it. The 
motivation for associating a potential energy with a force is that we can then 
apply the principle of the conservation of mechanical energy to closed systems 
involving the force. This extremely powerful principle allows us to calculate the 
results of experiments for which force calculations alone would be very difficult. 
Experimentally, physicists and engineers discovered that the electric force is 
conservative and thus has an associated electric potential energy. In this chapter 
we first define this type of potential energy and then put it to use. 





24-2 | Electric Potential Energy 


When an electrostatic force acts between two or more charged particles within 
a system of particles, we can assign an electric potential energy U to the system. 
If the system changes its configuration from an initial state 7 to a different final 
state f, the electrostatic force does work W on the particles. From Eq. 8-1, we then 
know that the resulting change AU in the potential energy of the system is 


AU = U, - U;= -W. (24-1) 


As with other conservative forces, the work done by the electrostatic force is path 
independent. Suppose a charged particle within the system moves from point i to 
point f while an electrostatic force between it and the rest of the system acts on it. 
Provided the rest of the system does not change, the work W done by the force on 
the particle is the same for all paths between points 7 and f. 

For convenience, we usually take the reference configuration of a system of 
charged particles to be that in which the particles are all infinitely separated from 
one another. Also, we usually set the corresponding reference potential energy to 
be zero. Suppose that several charged particles come together from initially infi- 
nite separations (state i) to form a system of neighboring particles (state f). Let 
the initial potential energy U; be zero, and let W.. represent the work done by the 
electrostatic forces between the particles during the move in from infinity. Then 
from Eq. 24-1, the final potential energy U of the system 1s 





U= —W,. (24-2) 
Ke ECKPOINT 1 In the figure, a proton moves 
from point 7 to point fin a uniform electric field directed as iB 
shown. (a) Does the electric field do positive or negative D 
work on the proton? (b) Does the electric potential energy f : @ ° 


of the proton increase or decrease”? 


PROBLEM-SOLVING TACTICS 


Tactic 7: Electric Potential Energy; Work Done by 
aField Anelectric potential energy is associated with a sys- 
tem of particles as a whole. However, you will see statements 
(starting with Sample Problem 24-1) that associate it with only 
one particle within a system. For example, you might read, 
“An electron in an electric field has a potential energy of 1077 J.” 
Such statements are often acceptable, but you should always 
keep in mind that the potential energy is actually associated 
with a system—here, the electron plus the charged particles 


that set up the electric field. Also keep in mind that it makes 
sense to assign a particular potential energy value, such as 
10~’ J here, to a particle or even a system only if the reference 
potential energy value is known. 

If the potential energy is associated with only one parti- 
cle within a system, you may read that work is done on the 
particle by the electric field. This means that work is done on 
the particle by the force due to the charges that set up the 
field. 


Chapter 24 | Electric Potential 
Sample Problem eer 


Electrons are continually being knocked out of air mole- 


cules in the atmosphere by cosmic-ray particles coming in BiG CAT eISe Onn nC oinoe 

from space. Once released, each electron experiences an phere is moved upward through dis- BE d 
electrostatic force F' due to the electric field FE that placement A by an electrostatic force F 

is produced in the atmosphere by charged particles already due to an electric field E.. 





on Earth. Near Earth’s surface the electric field has the 

magnitude £ = 150 N/C and is directed downward. What is Calculations: Substituting for F in Eq. 24-3 and taking 
the change AU in the electric potential energy of a released the dot product yield 

electron when the electrostatic force causes it to move ver- Vigne ct ata econo) (24-4) 


tically upward through a distance d = 520 m (Fig. 24-1)? , = 
where @ is the angle between the directions of F and d. 


— The field E is directed downward and the displacement 
ph a) (1) The change AU in the electric potential d is directed upward; so 6 = 180°. Substituting this and 





energy of the electron is related to the work W done on other data into Eq. 24-4, we find 
the electron by the electric field. Equation 24-1 (AU = W = (-1.6 X 107!9 C)(150 N/C)(520 m) cos 180° 
—W) gives the relation. (2) The work done by a constant 7 
=> . ae = 12x 10°" J. 
force F ona particle undergoing a displacement d is 
w-Fd (24-3) Equation 24-1 then yields 
= es = lt 
(3) The electrostatic force and the electric field are re- AU=—-W=—12x 10°" J. (Answer) 
lated by F = gE, where here gq 1s the charge of an elec- This result tells us that during the 520 m ascent, the electric 
tron (= —1.6 xX 10°" C). potential energy of the electron decreases by 1.2 x 107" J. 


24-3 | Electric Potential 


As you can infer from Sample Problem 24-1, the potential energy of a charged 
particle in an electric field depends on the charge magnitude. However, the 
potential energy per unit charge has a unique value at any point in an electric field. 
For an example of this, suppose we place a test particle of positive charge 
1.60 X 10°!’ C at a point in an electric field where the particle has an electric 
potential energy of 2.40 x 107!’ J. Then the potential energy per unit charge is 


2A xX 10m I 


ier en 


Next, suppose we replace that test particle with one having twice as much 
positive charge, 3.20 x 10° C. We would find that the second particle has an 
electric potential energy of 4.80 x 10°'’J, twice that of the first particle. 

However, the potential energy per unit charge would be the same, still 150 J/C. 
Thus, the potential energy per unit charge, which can be symbolized as U/q, is in- 
dependent of the charge q of the particle we happen to use and 1s characteristic only 
of the electric field we are investigating. The potential energy per unit charge at a 
point in an electric field 1s called the electric potential V (or simply the potential) at 
that point. Thus, 
QS (24-5) 


Note that electric potential is a scalar, not a vector. 

The electric potential difference AV between any two points i and fin an elec- 
tric field is equal to the difference in potential energy per unit charge between 
the two points: 


U; U; AU 
q q q 


Using Eq. 24-1 to substitute —W for AU in Eq. 24-6, we can define the potential 


difference between points / and fas 
Ww 
i Vey ott eer ee (potential differenge:dcfined). (24-7) 
qd 


The potential difference between two points is thus the negative of the work 
done by the electrostatic force to move a unit charge from one point to the other. 
A potential difference can be positive, negative, or zero, depending on the signs 
and magnitudes of g and W. 

If we set U; = 0 at infinity as our reference potential energy, then by Eq. 24-5, 
the electric potential V must also be zero there. Then from Eq. 24-7, we can define 
the electric potential at any point in an electric field to be 


Vee (potential defined), (24-8) 
q 


where W.,, is the work done by the electric field on a charged particle as that parti- 
cle moves in from infinity to point f. A potential V can be positive, negative, or 
zero, depending on the signs and magnitudes of g and W... 

The SI unit for potential that follows from Eq. 24-8 is the joule per coulomb. 
This combination occurs so often that a special unit, the volt (abbreviated V), is 
used to represent it. Thus, 


1 volt = 1 joule per coulomb. (24-9) 


This new unit allows us to adopt a more conventional unit for the electric field E, 
which we have measured up to now in newtons per coulomb. With two unit conver- 


sions, we obtain i: or Ri 
iLNeC= YS.) 
m= ee 


1 Vim. (24-10) 


The conversion factor in the second set of parentheses comes from Eq. 24-9; that 
in the third set of parentheses 1s derived from the definition of the joule. From 
now on, we shall express values of the electric field in volts per meter rather than 
in newtons per coulomb. 

Finally, we can now define an energy unit that is a convenient one for energy 
measurements in the atomic and subatomic domain: One electron-volt (eV) is the 
energy equal to the work required to move a single elementary charge e, such as 
that of the electron or the proton, through a potential difference of exactly one 
volt. Equation 24-7 tells us that the magnitude of this work is g AV; so 


leV=e(1V) 
EGO 10 CGC) =o 0 i. 


24-3 | Electric Potential 


PROBLEM-SOLVING TACTICS 


Tactic 2: Electric Potential and Electric Potential Energy Electric potential V and electric potential energy U are quite 
different quantities and should not be confused. 


















































Work Done by an Applied Force 


Suppose we move a particle of charge g from point / to point fin an electric field 
by applying a force to it. During the move, our applied force does work W,,, on 
the charge while the electric field does work W on it. By the work—kinetic energy 








ee Chapter 24 | Electric Potential 





FIG. 24-2 Portions of four equipo- 
tential surfaces at electric potentials 
V, = 100 V, V, = 80 V, V3 = 60 V, 
and V, = 40 V. Four paths along 
which a test charge may move 

are shown. Two electric field lines are 
also indicated. 


theorem of Eq. 7-10, the change AK in the kinetic energy of the particle is 


AK = K;— K; = Wap, + W. 24-11 
iE pp 


Now suppose the particle is stationary before and after the move. Then K; and 
K; are both zero, and Eq. 24-11 reduces to 


W app = —W. (24-12) 


In words, the work W,,, done by our applied force during the move is equal to 
the negative of the work W done by the electric field—provided there is no 
change in kinetic energy. 

By using Eq. 24-12 to substitute W,,,, into Eq. 24-1, we can relate the work 
done by our applied force to the change in the potential energy of the particle 
during the move. We find 

OTF a ey 


ne (24-13) 
By similarly using Eq. 24-12 to substitute W,,, into Eq. 24-7, we can relate our work 
Wp to the electric potential difference AV between the initial and final locations of 
th ticle. We find 

es oe Wap = G AV. (24-14) 
W.pp can be positive, negative, or zero depending on the signs and magnitudes 
of g and AV. 


we ECKPOINT 2 In the figure of Checkpoint 1, we move the proton from point 


i to point fin a uniform electric field directed as shown. (a) Does our force do positive or 
negative work? (b) Does the proton move to a point of higher or lower potential? 


24-4 | Equipotential Surfaces 


Adjacent points that have the same electric potential form an equipotential 
surface, which can be either an imaginary surface or a real, physical surface. No 
net work W is done on a charged particle by an electric field when the particle 
moves between two points i and fon the same equipotential surface. This follows 
from Eq. 24-7, which tells us that W must be zero if V; = V;. Because of the path 
independence of work (and thus of potential energy and potential), W = 0 for 
any path connecting points 7 and f on a given equipotential surface regardless of 
whether that path lies entirely on that surface. 

Figure 24-2 shows a family of equipotential surfaces associated with the elec- 
tric field due to some distribution of charges. The work done by the electric field 
on a charged particle as the particle moves from one end to the other of paths 
I and II is zero because each of these paths begins and ends on the same equipo- 
tential surface. The work done as the charged particle moves from one end to the 
other of paths III and IV is not zero but has the same value for both these paths 
because the initial and final potentials are identical for the two paths; that is, 
paths III and IV connect the same pair of equipotential surfaces. 

From symmetry, the equipotential surfaces produced by a point charge or a 
spherically symmetrical charge distribution are a family of concentric spheres. 
For a uniform electric field, the surfaces are a family of planes perpendicular to 
the field lines. In fact, equipotential surfaces are always perpendicular to electric 
field lines and thus to E, which is always tangent to these lines. If E were not per- 
pendicular to an equipotential surface, it would have a component lying along 
that surface. This component would then do work on a charged particle as it 
moved along the surface. However, by Eq. 24-7 work cannot be done if the 
surface is truly an equipotential surface; the only possible conclusion is that E 
must be everywhere perpendicular to the surface. Figure 24-3 shows electric field 
lines and cross sections of the equipotential surfaces for a uniform electric field 
and for the field associated with a point charge and with an electric dipole. 


24-5 | Calculating the Potential from the Field 
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FIG. 24-3 Electric field lines (purple) and cross sections of equipotential surfaces (gold) for (a) a uniform electric field, (b) the 
field due to a point charge, and (c) the field due to an electric dipole. 


We can calculate the potential difference between any two points 7 and f in an 
electric field if we know the electric field vector E all along any path connecting 
those points. To make the calculation, we find the work done on a positive test 
charge by the field as the charge moves from / to f,and then use Eq. 24-7. 
Consider an arbitrary electric field, represented by the field lines in Fig. 24-4, 
and a positive test charge gg that moves along the path shown from point i to 
point f. At any point on the path, an electrostatic force qQoE acts on the charge as it 
moves through a differential displacement ds’. From Chapter 7, we know that the 
differential work dW done on a particle by a force F during a displacement ds’ is 


dW = F-ds. (24-15) 
For the situation of Fig. 24-4, = qoE and Eq. 24-15 becomes 
dW = qE-ds. (24-16) 


To find the total work W done on the particle by the field as the particle moves 
from point i to point f, we sum— via integration—the differential works done on 
the charge as it moves through all the displacements ds’ along the path: 


f_. 
W = w| E> ds. (24-17) 


If we substitute the total work W from Eq. 24-17 into Eq. 24-7, we find 
Po. 
V; ae V; a -| E-ds. (24-18) Path Field \\| 


Thus, the potential difference V; — V; between any two points i and fin an electric 
field is equal to the negative of the line integral (meaning the integral along a 
particular path) of E- ds from i to f. However, because the electrostatic force 1s 
conservative, all paths (whether easy or difficult to use) yield the same result. 

Equation 24-18 allows us to calculate the difference in potential between any 
two points in the field. If we set potential V; = 0, then Eq. 24-18 becomes 





f FIG. 24-4 A test charge qgmoves 
jonas | kEedv (24-19) from point i to point falong the path 
i shown in a nonuniform electric field. 


During a displacement ds’, an elec- 
in which we have dropped the subscript f on V,. Equation 24-19 gives us the _ trostatic force qQoE Acre omitheteck 


potential V at any point fin the electric field relative to the zero potential at point charge. This force points in the direc- 
i. If we let point 7 be at infinity, then Eq. 24-19 gives us the potential V at any point _ tion of the field line at the location of 
frelative to the zero potential at infinity. the test charge. 
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Viernes 3 The figure here 
shows a family of parallel equipotential | 
surfaces (in cross section) and five paths | 
along which we shall move an electron from | 
one surface to another. (a) What is the direc- 
tion of the electric field associated with the | 
surfaces? (b) For each path, is the work we do ? 
positive, negative, or zero? (c) Rank the paths | 
according to the work we do, greatest first. a0. 


Sample Problem zee 


(a) Figure 24- -Sa shows two points 7 and fin a uniform 
electric field E. The points lie on the same electric field 
line (not shown) and are separated by a distance d. Find 
the potential difference V;— V; by moving a positive 
test charge gq, from i to f along the path shown, which is 
parallel to the field direction. 





Sictinaa We can find the potential difference be- 
tween any two points in an electric field by integrating 
E-ds along a path connecting those two points 
according to Eq. 24-18. 


Calculations: We begin by mentally moving a test 
charge qy along that path, from initial point i to final 
point f. As we move such a test charge along the path in 
Fig. 24-5Sa, its differential displacement ds always has 
the same direction as E. Thus, the angle 6 between E 


and ds is zero and the dot product in Eq. 24-18 is 
E-ds’ = Eds cos 6 = Eds. (24-20) 


Equations 24-18 and 24-20 then give us 


. 
- | Eds. (24-21) 


Since the field is uniform, F is constant over the path 
and can be moved outside the integral, giving us 


ie 
v;- v= -] Ede 


ee 

Ve-Vi= -e | ds = —Ed, (Answer) 
in which the integral is simply the length d of the path. 
The minus sign in the result shows that the potential at 
point fin Fig. 24-5a is lower than the potential at point i. 
This is a general result: The potential always decreases 
along a path that extends in the direction of the electric 
field lines. 


(b) Now find the potential difference V;— V; by mov- 
ing the positive test charge gy, from i to f along the path 
icf shown in Fig. 24-5b. 


Calculations: The Key Idea of (a) applies here too, ex- 
cept now we move the test charge along a path that con- 
sists of two lines: ic and cf. At all points along line ic, the 
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(a) (d) 


FIG. 24-5 (a) A test charge gj moves in a straight line from 
point 7 to point f, along the direction of a uniform external 
electric field. (b) Charge gj moves along path icf in the same 
electric field. 


displacement ds” of the test charge is perpendicular to 
E. Thus, the angle 6 between E and ds is 90°, and the 
dot product E+ d3 is 0. Equation 24-18 then tells us that 
points i and c are at the same potential: V. — V; = 0. 

For line cf we have @ = 45° and, from Eq. 24-18, 


ie 
| E-ds = 


G 


- 
= | E(cos 45°) ds 


f 
— E(cos as) | ds. 


The integral in this equation is just the length of line cf; 
from Fig. 24-5), that length is d/sin 45°. Thus, 


Ve — VY, = —E(cos 45°) = —Fd. (Answer) 


sin 45° 
This is the same result we obtained in (a), as it must be; the 
potential difference between two points does not depend 
on the path connecting them. Moral: When you want to 
find the potential difference between two points by moving 
a test charge between them, you can save time and work by 
choosing a path that simplifies the use of Eq. 24-18. 


24-6 | Potential Due to a Point Charge 


24-6 | Potential Due to a Point Charge 


We now use Eq. 24-18 to derive, for the space around a charged particle, an 
expression for the electric potential V relative to the zero potential at infinity. 
Consider a point P at distance R from a fixed particle of positive charge q 
(Fig. 24-6). To use Eq. 24-18, we imagine that we move a positive test charge qo 
from point P to infinity. Because the path we take does not matter, let us choose 
the simplest one—a line that extends radially from the fixed particle through 
P to infinity. 
To use Eq. 24-18, we must evaluate the dot product 


E-ds = Ecos 6ds. (24-22) 


The electric field E in Fig. 24-6 is directed radially outward from the fixed par- 
ticle. Thus, the differential displacement ds of the test particle along its path has 
the same direction as £. That means that in Eq. 24-22, angle 6 = 0 and cos 6 = 1. 
Because the path is radial, let us write ds as dr. Then, substituting the limits R 
and ©, we can write Eq. 24-18 as 

Ve Ve -| E dr. (24-23) 
Next, we set V;= 0 (at ©) and V; = V (at R). Then, for the magnitude of the 
electric field at the site of the test charge, we substitute from Eq. 22-3: 


i: 
pe i (24-24) 


4 Tre r- 





With these changes, Eq. 24-23 then gives us 
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ATE R 

Solving for V and switching R to r, we then have 

1 
= Z (24-26) 
ATE, le 


as the electric potential V due to a particle of charge g at any radial distance 
r from the particle. 

Although we have derived Eq. 24-26 for a positively charged particle, the 
derivation holds also for a negatively charged particle, in which case, qg is a nega- 
tive quantity. Note that the sign of V is the same as the sign of g: 
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Figure 24-7 shows a computer-generated plot of Eq. 24-26 for a positively 
charged particle; the magnitude of V is plotted vertically. Note that the magni- 
tude increases as r—(). In fact, according to Eq. 24-26, V is infinite at r = 0, 
although Fig. 24-7 shows a finite, smoothed-off value there. 

Equation 24-26 also gives the electric potential either outside or on the exter- 
nal surface of a spherically symmetric charge distribution. We can prove this by 
using one of the shell theorems of Sections 21-4 and 23-9 to replace the actual 
spherical charge distribution with an equal charge concentrated at its center. 
Then the derivation leading to Eq. 24-26 follows, provided we do not consider 
a point within the actual distribution. 








FIG. 24-6 The positive point charge 
q produces an electric field E andan 
electric potential V at point P. We 
find the potential by moving a test 
charge ggfrom P to infinity. The test 
charge is shown at distance r from 
the point charge, during differential 
displacement ds’. 





FIG. 24-7 A computer-generated 
plot of the electric potential V(r) due 
to a positive point charge located at 
the origin of an xy plane. The poten- 
tials at points in the xy plane are 
plotted vertically. (Curved lines have 
been added to help you visualize the 
plot.) The infinite value of V pre- 
dicted by Eq. 24-26 for r = Ois not 
plotted. 


Chapter 24 | Electric Potential 


PROBLEM-SOLVING TACTICS 


Tactic 3: Finding a Potential Difference To find the 
potential difference AV between any two points in the field of 
an isolated point charge, evaluate Eq. 24-26 at each point and 


then subtract one result from the other. The value of AV will 
be the same for any choice of reference potential energy be- 
cause that choice is eliminated by the subtraction. 





| Potential Due to a Group of Point Charges 


We can find the net potential at a point due to a group of point charges with the 
help of the superposition principle. Using Eq. 24-26 with the sign of the charge 
included, we calculate separately the potential resulting from each charge at 
the given point. Then we sum the potentials. For n charges, the net potential is 





(n point charges). (24-27) 


n 1 we 
i=1 


Ame) ja Vj 


Here q; is the value of the ith charge and 7; is the radial distance of the given point 
from the ith charge. The sum in Eq. 24-27 is an algebraic sum, not a vector sum 
like the sum that would be used to calculate the electric field resulting from a group 
of point charges. Herein lies an important computational advantage of potential 
over electric field: It is a lot easier to sum several scalar quantities than to sum sev- 


eral vector quantities whose directions and components must be considered. 


ee 





The figure here shows three arrangements of two protons. 


Rank the arrangements according to the net electric potential produced at point P by the 


protons, greatest first. 
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Sample Problem ery 


What is the electric potential at point P, located at the 
center of the square of point charges shown in Fig. 
24-8a? The distance dis 1.3 m, and the charges are 


gq, = +12 nC, gq, = +31 nC, 
Go = —24nC, Q4 = +17 nC. 


Sty The electric potential V at P is the alge- 


braic sum of the electric potentials contributed by the 
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FIG. 24-8 (a) Four point charges are held fixed at the corners 
of a square. (b) The closed curve is a cross section, in the plane 
of the figure, of the equipotential surface that contains point 
P.(The curve is drawn only roughly.) 


four point charges. (Because electric potential is a sca- 
lar, the orientations of the point charges do not matter.) 


Calculations: From Eq. 24-27, we have 


4 1 7s 
v= Sy=— (2+ 24244) 
= 4tey \ r if r r 
The distance r is d/V 2, which is 0.919 m, and the sum of 
the charges is 


Oi On Ga gn =e ol lex Were 
= 36x 10-7 €, 


(8.99 X 10°N-m2/C2)(36 X 107° C) 


Th 
a 0.919 m 


= 350 V. (Answer) 


Close to any of the three positive charges in Fig. 24-8a, the 
potential has very large positive values. Close to the single 
negative charge, the potential has very large negative values. 
Therefore, there must be points within the square that have 
the same intermediate potential as that at point P. The curve 
in Fig. 24-85 shows the intersection of the plane of the figure 
with the equipotential surface that contains point P. Any 
point along that curve has the same potential as point P. 


Sample Problem 


24-8 | Potential Due to an Electric Dipole 





(a) In Fig. 24-9a, 12 electrons (of charge —e) are equally 
spaced and fixed around a circle of radius R. Relative to 
V = Oat infinity, what are the electric potential and electric 
field at the center C of the circle due to these electrons? 





Lael dabei (1) The electric potential V at C is the alge- 
braic sum of the electric potentials contributed by all 
the electrons. (Because electric potential is a scalar, the 
orieatations of the electrons do not matter.) (2) The 
electric field at C is a vector quantity and thus the orien- 
tation of the electrons is important. 


Calculations: Because the electrons all have the same 
negative charge —e and are all the same distance R 
from C, Eq. 24-27 gives us 
LL. # 

a, A 24-28 
vo, Be (Answer) ( ) 
Because of the symmetry of the arrangement in Fig. 
24-9a, the electric field vector at C due to any given 
electron is canceled by the field vector due to the elec- 
tron that is diametrically opposite it. Thus, at C, 


E=0. (Answer) 


V=-12 





FIG. 24-9 
(a) Twelve 


electrons unli- 
formly spaced | —~A 
around a cir- 
cle. (b) The 


electrons 





nonuniformly 

spaced along 

an arc of the 

original circle. (a) (d) 


(b) If the electrons are moved along the circle until 
they are nonuniformly spaced over a 120° arc (Fig. 24- 


9b), what 


then is the potential at C? How does the elec- 


tric field at C change (if at all)? 


Reasoning: The potential is still given by Eq. 24-28, be- 
cause the distance between C and each electron is un- 
changed and orientation is irrelevant. The electric field 
is no longer zero, however, because the arrangement is 
no longer symmetric. A net field is now directed toward 
the charge distribution. 





24-8 | Potential Due to an Electric Dipole 


Now let us apply Eq. 24-27 to an electric dipole to find the potential at an arbi- 
trary point P in Fig. 24-10a. At P, the positive point charge (at distance r,)) sets 
up potential V;,) and the negative point charge (at distance r(_)) sets up potential 


=4.) 
Le) 


Naturally occurring dipoles—such as those possessed by many molecules — 
are quite small; so we are usually interested only in points that are relatively far 
from the dipole, such that r > d, where d is the distance between the charges. 
Under those conditions, the approximations that follow from Fig. 24-105 are 


V(_). Then the net potential at P is given by Eq. 24-27 as 


V=2V,=Vayt+V-) = 





z= (— 
Hal ATE) F(+) 


oe ee es 
ATE, Lr ee) 


M-) ~ 


If we substitute these quantities into Eq. 24-29, we can approximate V to be 


q dcosé 


Aare 





where 6 is measured from the dipole axis as shown in Fig. 24-10a. We can now 


FIG. 24-10 (a) Point Pisa distance r from the midpoint O of a dipole. The line OP 
makes an angle 6 with the dipole axis. (b) If P is far from the dipole, the lines of lengths r;,, 
and r;_) are approximately parallel to the line of length r, and the dashed black line 1s 


approximately perpendicular to the line of length r_). 


hey = dcos@ and eee om E. 


(24-29) 
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(0) 


FIG. 24-17 (a) Anatom, showing 
the positively charged nucleus 
(green) and the negatively charged 
electrons (gold shading). The centers 
of positive and negative charge coin- 
cide. (b) If the atom is placed in an 
external electric field E , the electron 
orbits are distorted so that the 
centers of positive and negative 
charge no longer coincide. An in- 
duced dipole moment p appears. 
The distortion 1s greatly exaggerated 
here. 








—>| ~«— dx 





<— 


(0) 
FIG. 24-12 (a) A thin, uniformly 
charged rod produces an electric 
potential V at point P.(b) An 
element of charge produces a differ- 
ential potential dV at P. 


write V as 


ib 0 
VY = — aa (electric dipole), (24-30) 


Aarne ier r= 


in which p (= qd) is the magnitude of the electric dipole moment p defined in 
Section 22-5. The vector p is directed along the dipole axis, from the negative to 
the positive charge. (Thus, 6is measured from the direction of p’.) 


Vor ECKPOINT 5 Suppose that three points are set at equal (large) distances 


r from the center of the dipole in Fig. 24-10: Point a is on the dipole axis above the 
positive charge, point b is on the axis below the negative charge, and point c is on a 
perpendicular bisector through the line connecting the two charges. Rank the points 
according to the electric potential of the dipole there, greatest (most positive) first. 





t 


Many molecules, such as water, have permanent electric dipole moments. In other 
molecules (called nonpolar molecules) and in every isolated atom, the centers of 
the positive and negative charges coincide (Fig. 24-11a) and thus no dipole 
moment is set up. However, if we place an atom or a nonpolar molecule in an 
external electric field, the field distorts the electron orbits and separates the 
centers of positive and negative charge (Fig. 24-11b). Because the electrons are 
negatively charged, they tend to be shifted in a direction opposite the field. This 
shift sets up a dipole moment p that points in the direction of the field. This dipole 
moment is said to be induced by the field, and the atom or molecule is then said to 
be polarized by the field (that is, it has a positive side and a negative side). When the 
field is removed, the induced dipole moment and the polarization disappear. 


Induced Dipole Momen 


24-9 | Potential Due to a Continuous Charge 
Distribution 


When a charge distribution g is continuous (as on a uniformly charged thin rod 
or disk), we cannot use the summation of Eq. 24-27 to find the potential V at a point 
P. Instead, we must choose a differential element of charge dg, determine the 
potential dV at P due to dq, and then integrate over the entire charge distribution. 

Let us again take the zero of potential to be at infinity. If we treat the element of 
charge dq as a point charge, then we can use Eq. 24-26 to express the potential dV at 
point P due to dq: 


ld 
dV = —— ae (positive or negative dq). (24-31) 


Amey) 1 


Here + is the distance between P and dq. To find the total potential V at P, we 
integrate to sum the potentials due to all the charge elements: 


V= | iy | sis (24-32) 


47, r 





The integral must be taken over the entire charge distribution. Note that because the 
electric potential is a scalar, there are no vector components to consider in Eq. 24-32. 
We now examine two continuous charge distributions, a line and a disk. 


Line of Charge 


In Fig. 24-12a, a thin nonconducting rod of length L has a positive charge of 
uniform linear density A. Let us determine the electric potential V due to the rod 
at point P,a perpendicular distance d from the left end of the rod. 


24-9 | Potential Due to a Continuous Charge Distribution 


We consider a differential element dx of the rod as shown in Fig. 24-12b. This 
(or any other) element of the rod has a differential charge of 


dq = ddx. (24-33) 


This element produces an electric potential dV at point P, which is a distance 
r = (x’ + d’)'” from the element. Treating the element as a point charge, we can 
use Eq. 24-31 to write the potential dV as 


1 dq 1 d dx 


dV = = ae ae 
Aqeg (i a) 


Aten Ir 








(24-34) 


Since the charge on the rod is positive and we have taken V = 0 at infinity, we 
know from Section 24-6 that dV in Eq. 24-34 must be positive. 

We now find the total potential V produced by the rod at point P by integrat- 
ing Eq. 24-34 along the length of the rod, from x = 0 to x = L, using integral 17 in 
Appendix E. We find 


V fav I : A d 
0 4ae, (x7 + d*)'” 
— A |’ dx 
Aare, Jo (9° + d*)" 
r zB 
= n(x + (7 + vy) 
4Tré 9 0 


A 
= in( + (L? + 2) — In a} 
47réy 


We can simplify this result by using the general relation In A — In B = In(A/B). 
We then find 














(24-35) 


L + (L? + d?)!” 
oe 


— A Treo 
Because V is the sum of positive values of dV, it should be positive —but does 


Eq. 24-35 give a positive V? Since the argument of the logarithm is greater than 1, 
the logarithm 1s a positive number and V 1s indeed positive. 





In Section 22-7, we calculated the magnitude of the electric field at points on the 
central axis of a plastic disk of radius R that has a uniform charge density o on 
one surface. Here we derive an expression for V(z), the electric potential at any 
point on the central axis. 

In Fig. 24-13, consider a differential element consisting of a flat ring of radius 
R’ and radial width dR’. Its charge has magnitude 


dq = a(27R')(dR’), 


in which (277R')(dR’) is the upper surface area of the ring. All parts of this 
charged element are the same distance r from point P on the disk’s axis. With the 
aid of Fig. 24-13, we can use Eq. 24-31 to write the contribution of this ring to 
the electric potential at P as 





toed if 27rR')(dR' 
IV = dq __ 1 o(2aR')(dR') (24-36) 
4tey Ame) = Vi22 + R” 


We find the net potential at P by adding (via integration) the contributions of all 


the rings from R' = Oto R' = R: 
y= fav _ 9 R' dR o 
2€o 


© Vz" +R” 2& 





(Vz? + R? — z). 


(24-37) 


P 





FIG. 24-13 A plastic disk of radius 
R, charged on its top surface to a un!- 
form surface charge density a. We 
wish to find the potential V at point P 
on the central axis of the disk. 


640 Chapter 24 | Electric Potential 


Note that the variable in the second integral of Eq. 24-37 is R' and not z, which 
remains constant while the integration over the surface of the disk is carried out. 
(Note also that, in evaluating the integral, we have assumed that z = 0.) 


PROBLEM-SOLVING TACTICS | 


Tactic 4: Signs of Trouble with Electric Potential 
When you calculate the potential V at some point P due to a 
line of charge or any other continuous charge configuration, 
the signs can cause you trouble. Here is a generic guide to sort 
out the signs. 

If the charge is negative, should the symbols dg and A rep- 
resent negative quantities, or should you explicitly show the 
signs, using —dg and —A? You can do either as long as you 
remember what your notation means, so that when you get to 
the final step, you can correctly interpret the sign of V. 

Another approach, which can be used when the entire 
charge distribution is of a single sign, is to let the symbols dq 
and A represent magnitudes only. The result of the calculation 


will give you the magnitude of V at P. Then add a sign to V 
based on the sign of the charge. (If the zero potential is at 
infinity, positive charge gives a positive potential and negative 
charge gives a negative potential.) 

If you happen to reverse the limits on the integral used to 
calculate a potential, you will obtain a negative value for V. 
The magnitude will be correct, but discard the minus sign. 
Then determine the proper sign for V from the sign of the 
charge. As an example, we would have obtained a minus sign 
in Eq. 24-35 if we had reversed the limits in the integral above 
that equation. We would then have discarded that minus sign 
and noted that the potential is positive because the charge 
producing it 1s positive. 


24-10 | Calculating the Field from the Potential 


In Section 24-5, you saw how to find the potential at a point f if you know 
the electric field along a path from a reference point to point f. In this section, 
we propose to go the other way — that 1s, to find the electric field when we know 
the potential. As Fig. 24-3 shows, solving this problem graphically is easy: If we 
know the potential V at all points near an assembly of charges, we can draw in 
a family of equipotential surfaces. The electric field lines, sketched perpendicular 
to those surfaces, reveal the variation of E. What we are seeking here is the math- 
ematical equivalent of this graphical procedure. 

Figure 24-14 shows cross sections of a family of closely spaced equipo- 
tential surfaces, the potential difference between each pair of adjacent surfaces 
being dV. As the figure suggests, the field E at any point P is perpendicular to the 
equipotential surface through P. 

Suppose that a positive test charge gj moves through a displacement ds’ from 
one equipotential surface to the adjacent surface. From Eq. 24-7, we see that the 
work the electric field does on the test charge during the move is —g) dV. From Eq. 
24-16 and Fig. 24-14, we see that the work done by the electric field may also be writ- 
ten as the scalar product (qoE) + d¥, or qoE(cos 6) ds. Equating these two expres- 
sions for the work yields 


—qo dV = qoE(cos 6) ds, (24-38) 
dV 

or 20s 0 = (24-39) 
ds 


Since FE cos @is the component of E in the direction of d9, Eq. 24-39 becomes 





aV 
\ ™ \ Two Es ey vine 
: ‘ equipotential es 
\ surfaces 


We have added a subscript to & and switched to the partial derivative symbols to 
emphasize that Eq. 24-40 involves only the variation ¢ of V along a specified axis 
(here called the s axis) and only the component of E along that axis. In words, 
Eq. 24-40 ines is ae the reverse operation of Eq. 24- - states: 


FIG. 24-14 A test charge gqgmoves a 
distance ds from one equipotential 
surface to another. (The separation 
between the surfaces has been exag- 
gerated for clarity.) The displacement 
ds makes an angle 6 with the direction 
of the electric field E. 
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24-11 | Electric Potential Energy of a System of Point Charges 


If we take the s axis to be, in turn, the x, y, and z axes, we find that the x, y, and 
z components of E at any point are 


oV oV 0V 
Bg SS Te ee een LE itr ee (24-41) 
Ox oy OZ 


Thus, if we know V for all points in the region around a charge distribution — that 
is, if we know the function V(x, y, z) we can find the components of E,, and thus 
E itself, at any point by taking partial derivatives. 
For the simple situation in which the electric field E is uniform, Eq. 24-40 
b 
ecomes av 
k= (24-42) 
Ns 
where s is perpendicular to the equipotential surfaces. The component of the 
electric field is zero in any direction parallel to the equipotential surfaces. 


a ECKPOINT 6 The figure shows three pairs of paral- 
lel plates with the same separation, and the electric potential of 
each plate. The electric field between the plates is uniform and 
perpendicular to the plates. (a) Rank the pairs according to the 
magnitude of the electric field between the plates, greatest first. (b) 
For which pair is the electric field pointing rightward? (c) If an | . 
electron is released midway between the third pair of plates, does -5O0V +150V 90 V +200 V 900 V —400 V 
it remain there, move rightward at constant speed, move leftward (1) (2) (3) 
at constant speed, accelerate rightward, or accelerate leftward? 





Sample Problem 24-5 


The electric potential at any point on the central axis of want the component E, of E in the direction of z. This 
a uniformly charged disk is given by Eq. 24-37, component is the negative of the rate at which the elec- 
tric potential changes with distance z. 
ANE 





26 Calculation: Thus, from the last of Eqs. 24-41, we can write 
Starting with this expression, derive an expression for aVv - 
the electric field at any point on the axis of the disk. k,=- ae “Fe = A ele ae Re — 
0 


o Z 
Cova = ee 2] (Answer) 
We want the electric field EK as a function ( [2 4 R 


2E 
of distance z along the axis of the disk. For any value of 
z, the direction of & must be along that axis because the This is the same expression that we derived in Section 
disk has circular symmetry about that axis. Thus, we 22-7 by integration, using Coulomb’s law. 


m 





| Energy of a Syste 





In Section 24-2, we discussed the electric potential energy of a charged particle as 
an electrostatic force does work on it. In that section, we assumed that the charges 
that produced the force were fixed in place, so that neither the force nor the corre- 
sponding electric field could be influenced by the presence of the test charge. In 
this section we can take a broader view, to find the electric potential energy of a 
system of charges due to the electric field produced by those same charges. 

For a simple example, suppose you push together two bodies that have 
charges of the same electrical sign. The work that you must do is stored as electric 


pe ee Chapter 24 | Electric Potential 


1 qo potential energy in the two-body system (provided the kinetic energy of the bod- 
e-____—-r @ ies does not change). If you later release the charges, you can recover this stored 
FIG. 24.15 Twochargesheldafixed @nergy, in whole or in part, as kinetic energy of the charged bodies as they rush 
distance r apart. away from each other. 
We define the electric potential energy of a system of point charges, held in 
fixed positions by forces not specified, as follows: 
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We assume that the charges are stationary both in their initial infinitely distant 
positions and in their final assembled configuration. 

Figure 24-15 shows two point charges q, and q>, separated by a distance r.'To 
find the electric potential energy of this two-charge system, we must mentally build 
the system, starting with both charges infinitely far away and at rest. When we bring 
q, in from infinity and put it in place, we do no work because no electrostatic force 
acts on g,. However, when we next bring q> in from infinity and put it in place, we 
must do work because q, exerts an electrostatic force on g, during the move. 

We can calculate that work with Eq. 24-8 by dropping the minus sign (so that 
the equation gives the work we do rather than the field’s work) and substituting g, 
for the general charge qg. Our work 1s then equal to g,V, where V is the potential that 
has been set up by gq; at the point where we put q>. From Eq. 24-26, that potential is 


_ 1 


Aten 1 


Thus, from our definition, the electric potential energy of the pair of point 
charges of Fig. 24-15 1s 


Pian ae 


Sone r 


If the charges have the same sign, we have to do positive work to push them 
together against their mutual repulsion. Hence, as Eq. 24-43 shows, the potential 
energy of the system 1s then positive. If the charges have opposite signs, we have 
to do negative work against their mutual attraction to bring them together if they 
are to be stationary. The potential energy of the system is then negative. Sample 
Problem 24-6 shows how to extend this process to more than two charges. 





Figure 24-16 shows three point charges held in fixed po- 42 





a 
sitions by forces that are not shown. What is the electric 2g 
potential energy U of this system of charges? Assume i \ 
that d = 12 cm and that / 
a C 
/ 
qi — rq, q2 — —4q, and Cz +24, f \ 
\ 
in which q = 150 nC. 4 +B 
vi 93 
cee The potential energy U of the system is FIG. 24-16 Three charges are fixed at the vertices of an equilat- 
equal to the work we must do to assemble the system, eral triangle. What is the electric potential energy of the system? 


bringing in each charge from an infinite distance. ae 
ens S place and the others at infinity. Then we bring another 


Calculations: Let’s mentally build the system of Fig. one, say qg>, in from infinity and put it in place. From Eq. 
24-16, starting with one of the point charges, say q,, in 24-43 with d substituted for r, the potential energy U,, 


24-11 | Electric Potential Energy of a System of Point Charges 


associated with the pair of point charges gq, and gq; is 





= ! Mm 
= Amen d 


We then bring the last point charge q; in from infinity 
and put it in place. The work that we must do in this last 
step is equal to the sum of the work we must do to bring 
q3 near g, and the work we must do to bring it near qp. 
From Eq. 24-43, with d substituted for r, that sum is 


1 93 1 qq 
Va Woe ae 
= #3  darey dd Ate, d 
The total potential energy U of the three-charge system is 
the sum of the potential energies associated with the three 
pairs of charges. This sum (which is actually independent 
of the order in which the charges are brought together) is 


24-7 
An alpha particle (two protons, two neutrons) moves 
into a stationary gold atom (79 protons, 118 neutrons), 
passing through the electron region that surrounds the 
gold nucleus like a shell and headed directly toward the 
nucleus (Fig. 24-17). The alpha particle slows until it mo- 
mentarily stops when its center is at radial distance r = 
9.23 {m from the nuclear center. Then it moves back 
along its incoming path. (Because the gold nucleus is 
much more massive than the alpha particle, we can as- 
sume the gold nucleus does not move.) What was the ki- 
netic energy K; of the alpha particle when it was initially 
far away (hence external to the gold atom)? Assume 
that the only force acting between the alpha particle 
and the gold nucleus is the (electrostatic) Coulomb 
LOree. 


cry During the entire process, the mechanical 


energy of the alpha particle + gold atom system is con- 
served. 


Reasoning: When the alpha particle is outside the 
atom, the system’s initial electric potential energy U; is 
zero because the atom has an equal number of electrons 
and protons, which produce a net electric field of zero. 
However, once the alpha particle passes through the 
electron region surrounding the nucleus on its way to 
the nucleus, the electric field due to the electrons goes 
to zero. The reason is that the electrons act like a closed 
spherical shell of uniform negative charge and, as dis- 
cussed in Section 23-9, such a shell produces zero elec- 
tric field in the space it encloses. The alpha particle still 
experiences the electric field of the protons in the nu- 
cleus, which produces a repulsive force on the protons 
within the alpha particle. 


U= U5 aan U3 ae U3 





_ so (ee , Cra(+2q) | (—4q)(+2q) 
4 ire, d d d 

— 104? 

a Aaend 

(8.99 X 10° N-m/C?)(10)(150 X 10-9 C? 

a 0.12 m 


Se = =n, (Answer) 


The negative potential energy means that negative 
work would have to be done to assemble this structure, 
starting with the three charges infinitely separated and at 
rest. Put another way, an external agent would have to do 
17 mJ of work to disassemble the structure completely, 
ending with the three charges infinitely far apart. 


waa 


Alpha 
particle 





Gold 


nucleus 


FIG, 24-17 An alpha particle, traveling head-on toward the 
center of a gold nucleus, comes to a momentary stop (at which 
time all its kinetic energy has been transferred to electric po- 
tential energy) and then reverses its path. 


As the incoming alpha particle is slowed by this re- 
pulsive force, its kinetic energy is transferred to electric 
potential energy of the system. The transfer is complete 
when the alpha particle momentarily stops and the k1- 
netic energy is K; = 0. 


Calculations: The principle of conservation of mechan- 
ical energy tells us that 


K; + U; = Ky + U;. (24-44) 


We know two values: U; = 0 and K; = 0. We also know 
that the potential energy U; at the stopping point is 
given by the right side of Eq. 24-43, with g, = 2e, gq. = 
79e (in which e is the elementary charge, 1.60 x 10° 
C),and r = 9.23 fm. Thus, we can rewrite Eq. 24-44 as 
K= 1 (2e)(79e) 
' dare) ~—-91.23 fm 
(8.99 x 10? N-m*/C’)(158)(1.60 x 107” C)’ 
9.23 x 10°? m 
3.94 x 10°? J = 24.6 MeV. 


(Answer) 


| 
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V (kV) 





E (kV/m) 





r(m) 
(d) 
FIG. 24-18 (a) A plot of V(r) both 
inside and outside a charged sphert- 
cal shell of radius 1.0 m. (b) A plot of 
E(r) for the same shell. 





FIG. 24-19 A large spark jumps to a car’s body and then ; 
exits by moving across the insulating left front tire (note the 8410 conduction electrons when you peel off a sweater. If the 


flash there), leaving the person inside unharmed. (Courtesy air humidity 1S high, these electrons are quickly drained from 


Westinghouse Electric Corporation) 





24-12 | Potential of a Charged Isolated Conductor 

In Section 23-6, we concluded that E = 0 for all points inside an isolated conductor. 
We then used Gauss’ law to prove that an excess charge placed on an isolated con- 
ductor lies entirely on its surface. (This is true even if the conductor has an empty in- 
ternal cavity.) Here we use the first of these facts to prove an extension of the second: 






















































































= 1 excess charge placed on an isolated Rion srowill die hibate Heli on aoe ‘sur 
Ol that conductor so: th; t all points e conductor — whe ther 01 her on the st e surface orin- 

‘side— sam his is true even if the conc as ani 
“cavity anc and ev even an that cavity contains a net charge. 





































































































































































































































































































































































































































































































































































































































































































































































































































Our proof follows directly from Eq. 24-18, which is 
* 


Since E = 0 for all points within a conductor, it follows directly that Vy = V; for 
all possible pairs of points 7 and f in the conductor. | 

Figure 24-18a is a plot of potential against radial distance r from the center 
for an isolated spherical conducting shell of 1.0m radius, having a charge of 
1.0 wC. For points outside the shell, we can calculate V(r) from Eq. 24-26 because 
the charge g behaves for such external points as if it were concentrated at the 
center of the shell. That equation holds right up to the surface of the shell. Now 
let us push a small test charge through the shell— assuming a small hole exists — 
to its center. No extra work is needed to do this because no net electric force acts 
on the test charge once it 1s inside the shell. Thus, the potential at all points inside 
the shell has the same value as that on the surface, as Fig. 24-18a shows. 

Figure 24-185 shows the variation of electric field with radial distance for the 
same shell. Note that & = 0 everywhere inside the shell. The curves of Fig. 24-185 can 
be derived from the curve of Fig. 24-18a by differentiating with respect to r, using Eq. 
24-40 (recall that the derivative of any constant is zero). The curve of Fig. 24-18a can be 
derived from the curves of Fig. 24-18b by integrating with respect to r, using Eq. 24-19. 


Spark Discharge from a Charged Conductor 


On nonspherical conductors, a surface charge does not distribute itself uniformly 
over the surface of the conductor. At sharp points or sharp 
edges, the surface charge density—and thus the external elec- 
tric field, which is proportional to it—may reach very high val- 
ues. The air around such sharp points or edges may become ion- 
ized, producing the corona discharge that golfers and 
mountaineers see on the tips of bushes, golf clubs, and rock 
hammers when thunderstorms threaten. Such corona dis- 
charges, like hair that stands on end, are often the precursors of 
lightning strikes. In such circumstances, it 1s wise to enclose 
yourself in a cavity inside a conducting shell, where the electric 
field is guaranteed to be zero. A car (unless it is a convertible or 
made with a plastic body) is almost ideal (Fig. 24-19). a 

Your body is a fairly good electrical conductor and can 
be easily charged if you move around or change clothing. 
Such action produces a great many contact points between 
your clothing and your skin. For many types of fabrics, such 
contact allows some of the conduction electrons on one sur- 
face to move to the other surface. For example, you might 


you by airborne water drops. If the humidity is low, however, 


you may have so much excess charge that the potential difference between your 
body and your surroundings is 5 kV or more. If you touch a computer keyboard 
while charged like this, the excess charge on your body can flow through the com- 
puter’s circuit chips, overloading and ruining them. —S 

There are countless examples in which contact between a person and some 
other type of material leaves the person so highly charged that the person might 
discharge with a spark. Children sliding down a plastic slide on a dry day have 
been measured to have a potential of about 60 kV. If such a child reaches for any 
conducting object (such as another person), the child probably will discharge to 
the object with a very painful spark. aS 

Such a spark discharge would be disastrous in a hospital operating room 
where a flammable gas (such as an anesthetic gas) is present. To drain the charge 
they collect as they move around, a surgical team wears conducting shoes and 
stands on a conducting floor. Spark discharges have also caused a number of fires 
at self-serve gasoline stations when a customer has slid back into a car seat to 
wait for the car’s tank to be filled. Contact with the car seat can leave the cus- 
tomer with so much charge that a spark might jump between fingers and pump 
nozzle when the customer goes back to remove the nozzle from the car. The 
spark can ignite the gasoline vapor that surrounds the nozzle. SS 


Isolated Conductor in an External Electric Field 


If an isolated conductor is placed in an external electric field, as in Fig. 24-20, all 
points of the conductor still come to a single potential regardless of whether the 
conductor has an excess charge. The free conduction electrons distribute themselves 
on the surface in such a way that the electric field they produce at interior points 
cancels the external electric field that would otherwise be there. Furthermore, the 
electron distribution causes the net electric field at all points on the surface to be 
perpendicular to the surface. If the conductor in Fig. 24-20 could be somehow re- 
moved, leaving the surface charges frozen in place, the pattern of the electric field 
would remain absolutely unchanged, for both exterior and interior points. 





FIG. 24-20 An uncharged conduc- 
tor is suspended in an external elec- 
tric field. The free electrons in the 
conductor distribute themselves on 
the surface as shown, so as to reduce 
the net electric field inside the con- 
ductor to zero and make the net field 
at the surface perpendicular to the 
surface. 
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Electric Potential Energy The change AU in the electric 
potential energy U of a point charge as the charge moves from 
an initial point 7 to a final point fin an electric field is 


AU = U,- U,;= -W, 


(24-1) coulomb. 
where W is the work done by the electrostatic force (due to 
the external electric field) on the point charge during the 
move from / to f. If the potential energy is defined to be zero 
at infinity, the electric potential energy U of the point charge 
at a particular point is 


q in an electric field: 


U = —W... (24-2) 


Here W,, is the work done by the electrostatic force on 


AV= Vy 





W.. 
ae 


V=- (24-8) 


The SI unit of potential is the volt: 1 volt = 1 joule per 


Potential and potential difference can also be written in 
terms of the electric potential energy U of a particle of charge 


v=— (24-5) 
q 
U, 
yeti gE (24-6) 
qq q 


Equipotential Surfaces The points on an equipotential 


the point charge as the charge moves from infinity to the par- 
ticular point. 


Electric Potential Difference and Electric Potential 
We define the potential difference AV between two points i 
and fin an electric field as 


AV=V,-V.=-—., (24-7) 


where q 1s the charge of a particle on which work is done by 
the field. The potential at a point is 


surface all have the same electric potential. The work done 
on a test charge in moving it from one such surface to another 
is independent of the locations of the initial and final points 
on these surfaces and of the path that joins the points. 
The electric field E is always directed perpendicularly to 
corresponding equipotential surfaces. 


Finding V from E The electric potential difference be- 
tween two points 7 and fis 


_— 
V.-V= -| E + ds’ (24-18) 
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where the integral is taken over any path connecting the points. If 
we choose V; = 0, we have, for the potential at a particular point, 


o . 
v=-|'E-as 


Potential Due to Point Charges The electric potential 
due to a single point charge at a distance r from that point 
charge is 


(24-19) 


en (24-26) 


Arey r 





where V has the same sign as qg. The potential due to a collec- 
tion of point charges is 


n 1 n 
v= v= 7 
i=1 


Aare i 





(24-27) 


Potential Due to an Electric Dipole At a distance r 
from an electric dipole with dipole moment magnitude p = 
qd, the electric potential of the dipole is 


| 9 | 
<_< (24-30) 


- A Tre, yr 
for r > d;the angle 0 is defined in Fig. 24-10. 





Potential Due to a Continuous Charge Distribution 
For a continuous distribution of charge, Eq. 24-27 becomes 


it dc 
ve [#. 
4 Tre 2 


in which the integral is taken over the entire distribution. 


(24-32) 





Calculating E from V The component of E£ in any direc- 
tion is the negative of the rate at which the potential changes 
with distance in that direction: 





E, = -—. (24-40) 
Os 
The x, y,and z components of E may be found from 
AV OV 
p=-2, g=--2, 2 =- say 
OX oy OZ 
When E is uniform, Eq. 24-40 reduces to 
E=- Ee ; (24-42) 
As 


where s is perpendicular to the equipotential surfaces. The 
electric field is zero parallel to an equipotential surface. 


Electric Potential Energy of a System of Point 
Charges The electric potential energy of a system of point 
charges is equal to the work needed to assemble the system 
with the charges initially at rest and infinitely distant from 
each other. For two charges at separation r, 


Wee 1 Hie 


Ave) = 


(24-43) 


Potential of a Charged Conductor An excess charge 
placed on a conductor will, in the equilibrium state, be located 
entirely on the outer surface of the conductor. The charge will 
distribute itself so that the entire conductor, including interior 
points, is at a uniform potential. 


QUESTIONS 


1 Figure 24-21 shows four pairs of charged particles. For 
each pair, let V = 0 at infinity and consider V,,, at pomts on the 
x axis. For which pairs is there a point at which V,., = 0 (a) be- 
tween the particles and (b) to the right of the particles? (c) At such 
a point is E..«, due to the particles equal to zero? (d) For each pair, 
are there off-axis points (other than at infinity) where V,,., = 0? 
————__o_____—_—__ ———__o___o—___—__“‘x 
—2q +6q +3q —4q 
(1) (2) 


———__@___——___—_—_Oo_—_—_——__ x 


+12q +q —6q —2q 
(3) (4) 
FIG. 24-21 Questions 1 and 7. 


2 Figure 24-22 shows four arrangements of charged particles, all 
the same distance from the origin. Rank the situations according 
to the net electric potential at the origin, most positive first. Take 
the potential to be zero at infinity. 





FIG. 24-22 Question 2. 


3 In Fig. 24-23, eight particles form a square, with distance d 
between adjacent particles. What is the electric potential at 


point P at the center of the square 
if the electric potential is zero at 
infinity? 

4 Figure 24-24 shows three sets of 
cross sections of equipotential sur- 
faces; all three cover the same size 
region of space. (a) Rank the 
arrangements according to the 
magnitude of the electric field pre- 
sent in the region, greatest first. (b) 
In which is the electric field di- 
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(1) (2) (3) 
FIG. 24-24 Question 4. 


5 Higure 24-25 shows three paths 
along which we can move the posi- 
tively charged sphere A closer to 
positively charged sphere B, which 
is held fixed in place. (a) Would 
sphere A be moved to a higher or 
lower electric potential? Is the 





FIG. 24-25 Question 5. 


work done (b) by our force and 
(c) by the electric field due to B 
positive, negative, or zero? (d) 
Rank the paths according to the 
work our force does, greatest first. 





FIG. 24-26 Question 6. 
6 Figure 24-26 gives the elec- 


tric potential V as a function 
of x. (a) Rank the five regions 
according to the magnitude of 
the x component of the electric Q iy ~Af? (full angle) 
field within them, greatest first. | as “eu 
What is the direction of the a 

field along the x axis in (b) re- ee 

gion 2 and (c) region 4? (b) 


? Figure 24-21 shows four 
pairs of charged particles with 
identical separations. (a) Rank 
the pairs according to their 
electric potential energy, great- 
est (most positive) first. (b) For 
each pair, if the separation be- 
tween the particles is increased, 
does the potential energy of the 
pair increase or decrease? 


® (a) In Fig. 24-27a, what is ©) 
the potential at point Pdue to —- FIG, 24-27 Question 8. 


O@«——R —>e P 
(a) 








PROBLEMS 


charge Q at distance R from P? Set V = 0 at infinity. (b) In Fig. 
24-27b, the same charge Q has been spread uniformly over a 
circular arc of radius R and central angle 40°. What is the poten- 
tial at point P, the center of curvature of the arc? (c) In Fig. 24- 
27c, the same charge Q has been spread uniformly over a circle 
of radius R. What is the potential at point P, the center of the 
circle? (d) Rank the three situations according to the magni- 
tude of the electric field that is set up at P, greatest first. 


9 Figure 24-28 shows a system of three charged particles. If 
you move the particle of charge +g from point A to point D, 
are the following positive, negative, or zero: (a) the change in 
the electric potential energy of the three-particle system, 
(b) the work done by the net electrostatic force on the particle 
you moved, and (c) the work done by your force? (d) What 
are the answers to (a) through (c) if, instead, the particle is 
moved from B to C? 





i fai le le le 
le : C 






FIG. 24-28 Questions 9 and 10. 


10 In the situation of Question 9, is the work done by your 
force positive, negative, or zero if the particle is moved 
(a) from A to B, (b) from A to C, and (c) from B to D? 
(d) Rank those moves according to the magnitude of the work 
done by your force, greatest first. 





© Tutoring problem available (at instructor's discretion) in WileyPLUS and WebAssign 


SSM Worked-out solution available in Student Solutions Manual 


@ —¢e@® Number of dots indicates level of problem difficulty 


WWW Worked-out solution is at 





http://www.wiley.com/college/halliday 





Interactive solution is at 


oe Additional information available in The Flying Circus of Physics and at flyingcircusofphysics.com 


Click here to view all step-by-step 


sec. 24-3 Electric Potential 

¢{ Much of the material making up Saturn’s rings is in the 
form of tiny dust grains having radii on the order of 10°° m. 
These grains are located in a region containing a dilute ionized 
gas, and they pick up excess electrons. As an approximation, sup- 
pose each grain is spherical, with radius R = 1.0 xX 10°° m. How 
many electrons would one grain have to pick up to have a poten- 
tial of —400 V on its surface (taking V = 0 at infinity)? 


°2 The electric potential difference between the ground and 
a cloud in a particular thunderstorm is 1.2 X 10° V. In the unit 
electron-volts, what is the magnitude of the change in the elec- 
tric potential energy of an electron that moves between the 
ground and the cloud? 


°3 A particular 12 V car battery can send a total charge of 
84 A-h (ampere-hours) through a circuit, from one terminal 
to the other. (a) How many coulombs of charge does this 
represent? (Hint: See Eq. 21-3.) (b) If this entire charge 
undergoes a change in electric potential of 12 V, how much 
energy is involved? SSM 


sec. 24-5 Calculating the Potential from the Field 


4 When an electron moves from A to B along an electric field 
line in Fig. 24-29, the electric field does 3.94 x 107° J of work on 


SO TUL OTS 


it. What are the electric potential Electric 
differences (a) Vg — V4, (b) Ve — field 
V,,and (c) Ve — Vz? line 


«5 An infinite nonconducting °, 
sheet has a surface charge den- 
sity @ = 0.10 wC/m? on one side. 
How far apart are equipotential 


surfaces whose potentials differ 
by50 V? SSM Equipotentials 


°6 Two large, parallel, conduct- -!'@: 24-29 Problem 4. 
ing plates are 12 cm apart and have charges of equal magni- 
tude and opposite sign on their facing surfaces. An electrosta- 
tic force of 3.9 X 10° N acts on an electron placed anywhere 
between the two plates. (Neglect fringing.) (a) Find the elec- 
tric field at the position of the electron. (b) What is the poten- 
tial difference between the plates? 





ee? An infinite nonconducting sheet has a surface charge 
density 0 = +5.80 pC/m’. (a) How much work is done by the 
electric field due to the sheet if a particle of charge g = 
+1.60 x 10°!’ C is moved from the sheet to a point P at dis- 
tance d = 3.56 cm from the sheet? (b) If the electric potential 
V is defined to be zero on the sheet, what is V at P? 
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% A graph of the x component of Ee 
the electric field as a function of x in O 7 | 
a region of space is shown in Fig.24- 2 29 19B456 
30. The scale of the vertical axis isset & ’ to 


by E,, = 20.0 N/C. The y and x (m) 

z components of the electric field fig 24.29 Problems. 
are zero in this region. If the electric 

potential at the origin is 10 V, (a) what is the electric potential 
at x = 2.0 m, (b) what is the greatest positive value of the elec- 
tric potential for points on the x axis for which 0 = x = 6.0m, 
and (c) for what value of x is the electric potential zero? 


E, = E,= 0 and E, = (4.00 N/C)x. Point A is on the y axis at y 
= 3.00 m, and point B is on the x axis at x = 4.00 m. What is the 
potential difference Vz — V4? 


°°°10 Two uniformly charged, infinite, nonconducting 
planes are parallel to a yz plane and positioned at x = —50 cm 
and x = +50cm. The charge densities on the planes are 
—50nC/m? and +25 nC/m?, respectively. What is the magni- 
tude of the potential difference between the origin and the 
point on the x axis at x = +80 cm? (Hint: Use Gauss’ law.) 


e117 A nonconducting sphere has radius R = 2.31 cm and 
uniformly distributed charge g = +3.50 fC. Take the electric po- 
tential at the sphere’s center to be Vp) = 0. What is V at radial dis- 
tance (a) r = 1.45 cm and (b) r = R. (Hint: See Section 23-9.) 


sec. 24-7 Potential Due to a Group of Point Charges 

*12 Consider a point charge g = 1.0 uC, point A at distance 
d, = 2.0m from q, and point B at distance d, = 1.0 m. (a) If A and 
B are diametrically opposite each other, as in Fig. 24-31a, what is 
the electric potential difference V, — Vz? (b) What is that electric 


potential difference if A and B are located as in Fig. 24-31b? 





e<— dy a dy = ? 


(a) 2) 
FIG, 24-31 Problem 12. 





°13 What are (a) the charge and (b) the charge density on the 
surface of a conducting sphere of radius 0.15 m whose potential 
is 200 V (with V = 0 at infinity)? 


#14 Asaspace shuttle moves through the dilute ionized gas of 
Earth’s ionosphere, the shuttle’s potential is typically changed 
by —1.0V during one revolution. Assuming the shuttle is a 
sphere of radius 10 m, estimate the amount of charge it collects. 


°e@75 In Fig. 24-32, what is the -19 
net electric potential at point P @tq gr 
due to the four particles if V = | 
0 at infinity, g=5.00fC, and @ 
d=4.00cm? @& 


¢®16 Two particles, of charges 
q, and q, are separated by dis- 
tance d in Fig. 24-33. The net 
electric field due to the particles 
is zero at x = d/4, With V = Oat 





FIG. 24-32 Problem 15. 


infinity, locate (in terms of d) 
any point on the x axis (other 
than at infinity) at which the 
electric potential due to the | 
two particles is zero. 


ee17 In Fig. 24-33, particles of 
the charges g,=+5e and 
dz = —15e are fixed in place with a separation of d = 24.0 cm. 
With V = 0 at infinity, what are the finite (a) positive and 
(b) negative values of x at which the net electric potential on 
the x axis 1s zero? 


°°18 Figure 24-34 shows a 





d 








FIG. 24-33 Problems 16, 
L7,and 91. 


+24) +4q9 3H 
rectangular array of charged el 
particles fixed in place, with dis- | | 
tance a=39.0cm and _ the ‘a a 
charges shown as integer multi- : | 
ples of gq; = 3.40 pC and q,= UB cue esac mcs 
6.00 pC. With V = 0 at infinity, —% +4qo +24) 


what is the net electric potential 
at the rectangle’s center? (Hint: 
Thoughtful examination can reduce the calculation.) €% 


FIG. 24-34 Problem 18. 


a potential of 500 V at its surface (with V = 0 at infinity). (a) 
What is the radius of the drop? (b) If two such drops of the same 
charge and radius combine to form a single spherical drop, what 
is the potential at the surface of the new drop? ssM ILw 


e®20 Two charged particles are shown in Fig. 24-35a. 
Particle 1, with charge qj, is fixed in place at distance d. 
Particle 2, with charge gq, can be moved along the x axis. 
Figure 24-35b gives the net electric potential V at the origin 
due to the two particles as a function of the x coordinate of 
particle 2. The scale of the x axis is set by x, = 16.0 cm. The plot 
has an asymptote of V = 5.76 X 107’ V as x ~. What is q> in 
terms of e? 





4 
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= 

= 
—10 





FIG. 24-35 Problem 20. 
sec. 24-8 Potential Due to an Electric Dipole 


dipole moment equal to 1.47 D, where 1 D = 1 debye unit = 
3.34 x 10°*° Cm. Calculate the electric potential due to an 
ammonia molecule at a point 52.0 nm away along the axis of 
the dipole. (Set V = Oatinfinity.) '\w 


e¢22 In Fig. 24-36a, a particle of charge +e is initially at 
coordinate z = 20 nm on the dipole axis through an electric 
dipole, on the positive side of the dipole. (The origin of z is 
at the dipole center.) The particle is then moved along a cir- 
cular path around the dipole center until it is at coordinate 
z = —20 nm. Figure 24-36b gives the work W, done by the 
force moving the particle versus the angle @ that locates 
the particle. The scale of the vertical axis is set by W,, = 4.0 < 
10° *° J. What is the magnitude of the dipole moment? 


W, 102" 3) 





(a) () 


FIG. 24-36 Problem 22. 


sec. 24-9 Potential Due to a Continuous Charge 
Distribution 

e23 A plastic rod has been bent 
into a circle of radius R = 8.20 cm. 
It has a charge Q, = +4.20 pC uni- 
formly distributed along one-quar- 
ter of its circumference and a 
charge Q, = —6Q, uniformly dis- 
tributed along the rest of the cir- 
cumference (Fig. 24-37). With V = 
O at infinity, what is the electric po- 
tential (a) at the center C of the 
circle and (b) at point P, which is on the 
central axis of the circle at distance D = 
6.7 i-eniirom thecenter? 


24 In Fig. 24-38, a plastic rod having a 
uniformly distributed charge Q = —25.6 
pC has been bent into a circular arc of 
radius R = 3.71 cm and central angle ¢ = 
120°. With V = 0 at infinity, what is the 
electric potential at P, the center of 
curvature of the rod? 


FIG. 24-38 
Problem 24. 


25 (a) Figure 24-39a shows a noncon- 
ducting rod of length L = 6.00cm and 
uniform linear charge density A = +3.68 pC/m. Take V = 0 at 
infinity. What is V at point P at distance d = 8.00 cm along the 
rod’s perpendicular bisector? (b) Figure 24-39b shows an identi- 
cal rod except that one half is now negatively charged. Both 
halves have a linear charge density of magnitude 3.68 pC/m. 
With V = Oat infinity, what is V at P? 


’ ' 


d 


ae LD. sens i L/2 ae 
(a) ) 
FIG. 24-39 Problem 25S. 
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*26 A Gaussian sphere of radius 4.00 cm is centered on a 
ball that has a radius of 1.00 cm and a uniform charge distribu- 
tion. The total (net) electric flux through the surface of the 
Gaussian sphere is +5.60 X 104 N-m/2/C. What is the electric 
potential 12.0 cm from the center of the ball? 


#27 In Fig. 24-40, what is the net electric potential at the 
origin due to the circular arc of charge Q, = +7.21 pC and 
the two particles of charges Q, = 4.00Q, and Q3 = —2.00Q,? 
The arc’s center of curvature is at the origin and its radius is 











R = 2.00 m; the angle in- y 
dicated is 6 = 20.0°. 
«e28 The smiling face 
of Fig. 24-41 consists of 
three items: €© 


1. a thin rod of charge 
—3.0 wC that forms a 
full circle of radius 
6.0 cm; —_ Os 

2. a second thin rod of 
charge 2.0 wC_ that 
forms a circular arc of | 
radius 4.0cm, subtending an fo 
angle of 90° about the center of y 





FIG, 24-40 Problem 27. 


the full circle; oa ‘ 
3. an electric dipole with a dipole | @ | 

moment that is perpendicular / 

to a radial line andhasmagni- 9 YO 


tude 1.28 x 10° C-m, A 7 


What is the net electric potential 
at the center? 


#@29 A plastic disk of radius R 
= 64.0 cm is charged on one side 
with a uniform surface charge 
density o = 7.73 [C/m?, and then 
three quadrants of the disk are re- 
moved. The remaining quadrant is 
shown in Fig. 24-42. With V = 0 at 
infinity, what is the potential due 
to the remaining quadrant at point 
P, which is on the central axis of 
the original disk at distance D = 
25.9 cm from the original center? 
SSM WWW 


e¢3Q HKigure 24-43 shows a thin 
plastic rod of length L = 12.0cm and 
uniform positive charge Q = 56.1 fC 
lying on an x axis. With V = 0 at infin- 
ity, find the electric potential at 
point P, on the axis, at distance d = 
2.50 cm from one end of the rod. @& 


«637 In Fig. 24-44, three thin 
plastic rods form quarter-circles 
with a common center of curvature 
at the origin. The uniform charges 
on the rods are QO, = +30nC, QO, 
= +3.00,, and QO,= —8.0Q,. 
What is the net electric potential at 
the origin due to the rods? 








FIG. 24-43 Problems 30, 
33, 38, and 40. 





FIG. 24-44 Problem 31. 
eee32 A nonuniform _ linear 

charge distribution given by A = bx, where b is a constant, is 
located along an x axis from x = 0 to x = 0.20 m. If b = 20 
nC/m? and V = 0 at infinity, what is the electric potential at (a) 
the origin and (b) the point y = 0.15 m on the y axis? 


eee33 ‘The thin plastic rod shown in Fig. 24-43 has length L = 
12.0 cm and a nonuniform linear charge density A = cx, where 


x (cm) 
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c = 28.9 pC/m’. With V = 0 at infinity, find the electric potential 
at point P, on the axis, at distance d = 3.00 cm from one end. 


sec. 24-10 Calculating the Field from the Potential 

#34 The electric potential V in the space between two flat 
parallel plates 1 and 2 is given (in volts) by V = 1500x’, where 
x (in meters) is the perpendicular distance from plate 1. At 
x = 1.3 cm, (a) what is the magnitude of the electric field and 
(b) is the field directed toward or away from plate 1? 





e35 The electric potential at points in an xy plane is given 
by V = (2.0 V/m?)x? — (3.0 V/m2)y’. In unit-vector notation, 
what is the electric field at the point (3.0 m, 2.0 m)? 


36 Two large parallel metal plates are 1.5cm apart and 
have charges of equal magnitudes but opposite signs on their 
facing surfaces. Take the potential of the negative plate to 
be zero. If the potential halfway between the plates is then 
+5.0 V, what is the electric field in the region between 
the plates? 





#@37 Anelectron is placed in an xy plane where the electric 
potential depends on x and y as shown in Fig. 24-45 (the 
potential does not depend on z). The scale of the vertical axis 
is set by V, = 500 V. In unit-vector notation, what is the elec- 
tric force on the electron? 





x (m) y (m) 
FIG. 24-45 Problem 37. 


®e38 Figure 24-43 shows a thin plastic rod of length L = 
13.5 cm and uniform charge 43.6 fC. (a) In terms of distance d, 
find an expression for the electric potential at point P,. (b) Next, 
substitute variable x for d and find an expression for the magni- 
tude of the component F,, of the electric field at P,. (c) What is 
the direction of E,. relative to the positive direction of the x axis? 
(d) What is the value of E, at P, for x = d = 6.20 cm? (e) From 
the symmetry in Fig. 24-43, determine E, at P). 


®e39 What is the magnitude of the electric field at the point 
(3.001 — 2.00; + 4.00k) m if the electric potential is given 
by V = 2.00xyz’*, where V is in volts and x, y, and z are in 
meters? SSM 





The thin plastic rod of length L = 10.0 cm in Fig. 
= cx, where 


24- 43 has a nonuniform linear charge density 2 
c = 49.9 pC/m?. (a) With V = 0 at infinity, 
find the electric potential at point P, on 
the y axis at y = D = 3.56 cm. (b) Find the 
electric field component E, at P>. (c) Why 
cannot the field component E, at P be 
found using the result of (a)? 


sec. 24-11 Electric Potential Energy 
of a System of Point Charges we al 
*41 How much work is required to set FIG. 24-46 
up the arrangement of Fig. 24-46 if g = Problem 41. 





2.30 pC, a = 64.0 cm, and the particles are initially infinitely 
far apart and atrest? ssmiLw www 


e42 In Fig. 24-47, seven y 
charged particles are fixed in 
place to form a square with an 
edge length of 4.00cm. How 
much work must we do to bring 
a particle of charge +6e initially 
at rest from an infinite distance 
to the center of the square? 





+3¢ +e 


e43 A particle of charge +7.5 +3¢ 

uC is released from rest at the pig 24.47 Problem 42. 
point x = 60cm on an Xx axis. 

The particle begins to move due to the presence of a charge O 
that remains fixed at the origin. What is the kinetic energy of 
the particle at the instant it has moved 40 cm if (a) OQ = +20 
wC and (b) O = —20 pC? 


e4@ (a) What is the electric potential energy of two elec- 
trons separated by 2.00 nm? (b) If the separation increases, 
does the potential energy increase or decrease? 

°ee45 In the rectangle of Fig.24- % 4 
48, the sides have lengths 5.0 cm 4 . 
and 15cm, gq; = —5.0 uC, and q : | 
= +2.0 uC. With V = 0 at infinity, | @ 
what is the electric potential at (a) - 92 
corner A and (b) corner B? (c) Fig, 24.48 Problem 45. 
How much work is required to 

move a charge gq; = +3.0 uC from B to A along a diagonal of 
the rectangle? (d) Does this work increase or decrease the 
electric potential energy of the three-charge system? Is more, 
less, or the same work required if g3 is moved along a path that 


is (e) inside the rectangle but not on a diagonal and (f) outside 
the rectangle? @ 


ee46 In Fig. 24-49, how much Q 
work must we do to bring a par- @-—— 2.004 0, Je, 
ticle, of charge Q = +l6e and fi d 
initially at rest, along the dashed ee 

line from infinity to the indicated of 

point near two fixed particles of dis 
charges g,=+4e and q)= / 


—q,/2? Distance d= 1.40.cm, 6; FIG. 24-49 Problem 46. 
= 43°, and 6, = 60°. 


ee47 A particle of charge q is fixed at point P, and a second 
particle of mass m and the same charge q is initially held a dis- 
tance r, from P. The second particle is then released. 
Determine its speed when it is a distance r, from P. Let 
gq = 3.1 pC, m = 20 mg, 7, = 0.90 mm, and 7,7 = 2.5 mm. ILw 














48 A charge of —9.0nC is uniformly distributed around 
a thin plastic ring lying in a yz plane with the ring center at 
the origin. A —6.0 pC point charge is located on the x axis at 
x = 3.0 m. For a ring radius of 1.5 m, how much work must an 
external force do on the point charge to move it to the origin? 


®@49 What is the escape speed for an electron initially at rest 
on the surface of a sphere with a radius of 1.0cm and a 
uniformly distributed charge of 1.6 X 10° C? That is, what 
initial speed must the electron have in order to reach an infi- 
nite distance from the sphere and have zero kinetic energy 
when it gets there? 


e@50 A thin, spherical, conducting shell of radius R is 
mounted on an isolating support and charged to a potential of 
—125 V. An electron is then fired directly toward the center of 
the shell, from point P at distance r from the center of the 
shell (r > R). What initial speed vp is needed for the electron 
to just reach the shell before reversing direction? 


ee57 Two tiny metal spheres A and B of mass m, = 5.00 g 
and mg = 10.0 g have equal positive charge g = 5.00 wC. The 
spheres are connected by a massless nonconducting string of 
length d = 1.00 m, which is much greater than the radii of the 
spheres. (a) What is the electric potential energy of the sys- 
tem? (b) Suppose you cut the string. At that instant, what is 
the acceleration of each sphere? (c) A long time after you cut 
the string, what is the speed of each sphere? 


e652 Figure 24-50a shows three particles on an x axis. 
Particle 1 (with a charge of +5.0 wC) and particle 2 (with 
a charge of +3.0 wC) are fixed in place with separation d = 
4.0 cm. Particle 3 can be moved along the x axis to the right of 
particle 2. Figure 24-505 gives the electric potential energy U 
of the three-particle system as a function of the x coordinate 
of particle 3. The scale of the vertical axis is set by U, = 5.0 J. 
What is the charge of particle 3? 


eo) 


x (cm) 





(d) (2) 
FIG. 24-50 Problem 52. 


e@53 Two electrons are fixed 2.0 cm apart. Another electron 
is shot from infinity and stops midway between the two. What 
is its initial speed? 


ee54 Proton ina well. Figure 24-51 shows electric potential 
V along an x axis. The scale of the vertical axis is set by V, = 
10.0 V. A proton is to be released at x = 3.5 cm with initial 
kinetic energy 4.00 eV. (a) If it is initially moving in the nega- 
tive direction of the axis, does it reach a turning point (if so, 
what is the x coordinate of that point) or does it escape from 
the plotted region (if so, what is its speed at x = 0)? (b) If it is 
initially moving in the positive direction of the axis, does it 
reach a turning point (if so, what is the x coordinate of that 
point) or does it escape from the plotted region (if so, what 
is its speed at x = 6.0 cm)? What are the (c) magnitude F and 
(d) direction (positive or negative direction of the x axis) of 
the electric force on the proton if the proton moves just to the 
left of x = 3.0 cm? What are (e) F and (f) the direction if the 
proton moves just to the right of x = 5.0 cm? 


V(V) 





0 la 4 5 6 7 
FIG. 24-54 Problem 54. 


e655 In Fig. 24-52, a charged particle 





(either an electron or a proton) ismov- d 
ing rightward between two parallel 
charged plates separated by distance d = ie 


2.00 mm. The plate potentials are V; = 
—70.0 V and V, = —50.0 V. The particle 
is slowing from an initial speed of 90.0 
km/s at the left plate. (a) Is the particle 





V, 





an electron or a proton? (b) What is its FIG. 24-52 
speed just as it reaches plate 2? Problem 55. 
e¢56 Kigure 24-53a shows an F 
electron moving along an elec- a 


tric dipole axis toward the neg- 
ative side of the dipole. The 
dipole is fixed in place. The 
electron was initially very far 
from the dipole, with kinetic 
energy 100eV. Figure 24-53b 
gives the kinetic energy K of 
the electron versus its distance 
r trom the dipole-center.. The 
scale of the horizontal axis is 
set by r, = 0.10 m. What is the 
magnitude of the dipole moment? 


(a) 


K (eV) 





r (m) 
(d) 
FIG. 24-53 Problem 56. 


ee57 Anelectron is projected with an initial speed of 3.2 x 10° 
m/s directly toward a proton that is fixed in place. If the electron 
is initially a great distance from 
the proton, at what distance from 
the proton is the speed of the  V, 
electron instantaneously equal 

to twice the initial value? 


V(V) 





ee58 <A positron (charge +e, 
mass equal to the electron mass) 
is moving at 1.0 X 10’ m/s in the 
positive direction of an xX axis 
when, at x = O,it encounters an electric field directed along the x 
axis. The electric potential V associated with the field is given in 
Fig. 24-54. The scale of the vertical axis is set by V, = 500.0 V. (a) 
Does the positron emerge from the field at x = 0 (which means 
its motion is reversed) or at x = 0.50 m (which means its motion 
is not reversed)? (b) What is its speed when it emerges? 


eet 
0 20 50 2 


FIG. 24-54 Problem S58. 


®@59 Identical 50 wC charges are fixed on an x axis at 
x = +3.0m.A particle of charge g = —15 uC is then released 
from rest at a point on the positive part of the y axis. Due to 
the symmetry of the situation, the particle moves along the 
y axis and has kinetic energy 1.2 J as it passes through 
the point x = 0, y = 4.0 m. (a) What is the kinetic energy of 
the particle as it passes through the origin? (b) At what nega- 
tive value of y will the particle momentarily stop? SSM 


#60 In Fig. 24-55a, we move an electron from an infinite 
distance to a point at distance R= 8.00cm from a tiny 
charged ball. The move requires work W = 2.16 X 10 ¥ J by 
us. (a) What is the charge Q on the ball? In Fig. 24-555, the ball 
has been sliced up and the slices spread out so that an equal 
amount of charge is at the hour positions on a circular clock 
face of radius R = 8.00 cm. Now the electron is brought from 
an infinite distance to the center of the circle. (b) With that 
addition of the electron to the system of 12 charged particles, 
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what is the change in the electric potential energy of the 
system? 





FIG. 24-55 Problem 60. 


ee@67 Suppose N electrons can be placed in either of two 
configurations. In configuration 1, they are all placed on the 
circumference of a narrow ring of radius R and are uniformly 
distributed so that the distance between adjacent electrons is 
the same everywhere. In configuration 2, N — 1 electrons are 
uniformly distributed on the ring and one electron is placed in 
the center of the ring. (a) What is the smallest value of N for 
which the second configuration is less energetic than the first? 
(b) For that value of N, consider any one circumference 
electron—call it ey. How many other circumference electrons 
are closer to e, than the central electron is? 


sec. 24-12 Potential of a Charged Isolated Conductor 
#62 A hollow metal sphere has a potential of +400 V with 
respect to ground (defined to be at V = 0) and a charge of 
5.0 X 10°°C. Find the electric potential at the center of 
the sphere. 


63 What is the excess charge on a conducting sphere of 
radius r = 0.15 m if the potential of the sphere is 1500 V and 
V = Oatinfinity? SsM 


#64 Sphere 1 with radius R, has positive charge g. Sphere 2 
with radius 2.00R, is far from sphere 1 and initially uncharged. 
After the separated spheres are connected with a wire 
thin enough to retain only negligible charge, (a) is potential V, 
of sphere 1 greater than, less than, or equal to potential V, of 
sphere 2? What fraction of g ends up on (b) sphere 1 and 
(c) sphere 2? (d) What is the ratio o,/0> of the surface charge 
densities of the spheres? 


65 Two metal spheres, each of radius 3.0 cm, have a center- 
to-center separation of 2.0m. Sphere 1 has charge +1.0 
10~* C; sphere 2 has charge —3.0 x 10-° C. Assume that the 
separation is large enough for us to assume that the charge on 
each sphere is uniformly distributed (the spheres do not affect 
each other). With V = 0 at infinity, calculate (a) the potential 
at the point halfway between the centers and the potential on 
the surface of (b) sphere 1 and (c) sphere 2. ssm www 


e@66 ‘Two isolated, concentric, conducting spherical shells 
have radu Rk, =0.500m and Rk, = 1.00 m, uniform charges 
q, = +2.00 wC and g, = +1.00 wC, and negligible thicknesses. 
What is the magnitude of the electric field EF at radial distance 
(a) r= 4.00 m, (b) 7 = 0.700 m, and (c) r= 0.200 m? With 
V = 0 at infinity, what is V at (d) r = 4.00 m, (e) r = 1.00 m, 
(f) r = 0.700 m, (g) r = 0.500 m, (h) r = 0.200 m, and (i) r = 0? 
(j) Sketch E(r) and V(r). 


¢®67 A metal sphere of radius 15 cm has a net charge of 
3.0 X 10° C. (a) What is the electric field at the sphere’s sur- 
face? (b) If V = 0 at infinity, what is the electric potential at 
the sphere’s surface? (c) At what distance from the sphere’s 
surface has the electric potential decreased by 500 V? 


Additional Problems 

6& The chocolate crumb mystery. This story begins with 
Problem 56 in Chapter 23. (a) From the answer to part (a) of 
that problem, find an expression for the electric potential as a 
function of the radial distance r from the center of the pipe. 
(The electric potential is zero on the grounded pipe wall.) 
(b) For the typical volume charge density p= —1.1 X 
10°° C/m?, what is the difference in the electric potential 
between the pipe’s center and its inside wall? (The story con- 
tinues with Problem 56 in Chapter 25.) ie 


69 An electron is released from rest on the axis of an elec- 
tric dipole that has charge e and charge separation d = 20 pm 
and that is fixed in place. The release point is on the positive 
side of the dipole, at distance 7.0d from the dipole center. 
What is the electron’s speed when it reaches a point 5.0d from 
the dipole center? 


7Q Figure 24-56 shows a ring 
of outer radius R= 13.0cm, 
inner radius r = 0.200R, and uni- 
form surface charge density a = 
6.20 pC/m’. With V = 0 at infinity, 
find the electric potential at point 
P on the central axis of the ring, 
at distance z = 2.00R from the 
center of the ring. 





FIG. 24-56 Problem 70. 


71 Electron in a well. Figure 24-57 shows electric potential V 
along an x axis. The scale of the vertical axis is set by V, = 8.0 V. 
An electron is to be released at x = 4.5 cm with initial kinetic 
energy 3.00 eV. (a) If it is initially moving in the negative direc- 
tion of the axis, does it reach a turning point (if so, what is the 
x coordinate of that point) or does it escape from the plotted 
region (if so, what is its speed at x = 0)? (b) If it is initially 
moving in the positive direction of the axis, does it reach a 
turning point (if so, what is the x coordinate of that point) or 
does it escape from the plotted region (if so, what is its speed 
at x = 7.0cm)? What are the (c) magnitude F and (d) direc- 
tion (positive or negative direction of the x axis) of the electric 
force on the electron if the electron moves just to the left of x 
= 4.0 cm? What are (e) F and (f) the direction if it moves just 
to the right of x = 5.0 cm? 





FIG. 24-57 Problem 71. 


72 A solid conducting sphere of radius 3.0 cm has a charge 
of 30 nC distributed uniformly over its surface. Let A be a 
point 1.0 cm from the center of the sphere, S be a point on the 
surface of the sphere, and B be a point 5.0 cm from the center 
of the sphere. What are the electric potential differences 
(a) Vs — Vz and (b) V4 — Vz? 


73 «In Fig. 24-58, point P is at dis- 
tance d, = 4.00 m from particle 1 
(q, = —2e) and distance d, = 2.00 
m from particle 2 (gq. = +2e), with 
both particles fixed in place. (a) 
With V = 0 at infinity, what is V at 
P? If we bring a particle of charge FIG, 24-58 Problem 73. 
q3 = +2e from infinity to P, (b) 

how much work do we do and (c) what is the potential energy 
of the three-particle system? 


74& Figure 24-59 shows a thin rod 
with a uniform charge density of 2.00  %” 
weC/m. Evaluate the electric potential 4 








: : | Rod 
at point Pifd = D = L/4.00. @ Too 
D 
75 Three +0.12C charges form ba .————+ 
a aes triangle a - ee FIG. 24-59 
side. Using energy supplied at the Bronlemna 


rate of 0.83 kW, how many days 
would be required to move one of the charges to the midpoint 
of the line joining the other two charges? SSM 


76 The magnitude F& of an electric field depends on the 
radial distance r according to E = A/r‘*, where A is a constant 
with the unit volt—cubic meter. As a multiple of A, what 
is the magnitude of the electric potential difference between 
r = 2.00 m andr = 3.00 m? 


77 A long, solid, conducting cylinder has a radius of 2.0 cm. The 
electric field at the surface of the cylinder is 160 N/C, directed ra- 
dially outward. Let A, B, and C be points that are 1.0 cm, 2.0 cm, 
and 5.0.cm, respectively, from the central axis of the cylinder. 
What are (a) the magnitude of the electric field at C and the elec- 
tric potential differences (b) Vg — Ve and (c) V,4— Vz? SSM 

78 (a) If Earth had a net surface charge density of 1.0 elec- 
tron/m? (a very artificial assumption), what would its potential 
be? (Set V = 0 at infinity.) What would be the (b) magnitude 
and (c) direction (radially inward or outward) of the electric 
field due to Earth just outside its surface? 





79 In Fig. 24-60, we move a par- 9 
ticle of charge +2e in from | 
infinity to the x axis. How much io +2e 
work do we do? Distance D : 
is 4.00 m. Hoe iv 


| ee 
80 Figure 24-61 shows a hemi- 


DD 


FIG. 24-60 Problem 79. 


sphere with a charge of 4.00 wC 
distributed uniformly through its 
volume. The hemisphere lies on 
an xy plane the way half a grape- y 
fruit might lie face down on a 
kitchen table. Point P is located 
on the plane, along a radial line 
from the hemisphere’s center of 
curvature, at radial distance 15 
cm. What is the electric potential at point P due to the hemi- 
sphere? 








FIG. 24-61 Problem 80. 


81 Initially two electrons are fixed in place with a separation 
of 2.00 wm. How much work must we do to bring a third elec- 
tron in from infinity to complete an equilateral triangle? 


82 Three particles, charge g, = +10 uC, gq, = —20 uC, and 


G3 = +30uC, are positioned at the ver- 
tices of an isosceles triangle as shown in 
Fig. 24-62. If a = 10 cm and b = 6.0 cm, 
how much work must an external agent 
do to exchange the positions of (a) q, 
and q; and, instead, (b) g, and gq? 


83 (a) If an isolated conducting 
sphere 10 cm in radius has a net charge 
of 4.0 wC and if V = 0 at infinity, what 





is the potential on the surface of the FIG. 24-62 
sphere? (b) Can this situation actually Problem 82. 
occur, given that the air around the 

sphere undergoes _ electrical C 
breakdown when the field ex- @ 

ceeds 3.0 MV/m? 

84 Two charges g = +2.0 uC d/'2 

are fixed a distance d = 2.0cm | 





apart (Fig. 24-63). (a) With V=0 @=— 4/2—-#=— d/2-+-@ 
at infinity, what is the electric po- : : 
tential at point C? (b) You bring FIG. 24-63 Problem 84. 
a third charge g = +2.0 uC 

from infinity to C. How much work must you do? (c) What is 
the potential energy U of the three-charge configuration when 
the third charge is 1n place? 


85 A uniform charge of +16.0 uC is on a thin circular ring 
lying in an xy plane and centered on the origin. The ring’s 
radius is 3.00 cm. If point A is at the origin and point B is on 
the z axis at z = 4.00 cm, what is Vg — V,? =SSM 


86 The charges and coordinates of two point charges lo- 
cated in an xy plane are g, = +3.00 x 10°°C, x = +3.50 cm, 
y = +0.500cm and g, =—4.00 x 10°C, x = —2.00 cm, y = 
+1.50cm. How much work must be done to locate 
these charges at their given positions, starting from infinite 
separation? 


87 Twocharged, parallel, flat conducting surfaces are spaced 
d = 1.00cm apart and produce a potential difference AV = 
625 V between them. An electron is projected from one sur- 
face directly toward the second. What is the initial speed of 
the electron if it stops just at the second surface? 


88 A particle of positive charge Q is fixed at point P. A sec- 
ond particle of mass m and negative charge —gq moves at 
constant speed in a circle of radius r,, centered at P. Derive an 
expression for the work W that must be done by an external 
agent on the second particle to increase the radius of the circle 
of motion to r. 


89 An electric field of approximately 100 V/m is often 
observed near the surface of Earth. If this were the field over 
the entire surface, what would be the electric potential of 
a point on the surface? (Set V = 0 at infinity.) 


90 In Fig. 24-64, point P is at 
the center of the rectangle. With 
V = Oat infinity, g, = 5.00 fC, qr 
= 2.00 fC, g, = 3.00fC,andd= ep d 
2.54 cm, what is the net electric 
potential at P due to the six { d a _4 
charged particles? +93 —4 +4] 


+4) —qo —43 
Sn; aeeeel eee I 


91 Figure 24-33 shows two Fig, 24-64 Problem 90. 
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charged particles on an axis. Sketch the electric field lines and 
the equipotential surfaces in the plane of the page for (a) g, = 
+4,92 = +2q and (b) q1 = +9,42 = —3¢. 

92 Acharge gq is distributed uniformly throughout a sphert- 
cal volume of radius R. Let V = 0 at infinity. What are (a) V at 
radial distance r < R and (b) the potential difference between 
points at r = Rand the point at r = 0? 


93 A thick-walled spherical shell of charge Q and uniform 
volume charge density p is bounded by radii r, and 7, > 1. 
With V = 0 at infinity, find the electric potential V as a func- 
tion of distance r from the center of the distribution, consider- 
ing regions (a) r > 1, (b) r2 > r > r,, and (c) r <r. (d) Do 
these solutions agree with each other at r=r, and r=r,? 
(Hint: See Section 23-9.) SSM 


94 Analpha particle (which has two protons) is sent directly 
toward a target nucleus containing 92 protons. The alpha par- 
ticle has an initial kinetic energy of 0.48 pJ. What is the least 
center-to-center distance the alpha particle will be from the 
target nucleus, assuming the nucleus does not move? 


95 Starting from Eq. 24-30, derive an expression for the elec- 
tric field due to a dipole at a point on the dipole axis. SSM 


96 A charge of 1.50 x 10°°C lies on an isolated metal 
sphere of radius 16.0 cm. With V = 0 at infinity, what is the 
electric potential at points on the sphere’s surface? 


97 Ina Millikan oil-drop experiment (Section 22-8), a uni- 
form electric field of 1.92 x 10° N/C is maintained in the 
region between two plates separated by 1.50 cm. Find the 
potential difference between the plates. 


98 Consider a point charge g = 1.50 X 10°° C, and take V = 0 
at infinity. (a) What are the shape and dimensions of an 
equipotential surface having a potential of 30.0 V due to q 
alone? (b) Are surfaces whose potentials differ by a constant 
amount (1.0 V, say) evenly spaced? 


99 In the quark model of fundamental particles, a proton is 
composed of three quarks: two “up” quarks, each having 
charge +2e/3, and one “down” quark, having charge —e/3. 
Suppose that the three quarks are equidistant from one 
another. Take that separation distance to be 1.32 X 10 >m 
and calculate the electric potential energy of the system of 
(a) only the two up quarks and (b) all three quarks. 


700 (a) A proton of kinetic energy 4.80 MeV travels head- 
on toward a lead nucleus. Assuming that the proton does not 
penetrate the nucleus and that the only force between proton 
and nucleus is the Coulomb force, calculate the smallest 
center-to-center separation d, between proton and nucleus 
when the proton momentarily stops. If the proton were 
replaced with an alpha particle (which contains two protons) 
of the same initial kinetic energy, the alpha particle would 
stop at center-to-center separation d,. (b) What is d,/d,? 


101 (a) Using Eq. 24-32, show that the electric potential at 
a point on the central axis of a thin ring (of charge g and 
radius R) and at distance z from the ring is 


i a ad te 
ATE Vz? aie R2 
(b) From this result, derive an expression for F at points on 


the ring’s axis; compare your result with the calculation of F in 
Section 22-6. 





102 What is the electric potential energy of the charge con- 
figuration of Fig. 24-8a? Use the numerical values provided in 
Sample Problem 24-3. 


1903 A solid copper sphere whose radius is 1.0 cm has a very 
thin surface coating of nickel. Some of the nickel atoms are 
radioactive, each atom emitting an electron as it decays. Half 
of these electrons enter the copper sphere, each depositing 
100 keV of energy there. The other half of the electrons 
escape, each carrying away a charge —e. The nickel coating has 
an activity of 3.70 X 10° radioactive decays per second. The 
sphere is hung from a long, nonconducting string and isolated 
from its surroundings. (a) How long will it take for the poten- 
tial of the sphere to increase by 1000 V? (b) How long will it 
take for the temperature of the 
sphere to increase by 5.0 K due 
to the energy deposited by the 
electrons? The heat capacity of 
the sphere is 14 J/K. SSM 


104 Figure 24-65 shows 
three circular, nonconducting 
arcs of radius R = 8.50 cm. The 
charges on the arcs are q, = 
452 pC, qd. = —2.00q;, G3 = 
+3.00q,. With V = 0 at infinity, 
what is the net electric poten- 
tial of the arcs at the common 
center of curvature? 


105 In Fig. 24-66, two parti- 
cles of charges g, and q> are 
fixed to an x axis. If a third par- 
ticle, -ol “charge _7-6.0°0C, vis 
brought from an infinite dis- 
tance to point P, the three-par- 
ticle system has the same elec- y 
tric potential energy as the 


original two-particle system. “9 Q—« 


What is the charge ratio g,/q>? | 


106 In Fig. 24-67, let the sep- 
aration d between the particles 
be 1.0 m; let their charges be q, 
= +q and q, = +2.0q; and let V = 0 at infinity. At what finite 
coordinate on the x axis is (a) the net electric potential due to 
the two particles zero and (b) the net electric field due to them 
Zero? 


107 In Fig. 24-68, a particle of 
charge q,=+5e is_ brought 
along the dashed line from in- 
finity to the indicated point 
near two fixed particles of 
charges gq, = +2e and q3 = —q. 
What is the ratio of the poten- 
tial energy of this three-particle 
system to that of the original 
two-particle system? 





FIG. 24-65 Problem 104. 
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FIG, 24-66 Problem 105. 





x 








FIG. 24-67 Problem 106. 
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FIG. 24-68 Problem 107. 


108 Inacertain situation, the electric potential varies along 
an x axis as shown in Fig. 24-69. The scale of the vertical axis is 
set by V, = 12.0 V. For the intervals (a) ab, (b) bc, (c) cd, (d) 
de, (e) ef, (f) fg, and (g) gh, determine the x component of the 
electric field, and then plot FE, versus x. (Ignore behavior at the 
interval end points.) 





FIG. 24-69 Problem 108. 


109 A disk has radius R = 2.20 cm. Its surface charge den- 
sity is 1.50 X 10°°C/m? from r=0 to r= R/2 and 8.00 x 
10-’ C/m? from r = R/2 to r = R. (a) What is the total charge 
on the disk? (b) With V = 0 at infinity, what is the electric 
potential at a point on the perpendicular central axis of the 
disk, at distance z = R/2 from the center of the disk? 


110 In Fig. 24-70, particle 1 of charge gq, = +e and particle 2 
of charge gq, = —Se are fixed on an x axis. Distance d= 
5.60 wm. What is the electric potential difference V, — Vz? 


A 7) B qo 
—_o—____( eo __¢#“ 


k— d—>|« 200d —>}«—2.00d —+| 


FIG. 24-70 Problem 110. 


117 Point charges of equal magnitudes (25 nC) and oppo- 
site signs are placed on diagonally opposite corners of a 
60 cm X 80cm rectangle. Point A is the unoccupied corner 
nearest the positive charge, and point B is the other unoccu- 
pied corner. Determine the potential difference Vz — V4. 


112 A decade before Einstein published his theory of rela- 
tivity, J. J. Thomson proposed that the electron might consist of 
small parts and attributed the electron’s mass m to the electric 
potential energy of the interaction of the parts. Furthermore, 
he suggested that the energy equals mc’, where c is the speed 
of light. Make a rough estimate of the electron mass in the 
following way: Assume the electron is composed of three 
identical parts that are brought in from infinity and placed at 
the vertices of an equilateral triangle having sides equal to the 
classical radius of the electron, 2.82 X 107 m. (a) Find the 
total electric potential energy of this arrangement. (b) Divide 
by c* and compare your result with the accepted electron 
mass. (The result improves if more parts are assumed.) 


173 Figure 24-71 shows three charged particles located on a 
horizontal axis. For points (such as P) on the axis with r > d, 
show that the electric potential V(r) is given by 


il 
V= 41 + 24) 
Amey Ir r 
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+q P 
FIG. 24-71 Problem 113. 


y 
V =6 — j 


(Hint: The charge configuration 
can be viewed as the sum of an 
isolated charge and a dipole.) 


174 A point charge gq, = 
+6.0e is fixed at the origin of a 
rectangular coordinate system, 
and a point charge g, = —10e is % J 
fixed at x = 8.6nm, y = 0. The “tec 

locus of all points in the xy = FIG, 24-72 Problem 114. 
plane for which V = 0 (other 

than infinity) is a circle centered on the x axis, as shown in Fig. 
24-72. Find (a) the location x, of the center of the circle and 
(b) the radius R of the circle. (c) Is the xy cross section of the 5 
V equipotential surface also a circle? 





4115 Charge g, = —1.2 x 10~? C is at the origin, and charge 
dz = 2.5 X 107’ Cis on the y axis at y = 0.50 m. Take the elec- 
tric potential to be zero far from both charges. (a) Plot the 
intersection of the V = 5.0 V equipotential surface with the xy 
plane. It encloses one of the charges. (b) There are two 
equipotential surfaces corresponding to V=3.0V. One 
encloses one of the charges and the other encloses both 
charges. Plot their intersections with the xy plane. (c) Find the 
value of the potential for which the pattern of the electric 
potential switches from one equipotential surface to two. 


116 In Fig. 24-73, three long parallel lines of charge, with the 
linear charge densities shown, extend perpendicular to the 
page in both directions. Sketch some electric field lines; also 
sketch the cross sections in the plane of the figure of some 
equipotential surfaces. 


—21 


© 
FIG. 24-73 Problem116. 4+, LR 


117 ‘Two infinite lines of charge are parallel to and in the 
same plane as a z axis. One, of charge per unit length +A, is a 
distance a to the right of this axis. The other, of charge per unit 
length —A, is a distance a to the left of this axis. Sketch some of 
the equipotential surfaces due to this arrangement. 


178 Ina1911, Ernest Rutherford modelled an atom as be- 
ing a point of positive charge Ze surrounded by a negative 
charge — Ze uniformly distributed in a sphere of radius R cen- 
tered on the point. At distance r within the sphere, the electric 


field is 
Ze 1 i 
E= =e ae | 
Ae, ( re Re 


He also gave the electric potential as 


Ze ( 1 8 re ; 
V = — 4+ | 
Amey \r 2R 2R? 
(a) Show how the expression for the electric field follows from 


the expression for V. (b) Why does this expression for V not 
go to zero asr— ©? 
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Explosions of airborne dust in grain storage bins (as above), coal mines, 


flour mills, and many powder industries are a common 





occurrence, often with loss of life and much property damage. 





Usually the explosions are due to sparking between charged objects or 





between a charged object and a grounded connection. wnew&tn 
Engineers cannot eliminate the possibility of sparking, 
but they can take measures to reduce the chance that a spark 


will set off an explosion. 





The answer is in this chapter. 


PLN nha ocxs 


One goal of physics 1s to provide the basic science for practical devices designed 
by engineers. The focus of this chapter is on one extremely common example — 
the capacitor, a device in which electrical energy can be stored. For example, the 
batteries in a camera store energy in the photoflash unit by charging a capacitor. 
The batteries can supply energy at only a modest rate, too slowly for the 
photoflash unit to emit a flash of light. However, once the capacitor is charged, it 
can supply energy at a much greater rate when the photoflash unit is triggered — 
enough energy to allow the unit to emit a burst of bright light. 

The physics of capacitors can be generalized to other devices and to any situ- 
ation involving electric fields. For example, Earth’s atmospheric electric field is 
modeled by meteorologists as being produced by a huge spherical capacitor that 
partially discharges via lightning. The charge that skis collect as they slide along 
snow can be modeled as being stored in a capacitor that frequently discharges as 
sparks (which can be seen by nighttime skiers on dry snow). 

The first step in our discussion of capacitors is to determine how much 
charge can be stored. This “how much” is called capacitance. 
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Figure 25-1 shows some of the many sizes and shapes of capacitors. Figure 25-2 
shows the basic elements of any capacitor—two isolated conductors of any 
shape. No matter what their geometry, flat or not, we call these conductors plates. 

Figure 25-3a shows a less general but more conventional arrangement, called 
a parallel-plate capacitor, consisting of two parallel conducting plates of area 
A separated by a distance d. The symbol we use to represent a capacitor (4) is 
based on the structure of a parallel-plate capacitor but is used for capacitors of all 
geometries. We assume for the time being that no material medium (such as glass 
or plastic) is present in the region between the plates. In Section 25-6, we shall 
remove this restriction. 

When a capacitor is charged, its plates have charges of equal magnitudes but 
opposite signs: +g and —q. However, we refer to the charge of a capacitor as 
being qg, the absolute value of these charges on the plates. (Note that g is not the 
net charge on the capacitor, which is zero.) 

Because the plates are conductors, they are equipotential surfaces; all points on a 
plate are at the same electric potential. Moreover, there is a potential difference be- 
tween the two plates. For historical reasons, we represent the absolute value of this 
potential difference with V rather than with the AV we used in previous notation. 

The charge q and the potential difference V for a capacitor are proportional 
to each other; that is, 

q = CV. (25-1) 


The proportionality constant C is called the capacitance of the capacitor. Its 
value depends only on the geometry of the plates and not on their charge or 
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FIG. 25-1 An assortment of capacitors. 





FIG. 25-2 Two conductors, isolated 
electrically from each other and 
from their surroundings, form a 
capacitor. When the capacitor is 
charged, the charges on the 
conductors, or plates as they are 
called, have the same magnitude g 
but opposite signs. 

(Paul Silvermann/Fundamental 
Photographs) 





FIG. 25-3. (a) A parallel-plate capacitor, made up 
of two plates of area A separated by a distance d. 
The charges on the facing plate surfaces have the 
same magnitude g but opposite signs. (b) As the 4 a 





field lines show, the electric field due tothe chareed) Wine dae an oe 
plates is uniform in the central region between the top plate has plate has 
plates. The field is not uniform at the edges of the charge +q charge -g 


plates, as indicated by the “fringing” of the field 
lines there. (a) 
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FIG. 25-4 (a) Battery B, switch S, 
and plates h and / of capacitor C, 
connected in a circuit. (b) A 
schematic diagram with the circuit 
elements represented by their 
symbols. 


potential difference. The capacitance is a measure of how much charge must be 
put on the plates to produce a certain potential difference between them: The 
greater the capacitance, the more charge is required. 

The SI unit of capacitance that follows from Eq. 25-1 is the coulomb per volt. 
This unit occurs so often that it is given a special name, the farad (F): 


1 farad = 1 F = 1 coulomb per volt = 1 C/V. (25-2) 


As you will see, the farad is a very large unit. Submultiples of the farad, such as 
the microfarad (1 wF = 10°° F) and the picofarad (1 pF = 10~' F), are more 
convenient units in practice. 





Charging a Capa 





One way to charge a capacitor is to place it in an electric circuit with a battery. 
An electric circuit is a path through which charge can flow. A battery is a device 
that maintains a certain potential difference between its terminals (points at 
which charge can enter or leave the battery) by means of internal electrochemi- 
cal reactions in which electric forces can move internal charge. 

In Fig. 25-4a, a battery B, a switch S, an uncharged capacitor C, and inter- 
connecting wires form a circuit. The same circuit is shown in the schematic dia- 
gram of Fig. 25-45, in which the symbols for a battery, a switch, and a capacitor 
represent those devices. The battery maintains potential difference V between its 
terminals. The terminal of higher potential is labeled + and is often called the 
positive terminal; the terminal of lower potential is labeled — and is often called 
the negative terminal. 

The circuit shown in Figs. 25-4a and b is said to be incomplete because switch 
S is open; that is, the switch does not electrically connect the wires attached to it. 
When the switch is closed, electrically connecting those wires, the circuit is com- 
plete and charge can then flow through the switch and the wires. As we discussed 
in Chapter 21, the charge that can flow through a conductor, such as a wire, is that 
of electrons. When the circuit of Fig. 25-4 1s completed, electrons are driven 
through the wires by an electric field that the battery sets up in the wires. The field 
drives electrons from capacitor plate h to the positive terminal of the battery; 
thus, plate h, losing electrons, becomes positively charged. The field drives just as 
many electrons from the negative terminal of the battery to capacitor plate J; 
thus, plate /, gaining electrons, becomes negatively charged just as much as plate 
h, losing electrons, becomes positively charged. 

Initially, when the plates are uncharged, the potential difference between 
them is zero. As the plates become oppositely charged, that potential difference 
increases until it equals the potential difference V between the terminals of the 
battery. Then plate h and the positive terminal of the battery are at the same 
potential, and there is no longer an electric field in the wire between them. 
Similarly, plate / and the negative terminal reach the same potential, and there is 
then no electric field in the wire between them. Thus, with the field zero, there 
is no further drive of electrons. The capacitor is then said to be fully charged, with 
a potential difference V and charge q that are related by Eq. 25-1. 

In this book we assume that during the charging of a capacitor and after- 
ward, charge cannot pass from one plate to the other across the gap separating 
them. Also, we assume that a capacitor can retain (or store) charge indefinitely, 
until it is put into a circuit where it can be discharged. 


Yeu ECKPOINT 1 Does the capacitance C of a capacitor increase, decrease, or 


remain the same (a) when the charge q on it is doubled and (b) when the potential 
difference V across it is tripled? 


PROBLEM-SOLVING TACTICS 
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Tactic 1: The Symbol V and Potential Difference In 
previous chapters, the symbol V represents an electric 
potential at a point or along an equipotential surface. 
However, in matters concerning electrical devices, V often 
represents a potential difference between two points or two 
equipotential surfaces. Equation 25-1 is an example of this 
second use of the symbol. In Section 25-3, you will see a mix- 
ture of the two meanings of V. There and in later chapters, you 
need to be alert as to the intent of this symbol. 


You will also be seeing, in this book and elsewhere, a variety 
of phrases regarding potential difference. A potential difference or 
a “potential” or a “voltage” may be applied to a device, or it may be 
across a device. A capacitor can be charged to a potential differ- 
ence, as in “a capacitor is charged to 12 V.” Also, a battery can be 
characterized by the potential difference across it, as in “a 12 V 
battery.’ Always keep in mind what is meant by such phrases: 
There is a potential difference between two points, such as two 
points in a circuit or at the terminals of a device such as a battery. 
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Our goal here is to calculate the capacitance of a capacitor once we know its 
geometry. Because we shall consider a number of different geometries, it seems 
wise to develop a general plan to simplify the work. In brief our plan is as follows: 
(1) Assume a charge q on the plates; (2) calculate the electric field E between 
the plates in terms of this charge, using Gauss’ law; (3) knowing E, calculate the 
potential difference V between the plates from Eq. 24-18; (4) calculate C from 
Eq. 25-1. 

Before we start, we can simplify the calculation of both the electric field and 
the potential difference by making certain assumptions. We discuss each in turn. 


Calculating the Electric Field 


To relate the electric field E between the plates of a capacitor to the charge g on 
either plate, we shall use Gauss’ law: 


of E-dA= q. 


Here g is the charge enclosed by a Gaussian surface and ¢ E-dA is the net 
electric flux through that surface. In all cases that we shall consider, the Gaussian 
surface will be such that whenever there 1 is an electric flux through it, E will have 
a uniform magnitude EF and the vectors E and dA will be parallel. Equation 25-3 
then reduces to 


(25-3) 


G=€&)EA (special case of Eq. 25-3), (25-4) 


in which A is the area of that part of the Gaussian surface through which there is 
a flux. For convenience, we shall always draw the Gaussian surface in such a way 
that it completely encloses the charge on the positive plate; see Fig. 25-5 for an 
example. 






Calculating the Potential Difference } 7 


Gaussian 
surface 


In the notation of Chapter 24 (Eq. 24-18), the potential difference between 
the plates of a capacitor is related to the field E by 


integration 


(25-5) FIG. 25-5 A charged parallel-plate 


capacitor. A Gaussian surface 
encloses the charge on the positive 
plate. The integration of Eq. 25-6 is 
taken along a path extending directly 
from the negative plate to the 
positive plate. 


in which the integral is to be evaluated along any path that starts on one plate 
and ends on the other. We shall always choose a path that follows an electric 
field line, from the negative plate to the positive plate. For this path, the vectors 
E and ds’ will have opposite directions; so the dot product E+ ds’ will be equal 
to —E ds. Thus, the right side of Eq. 25-5 will then be positive. Letting V represent 
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Total charge +q Total charge —q 





Gaussian 
surface 


Path of 
integration 


FIG. 25-6 Across section of a long 
cylindrical capacitor, showing a cylin- 
drical Gaussian surface of radius r 
(that encloses the positive plate) and 
the radial path of integration along 
which Eq. 25-6 is to be applied. This 
figure also serves to illustrate a 
spherical capacitor in a cross section 
through its center. 


the difference V; — V;, we can then recast Eq. 25-5 as 


i 
v= | E ds 


in which the — and + remind us that our path of integration starts on the nega- 
tive plate and ends on the positive plate. 
We are now ready to apply Eqs. 25-4 and 25-6 to some particular cases. 


(25-6) 


(special case of Eq. 25-5), 


A Parallel-Plate Capacitor 


We assume, as Fig. 25-5 suggests, that the plates of our parallel-plate capacitor are 
so large and so close together that we can neglect the fringing of the electric field 
at the edges of the plates, taking E to be constant throughout the region between 
the plates. 

We draw a Gaussian surface that encloses just the charge g on the positive 
plate, as in Fig. 25-5. From Eq. 25-4 we can then write 


q — E,EA, (25-7) 


where A is the area of the plate. 
Equation 25-6 yields 


Se d 
v=| cas=e| ds = Ed. (25-8) 
0) 


In Eq. 25-8, E can be placed outside the integral because it 1s a constant; the sec- 
ond integral then is simply the plate separation d. 

If we now substitute g from Eq. 25-7 and V from Eq. 25-8 into the relation 
q = CV (Eq. 25-1), we find 


EyA 
d 





C= (parallel-plate capacitor). (25 -9) 


Thus, the capacitance does indeed depend only on geometrical factors—namely, 
the plate area A and the plate separation d. Note that C increases as we increase 
area A or decrease separation d. 

As an aside, we point out that Eq. 25-9 suggests one of our reasons for writing 
the electrostatic constant in Coulomb’s law in the form 1/47r€9. If we had not 
done so, Eq. 25-9—which is used more often in engineering practice than 
Coulomb’s law—would have been less simple in form. We note further that 
Eq. 25-9 permits us to express the permittivity constant ¢) in a unit more appro- 
priate for use in problems involving capacitors; namely, 


&) = 8.85 X 10°” F/m = 8.85 pF/m. (25-10) 
We have previously expressed this constant as 
&) = 8.85 X 10°% C7/N- m’. (25-11) 


A Cylindrical Capacitor 


Figure 25-6 shows, in cross section, a cylindrical capacitor of length L formed by 
two coaxial cylinders of radii a and b. We assume that L > b so that we can 
neglect the fringing of the electric field that occurs at the ends of the cylinders. 
Each plate contains a charge of magnitude gq. 

As a Gaussian surface, we choose a cylinder of length L and radius r, closed 
by end caps and placed as is shown in Fig. 25-6. Equation 25-4 then yields 


g = EEA = e9E(2a1L), 


in which 27rL is the area of the curved part of the Gaussian surface. There is 








25-3 
no flux through the end caps. Solving for F yields 
q 
De eee 25-12 
27&,Lr ( ) 
Substitution of this result into Eq. 25-6 yields 
Ir a d b 
V= | Eds = — d See in( >), (25-13) 
S 2Teple Jy 7 279 LL. a 
where we have used the fact that here ds = —dr (we integrated radially inward). 
From the relation C = qg/V, we then have 
EL 
C = 2765, —— (cylindrical capacitor). (25-14) 


In(b/a) 


We see that the capacitance of a cylindrical capacitor, like that of a parallel-plate 
capacitor, depends only on geometrical factors, in this case L, b, and a. 


A Spherical Capacitor 


Figure 25-6 can also serve as a central cross section of a capacitor that consists of 
two concentric spherical shells, of radii a and b. As a Gaussian surface we draw a 
sphere of radius r concentric with the two shells; then Eq. 25-4 yields 


q = EA = eE(4ar’), 


in which 477’ is the area of the spherical Gaussian surface. We solve this equation 

for E, obtaining 
eM, 

Ame, rr’ 





(25-15) 


which we recognize as the expression for the electric field due to a uniform spher- 
ical charge distribution (Eq. 23-15). 
If we substitute this expression into Eq. 25-6, we find 


+ q dr q ( l | Gg b-@ 
V= Eds = — —— = Sef , (25-16 
| Lo dqrey J, 1° Ate, \a = b Ate, ab ( 


where again we have substituted —dr for ds. If we now substitute Eq. 25-16 into 
Eq. 25-1 and solve for C, we find 














b 
C = 47 ek (spherical capacitor). (25-17) 
ee 


An Isolated Sphere 


We can assign a capacitance to a single isolated spherical conductor of radius R 
by assuming that the “missing plate” is a conducting sphere of infinite radius. 
After all, the field lines that leave the surface of a positively charged isolated 
conductor must end somewhere; the walls of the room in which the conductor is 
housed can serve effectively as our sphere of infinite radius. 

To find the capacitance of the conductor, we first rewrite Eq. 25-17 as 


a 

C=4 ——— 
oo = ae 

If we then let b ~~ and substitute R for a, we find 


C=47e)R _ (isolated sphere). (25-18) 


Note that this formula and the others we have derived for capacitance (Eqs. 25-9, 
25-14, and 25-17) involve the constant €9 multiplied by a quantity that has the 
dimensions of a length. 


| Calculating the Capacitance 
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CHECKPOINT 2 


For capacitors charged by the same battery, does the charge 


stored by the capacitor increase, decrease, or remain the same in each of the following 
situations? (a) The plate separation of a parallel-plate capacitor is increased. (b) The 
radius of the inner cylinder of a cylindrical capacitor is increased. (c) The radius of 
the outer spherical shell of a spherical capacitor is increased. 


Sample Problem eae 


In Fig. 25-7a, switch S is closed to connect the 
uncharged capacitor of capacitance C = 0.25 wF to the 
battery of potential difference V = 12 V. The lower ca- 
pacitor plate has thickness L = 0.50 cm and face area 
A = 2.0 X 1074 m’, and it consists of copper, in which 
the density of conduction electrons is n = 8.49 x 1078 
electrons/m*. From what depth d within the plate 
(Fig. 25-7b) must electrons move to the plate face as 
the capacitor becomes charged? 





bad The charge collected on the plate is related 
to the capacitance and the potential difference across 
the capacitor by Eq. 25-1 (¢ = CV). 


Calculations: Because the lower plate is connected to 
the negative terminal of the battery, conduction elec- 


the total charge magnitude that collects there is 


gq = CV = (0.25 X 10 °F)(12 V) 
= 3.0 <M 


Dividing this result by e gives us the number N of con- 
duction electrons that come up to the face: 


g 30x 10°C 


e 1.602 X 10°” C 
= 1.873 x 10} electrons. 


These electrons come from a volume that is the product 
of the face area A and the depth d we seek. Thus, from the 
density of conduction electrons (number per volume), we 
can write 


_ oN 
Ad’ 
or 
N 1.873 x 10! electrons 


trons move up to the face of the plate. From Eq. 25-1, 





(a) 


FIG. 25-7 (a) A battery and capacitor circuit. (b) The lower 


capacitor plate. 


(2S 
An (2.0 X 1074 m7) (8.49 X 107 electrons/m°*) 


= 1.1 X10-"m = 1.1 pm. (Answer) 


In common speech, we would say that the battery 
charges the capacitor by supplying the charged parti- 
(b) cles. But what the battery really does is set up an electric 
field in the wires and plate such that electrons very close 
to the plate face move up to the negative face. 
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When there is a combination of capacitors in a circuit, we can sometimes replace 
that combination with an equivalent capacitor — that is, a single capacitor that 
has the same capacitance as the actual combination of capacitors. With such a 
replacement, we can simplify the circuit, affording easier solutions for unknown 
quantities of the circuit. Here we discuss two basic combinations of capacitors 
that allow such a replacement. 


Capacitors in Parallel 


Figure 25-8a shows an electric circuit in which three capacitors are connected in 
parallel to battery B. This description has little to do with how the capacitor plates 
are drawn. Rather, “in parallel” means that the capacitors are directly wired 
together at one plate and directly wired together at the other plate, and that the 
same potential difference V is applied across the two groups of wired-together 
plates. Thus, each capacitor has the same potential difference V, which produces 
charge on the capacitor. (In Fig. 25-8a, the applied potential V is maintained by 
the battery.) In general, 
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‘Terminal 


eg sist 


t potential 











When we analyze a circuit of capacitors in parallel, we can simplify it with 
this mental replacement: 

















(You might remember this result with the nonsense word “par-V,” which is close 
to “party,” to mean “capacitors in parallel have the same V.”) Figure 25-8b shows 
the equivalent capacitor (with equivalent capacitance C,,) that has replaced the 
three capacitors (with actual capacitances C;, C>, and C3) of Fig. 25-8a. 

To derive an expression for C,, in Fig. 25-8), we first use Eq. 25-1 to find the 
charge on each actual capacitor: 


M=GAVY, g=GQV, and g;= GV. 


The total charge on the parallel combination of Fig. 25-8a is then 
GSO ap (Cia Cy C3) 


The equivalent capacitance, with the same total charge g and applied potential 
difference V as the combination, is then 
qd 


C.,=+ 


q pani Ga Cx 


a result that we can easily extend to any number v of capacitors, as 


Cee 2 C; (n capacitors in parallel). (25-19) 
f= 


‘Thus, to find the equivalent capacitance of a parallel combination, we simply add 
the individual capacitances. 


Capacitors in Series 


Figure 25-9a shows three capacitors connected in series to battery B. This descrip- 
tion has little to do with how the capacitors are drawn. Rather, “in series” means 
that the capacitors are wired serially, one after the other, and that a potential dif- 
ference V is applied across the two ends of the series. (In Fig. 25-9a, this potential 
difference V is maintained by battery B.) The potential differences that then exist 
across the capacitors in the series produce identical charges g on them. 




















na potential differe 
roi Mens 


citors h 





We can explain how the capacitors end up with identical charge by following 
a chain reaction of events, in which the charging of each capacitor causes the 
charging of the next capacitor. We start with capacitor 3 and work upward to 
capacitor 1. When the battery is first connected to the series of capacitors, it 
produces charge —g on the bottom plate of capacitor 3. That charge then repels 
negative charge from the top plate of capacitor 3 (leaving it with charge +q). The 
repelled negative charge moves to the bottom plate of capacitor 2 (giving it 
charge —q). That charge on the bottom plate of capacitor 2 then repels negative 
charge from the top plate of capacitor 2 (leaving it with charge +q) to the bottom 
plate of capacitor 1 (giving it charge —q). Finally, the charge on the bottom plate 





Terminal 


(a) 





FIG. 25-8 (a) Three capacitors con- 
nected in parallel to battery B. The 
battery maintains potential differ- 
ence V across its terminals and thus 
across each capacitor. (b) The equiv- 
alent capacitor, with capacitance C 
replaces the parallel combination. 


eq? 


Terminal 








Terminal 


(a) 





FIG. 25-9 (a) Three capacitors con- 
nected in series to battery B. The 
battery maintains potential differ- 
ence V between the top and bottom 
plates of the series combination. 

(b) The equivalent capacitor, with 
capacitance C,,, replaces the series 
combination. 


eq? 
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of capacitor 1 helps move negative charge from the top plate of capacitor 1 to the 
battery, leaving that top plate with charge +q. 
Here are two important points about capacitors in series: 


1. When charge is shifted from one capacitor to another in a series of capacitors, 
it can move along only one route, such as from capacitor 3 to capacitor 2 in Fig. 
25-9a. If there are additional routes, the capacitors are not in series. An exam- 
ple is given in Sample Problem 25-2. 


2. The battery directly produces charges on only the two plates to which it is 
connected (the bottom plate of capacitor 3 and the top plate of capacitor 1 in 
Fig. 25-9a). Charges that are produced on the other plates are due merely to 
the shifting of charge already there. For example, in Fig. 25-9a, the part of the 
circuit enclosed by dashed lines is electrically isolated from the rest of the 
circuit. Thus, the net charge of that part cannot be changed by the battery — 
its charge can only be redistributed. 


When we analyze a circuit of capacitors in series, we can simplify it with this 
mental replacement: 
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(You might remember this with the nonsense word “seri-q” to mean “capacitors 
in series have the same q.”) Figure 25-9b shows the equivalent capacitor (with 
equivalent capacitance C,,) that has replaced the three actual capacitors 
(with actual capacitances C;, Cy, and C;) of Fig. 25-9a. 
To derive an expression for C,, in Fig. 25-9b, we first use Eq. 25-1 to find the 
potential difference of each actual capacitor: 
qd q 
(= ee d= 
1 e 2 E all 3 = 
The total potential difference V due to the battery is the sum of these three 
potential differences. Thus, 
1 if 1 
V=V¥,+¥%+Y4=¢ql—+—+S> 
1 2 ome. ( Gs ei c ) 


The equivalent capacitance is then 


— 
ay Vee weer 


fe 


=—+—+—. 
= Cue) 1. 1G 


ed 





We can easily extend this to any number n of capacitors as 


i 
ae uC: (n capacitors in series). (25-20) 
Using Eq. 25-20 you can show that the equivalent capacitance of a series of 


capacitances is always /ess than the least capacitance in the series. 


CHECKPOINT 3 A battery of potential V stores charge g on a combination 
of two identical capacitors. What are the potential difference across and the charge on 
either capacitor if the capacitors are (a) in parallel and (b) in series? 
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Sample Problem pe 


(a) Find the equivalent capacitance for the combina- 
tion of capacitances shown in Fig. 25-10a, across which 
potential difference V is applied. Assume 


C,=12.0pF G=530u"E and C,=4.50 pF. 












“eee Any capacitors connected in series can be 
replaced with their equivalent capacitor, and any capac- 
itors connected in parallel can be replaced with their 
equivalent capacitor. Therefore, we should first check 
whether any of the capacitors in Fig. 25-10a are in par- 


allel or series. 


Finding equivalent capacitance: Capacitors 1 and 3 
are connected one after the other, but are they in se- 
ries? No. The potential V that is applied to the capaci- 
tors produces charge on the bottom plate of capacitor 
3. That charge causes charge to shift from the top plate 
of capacitor 3. However, note that the shifting charge 
can move to the bottom plates of both capacitor 1 and 
capacitor 2. Because there is more than one route for 
the shifting charge, capacitor 3 is not in series with ca- 
pacitor 1 (or capacitor 2). 

Are capacitor 1 and capacitor 2 in parallel? Yes. 
Their top plates are directly wired together and their 
bottom plates are directly wired together, and electric 
potential is applied between the top-plate pair and the 
bottom-plate pair. Thus, capacitor 1 and capacitor 2 are 
in parallel, and Eq. 25-19 tells us that their equivalent 
capacitance Cj, 1s 


In Fig. 25-105, we have replaced capacitors 1 and 2 with 
their equivalent capacitor, called capacitor 12 (say “one 
two” and not “twelve”). (The connections at points A 
and B are exactly the same in Figs. 25-10a and b.) 

Is capacitor 12 in series with capacitor 3? Again ap- 
plying the test for series capacitances, we see that the 
charge that shifts from the top plate of capacitor 3 must 
entirely go to the bottom plate of capacitor 12. Thus, ca- 
pacitor 12 and capacitor 3 are in series, and we can re- 
place them with their equivalent C;,3 (“one two three”), 
as Shown in Fig. 25-10c. From Eq. 25-20, we have 





1 1 iN 
= — + — 
Cy93 Cry C; 
tote All P= 
ink 4 
from which 
1 
C = 3.57 uF. (A 
123 = 9580 pFo | (Answer) 





(b) The potential difference applied to the input ter- 
minals in Fig. 25-10a is V = 12.5 V. What is the charge 
on C,? 





sefdaae’) We now need to work backwards from the 
equivalent capacitance to get the charge on a particular 
capacitor. We have two techniques for such “backwards 
work”: (1) Seri-q: Series capacitors have the same 
charge as their equivalent capacitor. (2) Par-V: Parallel 
capacitors have the same potential difference as their 
equivalent capacitor. 


Working backwards: To get the charge q, on capacitor 
1, we work backwards to that capacitor, starting with the 
equivalent capacitor 123. Because the given potential 
difference V (= 12.5 V) is applied across the actual com- 
bination of three capacitors in Fig. 25-10a, it is also ap- 
plied across C13 in Fig. 25-10c. Thus, Eq. 25-1 (¢ = CV) 
gives us 


Ginx = Cyo3V = (3.57 wF)(12.5 V) = 44.6 pC. 


The series capacitors 12 and 3 in Fig. 25-10b each have 
the same charge as their equivalent capacitor 123. Thus, 
capacitor 12 has charge qj. = G23 = 44.6 wC. From Eq. 
25-1, the potential difference across capacitor 12 must 
be 

qi2 44.6 wC 


V, — ae 
a ae! (7 Be 





= 2.58 V. 


The parallel capacitors 1 and 2 each have the same po- 
tential difference as their equivalent capacitor 12. 
Thus, capacitor 1 has potential difference V; = Vi. = 
2.58 V, and, from Eq. 25-1, the charge on capacitor 1 
must be 


= 31.0 uC. (Answer) 





FIG. 25-10 (a) Three capacitors. (b) C, and C,, a parallel 
combination, are replaced by the equivalent capacitance Cj. 
(c) Cy and C3, a series combination, are replaced by the equiv- 
alent capacitance C493. 
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Capacitor 1, with C; = 3.55 wEK is charged to a potential dif- 
ference V, = 6.30 V, using a 6.30 V battery. The battery is 
then removed, and the capacitor is connected as in Fig. 25- 
11 to an uncharged capacitor 2, with C, = 8.95 uF. When 
switch S is closed, charge flows between the capacitors. Find 
the charge on each capacitor when equilibrium is reached. 


[eto The situation here differs from the previ- 


ous example because here an applied electric potential 
is not maintained across a combination of capacitors by 
a battery or some other source. Here, just after switch S 
is closed, the only applied electric potential is that of ca- 
pacitor 1 on capacitor 2, and that potential is decreas- 
ing. Thus, the capacitors in Fig. 25-11 are not connected 
in series; and although they are drawn parallel, in this 
situation they are not in parallel. 

As the electric potential across capacitor 1 de- 
creases, that across capacitor 2 increases. Equilibrium is 
reached when the two potentials are equal because, with 
no potential difference between connected plates of the 
capacitors, there is no electric field within the connecting 
wires to move conduction electrons. The mitial charge on 
capacitor 1 is then shared between the two capacitors. 





Calculations: Initially, when capacitor 1 is connected to 
the battery, the charge it acquires 1s, from Eq. 25-1, 


= 2) 365 102. 





Tactic 2: Multiple-Capacitor Circuits Let us review 
the procedure used in the solution of Sample Problem 25-2, in 
which several capacitors are connected to a battery. To find a sin- 
gle equivalent capacitance, we simplify the given arrangement of 
capacitances by replacing them, in steps, with equivalent capaci- 
tances, using Eq. 25-19 when we find capacitances in parallel and 
Eq. 25-20 when we find capacitances in series. Then, to find the 
charge stored by that single equivalent capacitance, we use Eq. 
25-1 and the potential difference V applied by the battery. 


That result tells us the net charge stored on the actual 
arrangement of capacitors. However, to find the charge on, or 
the potential difference across, any particular capacitor in the 
actual arrangement, we need to reverse our steps of simplifica- 
tion. With each reversed step, we use these two rules: When 
capacitances are in parallel, they have the same potential dif- 
ference as their equivalent capacitance, and we use Eq. 25-1 to 
find the charge on each capacitance; when they are in series, 
they have the same charge as their equivalent capacitance, 


FIG. 25-11. A potential difference Vp 


S 
is applied to capacitor 1 and the | | 


charging battery is removed. SwitchS 407” 


is then closed so that the charge on | C | ‘9 
capacitor 1 is shared with capacitor 2. 

When switch S in Fig. 25-11 is closed and capacitor 1 begins 

to charge capacitor 2, the electric potential and charge on 
capacitor 1 decrease and those on capacitor 2 increase until 


VY,=V, (equilibrium). 
From Eq. 25-1, we can rewrite this as 
Et (equilibrium). 
CG G 


Because the total charge cannot magically change, the 
total after the transfer must be 


G1 7+ Gd2= Qo (charge conservation); 


thus 42= 4o- 41: 
We can now rewrite the second equilibrium equation as 
BO ee 0a 
C Cy 
Solving this for g, and substituting given data, we find 
q, = 6.35 uC. (Answer) 


The rest of the initial charge (qo = 22.365 wC) must be 
on capacitor 2: 


G2 = 16.0 pC. (Answer) 


PROBLEM-SOLVING TACTICS 


and we use Eq. 25-1 to find the potential difference across 
each capacitance. 


Tactic 3: Batteries and Capacitors A battery main- 
tains a certain potential difference across its terminals. Thus, 
when capacitor 1 of Sample Problem 25-3 is connected to the 
6.30 V battery, charge flows between the capacitor and the 
battery until the capacitor has the same potential difference 
across it as the battery. 

A capacitor differs from a battery in that a capacitor 
lacks the internal electrochemical reactions needed to release 
charged particles (electrons) from internal atoms and mole- 
cules. Thus, when the charged capacitor 1 of Sample Problem 
25-3 is disconnected from the battery and then connected to 
the uncharged capacitor 2 with switch S closed, the potential 
difference across capacitor 1 is not maintained. The quantity 
that is maintained is the charge gp of the two-capacitor system; 
that is, charge obeys a conservation law, not electric potential. 
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Work must be done by an external agent to charge a capacitor. Starting with an 
uncharged capacitor, for example, imagine that— using “magic tweezers” — you 
remove electrons from one plate and transfer them one at a time to the other 
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plate. The electric field that builds up in the space between the plates has a direc- 
tion that tends to oppose further transfer. Thus, as charge accumulates on the 
capacitor plates, you have to do increasingly larger amounts of work to transfer 
additional electrons. In practice, this work is done not by “magic tweezers” but by 
a battery, at the expense of its store of chemical energy. 

We visualize the work required to charge a capacitor as being stored in the 
form of electric potential energy U in the electric field between the plates. You 
can recover this energy at will, by discharging the capacitor in a circuit, just as you 
can recover the potential energy stored in a stretched bow by releasing the bow- 
string to transfer the energy to the kinetic energy of an arrow. 

Suppose that, at a given instant, a charge qg’ has been transferred from one 
plate of a capacitor to the other. The potential difference V’ between the plates at 
that instant will be g'/C. If an extra increment of charge dq’ is then transferred, 
the increment of work required will be, from Eq. 24-7, 

q' 
Gc 
The work required to bring the total capacitor charge up to a final value q is 
a en 

W | dWw C | q' dq aC: 


This work is stored as potential energy U in the capacitor, so that 





dW = V' dqd' = ada’ 


2 


U= 3G (potential energy). (25-21) 
From Eq. 25-1, we can also write this as 
U = sC ae (potential energy). (25-22) 


Equations 25-21 and 25-22 hold no matter what the geometry of the capacitor Is. 

To gain some physical insight into energy storage, consider two parallel-plate 
capacitors that are identical except that capacitor 1 has twice the plate separation 
of capacitor 2. Then capacitor 1 has twice the volume between its plates and also, 
from Eq. 25-9, half the capacitance of capacitor 2. Equation 25-4 tells us that if both 
capacitors have the same charge gq, the electric fields between their plates are iden- 
tical. And Eq. 25-21 tells us that capacitor 1 has twice the stored potential energy of 
capacitor 2. Thus, of two otherwise identical capacitors with the same charge and 
same electric field, the one with twice the volume between its plates has twice the 
stored potential energy. Arguments like this tend to verify our earlier assumption: 

















































































































As we discussed in Section 24-12, making contact with certain materials, such as 
clothing, carpets, and even playground slides, can leave you with a significant 
electrical potential. You might become painfully aware of that potential if a spark 
leaps between you and a grounded object, such as a faucet. In many industries in- 
volving the production and transport of powder, such as in the cosmetic and food in- 
dustries, such a spark can be disastrous. Although the powder in bulk may not burn at 
all, when individual powder grains are airborne and thus surrounded by oxygen, they 
can burn so fiercely that a cloud of the grains burns as an explosion. Safety engineers 
cannot eliminate all possible sources of sparks in the powder industries. Instead, they 
attempt to keep the amount of energy available in the sparks below the threshold 
value U; (= 150 mJ) typically required to ignite airborne grains. 
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Suppose a person becomes charged by contact with various surfaces as he 
walks through an airborne powder. We can roughly model the person as a spherical 
capacitor of radius R = 1.8 m. From Eg. 25-18 (C = 47re)R) and Eq. 25-22 
(U = 5C V7), we see that the energy of the capacitor is 

U = 3(4me9R)V’. 


From this we see that the threshold energy corresponds to a potential of 


[ 2Y 2(150 x 10-35) 
y= aw eee_-,_ 009999 
AmreyR 47(8.85 X 10-12 C?/N- m2)(1.8 m) 
= 3.9 x 10'V. 


Safety engineers attempt to Keep the potential of the personnel below this level 
by “bleeding” off the charge through, say, a conducting floor. —— 





In a parallel-plate capacitor, neglecting fringing, the electric field has the same 
value at all points between the plates. ‘Thus, the energy density u— that is, the 
potential energy per unit volume between the plates—should also be uniform. 
We can find u by dividing the total potential energy by the volume Ad of the 
space between the plates. Using Eq. 25-22, we obtain 
Ce Cle 
“Ad 2Ad’ 
With Eq. 25-9 (C = €)A/d), this result becomes 


1 y - 
= 220 yo 


However, from Eq. 24-42 (E = —AV/As), V/d equals the electric field magnitude EF; so 





Ne 5 €0E 2 (energy density). (25-25) 

Although we derived this result for the special case of a parallel-plate capacitor, 
it holds generally, whatever may be the source of the electric field. If an electric 
field EF exists at any point in space, we can think of that point as a site of electric 


potential energy whose amount per unit volume is given by Eq. 25-25. 


Sample Problem ee) 


Often, a burn victim is treated while lying on a gurney in an 
enclosed chamber filled with oxygen-enriched air (a hyper- 
baric chamber). Once a treatment session is over, a hospital 
worker pulls the gurney and patient from the chamber 
onto a trolley, to be rolled away. On at least two occasions, 
the gurney caught fire at the end that was last to leave the 
chamber. Obviously, a burning gurney holding a patient al- 
ready suffering from burns is a dangerous situation, and ob- 
viously fires burn easily in air rich in oxygen, but the ques- 
tion remains: What caused the gurneys to catch fire? 
Investigators realized that charge separation oc- 
curred between the patient’s skin, the hospital gown on 
the patient, and the sheet on the gurney. They also 
found that the gurney and the part of the chamber’s 
metal framework below the gurney formed a parallel- 
plate capacitor (Fig. 25-12) of capacitance C; = 250 pF. 
If the gurney discharged its excess charge and the asso- 
ciated energy by sparking, could the spark ignite the 
gurney? Measurements revealed that a spark could oc- 


cur only if the potential difference V on the gurney— 
framework capacitor exceeded 2000 V and that a fire 
could start only if the capacitor’s potential energy U ex- 
ceeded 0.20 mJ. However, the potential difference on 
the gurney—framework capacitor was only V; = 600 V, 
not enough to produce a spark. — 


(a) As the gurney was withdrawn from the chamber, 
the area of the gurney—framework overlap decreased. 
Thus, the plate area of the capacitor decreased from its 
initial value A;. What was the potential difference V; 
when the overlap plate area was Ay = 0.10A;? 


ezzo (1) The potential difference V across a ca- 


pacitor is related to the charge q and capacitance C ac- 
cording to Eq. 25-1 (¢ = CV). (2) As the gurney was with- 
drawn from the chamber, the charge q did not change. (3) 
The capacitance of a parallel-plate capacitor is related to 
the plate area according to Eq. 25-9 (C = e,A/d). 


Calculations: From Eq. 25-1, the charge g was 
g= GY, = GG, 


or y= —*¥, (25-23) 


From Eq. 25-9, we can write 
€)(0.10A;) 


_ &0Ar _ 
Cy = a 


A. 
SO Oe 


- (25-24) 


Substituting this result into Eq. 25-23 brings us to 


V, V; = 10V, = (10)(600 V) 


~ 0.10C, 

= 6000 V. 
As the gurney was withdrawn, the potential difference 
increased because the charge on the capacitor was crowded 


into a smaller plate area. The potential difference V; = 6000 
V was more than enough to produce a spark. 


(Answer) 


(b) What was the energy U; of the gurney—framework 
capacitor when the plate area was 0.10A;? 


rete The potential energy U stored in a capaci- 


tor is related to the capacitance C and potential differ- 
ence V according to Eq. 25-22 (U = 3CV?”). 
Calculation: Using Eq. 25-24, we write 
U, = 5CV? = 5(0.10C) V? 
= $(0.10)(250 x 10~!? F)(6000 V)? 
= 45 X 10°*J = 0.45 mJ. (Answer) 
This was more than enough energy to ignite the gurney. 


Sample Problem 
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Framework 
(d) (c) 

FIG. 25-12 (a) A hyperbaric chamber. (b) A gurney and the 
chamber’s metal framework form a capacitor that is charged 
by stray electrostatic charge. (c) As the gurney is pulled from 
the chamber, the charge crowds onto a smaller area. (BARA- 
MED® Monoplace chamber designed and manufactured by 
BioMedical Systems Group, Environmental Tectonics Corp.) 


The investigators concluded that the gurney fire was due 
to a spark produced by the gurney—framework capacitor 
as the charge became crowded into a smaller area while 
the gurney was being withdrawn from the chamber. 





An isolated conducting sphere whose radius R is 6.85 
cm has a charge g = 1.25 nC. 


(a) How much potential energy is stored in the electric 
field of this charged conductor? 


aio (1) An isolated sphere has capacitance 


given by Eq. 25-18 (C = 47re RF). (2) The energy U stored 
in a capacitor depends on the capacitor’s charge g and ca- 
pacitance C according to Eq. 25-21 (U = q?/2C). 





Calculation: Substituting C =47e)R into Eq. 25-21 
GIVES US 


2 2 
oe eek. ere 
2G Sie _R 
(La. x 0 2@)7 
(87r)(8.85 X 10°! F/m)(0.0685 m) 


1.03 X 10°’ J = 103 nJ. 


(Answer) 


(b) What is the energy density at the surface of the 
sphere? 


cei The density u of the energy stored in an 


electric field depends on the magnitude FE of the field, 
according to Eq. 25-25 (u = 49). 


Calculations: Here we must first find F at the surface of 
the sphere, as given by Eq. 23-15: 





L a 
~ 47, Re" 
The energy density is then 
= sae me ge 
Pa Dar cake 


(E25 0m Ce 
(327r)(8.85 X 10-2 C2/N- m?)(0.0685 m)4 
2.54 Sole Sine = 25 A. eine: (Answer) 


Chapter 25 | Capacitance 


FIG. 25-13 The simple electrostatic 
apparatus used by Faraday. An assem- 
bled apparatus (second from left) 
forms a spherical capacitor consisting 
of a central brass ball and a concentric 
brass shell. Faraday placed dielectric 
materials in the space between the 
ball and the shell. (The Royal 
Institute, England/Bridgeman Art 





Library/NY) 

25-6 | Capacitor with a Dielectric 

If you fill the space between the plates of a capacitor with a dielectric, which is 
an insulating material such as mineral oil or plastic, what happens to the ca- 
pacitance? Michael Faraday—to whom the whole concept of capacitance is 
largely due and for whom the SI unit of capacitance is named—first looked 
into this matter in 1837. Using simple equipment much like that shown in Fig. 
25-13, he found that the capacitance increased by a numerical factor x, which he 
called the dielectric constant of the insulating material. Table 25-1 shows some di- 
electric materials and their dielectric constants. The dielectric constant of a vac- 
uum is unity by definition. Because air is mostly empty space, its measured dielec- 
tric constant 1s only slightly greater than unity. 

Another effect of the introduction of a dielectric is to limit the potential 
difference that can be applied between the plates to a certain value V,,,,, called 
Some Properties of Dielectrics“ the breakdown potential. If this value is substantially exceeded, the dielectric 
=== material will break down and form a conducting path between the plates. Every 

Dielectric Dielectric dielectric material has a characteristic dielectric strength, which is the maximum 
. Constant Strength value of the electric field that it can tolerate without breakdown. A few such 
maar i SS values are listed in Table 25-1. 
Air (1 atm) 1.00054 a As we discussed just after Eq. 25-18, the capacitance of any capacitor can be 
written in the form 
Paper 3516 C= eof, (25.26) 
Transformer in which & has the dimension of length. For example, £ = A/d for a parallel-plate 
oil 4.5 capacitor. Faraday’s discovery was that, with a dielectric completely filling the 
Pyrex — 4.7 14 space between the plates, Eq. 25-26 becomes 
Ruby mica 5.4 
Porcelain 6.5 C keys KCr (25-27) 
os la where C,;, is the value of the capacitance with only air between the plates. 
Germanium 16 ee : : 
Ethanol 95 Figure 25-14 provides some insight into Faraday’s experiments. In Fig. 
Water (20°C) 80.4 25-14a the battery ensures that the potential difference V between the plates will 
Water (25°C) 78.5 remain constant. When a dielectric slab is inserted between the plates, the charge 
ne Canal q on the plates increases by a factor of x; the additional charge is delivered to 
ceramic 126 the capacitor plates by the battery. In Fig. 25-14b there is no battery, and there- 
Strontium fore the charge g must remain constant when the dielectric slab is inserted; then 
titanate 310 8 the potential difference V between the plates decreases by a factor of k. 


Both these observations are consistent (through the relation g = CV) with the 
increase in capacitance caused by the dielectric. 

“Measured at room temperature, except Comparison of Eqs. 25-26 and 25-27 suggests that the effect of a dielectric 
for the water. can be summed up in more general terms: 


For a vacuum, « = unity. 
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Thus, the cunt aanatie of the electric field cieniced by a point — inside a 
dielectric is given by this modified form of Eq. 23-15: 


Log 
ATrKE, r 





Also, the expression for the electric field just outside an isolated conductor 


immersed in a dielectric (see Eq. 23-11) becomes 


Oo 


b= 





KE 


Because xk is always greater than unity, both these equations show that for a fixed 
distribution of charges, the effect of a dielectric is to weaken the electric field that 


would otherwise be present. 


FIG. 25-14 (a) Ifthe potential difference between the plates of a capacitor is maintained, 
as by battery B, the effect of a dielectric is to increase the charge on the plates. (b) If the 
charge on the capacitor plates is maintained, as in this case, the effect of a dielectric is 

to reduce the potential difference between the plates. The scale shown is that of a 
potentiometer, a device used to measure potential difference (here, between the plates). 


A capacitor cannot discharge through a potentiometer. 


Sample Problem 


























(25-28) 





(a) V=a constant 


(25-29) 





(b) g = a constant 





A parallel-plate capacitor whose capacitance C is 13.5 
pF is charged by a battery to a potential difference V = 
12.5 V between its plates. The charging battery is now 
disconnected, and a porcelain slab (k = 6.50) is slipped 
between the plates. 


(a) What is the potential energy of the capacitor before 
the slab is inserted? 





Dsaildeas) We can relate the potential energy U; of the 
capacitor to the capacitance C and either the potential 
V (with Eq. 25-22) or the charge g (with Eq. 25-21): 


ge 


= ICV? = 
= 


Calculation: Because we are given the initial potential 
V (= 12.5 V), we use Eq. 25-22 to find the initial stored 
energy: 

U= CV —— (13.5.< 102 B12 5 Vy) 


= 1.055 x 10°? J = 1055 pJ ~ 1100 pJ. (Answer) 


(b) What is the potential energy of the capacitor—slab 
device after the slab is inserted? 





Wiidews Because the battery has been discon- 


nected, the charge on the capacitor cannot change when 
the dielectric is inserted. However, the potential does 
change. 


Calculations: Thus, we must now use Eq. 25-21 to write 
the final potential energy U;, but now that the slab is 
within the capacitor, the capacitance is kC. We then 
have 
i G- 055 pF 
fF 2nC ok 6.50 
= 162 pJ ~ 160 pJ. 








(Answer) 


When the slab is introduced, the potential energy de- 
creases by a factor of k. 

The “missing” energy, in principle, would be appar- 
ent to the person who introduced the slab. The capacitor 
would exert a tiny tug on the slab and would do work on 
it, in amount 


W = U, — U;= (1055 — 162) pI = 893 pJ. 


If the slab were allowed to slide between the plates with 
no restraint and if there were no friction, the slab would 
oscillate back and forth between the plates with a (con- 
stant) mechanical energy of 893 pJ, and this system en- 
ergy would transfer back and forth between kinetic en- 
ergy of the moving slab and potential energy stored in 
the electric ted: 
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25-7 | Dielectrics: An Atomic View 





What happens, in atomic and molecular terms, when we put a dielectric in an 
electric field? There are two possibilities, depending on the type of molecule: 


1. Polar dielectrics. The molecules of some dielectrics, like water, have permanent 
electric dipole moments. In such materials (called polar dielectrics), the electric 
dipoles tend to line up with an external electric field as in Fig. 25-15. Because the 
molecules are continuously jostling each other as a result of their random thermal 
motion, this alignment is not complete, but it becomes more complete as the mag- 
nitude of the applied field is increased (or as the temperature, and thus the 
jostling, are decreased). The alignment of the electric dipoles produces an electric 
field that is directed opposite the applied field and is smaller in magnitude. 





2. Nonpolar dielectrics. Regardless of whether they have permanent electric 
dipole moments, molecules acquire dipole moments by induction when 
placed in an external electric field. In Section 24-8 (see Fig. 24-11), we saw 
that this occurs because the external field tends to “stretch” the molecules, 
slightly separating the centers of negative and positive charge. 





(0) 


FIG. 25-15 (a) Molecules witha Figure 25-16a shows a nonpolar dielectric slab with no external electric field 
permanent electric dipole moment, applied. In Fig. 25-16b, an electric field E) is applied via a capacitor, whose plates 
showing their random orientationin | are charged as shown. The result is a slight separation of the centers of the posi- 
the absence of an external electric tive and negative charge distributions within the slab, producing positive charge 
field. (b) An electric field is applied, on one face of the slab (due to the positive ends of dipoles there) and negative 
producing partial alignment of the charge on the opposite face (due to the negative ends of dipoles there). The slab 
dipoles. Thermal agitation prevents —_ ag a whole remains electrically neutral and—within the slab—there is no excess 
complete alignment. charge in any volume element. 


Figure 25-16c shows that the induced surface charges on the faces produce an 
electric field E’ ‘in the direction opposite that of the applied electric field E). The 
resultant field E inside the dielectric (the vector sum of fields E) and E” ) has the 
direction of E, but is smaller in magnitude. 

Both the field E’ produced by the surface charges in Fig. 25-16c and the electric 
field produced by the permanent electric dipoles in Fig. 25-15 act in the same way — 
they oppose the applied field E. Thus, the effect of both polar and nonpolar dielectrics 
is to weaken any applied field within them, as between the plates of a capacitor. 


FiG. 25-16 (a) A nonpolar dielectric : . 
(@) : We can now see why the dielectric porcelain slab in Sample Problem 25-6 is 


slab. The circles represent the electri- 


cally neutral atoms within the slab. pulled into the capacitor: As it enters the space between the plates, the surface 
(b) An electric field is applied via charge that appears on each slab face has the sign opposite that of the charge on 
charged capacitor plates; the the nearby capacitor plate. Thus, slab and plates attract each other. 


field slightly stretches the atoms, sep- 
arating the centers of positive and 
negative charge. (c) The separation 
produces surface charges on the slab 
faces. These charges set up a field - E", 
which opposes the applied field Be 
The resultant field F inside the di- 
electric (the vector sum of Ep and E ’) 
has the same direction as E but a 
smaller magnitude. (a) (b) (c) 





25-8 | Dielectrics and Gauss’ Law 


In our discussion of Gauss’ law in Chapter 23, we assumed that the charges 
existed in a vacuum. Here we shall see how to modify and generalize that law if 
dielectric materials, such as those listed in Table 25-1, are present. Figure 25-17 
shows a parallel-plate capacitor of plate area A, both with and without a dielec- 
tric. We assume that the charge q on the plates is the same in both situations. Note 


25-8 | Dielectrics and Gauss’ Law 


that the field between the plates induces charges on the faces of the dielectric by Gaussian surface 
one of the methods described in Section 25-7. | - 

For the situation of Fig. 25-17a, without a dielectric, we can find the electric 
field E, between the plates as we did in Fig. 25-5: We enclose the charge +q on the 
top plate with a Gaussian surface and then apply Gauss’ law. Letting E, represent 
the magnitude of the field, we find 


Ey E-dA = E,A = 4, (25-30) | oD 


shigertid 








q 
EyA 





or Ey = (25-31) 


Gaussian surface +q 


In Fig. 25-17b, with the dielectric in place, we can find the electric field 
between the plates (and within the dielectric) by using the same Gaussian sur- 
face. However, now the surface encloses two types of charge: It still encloses 
charge +q on the top plate, but it now also encloses the induced charge —gq’ on 
the top face of the dielectric. The charge on the conducting plate is said to be free 
charge because it can move if we change the electric potential of the plate; the 


+q' 





induced charge on the surface of the dielectric is not free charge because it (0) 
cannot move from that surface. FIG. 25-17 A parallel-plate capaci- 
The net charge enclosed by the Gaussian surface in Fig. 25-17b 1s g — q',so _ tor (a) without and (5) with a dielec- 
Gauss’ law now gives tric slab inserted. The charge q on the 
eee ; lates is assumed to be the same in 
af E-dA =aEA=q-q’, (25-32) ae on 
q-@ 
O ES 25-33 
r a (25-33) 
The effect of the dielectric is to weaken the original field Ey by a factor of k;so we 
may write E 
B= — Oe (25-34) 
K KEyA 
Comparison of Eqs. 25-33 and 25-34 shows that 
q-q= me (25-35) 
K 


Equation 25-35 shows correctly that the magnitude q’ of the induced surface 
charge is less than that of the free charge g and is zero if no dielectric is present 
(because then «x = 1 in Eq. 25-35). 

By substituting for g — q' from Eq. 25-35 in Eq. 25-32, we can write Gauss’ 
law in the form 


Ey KE+dA = q  (Gauss’ law with dielectric). (25-36) 


This equation, although derived for a parallel-plate capacitor, is true generally 
and is the most general form in which Gauss’ law can be written. Note: 


1. The flux integral now involves KE, not just E. (The vector eykKE is sometimes 
called the electric displacement D, so that Eq. 25-36 can be written in the form 
§D-dA = q.) 

2. The charge g enclosed by the Gaussian surface is now taken to be the free 
charge only. The induced surface charge is deliberately ignored on the right 
side of Eq. 25-36, having been taken fully into account by introducing the 
dielectric constant « on the left side. 


3. Equation 25-36 differs from Eq. 23-7, our original statement of Gauss’ law, 
only in that e) in the latter equation has been replaced by key. We Keep xk 
inside the integral of Eq. 25-36 to allow for cases in which x is not constant 
over the entire Gaussian surface. 
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Sample Problem Ese 


Figure 25-18 shows a parallel-plate capacitor of plate area 
A and plate separation d. A potential difference Vo is ap- 
plied between the plates. The battery is then disconnected, 
and a dielectric slab of thickness b and dielectric constant 
k 1s placed between the plates as shown. Assume A = 115 
cm’, d = 1.24 cm, V, = 85.5 V, b = 0.780 cm, and « = 2.61. 


(a) What is the capacitance Cy before the dielectric slab 
is inserted? 

Calculation: From Eq. 25-9 we have 

é&A — (8.85 x 10° F/m)(115 x 107~* m’) 
ia 1.24 X 10-2 m 
— Oe lee ek — 5.71 0r. 


Cy a 


(Answer) 
(b) What free charge appears on the plates? 


Calculation: From Eq. 25-1, 
q = GW = (8.21 X 10°” F)(85.5 V) 
= 7.02 x 10°" C = 702 pc. (Answer) 


Because the battery was disconnected before the slab 
was inserted, the free charge is unchanged. 


(c) What is the electric field E, in the gaps between the 
plates and the dielectric slab? 


fete We need to apply Gauss’ law, in the form of 


Eq. 25-36, to Gaussian surface I in Fig. 25-18. 


Calculations: That surface passes through the gap, and so it 
encloses only the free charge on the upper capacitor plate. 
Because the area vector dA and the field vector E, are both 
directed downward, the dot product in Eq. 25-36 becomes 


E,: dA = E,dA cos 0° = E, dA. 
Equation 25-36 then becomes 


Egk kg dA — q. 


The integration now simply gives the surface area A of the 
plate. Thus, we obtain 
EykKE, A — 


qd 
Eo = 
= : EykKA 





We must put x =1 here because Gaussian surface I 
does not pass through the dielectric. Thus, we have 
p=—4_ = COZ Nie © 
© ggkA (8.85 X 107! F/m)(1)(115 x 1074 m?) 
= 6900 V/m = 6.90 kV/m. (Answer) 
Note that the value of E, does not change when the slab 


is introduced because the amount of charge enclosed by 
Gaussian surface I in Fig. 25-18 does not change. 


(d) What is the electric field F, in the dielectric slab? 










FIG. 25-18 

A parallel-plate 
capacitor con- 
taining a dielec- 
tric slab that only 
partially fills the 
space between 
the plates. 


Gaussian~___ 


surface I 


Gaussian | : 
surface II 


cet Now we apply Gauss’ law in the form of 


Eq. 25-36 to Gaussian surface II in Fig. 25-18. 


Calculations: That surface encloses free charge —gq and 
induced charge +q’, but we ignore the latter when we 
use Eq. 25-36. We find 


Ep KE, -dA = —E9KE,A = —q. (25-37) 


(The first minus sign in this equation comes from 
the dot product E, - dA, because now the field vector E, 
is directed downward and the area vector dA is directed 
upward.) Now x = 2.61. Thus, Eq. 25-37 gives us 


q  _ Fo _ 6.90kV/m 


Ey 


- EyKA kK 2.6) 
= 2.64 kV/m. (Answer) 


(ce) What is the potential difference V between the 
plates after the slab has been introduced? 


cei We find V by integrating along a straight 


line directly from the bottom plate to the top plate. 


Calculation: Within the dielectric, the path length is b 
and the electric field is £,. Within the two gaps above 
and below the dielectric, the total path length is d — b 
and the electric field is Ey. Equation 25-6 then yields 


V= | Eds = E(d —b) + Eb 


= (6900 V/m)(0.0124 m — 0.00780 m) 
+ (2640 V/m)(0.00780 m) 
= 52.3 V. 
This is less than the original potential difference of 85.5 V. 


(Answer) 


(f) What is the capacitance with the slab in place be- 
tween the plates of the capacitor? 


cSt The capacitance C is related to the free 


charge g and the potential difference V via Eq. 25-1. 


Calculation: Taking q from (b) and V from (e), we have 
pie TOD xX Mee 
V 52.3 V 


= 1.34 x 10°!’ F = 13.4 pF. 
This is greater than the original capacitance of 8.21 pF. 


(Answer) 


REVIEW & SUMMARY 


Capacitor; Capacitance A capacitor consists of two iso- 
lated conductors (the plates) with charges +q and —dg. Its 
capacitance C is defined from 


q= CV, (25-1) 


where V is the potential difference between the plates. The SI unit 
of capacitance is the farad (1 farad = 1 F = 1 coulomb per volt). 


Determining Capacitance We generally determine the 
capacitance of a particular capacitor configuration by 
(1) assuming a charge qg to have been placed on the plates, 
(2) finding the electric field E due to this charge, (3) evaluat- 
ing the potential difference V, and (4) calculating C from 
Eq. 25-1. Some specific results are the following: 

A parallel-plate capacitor with flat parallel plates of area 
A and spacing d has capacitance 

EyA 
C qd (25-9) 

A cylindrical capacitor (two long coaxial cylinders) of 

length Z and radii a and b has capacitance 


C = 27Ey (25-14) 


_f 
In(b/a) © 


A spherical capacitor with concentric spherical plates of 
radii a and 5 has capacitance 


b 
C= 47ré a 





(25-17) 


If we let b ~ ~ and a = R in Eq. 25-17, we obtain the 
capacitance of an isolated sphere of radius R: 


C = 47€9R. (25-18) 


Capacitors in Parallel and in Series The equivalent 
capacitances C.,, of combinations of individual capacitors con- 
nected in parallel and in series can be found from 
Coq = x C; (25-19) 
= 


(n capacitors in parallel) 





i cael 
and = )— (n capacitors in series). (25-20) 
Ce ja G 


Equivalent capacitances can be used to calculate the capaci- 
tances of more complicated series— parallel combinations. 


Potential Energy and Energy Density The electric 
potential energy U of a charged capacitor, 
2 
U = + = !cy?, 


= 25-21, 25-22 
aC (25-21, ) 


is equal to the work required to charge the capacitor. This 
energy can be associated with the capacitor’s electric field E. 
By extension we can associate stored energy with any electric 
field. In vacuum, the energy density u, or potential energy per 
unit volume, within an electric field of magnitude EF is given by 


U = 46) FE”. (25-25) 
Capacitance with a Dielectric If the space between the 
plates of a capacitor is completely filled with a dielectric material, 
the capacitance C is increased by a factor x, called the dielectric 
constant, which is characteristic of the material. In a region that 1s 
completely filled by a dielectric, all electrostatic equations con- 
taining €) must be modified by replacing ep) with Kép. 

The effects of adding a dielectric can be understood phys- 
ically in terms of the action of an electric field on the perma- 
nent or induced electric dipoles in the dielectric slab. The 
result is the formation of induced charges on the surfaces of 
the dielectric, which results in a weakening of the field within 
the dielectric for a given amount of free charge on the plates. 


Gauss’ Law with a Dielectric When a dielectric is pre- 
sent, Gauss’ law may be generalized to 


0 aE dA = 7. 


Here gq is the free charge; any induced surface charge is accounted 
for by including the dielectric constant x inside the integral. 


(25-36) 


QUESTIONS 


1 Figure 25-19 shows plots 
of charge versus potential dif- 
ference for three parallel- 
plate capacitors that have the 
plate areas and separations 
given in the table. Which plot 
goes with which capacitor? 





FIG. 25-19 Question 1. 


Capacitor Area Separation 
il A d 
2A d 
3 A 2d 


2 Figure 25-20 shows an open switch, a battery of potential 
difference V, a current-measuring meter A, and three identical 


uncharged capacitors of capaci- 
tance C. When the switch is 
closed and the circuit reaches 
equilibrium, what are (a) the 
potential difference across each Vv 
capacitor and (b) the charge on 

the left plate of each capacitor? *!G- 25-20 Question 2. 
(c) During charging, what net charge passes through the meter? 





I 


3 For each circuit in Fig. 25-21, are the capacitors connected in 
series, in parallel, or in neither mode? 





FIG. 25-21 Question 3. 
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4 What is C,, of three capacitors, each of capacitance C, if they 
are connected to a battery (a) in series with one another and (b) 
in parallel? (c) In which arrangement is there more charge on the 
equivalent capacitance? 


3S (a) In Fig. 25-22a, are capacitors 1 and 3 in series? (b) In the same 
figure, are capacitors 1 and 2 in parallel? (c) Rank the equivalent ca- 
pacitances of the four circuits shown in Fig. 25-22, ereatest first. 


will the charge on the left-hand capacitor (a) increase, (b) 
decrease, and (c) remain the same? 


7 Initially, a single capacitance C, is wired to a battery. 
Then capacitance C, is added in parallel. Are (a) the po- 
tential difference across C, and (b) the charge g, on C, 
now more than, less than, or the same as previously? (c) Is 
the equivalent capacitance C,, of C, and C, more than, 


less than, or equal to C,? (d) Is the charge stored on C, 
and C, together more than, less than, or equal to the 
charge stored previously on C,? 


8 Repeat Question 7 for C, added in series rather than 
in parallel. 


(a) Y You are to connect capacitances C; and C), with C, > 


C;, to a battery, first individually, then in series, and then in 
parallel. Rank those arrangements according to the amount 
of charge stored, greatest first. 


10 When a dielectric slab is in- 
serted between the plates of one of 
the two identical capacitors in Fig. 
25-24, do the following properties 
of that capacitor increase, de- 
crease, or remain the same: (a) ca- 
pacitance, (b) charge, (c) potential 
difference, and (d) potential energy? (e) How about the 
same properties of the other capacitor? 





FIG, 25-24 
Question 10. 


FIG. 25-22 Question 5S. 


6 Figure 25-23 shows three circuits, each consisting of a switch 
and two capacitors, initially charged as indicated (top plate posi- 
tive). After the switches have been closed, in which circuit (if any) 


(1) (2) (3) 
FIG. 25-23 Question 6. 


11 A parallel-plate capacitor is connected to a battery 
of electric potential difference V. If the plate separation is 
decreased, do the following quantities increase, decrease, 
or remain the same: (a) the capacitor’s capacitance, (b) the 
potential difference across the capacitor, (c) the charge on 
the capacitor, (d) the energy stored by the capacitor, (e) 
the magnitude of the electric field between the plates, and 
(f) the energy density of that electric field? 


PROBLEMS 


& Tutoring problem available (at instructor's discretion) in WileyPLUS and WebAssign 
SSM Worked-out solution available in Student Solutions Manual WWW Worked-out solution is at 
@ — eee Number of dots indicates level of problem difficulty LW 











http://www.wiley.com/college/halliday 





Interactive solution is at 


i Additional information available in The Flying Circus of Physics and at flyingcircusofphysics.com 


Click here to view all step-by-step solutions 


sec. 25-2 Capacitance sec. 25-3 Calculating the Capacitance 
°4 ‘The two metal objects in Fig. ®3 If an uncharged parallel-plate 
25-25 have net charges of +70 pC capacitor (capacitance C) is connected 
and —70 pC, which result in a 20 to a battery, one plate becomes nega- 
V potential difference between tively charged as electrons move 
them. (a) What is the capacitance to the plate face (area A). In Fig. 25-27, 
of the system? (b) If the charges the depth d from which the electrons 
are changed to +200pC and come in the plate in a particular capac- 
—200 pC, what does the capaci- + itor is plotted against a range of values 
tance become? (c) What does the 
potential difference become? 


*2 ‘The capacitor in Fig. 25-26 has 
a capacitance of 25 wF and is ini- 
tially uncharged. The battery provides a potential difference of 120 
V. After switch S is closed, how much charge will pass through it? 


d (pm) 





FIG. 25-25 Problem 1. 





0 ve 
for the potential difference V of the VV) 


battery. The vertical scale is set by 
d, = 1.00 pm, and the horizontal scale *'G. 25-27 Problem 3. 
is set by V, = 20.0 V. What is the ratio C/A? 


FIG. 25-26 Problem2. 


e4 You have two flat metal plates, each of area 1.00 m’, with 
which to construct a parallel-plate capacitor. (a) If the capacitance 


of the device is to be 1.00 EK, what must be the separation between 
the plates? (b) Could this capacitor actually be constructed? 


5 A parallel-plate capacitor has circular plates of 8.20 cm 
radius and 1.30 mm separation. (a) Calculate the capacitance. 
(b) What charge will appear on the plates if a potential differ- 
ence of 120 V is applied? SSM 


¢6 The plates of a spherical capacitor have radi 38.0 mm 
and 40.0 mm. (a) Calculate the capacitance. (b) What must be 
the plate area of a parallel-plate capacitor with the same plate 
separation and capacitance? 


®7 What is the capacitance of a drop that results when two 
mercury spheres, each of radius R = 2.00 mm, merge? 


sec. 25-4 Capacitors in Parallel and in Series 

«8 In Fig. 25-28, find the equivalent capacitance of the combina- 
tion. Assume that C, is 10.0 hE C, 
is 5.00 wE, and C; 1s 4.00 pF. 


«9 In Fig. 25-29, find the 
equivalent capacitance of the 
combination. Assume that C, 
= 10.0 uF, C, = 5.00 wF, and 
C; = 4.00 wr. itw 


70 How many 1.00 uF ca- 
pacitors must be connected in 
parallel to store a charge of 
1.00 C with a potential of 110 
V across the capacitors? 


®71 Each of the uncharged 
capacitors in Fig. 25-30 has a 
capacitance of 25.0 uF. A po- 
tential difference of V = 4200 
V_ is established when the 
switch is closed. How many 
coulombs of charge then pass 
through meter A? 


e@72 In Fig. 25-31, the bat- 
tery has a potential difference 
of V = 10.0 V and the five ca- 
pacitors each have a capaci- 
tance of 10.0 wEK What is the 
charge on (a) capacitor 1 and 
(b) capacitor 2? 


ee73 In Fig. 25-29, a potential 
difference of V = 100.0 V 1s ap- 
plied across a capacitor arrange- 
ment with capacitances C, = 
10.0 wE, C, = 5.00 pF, and C; = 
4.00 WF. If capacitor 3 undergoes 
electrical breakdown so that it 
becomes equivalent to conduct- 
ing wire, what is the increase in 
(a) the charge on capacitor 1 
and (b) the potential difference across capacitor 1? €% 


FIG. 25-29 Problems 9, 
13, and 34. 








FIG. 25-31 Problem 12. 


e744 Two parallel-plate capacitors, 6.0 wF each, are connected 
in parallel to a 10 V battery. One of the capacitors is then 
squeezed so that its plate separation is 50.0% of its initial value. 
Because of the squeezing, (a) how much additional charge is 
transferred to the capacitors by the battery and (b) what is the 
increase in the total charge stored on the capacitors? 





ee75 A 100 pF capacitor is charged to a potential difference 
of 50 V, and the charging battery is disconnected. The capa- 
citor is then connected in parallel with a second (initially 
uncharged) capacitor. If the potential difference across the 
first capacitor drops to 35 V, what is the capacitance of this 
second capacitor? ssm ILw 


ee¢76 Figure 25-32 shows a circuit section of four air-filled 
capacitors that is connected to a larger circuit. The graph 
below the section shows the electric potential V(x) as a func- 
tion of position x along the lower part of the section, through 
capacitor 4. Similarly, the graph above the section shows the 
electric potential V(x) as a function of position x along the 
upper part of the section, through capacitors 1, 2, and 3. 
Capacitor 3 has a capacitance of 0.80 wF. What are the capaci- 
tances of (a) capacitor 1 and (b) capacitor 2? 


12 


_— 


V (V) 





FIG. 25-32 Problem 16. 


ee77 In Fig. 25-33, a 20.0 V battery is connected across 
capacitors of capacitances C; = C, = 3.00 wF and C3 = C; = 
2.00C, = 2.00C, 7 

= 4.00 nF. What 
are (a) the equiv- 
alent capacitance 
Ce of the capaci- 
tors and (b) the 
charge stored by 
C.,? What are (c) 
V, and (d) q, of 
capacitor 1, (e) V> 
and (f) q» of ca- 
pacitor 2, and (g) 
V3 and (h) q3 of capacitor 3? €& 


ee18 Plot 1 in Fig. 25-34a gives the charge q that can be 





2 & 


FIG. 25-33 Problem17. 


q (uC) 





FIG. 25-34 Problem 18. 
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stored on capacitor 1 versus the electric potential V set up 
across it. The vertical scale is set by g, = 16.0 wC, and the hort- 
zontal scale is set by V, = 2.0 V. Plots 2 and 3 are similar plots 
for capacitors 2 and 3, respectively. Figure 25-34b shows a cir- 
cuit with those three capacitors and a 6.0 V battery. What is 
the charge stored on capacitor 2 in that circuit? 


19 In Fig. 25-35, the capaci- 
tances are C; = 1.0 wF and C, = 3.0 
pF, and both capacitors are charged 





to a potential difference of V= 100 222 © 2 amemnpa 
V but with opposite polarity as | , So 
shown. Switches S, and S, are now b 


closed. (a) What is now the poten- 
tial difference between points a 
and b? What now is the charge on capacitor (b) 1 and (c) 2? 

ssM WWW 


*e20 In Fig. 25-36, V=10V, 
C,=10uF and C,= C,;= 20 
WE. Switch S is first thrown to the 
left side until capacitor 1 reaches 
equilibrium. Then the switch is 
thrown to the right. When equl- 
librium is again reached, how much charge is on capacitor 1? 


FIG. 25-35 Problem 19. 





FIG. 25-36 Problem 20. 


#027 In Fig. 25-37, two parallel-plate capacitors (with air 
between the plates) are connected to a battery. Capacitor 1 has a 
plate area of 1.5 cm’ and an electric field (between its plates) of 
magnitude 2000 V/m. Capacitor 2 has a 
plate area of 0.70 cm? and an electric 
field of magnitude 1500 V/m. What is 
the total charge on the two capacitors? 





ee22 Figure 25-38 represents two 
air-filled cylindrical capacitors con- 
nected in series across a battery with 
potential V = 10V. Capacitor 1 has 
an inner plate radius of 5.0mm, an 
outer plate radius of 15cm, and a 
length of 5.0 cm. Capacitor 2 has an in- 
ner plate radius of 2.5 mm, an outer 
plate radius of 1.0 cm, and a length of 
9.0 cm. The outer plate of capacitor 2 
is a conducting organic membrane that 
can be stretched, and the capacitor can be inflated to increase the 
plate separation. If the outer plate radius is increased to 2.5 cm 
by inflation, (a) how many electrons move through point P and 
(b) do they move toward or away from the battery? 


Pits. 25-37 
Problem 21. 





FIG. 25-38 
Problem 22. 


e023 In Fig. 25-39, the battery has potential difference V = 
9.0 V, C, = 3.0 uF, C, = 4.0 uF, and all the capacitors are 
initially uncharged. When switch S is closed, a total charge of 
12 wC passes through point a and a total charge of 8.0 uC 
passes through point b. What are (a) C; and (b) C3? 





FIG, 25-39 Problem 23. 


e024 Figure 25-40 shows a variable “air gap” capacitor for 
manual tuning. Alternate plates are connected together; one 
group of plates is fixed in position, and the other group is ca- 





pable of rotation. Consider 
a capacitor of n = 8 plates 
of alternating polarity, each 
plate having area A = 1.25 
cm? and separated from ad- 
jacent plates by distance d 
= 340mm. What is_ the 
maximum capacitance of 
the device? 





FIG. 25-40 Problem 24. 


ee25 The capacitors in Fig. 25-41 are initially uncharged. 
The capacitances are C, = 4.0 uF, C, = 8.0 yk and C;= 
12 wF, and the battery’s potential difference is V=12V. 
When switch S 1s closed, how many 
electrons travel through (a) point 
a, (b) point b, (c) point c, and (d) 
point d? In the figure, do the elec- 
trons travel up or down through (e) 
point b and (f) point c? 





FIG. 25-41 Problem25. 


eee26 Figure 25-42 displays a 
12.0 V battery and 3 uncharged 
capacitors of capacitances C; = 
4.00 ue, C, = 6.00 wE and C3 = 
3.00 wF. The switch is thrown to the 
left side until capacitor 1 is fully 
charged. Then the switch is thrown 
to the right. What is the final 
charge on (a) capacitor 1, (b) ca- 
pacitor 2, and (c) capacitor 3? €% 


20027 Figure 25-43 shows 
a 12.0 V battery and four 
uncharged capacitors of ca- 
pacitances C, = 1.00 uF, C, 
= 2.00 uF, C3 = 3.00 wE 
and C,= 4.00 wE If only 
switch S, is closed, what is 
the charge on (a) capacitor 
i, “(by * ¢€apacitor. 2. i(c) 
capacitor 3, and (d) capaci- 
tor 4? If both switches are 
closed, what is the charge 
on (e) capacitor 1, (f) ca- 
pacitor 2, (g) capacitor 3, and (h) capacitor 4? €} 


FIG. 25-43 Problem 27. 


eee28 Capacitor 3 in Fig. 25-44a is a variable capacitor (its 
capacitance C3 can be varied). Figure 25-44b gives the electric 
potential V, across capacitor 1 versus C3. The horizontal scale 
is set by C3, = 12.0 pF. Electric potential V; approaches an as- 
ymptote of 10 V as C; > », What are (a) the electric potential 
V across the battery, (b) C;, and (c) C,? 


Vi (V) 





Cs (UF) 
(a) (d) 
FIG. 25-44 Problem 28. 












sec. 25-5 Energy Stored in an Electric Field 

29 A 2.0 uF capacitor and a 4.0 wF capacitor are con- 
nected in parallel across a 300V_ potential difference. 
Calculate the total energy stored in the capacitors. SSM 


«30 A parallel-plate air-filled capacitor having area 40 cm? 
and plate spacing 1.0 mm is charged to a potential difference 
of 600 V. Find (a) the capacitance, (b) the magnitude of the 
charge on each plate, (c) the stored energy, (d) the electric 
field between the plates, and (e) the energy density between 
the plates. 


#37 What capacitance is required to store an energy of 
10 kW -h ata potential difference of 1000 V? 


*32 How much energy is stored in 1.00 m° of air due to the 
“fair weather” electric field of magnitude 150 V/m? 


e¢33 Assume that a stationary electron is a point of charge. 
What is the energy density u of its electric field at radial dis- 
tances (a) r = 1.00 mm, (b) r = 1.00 um, (c) r = 1.00 nm, and 
(d) r = 1.00 pm? (e) What is wu in the limit as r — 0? 


ee34 In Fig. 25-29, a potential difference V = 100V is 
applied across a capacitor arrangement with capacitances 
C, = 10.0 uF, C, = 5.00 wR, and C,=15.0 uF What are 
(a) charge q3, (b) potential difference V3, and (c) stored 
energy U; for capacitor 3, (d) q;, (e) V;, and (f) U; for capaci- 
tor 1, and (g) go, (h) V2, and (i) U> for capacitor 2? 


ee35 The parallel plates in a capacitor, with a plate area of 
8.50 cm? and an air-filled separation of 3.00 mm, are charged 
by a 6.00 V battery. They are then disconnected from the bat- 
tery and pulled apart (without discharge) to a separation of 
8.00 mm. Neglecting fringing, find (a) the potential difference 
between the plates, (b) the initial stored energy, (c) the final 
stored energy, and (d) the work required to separate the 
plates. ssmiLw www 


#636 In Fig. 25-28, a potential difference V = 100V is 
applied across a capacitor arrangement with capacitances 
C, = 10.0 uF, C,=5.00 uF, and C, = 4.00 uwE What are 
(a) charge q3, (b) potential difference V3, and (c) stored 
energy U; for capacitor 3, (d) q;, (e) V;, and (f) U; for capaci- 
tor 1, and (g) qo, (h) V2, and (1) U> for capacitor 2? 

e@37 In Fig. 25-45, C,; = 10.0 uF, C, = 20.0 uF, and C; = 
25.0 «EF. If no capacitor can withstand a potential difference of 
more than 100 V without . a 
failure, what are (a) the 4e—4 —— | 
magnitude of the maxi- Cy Co oF 
mum potential difference 
that can exist between 
points A and B and (b) the maximum energy that can be 
stored in the three-capacitor arrangement? € 


% # 
/ ——B 
i 





FIG. 25-45 Problem 37. 


*e38 Asasafety engineer, you 
must evaluate the practice of 
storing flammable conducting 
liquids in nonconducting con- 
tainers. The company supplying 
a certain liquid has been using a 
squat, cylindrical plastic con- 
tainer of radius r = 0.20 m and 
filling it to height A= 10cm, 
which is not the container’s full interior height (Fig. 25-46). 
Your investigation reveals that during handling at the com- 
pany, the exterior surface of the container commonly acquires 


fs port 





FIG. 25-46 Problem 38. 


a negative charge density of magnitude 2.0 wC/m* (approxi- 
mately uniform). Because the liquid is a conducting material, 
the charge on the container induces charge separation within 
the liquid. (a) How much negative charge is induced in the 
center of the liquid’s bulk? (b) Assume the capacitance of the 
central portion of the liquid relative to ground is 35 pF. What 
is the potential energy associated with the negative charge in 
that effective capacitor? (c) If a spark occurs between the 
ground and the central portion of the liquid (through the 
venting port), the potential energy can be fed into the spark. 
The minimum spark energy needed to ignite the liquid is 10 
mJ. In this situation, can a spark ignite the liquid? Se 


eeS9 A charged isolated metal sphere of diameter 10 cm 
has a potential of 8000 V relative to V=0O at infinity. 
Calculate the energy density in the electric field near the sur- 
face of the sphere. 


sec. 25-6 Capacitor with a Dielectric 

#40 A parallel-plate air-filled capacitor has a capacitance of 
50 pF. (a) If each of its plates has an area of 0.35 m?, what is 
the separation? (b) If the region between the plates is now 
filled with material having « = 5.6, what is the capacitance? 


e471 Given a 7.4pF air-filled capacitor, you are asked to 
convert it to a capacitor that can store up to 7.4 yJ with a 
maximum potential difference of 652 V. Which dielectric in 
Table 25-1 should you use to fill the gap in the capacitor if you 
do not allow for a margin of error? 


42 An air-filled parallel-plate capacitor has a capacitance 
of 1.3 pF. The separation of the plates is doubled, and wax is 
inserted between them. The new capacitance is 2.6 pF. Find 
the dielectric constant of the wax. 


®43 A coaxial cable used in a transmission line has an inner 
radius of 0.10 mm and an outer radius of 0.60 mm. Calculate 
the capacitance per meter for the cable. Assume that the space 
between the conductors is filled with polystyrene. SSM 


«44 In Fig. 25-47, how much 
charge is stored on the parallel- 
plate capacitors by the 12.0 V bat- 
tery? One is filled with air,andthe VY 
other is filled with a dielectric for 
which x = 3.00; both capacitors 
have a plate area of 5.00 x 10-3 m? 
and a plate separation of 2.00 mm. 





FIG. 25-47 Problem 44. 


ee45 A certain substance has a dielectric constant of 2.8 and 
a dielectric strength of 18 MV/m. If it is used as the dielectric 
material in a parallel-plate capacitor, what minimum area 
should the plates of the capacitor have to obtain a capaci- 
tance of 7.0 X 10~? wF and to ensure that the capacitor will be 
able to withstand a potential difference of 4.00kV? ssm iw 





» You are asked to construct a capacitor having a 
capacitance near | nF and a breakdown potential in excess of 
10 000 V. You think of using the sides of a tall Pyrex drinking 
glass as a dielectric, lining the inside and outside curved sur- 
faces with aluminum foil to act as the plates. The glass is 15 cm 
tall with an inner radius of 3.6 cm and an outer radius of 
3.8 cm. What are the (a) capacitance and (b) breakdown 
potential of this capacitor? 


eef7 A certain parallel-plate capacitor is filled with a dielec- 
tric for which x = 5.5. The area of each plate is 0.034 m7, and 


Chapter 25 | Capacitance 


the plates are separated by 2.0 mm. The capacitor will fail 
(short out and burn up) if the electric field between the plates 
exceeds 200 KN/C. What is the maximum energy that can be 
stored in the capacitor? 





&& Figure 25-48 shows a 
parallel-plate capacitor with a 
plate area A =5.56 cm? and 
separation d = 5.56 mm. The left 
half of the gap is filled with mate- 
rial of dielectric constant Kk, = 
7.00; the right half is filled with 
material of dielectric constant x, 
= 12.0. What is the capacitance? 


eef9 Figure 25-49 shows a parallel- 
plate capacitor with a plate area A = 
7.89 cm? and plate separation d = 4.62 
mm. The top half of the gap is filled with 
material of dielectric constant x, = 11.0; 
the bottom half is filled with material of 

















FIG, 25-49 
Problem 49. 


dielectric constant kK, = 12.0. | 


What is the capacitance? A/2 
Figure 25-50 shows a i " 
parallel-plate capacitor of plate 9 

area A =10.5 cm’ and plate a 


separation 2d = 7.12 mm. The ¥ 





A/2 





e2e50 





left half of the gap 1s filled with 
material of dielectric constant 
kK, = 21.0; the top of the right 
half is filled with material of 
dielectric constant Kk, = 42.0; the bottom of the right half is 
filled with material of dielectric constant kK, = 58.0. What is the 
capacitance? €) 


FIG. 25-50 Problem 50. 





sec. 25-8 Dielectrics and Gauss’ Law 

®51 A parallel-plate capacitor has a capacitance of 100 pF, a 
plate area of 100 cm’, and a mica dielectric (x = 5.4) com- 
pletely filling the space between the plates. At 50 V potential 
difference, calculate (a) the electric field magnitude E in the 
mica, (b) the magnitude of the free charge on the plates, and 
(c) the magnitude of the induced surface charge on the mica. 

SSM WWW 


®32 In Sample Problem 25-7, suppose that the battery 
remains connected while the dielectric slab is being intro- 
duced. Calculate (a) the capacitance, (b) the charge on the 
capacitor plates, (c) the electric field in the gap, and (d) the 
electric field in the slab, after the slab is in place. 


®®53 The space between two concentric conducting spheri- 
cal shells of radii b = 1.70 cm and a = 1.20 cm is filled with 
a substance of dielectric constant « = 23.5. A potential differ- 
ence V = 73.0 V is applied across the inner and outer shells. 
Determine (a) the capacitance of the device, (b) the free 
charge q on the inner shell, and (c) the charge q’ induced 
along the surface of the inner shell. 


*°54 Two parallel plates of area 100 cm? are given charges 
of equal magnitudes 8.9 x 10°7C but opposite signs. The 
electric field within the dielectric material filling the space 
between the plates is 1.4 X 10° V/m. (a) Calculate the dielec- 
tric constant of the material. (b) Determine the magnitude of 
the charge induced on each dielectric surface. 





55 A parallel-plate capacitor has plates of area 0.12 m* 








and a separation of 1.2 cm. A battery charges the plates to 
a potential difference of 120 V and is then disconnected. 
A dielectric slab of thickness 4.0 mm and dielectric constant 
4.8 is then placed symmetrically between the plates. (a) What 
is the capacitance before the slab is inserted? (b) What is the 
capacitance with the slab in place? What is the free charge g 
(c) before and (d) after the slab is inserted? What is the mag- 
nitude of the electric field (e) in the space between the plates 
and dielectric and (f) in the dielectric itself? (g) With the slab 
in place, what is the potential difference across the plates? 
(h) How much external work is involved in inserting the slab? 


Additional Problems 

56 The chocolate crumb mystery. This story begins with 
Problem 56 in Chapter 23. As part of the investigation of the 
biscuit factory explosion, the electric potentials of the workers 
were measured as they emptied sacks of chocolate crumb pow- 
der into the loading bin, stirring up a cloud of the powder 
around themselves. Each worker had an electric potential of 
about 7.0kV relative to the ground, which was taken as zero 
potential. (a) Assuming that each worker was effectively a 
capacitor with a typical capacitance of 200 pF, find the energy 
stored in that effective capacitor. If a single spark between the 
worker and any conducting object connected to the ground 
neutralized the worker, that energy would be transferred to the 
spark. According to measurements, a spark that could ignite a 
cloud of chocolate crumb powder, and thus set off an explosion, 
had to have an energy of at least 150 mJ. (b) Could a spark from 
a worker have set off an explosion in the cloud of powder in 
the loading bin? (The story continues with Problem 56 in 


Chapter 26.) <3 


37 Figure 25-51 shows ca- 
pacitor 1 (C,; = 8.00 uF), 
capacitor 2 (C, = 6.00 uP), 
and capacitor 3 (C3; = 8.00 
mF) connected to a 12.0 V 
battery. When switch S is 
closed so as to connect 
uncharged capacitor 4 (C4 = 6.00 uF), (a) how much charge 
passes through point P from the battery and (b) how much 
charge shows up on capacitor 4? (c) Explain the discrepancy 
in those two results. 





FIG. 25-51 Problem 57. 


28 Two air-filled, parallel-plate capacitors are to be con- 
nected to a 10 V battery, first individually, then in series, and 
then in parallel. In those arrangements, the energy stored in 
the capacitors turns out to be, listed least to greatest: 75 wJ, 
100 J, 300 J, and 400 wJ. Of the two capacitors, what is the 
(a) smaller and (b) greater capacitance? 


29 Two parallel-plate capacitors, 6.0 wF each, are connected 
in series to a 10V battery. One of the capacitors is then 
squeezed so that its plate separation is halved. Because of the 
squeezing, (a) how much additional 
charge is transferred to the capaci- 
tors by the battery and (b) what is 
the increase in the total charge 
stored on the capacitors (the charge 
on the positive plate of one capaci- 
tor plus the charge on the positive 
plate of the other capacitor)? 


60 In Mig. 25-52, V=12V, CG, = 
C;= Co = 6.0 uF, and C,=C,;= FIG. 25-52 Problem 60. 





C,= 4.0 wE What are (a) the net 
charge stored on the capacitors and 
(b) the charge on capacitor 4? 


61 In Fig. 25-53, V = 9.0 V,C, = C, 
= 30 LF, and C; = Cy = 15 LE. What 
is the charge on capacitor 4? SSM 


62 In Fig. 25-54, the battery po- 
tential difference V is 10.0 V and each of 
the seven capacitors has capacitance 10.0 
uF. What is the charge on (a) capacitor 1 
and (b) capacitor 2? 

63 In Fig. 25-55, V = 12 V, C, = Cy = 2.0 
pF, C, = 4.0 wF, and C; = 1.0 wF. What is 
the charge on capacitor 4? 


FIG. 25-53 
Problem 61. 


64 The capacitances of the four capaci- 
tors shown in Fig. 25-56 are given in terms 
of a certain quantity C. (a) If C = 50 uF, 
what is the equivalent capacitance be- 
tween points A and B? (Hint: First imag- 
ine that a battery is connected between 
those two points; then reduce the cir- 
cuit to an equivalent capacitance.) (b) 
Repeat for points A and D. 


eiG. 25-54 
Problem 62. 


65 A capacitor of capacitance C,; = V 
6.00 uF is connected in series with a 
capacitor of capacitance Cy = 4.00 yuk, 
and a potential difference of 200 V is 
applied across the pair. (a) Calculate 
the equivalent capacitance. What are 
(b) charge q,; and (c) potential differ- 
ence V, on capacitor 1 and (d) q 
and (e) V> on capacitor 2? 


66 Repeat Problem 65 for the 
same two capacitors but with 
them now connected in parallel. 


FIG, 25-55 
Problem 63. 


67 A capacitor of unknown ca- 
pacitance C is charged to 100 V 
and connected across an initially 
uncharged 60 uF capacitor. If the 
final potential difference across the 60 wF capacitor is 40 V, 
what is C? 


6& A cylindrical capacitor has radii a and D as in Fig. 25-6. 
Show that half the stored electric potential energy lies within 
a cylinder whose radius is r = Vab. 


69 In Fig. 25-57, two parallel- 
plate capacitors A and B are con- » 
nected in parallel across a 600V_ Bl 
battery. Each plate has area 80.0 
cm’; the plate separations are 3.00 FiG. 25-57 Problem 69. 
mm. Capacitor A is filled with air; 

capacitor B is filled with a dielectric of dielectric constant k = 
2.60. Find the magnitude of the electric field within (a) the di- 
electric of capacitor B and (b) the air of capacitor A. What are 
the free charge densities o on the higher-potential plate of (c) 
capacitor A and (d) capacitor B? (e) What is the induced 
charge density a’ on the top surface of the dielectric? Ssm 


FIG. 25-56 Problem 64. 


#0 A potential difference of 300 V is applied to a series 
connection of two capacitors of capacitances C, = 2.00 uF 

















and C, = 8.00 wF. What are (a) charge g, and (b) potential 
difference V; on capacitor 1 and (c) qg, and (d) V, on capaci- 
tor 2? The charged capacitors are then disconnected from 
each other and from the battery. Then the capacitors are 
reconnected with plates of the same signs wired together (the 
battery is not used). What now are (e) q1, (f) Vi, (g) go, and 
(h) V,? Suppose, instead, the capacitors charged in part (a) are 
reconnected with plates of opposite signs wired together. 
What now are (i) q;, (j) Vi, (kK) q2, and (1) V2? 


¥1 A certain capacitor is charged to a potential difference 
V. If you wish to increase its stored energy by 10%, by what 
percentage should you increase V? 


72 You have two plates of copper, a sheet of mica (thick- 
ness = 0.10mm, x=5.4), a sheet of glass (thickness = 
2.0 mm, x = 7.0), and a slab of paraffin (thickness = 1.0 cm, 
«x = 2.0).To make a parallel-plate capacitor with the largest C, 
which sheet should you place between the copper plates? 


73 In Fig. 25-58, the parallel-plate ca- 
pacitor of plate area 2.00 X 107? m” is 
filled with two dielectric slabs, each with 
thickness 2.00 mm. One slab has dielec- 
tric constant 3.00, and the other, 4.00. 
How much charge does the 7.00 V bat- 
tery store on the capacitor? SSM 


74 A slab of copper of thickness b = 

2.00 mm is thrust into a parallel- 

plate capacitor of plate area A 

d = 5.00 mm, as shown in Fig. + 

25-59; the slab is exactly halfway g EE 
between the plates. (a) What is tO ‘ern RT RRR 

the capacitance after the slab is 
introduced? (b) If a charge g = 
3.40 wC is maintained on the 
plates, what is the ratio of the 
stored energy before to that af- 
ter the slab is inserted? (c) How much work is done on the 
slab as it is inserted? (d) Is the slab sucked in or must it be 
pushed in? 





PIG. 25-58 
Problem 73. 





FIG. 25-59 Problems 74 
and 75. 


73 Repeat Problem 74, assuming that a potential difference 
V = 85.0 V, rather than the charge, is held constant. 


> You have many 2.0 wF capacitors, each capable of with- 
standing 200 V without undergoing electrical breakdown (in 
which they conduct charge instead of storing it). How would 
you assemble a combination having an equivalent capacitance 
of (a) 0.40 wF and (b) 1.2 wF, each combination capable of 
withstanding 1000 V? 


7? igure 25-60 shows a 
four-capacitor arrangement 
that is connected to a larger 
circuit at points A and B. The 
capacitances are C, = 10 uF 
and C, = C3 = Cy = 20 pF. 
The charge on capacitor 1 is 30 
pC. What is the magnitude of 
the potential difference V, — Vz? 








FIG. 25-60 Problem 77. 


#& A 10V battery is connected to a series of m capacitors, 
each of capacitance 2.0 wF If the total energy stored in the 
capacitors is 25 yJ, what is n? 
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Lightning strikes the ground less than 1 km from a Virginia Tech football 
game. The chance of lightning striking a person directly is slim. The 
much greater danger lies in the ground current—the current that iirc 


spreads out from the strike point. Everyone on the field or in the stands ae : an 





could have been knocked down, paralyzed, or killed by the ground risk TFO! 
current. If you are caught in the open during a lightning storm like this, 


there is a simple procedure for reducing your risk from ground current. 


The answer is in this chapter. 
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26-1 WHAT IS PHYSICS? 


In the last five chapters we discussed electrostatics —the physics of stationary 
charges. In this and the next chapter, we discuss the physics of electric currents — 
that is, charges in motion. 

Examples of electric currents abound and involve many professions. Mete- 
orologists are concerned with lightning and with the less dramatic slow flow of 
charge through the atmosphere. Biologists, physiologists, and engineers working 
in medical technology are concerned with the nerve currents that control muscles 
and especially with how those currents can be reestablished after spinal cord 
injuries. Electrical engineers are concerned with countless electrical systems, such 
as power systems, lightning protection systems, information storage systems, and 
music systems. Space engineers monitor and study the flow of charged particles 
from our Sun because that flow can wipe out telecommunication systems in orbit 
and even power transmission systems on the ground. 

In this chapter we discuss the basic physics of electric currents and why they 
can be established in some materials but not in others. We begin with the mean- 
ing of electric current. 
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Although an electric current is a stream of moving charges, not all moving 
charges constitute an electric current. If there is to be an electric current through 
a given surface, there must be a net flow of charge through that surface. Two 
examples clarify our meaning. 


1. The free electrons (conduction electrons) in an isolated length of copper wire are 
in random motion at speeds of the order of 10° m/s. If you pass a hypothetical 
plane through such a wire, conduction electrons pass through it in both directions 
at the rate of many billions per second—but there is no net transport of charge 
and thus no current through the wire. However, if you connect the ends of the wire 
to a battery, you slightly bias the flow in one direction, with the result that there 
now is a net transport of charge and thus an electric current through the wire. 


2. The flow of water through a garden hose represents the directed flow of posi- 
tive charge (the protons in the water molecules) at a rate of perhaps several 
million coulombs per second. There is no net transport of charge, however, 
because there is a parallel flow of negative charge (the electrons in the water 
molecules) of exactly the same amount moving in exactly the same direction. 


In this chapter we restrict ourselves largely to the study —within the frame- 
work of classical physics—of steady currents of conduction electrons moving 
through metallic conductors such as copper wires. 

As Fig. 26-la reminds us, any isolated conducting loop—regardless of 
whether it has an excess charge —is all at the same potential. No electric field can 
exist within it or along its surface. Although conduction electrons are available, 
no net electric force acts on them and thus there is no current. 

If, as in Fig. 26-1b, we insert a battery in the loop, the conducting loop is no 
longer at a single potential. Electric fields act inside the material making up the 
loop, exerting forces on the conduction electrons, causing them to move and thus 
establishing a current. After a very short time, the electron flow reaches a con- 
stant value and the current is in its steady state (it does not vary with time). 

Figure 26-2 shows a section of a conductor, part of a conducting loop in 
which current has been established. If charge dq passes through a hypothetical 
plane (such as aa’) in time dt, then the current i through that plane is defined as 


uae 


2 26-1 
Sr a (26-1) 


(definition of current). 
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Battery 





FIG. 26-1 (a) A loop of copper in 
electrostatic equilibrium. The entire 
loop is at a single potential, and the 
electric field is zero at all points in- 
side the copper. (b) Adding a battery 
imposes an electric potential differ- 
ence between the ends of the loop 
that are connected to the terminals 
of the battery. The battery thus pro- 
duces an electric field within the 
loop, from terminal to terminal, and 
the field causes charges to move 
around the loop. This movement of 
charges is a current J. 





| | 
| | 
| | 
a' b' 


FIG. 26-2 The current through the 
conductor has the same value at 
planes aa’, bb', and cc’. 
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FIG. 26-3 Therelationi =i, +b 
is true at junction a no matter what 
the orientation in space of the three 
wires. Currents are scalars, not 
vectors. 









PO The figure here shows a portion of a circuit. What are the 
magnitude and direction of the current i in the lower right-hand wire? 


We can find the charge that passes through the plane in a time interval 
extending from 0 to r by integration: 


a= | aq= [ia 


in which the current / may vary with time. 

Under steady-state conditions, the current is the same for planes aa’, bb’, and 
cc’ and indeed for all planes that pass completely through the conductor, no 
matter what their location or orientation. This follows from the fact that charge is 
conserved. Under the steady-state conditions assumed here, an electron must 
pass through plane aa’ for every electron that passes through plane cc’. In the 
same way, if we have a steady flow of water through a garden hose, a drop of 
water must leave the nozzle for every drop that enters the hose at the other end. 
The amount of water in the hose is a conserved quantity. 

The SI unit for current is the coulomb per second, or the ampere (A), which 
is an SI base unit: 


(26-2) 


1 ampere = 1 A = 1 coulomb per second = 1 C/s. 


The formal definition of the ampere is discussed in Chapter 29. 

Current, as defined by Eq. 26-1, is a scalar because both charge and time in 
that equation are scalars. Yet, as in Fig. 26-15, we often represent a current with 
an arrow to indicate that charge is moving. Such arrows are not vectors, however, 
and they do not require vector addition. Figure 26-3a shows a conductor with 
current ip splitting at a junction into two branches. Because charge is conserved, 
the magnitudes of the currents in the branches must add to yield the magnitude 
of the current in the original conductor, so that 


(26-3) 
As Fig. 26-35 suggests, bending or reorienting the wires in space does not change 


the validity of Eq. 26-3. Current arrows show only a direction (or sense) of flow 
along a conductor, not a direction in space. 


ly = Ly of >. 


The Directions of Currents 


In Fig. 26-15 we drew the current arrows in the direction in which positively 
charged particles would be forced to move through the loop by the electric field. 
Such positive charge carriers, as they are often called, would move away from the 
positive battery terminal and toward the negative terminal. Actually, the charge 
carriers in the copper loop of Fig. 26-1b are electrons and thus are negatively 
charged. The electric field forces them to move in the direction opposite the 
current arrows, from the negative terminal to the positive terminal. For historical 
reasons, however, we use the following convention: 
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We can use this convention because in most situations, the assumed motion 
of positive charge carriers in one direction has the same effect as the actual 
motion of negative charge carriers in the opposite direction. (When the effect is 
not the same, we shall drop the convention and describe the actual motion.) 





26-3 | Current Density Se 
Sample Problem eae 


Water flows through a garden hose at a volume flow rate “Molecules per mole” is Avogadro’s number WN,. 
dV/dt of 450 cm*/s. What is the current of negative charge? “Moles per unit mass” is the inverse of the mass per 
mole, which is the molar mass M of water. “Mass per 


rete ekitieeetinal The current i of negative charge is due to the unit volume” is the (mass) density pas; of water. The 


electrons in the water molecules moving through the hose. volume per second is the volume flow rate dV/dt. Thus, 
The current is the rate at which that negative charge pass- we have 
es through any plane that cuts completely across the hose. dN _ ( oe ( av: — NaPmass €V 
Calculations: We can write the current in terms of dt AM /P™S\ at M at 
the number of molecules that pass through such a plane per Substituting this into the equation for i, we find 
second as 
charge electrons \ /molecules i = 10eNsM “| prass Ne 
i = per per per at 
electron / \molecule second Nj is 6.02 X 1073 molecules/mol, or 6.02 X 107? mol", 
dN and Pmass 1S 1000 kg/m°. We can get the molar mass of 
or i = (e)(10) ae water from the molar masses listed in Appendix F: We 
: add the molar mass of oxygen (16 g/mol) to twice the 
We substitute 10 electrons per molecule because a water molar mass of hydrogen (1 g/mol), obtaining 18 g/mol = 
(HO) molecule contains 8 electrons in the single oxygen 0.018 kg/mol. Then 


atom and | electron in each of the two hydrogen atoms. 


We can express the rate dN/dt in terms of the given (10)(1.6 x 10°" C)(6.02 x 10% mol) 


l 


volume flow rate dV/dt by first writing x (0.018 kg/mol)~'(1000 kg/m*)(450 X 10 ~° m?/s) 
molecules molecules \ / moles = 2.41 x 10’ C/s = 2.41 X 107A 
per = per per unit = 24.1 MA. (Answer) 
os a sai This current of negative charge 1s exactly compensated 
sree volume by a current of positive charge associated with the nuclei 
x | per unit per}. of the three atoms that make up the water molecule. 
volume / \second Thus, there is no net flow of charge through the hose. 
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Sometimes we are interested in the current i in a particular conductor. At other 
times we take a localized view and study the flow of charge through a cross sec- 
tion of the conductor at a particular point. To describe this flow, we can use the 
current density J, which has the same direction as the velocity of the moving 
charges if they are positive and the opposite direction if they are negative. For 
each element of the cross section, the magnitude J is equal to the current per unit 
area through that element. We can write the amount of current through the ele- 
ment as J - dA, where dA is the area vector of the element, perpendicular to the 
element. The total current through the surface is then 


j= | J dA. (26-4) 


If the current is uniform across the surface and parallel to dA, then J is also uni- 
form and parallel to dA. Then Eq. 26-4 becomes 


j= [saa=s| dasa, 


SO J =— (26-5) 


where A is the total area of the surface. From Eq. 26-4 or 26-5 we see that the SI 
unit for current density is the ampere per square meter (A/m’). 
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FIG. 26-4 Streamlines representing 
current density in the flow of charge 
through a constricted conductor. 





FIG. 26-5 Positive charge carriers 
drift at speed v,in the direction of 
the applied electric field E. By con- 
vention, the direction of the current 
density J and the sense of the cur- 
rent arrow are drawn in that same 
direction. 


In Chapter 22 we saw that we can represent an electric field with electric 
field lines. Figure 26-4 shows how current density can be represented with a 
similar set of lines, which we can call streamlines. The current, which is toward 
the right in Fig. 26-4, makes a transition from the wider conductor at the left to 
the narrower conductor at the right. Because charge is conserved during the 
transition, the amount of charge and thus the amount of current cannot 
change. However, the current density does change —it is greater in the narrower 
conductor. The spacing of the streamlines suggests this increase in current den- 
sity; streamlines that are closer together imply greater current density. 





When a conductor does not have a current through it, its conduction electrons 
move randomly, with no net motion in any direction. When the conductor does 
have a current through it, these electrons actually still move randomly, but now 
they tend to drift with a drift speed v, in the direction opposite that of the applied 
electric field that causes the current. The drift speed is tiny compared with the 
speeds in the random motion. For example, in the copper conductors of house- 
hold wiring, electron drift speeds are perhaps 10~° or 10~* m/s, whereas the 
random-motion speeds are around 10° m/s. 

We can use Fig. 26-5 to relate the drift speed v, of the conduction electrons in 
a current through a wire to the magnitude J of the current density in the wire. For 
convenience, Fig. 26-5 shows the equivalent drift of positive charge carriers in the 
direction of the applied electric field E. Let us assume that these charge carriers 
all move with the same drift speed v, and that the current density J is uniform 
across the wire’s cross-sectional area A. The number of charge carriers in a length 
L of the wire is nAL, where n is the number of carriers per unit volume. The total 
charge of the carriers in the length L, each with charge e, 1s then 


gq = (nAL)e. 


Because the carriers all move along the wire with speed v,, this total charge 
moves through any cross section of the wire in the time interval 


t=—. 
Va 


Equation 26-1 tells us that the current 7 is the time rate of transfer of charge 
across a cross section, so here we have 





q nA Le 
= — = —— = nAev;. 26-6 
[ Liv, way ve ( ) 
Solving for v, and recalling Eq. 26-5 (J = i/A), we obtain 
i i 
Vg = Sa 
nAe ne 
or, extended to vector form, 
J = (ne)¥,. (26-7) 


Here the product ne, whose SI unit is the coulomb per cubic meter (C/m*), is the 
carrier charge density. For positive carriers, ne 1s positive and Eq. 26-7 predicts 
that J and ¥, have the same direction. For negative carriers, ne is negative and 
J and ¥, have opposite directions. 


Vou ECKPOINT 2 The figure shows conduc- 


tion electrons moving leftward in a wire. Are the fol- 
lowing leftward or rightward: (a) the current 7, (b) the 
current density J, (c) the electric field F in the wire? 
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Sample Problem Rez 


(a) The current density in a cylindrical wire of radius 
R = 2.0 mm is uniform across a cross section of the wire 
and is J = 2.0 X 10° A/m?. What is the current through 
the outer portion of the wire between radial distances 
R/2 and R (Fig. 26-6a)? 


corey Because the current density is uniform across 


the cross section, the current density J, the current 7, and the 
cross-sectional area A are related by Eq. 26-5 (J = i/A). 


Calculations: We want only the current through a re- 
duced cross-sectional area A’ of the wire (rather than 
the entire area), where 


R\ 3R2 
R? — 7(—) = 
: (4) x =| 


at (0.0020 m)? = 9.424 x 10~° m2. 


A! 





So, we rewrite Eq. 26-5 as 
i= JA’ 
and then substitute the data to find 


i = (2.0 x 105 A/m?)(9.424 x 107° m?) 


= 119A. (Answer) 


(b) Suppose, instead, that the current density through a 
cross section varies with radial distance r as J = ar’, in 
which a = 3.0 X 101! A/m’‘ and r is in meters. What now 
is the current through the same outer portion of the 


wire? 





ead Because the current density is not uniform 
across a cross section of the wire, we must resort to Eq. 
26-4 (i = f J: dA) and integrate the current density 
over the portion of the wire from r = R/2 tor = R. 


Calculations: The current density vector J (along the 
wire’s length) and the differential area vector dA (perpen- 
dicular to a cross section of the wire) have the same direc- 
tion. Thus, 

J+dA = JdAcos0 = JdA. 


We need to replace the differential area dA with 
something we can actually integrate between the limits 
r = R/2 andr = R. The simplest replacement (because J 
is given as a function of r) is the area 27r dr of a thin 
ring of circumference 27r and width dr (Fig. 26-65). We 
can then integrate with r as the variable of integration. 
Equation 26-4 then gives us 


i= | 7-aa= | saa 


R R 
- | ar* 2ar dr = 2ma | r> dr 


R/2 R/2 


ules R* 15 
= Dra a = EY pt = Sak 
4 \ro = 2 


des 
= ao) (3.0 X 10™ A/m*)(0.0020 m)* = 7.1 A. 


(Answer) 





(a) 


FIG. 26-6 (a) Cross section of a wire of radius R. (5) A thin 
ring has width dr and circumference 27, and thus a differen- 
tial area dA = 27r dr. 





Sample Problem Cay 


What is the drift speed of the conduction electrons in a 
copper wire with radius r = 900 wm when it has a uni- 
form current i = 17mA? Assume that each copper 
atom contributes one conduction electron to the cur- 
rent and that the current density is uniform across the 
wire’s cross section. 


BS 


=> 


1. The drift speed v, is related to the current density J 
and the number v of conduction electrons per unit 
volume according to Eq. 26-7, which we can write as 
J = nevj. 

2. Because the current density is uniform, its magnitude 
J is related to the given current i and wire size by Eq. 


26-5 (J = i/A, where A is the cross-sectional area of 
the wire). 


3. Because we assume one conduction electron per 
atom, the number n of conduction electrons per unit 
volume is the same as the number of atoms per unit 
volume. 


Calculations: Let us start with the third idea by writing 


atoms atoms moles mass 
4 =|) perunit | = | per per unit || per unit 
volume mole mass volume 


The number of atoms per mole 1s just Avogadro’s num- 
ber Na (= 6.02 X 10” mol‘). Moles per unit mass is 
the inverse of the mass per mole, which here is the mo- 
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lar mass M of copper. The mass per unit volume is the 
(mass) density Pmass Of copper. Thus, 


1 N Pmass 
n= Na +) = See 


Taking copper’s molar mass M and density p,,,,, from 

Appendix F, we then have (with some conversions of 

units) 

(6.02 X 10% mol~')(8.96 X 10° kg/m?) 
63.54 X 10° kg/mol 

8.49 xX 107 electrons/m? 


or n = 8.49 x 1028 m~?. 


Next let us combine the first two key ideas by writing 
I 
— = nevy. 
a d 


Substituting for A with wr? (= 2.54 x 10° m7’) and 
solving for v,, we then find 


l 


an ne( ar’) 
xl A 
~ (8.49 X 102m )(1.6 X 10- C)(2.54 x 10-6 m2) 
= 4.9 x 107’ mis, (Answer) 


which is only 1.8 mm/h, slower than a sluggish snail. 


Lights are fast: You may well ask: “If the electrons drift 
so slowly, why do the room lights turn on so quickly 
when I throw the switch?” Confusion on this point re- 
sults from not distinguishing between the drift speed of 
the electrons and the speed at which changes in the 
electric field configuration travel along wires. This latter 
speed is nearly that of light; electrons everywhere in the 
wire begin drifting almost at once, including into the 
lightbulbs. Similarly, when you open the valve on your 
garden hose with the hose full of water, a pressure wave 
travels along the hose at the speed of sound 1n water. The 
speed at which the water itself moves through the hose — 
measured perhaps with a dye marker—is much slower. 


a 
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If we apply the same potential difference between the ends of geometrically similar 
rods of copper and of glass, very different currents result. The characteristic of the 
conductor that enters here is its electrical resistance. We determine the resistance be- 
tween any two points of a conductor by applying a potential difference V between 
those points and measuring the current / that results. The resistance R is then 





V 
R=— (definition of R). (26-8) 
l 


FIG. 26-7 An assortment of resis- 
tors. The circular bands are color- 
coding marks that identify the value 
of the resistance. (The Image Works) 


The SI unit for resistance that follows from Eq. 26-8 is the volt per ampere. This com- 
bination occurs so often that we give it a special name, the ohm (symbol Q)); that is, 


1 ohm = 1Q = 1 volt per ampere 


=1VI/A. (26-9) 


A conductor whose function in a circuit is to provide a specified resistance is 
called a resistor (see Fig. 26-7). In a circuit diagram, we represent a resistor and 
a resistance with the symbol ~VWW\-. If we write Eq. 26-8 as 


5 a 
i= 
we See that, for a given V, the greater the resistance, the smaller the current. 

6) ; The resistance of a conductor depends on the manner in which the potential 
difference is applied to it. Figure 26-8, for example, shows a given potential dif- 
ference applied in two different ways to the same conductor. As the current 
density streamlines suggest, the currents in the two cases—hence the measured 
resistances — will be different. Unless otherwise stated, we shall assume that any 
given potential difference is applied as in Fig. 26-8). 

region at each rod end, the measured AS we have done several times in other connections, we often wish to take a 
resistance is larger than when they general view and deal not with particular objects but with materials. Here we do so 
are arranged asin(b) tocover the en- by focusing not on the potential difference V across a particular resistor but on the 
electric field F at a point in a resistive material. Instead of dealing with the current i 





FIG. 26-8 Two ways of applying a 
potential difference to a conducting 
rod. The gray connectors are assumed 
to have negligible resistance. When 
they are arranged as in (a) ina small 


tire rod end. 


26-4 | Resistance and Resistivity 


through the resistor, we deal with the current density J at the point in question. 
Instead of the resistance R of an object, we deal with the resistivity p of the material: 


ie 
p= oF (definition of p). (26-10) 


(Compare this equation with Eq. 26-8.) 
If we combine the SI units of F and J according to Eq. 26-10, we get, for the 
unit of p, the ohm-meter (Q- m): 
Unit (2) ae eeVim V 


make SS ————— — Q- E 
uit) Am A 





(Do not confuse the ohm-meter, the unit of resistivity, with the ohmmeter, which 
is an instrument that measures resistance.) Table 26-1 lists the resistivities of 
some materials. 

We can write Eq. 26-10 in vector form as 


> 


ES pf. (26-11) 


Equations 26-10 and 26-11 hold only for isotropic materials—materials whose 
electrical properties are the same in all directions. 

We often speak of the conductivity o of a material. This is simply the recipro- 
cal of its resistivity, so 


1 
OF aa ae (definition of o). (26-12) 
p 


The SI unit of conductivity is the reciprocal ohm-meter, (Q.-m)~!. The unit name 
mhos per meter is Sometimes used (mho is ohm backwards). The definition of o 
allows us to write Eq. 26-11 in the alternative form 


J =oE. (26-13) 


TABLE 26-1 


Resistivities of Some Materials at Room Temperature (20°C) 


Resistivity, p Temperature Coefficient 
Material (Q.-m) of Resistivity, a (K~') 

Typical Metals 
Silver 162-10" AAs AOE 
Copper 1.69 x 10-8 v3, X% 10 
Gold 23s We? 40x 10° 
Aluminum ie x0 Ad <0 * 
Manganin‘* M3210. * 0.002 x 10~3 
Tungsten 02570 ASSO.” 
Iron 9.68 x 1078 6.5 x 107° 
Platinum 106X105" 3.9 <a0e- 

Typical Semiconductors 
Silicon, pure DS 0- =e elOF 
Silicon, n-type? 8.7 x 10-4 
Silicon, p-type‘ 2S Slo 
Typical Insulators 

Glass Oe SO 
Fused quartz a 


“An alloy specifically designed to have a small value of a. 
Pure silicon doped with phosphorus impurities to a charge carrier density of 1022 m~?. 
“Pure silicon doped with aluminum impurities to a charge carrier density of 1077 m~>. 
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FIG. 26-9 A potential difference V 
is applied between the ends of a wire 
of length LZ and cross section A, es- 
tablishing a current i. 
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FIG. 26-10 The resistivity of copper 
as a function of temperature. The dot 
on the curve marks a convenient ref- 
erence point at temperature Tp = 
293 K and resistivity py = 1.69 Xx 
O20) =m: 


Veeaies IT 3 The figure 
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If we know the resistivity ai a substance such as copper, we can EACHIAte the 
resistance of a length of wire made of that substance. Let A be the cross-sectional 
area of the wire, let L be its length, and let a potential difference V exist between 
its ends (Fig. 26-9). If the streamlines representing the current density are uniform 
throughout the wire, the electric field and the current density will be constant for 
all points within the wire and, from Eqs. 24-42 and 26-5, will have the values 





E=V/L and J=1/A. (26-14) 
We can then combine Eqs. 26-10 and 26-14 to write 
E VE 
=—_ = 26-15 
PT iA Go) 


However, V/i is the resistance R, which allows us to recast Eq. 26-15 as 


he 


Pag (26-16) 


Equation 26-16 can be applied only to a homogeneous isotropic conductor of 
uniform cross section, with the potential difference applied as in Fig. 26-8D. 

The macroscopic quantities V, 7, and R are of greatest interest when we are 
making electrical measurements on specific conductors. They are the quantities 
that we read directly on meters. We turn to the microscopic quantities F, J, and p 
when we are interested in the fundamental electrical properties of materials. 


here shows three cylindrical cop- 
per conductors along with their 
face areas and lengths. Rank them 
according to the current through 
them, greatest first, when the same 
potential difference V is placed across their lengths. 


hol> 





Variation with Temperature 


The values of most physical properties vary with temperature, and resistivity is no 
exception. Figure 26-10, for example, shows the variation of this property for 
copper over a wide temperature range. The relation between temperature and 
resistivity for copper—and for metals in general—is fairly linear over a rather 
broad temperature range. For such linear relations we can write an empirical 
approximation that is good enough for most engineering purposes: 


P= Py = peal = Ly). (26-17) 


Here J, is a selected reference temperature and py is the resistivity at that tem- 
perature. Usually T) = 293 K (room temperature), for which p) = 1.69 x 10°° 
()-m for copper. 

Because temperature enters Eq. 26-17 only as a difference, it does not matter 
whether you use the Celsius or Kelvin scale in that equation because the sizes of 
degrees on these scales are identical. The quantity a in Eq. 26-17, called the 
temperature coefficient of resistivity, is chosen so that the equation gives good 
agreement with experiment for temperatures in the chosen range. Some values of 
a for metals are listed in Table 26-1. 


26-4 | Resistance and Resistivity 


Sample Problem a 


A rectangular block of iron has dimensions 1.2 cm X 
1.2cm X 15cm. A potential difference is to be applied 
to the block between parallel sides and in such a way 
that those sides are equipotential surfaces (as in Fig. 
26-8b). What is the resistance of the block if the two 
parallel sides are (1) the square ends (with dimensions 
1.2 cm X 1.2 cm) and (2) two rectangular sides (with di- 
mensions 1.2 cm X 15 cm)? 





(e@ieaies The resistance R of an object depends on 
how the electric potential is applied to the object. In 
particular, it depends on the ratio L/A, according to Eq. 
26-16 (R = pL/A), where A is the area of the surfaces 
to which the potential difference is applied and L is the 
distance between those surfaces. 


26-5 


Figure 26-11 shows a person and a cow, each a radial 
distance D = 60.0 m from the point where lightning of 
current /= 100 kA strikes the ground. The current 
spreads through the ground uniformly over a hemi- 
sphere centered on the strike point. The person’s feet 
are separated by radial distance Ar,., = 0.50 m; the 
cow’s front and rear hooves are separated by radial dis- 
tance Ary = 1.50m. The resistivity of the ground is 
Per = 100 Q-m. The resistance both across the person, 
between left and right feet, and across the cow, between 
front and rear hooves, is R = 4.00 kQ). co 


(a) What is the current i, through the person? 





1. The lightning strike sets up an electric field and an elec- 
tric potential in the surrounding ground. 


2. Because one foot is closer to the strike point than the 
other foot, a potential difference AV is set up across 
the person. 


3. That AV drives a current i, through the person. 


Potential difference: Because the lightning’s current / 
spreads uniformly over a hemisphere in the ground, the 
current density at any given radius r from the strike 
point is, from Eq. 26-5 (J = i/A), 
I 
J = 26-18 

2ar? ( ) 
where 27r? is the area of the curved surface of a hemi- 
sphere. From Eq. 26-10 (p = E//), the magnitude of the 
electric field is then 





Port 
Qar* 


From Eq. 24-18 (AV = —f E+ ds), the potential differ- 





Bp (26-19) 


Calculations: For arrangement 1, we have L = 15 cm = 
0.15 m and 


A = (1.2 cm)’ = 1.44 x 107* m’. 
Substituting into Eq. 26-16 with the resistivity p from 
Table 26-1, we then find that for arrangement 1, 
pL (9.68 X 1078 O-m)(0.15 m) 

Fr 1.44 x 10-4 m? 
1.0 XX 10-0 = 100 2: 


R= 


(Answer) 


Similarly, for arrangement 2, with distance L = 1.2 
cm and area A = (1.2 cm)(15 cm), we obtain 
pl — (9.68 x 10°*O-m)(1.2 x 10°-* m) 
A SO 107 me 
= 65 X 10770 = 0.65 nO. 


k= 


(Answer) 
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FIG. 26-11 Current from a lightning strike spreads hemi- 
spherically through the ground and reaches a cow and a per- 
son, each located a distance D from the strike point. The 
danger to them depends on the separation Ar. 


ence AV between a point at radial distance D and a 
point at radial distance D + Aris 


D+ Ar 
AV = -| E dr. 


D 


(26-20) 


Substituting Eq. 26-19 into this integral and then inte- 
erating give us the potential difference: 


D+r oJ y [D+ar 
av=-| = ar =~) 1) 


D 2 ar? 27 r 





D 
a aul 1 _ =) 
29 \ DD) + Ar D 
Pet OP 36-71 
27 D(D + Ar) - ( ) 


Current: If one of the person’s feet is at radial distance D 
from the strike point and the other foot is at radial dis- 
tance D + Ar, the potential difference AV between the 
feet 1s given by Eq. 26-21. This AV drives a current i, 
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through the person. To find that current, we use Eq. 26-8 
(R = V/i),in which V represents the magnitude of the po- 
tential difference. Substituting the magnitude of AV from 
Req. 26-21 for V in Eq. 26-8, we find the current to be 


This amount of current causes involuntary muscle 
contraction; the person will collapse but probably soon 
recover. Note that the person could reduce the current 
an order of magnitude by standing with feet together so 


that Ar is only a few centimeters. 
V pak Ar 1 (26-22) 
Ll OF eee aaa Samet aaa ea - 

R 27 DCD Ar) 





(b) What is the current i, through the cow? 


Substituting known values, including the foot-to-foot sepa- Calculation: We again use Eq. 26-22, but now Ar is 


ration Ar,., = 0.50 m, gives the current through the person: AP.ow = 1.50m. We now find that the current through 
the cow is 
ze (100 O-m)(100 KA) i, = 0.162 A = 162 mA, (Answer) 
Qa 


which is fatal. The cow is in more danger from the ground 
current because of its greater value of Ar. The cow 1s, of 
course, unable to reduce its danger by standing with its 
hooves together (which would be a bizarre sight). 


~ 


t 


¥ 0.50 m l 
(60 m)(60.0m + 0.50m) 4.00 kO 
0.0548 A = 54.8 mA. 


(Answer) 
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As we just discussed in Section 26-4, a resistor is a conductor with a specified 
resistance. It has that same resistance no matter what the magnitude and direction 
(polarity) of the applied potential difference are. Other conducting devices, how- 
| x = ever, might have resistances that change with the applied potential difference. 
Figure 26-12a shows how to distinguish such devices. A potential difference V is 
applied across the device being tested, and the resulting current i through the device 
is measured as V is varied in both magnitude and polarity. The polarity of V 1s arbi- 
trarily taken to be positive when the left terminal of the device is at a higher potential 
than the right terminal. The direction of the resulting current (from left to right) is ar- 
bitrarily assigned a plus sign. The reverse polarity of V (with the right terminal at a 
higher potential) is then negative; the current it causes is assigned a minus sign. 
Figure 26-1265 is a plot of i versus V for one device. This plot is a straight line 
passing through the origin, so the ratio i/V (which is the slope of the straight line) is 
the same for all values of V. This means that the resistance R = V/i of the device is 
independent of the magnitude and polarity of the applied potential difference V. 
st 2 0 oS ad Figure 26-12c is a plot for another conducting device. Current can exist in this 
Potential difference (V) device only when the polarity of V is positive and the applied potential difference 
(b) is more than about 1.5 V. When current does exist, the relation between i and V is 
not linear; it depends on the value of the applied potential difference V. 
We distinguish between the two types of device by saying that one obeys 
Ohm’s law and the other does not. 
























































= Ohm’s law is an: assertion that the current t through a Reeve ie always d directly 
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(This assertion is correct only in certain situations; still, for historical reasons, the 
term “law” is used.) The device of Fig. 26-12b—which turns out to be a 1000 2 
resistor — obeys Ohm’s law. The device of Fig. 26-12c— which is called a pn junc- 





a 2 0 2 4 
Potential difference (V) 
(c) tion diode — does not. 































































FIG. 26-12 (a) A potential differ- a EE IES TE ES 
>A conducting device. obeys Ohm’s lay w wh ice of the device is 


ence V is applied to the terminals of eae ee i gener oe = 
a device, establishing a current i. (b) gre of the > magnitude and polarity ¢ aneweo) ppletocene ifference. A 
A plot of current i versus applied po- 

tential difference V when the device 
is a 1000 Q resistor. (c) A plot when 
the device is a semiconducting pn 
junction diode. 














































































































Modern microelectronics depends almost totally on devices that do not obey 
Ohm’s law. Your calculator, for example, 1s full of them. 

It is often contended that V = iR is a statement of Ohm’s law. That is not 
true! This equation is the defining equation for resistance, and it applies to all 
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conducting devices, whether they obey Ohm’s law or not. If we measure the 
potential difference V across, and the current i through, any device, even a pn 
junction diode, we can find its resistance at that value of V as R = V/i. The essence 
of Ohm’s law, however, is that a plot of i versus V is linear; that 1s, R is inde- 
pendent of V. 

We can express Ohm’s law in a more general way if we focus on conducting 

























































































All homogeneous materials, whether they are conductors like copper or semicon- 
ductors like pure silicon or silicon containing special impurities, obey Ohm’s law 
within some range of values of the electric field. If the field is too strong, however, 
there are departures from Ohm’s law in all cases. 


omnis 





INT 4 The following table : 
gives the current i (in amperes) through two de- Pes Pe 
vices for several values of potential difference V ; V ; 
V (in volts). From these data, determine which ie Rae ae 
device does not obey Ohm’s law. 2.00 4.50 2.00 1.50 
3.00 6.75 3.00 oO 
4.00 9.00 4.00 2.80 
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To find out why particular materials obey Ohm’s law, we must look into the 
details of the conduction process at the atomic level. Here we consider only con- 
duction in metals, such as copper. We base our analysis on the free-electron 
model, in which we assume that the conduction electrons in the metal are free to 
move throughout the volume of a sample, like the molecules of a gas in a closed 
container. We also assume that the electrons collide not with one another but 
only with atoms of the metal. 

According to classical physics, the electrons should have a Maxwellian speed 
distribution somewhat like that of the molecules in a gas (Section 19-7), and thus 
the average electron speed should depend on the temperature. The motions of 
electrons are, however, governed not by the laws of classical physics but by those 
of quantum physics. As it turns out, an assumption that is much closer to the 
quantum reality is that conduction electrons in a metal move with a single effec- 
tive speed Ver, and this speed is essentially independent of the temperature. For 
Copper, Ver = 1.6 X 10° m/s. 

When we apply an electric field to a metal sample, the electrons modify their 
random motions slightly and drift very slowly—zin a direction opposite that of 
the field— with an average drift speed v;. As we saw in Sample Problem 26-3, the 
drift speed in a typical metallic conductor is about 5 X 107’ m/s, less than the 
effective speed (1.6 X 10° m/s) by many orders of magnitude. Figure 26-13 
suggests the relation between these two speeds. The gray lines show a possible 
random path for an electron in the absence of an applied field; the electron 
proceeds from A to B, making six collisions along the way. The green lines show how 
the same events might occur when an electric field E is applied. We see that the elec- 
tron drifts steadily to the right, ending at B’ rather than at B. Figure 26-13 was drawn 
with the assumption that vz ~ 0.02v.. However, because the actual value is more 
like vz ~ (10!) veg, the drift displayed in the figure is greatly exaggerated. 
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FIG. 26-13 The gray lines show an 
electron moving from A to B, mak- 
ing six collisions en route. The green 
lines show what the electron’s path 
might be in the presence of an 
applied electric field E. Note the 
steady drift in the direction of — E. 
(Actually, the green lines should be 
slightly curved, to represent the para- 
bolic paths followed by the electrons 
between collisions, under the influ- 
ence of an electric field.) 
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The motion of conduction electrons in an electric field E is thus a combina- 
tion of the motion due to random collisions and that due to E. When we consider 
all the free electrons, their random motions average to zero and make no con- 
tribution to the drift speed. Thus, the drift speed is due only to the effect of the 
electhic tield.on the electrons: 

If an electron of mass m is placed in an electric field of magnitude EL, the elec- 
tron will experience an acceleration given by Newton’s second law: 

F er 
2 
m m 


(26-23) 


The nature of the collisions experienced by conduction electrons is such that, 
after a typical collision, each electron will—so to speak—completely lose its 
memory of its previous drift velocity. Each electron will then start off fresh after 
every encounter, moving off in a random direction. In the average time 7 between 
collisions, the average electron will acquire a drift speed of vz = at. Moreover, if 
we measure the drift speeds of all the electrons at any instant, we will find that 
their average drift speed is also av. Thus, at any instant, on average, the electrons 
will have drift speed vz = ar. Then Eq. 26-23 gives us 














E 
Vee ea ‘ (26-24) 
m 
Combining this result with Eq. 26-7 (J = nev ,), in magnitude form, yields 
J Cee 
VS . 
ne m 
which we can write as 
m 
e-(), 
ent 
Comparing this with Eq. 26-11 (E -- pl), in magnitude form, leads to 
—— (26-25) 


5 ; 
eCnT 


Equation 26-25 may be taken as a statement that metals obey Ohm’s law if we 
can show that, for metals, their resistivity p is a constant, independent of the 
strength of the applied electric field E. Because n, m, and e are constant, this 
reduces to convincing ourselves that 7, the average time (or mean free time) 
between collisions, is a constant, independent of the strength of the applied elec- 
tric field. Indeed, 7 can be considered to be a constant because the drift speed v, 
caused by the field is so much smaller than the effective speed v4 that the 
electron speed — and thus t—1s hardly affected by the field. 


Sample Problem era 


(a) What is the mean free time 7 between collisions for 
the conduction electrons in copper? 


Eto The mean free time 7 of copper is approxi- 


mately constant, and in particular does not depend on any 


Calculations: That equation gives us 


Mm 





ne*p 





We take the value of n, the number of conduction elec- 
trons per unit volume in copper, from Sample Problem 


electric field that might be applied to a sample of the cop- 
per. Thus, we need not consider any particular value of ap- 
plied electric field. However, because the resistivity p 
displayed by copper under an electric field depends on 7, we 
can find the mean free time 7 from Eg. 26-25 (p = mle’nz). 


26-3. We take the value of p from Table 26-1. The de- 

nominator then becomes 

(S49 <410> my GlG.< 107 C)e(k69"< 10 Om) 
= 3.67 X 1071" C2: O/m?2 = 3.67 X 10!” kg/s, 


where we converted units as 
CPO" CHV Gree exis, ike 
m? mA m?:C/s m/s S 
Using these results and substituting for the electron 
mass m, we then have 
oe Nace 
"3.67 X 107!’ kg/s 
(b) The mean free path A of the conduction electrons 
in a conductor is the average distance traveled by an 
electron between collisions. (This definition parallels 


that in Section 19-6 for the mean free path of mole- 
cules in a gas.) What is A for the conduction electrons 


=2.5 x10 “s. (Answer) 
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in copper, assuming that their effective speed v.,, 1s 1.6 
x 10° m/s? 





Ueiaiidees The distance d any particle travels in a cer- 
tain time ¢ at a constant speed vis d = vt. 


Calculation: For the electrons in copper, this gives us 
A= VetsT = (1.6 x 10° m/s)(2.5 x Io-22 S) 
= 4.0 x 107->'m = 40nm. (Answer) 


This is about 150 times the distance between nearest- 
neighbor atoms in a copper lattice. Thus, on the average, 
each conduction electron passes many copper atoms be- 
fore finally hitting one. 
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Figure 26-14 shows a circuit consisting of a battery B that is connected by 
wires, which we assume have negligible resistance, to an unspecified conducting 
device. The device might be a resistor, a storage battery (a rechargeable battery), 
a motor, or some other electrical device. The battery maintains a potential 
difference of magnitude V across its own terminals and thus (because of the 
wires) across the terminals of the unspecified device, with a greater potential at 
terminal a of the device than at terminal bD. 

Because there is an external conducting path between the two terminals of the 
battery, and because the potential differences set up by the battery are maintained, 
a steady current / is produced in the circuit, directed from terminal a to terminal D. 
The amount of charge dq that moves between those terminals in time interval df is 
equal to i dt. This charge dq moves through a decrease in potential of magnitude V, 
and thus its electric potential energy decreases in magnitude by the amount 


dU = dqV =idtV. 


The principle of conservation of energy tells us that the decrease in electric po- 
tential energy from a to b is accompanied by a transfer of energy to some other 
form. The power P associated with that transfer is the rate of transfer dU/dt, which is 

P=i1V (rate of electrical energy transfer). (26-26) 
Moreover, this power P is also the rate at which energy is transferred from the 
battery to the unspecified device. If that device is a motor connected to a mechan- 
ical load, the energy is transferred as work done on the load. If the device is a 
storage battery that is being charged, the energy is transferred to stored chemical 
energy in the storage battery. If the device is a resistor, the energy is transferred 
to internal thermal energy, tending to increase the resistor’s temperature. 

The unit of power that follows from Eg. 26-26 is the volt-ampere (V- A). 


We can write it as 
C S S 


As an electron moves through a resistor at constant drift speed, its average 
kinetic energy remains constant and its lost electric potential energy appears as 
thermal energy in the resistor and the surroundings. On a microscopic scale this 
energy transfer is due to collisions between the electron and the molecules of the 
resistor, which leads to an increase in the temperature of the resistor lattice. The 
mechanical energy thus transferred to thermal energy 1s dissipated (lost) because 
the transfer cannot be reversed. 





FIG. 26-14 A battery Bsetsupa 
current 7 in a circuit containing an 
unspecified conducting device. 
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For a resistor or some other device with resistance R, we can combine Eas. 
26-8 (R = V/i) and 26-26 to obtain, for the rate of electrical energy dissipation 
due to a resistance, either 


eat (resistive dissipation) (26-27) 
V2 
or P= Ri: (resistive dissipation). (26-28) 


Caution: We must be careful to distinguish these two equations from Eq. 26-26: P = iV 
applies to electrical energy transfers of all kinds; P = ?7R and P = V’/R apply only to 
the transfer of electric potential energy to thermal energy in a device with resistance. 


we ECKPOINT 5 A potential difference V is connected across a device with 
resistance R, causing current i through the device. Rank the following variations 
according to the change in the rate at which electrical energy is converted to thermal 
energy due to the resistance, greatest change first: (a) V is doubled with R unchanged, 
(b) iis doubled with R unchanged, (c) R is doubled with V unchanged, (d) R is doubled 
with 7 unchanged. 


Sample Problem cee 


You are given a length of uniform heating wire made of V2 (120 V)? 

a nickel—chromium-—iron alloy called Nichrome; it has PS RR 720 200 W. (Answer) 
g resistance R of 72 0. At what rate Is energy dissipated In situation 2, the resistance of each half of the wire is 
in each of the following situations? (1) A potential dif- (72 0,)/2, or 36 ©. Thus, the dissipation rate for each half is 
ference of 120 V is applied across the full length of the j ; 

wire. (2) The wire is cut in half, and a potential differ- | G20V) _ AQQ W 

ence of 120 V is applied across the length of each half. 36 


and that for the two halves is 


rei Current in a resistive material produces a P=2P" = 800 W. (Answer) 


transfer of mechanical energy to thermal energy; the rate This is four times the dissipation rate of the full length 


of transfer (dissipation) is given by Eqs. 26-26 to 26-28. of wire. Thus, you might conclude that you could buy a 
heating coil, cut it in half, and reconnect it to obtain four 


Calculations: Because we know the potential V and re- times the heat output. Why is this unwise? (What would 
sistance R, we use Eq. 26-28, which yields, for situation 1, happen to the amount of current in the coil?) 
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Semiconducting devices are at the heart of the microelectronic revolution that 
ushered in the information age. Table 26-2 compares the properties of silicon— 
a typical semiconductor—and copper—a typical metallic conductor. We see that 
silicon has many fewer charge carriers, a much higher resistivity, and a temperature 
coefficient of resistivity that is both large and negative. Thus, although the resistivity 
of copper increases with increasing temperature, that of pure silicon decreases. 


TABLE 26-2 


Some Electrical Properties of Copper and Silicon 


Property Copper Silicon 
Type of material Metal Semiconductor 
Charge carrier density, m~° 8.49 x 1078 110" 
Resistivity, Q-m 169 10 2 Gal: 


Temperature coefficient of resistivity, K~! Ae Oe: —70 x 10-7 


Pure silicon has such a high resistivity that it is effectively an insulator and 
thus not of much direct use in microelectronic circuits. However, its resistivity can 
be greatly reduced in a controlled way by adding minute amounts of specific 
“impurity” atoms in a process called doping. Table 26-1 gives typical values of 
resistivity for silicon before and after doping with two different impurities. 

We can roughly explain the differences in resistivity (and thus in conductivity) be- 
tween semiconductors, insulators, and metallic conductors in terms of the energies of 
their electrons. (We need quantum physics to explain in more detail.) In a metallic con- 
ductor such as copper wire, most of the electrons are firmly locked in place within the 
atoms; much energy would be required to free them so they could move and partici- 
pate in an electric current. However, there are also some electrons that, roughly speak- 
ing, are only loosely held in place and that require only little energy to become free. 
Thermal energy can supply that energy, as can an electric field applied across the con- 
ductor. The field would not only free these loosely held electrons but would also propel 
them along the wire; thus, the field would drive a current through the conductor. 

In an insulator, significantly greater energy is required to free electrons so 
they can move through the material. Thermal energy cannot supply enough en- 
ergy, and neither can any reasonable electric field applied to the insulator. Thus, 
no electrons are available to move through the insulator, and hence no current 
occurs even with an applied electric field. 

A semiconductor is like an insulator except that the energy required to free 
some electrons is not quite so great. More important, doping can supply electrons 
or positive charge carriers that are very loosely held within the material and thus 
are easy to get moving. Moreover, by controlling the doping of a semiconductor, 
we can control the density of charge carriers that can participate in a current and 
thereby can control some of its electrical properties. Most semiconducting 
devices, such as transistors and junction diodes, are fabricated by the selective 
doping of different regions of the silicon with impurity atoms of different kinds. 

Let us now look again at Eq. 26-25 for the resistivity of a conductor: 


Mm 
2 





p= (26-29) 


ent: 


where n is the number of charge carriers per unit volume and 7 is the mean time 
between collisions of the charge carriers. (We derived this equation for conduc- 
tors, but it also applies to semiconductors.) Let us consider how the variables n 
and 7 change as the temperature is increased. 

In a conductor, n is large but very nearly constant with any change in temper- 
ature. The increase of resistivity with temperature for metals (Fig. 26-10) is due 
to an increase in the collision rate of the charge carriers, which shows up in 
Eq. 26-29 as a decrease in 7, the mean time between collisions. 

In a semiconductor, n is small but increases very rapidly with temperature as 
the increased thermal agitation makes more charge carriers available. This causes 
a decrease of resistivity with increasing temperature, as indicated by the negative 
temperature coefficient of resistivity for silicon in Table 26-2. The same increase 
in collision rate that we noted for metals also occurs for semiconductors, but its 
effect is swamped by the rapid increase in the number of charge carriers. 
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In 1911, Dutch physicist Kamerlingh Onnes discovered that the resistivity of mer- 
cury absolutely disappears at temperatures below about 4 K (Fig. 26-15). This phe- 
nomenon of superconductivity is of vast potential importance in technology be- 
cause it means that charge can flow through a superconducting conductor without 
losing its energy to thermal energy. Currents created in a superconducting ring, for ex- 
ample, have persisted for several years without loss; the electrons making up the cur- 
rent require a force and a source of energy at start-up time but not thereafter. 
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FIG. 26-15 The resistance of mer- 


cury drops to zero at a temperature 
of about 4 K. 
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A disk-shaped magnet is levitated 
above a superconducting material 
that has been cooled by liquid nitro- 
gen. The goldfish is along for the ride. 
(Courtesy Shoji Tonaka/International 
Superconductivity Technology 
Center, Tokyo, Japan) 


Prior to 1986, the technological development of superconductivity was throt- 
tled by the cost of producing the extremely low temperatures required to achieve 
the effect. In 1986, however, new ceramic materials were discovered that become 
superconducting at considerably higher (and thus cheaper to produce) tempera- 
tures. Practical application of superconducting devices at room temperature may 
eventually become commonplace. 

Superconductivity is a phenomenon much different from conductivity. In 
fact, the best of the normal conductors, such as silver and copper, cannot become 
superconducting at any temperature, and the new ceramic superconductors are 
actually good insulators when they are not at low enough temperatures to be in 
a superconducting state. 

One explanation for superconductivity is that the electrons that make up the 
current move in coordinated pairs. One of the electrons in a pair may electrically dis- 
tort the molecular structure of the superconducting material as it moves through, cre- 
ating nearby a short-lived concentration of positive charge. The other electron in the 
pair may then be attracted toward this positive charge. According to the theory, such 
coordination between electrons would prevent them from colliding with the mole- 
cules of the material and thus would eliminate electrical resistance. The theory 
worked well to explain the pre-1986, lower temperature superconductors, but new 
theories appear to be needed for the newer, higher temperature superconductors. 


REVIEW & SUMMARY 


re 1 E 
Current An electric current i in a conductor is defined by ata ee (depnionsien pandiayy (26:12. 26210) 
dq Oo J 
dt eo) where £& is the magnitude of the applied electric field. The SI 


Here dq is the amount of (positive) charge that passes in time 
dt through a hypothetical surface that cuts across the conduc- 
tor. By convention, the direction of electric current is taken as 
the direction in which positive charge carriers would move. 
The SI unit of electric current is the ampere (A): 1 A = 1 C/s. 


Current Density Current (a scalar) is related to current 
density J (a vector) by 


j= | J «dA, (26-4) 
where dA is a vector perpendicular to a surface element of 
area dA and the integral is taken over any surface cutting 
across the conductor. J has the same direction as the velocity 
of the moving charges if they are positive and the opposite 
direction if they are negative. 


Drift Speed of the Charge Carriers When an electric 

field E is established in a conductor, the charge carriers (as- 

sumed positive) acquire a drift speed v, in the direction of EF; 

the velocity V, is related to the current density by 
J = (ne)v, 


where ne is the carrier charge density. 


(26-7) 


Resistance of a Conductor The resistance R of a con- 
ductor is defined as 
i 
R=— 
l 


(definition of R), (26-8) 


where V is the potential difference across the conductor and 
iis the current. The SI unit of resistance is the ohm ((Q.): 1 Q = 
1 V/A. Similar equations define the resistivity p and conduc- 
tivity o of a material: 


unit of resistivity is the ohm-meter ((11-m). Equation 26-10 
corresponds to the vector equation 


E = pl. (26-11) 


The resistance R of a conducting wire of length L and 
uniform cross section 1s 
1g 


yoo 


where A is the cross-sectional area. 


R (26-16) 


Change of p with Temperature The resistivity p for 
most materials changes with temperature. For many materials, 
including metals, the relation between p and temperature T is 
approximated by the equation 


P= Pp = Pit 1G). (26-17) 


Here T, is a reference temperature, pp is the resistivity at 7p, and 
ais the temperature coefficient of resistivity for the material. 


Ohm's Law A given device (conductor, resistor, or any 
other electrical device) obeys Ohm’s law if its resistance R, 
defined by Eq. 26-8 as V/i, 1s independent of the applied 
potential difference V. A given material obeys Ohm’s law if its 
resistivity, defined by Eq. 26-10, is independent of the magni- 
tude and direction of the applied electric field E. 


Resistivity of a Metal By assuming that the conduction 
electrons in a metal are free to move like the molecules of a gas, it 
is possible to derive an expression for the resistivity of a metal: 

m 


p=——. (26-25) 
CTuT 


Here n is the number of free electrons per unit volume and Tis 
the mean time between the collisions of an electron with the 
atoms of the metal. We can explain why metals obey Ohm’s 
law by pointing out that 7 is essentially independent of the 
magnitude EF of any electric field applied to a metal. 


Power The power P,or rate of energy transfer, in an electrical 
device across which a potential difference V is maintained is 


P=iV (rate of electrical energy transfer). (26-26) 


Resistive Dissipation If the device is a resistor, we can 
write Eq. 26-26 as 


QUESTIONS 


y2 
(resistive dissipation). (26-27, 26-28) 


In a resistor, electric potential energy is converted to internal 
thermal energy via collisions between charge carriers and atoms. 


Semiconductors Semiconductors are materials that have 
few conduction electrons but can become conductors when they 
are doped with other atoms that contribute free electrons. 


Superconductors Superconductors are materials that 
lose all electrical resistance at low temperatures. Recent re- 
search has discovered materials that are superconducting at 
surprisingly high temperatures. 





‘ Figure 26-16 shows four situations in which positive and 
negative charges move horizontally and gives the rate at 
which each charge moves. Rank the situations according to 
the effective current through the regions, greatest first. 





. 7 C/s > G/S 2C/s 6 C/s 
~ 4C/s = 5 C/s 1C/s 2 
(a) (d) (c) (d) 
FIG. 26-16 Question 1. 


2 Figure 26-17 shows plots of the current 7 through a certain 
cross section of a wire over four different time periods. Rank 
the periods according to the net charge that passes through 
the cross section during the period, greatest first. 


PiG. 26-17 
Question 2. 


$ Figure 26-18 shows cross sections through three long con- 
ductors of the same length and material, with square cross 
sections of edge lengths as shown. Conductor B fits snugly 
within conductor A, and conductor C fits snugly within con- 
ductor B. Rank the following according to their end-to-end 
resistances, greatest first: the individual conductors and the 
combinations of A + B (B inside A), B + C (C inside B), and 
A+ B+ C(Binside A inside C). 


V3 1 





B 
A seatcmries 


FIG. 26-18 Question 3. 


4 Figure 26-19 shows cross sections through three wires of 
identical length and material; the sides are given in millime- 





ters. Rank the wires according to their resistance (measured 
end to end along each wire’s length), greatest first. 


4 
5 6 
° | 
(b) (0) 


(a) 
FIG. 26-19 Question 4. 


® Figure 26-20 shows a rectan- 
gular solid conductor of edge 
lengths L,2L, and 3L.A poten- 
tial difference V is to be applied 
uniformly between pairs of op- 
posite faces of the conductor as 
in Fig. 26-85. First V is applied 
between the left-right faces, 
then between the top—bottom faces, and then between the 
front—back faces. Rank those pairs, greatest first, according 
to the following (within the conductor): (a) the magnitude of 
the electric field, (b) the current density, (c) the current, and 
(d) the drift speed of the electrons. 





FIG. 26-206 Question 5. 


& The following table gives the lengths of three copper 
rods, their diameters, and the potential differences between 
their ends. Rank the rods according to (a) the magnitude of 
the electric field within them, (b) the current density within 
them, and (c) the drift speed of electrons through them, 
greatest first. 


Rod Length Diameter Potential Difference 
i. i 3d V 
OH, d av 
3 a 2d ove 


# Figure 26-21 gives the drift 
speed v, of conduction electrons 
in a copper wire versus position 
x along the wire. The wire con- 
sists of three sections that differ 
in radius. Rank the three sec- 
tions according to the following 





FIG. 26-27 Question 7. 


Chapter 26 | Current and Resistance 


quantities, greatest first: (a) radius, (b) number of conduction 
electrons per cubic meter, (c) magnitude of electric field, (d) 
conductivity. 


® Three wires, of the same diameter, are connected in turn be- 
tween two points maintained at a constant potential difference. 
Their resistivities and lengths are p and L (wire A), 1.2p and 1.2L 
(wire B),and 0.9p and L (wire C). Rank the wires according to the 
rate at which energy is transferred to thermal energy, greatest first. 


9 Figure 26-22 gives the electric potential V(x) versus posi- 
tion x along a copper wire carrying current. The wire consists 
of three sections that differ in radius. Rank the three sections 
according to the magnitude of the (a) electric field and 
(b) current density, greatest first. 


PROBLEMS 


10 In Fig. 26-23, a wire that carries a current consists of three 
sections with different radii. Rank the sections according to the 
following quantities, greatest first: (a) current, (b) magnitude of 
current density, and (c) magnitude of electric field. 


V 





LA ee A B @ 
FIG. 26-22 Question 9. FIG. 26-23 Question 10. 





& Tutoring problem available (at instructor's discretion) in WileyPLUS and WebAssign 


SSM Worked-out solution available in Student Solutions Manual 


e —@e® Number of dots indicates level of problem difficulty 


WWW Worked-out solution is at 
is http://www.wiley.com/college/halliday 
Interactive solution is at 


—— Additional information available in The Flying Circus of Physics and at flyingcircusofphysics.com 


Click here to view all step-by-step solutions 


sec. 26-2 Electric Current 

1 During the 4.0 mina 5.0 A current is set up in a wire, how 
many (a) coulombs and (b) electrons pass through any cross 
section across the wire’s width? 


eeZ An isolated conducting sphere has a 10 cm radius. One 
wire carries a current of 1.000 002 0 A into it. Another wire 
carries a current of 1.000 000 0 A out of it. How long would it 
take for the sphere to increase in potential by 1000 V? 


ee3 A charged belt, 50 cm wide, travels at 30 m/s between 
a source of charge and a sphere. The belt carries charge into 
the sphere at a rate corresponding to 100 wA. Compute the 
surface charge density on the belt. 


sec. 26-3 Current Density 

e4 A small but measurable current of 1.2 x 10~'° A exists in 
a copper wire whose diameter is 2.5mm. The number of 
charge carriers per unit volume is 8.49 x 1078 m~>. Assuming 
the current is uniform, calculate the (a) current density and 
(b) electron drift speed. 


®5 A fuse in an electric circuit is a wire that is designed to 
melt, and thereby open the circuit, 1f the current exceeds a 
predetermined value. Suppose that the material to be used in 
a fuse melts when the current density rises to 440 A/cm?. What 
diameter of cylindrical wire should be used to make a fuse 
that will limit the current to 0.50 A? 


°6 The (United States) National Electric Code, which sets 
maximum safe currents for insulated copper wires of various 
diameters, is given (in part) in the table. Plot the safe current 
density as a function of diameter. Which wire gauge has the 
maximum safe current density? (“Gauge” is a way of identify- 
ing wire diameters, and 1 mil = 10 ° in.) 





Gauge “ 6 8 10 12 14 16 18 
Diameter, mils 204 162 129 102 81 64 51 40 
Safe current, A 10> S50, 35, 25°20 5 6 3 


°7 A beam contains 2.0 x 10° doubly charged positive ions per 
cubic centimeter, all of which are moving north with a speed of 
1.0 X 10° m/s. What are the (a) magnitude and (b) direction of 
the current density J? (c) What additional quantity do you need 
to calculate the total currentiin thisionbeam’? ssm www 


e8 A certain cylindrical wire carries 
current. We draw a circle of radius r 
around its central axis in Fig. 26-24a to 
determine the current 7 within the circle. 
Figure 26-24b shows current i as a func- (a) 
tion of r*. The vertical scale is set by i, = 
4.0 mA, and the horizontal scale 1s set by 
r, = 4.0 mm7”. (a) Is the current density 
uniform? (b) If so, what is its magnitude? 





7 (mA) 


ee9 How long does it take electrons to 
get from a car battery to the starting mo- 
tor? Assume the current is 300 A and the 
electrons travel through a copper wire with (b) 
cross-sectional area 0.21 cm? and length 
0.85 m. The number of charge carriers per 
unit volume is 8.49 x 10% m7°. iLw 





r? (mm?) 


FIG. 26-24 
Problem 8. 


ee10 Near Earth, the density of protons in the solar wind 
(a stream of particles from the Sun) is 8.70 cm~?, and their 
speed is 470 km/s. (a) Find the current density of these pro- 
tons. (b) If Earth’s magnetic field did not deflect the protons, 
what total current would Earth receive? 


ee41 The magnitude J(r) of the current density in a certain 
cylindrical wire is given as a function of radial distance from 
the center of the wire’s cross section as J(r) = Br, where r is in 
meters, J 1s in amperes per square meter, and B = 2.00 X 
10° A/m?. This function applies out to the wire’s radius of 
2.00 mm. How much current is contained within the width of a 
thin ring concentric with the wire if the ring has a radial width 
of 10.0 wm and is at a radial distance of 1.20 mm? 


ee72 The magnitude J of the current density in a certain 


wire with a circular cross section of radius R = 2.00 mm is 
given by J = (3.00 X 10*)r’, with J in amperes per square me- 
ter and radial distance r in meters. What is the current through 
the outer section bounded by r = 0.900R andr = R? 


#e73 What is the current in a wire of radius R = 3.40 mm if 
the magnitude of the current density is given by (a) J, = Jor/R 
and (b) J, = Jo(1 — 7/R), in which r is the radial distance and 
Jy = 5.50 X 104 A/m?? (c) Which function maximizes the cur- 
rent density near the wire’s surface? 


sec. 26-4 Resistance and Resistivity 

e714 Copper and aluminum are being considered for a 
high-voltage transmission line that must carry a current of 
60.0 A. The resistance per unit length is to be 0.150 O/km. The 
densities of copper and aluminum are 8960 and 2600 kg/m’, 
respectively. Compute (a) the magnitude J of the current 
density and (b) the mass per unit length A for a copper cable 
and (c) J and (d) A for an aluminum cable. 


#15 A wire of Nichrome (a nickel—chromium-iron alloy 
commonly used in heating elements) is 1.0m long and 1.0 
mm in cross-sectional area. It carries a current of 4.0 A when 
a 2.0 V potential difference is applied between its ends. Cal- 
culate the conductivity o of Nichrome. 


#16 A wire 4.00 m long and 6.00 mm in diameter has a resis- 
tance of 15.0 mQ.. A potential difference of 23.0 V is applied be- 
tween the ends. (a) What is the current in the wire? (b) What is 
the magnitude of the current density? (c) Calculate the resistivity 
of the wire material. (d) Using Table 26-1, identify the material. 


©4147 What is the resistivity of a wire of 1.0mm diameter, 2.0m 
length, and 50 m1 resistance? SSM 


e718 Acertain wire has a resistance R. What is the resistance 
of a second wire, made of the same material, that is half as 
long and has half the diameter? 


19 A coil is formed by winding 250 turns of imsulated 16- 
gauge copper wire (diameter = 1.3mm) in a single layer on a 
cylindrical form of radius 12 cm. What is the resistance of the coil? 
Neglect the thickness of the insulation. (Use Table 26-1.) SSM 


e20 A human being can be electrocuted if a current as small 
as 50 mA passes near the heart. An electrician working with 
sweaty hands makes good contact with the two conductors he 
is holding, one in each hand. If his resistance is 2000 0, what 
might the fatal voltage be? =e 


ee2% A wire with a resistance of 6.0 2 is drawn out through 
a die so that its new length is three times its original length. 
Find the resistance of the longer wire, assuming that the resis- 
tivity and density of the material are unchanged. ssm ILw 


ee22 Figure 26-25a gives the magnitude E(x) of the electric 


E (10° V/m) 





x (mm) 
(a) 2) 
FIG. 26-25 Problem 22. 


fields that have been set up by a battery along a resistive rod of 
length 9.00mm (Fig. 26-25b). The vertical scale is set by 
E, = 4.00 X 10° V/m. The rod consists of three sections of the same 
material but with different radii. (The schematic diagram of Fig. 
26-25b does not indicate the different radii.) The radius of section 
3 is 2.00 mm. What is the radius of (a) section 1 and (b) section 2? 


ee23 Two conductors are made of the same material and 
have the same length. Conductor A is a solid wire of diameter 
1.0mm. Conductor B is a hollow tube of outside diameter 
2.0 mm and inside diameter 1.0 mm. What is the resistance 
ratio R,/R,, measured between their ends? ssm www 


2024 Figure 26-26 gives the 
electric potential V(x) along a 
copper wire carrying uniform 
current, from a point of higher 
potential V, = 12.0 pV atx =0 
to a point of zero potential at x, 
= 3.00 m. The wire has a radius 
of 2.00 mm. What is the current 0 

in the wire? @ Ea 


°e25 A common flashlight 
bulb is rated at 0.30 A and 2.9 
V (the values of the current and voltage under operating con- 
ditions). If the resistance of the tungsten bulb filament at 
room temperature (20°C) is 1.1 Q, what is the temperature of 
the filament when the bulb is on? !Lw 


V 


V (LV) 





FIG. 26-26 Problem 24. 


ee26 Kiting during a storm. The legend that Benjamin 
Franklin flew a kite as a storm approached is only a legend— 
he was neither stupid nor suicidal. Suppose a kite string of ra- 
dius 2.00 mm extends directly upward by 0.800 km and is 
coated with a 0.500 mm layer of water having resistivity 1500, - m. 
If the potential difference between the two ends of the string 
is 160 MV, what is the current through the water layer? ‘The 
danger is not this current but the chance that the string draws 
a lightning strike, which can have a current as large as 500 000 
A (way beyond just being lethal). =a 


ee27 A potential difference of 3.00 nV is set up across a 
2.00 cm length of copper wire that has a radius of 2.00 mm. 
How much charge drifts through a cross section in 3.00 ms? 


e628 In Fig. 26-27a, a 9.00 V 
battery is connected to a resis- 
tive strip that consists of three 
sections with the same cross- 
sectional areas but different 
conductivities. Figure 26-27b 
gives the electric potential V(x) 
versus position x along the strip. 
The horizontal scale is set by x, 
= 8.00 mm. Section 3 has con- 
ductivity 3.00 x 10’ (Q-m)t. 
What is the conductivity of sec- 
tion (a) 1 and (b) 2? 

e¢29 When 115 V is applied 
across a wire that is 10m long () 
and has a 0.30 mm radius, the = gig 96.97 Problem 28. 
magnitude of the current den- 

sity is 1.4 x 104 A/m?. Find the resistivity of the wire. 





Vie) 





x (mm) 


°e30 Earth’s lower atmosphere contains negative and posi- 
tive ions that are produced by radioactive elements in the soil 
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and cosmic rays from space. In a certain region, the atmo- 
spheric electric field strength is 120 V/m and the field is di- 
rected vertically down. This field causes singly charged posi- 
tive ions, at a density of 620cm~°, to drift downward and 
singly charged negative ions, at a density of 550 cm’, to drift 
upward (Fig. 26-28). The measured conductivity of the air in 
that region is 2.70 X 107!4 (Q-m)"!. Calculate (a) the magni- 
tude of the current density and (b) the ion drift speed, 
assumed to be the same for positive and negative ions. 





























FIG. 26-28 Problem 30. 


#31 A block in the shape of a rectangular solid has a cross- 
sectional area of 3.50 cm? across its width, a front-to-rear 
length of 15.8 cm, and a resistance of 935 (. The block’s mate- 
rial contains 5.33 x 10”? conduction electrons/m’. A potential 
difference of 35.8 V is maintained between its front and rear 
faces. (a) What is the current in the block? (b) If the current 
density is uniform, what is its magnitude? What are (c) the 
drift velocity of the conduction electrons and (d) the magni- 
tude. or the electric held inthe black 7 


ee32 If the gauge number of a wire 1s increased by 6, the 
diameter is halved; if a gauge number is increased by 1, the 
diameter decreases by the factor 2'° (see the table in Problem 
6). Knowing this, and knowing that 1000 ft of 10-gauge copper 
wire has a resistance of approximately 1.00 Q, estimate the 
resistance of 25 ft of 22-gauge copper wire. 


ee33 Anelectrical cable consists of 125 strands of fine wire, 
each having 2.65 wQ resistance. The same potential difference 
is applied between the ends of all the strands and results in a 
total current of 0.750 A. (a) What is the current in each 
strand? (b) What is the applied potential difference? (c) What 
is the resistance of the cable? 


634 Swimming during a 
storm. Figure 26-29 shows a 
swimmer at distance D = 35.0 
m from a lightning strike to the 


water, with current J = 78 kA. ae e oa 
The water has resistivity 30 
Q-m, the width of the swim- Y 





mer along aradiallinefromthe |) 0 
strike is 0.70 m, and his resis- —s eyes. 94-29 )= Problem 34. 
tance across that width is 4.00 

kQ,. Assume that the current spreads through the water over a 
hemisphere centered on the strike point. What is the current 
through the swimmer? =a & 


eee35 In Fig. 26-30, current is set up through a truncated 
right circular cone of resistivity 731 0-m, left radius a = 2.00 
mm, right radius b = 2.30 mm, and length L = 1.94 cm. Assume 


that the current den- 
sity is uniform across 
any cross section 
taken perpendicular 
to the length. What is 
the resistance of the 
cone? 


e6@36 Figure 26-31 

shows wire section 1 of diameter D,= 4.00R and wire section 
2 of diameter D, = 2.00R, connected by a tapered section. The 
wire 1s copper and carries a current. Assume that the current 1s 
uniformly distributed across any cross-sectional area through 
the wire’s width. The electric 
potential change V along the 
length L = 2.00 m shown in sec- 
tion 2 is 10.0 wV. The number of 
charge carriers per unit volume 
is 8.49 X 1028 m~3. What is the “? 

drift speed of the conduction FIG. 26-24 Problem 36. 
electrons in section 1? @ 





FIG. 26-30 Problem 35. 





sec. 26-6 A Microscopic View of Ohm's Law 

*@37 Show that, according to the free-electron model of 
electrical conduction in metals and classical physics, the resis- 
tivity of metals should be proportional to VT, where T is the 
temperature in kelvins. (See Eq. 19-31.) 


sec. 26-7 Power in Electric Circuits 

°38 A student kept his 9.0 V, 7.0 W radio turned on at full 
volume from 9:00 P.M. until 2:00 A.M. How much charge went 
through it? 


39 A 120V potential difference is applied to a space 
heater whose resistance is 14 when hot. (a) At what rate is 
electrical energy transferred to thermal energy? (b) What is 
the cost for 5.0 h at US$0.05/kW-h? SsM 


e409 In Fig. 26-32, a battery of poten- 
tial difference V = 12 V is connected to 
a resistive strip of resistance R = 6.0 Q. 
When an electron moves through the 
strip from one end to the other, (a) in 
which direction in the figure does the 
electron move, (b) how much work is 
done on the electron by the electric field 
in the strip, and (c) how much energy is 
transferred to the thermal energy of the strip by the electron? 





FIG. 26-32 
Problem 40. 


e44 Anunknown resistor is connected between the terminals 
of a 3.00 V battery. Energy is dissipated in the resistor at the 
rate of 0.540 W. The same resistor is then connected between 
the terminals of a 1.50 V battery. At what rate is energy now 
dissipated? iLw 


42 Thermal energy is produced in a resistor at a rate of 
100 W when the current is 3.00 A. What is the resistance? 


#43 A 1250 W radiant heater is constructed to operate at 
115 V. (a) What is the current in the heater when the unit is 
operating? (b) What is the resistance of the heating coil? 
(c) How much thermal energy is produced in1.0h? ssm tiw 


e244 In Fig. 26-33a, a 20 ( resistor is connected to a battery. 
Figure 26-33) shows the increase of thermal energy F;, in the 
resistor as a function of time t. The vertical scale is set by 
Fn,s = 2.50 mJ, and the horizontal scale is set by t, = 4.0 s. What 


is the electric potential across 
the battery? 


4.5 A certain brand of hot- 

dog cooker works by applying 

a potential difference of 120 V (a) 
across opposite ends of a hot 

dog and allowing it to cook by Ain,s 

means of the thermal energy | 
produced. The current is 10.0 
A, and the energy required to 
cook one hot dog is 60.0 kJ. If 
the rate at which energy is 
supplied is unchanged, how 5 
long will it take to cook three NS) 

hot dogs simultaneously? (0) 


ee4& Exploding shoes. The FIG. 26-33 Problem 44. 
rain-soaked shoes of a person 

may explode if ground current from nearby lightning vapor- 
izes the water. The sudden conversion of water to water vapor 
causes a dramatic expansion that can rip apart shoes. Water 
has density 1000 kg/m? and requires 333 kJ/kg to be vaporized. 
If horizontal current lasts 2.00 ms and encounters water with 
resistivity 150 (-m, length 12.0 cm, and vertical cross-sec- 
tional area 15 X 10°° m’, what average current is required to 
vaporize the water? me 


R 


Fin (oJ) 





ee47 A 120V potential difference is applied to a space 
heater that dissipates 500 W during operation. (a) What is its 
resistance during operation? (b) At what rate do electrons 
flow through any cross section of the heater element? 


ee48 The current through the battery and resistors 1 and 2 
in Fig. 26-34a is 2.00 A. Energy is transferred from the current 
to thermal energy £,, in both resistors. Curves 1 and 2 in 
Fig. 26-345 give that thermal energy F,, for resistors 1 and 2, 
respectively, as a function of time ¢. The vertical scale is set by 
Ey; = 40.0 mJ, and the horizontal scale is set by t, = 5.00 s. 
What is the power of the battery? 


E 


th,s 


Ry 


oe 
Had) 





2) t (s) 
FIG. 26-34 Problem 48. 


ee49 A heating element is made by maintaining a potential 
difference of 75.0 V across the length of a Nichrome wire that 
has a 2.60 X 10~° m’ cross section. Nichrome has a resistivity 
of 5.00 x 10°’ O-m. (a) If the element dissipates 5000 W, 
what is its length? (b) If 100 V is used to obtain the same dissi- 
pation rate, what should the length be? 


®@50 The current-density magnitude in a certain circular 
wire is J = (2.75 X 10’ A/m*)r?, where r is the radial distance 
out to the wire’s radius of 3.00 mm. The potential applied to 
the wire (end to end) is 60.0 V. How much energy is converted 
to thermal energy in 1.00 h? © 


ee57 A 100 W lightbulb is plugged into a standard 120 V 
outlet. (a) How much does it cost per 31-day month to leave 
the light turned on continuously? Assume electrical energy 
costs US$0.06/kW -h. (b) What is the resistance of the bulb? 
(c) What is the current in the bulb? 


ee52 A copper wire of cross-sectional area 2.00 X 10~° m? 
and length 4.00 m has a current of 2.00 A uniformly distrib- 
uted across that area. (a) What is the magnitude of the electric 
field along the wire? (b) How much electrical energy is trans- 
ferred to thermal energy in 30 min? €B 


#e53 Wire C and wire D are 
made from different materials 
and have length Le = Lp = 
1.0m. The resistivity and 
diameter of wire C are 2.0 X 
10~° O-m and 1.00 mm, and 
those of wire D are 1.0 X 
10~° O-m and 0.50 mm. The 
wires are joined as shown in Fig. 26-35, and a current of 2.0 A 
is set up in them. What is the electric potential difference be- 
tween (a) points 1 and 2 and (b) points 2 and 3? What is the 
rate at which energy is dissipated between (c) points 1 and 2 
and (d) points 2 and3? ssm www 


eee54 Figure 26-36a shows a 
rod of resistive material. The 
resistance per unit length of 
the rod increases in the posi- 
tive direction of the x axis. At 
any position x along the rod, 
the resistance dR of a narrow 
(differential) section of width 
dx is given by dR = 5.00x dx, 
where dR is in ohms and x Is in 
meters. Figure 26-36b shows such a narrow section. You are to 
slice off a length of the rod between x = 0 and some position 
x = Land then connect that length to a battery with potential 
difference V = 5.0 V (Fig. 26-36c). You want the current in 
the length to transfer energy to thermal energy at the rate of 
200 W. At what position x = L should you cut the rod? 








FIG. 26-35 Problem 53. 


x (m) 





FIG. 26-36 Problem 54. 


Additional Problems 

55 A steady beam of alpha particles (¢ = +2e) traveling 
with constant kinetic energy 20 MeV carries a current of 
0.25 wA. (a) If the beam is directed perpendicular to a flat 
surface, how many alpha particles strike the surface in 3.0 s? 
(b) At any instant, how many alpha particles are there in a 
given 20 cm length of the beam? (c) Through what potential 
difference is it necessary to accelerate each alpha particle 
from rest to bring it to an energy of 20 MeV? SSM 


56 The chocolate crumb mystery. This story begins with 
Problem 56 in Chapter 23 and continues through Chapters 
24 and 25. The chocolate crumb powder moved to the silo 
through a pipe of radius R with uniform speed v and uniform 
charge density p. (a) Find an expression for the current i (the 
rate at which charge on the powder moved) through a per- 
pendicular cross section of the pipe. (b) Evaluate i for the 
conditions at the factory: pipe radius R = 5.0 cm, speed v = 
2.0 m/s, and charge density p = 1.1 X 10-7 C/m’. 

If the powder were to flow through a change V in electric 
potential, its energy could be transferred to a spark at the rate 
P = iV. (c) Could there be such a transfer within the pipe due 
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to the radial potential difference discussed in Problem 68 of 
Chapter 24? 

As the powder flowed from the pipe into the silo, the 
electric potential of the powder changed. The magnitude of 
that change was at least equal to the radial potential dif- 
ference within the pipe (as evaluated in Problem 68 of 
Chapter 24). (d) Assuming that value for the potential differ- 
ence and using the current found in (b) above, find the rate at 
which energy could have been transferred from the powder to 
a spark as the powder exited the pipe. (e) If a spark did occur 
at the exit and lasted for 0.20s (a reasonable expectation), 
how much energy would have been transferred to the spark? 

Recall from Problem 56 in Chapter 23 that a mintmum 
energy transfer of 150 mJ is needed to cause an explosion. 
(f) Where did the powder explosion most likely occur: 
in the powder cloud at the unloading bin (Problem 56 of 
Chapter 25), within the pipe, or at the exit of the pipe into 


the silo? <= 


57 A 500 W heating unit is designed to operate with an 
applied potential difference of 115 V. (a) By what percentage 
will its heat output drop if the appled potential difference 
drops to 110 V? Assume no change in resistance. (b) If you 
took the variation of resistance with temperature into 
account, would the actual drop in heat output be larger or 
smaller than that calculated in (a)? 


58 A potential difference of 1.20 V will be applied to a 33.0 m 
length of 18-gauge copper wire (diameter = 0.0400 in.). 
Calculate (a) the current, (b) the magnitude of the current den- 
sity, (c) the magnitude of the electric field within the wire, and 
(d) the rate at which thermal energy will appear in the wire. 


59 A Nichrome heater dissipates 500 W when the applied 
potential difference is 110 V and the wire temperature is 
800°C. What would be the dissipation rate if the wire tempera- 
ture were held at 200°C by immersing the wire in a bath of 
cooling oil? The applied potential difference remains the 
same, and a for Nichrome at 800°C is 4.0 x 10°*K7!. ssm 


60 An aluminum rod with a square cross section is 1.3m 
long and 5.2 mm on edge. (a) What is the resistance between 
its ends? (b) What must be the diameter of a cylindrical 
copper rod of length 1.3 m if its resistance 1s to be the same as 
that of the aluminum rod? 


61 A cylindrical metal rod is 1.60 m long and 5.50 mm in 
diameter. The resistance between its two ends (at 20°C) is 
1.09 x 107°. (a) What is the material? (b) A round disk, 
2.00 cm in diameter and 1.00 mm thick, is formed of the same 
material. What is the resistance between the round faces, 
assuming that each face is an equipotential surface? 


62 Accylindrical resistor of radius 5.0 mm and length 2.0 cm 
is made of material that has a resistivity of 3.5 x 107° Q-m. 
What are (a) the magnitude of the current density and (b) the 
potential difference when the energy dissipation rate in the 
resistor is 1.0 W? 


63 A potential difference V is applied to a wire of cross-sec- 
tional area A, length L, and resistivity p. You want to change 
the applied potential difference and stretch the wire so that 
the energy dissipation rate is multiplied by 30.0 and the cur- 
rent is multiplied by 4.00. Assuming the wire’s density does 
not change, what are (a) the ratio of the new length to L and 
(b) the ratio of the new cross-sectional area to A? 


64 The headlights of a moving car require about 10 A from 
the 12 V alternator, which is driven by the engine. Assume 
the alternator is 80% efficient (its output electrical power is 
80% of its input mechanical power), and calculate the horse- 
power the engine must supply to run the lights. 


65 An 18.0 W device has 9.00 V across it. How much charge 
goes through the device in 4.00 h? 


66 Thecurrent density in a wire is uniform and has magnitude 
2.0 X 10° A/m?, the wire’s length is 5.0 m, and the density of 
conduction electrons is 8.49 < 1078 m~°. How long does an elec- 
tron take (on the average) to travel the length of the wire? © 


67 How much energy is consumed in 2.00 h by an electrical re- 
sistance of 400 0, when the potential applied across it is 90.0 V? 


68 A resistor with a potential difference of 200 V across it 
transfers electrical energy to thermal energy at the rate of 
3000 W. What is the resistance of the resistor? 


69 A coil of current-carrying Nichrome wire is immersed in 
a liquid. (Nichrome is a nickel—chromium—iron alloy com- 
monly used in heating elements.) When the potential differ- 
ence across the coil is 12 V and the current through the coil is 5.2 
A, the liquid evaporates at the steady rate of 21 mg/s. Calculate 
the heat of vaporization of the liquid (see Section 18-8). 


70 A current is established in a gas discharge tube when a 
sufficiently high potential difference is applied across the two 
electrodes in the tube. The gas ionizes; electrons move toward 
the positive terminal and singly charged positive ions toward 
the negative terminal. (a) What is the current in a hydrogen 
discharge tube in which 3.1 x 10'8 electrons and 1.1 x 108 
protons move past a cross-sectional area of the tube each sec- 
ond? (b) Is the direction of the current density J toward or 
away from the negative terminal? 


71 A 2.0kW heater element from a dryer has a length of 
80 cm. If a 10 cm section is removed, what power is used by 
the now shortened element at 120 V? 


72 The copper windings of a motor have a resistance of 50 0 
at 20°C when the motor is idle. After the motor has run for 
several hours, the resistance rises to 58 (.. What is the temper- 
ature of the windings now? Ignore changes in the dimensions 
of the windings. (Use Table 26-1.) 


73  Acertain x-ray tube operates at a current of 7.00 mA and a 
potential difference of 80.0 kV. What is its power in watts? 


74 <A caterpillar of length 4.0 cm crawls in the direction of 
electron drift along a 5.2-mm-diameter bare copper wire that 
carries a uniform current of 12 A. (a) What is the potential 
difference between the two ends of the caterpillar? (b) Is its 
tail positive or negative relative to its head? (c) How much 
time does the caterpillar take to crawl 1.0 cm if it crawls at the 
drift speed of the electrons in the wire? (The number of 
charge carriers per unit volume is 8.49 x 1078 m~°.) 


75 (a) At what temperature would the resistance of a cop- 
per conductor be double its resistance at 20.0°C? (Use 20.0°C 
as the reference point in Eq. 26-17; compare your answer with 
Fig. 26-10.) (b) Does this same “doubling temperature” hold 
for all copper conductors, regardless of shape or size? SSM 


76 A Steel trolley-car rail has a cross-sectional area of 
56.0 cm?. What is the resistance of 10.0 km of rail? The resistiv- 
ity of the steel is 3.00 X 1077 Q-m. 


Circuits 


When a race car pulls in for a 
pit stop, the pit crew scurries 
to make any needed car aad- 
justments and to refuel the 
car. The crew members pride 
themselves on their speed 
because even a fraction of a 
second wasted during the pit 
stop can cost the driver the 
race. However, rapid 
application of the fuel dis- 
penser seems dangerous be- 
cause the car may be 
charged to a potential of 
—30 kV when it arrives in the 
pit. If the car sparks through 
any of the fuel vapor, a fire 


can break out. 





iC 
ae | Ye: ee 
a The answer is in this chapter. 
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The world’s largest battery energy 
storage plant (dismantled in 1996) 
connected over 8000 large lead-acid 
batteries in 8 strings at 1000 V each 
with a capability of 10 MW of power 
for 4 hours. Charged up at night, the 
batteries were then put to use during 
peak power demands on the electri- 
cal system. (Courtesy Southern 
California Edison Company) 


27-1 WHAT IS PHYSICS? 


You are surrounded by electric circuits. You might take pride in the number of 
electrical devices you own and might even carry a mental list of the devices you 
wish you owned. Every one of those devices, as well as the electrical grid that 
powers your home, depends on modern electrical engineering. We cannot easily 
estimate the current financial worth of electrical engineering and its products, but 
we can be certain that the financial worth continues to grow yearly as more and 
more tasks are handled electrically. Radios are now tuned electronically instead 
of manually. Messages are now sent by email instead of through the postal 
system. Research journals are now read on a computer instead of in a library 
building, and research papers are now copied and filed electronically instead of 
photocopied and tucked into a filing cabinet. 

The basic science of electrical engineering is physics. In this chapter we cover 
the physics of electric circuits that are combinations of resistors and batteries 
(and, in Section 27-9, capacitors). We restrict our discussion to circuits through 
which charge flows in one direction, which are called either direct-current circuits 
or DC circuits. We begin with the question: How can you get charges to flow? 


27-2 | “Pumping” Charges 


If you want to make charge carriers flow through a resistor, you must establish a 
potential difference between the ends of the device. One way to do this is to con- 
nect each end of the resistor to one plate of a charged capacitor. The trouble with 
this scheme is that the flow of charge acts to discharge the capacitor, quickly 
bringing the plates to the same potential. When that happens, there is no longer 
an electric field in the resistor, and thus the flow of charge stops. 

To produce a steady flow of charge, you need a “charge pump,” a device 
that—by doing work on the charge carriers— maintains a potential difference 
between a pair of terminals. We call such a device an emf device, and the device is 
said to provide an emf ©, which means that it does work on charge carriers. 
An emf device is sometimes called a seat of emf. The term emf comes from the 
outdated phrase electromotive force, which was adopted before scientists clearly 
understood the function of an emf device. 

In Chapter 26, we discussed the motion of charge carriers through a circuit in 
terms of the electric field set up in the circuit—the field produces forces that 
move the charge carriers. In this chapter we take a different approach: We discuss 
the motion of the charge carriers in terms of the required energy —an emf device 
supplies the energy for the motion via the work it does. 

A common emf device is the battery, used to power a wide variety of 
machines from wristwatches to submarines. The emf device that most influences 
our daily lives, however, is the electric generator, which, by means of electrical 
connections (wires) from a generating plant, creates a potential difference in our 
homes and workplaces. The emf devices known as solar cells, long familiar as the 
wing-like panels on spacecraft, also dot the countryside for domestic applications. 
Less familiar emf devices are the fuel cells that power the space shuttles and the 
thermopiles that provide onboard electrical power for some spacecraft and for 
remote stations in Antarctica and elsewhere. An emf device does not have to be 
an instrument—living systems, ranging from electric eels and human beings to 
plants, have physiological emf devices. 

Although the devices we have listed differ widely in their modes of opera- 
tion, they all perform the same basic function—they do work on charge carriers 
and thus maintain a potential difference between their terminals. 


27-3 | Work, Energy, and Emf 


Figure 27-1 shows an emf device (consider it to be a battery) that is part of a 
simple circuit containing a single resistance R (the symbol for resistance and a 
resistor is “W\-). The emf device keeps one of its terminals (called the positive 
terminal and often labeled +) at a higher electric potential than the other termi- 
nal (called the negative terminal and labeled —). We can represent the emf of the 
device with an arrow that points from the negative terminal toward the positive 
terminal as in Fig. 27-1. A small circle on the tail of the emf arrow distinguishes it 
from the arrows that indicate current direction. 

When an emf device is not connected to a circuit, the internal chemistry of 
the device does not cause any net flow of charge carriers within it. However, 
when it is connected to a circuit as in Fig. 27-1, its internal chemistry causes a net 
flow of positive charge carriers from the negative terminal to the positive termi- 
nal, in the direction of the emf arrow. This flow is part of the current that is set up 
around the circuit in that same direction (clockwise in Fig. 27-1). 

Within the emf device, positive charge carriers move from a region of low 
electric potential and thus low electric potential energy (at the negative terminal) 
to a region of higher electric potential and higher electric potential energy (at 
the positive terminal). This motion is just the opposite of what the electric field 
between the terminals (which is directed from the positive terminal toward the 
negative terminal) would cause the charge carriers to do. 

Thus, there must be some source of energy within the device, enabling it to 
do work on the charges by forcing them to move as they do. The energy source 
may be chemical, as in a battery or a fuel cell. It may involve mechanical forces, as 
in an electric generator. Temperature differences may supply the energy, as in a 
thermopile; or the Sun may supply it, as in a solar cell. 

Let us now analyze the circuit of Fig. 27-1 from the point of view of work and 
energy transfers. In any time interval dt, a charge dq passes through any cross sec- 
tion of this circuit, such as aa’. This same amount of charge must enter the emf 
device at its low-potential end and leave at its high-potential end. The device 
must do an amount of work dW on the charge dq to force it to move in this way. 
We define the emf of the emf device in terms of this work: 


dWw 


e= 
dq 





(definition of €). (27-1) 


In words, the emf of an emf device is the work per unit charge that the device 
does in moving charge from its low-potential terminal to its high-potential term1- 
nal. The SI unit for emf is the joule per coulomb; in Chapter 24 we defined that 
unit as the volt. 

An ideal emf device is one that lacks any internal resistance to the internal 
movement of charge from terminal to terminal. The potential difference between 
the terminals of an ideal emf device is equal to the emf of the device. For exam- 
ple, an ideal battery with an emf of 12.0 V always has a potential difference of 
12.0 V between its terminals. 

A real emf device, such as any real battery, has internal resistance to the 
internal movement of charge. When a real emf device is not connected to a 
circuit, and thus does not have current through it, the potential difference 
between its terminals is equal to its emf. However, when that device has current 
through it, the potential difference between its terminals differs from its emf. We 
shall discuss such real batteries in Section 27-5. 

When an emf device is connected to a circuit, the device transfers energy to 
the charge carriers passing through it. This energy can then be transferred from 
the charge carriers to other devices in the circuit, for example, to light a bulb. 


27-3 | Work, Energy, and Emf 


FIG. 27-1 Asimple electric circuit, in 
which a device of emf ‘% does work on 
the charge carriers and maintains a 
steady current iin a resistor of resis- 
tance R. 
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FIG. 27-2. (a) Inthe circuit, Gp > Ga; 
so battery B determines the direction 
of the current. (b) The energy trans- 
fers in the circuit. 
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FIG. 27-3. A single-loop circuit in 
which a resistance R is connected 
across an ideal battery B with emf @. 
The resulting current i is the same 
throughout the circuit. 


Figure 27-2a shows a circuit containing two ideal rechargeable (storage) batteries 
A and B, a resistance R, and an electric motor M that can lift an object by using 
energy it obtains from charge carriers in the circuit. Note that the batteries are 
connected so that they tend to send charges around the circuit in opposite direc- 
tions. The actual direction of the current in the circuit is determined by the battery 
with the larger emf, which happens to be battery B, so the chemical energy within 
battery B is decreasing as energy is transferred to the charge carriers passing 
through it. However, the chemical energy within battery A is increasing because 
the current in it is directed from the positive terminal to the negative terminal. 
‘Thus, battery B is charging battery A. Battery B is also providing energy to motor 
M and energy that is being dissipated by resistance R. Figure 27-2b shows all three 
energy transfers from battery B; each decreases that battery’s chemical energy. 


27-4 Calculating the Current in a Single-Loop Circuit 


We discuss here two equivalent ways to calculate the current in the simple single- 
loop circuit of Fig. 27-3; one method is based on energy conservation considera- 
tions, and the other on the concept of potential. The circuit consists of an ideal battery 
B with emf @, a resistor of resistance R, and two connecting wires. (Unless otherwise 
indicated, we assume that wires in circuits have negligible resistance. Their function, 
then, is merely to provide pathways along which charge carriers can move.) 


Energy Method 


Equation 26-27 (P = i*R) tells us that in a time interval dt an amount of energy 
given by ??R dt will appear in the resistor of Fig. 27-3 as thermal energy. As noted 
in Section 26-7, this energy is said to be dissipated. (Because we assume the wires 
to have negligible resistance, no thermal energy will appear in them.) During the 
same interval, a charge dq =i dt will have moved through battery B, and the 
work that the battery will have done on this charge, according to Eq. 27-1, is 


dW = dq = $idt. 


From the principle of conservation of energy, the work done by the (ideal) bat- 
tery must equal the thermal energy that appears in the resistor: 


Gi dt = *R dt. 
This gives us 
6 = iR. 


The emf @ is the energy per unit charge transferred to the moving charges by the 
battery. The quantity iF is the energy per unit charge transferred from the mov- 
ing charges to thermal energy within the resistor. Therefore, this equation means 
that the energy per unit charge transferred to the moving charges is equal to the 
energy per unit charge transferred from them. Solving for i, we find 


(27-2) 


Potential Method 


Suppose we start at any point in the circuit of Fig. 27-3 and mentally proceed 
around the circuit in either direction, adding algebraically the potential differ- 
ences that we encounter. Then when we return to our starting point, we must 
also have returned to our starting potential. Before actually doing so, we shall 
formalize this idea in a statement that holds not only for single-loop circuits such 
as that of Fig. 27-3 but also for any complete loop in a multiloop circuit, as we 


27-4 | Calculating the Current in a Single-Loop Circuit 


shall discuss in Section 27-7: 


@— LOOP RULE: The algebraic sum of the changes in po 





sal of any loop of a circuit must be zero. _ 


This is often referred to as Kirchhoff’s loop rule (or Kirchhoff’s voltage law), after 
German physicist Gustav Robert Kirchhoff. This rule 1s equivalent to saying that 
each point on a mountain has only one elevation above sea level. If you start 
from any point and return to it after walking around the mountain, the algebraic 
sum of the changes in elevation that you encounter must be zero. 

In Fig. 27-3, let us start at point a, whose potential is V,, and mentally walk 
clockwise around the circuit until we are back at a, keeping track of potential 
changes as we move. Our starting point is at the low-potential terminal of the bat- 
tery. Because the battery is ideal, the potential difference between its terminals is 
equal to 6. When we pass through the battery to the high-potential terminal, the 
change in potential is +@. 

As we walk along the top wire to the top end of the resistor, there is no 
potential change because the wire has negligible resistance; it is at the same 
potential as the high-potential terminal of the battery. So too is the top end of the 
resistor. When we pass through the resistor. however, the potential changes 
according to Eq. 26-8 (which we can rewrite as V = iR). Moreover, the potential 
must decrease because we are moving from the higher potential side of the resis- 
tor. Thus, the change in potential is —iR. 

We return to point a by moving along the bottom wire. Because this wire also has 
negligible resistance, we again find no potential change. Back at point a, the potential 
is again V,. Because we traversed a complete loop, our initial potential, as modified 
for potential changes along the way, must be equal to our final potential; that is, 


V,.+6—iR= V,. 
The value of V, cancels from this equation, which becomes 
6 —iR=0. 
Solving this equation for i gives us the same result, i = @/R, as the energy method 
(Eq. 27-2). 


If we apply the loop rule to a complete counterclockwise walk around the 
circuit, the rule gives us 
—€ + iR=0 
and we again find that i = 6/R. Thus, you may mentally circle a loop in either 
direction to apply the loop rule. 
To prepare for circuits more complex than that of Fig. 27-3, let us set down 
two rules for finding potential differences as we move around a loop: 


he ae es oe. SOC Ee 1s ep a 
ection of the cur- 





CHECKPOINT 1 The figure shows the 
current 7 in a single-loop circuit with a battery B 
and a resistance R (and wires of negligible resis- 
tance). (a) Should the emf arrow at B be drawn 
pointing leftward or rightward? At points a, b, and 
c, rank (b) the magnitude of the current, (c) the 
electric potential, and (d) the electric potential en- 
ergy of the charge carriers, greatest first. 
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FIG, 27-4 (a) A single- 

loop circuit containing a 

real battery having inter- 

nal resistance r and emf 

6. (b) The same circuit, | 
now spread out in a line. 

The potentials encoun- j 
tered in traversing the / 
circuit clockwise from a 
are also shown. The po- 
tential V, is arbitrarily 
assigned a value of zero, 
and other potentials in 
the circuit are graphed 
relative to V,,. 
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FIG. 27-5 (a) Three resistors are 
connected in series between points a 
and b. (b) An equivalent circuit, 
with the three resistors replaced 
with their equivalent resistance R,,. 





Potential (V) 


/ 
— Real battery i 


(a) 





27-5 | Other Single-Loop Circuits 


In this section we extend the simple circuit of Fig. 27-3 in two ways. 


Internal Resistance 


Figure 27-4a shows a real battery, with internal resistance r, wired to an external 
resistor of resistance R. The internal resistance of the battery is the electrical 
resistance of the conducting materials of the battery and thus is an unremovable 
feature of the battery. In Fig. 27-4a, however, the battery is drawn as if it could be 
separated into an ideal battery with emf and a resistor of resistance r. The order 
in which the symbols for these separated parts are drawn does not matter. 

If we apply the loop rule clockwise beginning at point a, the changes in 
potential give us 

6 — ir —iR =0. (27-3) 
Solving for the current, we find 
¢ 


K +r ( ) 





Note that this equation reduces to Eq. 27-2 if the battery is ideal —that is, if r = 0. 

Figure 27-4b shows graphically the changes in electric potential around the 
circuit. (To better link Fig. 27-4b with the closed circuit in Fig. 27-4a, imagine 
curling the graph into a cylinder with point a at the left overlapping point a at 
the right.) Note how traversing the circuit is like walking around a (potential) 
mountain back to your starting point — you return to the starting elevation. 

In this book, when a battery 1s not described as real or if no internal resis- 
tance is indicated, you can generally assume that it is ideal — but, of course, in the 
real world batteries are always real and have internal resistance. 


Resistances in Series 


Figure 27-S5a shows three resistances connected in series to an ideal battery with 
emf @. This description has little to do with how the resistances are drawn. 
Rather, “in series” means that the resistances are wired one after another and 
that a potential difference V is applied across the two ends of the series. In Fig. 
27-5a, the resistances are connected one after another between a and b, and a 
potential difference is maintained across a and b by the battery. The potential 
differences that then exist across the resistances in the series produce identical 
currents i in them. In general, 


When a potential inerence: Vis applied across resistances connected n in series, ; 
the resistances have identical currents i. The sum of the : potentia al differen Ces ACTOS _ ot 


the resistances is equal to the applied potential « difference V. | ~. 





Note that charge moving through the series resistances can move along only a 
single route. If there are additional routes, so that the currents in different resis- 
tances are different, the resistances are not connected in series. 


27-6 | Potential Difference Between Two Points 


§= Resistances connected in series can be replaced with an equivalent resistance R.q that 
: has the same current i and the same total potential difference V as the actual resistances. 
You might remember that R,, and all the actual series resistances have the same 
current i with the nonsense word “‘ser-i.” Figure 27-55 shows the equivalent resis- 
tance R,, that can replace the three resistances of Fig. 27-Sa. 

To derive an expression for R,, in Fig. 27-5b, we apply the loop rule to both cir- 
cuits. For Fig. 27-5a, starting at a and going clockwise around the circuit, we find 


6 — IR, — iR, — ik; = 0, 
6 


= Wie ee ee 


(27-5) 
For Fig. 27-55, with the three resistances replaced with a single equivalent resis- 
tance R,,, we find 


$ — iReq = 0, 


== 27-6 
or i Rex (27-6) 
Comparison of Eqs. 27-5 and 27-6 shows that 
KS = R, a R, a R3. 


The extension to 7 resistances is straightforward and is 


ce 2 R; _ (nresistances in series). (27-7) 


Note that when resistances are in series, their equivalent resistance is greater 
than any of the individual resistances. 


CHECKPOINT 2 In Fig. 27-5a, if R, > R, > R3, rank the three resistances 
according to (a) the current through them and (b) the potential difference across them, 
greatest first. 


27-6 | Potential Difference Between Two Points 


We often want to find the potential difference between two points in a circuit. For ex- 
ample, in Fig. 27-6, what is the potential difference V;, — V,, between points a and b? To 
find out, let’s start at point a (at potential V,) and move through the battery to point b 
(at potential V,,) while keeping track of the potential changes we encounter. When we 
pass through the battery’s emf, the potential increases by ¢. When we pass through the 
battery’s internal resistance r, we move in the direction of the current and thus the po- 
tential decreases by ir. We are then at the potential of point b and we have 


Y +6-ir= is 
or V,-—V, = — ir. (27-8) 


To evaluate this expression, we need the current i. Note that the circuit is the 
same as in Fig. 27-4a, for which Eq. 27-4 gives the current as 














6 
l = : (27-9) : eis 
sli ; — as R=40Q 
Substituting this equation into Eq. 27-8 gives us AL tore 
Vi, - Vi =o- r 
R+r 
¢ FIG. 27-6 Points a and b, which are 
= s R. (27-10) at the terminals of a real battery, dif- 
r 


fer in potential. 
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R=4.0Q 








FIG. 27-7 (a) Point ais directly 
connected to ground. (b) Point b is 
directly connected to ground. 


Now substituting the data given in Fig. 27-6, we have 


12V 
La) = Se = 8.0V. -11 
CATE ae 2a 
Suppose, instead, we move from a to b counterclockwise, passing through 
resistor R rather than through the battery. Because we move opposite the 
current, the potential increases by iR. Thus, 


V,, a= iR — V;, 
or V, —V,=iR. (27-12) 


Substituting for 7 from Eq. 27-9, we again find Eq. 27-10. Hence, substitution of 
the data in Fig. 27-6 yields the same result, V, — V, = 8.0 V. In general, 


@— To find the potential between any two points in a circuit, start at one point and 
traverse the circuit to the other point, following any path, and add algebraically the 
changes in potential you encounter. 


Potential Difference Across a Real Battery 


In Fig. 27-6, points a and b are located at the terminals of the battery. Thus, the 
potential difference V, — V, is the terminal-to-terminal potential difference V 
across the battery. From Eq. 27-8, we see that 


V=$-mr. (27-13) 


If the internal resistance r of the battery in Fig. 27-6 were zero, Eq. 27-13 tells 
us that V would be equal to the emf © of the battery—namely, 12 V. However, 
because r = 2.0 (, Eq. 27-13 tells us that V is less than 6. From Eq. 27-11, we 
know that V is only 8.0 V. Note that the result depends on the value of the current 
through the battery. If the same battery were in a different circuit and had a 
different current through it, V would have some other value. 


Grounding a Circuit 


Figure 27-7a shows the same circuit as Fig. 27-6 except that here point a is directly 
connected to ground, as indicated by the common symbol al Grounding a cir- 
cuit usually means connecting the circuit to a conducting path to Earth’s surface 
(actually to the electrically conducting moist dirt and rock below ground). Here, 
such a connection means only that the potential is defined to be zero at the 
grounding point in the circuit. Thus in Fig. 27-7a, the potential at a is defined to 
be V, = 0. Equation 27-11 then tells us that the potential at b is V, = 8.0 V. 

Figure 27-75 is the same circuit except that point b is now directly connected 
to ground. Thus, the potential there is defined to be V, = 0. Equation 27-11 now 
tells us that the potential at ais V, = —8.0 V. 


Power, Potential, and Emf 


When a battery or some other type of emf device does work on the charge carri- 
ers to establish a current i, the device transfers energy from its source of energy 
(such as the chemical source in a battery) to the charge carriers. Because a real 
emf device has an internal resistance , it also transfers energy to internal thermal 
energy via resistive dissipation (Section 26-7). Let us relate these transfers. 
The net rate P of energy transfer from the emf device to the charge carriers is 
given by Eq. 26-26: 
P=iV, (27-14) 


where V is the potential across the terminals of the emf device. From Eq. 27-13, 
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we can substitute V = © — irinto Eq. 27-14 to find 
P= i(€ — ir) =i€ — i’r. (27-15) 
From Eq. 26-27, we recognize the term i*r in Eq. 27-15 as the rate P, of energy 
transfer to thermal energy within the emf device: 
P.=i’r (internal dissipation rate). (27-16) 


Then the term 7@ in Eq. 27-15 must be the rate P.,,; at which the emf device 
transfers energy both to the charge carriers and to internal thermal energy. Thus, 


Pomp = 16 (power of emf device). (27-17) 


If a battery is being recharged, with a “wrong way” current through it, the 
energy transfer is then from the charge carriers to the battery— both to the battery’s 
chemical energy and to the energy dissipated in the internal resistance r. The rate of 
change of the chemical energy is given by Eq. 27-17, the rate of dissipation is given 
by Eq. 27-16, and the rate at which the carriers supply energy is given by Eq. 27-14. 


Von ECKPOINT 3 A battery has an emf of 12 V and an internal resistance of 
2 (1. Is the terminal-to-terminal potential difference greater than, less than, or equal to 
12 V if the current in the battery is (a) from the negative to the positive terminal, 
(b) from the positive to the negative terminal, and (c) zero? 


Sample Problem cAn 


The emfs and resistances in the circuit of Fig. 27-8a have 
the following values: 


€,=44V, $=21V, 
r,=230, r=180, R=55Q. 


Battery | Battery 2 


(a) What is the current in the circuit? 


cei We can get an expression involving the cur- 


rent 7 in this single-loop circuit by applying the loop rule. 





(a) 


Calculations: Although knowing the direction of i is 
not necessary, we can easily determine it from the emfs 
of the two batteries. Because ©, is greater than ©), bat- 
tery 1 controls the direction of i, so the direction is 
clockwise. Let us then apply the loop rule by going 
counterclockwise —against the current—and starting 
at point a. We find 


—€, tir, + iR + ir, + €, = 0. 


Potential (V) 





Check that this equation also results if we apply the 
loop rule clockwise or start at some point other than a. 
Also, take the time to compare this equation term by (4) 
term with Fig. 27-8b, which shows the potential changes 
graphically (with the potential at point a arbitrarily 





FIG. 27-8 (a) Asingle-loop circuit containing two real batter- 


taken to be zero). ies and a resistor. The batteries oppose each other; that is, they 
Solving the above loop equation for the current i, tend to send current in opposite directions through the resis- 

we obtain tor. (b) A graph of the potentials, counterclockwise from point 
Cee A4V—-21V a, with the potential at a arbitrarily taken to be zero. (To bet- 
3 8 ter link the circuit with the graph, mentally cut the circuit ata 


R+n+h 55. 423.0 + 1.80 and then unfold the left side of the circuit toward the left 
0.2396 A ~ 240 mA. (Answer) and the right side of the circuit toward the right.) 
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(b) What is the potential difference between the termi- 
nals of battery 1 in Fig. 27-8a? 


corey We need to sum the potential differences 


between points a and b. 


Calculations: Let us start at point b (effectively the 
negative terminal of battery 1) and travel clockwise 
through battery 1 to point a (effectively the positive ter- 
minal), keeping track of potential changes. We find that 


V, — ir, + €, = V,, 
which gives us 
VY, - Y= -in + ©, 
— (0.2396 A)(2.30) + 44 V 


= +3.84V ~ 3.8 V, (Answer) 
which is less than the emf of the battery. You can verify 
this result by starting at point b in Fig. 27-8a and travers- 
ing the circuit counterclockwise to point a. 


PROBLEM-SOLVING TACTICS 


Tactic 1: Assuming the Direction of a Current Can 
Be an Arbitrary Decision In solving circuit problems, 
you do not need to know the direction of a current in ad- 
vance. Instead, you can just assume its direction, although 
that may take some physics courage. To show this, assume the 
current in Fig. 27-8a@ is counterclockwise; that is, reverse the 
direction of the current arrows shown. Applying the loop rule 
counterclockwise from point a now yields 


Op ily tie i Co — 


, | 2 
Or a a a 
R + Yr; + ly 


Substituting the numerical values of Sample Problem 27-1 
yields i = —240 mA for the current. The minus sign is a signal 
that the current is opposite the direction we initially assumed. 
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Figure 27-9 shows a circuit containing more than one loop. For simplicity, we 
assume the batteries are ideal. There are two junctions in this circuit, at b and d, 
and there are three branches connecting these junctions. The branches are the left 
branch (bad), the right branch (bcd), and the central branch (bd). What are the 
currents in the three branches? 

We arbitrarily label the currents, using a different subscript for each branch. 
Current 7, has the same value everywhere in branch bad, i, has the same value 
everywhere in branch bcd, and i; is the current through branch bd. The directions 
of the currents are assumed arbitrarily. 

Consider junction d for a moment: Charge comes into that junction via 
incoming currents 7, and 3, and it leaves via outgoing current i,. Because there is 
no variation in the charge at the junction, the total incoming current must equal 
the total outgoing current: 

i) + 15 = bp. (27-18) 
You can easily check that applying this condition to junction b leads to exactly 
the same equation. Equation 27-18 thus suggests a general principle: 


= JUNCTION RULE: The sum of the currents entering any j unction must be equal 
to the sum of the currents leaving that junction. 


This rule is often called Kirchhoff’s junction rule (or Kirchhoff’s current law). It is 
simply a statement of the conservation of charge for a steady flow of charge — 
there is neither a buildup nor a depletion of charge at a junction. Thus, our basic 
tools for solving complex circuits are the loop rule (based on the conservation of 
energy) and the junction rule (based on the conservation of charge). 

Equation 27-18 is a single equation involving three unknowns. To solve the 
circuit completely (that is, to find all three currents), we need two more equations in- 
volving those same unknowns. We obtain them by applying the loop rule twice. In 
the circuit of Fig. 27-9, we have three loops from which to choose: the left-hand loop 
(badb), the right-hand loop (bcdb), and the big loop (badcb). Which two loops we 
choose does not matter —let’s choose the left-hand loop and the right-hand loop. 





FIG. 27-9 A multiloop circuit con- 
sisting of three branches: left-hand 
branch bad, right-hand branch bcd, 
and central branch bd. The circuit also 
consists of three loops: left-hand loop 
badb, right-hand loop bcdb, and big 
loop badcb. 
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If we traverse the left-hand loop in a counterclockwise direction from point 
b, the loop rule gives us 


61 i LR, oe 1R, = (); (27-19) 


If we traverse the right-hand loop in a counterclockwise direction from point 5, 
the loop rule gives us 


—LR, = LR, a 6 = 0. (27-20) 


We now have three equations (Eqs. 27-18, 27-19, and 27-20) in the three unknown 
currents, and they can be solved by a variety of techniques. 

If we had applied the loop rule to the big loop, we would have obtained 
(moving counterclockwise from b) the equation 


6, 7 LR, aa LR, i 6 — (). 


This equation may look like fresh information, but in fact it is only the sum of 
Eggs. 27-19 and 27-20. (It would, however, yield the proper results when used with 
Eq. 27-18 and either Eq. 27-19 or Eq. 27-20.) 


Resistances in Parallel 


Figure 27-10a shows three resistances connected in parallel to an ideal battery of emf 
. The term “in parallel” means that the resistances are directly wired together on one 
side and directly wired together on the other side, and that a potential difference V is 
applied across the pair of connected sides. Thus, all three resistances have the same po- 
tential difference V across them, producing a current through each. In general, 


When a potential difference V is applied across resistances connected in parallel, 
_ the resistances all have that same potential difference V. 


In Fig. 27-10a, the applied potential difference V is maintained by the battery. In 
Fig. 27-105, the three parallel resistances have been replaced with an equivalent 
resistance Reg. 


oe Resistances connected in parallel can be replaced with an equivalent resistance R,, that — 
has the same potential difference V and the same total current i as the actual recigninices 


i ly + Is 
You might remember that R,, and all the actual parallel resistances have the . 
same potential difference V with the nonsense word “par-V.” 
To derive an expression for R,, in Fig. 27-105, we first write the current in é 1 R, ts 
each actual resistance in Fig. 27-10a as ; 
: Ve, V V (L : 
Des Sere a ae and = ee, l b oes 
R, R, R; 208 


where V is the potential difference between a and b. If we apply the junction rule 
at point a in Fig. 27-10a and then substitute these values, we find 


1 1 1 


If we replaced the parallel combination with the equivalent resistance R,, (Fig. 
27-10b), we would have 








V 
= RR (27-22) 
* FIG. 27-10 (a) Three resistors con- 

Comparing Eqs. 27-21 and 27-22 leads to nected in parallel across points a and 

b.(b) An equivalent circuit, with the 

1 1 1 1 : ; 
= — + —— + —. (27-23) three resistors replaced with their 
Ie R 1 Ry R;3 


equivalent resistance Rg,. 
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TABLE 27-1 


Series and Parallel Resistors and Capacitors 


Series Parallel 
Resistors 
_ il il _ i ] 
Rag = DR; Bq.27) R= 2p Fa-27-24 
pI eq fae] 


Same current through 
all resistors 


Same potential difference 
across all resistors 


Series Parallel 
Capacitors 
1 iI 1 !l 
— = } — £Eq.25-20 = SC, Eq.25-19 
Cog at G j=1 * 
Same charge on all Same potential difference 
capacitors across all capacitors 


Extending this result to the case of 1 resistances, we have 





q 


i 


os (27-24) 


(1 resistances in parallel). 


ity 
R; 


For the case of two resistances, the equivalent resistance is their product divided 


by their sum; that is, 


= (27-25) 


If you accidentally took the equivalent resistance to be the sum divided by the 
product, you would notice that this result would be dimensionally incorrect. 

Note that when two or more resistances are connected in parallel, the equivalent 
resistance is smaller than any of the combining resistances. Table 27-1 summarizes the 
equivalence relations for resistors and capacitors in series and in parallel. 


CHECKPOINT 4 


A battery, with potential V across it, is connected to a 


combination of two identical resistors and then has current 7 through it. What are the 
potential difference across and the current through either resistor if the resistors are 
(a) in series and (b) in parallel? 





Figure 27-1la shows a multiloop circuit containing one 
ideal battery and four resistances with the following values: 


R, = 200, R, =200, €=12V, 
R; = 300, Ry, = 8.00. 
(a) What is the current through the battery? 


ci Noting that the current through the battery 


must also be the current through R,, we see that we 
might find the current by applying the loop rule to a 
loop that includes R, because the current would be in- 
cluded in the potential difference across R). 


Incorrect method: Either the left-hand loop or the big 
loop should do. Noting that the emf arrow of the battery 
points upward, so the current the battery supplies is 
clockwise, we might apply the loop rule to the left-hand 
loop, clockwise from point a. With i being the current 
through the battery, we would get 


(incorrect). 


However, this equation is incorrect because it as- 
sumes that R,, R>, and R, all have the same current i. 
Resistances R, and R, do have the same current, be- 
cause the current passing through R, must pass through 
the battery and then through R, with no change in 
value. However, that current splits at junction point b— 
only part passes through R,, the rest through R3. 


Dead-end method: To distinguish the several currents 
in the circuit, we must label them individually as in Fig. 
27-11b. Then, circling clockwise from a, we can write the 
loop rule for the left-hand loop as 


+ = LR, a LR, — LR, st (). 


Unfortunately, this equation contains two unknowns, i, and 
15, we would need at least one more equation to find them. 


Successful method: A much easier option is to 
simplify the circuit of Fig. 27-115 by finding equivalent 
resistances. Note carefully that R, and R, are not in 
series and thus cannot be replaced with an equivalent 
resistance. However, R, and R; are in parallel, so we can 





(a) 





FIG. 27-11 (a) A multiloop circuit with an ideal battery of 
emf and four resistances. (b) Assumed currents through the 
resistances. (c) A simplification of the circuit, with resistances 
R, and R; replaced with their equivalent resistance R3. The 
current through R,; 1s equal to that through R, and R,. 


use either Eq. 27-24 or Eq. 27-25 to find their equivalent 
resistance R,3. From the latter, 


RRs _ (20.0)(30.9) 


ke = 
5 Ry + R; 500 


= 120. 

We can now redraw the circuit as in Fig. 27-11c; note 
that the current through R,3; must be i, because charge 
that moves through RA, and A, must also move through 
R,3. For this simple one-loop circuit, the loop rule (ap- 
plied clockwise from point a) yields 


+E a LR, a 1,.Ro3 me LR, — Q. 
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Substituting the given data, we find 
12 V — i,(20Q) — i112 0) — 1,(8.0 0) = 0, 
which gives us 
ne Nae 
1; = A» 0.30 A. 


(b) What is the current i, through R,? 


cei (1) We must now work backward from the 


equivalent circuit of Fig.27-11c, where R,; has replaced R, 
and R;. (2) Because R, and R; are in parallel, they both 
have the same potential difference across them as R)3. 


(Answer) 


Working backward: We know the current through R,3 
is i; = 0.30 A. Thus, we can use Eq. 26-8 (R = V/i) to 
find the potential difference V>; across R33: 
The potential difference across R, 1s thus 3.6 V, so the 
current /, in R, must be, by Eq. 26-8, 

V; 3.6 V 
= — = —— = 0.18 A. 
2p 7 200 


(c) What is the current i; through R;? 


eZ We can answer by using the same tech- 


nique as in (b), or we can use this idea: The junction rule 
tells us that at point b in Fig. 27-115, the incoming cur- 
rent i, and the outgoing currents /, and i; are related by 


(Answer) 


Ly = Ly oh 13. 
Calculation: Rearranging this junction-rule result yields 
i=l -h=030A—-018A 


= 0.12 A. (Answer) 


Sample Problem | es 


Figure 27-12 shows a circuit whose elements have the 
following values: 


6, = 3.0 V, 65 = 6.0 V, 
Re OER = nO 


The three batteries are ideal batteries. Find the magnitude 
and direction of the current in each of the three branches. 


teteo It is not worthwhile to try to simplify this 


circuit, because no two resistors are in parallel, and the 
resistors that are in series (those in the right branch or 
those in the left branch) present no problem. So, our 
plan is to apply the junction and loop rules. 


Junction rule: Using arbitrarily chosen directions for 
the currents as shown in Fig. 27-12, we apply the junc- 
tion rule at point a by writing 


FIG. 27-12 A 
multiloop cir- 
cuit with three 
ideal batteries 
and five resis- 
tances. 





L3 = Ly “ Ll». 


(27-26) 


An application of the junction rule at junction b gives 
only the same equation, so we next apply the loop rule 
to any two of the three loops of the circuit. 


Left-hand loop: We first arbitrarily choose the left- 
hand loop, arbitrarily start at point b, and arbitrarily 
traverse the loop in the clockwise direction, obtaining 
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= Ry att 6 ia LR, =m (1; a i,)R> a 65 = (), 


where we have used (i; + i,) instead of i; in the middle 
branch. Substituting the given data and simplifying yield 


i,(8.00) + i(4.09) = -3.0V. (27-27) 


Right-hand loop: For our second application of the 
loop rule, we arbitrarily choose to traverse the right- 
hand loop counterclockwise from point b, finding 


—1bR, = 6 ¥- LR, ce (1, als 1,)R = 65 =), 
Substituting the given data and simplifying yield 
(4.00) + (8.0 Q) = 0. (27-28) 


Combining equations: We now have a system of two 
equations (Eqs. 27-27 and 27-28) in two unknowns (i, 
and i,) to solve either “by hand” (which is easy enough 
here) or with a “math package.” (One solution tech- 
nique is Cramer’s rule, given in Appendix E.) We find 


i, = —0.50 A. (27-29) 


Sample Problem 27-4 | 





Electric fish are able to generate current with biological 
cells called electroplaques, which are physiological emf 
devices. The electroplaques in the type of electric fish 
known as a South American eel are arranged in 140 


Electroplaque ae . 


(a) 





(The minus sign signals that our arbitrary choice of di- 
rection for 7, in Fig. 27-12 is wrong, but we must wait to 
correct it.) Substituting 7, = —0.50 A into Eq. 27-28 and 
solving for i, then give us 


ly = 0.25 A. 
With Eq. 27-26 we then find that 


= —0.25 A. 


(Answer) 


The positive answer we obtained for i, signals that our 
choice of direction for that current is correct. However, 
the negative answers for 7, and 7, indicate that our 
choices for those currents are wrong. Thus, as a /ast step 
here, we correct the answers by reversing the arrows for 


i, and i; in Fig. 27-12 and then writing 
i;=0.50A and 1,=O0.25A. (Answer) 


Caution: Always make any such correction as the last 
step and not before calculating a// the currents. 


rows, each row stretching horizontally along the body 
and each containing 5000 electroplaques. The arrange- 
ment is suggested in Fig. 27-13a; each electroplaque has 
an emf of 0.15 V and an internal resistance r of 0.25 Q. 








(d) 


FIG. 27-13 (a) A model of the electric circuit of an eel in water. Each electroplaque of the eel has an emf © and internal resistance 
r. Along each of 140 rows extending from the head to the tail of the eel, there are 5000 electroplaques. The surrounding water has 
resistance R,,. (b) The emf @,,,, and resistance R,,y of each row. (c) The emf between points a and b is ©,.,,. Between points b and c 
are 140 parallel resistances R,.,,. (d) The simplified circuit, with R,, replacing the parallel combination. 


The water surrounding the eel completes a circuit be- 
tween the two ends of the electroplaque array, one end 
at the animal’s head and the other near its tail. ae 


(a) If the water surrounding the eel has resistance R,, = 
800 ©, how much current can the eel produce in the water? 


corey We can simplify the circuit of Fig. 27-13a by 


replacing combinations of emfs and internal resistances 
with equivalent emfs and resistances. 


Calculations: We first consider a single row. The total 
emf @,,.,, along a row of 5000 electroplaques is the sum 
of the emfs: 


E,ow = 50008 = (5000)(0.15 V) = 750 V. 


The total resistance R,,y along a row is the sum of the 
internal resistances of the 5000 electroplaques: 


Rrow = 5000r = (5000)(0.25 M) = 1250.0. 


We can now represent each of the 140 identical rows as 
having a single emf @,,, and a single resistance Roy 
(Fig. 27-135). 

In Fig. 27-135, the emf between point a and point b 
on any row Is @,,.,, = 750 V. Because the rows are identi- 
cal and because they are all connected together at the 
left in Fig. 27-135, all points b in that figure are at the 
same electric potential. Thus, we can consider them to 
be connected so that there is only a single point b. The 
emf between point a and this single point b is @,,,, = 
750 V,so we can draw the circuit as shown in Fig. 27-13c. 

Between points b and c in Fig. 27-13c are 140 resis- 
tances R,,., = 1250 Q, all in parallel. The equivalent re- 
sistance R,, of this combination is given by Eq. 27-24 as 
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| 
— = } — =140—., 
~ R; Keo 
: R.., 12500 
or ~ = —__. 
_ 140 140 


eq j=1 


= 8.93 0. 





Replacing the parallel combination with R,,, we obtain 
the simplified circuit of Fig. 27-13d. Applying the loop rule 
to this circuit counterclockwise from point b, we have 


Onaga Ekg a tea Oe 
Solving for 7 and substituting the known data, we find 


Ew -750.V 
Ry + Req 8009 + 8.93.0 


0.927 A = 0.93 A. 


(Answer) 


If the head or tail of the eel is near a fish, some of this 
current could pass along a narrow path through the fish, 
stunning or killing it. 


(b) How much current /,,,, travels through each row of 
Fig. 27-13a? 


cre Because the rows are identical, the current 


into and out of the eel is evenly divided among them. 


Calculation: Thus, we write 


i 0.927 A 
TW TAQ «4440 


Thus, the current through each row is small, about two 
orders of magnitude smaller than the current through 
the water. This tends to spread the current through the 
eel’s body, so that the eel need not stun or kill itself 
when it stuns or kills a fish. 





= 66x 10°A. (Answer) 


PROBLEM-SOLVING TACTICS 


Tactic 2: Solving Circuits of Batteries and Resistors 
Here are two general techniques for solving circuits for 
unknown currents or potential differences. 


1. If you can simplify a circuit by replacing resistors in series 
or in parallel with their equivalents, do so. If you can reduce 
the circuit to a single loop, then you can find the current 
through the battery with that loop, as in Sample Problem 
27-2a. You may then have to work backward, undoing the 
resistor simplification process, to find the current or poten- 
tial difference for any particular resistor, as in Sample 
Problem 27-2b. 


2. If a circuit cannot be simplified to a single loop, use the junc- 
tion rule and the loop rule to write a set of simultaneous 
equations, as in Sample Problem 27-3. You need have only as 
many independent equations as there are unknowns in those 
equations. If you have to find the current or potential differ- 
ence for a particular resistor, you can ensure that its current 
or potential difference appears in the equations by having at 
least one of the loops pass through it. 


Tactic 3: Arbitrary Choices in Solving Circuit 
Problems In Sample Problem 27-3, we made several arbi- 
trary choices before we wrote even a single equation. (1) We 
assumed directions for the currents in Fig. 27-12 arbitrarily. (2) 
We chose which of the three possible loops to write equations 
for arbitrarily. (3) We chose the direction in which to traverse 
each loop arbitrarily. (4) We chose the starting and ending 
point for each traversal arbitrarily. 

Such arbitrariness often worries a beginning circuit solver, 
but an experienced circuit solver knows that it does not matter. 
Just keep two rules firmly in mind. First, make sure you traverse 
each chosen loop completely. Second, once you have chosen a 
direction for a current, stick with that direction until you get nu- 
merical values for all the currents. If you were wrong about a di- 
rection, the algebra will signal you with a minus sign. Then you 
can make a correction by simply erasing the minus sign and re- 
versing the arrow representing that current in the circuit dia- 
gram. However, you should not make this correction until you 
have completed all the required calculations for the circuit, as we 
did in the very last step of Sample Problem 27-3. 
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FIG. 27-14 A single-loop circuit, 
showing how to connect an ammeter 
(A) and a voltmeter (V). 





FIG. 27-15 When switch S is closed 
on a, the capacitor is charged through 
the resistor. When the switch is after- 
ward closed on b, the capacitor dis- 
charges through the resistor. 


27-8 The Ammeter and the Voltmeter 


An instrument used to measure currents is called an ammeter. To measure the 
current in a wire, you usually have to break or cut the wire and insert the amme- 
ter so that the current to be measured passes through the meter. (In Fig. 27-14, 
ammeter A is set up to measure current i.) 

It is essential that the resistance Ra of the ammeter be very much smaller 
than other resistances in the circuit. Otherwise, the very presence of the meter 
will change the current to be measured. 

A meter used to measure potential differences is called a voltmeter. To find 
the potential difference between any two points in the circuit, the voltmeter ter- 
minals are connected between those points without breaking or cutting the wire. 
(In Fig. 27-14, voltmeter V is set up to measure the voltage across R,.) 

It is essential that the resistance Ry of a voltmeter be very much larger than 
the resistance of any circuit element across which the voltmeter is connected. 
Otherwise, the meter itself becomes an important circuit element and alters the 
potential difference that is to be measured. 

Often a single meter is packaged so that, by means of a switch, it can be made 
to serve as either an ammeter or a voltmeter—and usually also as an ohmmeter, 
designed to measure the resistance of any element connected between its termi- 
nals. Such a versatile unit is called a multimeter. 


27-9 RC Circuits 


In preceding sections we dealt only with circuits in which the currents did not 
vary with time. Here we begin a discussion of time-varying currents. 


Charging a Capacitor 


The capacitor of capacitance C in Fig. 27-15 is initially uncharged. To charge it, we 
close switch S on point a. This completes an RC series circuit consisting of the 
capacitor, an ideal battery of emf ©, and a resistance R. 

From Section 25-2, we already know that as soon as the circuit is complete, 
charge begins to flow (current exists) between a capacitor plate and a battery 
terminal on each side of the capacitor. This current increases the charge q on the 
plates and the potential difference V- (= q/C) across the capacitor. When that 
potential difference equals the potential difference across the battery (which 
here is equal to the emf @), the current is zero. From Eq. 25-1 (¢q = CV), the equi- 
librium (final) charge on the then fully charged capacitor is equal to C@. 

Here we want to examine the charging process. In particular we want to 
know how the charge q(t) on the capacitor plates, the potential difference V(t) 
across the capacitor, and the current i(f) in the circuit vary with time during the 
charging process. We begin by applying the loop rule to the circuit, traversing it 
clockwise from the negative terminal of the battery. We find 

g Nastm ang be 
iR = 0). (27-30) 
C 
The last term on the left side represents the potential difference across the capac- 
itor. The term is negative because the capacitor’s top plate, which is connected to 
the battery’s positive terminal, is at a higher potential than the lower plate. Thus, 
there is a drop in potential as we move down through the capacitor. 

We cannot immediately solve Eq. 27-30 because it contains two variables, 

i and q. However, those variables are not independent but are related by 


ae 


Zp |. 
dt ( ) 


} = 


Substituting this for iin Eq. 27-30 and rearranging, we find 


R 4. + ra =e (charging equation). (27-32) 
This differential equation describes the time variation of the charge qg on the 
capacitor in Fig. 27-15. To solve it, we need to find the function q(t) that satisfies 
this equation and also satisfies the condition that the capacitor be initially 
uncharged; that is,q = Oatt = 0. 
We shall soon show that the solution to Eq. 27-32 is 


g= C€(A—e RC) (charging a capacitor). (27-33) 


(Here e is the exponential base, 2.718... , and not the elementary charge.) Note 
that Eq. 27-33 does indeed satisfy our required initial condition, because at t = 0 
the term e~"*© is unity; so the equation gives g = 0. Note also that as f goes to 
infinity (that is, a long time later), the term e~“*© goes to zero; so the equation 
gives the proper value for the full (equilibrium) charge on the capacitor— 
namely, q = C&.A plot of q(t) for the charging process is given in Fig. 27-16a. 

The derivative of q(t) is the current i(t) charging the capacitor: 


d 6 
i= - -- (= e-une (charging a capacitor). (27-34) 


A plot of i(t) for the charging process is given in Fig. 27-16b. Note that the current 
has the initial value @/R and that it decreases to zero as the capacitor becomes 
fully charged. 


waits capacitor the hat isb oBe ing charged i initially < y acts slike: ordinary C0 





"to the charging current. A long t time later, it acts like a broken wire, 53 ab 


, uaa ed ——— ee oe et 


By combining Eq. 25-1 (¢ = CV) and Eq. 27-33, we find that the potential 
difference V(t) across the capacitor during the charging process is 


a a = Gl = en *°) (charging a capacitor). (27-35) 


This tells us that V- = 0 at t= 0 and that V- = © when the capacitor becomes 
fully charged as t— ©, 


The Time Constant 


The product RC that appears in Eqs. 27-33, 27-34, and 27-35 has the dimensions 
of time (both because the argument of an exponential must be dimensionless and 
because, in fact, 1.0  X 1.0 F = 1.0s). The product RC is called the capacitive 
time constant of the circuit and is represented with the symbol 7: 


T= RC (time constant). (27-36) 


From Eq. 27-33, we can now see that at time t = 7(= RC), the charge on the ini- 
tially uncharged capacitor of Fig. 27-15 has increased from zero to 


q = Cé(1 — e ') = 0.63C€. (27-37) 


In words, during the first time constant 7 the charge has increased from zero to 
63% of its final value C%. In Fig. 27-16, the small triangles along the time axes 
mark successive intervals of one time constant during the charging of the capaci- 
tor. The charging times for RC circuits are often stated in terms of 7; the greater 7 
is, the greater is the charging time. 
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FIG. 27-16 (a) A plot of Eq. 27-33, 
which shows the buildup of charge 
on the capacitor of Fig. 27-15.(b) A 
plot of Eq. 27-34, which shows the de- 
cline of the charging current in 

the circuit of Fig. 27-15.The curves 
are plotted for R = 2000 0,,C = 1 
pF, and @ = 10 V; the small triangles 
represent successive intervals of one 
time constant T. 
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Discharging a Capacitor 


Assume now that the capacitor of Fig. 27-15 is fully charged to a potential V, 
equal to the emf € of the battery. At a new time t = 0, switch S is thrown from a to 
b so that the capacitor can discharge through resistance R. How do the charge 
q(t) on the capacitor and the current i(t) through the discharge loop of Capacitor 
and resistance now vary with time? 

The differential equation describing q(t) is like Fq. 27-32 except that now, 


with no battery in the discharge loop, € = 0. Thus, 
<= = = (discharging equation). (27-38) 


The solution to this differential equation is 
G = qoe URC (discharging a capacitor), (27-39) 


where q (= CV,) is the initial charge on the capacitor. You can verify by substitu- 
tion that Eq. 27-39 is indeed a solution of Fq. 27-38. 

Equation 27-39 tells us that q decreases exponentially with time, at a rate that 
is set by the capacitive time constant 7= RC. At time t= 7, the Capacitor’s 
charge has been reduced to qoe_', or about 37% of the initial value. Note that a 
greater 7 means a greater discharge time. 

Differentiating Eq. 27-39 gives us the current i(t): 


d 
l= = =-— (eon (discharging a capacitor). (27-40) 


This tells us that the current also decreases exponentially with time, at a rate set 
by 7. The initial current iy is equal to qo/RC. Note that you can find ig by simply 
applying the loop rule to the circuit at ¢ = Q; just then the capacitor’s initial poten- 
tial V, is connected across the resistance R, so the current must be ip = Vo>/R = 
(Go/C)/R = qy/RC. The minus sign in Eq. 27-40 can be ignored; it merely means 
that the capacitor’s charge g is decreasing. 


Derivation of Eq. 27-33 


To solve Eq. 27-32, we first rewrite it as 


dq q © 
a 27-41 
dt RC R ( ) 
The general solution to this differential equation is of the form 
G—G, 7 Kee (27-42) 


where gq, is a particular solution of the differential equation, K is a constant to 
be evaluated from the initial conditions, and a = 1/RC is the coefficient of g in 
Eq. 27-41. To find Jp, We set dq/dt = 0 in Eq. 27-41 (corresponding to the final 
condition of no further charging), let g = dp; and solve, obtaining 


Gn — C6, (27-43) 
To evaluate K, we first substitute this into Eq. 27-42 to get 
q=C€é+ Ke. 
Then substituting the initial conditions q = Oand t = Oyields 
0O=C€+K, 


or K = —C@. Finally, with the values of dp, 4, and K inserted, Eq. 27-42 becomes 
Gq = Ce = C ee tke. 
which, with a slight modification, is Eq. 27-33. 
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Yeu ECKPOINT 5 The table gives four sets of values 


for the circuit elements in Fig. 27-15. Rank the sets according ee a ee 
to (a) the initial current (as the switch is closed on a) and (b) €(V) 12 12 10 10 
the time required for the current to decrease to half its initial R(O) 7 a 10 5 
value, greatest first. 

Ce) 5 t uh 2 


Sample Problem ze 


As acar rolls along pavement, electrons move from the 
pavement first onto the tires and then onto the car body. 
The car stores this excess charge and the associated 
electric potential energy as if the car body were one 
plate of a capacitor and the pavement were the other 
plate (Fig. 27-17a). When the car stops, it discharges its ex- 
cess charge and energy through the tires, just as a capaci- 
tor can discharge through a resistor. If a conducting object 
comes within a few centimeters of the car before the car is 
discharged, the remaining energy can be suddenly trans- 
ferred to a spark between the car and the object. Suppose 
the conducting object is a fuel dispenser. The spark will 
not ignite the fuel and cause a fire if the spark energy is 
less than the critical value U;,. = 50 mJ. 

When the car of Fig. 27-17a stops at time t = 0, the 
car—ground potential difference is V) =30kV. The 





Tire 
resistance 





capacitance 


(a) 










100 GQ 


Vsire ya ee Series 


0.94 9.4 
f(s) 
(d) 


FIG. 27-17 (a) Acharged car and the pavement acts like a ca- 
pacitor that can discharge through the tires. (b) The effective 
circuit of the car—pavement capacitor, with four tire resistances 
Rtire connected in parallel. (c) The equivalent resistance R of 
the tires. (d) The electric potential energy U in the car—pave- 
ment capacitor decreases during discharge. 


car—ground capacitance is C = 500 pF, and the resis- 
tance of each tire is R,,. = 100 GQ. How much time 
does the car take to discharge through the tires to drop 
below the critical value U;,.? ie 


Cou (1) At any time f, a capacitor’s stored elec- 


tric potential energy U is related to its stored charge q 
according to Eq. 25-21 (U = q7/2C). (2) While a capaci- 
tor is discharging, the charge decreases with time ac- 
cording to Eq. 27-39 (q = qoe"**). 


Calculations: We can treat the tires as resistors that 
are connected to one another at their tops via the car body 
and at their bottoms via the pavement. Figure 27-17b 
shows how the four resistors are connected in parallel 
across the car’s capacitance, and Fig. 27-17c shows their 
equivalent resistance R. From Eq. 27-24, R is given by 

1 1 1 1 i 


—= + — + -- —— 
R inte ire Riire are 
R 


pa Rive 100 x 10° 
T a a i ar! 
: 4 mn 








= 25 x 10°Q. (27-44) 


When the car stops, it discharges its excess charge and 
energy through A. 

We now use our two Key Ideas to analyze the dis- 
charge. Substituting Eq. 27-39 into Eq. 25-21 gives 


ee q° _ (qe >) 
Ze 20 
2 
— 40 =U, D7AAS 
Te i) 


From Eq. 25-1 (¢q = CV), we can relate the initial 
charge q, on the car to the given initial potential differ- 





ence Vp: gy = CV>. Substituting this equation into Eq. 
27-45 brings us to 
(CY)? _ CVn: 
Dh cp RG ee RG 
aC pe 8 
or g-WRC — ou (27-46) 
CV56 


Taking the natural logarithms of both sides, we obtain 


a ( =| 
== =: hp — |, 
RC CVs 
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pe RE (22) ay 


2 CV5 
Substituting the given data, we find that the time the car 
takes to discharge to the energy level U;,. = 50 mJ is 


— (25 x 10?0)(500 x 107" F) 
- 2 
( 2(50 x 10~3J) 
X In ee 
(500 x 107!2 F)\(30 x 103 V) 
= 94s. (Answer) 


REVIEW & SUMMARY 


Emf An emf device does work on charges to maintain a 
potential difference between its output terminals. If dW is the 
work the device does to force positive charge dq from the neg- 
ative to the positive terminal, then the emf (work per unit 
charge) of the device is 


i dw 
dq 


The volt is the SI unit of emf as well as of potential difference. 
An ideal emf device is one that lacks any internal resistance. 
The potential difference between its terminals is equal to the 
emf. A real emf device has internal resistance. The potential 
difference between its terminals is equal to the emf only if 
there is no current through the device. 


(definition of $). (27-1) 


Analyzing Circuits The change in potential in traversing 
a resistance R in the direction of the current is —iR; in the 
opposite direction it is +iR (resistance rule). The change in 
potential in traversing an ideal emf device in the direction of 
the emf arrow is +@; in the opposite direction it is —é (emf 
rule). Conservation of energy leads to the loop rule: 


Loop Rule. The algebraic sum of the changes in potential 
encountered in a complete traversal of any loop of a circuit 
must be zero. 


Conservation of charge gives us the junction rule: 


Junction Rule. The sum of the currents entering any junction 
must be equal to the sum of the currents leaving that junction. 


Single-Loop Circuits The current in a single-loop circuit 

containing a single resistance R and an emf device with emf @ 

and internal resistance r is 

_ 
Rt+r’ 





l (27-4) 


which reduces to i = @/R for an ideal emf device with r = 0. 


Power When areal battery of emf and internal resistance 
r does work on the charge carriers in a current i through the 
battery, the rate P of energy transfer to the charge carriers is 


P= iv, (27-14) 


Fire or no fire: This car requires at least 9.4 s before fuel 
or a fuel dispenser can be brought safely near it. During a 
race, a pit crew cannot wait that long. Instead, tires for 
race cars include some type of conducting material (such 
as carbon black) to lower the tire resistance and thus in- 
crease the car’s discharge rate. Figure 27-17d shows the 
stored energy U versus time t for tire resistances of R = 
100 GQ (the value we used in our calculations here) and 
R=10GQ. Note how much more rapidly a car dis- 
charges to level U;,- with the lower R value. 





where V is the potential across the terminals of the battery. 
The rate P, at which energy is dissipated as thermal energy in 
the battery is 


P, = i?r. (27-16) 


The rate Pome at which the chemical energy in the battery 
changes is 


Pemt = 16. (27-17) 
Series Resistances When resistances are in series, they 
have the same current. The equivalent resistance that can 
replace a series combination of resistances is 

n 

Tea » R; (n resistances in series). (27-7) 

j=l 
Parallel Resistances When resistances are in parallel, 
they have the same potential difference. The equivalent resis- 


tance that can replace a parallel combination of resistances is 
given by 





(27-24) 


(n resistances in parallel). 


RC Circuits When an emf © is applied to a resistance R 
and capacitance C in series, as in Fig. 27-15 with the switch at 
a, the charge on the capacitor increases according to 


q = CE(1 — e#®°) (charging a capacitor), (27-33) 


in which C% = qo is the equilibrium (final) charge and RC = + 
is the capacitive time constant of the circuit. During the charg- 
ing, the current is 


d 
;- 44. 


t 
Wt = (+. Jee (charging acapacitor). (27-34) 


R 
When a capacitor discharges through a resistance R, the 
charge on the capacitor decays according to 


—uRC (27-39) 


qd = Qe (discharging a capacitor). 


During the discharging, the current is 


d 
i= a =—- (20. }e-ane (discharging acapacitor). (27-40) 


QUESTIONS 





1 For each circuit in Fig. 27-18, are the resistors connected in 
series, in parallel, or neither? 


—,| + 


(a) (d) (c) 
FIG. 27-18 Question 1. 


2 In Fig. 27-19, a circuit con- 
sists of a battery and two uni- 
form resistors, and the section 
lying along an x axis is divided 
into five segments of equal 
lengths. (a) Assume that R, = 
R, and rank the segments ac- 
cording to the magnitude of the average electric field in them, 
greatest first. (b) Now assume that R, > R, and then again 
rank the segments. (c) What is the direction of the electric 
field along the x axis? 


3 (a) In Fig. 27-20a, with R; > R>, is the potential difference 
across R, more than, less than, or equal to that across R,? 
(b) Is the current through resistor R, more than, less than, 
or equal to that through resistor R,? 























FIG. 27-19 Question 2. 





FIG. 27-20 Questions 3 and 4. 


4 (a) In Fig. 27-20a, are resistors R,; and R; in series? (b) Are 
resistors R, and R, in parallel? (c) Rank the equivalent resis- 
tances of the four circuits shown in Fig. 27-20, greatest first. 


5 You are to connect resistors R, and R,, with R, > Ro, to 
a battery, first individually, then in series, and then in parallel. 
Rank those arrangements according to the amount of current 
through the battery, greatest first. 


6 Cap-monster maze. In Fig. 27-21, all the capacitors have 
a capacitance of 6.0 uF, and all the batteries have an emf of 
10 V. What is the charge on capacitor C? (If you can find the 
proper loop through this maze, you can answer the question 
with a few seconds of mental calculation.) 








oss, 
wi 
x 
2 


7 Initially, a single resistor R, is wired to a battery. Then 
resistor R, is added in parallel. Are (a) the potential difference 
across R, and (b) the current i, through R; now more than, 
less than, or the same as previously? (c) Is the equivalent 
resistance R,, of R; and R, more than, less than, or equal to 
R,? (d) Is the total current through R, and R, together more 
than, less than, or equal to the current through R, previously? 


FIG. 27-21 Question 6. 


8 Res-monster maze. In Fig. 27-22, all the resistors have a 
resistance of 4.0 Q and all the (ideal) batteries have an emf of 
4.0 V. What is the current through resistor R? (If you can 
find the proper loop through this maze, you can answer the 
question with a few seconds of mental calculation.) 


ea as 
Pe ped 


FIG. 27-22 Question 8. 


9 A resistor R, is wired to a battery, then resistor R, is added 
in series. Are (a) the potential difference across R, and (b) the 
current /, through R; now more than, less than, or the same as 
previously? (c) Is the equivalent 
resistance R,, of R, and R, more 
than, less than, or equal to R,? 


10 After the switch in Fig, 27- 

15 is closed on point a, there is d 

current i through resistance R. 

Figure 27-23 gives that current for N 

four sets of values of R and capaci- h 

tance C: (1) Ry and Cp, (2) 2R, and 

Cy, (3) Ro and 2C,, (4) 2Ry and 2C>. t 
Which set goes with which curve? FIG. 27-23 Question 10. 


d 
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11 Figure 27-24 shows three sections of circuit that are to 
be connected in turn to the same battery via a switch as in 
Fig. 27-15. The resistors are all identical, as are the capacitors. 
Rank the sections according to (a) the final (equilibrium) 
charge on the capacitor and (b) the time required for the 
capacitor to reach 50% of its final charge, greatest first. 





FIG. 27-24 Question 11. 


PROBLEMS 


& Tutoring problem available (at instructor's discretion) in WileyPLUS and WebAssign 


SSM Worked-out solution available in Student Solutions Manual 
e — eee Number of dots indicates level of problem difficulty 


WWW> Worked-out solution is at 





a http://www. wiley.com/college/halliday 
Interactive solution is at 


a8 Additional information available in The Flying Circus of Physics and at flyingcircusofphysics.com 
Gara 


ck here to view all 


sec. 27-6 Potential Difference Between Two Points 
e1 A wire of resistance 5.0 is connected to a battery 
whose emf @ is 2.0 V and whose internal resistance is 1.0 0. 
In 2.0 min, how much energy is (a) transferred from chemical 
form in the battery, (b) dissipated as thermal energy in the 
wire, and (c) dissipated as thermal energy in the battery? 


e2 Acertain car battery with a 12.0 V emf has an initial charge 
of 120 A-h. Assuming that the potential across the terminals 
stays constant until the battery is completely discharged, for how 
many hours can it deliver energy at the rate of 100 W? 


e3 A 5.0A current is set up in a circuit for 6.0 min by a 
rechargeable battery with a 6.0 V emf. By how much is the 
chemical energy of the battery reduced? 


e4 A standard flashlight battery can deliver about 2.0 W-h 
of energy before it runs down. (a) If a battery costs US$0.80, 
what is the cost of operating a 100 W lamp for 8.0h using 
batteries? (b) What is the cost if energy is provided at the rate 
of US$0.06 per kilowatt-hour? 


e5 Acar battery with a 12 V emf and an internal resistance 
of 0.040 © is being charged with a current of 50 A. What are 
(a) the potential difference V across the terminals, (b) the rate 
P, of energy dissipation inside the battery, and (c) the rate Pans 
of energy conversion to chemical form? When the battery is 
used to supply 50 A to the starter motor, what are (d) V and 
(e)P.? ww 


°e6 In Fig. 27-25, the ideal bat- R 
teries have emfs 6, = 150 V and 
>, = 50 V and the resistances are 
R, = 3.00 and R, = 2.0 ©. If the 
potential at P is defined to be 100 
V, what is the potential at QO? 


°7 In Fig. 27-26, the ideal bat- "!G-27-25 Problem 6. 
teries have emfs ©, = 12 V and @, = 
6.0 V and the resistors have resis- 
tances R, = 4.0 © and R, = 8.0 QD. 
What are (a) the current, the dissi- 
pation rate in (b) resistor 1 and (c) 
resistor 2, and the energy transfer 
rate in (d) battery 1 and (e) battery 
2? Is energy being supplied or 
absorbed by (f) battery 1 and (g) 
battery 2? ssm www 





FIG. 27-26 
Problem 7. 





step-by-step solutions 


°8 Figure 27-27 shows a circuit of four resistors that are 
connected to a larger circuit. The graph below the circuit 
shows the electric potential V(x) as a function of position x 
along the lower branch of the circuit, through resistor 4; the 
potential V, is 12.0 V. The graph above the circuit shows the 
electric potential V(x) versus position x along the upper 
branch of the circuit, through resistors 1,2, and 3; the potential 
differences are AV, = 2.00 V and AV¢- = 5.00 V. Resistor 3 has 
a resistance of 200 (1. What is the resistance of (a) resistor 1 
and (b) resistor 2? @% 








V(V) 


| 
| 
| 
| 
| 
| 
| 
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FIG. 27-27. Problem 8. 


°9 A total resistance of 3.00 (2) is to be produced by connect- 
ing an unknown resistance to a 12.0 © resistance. (a) What 
must be the value of the unknown resistance, and (b) should it 
be connected in series or in parallel? 


°10 (a) In electron-volts, how much work does an ideal bat- 
tery with a 12.0 V emf do on an electron that passes through 
the battery from the positive to the negative terminal? (b) If 
3.40 X 10'® electrons pass through each second, what is the 
power of the battery in watts? 


ee11 Side flash. Figure 27-28 indicates one reason no one 
should stand under a tree during a lightning storm. If lightning 
comes down the side of the tree, a portion can jump over to the 
person, especially if the current on the tree reaches a dry re- 
gion on the bark and thereafter must travel through air to 


reach the ground. In the figure, 
part of the lightning jumps 
through distance d in air and 
then travels through the person 
(who has negligible resistance 
relative to that of air). The rest 
of the current travels through 
air alongside the tree, for a dis- 
tance h. If d/h = 0.400 and the 
total current is J = 5000 A, what 
is the current through the per- 


son? aie 


e012 (a) In Fig. 27-29, what 
value must RK have if the current in 
the circuit is to be 1.0 mA? Take 
6, = 2.0 V, €, = 3.0 V, and r, = 
ry = 3.0 (. (b) What is the rate 
at which thermal energy appears 
in R? 


ee13 In Fig. 27-30, circuit sec- 
tion AB absorbs energy at a rate 
of SO W when current; = 10A 
through it is in the indicated di- 
rection. Resistance R = 2.0 Q. 
(a) What is the _ potential 
difference between A and B” 
Emf device X lacks internal 
resistance. (b) What is its emf? 
(c) Is point B connected to the 
positive terminal of X or to the 
negative terminal? ssm 


ee14 Figure 27-31 shows a 
battery connected across a uni- 
form resistor Ro. A sliding con- 
tact can move across the resis- 
tor from x = 0 at the left tox = 
10cm at the right. Moving =O 

the contact changes how much FIG. 27-31 Problem 14. 
resistance is to the left of the 

contact and how much 1s to the right. Find the rate at which 
energy 1s dissipated in resistor R as a function of x. Plot the 
function for € = 50 V, R = 2000 2, and Ry, = 100 ©. 


ee15 A 10-km-long  under- 
ground cable extends east to 
west and consists of two parallel 
wires, each of which has resis- 
tance 13 Q/km. An electrical 
short develops at distance x 
from the west end when a con- 
ducting path of resistance R con- 
nects the wires (Fig. 27-32). The resistance of the wires and the 
short is then 100 Q when measured from the east end and 200 
when measured from the west end. What are (a) x and (b) R? 


°ee16 ‘The ideal battery in Fig. 27-33a has emf € = 6.0 V. Plot 1 
in Fig. 27-335 gives the electric potential difference V that can ap- 
pear across resistor 1 of the circuit versus the current / in that re- 
sistor. The scale of the V axis is set by V, = 18.0 V, and the scale of 
the / axis 1s set by 7, = 3.00 mA. Plots 2 and 3 are similar plots for 
resistors 2 and 3, respectively. What is the current in resistor 2? 


current 


Hightning st ee 
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FIG. 27-28 Problem 11. 
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FIG. 27-322 Problem 15. 


V(V) 





i (mA) 
(a) (b) 
FIG. 27-33 Problem 16. 


e017 = In Fig. 27-34, R, = 6.00 Q, 
R, = 18.0 QO, and the ideal battery 
has emf % = 12.0 V. What are the 
(a) size and (b) direction (left or 
right) of current 1,? (c) How 
much energy is dissipated by all 
four resistors in 1.00 min? 





ee18 Figure 27-35 shows a re- 
sistor of resistance R = 6.00 
connected to an ideal battery of 
emf 6 = 12.0V by means of two copper 
wires. Each wire has length 20.0 cm and ra- 
dius 1.00 mm. In dealing with such circuits in 
this chapter, we generally neglect the poten- 

tial differences along the wires and the trans- © 
fer of energy to thermal energy in them. 
Check the validity of this neglect for the cir- 
cuit of Fig. 27-35: What is the potential differ- 
ence across (a) the resistor and (b) each of 
the two sections of wire? At what rate is en- 
ergy lost to thermal energy in (c) the resistor 
and (d) each section of wire? 


FIG. 27-34 Problem 17. 


— Wire § 


FIG, 27-35 
Problem 18. 


hS 


ee19 The current in a single-loop circuit with one resistance 
Ris 5.0 A. When an additional resistance of 2.0 Q is inserted in 
series with R, the current drops to 4.0 A.Whatis R?  ILw 


ee20 In Fig. 27-36a, both batteries have emf 6 = 1.20 V and 
the external resistance R is a variable resistor. Figure 27-36b 
gives the electric potentials V between the terminals of each 
battery as functions of R: Curve | corresponds to battery 1, 
and curve 2 corresponds to battery 2. The horizontal scale is 
set by R, = 0.20 Q. What is the internal resistance of (a) bat- 
tery 1 and (b) battery 2? 


0.5 


V(V) 





(a) 


FIG. 27-36 Problem 20. 
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eee21 In Fig. 27-37, battery 1 has emf 
€, = 12.0 V and internal resistance r,; = 
0.016 Q and battery 2 has emf €, = 12.0 
V and internal resistance r, = 0.012 . 
The batteries are connected in series with 
an external resistance R. (a) What R 
value makes the terminal-to-terminal po- 
tential difference of one of the batteries 
zero? (b) Which battery is that? ssm 


FIG. 27-37 
Problem 21. 


eee22 A solar cell generates a potential difference of 0.10 V 
when a 500 11 resistor is connected across it, and a potential dif- 
ference of 0.15 V when a 1000 21 resistor is substituted. What are 
the (a) internal resistance and (b) emf of the solar cell? (c) The 
area of the cell is 5.0 cm’, and the rate per unit area at which it 
receives energy from light is 2.0 mW/cm?. What is the efficiency 
of the cell for converting light energy to thermal energy in the 
1000 QO external resistor? 


sec. 27-7 Multiloop Circuits 
°23 In Mig. 27-38, R,; = R, = 
4.00 0 and R; = 2.50 ©. Find the 
equivalent resistance between 
points D and E. (Hint: Imagine 
that a battery is connected across those points.) 


FIG. 27-38 Problem 23. 


e24 When resistors 1 and 2 are connected in series, the 
equivalent resistance is 16.0 0. When they are connected in 
parallel, the equivalent resistance is 3.0 0. What are (a) the 
smaller resistance and (b) the larger resistance of these two 
resistors? 


e25 Four 18.0 ( resistors are connected in parallel across a 
25.0 V ideal battery. What is the current through the battery? 


e26 Figure 27-39 shows five 
5.00 © resistors. Find the equiva- 
lent resistance between points 
(a) F and H and (b) F and G. 
(Hint: For each pair of points, 
imagine that a battery is con- 
nected across the pair.) 


e27 In Fig. 27-40, R, = 100 Q, 
R, = 50 Q, and the ideal batteries 
have emfs @, = 6.0 V, €, = 5.0 V, 
and ©; = 4.0 V. Find (a) the cur- 
rent in resistor 1, (b) the current in 
resistor 2, and (c) the potential dif- 
ference between points a and b. 


°28 In Fig. 27-9, what is the po- 
tential difference Vgeo Ve 
between points d and c if €, = 
40V, G@=10V, R,=R,= 
10 Q, and R;=5.0 Q, and the 
battery 1s ideal? 


FIG. 27-39 Problem 26. 


FIG. 27-40 Problem 27. 


e29 Nine copper wires of length / and diameter d are 
connected in parallel to form a single composite conductor of 
resistance R. What must be the diameter D of a single copper 
wire of length /if it is to have the same resistance? ssm 


e°30 The resistances in Figs. 27-41a and b are all 6.0 0, and 
the batteries are ideal 12 V batteries. (a) When switch S in 
Fig. 27-41a is closed, what is the change in the electric poten- 
tial V, across resistor 1, or does V; remain the same? (b) When 














switch S in Fig. 27-415 is closed, what is the change in V, across 
resistor 1, or does V, remain the same? 





FIG. 27-41 Problem 30. 


ee31 In Fig. 27-42, the current in resistance 6 is i, = 1.40 A 
and the resistances are R, = R, = R3 = 2.00 O, R, = 16.0 2, 
Rs; = 8.00 0, and Rg = 4.00 0. What is the emf of the ideal 


battery? @& 





FIG. 27-42 Problem 31. 


ee32 In Fig. 27-43, the ideal 
batteries have emfs @, = 10.0 
V and @, = 0.500€,, and the re- 
sistances are each 4.00 . What 
is the current in (a) resistance 2 
and (b) resistance 3? 


ee33 In Fig. 27-44, the ideal 
batteries have emfs €, = 5.0 V 
and €,=12V, the resistances 
are each 2.0 (, and the potential 
is defined to be zero at the 
grounded point of the circuit. 
What are potentials (a) V, and 
(b) V, at the indicated points? 
SSM 


ee34 Figure 27-45 shows a 
section of a circuit. The resis- 1, V, 
tances are R,; = 2.000,R,=4.0 — 
QM, and R;=6.0 QO, and the 
indicated current is i= 6.0 A. 
The electric potential differ- Ro 
ence between points A and B 
that connect the section to the 
rest of the circuit is V, — Vz = 
78 V. (a) Is the device repre- 
sented by “Box” absorbing or 
providing energy to the circuit, 
and (b) at what rate? 


ee35 In Fig. 27-46, R, = 2.00 
Q,, Ry = 5.00 0, and the battery 
is ideal. What value of R; maxi- 
mizes the dissipation rate in 
resistance 3? 


ee36 Both batteries in Fig. 
27-47a are ideal. Emf ©, of 
battery 1 has a fixed value, but 
emf @, of battery 2 can be varied 





FIG. 27-43 Problems 32, 
43, and 98. 





FIG. 27-44 Problem 33. 





FIG. 27-46 Problems 
35,99, 106, and 107. 


between 1.0 V and 10 V. The plots in Fig. 27-47b give the 
currents through the two batteries as a function of €,. The 
vertical scale is set by i, = 0.20 A. You must decide which 
plot corresponds to which battery, but for both plots, a nega- 
tive current occurs when the direction of the current 
through the battery is opposite the direction of that bat- 
tery’s emf. What are (a) emf @,, (b) resistance R,, and (c) re- 
sistance R,? 


Current (A) 





(a) ) 
FIG. 27-47 Problem 36. 


ee37 In Fig. 27-48, the resis- 
tances are R, = 1.0 2 and R, = 
2.0 QO, and the ideal batteries have 
emfs €,=2.0V and ©, = @3= 
4.0 V. What are the (a) size and 
(b) direction (up or down) of the 
current in battery 1, the (c) size 
and (d) direction of the current in 
battery 2, and the (e) size and (f) 
direction of the current in battery 
3? (g) What is the potential dif- 
ference V, — V,?  ILw 


e°38 In Fig. 27-49, €, = 6.00 V, 
6, = 12.0V, R, = 100 Q, R, = 
200 Q, and R;= 300 Q. One 
point of the circuit is grounded 
(V =0). What are the (a) size 
and (b) direction (up or down) 
of the current through resistance 
1, the (c) size and (d) direction 
(left or right) of the current A 


through resistance 2, and the (e) Ry Ry 
size and (f) direction of the cur- 

rent through resistance 3? (g) ( I 
What is the electric potential at [+ 

pointA? & = hé R Ry 





ee39 =In Fig. 27-50, € = 12.0 V, D 
R, = 2000 9, R, = 3000 ©, and 
R; = 4000 2. What are the poten- 
tial differences (a) V4 — Vz, (b) 
Ve — Vc, (c) Ve- Vp, and (d) 
Va Ver 

°e40 In Fig. 27-51, R; = 100 2, 
R, = R; = 50.0 O, Ry = 75.0 Q, 
and the ideal battery has emf € = 
6.00 V. (a) What is the equivalent 
resistance? What is 7 in (b) resis- 
tance 1, (c) resistance 2, (d) resis- 
tance 3, and (e) resistance 4? 


ee41 In Fig. 27-52, two batteries of emf € = 12.0 V and in- 


FIG. 27-51 
Problems 40 and 48. 








FIG. 27-49 Problem 38. 





ternal resistance r = 0.300 2) are connected 
in parallel across a resistance R. (a) For 
what value of R is the dissipation rate in the 
resistor a maximum? (b) What is that maxi- 
mum? 


ee42 Two identical batteries of emf € = 
12.0 V and internal resistance r = 0.200 2 are 
to be connected to an external resistance R, 
either in parallel (Fig. 27-52) or in series 
(Fig. 27-53). If R = 2.00r, what is the current i 





in the external resistance in the (a) parallel FIG. 27-52 
and (b) series arrangements? (c) For which — Problems 41 
arrangement is i greater? If R = r/2.00, what and 42. 


is 1 in the external resistance in the (d) paral- 
lel and (e) series arrangements? 
(f) For which arrangement is i 
greater now? 


°e43 In Fig. 27-43, ©, = 3.00 
V, €.=1.00V, R, =4.00 Q, 
R, = 2.00 0, R; = 5.00 Q, and 
both batteries are ideal. What 
is the rate at which energy js dis- 
sipated in (a) R,, (b) Ro, and (c) R;? What is the power of (d) 
battery 1 and (e) battery 2? 





FIG. 27-53 Problem 42. 


ee44 In Fig. 27-54a, resistor 3 is a variable resistor and the 
ideal battery has emf @ = 12 V. Figure 27-545 gives the current i 
through the battery as a function of R3. The horizontal scale 
is set by R3, = 20 0. The curve has an asymptote of 2.0 mA as 
R;—>«,What are (a) resistance R, and (b) resistance R,? 


6 


7 (mA) 
— 


Rs (Q) 
(a) (Dd) 
FIG. 27-54 Problem 44. 


ee45 You are given a number of 10 2. resistors, each capa- 
ble of dissipating only 1.0 W without being destroyed. What 
is the minimum number of such resistors that you need to 
combine in series or in parallel to make a 10 () resistance 
that is capable of dissipating at least 5.0 W? 


ee46 = In Fig. 27-55, an array of n oe 
parallel resistors is connected in 

series to a resistor and an ideal R R 
battery. All the resistors have the R 

same resistance. If an identical re- ies 


sistor were added in parallel to the 
parallel array, the current through 


the battery would change by pig 9755 BropiemnaG 
1.25%. What is the value of n? 


eee47 A copper wire of radius a = 0.250 mm has an alu- 
minum jacket of outer radius b = 0.380 mm. There is a current 
i = 2.00 A in the composite wire. Using Table 26-1, calculate 
the current in (a) the copper and (b) the aluminum. (c) If a 
potential difference V = 12.0 V between the ends maintains 
the current, what is the length of the composite wire? ssm 


n resistors 
in parallel 
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eee48 In Fig. 27-51, R; = 7.00 2, Ry = 12.0 0, R; = 4.00 Q, 
and the ideal battery’s emf is 6 = 24.0 V. For what value of Ry 
will the rate at which the battery transfers energy to the 
resistors equal (a) 60.0 W, (b) the maximum possible rate P),,,, 
and (c) the minimum possible rate P,,;,? What are (d) Pmax 
and (e) fea 


sec. 27-8 The Ammeter and the Voltmeter 

ee49 In Fig. 27-14, assume that @ = 3.0 V,r = 100 Q, R; = 
250 Q, and R, = 300 Q. If the voltmeter resistance Ry is 
5.0 kO, what percent error does it introduce into the mea- 
surement of the potential difference across R,? Ignore the 
presence of the ammeter. 


ee50 A simple ohmmeter is 
made by connecting a 1.50 V [ 
flashlight battery in series with ra ~ 

a resistance R and an ammeter 
that reads from 0 to 1.00 mA, as 
shown in Fig. 27-56. Resistance 
R is adjusted so that when the 
clip leads are shorted together, 
the meter deflects to its full-scale value of 1.00 mA. What ex- 
ternal resistance across the leads results in a deflection of (a) 
10.0%, (b) 50.0%, and (c) 90.0% of full scale? (d) If the am- 
meter has a resistance of 20.0 0 and the internal resistance of 
the battery is negligible, what is the 
value of R? 


ee51 = (a) In Fig. 27-57, what does 
the ammeter read if €=5.0 V 
(ideal battery), R,; =2.0 0, Ro = 
4.0 0, and R; = 6.0 2? (b) The am- 
meter and battery are now inter- 
changed. Show that the ammeter 
reading is unchanged. Iw 


FIG. 27-56 Problem SO. 


FIG. 27-57 
Problem S51. 


ee52 When the lights of a car are 
switched on, an ammeter in series Li 
ights 
with them reads 10.0 A and a volt- | 
meter connected across them reads 
12.0 V (Fig. 27-58). When the elec- 7.” 
tric starting motor is turned on, the 
ammeter reading drops to 8.00A 
and the lights dim somewhat. If the 
internal resistance of the battery 1s 
0.0500 Q and that of the ammeter is 
negligible, what are (a) the emf of the 
battery and (b) the current through 


N,— Startin 
S g 


motor 





the starting motor when the lights 

are on? 

ee53. In Fig. 27-59, a voltmeter of FIG. 27-58 
Problem 52. 


resistance Ry = 300 () and an am- 
meter of resistance R, = 3.00 0 
are being used to measure a resis- 
tance R in a circuit that also con- 
tains a resistance Ry = 100 and 
an ideal battery of emf 6 = 12.0 
V. Resistance R is given by R = 
Vii, where V is the potential 
across R and 1 is the ammeter 
reading. The voltmeter reading is 


V’, which is V plus the potential FIG. 27-59 Problem 53. 











difference across the ammeter. Thus, the ratio of the two meter 
readings is not R but only an apparent resistance R'’ = V'/i. If R = 
85.0 Q, what are (a) the ammeter reading, (b) the voltmeter read- 
ing, and (c) R’? (d) If Ra is decreased, does the difference be- 
tween R’ and R increase, decrease, or remain the same? 


ee54 = In Fig. 27-60, R, = 2.00R, 
the ammeter resistance is zero, 
and the battery is ideal. What 
multiple of @/R gives the cur- 
rent in the ammeter? 


ee55 = In Fig. 27-61, R, is to be 
adjusted in value by moving 
the sliding contact across it un- 
til points a and Db are brought 
to the same potential. (One 
tests for this condition by mo- 
mentarily connecting a sensitive 
ammeter between a and b; if 
these points are at the same po- 
tential, the ammeter will not de- 
flect.) Show that when this ad- 
justment is made, the following 
relation holds: R, = R,R,/R,. 
An unknown resistance (R,) 
can be measured in terms of a 
standard (R,) using this device, 
which is called a Wheatstone 
bridge. 





FIG. 27-60 Problem 54. 





FIG. 27-61 


°ee56 = In Fig. 27-62, a voltmeter Problems 55 and 111. 


of resistance Ry = 300 2 and an 
ammeter of resistance Ry = 3.00 
() are being used to measure a 
resistance R in a circuit that also 
contains a resistance Ry = 100 
and an ideal battery of emf @ = 
12.0 V. Resistance R is given by 
R=Vit, where V is the volt- 
meter reading and / is the cur- 
rent in resistance R. However, 
the ammeter reading is not 7 but 
rather 7’, which is 7 plus the cur- 
rent through the voltmeter. Thus, the ratio of the two meter 
readings is not R but only an apparent resistance R’ = V/i'. If 
R = 85.0 Q, what are (a) the ammeter reading, (b) the voltmeter 
reading, and (c) R’? (d) If Ry is increased, does the difference 
between A’ and R increase, decrease, or remain the same? 


sec. 27-9 RC Circuits 
e57 What multiple of the time constant 7 gives the time 


taken by an initially uncharged capacitor in an RC series 
circuit to be charged to 99.0% of its final charge? ssm 





FIG. 27-62 
Problem 56. 


e538 A capacitor with initial charge gp is discharged through 
a resistor. What multiple of the time constant 7 gives the time 
the capacitor takes to lose (a) the first one-third of its charge 
and (b) two-thirds of its charge? 


°59 A 15.0 k© resistor and a capacitor are connected in se- 
ries, and then a 12.0 V potential difference 1s suddenly applied 
across them. The potential difference across the capacitor 
rises to 5.00 V in 1.30 pus. (a) Calculate the time constant of the 
circuit. (b) Find the capacitance of the capacitor. !LW 


60 In an RC series circuit, 6 = 12.0 V, R = 1.40 MQ, and 
C = 1.80 uF. (a) Calculate the time constant. (b) Find the 
maximum charge that will appear on the capacitor during 
charging. (c) How long does it take for the charge to build up 
to 16.0 uC? 


°61 Switch S in Fig. 27-63 is closed r é 

at time ¢ = 0, to begin charging an ini-  _L+ { Ts? tii 
tially uncharged capacitor of capaci- r : | 
tance C = 15.0 wF through a resistor 

of resistance R = 20.0 2. At what time FIG. 27-63 


is the potential across the capacitor Problems 61 and 76. 
equal to that across the resistor? 


ee62 A capacitor with an initial potential difference of 
100 V is discharged through a resistor when a switch between 
them is closed at t= 0. At t = 10.0, the potential difference 
across the capacitor is 1.00 V. (a) What is the time constant of 
the circuit? (b) What is the potential difference across the 
capacitor att = 17.0s? 


e°63 The potential difference between the plates of a leaky 
(meaning that charge leaks from one plate to the other) 2.0 
uF capacitor drops to one-fourth its initial value in 2.0 s. What 
is the equivalent resistance between the capacitor plates? 


ee64 A 1.0 wF capacitor with an initial stored energy 
of 0.50 J is discharged through a 1.0 MO. resistor. (a) 
What is the initial charge on the capacitor? (b) What is the 
current through the resistor when the discharge starts? Find 
an expression that gives, as a function of time ¢, (c) the poten- 
tial difference V;- across the capacitor, (d) the potential differ- 
ence Vp across the resistor, and (e) the rate at which thermal 
energy is produced in the resistor. 


ee65 In the circuit of Fig. 27-64, €@=12kV, C=65 uF, 
R, = R, = R; = 0.73 MQ. With C completely uncharged, 
switch S is suddenly closed (at ¢t = 0). At tf = 0, what are (a) 
current i, in resistor 1, (b) cur- 
rent i, in resistor 2, and (c) cur- 
rent i, in resistor 3? At t= © 
(that is, after many time con- 
stants), what are (d) i, (e€) b, 
and (f) i;? What is the potential 
difference V, across resistor 2 
at (g) t=0 and (h) t= ©? (i) 
Sketch V, versus t between 
these two extreme times. ssSmM www 


ee66 Figure 27-65 shows the 
circuit of a flashing lamp, like 
those attached to barrels at 
highway construction sites. The 
fluorescent lamp L (of negligi- 
ble capacitance) is connected 
in parallel across the capacitor 
C of an RC circuit. There is a 
current through the lamp only 
when the potential difference across it reaches the breakdown 
voltage V,; then the capacitor discharges completely through 
the lamp and the lamp flashes briefly. For a lamp with break- 
down voltage V;, = 72.0 V, wired to a 95.0 V ideal battery and 
a 0.150 wF capacitor, what resistance R is needed for two 
flashes per second? 


°¢67 In Fig. 27-66, R, = 10.0kQ, R, = 15.0k9, C = 0.400 pF, 





FIG. 27-64 Problem 65. 


FIG. 27-65 Problem 66. 





and the ideal battery has emf 6 = 
20.0 V. First, the switch is closed a 
long time so that the steady state is 
reached. Then the switch is opened 
at time ¢ = 0. What is the current in 
resistor 2 att = 4.00 ms? € 


eee68 Figure 27-67 displays 
two circuits with a_ charged 
capacitor that is to be discharged 
through a resistor when a switch 1 
is closed. In Fig. 27-67a, R; = “14 
20.0 © and C, = 5.00 uF. In Fig. 
27-67b, R,= 10.0 and C,= 
8.00 wF. The ratio of the initial 
charges on the two capacitors is 
Go2/Go, = 1.50. At time t = 0, both 
switches are closed. At what time ¢ do the two capacitors have 
the same charge? 





FIG. 27-66 
Problems 67 and 97. 





(a) (dD) 
FIG. 27-67 Problem 68. 


eee69 =A 3.00 MO resistor and a 1.00 wF capacitor are con- 
nected in series with an ideal battery of emf = 4.00 V. At 1.00 
s after the connection is made, what is the rate at which (a) the 
charge of the capacitor is increasing, (b) energy is being stored 
in the capacitor, (c) thermal energy is appearing in the resistor, 
and (d) energy is being delivered by the battery? 


Additional Problems 

70 What are the (a) size and (b) direction (up or down) of 
current i in Fig. 27-68, where all resistances are 4.0 and all 
batteries are ideal and have an emf of 10 V? (Hint: This can be 
answered using only mental calculation.) 


mr EP 
ait me 


FIG. 27-68 Problem 70. 


71 Suppose that, while you are sitting in a chair, charge sep- 
aration between your clothing and the chair puts you at a po- 
tential of 200 V, with the capacitance between you and the 
chair at 150 pF. When you stand up, the increased separation 
between your body and the chair decreases the capacitance to 
10 pF. (a) What then is the potential of your body? That po- 
tential is reduced over time, as the charge on you drains 
through your body and shoes (you are a capacitor discharging 
through a resistance). Assume that the resistance along that 
route is 300 GQ. If you touch an electrical component while 
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your potential is greater than 100 V, you could ruin the com- 
ponent. (b) How long must you wait until your potential 
reaches the safe level of 100 V? 

If you wear a conducting wrist strap that is connected to 
ground, your potential does not increase as much when you 
stand up; you also discharge more rapidly because the resis- 
tance through the grounding connection is much less than 
through your body and shoes. (c) Suppose that when you 
stand up, your potential is 1400 V and the chair-to-you capaci- 
tance is 10 pF. What resistance in that wrist-strap grounding 
connection will allow you to discharge to 100 V in 0.30s, 
which ts less time than you would need to reach for, say, your 


computer? sme 


72 An automobile gasoline 
gauge is shown schematically in 
Fig. 27-69. The indicator (on the 
dashboard) has a resistance of 
10 0. The tank unit is a float con- oe 
nected to a variable resistor 
whose resistance varies linearly 
with the volume of gasoline. The 
resistance is 140 Q when the 
tank is empty and 20 Q when 
the tank is full. Find the current 
in the circuit when the tank is (a) empty, (b) half-full, and (c) 
full. Treat the battery as ideal. 


R. 
| 


indicator = Indicator 










Connected 
ic through 
chassis 


Rian 3 


pee 





FIG. 27-69 Problem 72. 


73 <A controller on an electronic arcade game consists of 
a variable resistor connected across the plates of a 0.220 wF 
capacitor. The capacitor is charged to 5.00 V, then discharged 
through the resistor. The time for the potential difference 
across the plates to decrease to 0.800 V is measured by a clock 
inside the game. If the range of discharge times that can 
be handled effectively is from 10.0 us to 6.00 ms, what should 
be the (a) lower value and (b) higher value of the resistance 
range of the resistor? SS™ 


74 (a) In Fig. 27-4a, show that the rate at which energy is 
dissipated in R as thermal energy is a maximum when R = r. 
(b) Show that this maximum power is P = €7/4r. 


75 Wires A and B, having equal lengths of 40.0 m and 
equal diameters of 2.60 mm, are connected in series. A po- 
tential difference of 60.0 V is applied between the ends of 
the composite wire. The resistances are Ry = 0.127 © and 
Rz = 0.729 Q. For wire A, what are (a) magnitude J of the 
current density and (b) potential difference V? (c) Of what 
type material is wire A made (see Table 26-1)? For wire B, 
what are (d) J and (e) V? (f) Of what type material is B 
made? 55M 


76 Figure 27-63 shows an ideal battery of emf @ = 12 V, 
a resistor of resistance R = 4.0 Q, and an uncharged capacitor 
of capacitance C = 4.0 wF. After switch S is closed, what 1s the 
current through the resistor when the charge on the capacitor 
is 8.0 wC? 

77 The starting motor of a car is turning too slowly, and 
the mechanic has to decide whether to replace the motor, 
the cable, or the battery. The car’s manual says that the 12 V 
battery should have no more than 0.020 Q internal resis- 
tance, the motor no more than 0.200 © resistance, and the 
cable no more than 0.040 ( resistance. The mechanic turns 
on the motor and measures 11.4 V across the battery, 3.0 V 


across the cable, and a current 


of 50 A. Which part is defec- 
tive? 35M 


78 Figure 27-70 shows a por- 
tion of a circuit through which 
there is a current / = 6.00A. 
The resistances are R, = R> = 

2.00R3; = 2.00R,4 = 4.00 2. What {7 
is the current i, through 
resistor 1? 


79 In Fig. 27-71, R, = 20.0 QO, 
R, = 10.0 2, and the ideal bat- 
tery has emf 6 = 120 V. What is 
the current at point a if we close 
(a) only switch S,, (b) only 
switches S, and S,, and (c) all 
three switches? 


80 In Fig. 27-72, the ideal 
batteries have emfs @, = 20.0 
V, €,=10.0V, €; = 5.00 V, 
and 6, = 5.00 V, and the resis- 
tances are each 2.00 (2. What 
are the (a) size and (b) direc- 
tion (left or right) of current i; 
and the (c) size and (d) direc- 
tion of current i,? (This can be 
answered with only mental cal- 
culation.) (e) At what rate is 
energy being transferred in 
battery 4, and (f) is the energy 
being supplied or absorbed by 
the battery? 


81 In Fig. 27-73, R=10 &. 
What is the equivalent resis- 
tance between points A and B? 
(Hint: This circuit section might 
look simpler if you first assume 


a 


FIG. 27-70 Problem 78. 





FIG. 27-71 Problem 79. 





FIG. 27-72 Problem 80. 


that points A and B are aes : 
connected to a battery.) 
82 In Fig. 27-74, the ideal bat- 4op R 


tery has emf 6 = 30.0 V, and the 
resistances are R, = R, = 14 Q, 
R,= Ry = R5=6.0 ©, Re = 2.0 


rents (a) iy, (b) ig, (c) i;, (d) &, and A 


QM, and R; = 1.5 (1). What are cur- 


(e) is? FIG. 27-73 Problem 81. 





FIG. 27-74 Problem 82. 


83 In Fig. 27-75, the ideal batteries have emfs @, = 12.0 V 
and @, = 4.00 V, and the resistances are each 4.00 2. What 


are the (a) size and (b) direc- 
tion (up or down) of i, and the 
(c) size and (d) direction of i,? 
(ec) Does battery 1 supply or ab- 
sorb energy, and (f) what is its 
energy transfer rate? (g) Does 
battery 2 supply or absorb en- 
ergy, and (h) what is its energy 
transfer rate? 


84 In Fig. 27-76, the ideal batter- 
ies have emfs @, = 20.0 V, 
6, = 10.0 V, and €,=5.00 V, and the resistances are each 
2.00 ©. What are the (a) size and (b) direction (left or right) 
of current i,? (c) Does battery 1 supply or absorb energy, and (d) 
what is its power? (ec) Does battery 2 supply or absorb energy, 
and (f) what is its power? (g) Does battery 3 supply or absorb 
energy, and (h) what isits power? € 


FIG. 27-75 Problem 83. 


= hé, 





FIG. 27-76 Problem 8&4. 


85 A temperature-stable resistor is made by connecting a 
resistor made of silicon in series with one made of iron. If the 
required total resistance is 1000 in a wide temperature range 
around 20°C, what should be the resistance of the (a) silicon 
resistor and (b) iron resistor? (See Table 26-1.) S5™ 


86 In Fig. 27-77, an ideal battery of emf € = 12.0 V 1s 
connected to a network of resistances R, = 6.00 0, Ry = 12.0 Q, 
R; = 4.00 Q, R, = 3.00 O, and R; 
= 5.00 0. What is the potential 
difference across resistance 5? 


87 Thermal energy is to be 
generated in a 0.10 () resistor at 
the rate of 10 W by connecting 
the resistor to a battery whose 
emf is 1.5 V. (a) What potential 
difference must exist across the 
resistor? (b) What must be the 
internal resistance of the bat- 
tery? 


88 Figure 27-78 shows three 
20.00 resistors. Find the 
equivalent resistance between 4 
points (a) A and B, (b) A and C, 
and (c) B and C. (Hint: Imagine 
that a battery is connected between a given pair of points.) 


FIG. 27-77. Problem 8&6. 


FIG. 27-78 Problem 88. 


89 The circuit of Fig. 27-79 shows a capacitor, two ideal 








batteries, two resistors, and a switch 
S. Initially S has been open for a 
long time. If it is then closed for a 
long time, what is the change in the sean 
charge on the capacitor? Assume C 
= 10 nk @, = 1.0 V, 6, = 3.0 V, R, 
= 0.20 0, and R, = 0.40 0. 

90 In Fig. 27-8a, calculate the po- 


tential difference between a and c by considering a path that 
contains R,r,,and @,. 





FIG. 27-79 Problem 89. 


91 In Fig. 27-5Sa, find the potential difference across R, if 
€ =12 VR, = 3.0 ), R» = 4.0 Q), and R; = 5.00. 


92 In Fig. 27-14, assume that @ = 5.0 V, r=2.0 0, R, = 
5.0 QO, and R, = 4.0 ©. If the ammeter resistance R, is 0.10 Q, 
what percent error does it introduce into the measurement of 
the current? Assume that the voltmeter is not present. 


93 A120 V power line is protected by a 15 A fuse. What is the 
maximum number of 500 W lamps that can be simultaneously 
operated in parallel on this line without “blowing” the fuse be- 
cause of an excess of current? 


94 In Fig. 27-80, R, = 5.00 0, R, = 10.0 ©, R3 = 15.0 Q, 
C, = 5.00 uF, C, = 10.0 pF, and 
the ideal battery has emf 
6 = 20.0 V. Assuming that the 
circuit is in the steady state, what 
is the total energy stored in the 
two capacitors? 





95 An initially uncharged ca- 
pacitor C is fully charged by a 
device of constant emf @ con- 
nected in series with a resistor R. (a) Show that the final en- 
ergy stored in the capacitor is half the energy supplied by the 
emf device. (b) By direct integration of i?R over the charging 
time, show that the thermal energy dissipated by the resistor is 
also half the energy supplied by the emf device. °5™ 


FIG. 27-80 Problem 94. 


96 Tworesistors R; and R, may be connected either in series 
or in parallel across an ideal battery with emf @. We desire the 
rate of energy dissipation of the parallel combination to be 
five times that of the series combination. If R, = 100 2, what 
are the (a) smaller and (b) larger of the two values of R, that 
result in that dissipation rate? 


97 In Fig. 27-66, the ideal battery has emf 6 = 30 V, the re- 
sistances are R; = 20 kQ and R, = 10 kQ), and the capacitor is 
uncharged. When the switch is closed at time ¢t = 0, what is the 
current in (a) resistance 1 and (b) resistance 2? (c) A long time 
later, what is the current in resistance 2? 5S5™ 


98 In Fig. 27-43, R, = 10.0 0, Ry = 20.0 Q, and the ideal 
batteries have emfs 6, = 20.0 V and 6, = 50.0 V. What value of 
R; results in no current through battery 1? 


99 In Fig. 27-46, R; = R, = 10.0 O, and 

the ideal battery has emf @ = 12.0 V. (a) 

What value of R, maximizes the rate at t—1}--4 
which the battery supplies energy and 

(b) what is that maximum rate? SS 


100 Each of the six real batteries in ke 
Fig. 27-81 has an emf of 20 V and a resis- FIG. 27-81 
tance of 4.0 2. (a) What is the current Problem 100. 
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through the (external) resistance R = 4.0 1? (b) What is the 
potential difference across each battery? (c) What is the 
power of each battery? (d) At what rate does each battery 
transfer energy to internal thermal energy? 


101 A group of N identical batteries of emf @ and internal 
resistance r may be connected all in series (Fig. 27-82a) or all 
in parallel (Fig. 27-82b) and then across a resistor R. Show that 
both arrangements give the same current in Rif R=r. 95™ 


N batteries in series 





(a) 


N batteries in parallel 





FIG. 27-82 Problem 101. 


102 The following table gives the electric potential differ- 
ence V; across the terminals of a battery as a function of cur- 
rent i being drawn from the battery. (a) Write an equation that 
represents the relationship between V; and /. Enter the data 
into your graphing calculator and perform a linear regression 
fit of V; versus i. From the parameters of the fit, find (b) the 
battery’s emf and (c) its internal resistance. 


i(A): 50.0 75.0 100 125 150 175 200 
V,(V): 10.7 9.00 7.70 6.00 4.80 3.00 1.70 


103 In Fig. 27-83, @; = 6.00 V, 
€, = 12.0 V, R, = 200 O, and R; = 
100 Q. What are the (a) size and 
(b) direction (up or down) of the 
current through resistance 1, the 
(c) size and (d) direction of the FG. 27-83 Problem 103. 
current through resistance 2, and 

the (e) size and (f) direction of the current through battery 2? 





104 A three-way 120 V lamp bulb that contains two fila- 
ments is rated for 100-200-300 W. One filament burns out. 
Afterward, the bulb operates at the same intensity (dissipates 
energy at the same rate) on its lowest as on its highest switch 
positions but does not operate at all on the middle position. 
(a) How are the two filaments wired to the three switch 
positions? What are the (b) smaller and (c) larger values of 
the filament resistances? 


105 In Fig. 27-84, R, = Ry = 2.0 0, R; = 4.0 O, Ry = 3.0 0, 
Rs = 1.00, and R, = R7 = Rg = 8.0 O, and the ideal batteries 


have emfs 6, = 16 V and ©, = 8.0 V. What are the (a) size and 
(b) direction (up or down) of current i; and the (c) size and 
(d) direction of current i,? What is the energy transfer rate in 
(e) battery 1 and (f) battery 2? Is energy being supplied or 
absorbed in (g) battery 1 and (h) battery 2? 





FIG. 27-84 Problem 105. 


106 In Fig. 27-46, € = 6.00 V, R; = 100 Q, R, = 300 2, and 
R;, = 600 (. What are (a) the equivalent resistance of the 
three resistors, (b) the electric potential across resistance 1, 
and (c) the current through resistance 3? 


107 In Fig. 27-46, the ideal battery has emf € = 12.0 V and 
the resistances are each 4.00 (. What are (a) the current in 
resistance 3 and (b) the rate at which energy is supplied? 


108 A capacitor with capacitance Cy, after having been con- 
nected to a battery with emf €, for a long time, 1s discharged 
through a 200 000 OQ resistor at time t = 0. The potential differ- 
ence across the capacitor is then measured as a function of 
time for a brief time interval; the results are recorded below. 
(a) Write an equation that describes the potential difference 
across the capacitor as a function of time. Enter the data into 
your calculator and have the calculator perform a linear 
regression fit of In Vc versus t. From the parameters of the fit, 
determine (b) the emf G of the battery and (c) the time 
constant 7 for the circuit. (d) Finally, determine the value of 
capacitance C. 


Valv) 99 ed ae) 4.4 yA 27 2.0 


t (s): 0.20 040 060 O80 10 12 £14 


109 Power is supplied by a device of emf @ to a transmission 
line with resistance R. Find the ratio of the power dissipated in 
the line for € = 110 000 V to that dissipated for 6 = 110 V, 
assuming the power supplied is the same for the two cases. 


110 A battery of emf @ = 2.00 V and internal resistance r = 
0.500 Q is driving a motor. The motor is lifting a 2.00 N mass at 
constant speed v = 0.500 m/s. Two combinations of current / in 
the battery—motor circuit and potential difference V across 
the motor terminals allow this. Of the two possible pairs of 
answers, what are the (a) larger i and (b) corresponding V and 
the (c) smaller i and (d) corresponding V? 


111 (a) If points a and 5 in Fig. 27-61 are connected by a 
wire of resistance r, show that the current in the wire is 
E(R, — R,) 
~ (R + 2n\(R, + R,) + 2R,R,’ 
where @ is the emf of the ideal battery and R = R, = k. 


Assume that Ry equals zero. (b) Is this formula consistent with 
the result of Problem 55? 


l 


Magnetic Fields 





If you are outside on a dark night in the middle to high latitudes, 


you might be able to see an aurora, a ghostly “curtain” of light that 
hangs down from the sky. The curtain is not only local; it may be 
200 km high and 4000 km long, stretching around Earth in an arc. 


However, it is only about 100 m thick. 


The answers are in this chapter. 


735 


Tom Walker/Getty Images, Inc. 
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FIG. 28-1 Using an electromagnet 
to collect and transport scrap metal 
at a steel mill. (Digital Vision/Getty 
Images) 





28-1 WHAT IS PHYSICS? 


As we have discussed, one major goal of physics is the study of how an electric 
field can produce an electric force on a charged object. A closely related goal is 
the study of how a magnetic field can produce a magnetic force on a (moving) 
charged particle or on a magnetic object such as a magnet. You may already have 
a hint of what a magnetic field is if you have ever attached a note to a refrigerator 
door with a small magnet or accidentally erased a credit card by moving it near 
a magnet. The magnet acts on the door or credit card via its magnetic field. 

The applications of magnetic fields and magnetic forces are countless and 
changing rapidly every year. Here are just a few examples. For decades, the 
entertainment industry depended on the magnetic recording of music and images 
on audiotape and videotape. Although digital technology has largely replaced 
magnetic recording, the industry still depends on the magnets that control CD 
and DVD players and computer hard drives; magnets also drive the speaker 
cones in headphones, TVs, computers, and telephones. A modern car comes 
equipped with dozens of magnets because they are required in the motors for 
engine ignition, automatic window control, sunroof control, and windshield wiper 
control. Most security alarm systems, doorbells, and automatic door latches 
employ magnets. In short, you are surrounded by magnets. 

The science of magnetic fields is physics; the application of magnetic fields is 
engineering. Both the science and the application begin with the question “What 
produces a magnetic field?” 
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Because an electric field E is produced by an electric charge, we might reason- 
ably expect that a magnetic field B is produced by a magnetic charge. Although 
individual magnetic charges (called magnetic monopoles) are predicted by cer- 
tain theories, their existence has not been confirmed. How then are magnetic 
fields produced? There are two ways. 

One way is to use moving electrically charged particles, such as a current in 
a wire, to make an electromagnet. The current produces a magnetic field that can 
be used, for example, to control a computer hard drive or to sort scrap metal 
(Fig. 28-1). In Chapter 29, we discuss the magnetic field due to a current. 

The other way to produce a magnetic field is by means of elementary parti- 
cles such as electrons because these particles have an intrinsic magnetic field 
around them. That is, the magnetic field is a basic characteristic of each particle 
just as mass and electric charge (or lack of charge) are basic characteristics. As we 
discuss in Chapter 32, the magnetic fields of the electrons in certain materials add 
together to give a net magnetic field around the material. Such addition is the 
reason why a permanent magnet, the type used to hang refrigerator notes, has a 
permanent magnetic field. In other materials, the magnetic fields of the electrons 
cancel out, giving no net magnetic field surrounding the material. Such cancella- 
tion is the reason you do not have a permanent field around your body, which is 
good because otherwise you might be slammed up against a refrigerator door 
every time you passed one. 

Our first job in this chapter is to define the magnetic field B. We do so by 
using the experimental fact that when a charged particle moves through a mag- 
netic field, a magnetic force F, acts on the particle. 
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We determined the electric field E at a point by putting a test particle of charge 
q at rest at that point and measuring the electric force F;, acting on the particle. 


We then defined E as 


ox. de 
E=—. (28-1) 


nO 


If a magnetic monopole were available, we could define B ina similar way. Because 
such particles have not been found, we must define B in another way, in terms of the 
magnetic force F exerted ona moving electrically charged test particle. 

In principle, we do this by firing a charged particle through the point at which 
B is to be defined, using various directions and speeds for the particle and deter- 
mining the force F z that acts on the particle at that point. After many such trials we 
would find that when the particle’s velocity Vv’ is along a particular axis through the 
point, force F; is zero. For all other directions of Vv’, the magnitude of Fis always 
proportional to v sin ¢, where ¢ is the angle b beiween the zero-force axis and the di- 
rection of ¥. Furthermore, the direction of F, 2 IS always perpendicular to the direc- 
tion of v’. (These results suggest that a cross product is involved. ) 

We can then define a magnetic field B to be a vector quantity that is directed 
along the zero-force axis. We can next measure the magnitude of Fy when v is 
directed perpendicular to that axis and then define the magnitude of B in terms 
of that force magnitude: 

Fp 


 Iglv’ 





where q is the charge of the particle. 
We can summarize all these results with the following vector equation: 


F; = qv x B; (28-2) 


that is, the force F’, on the particle is equal to the charge q times the cross product 
of its velocity V and the field B (all measured in the same reference frame). 
Using Eq. 3-27 for the cross product, we can write the magnitude of F Bas 


F; = l|qivB sin @, (28-3) 


where dis the angle between the directions of velocity v and magnetic field B. 


Finding the Magnetic Force on a Particle 


Equation 28-3 tells us that the magnitude of the force F z acting on a particle in 
a magnetic field is proportional to the charge q and speed v of the particle. Thus, 
the force is equal to zero if the charge is zero or if the particle is stationary. 
Equation 28-3 also tells us that the magnitude of the force is zero if v and B are 
either parallel (fd = 0°) or antiparallel (¢@ = 180°), and the force is at its maxi- 
mum when V and B are perpendicular to each other. 

Equation 28-2 tells us all this plus the direction of F z- From Section 3-8, 
we know that the cross product vx Bin Eq. 28-2 is a vector that is perpendicu- 
lar to the two vectors V and B. The right-hand rule (Fig. 28-2a) tells us that 
the thumb of the right hand points in the direction of Vv Xx B when the fingers 
sweep Vv "Into B. It q is positive, then (by Eq. 28-2) the force F; p has the same sign 
as V x B and thus must be in the same direction; that is, for positive q, F zp IS di- 
rected along the thumb (Fig. 28-25). If q is negative, then the force F, and cross 
product V x B have opposite signs and thus must be in opposite directions. For 
negative q, F z 1S directed opposite the thumb (Fig. 28-2c). 

Regardless of the sign of the ceteris however, 





Thus, F, z Never has a component parallel to v’. This means that F nz cannot change 


28-3 | The Definition of B 





FIG. 28-2 (a) The right-hand rule 
(in which ¥ is swept into B through 
the smaller angle ¢ between them) 
gives the direction of ¥ x B as the 
direction of the thumb. (b) If q is 
positive, then the direction of 
F,= ¥ x Bis in the direction of 
v X B.(c) If g is negative, then the 
direction of F’, is opposite that of 
vx B. 
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FIG. 28-3. The tracks of two elec- 
trons (e~ ) and a positron (e*) ina 
bubble chamber that is immersed 
in a uniform magnetic field that is 
directed out of the plane of the 
page. (Lawrence Berkeley 
Laboratory/Photo Researchers) 


(qd) 





(0) 


FIG. 28-4 (a) The magnetic field 
lines for a bar magnet. (b) A “cow 
magnet” —a bar magnet that 1s in- 
tended to be slipped down into the 
rumen of a cow to prevent acciden- 
tally ingested bits of scrap iron from 
reaching the cow’s intestines. 

The iron filings at its ends reveal the 
magnetic field lines. (Courtesy Dr. 
Richard Cannon, Southeast Missouri 
State University, Cape Girardeau) 








TABLE 28-1 


Some Approximate Magnetic Fields 


At surface of neutron star 10° T 
Near big electromagnet oul, 
Near small bar magnet 10° T 
At Earth’s surface LO 
In interstellar space LOne ey 
Smallest value in magnetically 

shielded room LO an 


the particle’s speed v (and thus it cannot change the particle’s kinetic energy). 
The force can change only the direction of v (and thus the direction of travel); 
only in this sense can F’z accelerate the particle. 

To develop a feeling for Eq. 28-2, consider Fig. 28-3, which shows some tracks left 
by charged particles moving rapidly through a bubble chamber. The chamber, which is 
filled with liquid hydrogen, is immersed in a strong uniform magnetic field that is di- 
rected out of the plane of the figure. An incoming gamma ray particle— which leaves 
no track because it is uncharged— transforms into an electron (spiral track marked e~) 
and a positron (track marked e”) while it knocks an electron out of a hydrogen atom 
(long track marked e~ ). Check with Eq. 28-2 and Fig. 28-2 that the three tracks made by 
these two negative particles and one positive particle curve in the proper directions. 

The SI unit for B that follows from Eqs. 28-2 and 28-3 is the newton per 
coulomb-meter per second. For convenience, this is called the tesla (T): 


1ltesla=1T=1 newton 





(coulomb)(meter/second) © 
Recalling that a coulomb per second is an ampere, we have 


newton N 
as LS 28-4 
(coulomb/second)(meter) A:m oT) 
An earlier (non-SI) unit for B, still in common use, is the gauss (G), and 
1 tesla = 10* gauss. (28-5) 


Table 28-1 lists the magnetic fields that occur in a few situations. Note that Earth’s 
magnetic field near the planet’s surface is about 107* T (= 100 wT or 1 G). 


CHECKPOINT 1 , 
The figure shows three sit- 

uations in which a charged 

particle with velocity v 4 
travels through a uniform 
magnetic field B. In each 
situation, what is the di- 
rection of the magnetic 
force F on the particle? 

















Magnetic Field Lines 


We can represent magnetic fields with field lines, as we did for electric fields. 
Similar rules apply: (1) the direction of the tangent to a magnetic field line at 
any point gives the direction of B at that point, and (2) the spacing of the lines 
represents the magnitude of B—the magnetic field is stronger where the lines 
are closer together, and conversely. 

Figure 28-4a shows how the magnetic field near a bar magnet (a permanent 
magnet in the shape of a bar) can be represented by magnetic field lines. The lines 
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all pass through the magnet, and they all form closed loops (even those that 
are not shown closed in the figure). The external magnetic effects of a bar magnet 
are strongest near its ends, where the field lines are most closely spaced. Thus, the 
magnetic field of the bar magnet in Fig. 28-45 collects the iron filings mainly near 
the two ends of the magnet. fom 

The (closed) field lines enter one end of a magnet and exit the other end. The ie AL 
end of a magnet from which the field lines emerge is called the north pole of the N S 
magnet; the other end, where field lines enter the magnet, is called the south pole. 
Because a magnet has two poles, it is said to be a magnetic dipole. The magnets 
we use to fix notes on refrigerators are short bar magnets. Figure 28-5 shows two 
other common shapes for magnets: a horseshoe magnet and a magnet that has 
been bent around into the shape of a C so that the pole faces are facing each 
other. (The magnetic field between the pole faces can then be approximately 
uniform.) Regardless of the shape of the magnets, if we place two of them near 
each other we find: 


(a) 


eres ga04 


@ Opposite me magnetic c poles att attract each other, ae like, imaehce poles repel | N 
each: other. — soorbaeessunaarerioenes 











SMe bi and were ob 





all Alien Gt bei tc My 7 
eee -—O+. Ged eee. = 


i a NS le di i a ee © eS © 


Earth has a magnetic field that is produced in its core by still unknown (] 1) 
mechanisms. On Earth’s surface, we can detect this magnetic field with a compass, 

which is essentially a slender bar magnet on a low-friction pivot. This bar magnet, 

or this needle, turns because its north-pole end is attracted toward the Arctic 

region of Earth. Thus, the south pole of Earth’s magnetic field must be located (b) 
toward the Arctic. Logically, we then should call the pole there a south pole. 
However, because we call that direction north, we are trapped into the statement 
that Earth has a geomagnetic north pole in that direction. 

With more careful measurement we would find that in the Northern Hemi- 
sphere, the magnetic field lines of Earth generally point down into Earth and toward 
the Arctic. In the Southern Hemisphere, they generally point up out of Earth and 
away from the Antarctic— that 1s, away from Earth’s geomagnetic south pole. 


Sample Problem Esa 


A uniform magnetic field B, with magnitude 1.2 mT, 
is directed vertically upward throughout the volume of 
a laboratory chamber. A proton with kinetic energy 
5.3 MeV enters the chamber, moving horizontally from 
south to north. What magnetic deflecting force acts on 
the proton as it enters the chamber? The proton mass is 
1.67 X 10°’ kg. (Neglect Earth’s magnetic field.) 


Sioa Because the proton is charged and mov- 


ing through a magnetic field, a magnetic force F can act 
on it. Because the initial direction of the proton’s velocity 
is not along a magnetic field line, F p 1S not simply zero. 


FIG. 28-5 (a) A horseshoe magnet 
and (b) a C-shaped magnet. (Only 
some of the external field lines are 
shown.) 


Equation 28-3 then yields 
= Iq\vB sin d 
= (1.60 x 107!’ C)(3.2 X 107 m/s) 
x (1.2 x 1073 T)(sin 90°) 


= 6.1 X 10° N. (Answer) 


This may seem like a small force, but it acts on a particle 
of small mass, producing a large acceleration; namely, 
i 6.1 x 10°? N 
4 &——_—= 3. Sa 


= 3.7 X 10! mis?. 
m 1.67 X 102’ kg ad 


Direction: To find the direction of F nz, we use the fact 
that F, has the direction of the cross product qv x B. 
Because the charge q 1s positive, F z must have the same 
direction as V x B, which can be determined with the 
right-hand rule for cross products (as in Fig. 28-2b). We 
know that v is directed horizontally from south to 
north and B is directed vertically up. The right-hand 


Magnitude: To find the magnitude of F z, We can use 
Eq. 28-3 (Fg = IqlvB sin @) provided we first find the 
proton’s speed v. we can find v from the given kinetic 
energy because K = mv’. Solving for v, we obtain 





(2)(5.3 MeV)(1.60 X 1073 J/MeV) 





1.67 X 10-7 ke 
= 3.2 X 10’ m/s. 


rule shows us that the deflecting force F, 3 must be di- 
rected horizontally from west to east, as Fig. 28-6 shows. 
(The array of dots in the figure represents a magnetic 
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FIG, 28-6 An overhead view - field directed out of the plane of the figure. An array of 

of a proton moving from south Xs would have represented a magnetic field directed 

to north with velocity v in into that plane.) 

a chamber. A magnetic field is If the charge of the particle were negative, the mag- 

directed vertically upward in en 
netic deflecting force would be directed in the opposite 





the chamber, as represented by = ” ne 
the array of dots (which resem- —‘W’ , direction — that 1s, horizontally from east to west. This is 
ble the tips of arrows). The pro- " “ 7 predicted automatically by Eq. 28-2 if we substitute a 
ton is deflected toward the east. S negative value for q. 





28-4 Crossed Fields: Discovery of the Electron 


Both an electric field E and a magnetic field B can produce a force on a charged 
particle. When the two fields are perpendicular to each other, they are said to be 
crossed fields. Here we shall examine what happens to charged particles — 
namely, electrons—as they move through crossed fields. We use as our example 
the experiment that led to the discovery of the electron in 1897 by J. J. Thomson 
at Cambridge University. 

Figure 28-7 shows a modern, simplified version of Thomson’s experimental 
apparatus —a cathode ray tube (which is like the picture tube in a standard televi- 
sion set). Charged particles (which we now know as electrons) are emitted by 
a hot filament at the rear of the evacuated tube and are accelerated by an applied 
potential difference V. After they pass through a slit in screen C, they form a 
narrow beam. They then pass through a region of crossed E and B fields, headed 
toward a fluorescent screen S, where they produce a spot of light (on a television 
screen the spot is part of the picture). The forces on the charged particles in the 
crossed-fields region can deflect them from the center of the screen. By control- 
ling the magnitudes and directions of the fields, Thomson could thus control 
where the spot of light appeared on the screen. Recall that the force on a nega- 
tively charged particle due to an electric field is directed opposite the field. Thus, 
for the arrangement of Fig. 28-7, electrons are forced up the page by electric field 
E and down the page by magnetic field B: that is, the forces are in Opposition. 
Thomson's procedure was equivalent to the following series of steps. 


1. Set E = 0 and B = 0 and note the position of the spot on screen S due to the 
undeflected beam. 
2. Turn on E and measure the resulting beam deflection. 


3. Maintaining E now turn on B and adjust its value until the beam returns to the 
undeflected position. (With the forces in opposition, they can be made to cancel.) 


We discussed the deflection of a charged particle moving through an electric 
field E between two plates (step 2 here) in Sample Problem 22-4. We found that 


FIG. 28-7 A modern version of J. J. 
Thomson’s apparatus for measuring 
the ratio of mass to charge for the 
electron. An electric field E is estab- 
lished by connecting a battery across 
the defiecting-plate terminals. The 
magnetic field B is set up by means 
of a current in a system of coils (not 
shown). The magnetic field shown is 
into the plane of the figure, as 
represented by the array of Xs (which 
resemble the feathered ends of ar- 
rows). 
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the deflection of the particle at the far end of the plates is 


IqiEL? 
= : 28-6 





where v is the particle’s speed, m its mass, and gq its charge, and L is the length of 
the plates. We can apply this same equation to the beam of electrons in Fig. 28-7; 
if need be, we can calculate the deflection by measuring the deflection of the 
beam on screen S and then working back to calculate the deflection y at the end 
of the plates. (Because the direction of the deflection is set by the sign of the 
particle’s charge, Thomson was able to show that the particles that were lighting 
up his screen were negatively charged.) 

When the two fields in Fig. 28-7 are adjusted so that the two deflecting forces 
cancel (step 3), we have from Eqs. 28-1 and 28-3 


IglE = IqlvB sin(90°) = IqlvB 


E 
or =, 28-7 
Ol aa ( ) 
Thus, the crossed fields allow us to measure the speed of the charged particles pass- 
ing through them. Substituting Eq. 28-7 for v in Eq. 28-6 and rearranging yield 
! Bole 

= (28-8) 

gl 2y Ee 
in which all quantities on the right can be measured. Thus, the crossed fields 
allow us to measure the ratio m/lq| of the particles moving through Thomson’s 
apparatus. 

Thomson claimed that these particles are found in all matter. He also 
claimed that they are lighter than the lightest known atom (hydrogen) by a factor 
of more than 1000. (The exact ratio proved later to be 1836.15.) His m/lg| mea- 
surement, coupled with the boldness of his two claims. is considered to be the 
“discovery of the electron.” 


woumeisuniiin 2 The figure shows four 
directions for the velocity vector v’ of a positively 
charged particle moving through a uniform electric 
field E (directed out of the page and represented 
with an encircled dot) and a uniform magnetic field 
B. (a) Rank directions 1, 2, and 3 according to the 
magnitude of the net force on the particle, greatest 
first. (b) Of all four directions, which might result in 
a net force of zero? 





28-5 : Crossed Fields: The Hall Effect 


As we just discussed, a beam of electrons in a vacuum can be deflected by a 
magnetic field. Can the drifting conduction electrons in a copper wire also be 
deflected by a magnetic field? In 1879, Edwin H. Hall, then a 24-year-old grad- 
uate student at the Johns Hopkins University, showed that they can. This Hall 
effect allows us to find out whether the charge carriers in a conductor are posi- 
tively or negatively charged. Beyond that, we can measure the number of such 
carriers per unit volume of the conductor. 

Figure 28-8a shows a copper strip of width d, carrying a current i whose 
conventional direction is from the top of the figure to the bottom. The charge 
carriers are electrons and, as we know, they drift (with drift speed v,) in the 
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FIG. 28-8 A strip of copper carrying 
a current / is immersed in a magnetic 
field B. (a) The situation immediately 
after the magnetic field is turned on. 
The curved path that will then be 
taken by an electron is shown. (b) 
The situation at equilibrium, which 
quickly follows. Note that negative 
charges pile up on the right side of 
the strip, leaving uncompensated 
positive charges on the left. Thus, the 
left side is at a higher potential than 
the right side. (c) For the same cur- 
rent direction, if the charge carriers 
were positively charged, they would 
pile up on the right side, and the right 
side would be at the higher potential. 


opposite direction, from bottom to top. At the instant shown in Fig. 28-8a, 
an external magnetic field B, pointing into the plane of the figure, has just 
been turned on. From Eq. 28-2 we see that a magnetic deflecting force F, z Will act 
on each drifting electron, pushing it toward the right edge of the strip. 

As time goes on, electrons move to the right, mostly piling up on the right 
edge of the strip, leaving uncompensated positive charges in fixed positions at the 
left edge. The separation of positive and negative charges produces an electric 
field E within the strip, pointing from left to right in Fig. 28-8b. This field exerts an 
electric force F ¢ on each electron, tending to push it to the left. 

An equilibrium quickly develops in which the electric force on each electron 
builds up until it just cancels the magnetic force. When this happens, as Fig. 28-8) 
shows, the force due to B and the force due to EF are in balance. The drifting elec- 
trons then move along the strip toward the top of the page at velocity Vv, with no 
further collection of electrons on the right edge of the strip and thus no further 
increase in the electric field E.. 

A Hall potential difference V is associated with the electric field across strip 
width d. From Eq. 24-42, the magnitude of that potential difference is 


V = Ed. (28-9) 


By connecting a voltmeter across the width, we can measure the potential differ- 
ence between the two edges of the strip. Moreover, the voltmeter can tell us 
which edge is at higher potential. For the situation of Fig. 28-8b, we would find 
that the left edge is at higher potential, which is consistent with our assumption 
that the charge carriers are negatively charged. 

For a moment, let us make the opposite assumption, that the charge carriers 
in current / are positively charged (Fig. 28-8c). Convince yourself that as these 
charge carriers move from top to bottom in the strip, they are pushed to the right 
edge by F; and thus that the right edge is at higher potential. Because that last 
statement is contradicted by our voltmeter reading, the charge carriers must be 
negatively charged. 

Now for the quantitative part. When the electric and magnetic forces are in 
balance (Fig. 28-8b), Eqs. 28-1 and 28-3 give us 


eE = ev,B. (28-10) 


From Eq. 26-7, the drift speed v, is 
v4 = = (28-11) 


in which J (= i/A) is the current density in the strip, A is the cross-sectional area 
of the strip, and n is the number density of charge carriers (their number per unit 
volume). 
In Eq. 28-10, substituting for EF with Eq. 28-9 and substituting for v, with 
Eq. 28-11, we obtain 
Bi 
n= (28-12) 


in which / (= A/d) is the thickness of the strip. With this equation we can find n 
from measurable quantities. 

It is also possible to use the Hall effect to measure directly the drift speed v, of 
the charge carriers, which you may recall is of the order of centimeters per hour. In 
this clever experiment, the metal strip is moved mechanically through the magnetic 
field in a direction opposite that of the drift velocity of the charge carriers. The speed 
of the moving strip is then adjusted until the Hall potential difference vanishes. At 
this condition, with no Hall effect, the velocity of the charge carriers with respect to 
the laboratory frame must be zero, so the velocity of the strip must be equal in magni- 
tude but opposite the direction of the velocity of the negative charge carriers. 


Vee 


Figure 28-9 shows a solid metal cube, of edge length d = 
i> cm, moving in the positive y direction at a constant 
velocity v of magnitude 4.0 m/s. The cube moves 
through a uniform magnetic field B of magnitude 
0.050 T in the positive z direction. 


(a) Which cube face is at a lower electric potential and 
which ts at a higher electric potential because of the mo- 
tion through the field? 


Feiza _Because the cube is moving through a mag- 


netic field B, a magnetic force F, acts on its charged 
particles, including its conduction electrons. 


Reasoning: When the cube first begins to move through 
the magnetic field, its electrons do also. Because each 
electron has charge q and is moving through a magnetic 
field with velocity v, the magnetic force F; acting on 
the electron is given by Eq. 28-2. Because q is negative, 
the direction of Fei is opposite the cross product v Xx B, 
which is in the positive direction of the x axis in Fig. 
28-9. Thus, F, acts in the negative direction of the x axis, 
toward the left face of the cube (which is hidden from 
view in Fig. 28-9). 

Most of the electrons are fixed in place in the atoms 
of the cube. However, because the cube is a metal, it 
contains conduction electrons that are free to move. 
Some of those conduction electrons are deflected by F; 
to the left cube face, making that face negatively 
charged and leaving the right face positively charged. 
This charge separation produces an electric field EF di- 
rected from the positively charged right face to the neg- 
atively charged left face. Thus, the left face is at a lower 
electric potential, and the right face is at a higher elec- 
tric potential. 


(b) What is the potential difference between the faces 
of higher and lower electric potential? 


Be 


1. The electric field E created by the charge separation 
produces an electric force F,, = qE on each electron. 
Because q is negative, this force is directed opposite the 
field E —that is, rightward. Thus on each electron, F.. 
acts toward the right and F, z acts toward the left. 
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FIG. 28-9 A solid metal —— 
cube of edge length d yd 


d 
moving at constant veloc- LA 


ity v through a uniform 
magnetic field B. 1 B 


2. When the cube had just begun to move through the 
magnetic field and the charge separation had just 
begun, the magnitude of E began to increase from 
zero. Thus, the magnitude of F. also began to 
increase from zero and was micialiys smaller than the 
magnitude Fp. During this early stage, the net force 
on any electron was dominated by Ee which continu- 
ously moved additional electrons to the left cube 
face, increasing the charge separation. 


3. However, as the charge separation increased, even- 
tually magnitude F; became equal to magnitude Fp. 
The net force on any electron was then zero, and no 
additional electrons were moved to the left cube 
face. Thus, the magnitude of F,, could not increase 
further, and the electrons were then in equilibrium. 


Calculations: We seek the potential difference V be- 
tween the left and right cube faces after equilibrium was 
reached (which occurred quickly). We can obtain V with 
Eq. 28-9 (V = Ed) provided we first find the magnitude 
E of the electric field at equilibrium. We can do so with 
the equation for the balance of forces (F; = F). 

For F, we substitute IglF, and then for Fz, we sub- 
stitute IglvB sin @ from Eq. 28-3. From Fig. 28-9, we see 
that the angle @ between vectors Vv and B is 90°; thus 
sin @ = 1 and F; = Fz yields 


IglE = IqlvB sin 90° = IglvB. 
This gives us £ = vB;so V = Ed becomes 


V = vBad. (28-13) 
Substituting known values gives us 
= (4.0 m/s)(0.050 T)(0.015 m) 
= 0.0030 V = 3.0 mV. (Answer) 


If a particle moves in a circle at constant speed, we can be sure that the net 
force acting on the particle is constant in magnitude and points toward the 
center of the circle, always perpendicular to the particle’s velocity. Think of a 
stone tied to a string and whirled in a circle on a smooth horizontal surface, 
or of a satellite moving in a circular orbit around Earth. In the first case, the 
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FIG. 28-10 Electrons circulating 

in a chamber containing gas at low 
pressure (their path is the glowing 
circle). A uniform magnetic field B, 
pointing directly out of the plane of 
the page, fills the chamber. Note the 
radially directed magnetic force Fr; for 
circular motion to occur, Bb must point 
toward the center of the circle. Use the 
right-hand rule for cross products to 
confirm that Fz, = qv x Bi gives PF, 
the proper direction. (Don’t forget the 
sign of g.) (Courtesy John Le P. Webb, 
Sussex University, England) 





tension in the string provides the necessary force and centripetal acceleration. In the 
second case, Earth’s gravitational attraction provides the force and acceleration. 

Figure 28-10 shows another example: A beam of electrons is projected into 
a chamber by an electron gun G. The electrons enter in the plane of the page with 
speed v and then move in a region of uniform magnetic field B directed out of 
that plane. As a result, a ‘Magnetic force F; = = qv X B continuously deflects the 
electrons, and because V and B are always perpendicular to each other, this 
deflection causes the electrons to follow a circular path. The path is visible in the 
photo because atoms of gas in the chamber emit light when some of the circulat- 
ing electrons collide with them. 

We would like to determine the parameters that characterize the circular 
motion of these electrons, or of any particle of charge magnitude Iq| and mass m 
moving perpendicular to a uniform magnetic field B at speed v. From Eq. 28-3, 
the force acting on the particle has a magnitude of IqlvB. From Newton’s second 
law (F = ma a) applied to uniform circular motion (Eq. 6-18), 





F=m—, (28-14) 
. 
we have 
2 
iqlvB = — (28-15) 
Solving for r, we find the radius of the circular path as 
r= mA pane. (28-16) 


The period T (the time for one full revolution) is equal to the circumference 
divided by the speed: 








our 27 mv — 2am 
= = ee iod). 28-17 
yw» oe. be. oY 8227) 
The frequency f (the number of revolutions per unit time) is 
iL IqiB 
———— pinta: (frequency). (28-18) 
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(a) 


FIG. 28-11 (a) A charged particle moves 
in a uniform magnetic field B, the particle’s 
velocity v’ making an angle ¢ with the field 


Particle _— Spiral patl 
direction. (b) The particle follows a helical anne Be | ~ 2 
path of radius r and pitch p. (c) A charged B en TP See ew 


B 


particle spiraling in a nonuniform magnetic Sf) eT OT LL Re 
field. (The particle can become trapped, * | PB T, 7 eau 
spiraling back and forth between the we yt Tt ia | wr CC 
strong field regions at either end.) Note : eo psf Cia Pa 
that the magnetic force vectors at the left NEA ge 
and right sides have a component pointing 
toward the center of the figure. (c) 
The angular frequency w of the motion is then 

IgIB 

w= 27f = — (angular frequency). (28-19) 


The quantities T, f, and w do not depend on the speed of the particle (provided 
the speed is much less than the speed of light). Fast particles move in large circles 
and slow ones in small circles, but all particles with the same charge-to-mass 
ratio lql/m take the same time T (the period) to complete one round trip. Using 
Eq. 28-2, you can show that if you are looking in the direction of B, the direction 
of rotation for a positive particle is always counterclockwise, and the direction for 
a negative particle is always clockwise. 


Helical Paths 


If the velocity of a charged particle has a component parallel to the (uniform) 
magnetic field, the particle will move in a helical path about the direction of the field 
vector. Figure 28-11a, for example, shows the velocity vector V of such a particle re- 
solved into two components, one parallel to B and one perpendicular to it: 


v; =vcos@ and v, =vsing. (28-20) 


The parallel component determines the pitch p of the helix —that is, the distance 
between adjacent turns (Fig. 28-11b). The perpendicular component determines 
the radius of the helix and is the quantity to be substituted for v in Eq. 28-16. 

Figure 28-11c shows a charged particle spiraling in a nonuniform magnetic 
field. The more closely spaced field lines at the left and right sides indicate that 
the magnetic field is stronger there. When the field at an end is strong enough, the 
particle “reflects” from that end. If the particle reflects from both ends, it is said to 
be trapped in a magnetic bottle. 

Electrons and protons are trapped in this way by the terrestrial magnetic 
field; the trapped particles form the Van Allen radiation belts, which loop well 
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FIG, 28-12 The auroral oval surrounding Earth’s geomagnetic FIG. 28-42 A false-color image of auroras inside the 
north pole (which is currently located in northwestern Greenland). north auroral oval, recorded by the satellite Dynamic 
Magnetic field lines converge toward that pole. Electrons moving to- Explorer, using ultraviolet light emitted by oxygen atoms 
ward Earth are “caught by” and spiral around these field lines, enter- excited in the aurora. The sunlit portion of Earth is the 
ing the terrestrial atmosphere at high latitudes and producing auro- crescent at the left. (Courtesy Dr. L.A. Frank, University 
ras within the oval. of Lowa) 


above Earth’s atmosphere between Earth’s north and south geomagnetic poles. 
These particles bounce back and forth, from one end of this magnetic bottle to 
the other, within a few seconds. 

When a large solar flare shoots additional energetic electrons and protons 
into the radiation belts, an electric field is produced in the region where electrons 
normally reflect. This field eliminates the reflection and instead drives electrons 
down into the atmosphere, where they collide with atoms and molecules of air, 
causing that air to emit light. This light forms the aurora—a curtain of light that 
hangs down to an altitude of about 100 km. Green light is emitted by oxygen 
atoms, and pink light 1s emitted by nitrogen molecules, but often the light is so 
dim that we perceive only white light. 

Auroras extend in arcs above Earth and can occur in a region called the 
auroral oval that is shown in Figs. 28-12 and 28-13 as seen from space. Although 
an aurora is long, it is only about 100 m thick (north to south) because the paths 
of the electrons producing it converge as the electrons spiral down the converg- 
ing magnetic field lines (Fig. 28-12). —e 


CHECKPOINT 3 The figure here shows the circular 
paths of two particles that travel at the same speed in a uniform 





magnetic field B, which is directed into the page. One particleisa ®@ 
proton; the other is an electron (which is less massive).(a) Which 8B 
particle follows the smaller circle, and (b) does that particle 
travel clockwise or counterclockwise? 
Sample Problem 
Figure 28-14 shows the essentials of a mass spectrometer, of mass m (to be measured) and charge q is produced in 


which can be used to measure the mass of an ion; an ion source §. The initially stationary ion is accelerated by the 
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FIG. 28-14 Essentials of a mass spectrometer. A positive ion, 
after being accelerated from its source S by a potential differ- 
ence V, enters a chamber of uniform magnetic field B.There it 
travels through a semicircle of radius r and strikes a detector 
at a distance x from where it entered the chamber. 


electric field due to a potential difference V. The ion 
leaves S and enters a separator chamber in which a uni- 
form magnetic field Bis perpendicular to the path of the 
ion. A wide detector lines the bottom wall of the cham- 
ber, and the B causes the ion to move in a semicircle and 
thus strike the detector. Suppose that B = 80.000 mT, 
V = 1000.0 V, and ions of charge g = +1.6022 x 10°? C 
strike the detector at a point that lies at x = 1.6254 m. 
What is the mass m of the individual ions, in atomic mass 
units (Eq. 1-7:1 u = 1.6605 x 10°?’ kg)? 


Cea (1) Because the (uniform) magnetic field 


causes the (charged) ion to follow a circular path, we 
can relate the ion’s mass m to the path’s radius r with 
Eq. 28-16 (r = mv/|q\B). From Fig. 28-14 we see that r = 
x/2, and we are given the magnitude B of the magnetic 
field. However, we lack the ion’s speed v in the magnetic 
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field after the ion has been accelerated due to the po- 
tential difference V. (2) To relate v and V, we use the 
fact that mechanical energy (E,,.. = K+ U) is con- 
served during the acceleration. 


Finding speed: When the ion emerges from the source, 
its kinetic energy is approximately zero. At the end of 
the acceleration, its kinetic energy is smv?, Also, during 
the acceleration, the positive ion moves through a 
change in potential of —V. Thus, because the ion has 
positive charge q, its potential energy changes by —qV. 
If we now write the conservation of mechanical energy 
as 


AK + AU =0, 
we get 
smv? —qV=0 
2qV 
or ye ye. (28-21) 
m 


Finding mass: Substituting this value for v into Eq. 28-16 
gives US 


mv m | 2qV | | 2mV 
r= — = — = ————— ; 
qB qB m B q 


2 2mV 
x=2r=— 
B q 








Thus, 


Solving this for m and substituting the given data yield 
B2gx? 
8V 
_ (0.080000 T)?(1.6022 x 107!’ C)(1.6254 m) 
- 8(1000.0 V) 
= 3.3863 X 10°* kg = 203.93 u. 





im = 


(Answer) 


Sample Problem 25 


An electron with a kinetic energy of 22.5 eV moves into 
a region of uniform magnetic field B of magnitude 
4.55 X 10-4 T. The angle between the directions of B 
and the electron’s velocity V is 65.5°. What is the pitch 
of the helical path taken by the electron? 


Coie (1) The pitch p is the distance the electron 


travels parallel to the magnetic field B during one pe- 
riod T of circulation. (2) The period T is given by Eq. 
28-17 regardless of the angle between the directions of 
Vand B (provided the angle is not zero, for which there 
is no circulation of the electron). 


Calculations: Using Eqs. 28-20 and 28-17, we find 


27™™ 


p> vl = (v COS d) iq\B ‘ 


(28-22) 


We can calculate the electron’s speed v from its kinetic 
energy as we did for the proton in Sample Problem 28-1. 
We find that v = 2.81 X 10° m/s. Substituting this and 
known data in Eq. 28-22 gives us 
p = (2.81 X 10° m/s)(cos 65.5°) 
Dar Oulle xe LO * ko) 
(1.60 x 107? C)(4.55 x 10-4 T) 


= 9.16 cm. (Answer) 





Chapter 28 | Magnetic Fields 


—__— — ~ 


/ 4 = oe » \ 
RAT 4 \ 
9 /@, YY @e- LV A 
iiripe le ¢ \ 1 a 
° ‘ \e eee! a le) ¢ 
* \ Ss Lol 
\ 5 vo h PR ey 
\ ‘ a ‘2 -6 se; @# | 
Beam’ \ SPs petitanpra: ee) ig 
Se ML O83 a7 
RPA 7 4 
~ Sragek thet oe of 
58, @ 7s 
Deflector a 
plate | | 
Oscillator - 
FIG. 28-15 The elements of a cy- 


clotron, showing the particle source S$ 
and the dees. A uniform magnetic 
field is directed up from the plane of 
the page. Circulating protons spiral 
outward within the hollow dees, gain- 
ing energy every time they cross the 
gap between the dees. 


28-7 | Cyclotrons and Synchrotrons 


Beams of high-energy particles, such as high-energy electrons and protons, have 
been enormously useful in probing atoms and nuclei to reveal the fundamental 
structure of matter. Such beams were instrumental in the discovery that atomic 
nuclei consist of protons and neutrons and in the discovery that protons and 
neutrons consist of quarks and gluons. The challenge of such beams is how to 
make and control them. Because electrons and protons are charged, they can be 
accelerated to the required high energy if they move through large potential 
differences. Because electrons have low mass, accelerating them in this way can 
be done in a reasonable distance. However, because protons (and other charged 
particles) have greater mass, the distance required for the acceleration is too 
long. 

A clever solution to this problem is first to let protons and other massive 
particles move through a modest potential difference (so that they gain a modest 
amount of energy) and then use a magnetic field to cause them to circle back 
and move through a modest potential difference again. If this procedure is 
repeated thousands of times, the particles end up with a very large energy. 

Here we discuss two accelerators that employ a magnetic field to repeatedly 
bring particles back to an accelerating region, where they gain more and more 
energy until they finally emerge as a high-energy beam. 


The Cyclotron 


Figure 28-15 is a top view of the region of a cyclotron in which the particles 
(protons, say) circulate. The two hollow D-shaped objects (each open on its 
straight edge) are made of sheet copper. These dees, as they are called, are part of 
an electrical oscillator that alternates the electric potential difference across the 
gap between the dees. The electrical signs of the dees are alternated so that the 
electric field in the gap alternates in direction, first toward one dee and then 
toward the other dee, back and forth. The dees are immersed in a large magnetic 
field directed out of the plane of the page. The magnitude B of this field is set via 
a control on the electromagnet producing the field. 

Suppose that a proton, injected by source S at the center of the cyclotron in 
Fig. 28-15, initially moves toward a negatively charged dee. It will accelerate 
toward this dee and enter it. Once inside, it is shielded from electric fields by the 
copper walls of the dee; that is, the electric field does not enter the dee. The mag- 
netic field, however, is not screened by the (nonmagnetic) copper dee, so the 
proton moves in a circular path whose radius, which depends on its speed, is given 
by Eq. 28-16 (r = mv/|q|B). 

Let us assume that at the instant the proton emerges into the center gap from 
the first dee, the potential difference between the dees is reversed. Thus, the pro- 
ton again faces a negatively charged dee and 1s again accelerated. This process 
continues, the circulating proton always being in step with the oscillations of the 
dee potential, until the proton has spiraled out to the edge of the dee system. 
There a deflector plate sends it out through a portal. 

The key to the operation of the cyclotron 1s that the frequency f at which the 
proton circulates in the magnetic field (and that does not depend on its speed) 
must be equal to the fixed frequency f,,, of the electrical oscillator, or 


i= Nese 


This resonance condition says that, if the energy of the circulating proton is to 
increase, energy must be fed to it at a frequency f,,, that is equal to the natural 
frequency f at which the proton circulates in the magnetic field. 

Combining Eqs. 28-18 (f = lq|B/2amm) and 28-23 allows us to write the 


(28-23) 


(resonance condition). 
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resonance condition as 
IMDB = 27M fosc- (28-24) 


For the proton, g and m are fixed. The oscillator (we assume) is designed to work 
at a single fixed frequency f,,.. We then “tune” the cyclotron by varying B until 
Eq. 28-24 is satisfied, and then many protons circulate through the magnetic field, 
to emerge as a beam. 

Other types of charged particles can be accelerated by a cyclotron to emerge 
as a high-energy beam. For example, deuterons (bundles of one proton and one 
neutron) can be accelerated because they each have the same charge as a proton. 
However, electrically neutral particles, such as neutrons, cannot be accelerated by 
a cyclotron. Still, a beam of high-energy neutrons can be produced by having 
a deuteron beam smash into a beryllium target. This is the arrangement used in 
hospitals providing fast-neutron cancer therapy. The deuteron beam emerging 
from a cyclotron at the hospital is sent into a beryllium target in front of the 
patient’s cancerous region. As deuterons collide with beryllium nuclei, neutrons 
are knocked out of the beryllium nuclei and into the cancerous region, where 
they break bonds in the DNA of the cancer cells, “killing” the cells (Fig. 28-16). 
All this can be done within a hospital because the deuterons can be accelerated 





FIG. 28-16 Because it is invisible, a 
beam of neutrons from the portal at 
the right is aligned via laser 
crosshairs, seen superimposed on the 
to high energy while circling in a cyclotron instead of along an extremely long patient. (Fermilab/Science Photo 


straight path. Library/Photo Researchers) 


The Proton Synchrotron 


At proton energies above 50 MeV, the conventional cyclotron begins to fail 
because one of the assumptions of its design—that the frequency of revolution 
of a charged particle circulating in a magnetic field is independent of the parti- 
cle’s speed —is true only for speeds that are much less than the speed of light. At 
greater proton speeds (above about 10% of the speed of light), we must treat the 
problem relativistically. According to relativity theory, as the speed of a circulat- 
ing proton approaches that of light, the proton’s frequency of revolution 
decreases steadily. Thus, the proton gets out of step with the cyclotron’s oscilla- 
tor—whose frequency remains fixed at f,,.— and eventually the energy of the 
still circulating proton stops increasing. 

There is another problem. For a 500 GeV proton in a magnetic field of 1.5 T, 
the path radius is 1.1 km. The corresponding magnet for a conventional cyclotron 
of the proper size would be impossibly expensive, the area of its pole faces being 
about 4 x 10° m?. 

The proton synchrotron is designed to meet these two difficulties. The mag- 
netic field B and the oscillator frequency f,,., instead of having fixed values as in 
the conventional cyclotron, are made to vary with time during the accelerating 
cycle. When this is done properly, (1) the frequency of the circulating protons 
remains in step with the oscillator at all times, and (2) the protons follow a circu- 
lar—not a spiral—path. Thus, the magnet need extend only along that circular 
path, not over some 4 X 10° m’. The circular path, however, still must be large if 
high energies are to be achieved. The proton synchrotron at the Fermi National 
Accelerator Laboratory (Fermilab) in Illinois has a circumference of 6.3 km and 
can produce protons with energies of about 1 TeV (= 10!” eV). 


Sample Problem eee 
Suppose a cyclotron is operated at an oscillator fre- Ete 5. a civen oscillator frequency f... the 
quency of 12 MHz and has a dee radius R = 53 cm. For a given oscillator frequency f.., the 


magnetic field magnitude B required to accelerate any 


(a) What is the magnitude of the magnetic field needed particle in a cyclotron depends on the ratio mi/lg| of 


for deuterons to be accelerated in the cyclotron? The mass to charge for the particle, according to Eq. 28-24 
deuteron mass is m = 3.34 X 10-7’ kg. (\q\B = 2amf,,.). 
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Calculation: For deuterons and the oscillator frequency 

fose = 12 MHz, we find 

2rMfose _ (277)(3.34 X 107" kg)(12_X 10°") 
Iq! 1.60 X 107" C 

1.57T =~ 1.6T. 


a 


cyclotron dees. (2) We can find the speed v of the deuteron 
in that circular path with Eq. 28-16 (r = mv/|q\B). 


Calculations: Solving that equation for v, substituting R 
for r,and then substituting known data, we find 


A 
iauswer) , — RigiB _ (0.53 m)(1.60 x 10° C)(.57T) 


m 3.34 x 10-7 kg 
= 3.99 x 10’ m/s. 


Note that, to accelerate protons, B would have to be re- 
duced by a factor of 2, provided the oscillator frequency 
remained fixed at 12 MHz. 


(b) What is the resulting kinetic energy of the deuterons? This speed corresponds to a kinetic energy of 


K =3mv? 
Peto (1) The kinetic energy (5mv?) of a deuteron = 1(3,34 x 10-27 kg)(3.99 X 107 m/s)? 
exiting the cyclotron is equal to the kinetic energy it had 97% 10-24 (Answer) 
just before exiting, when it was traveling in a circular path 
with a radius approximately equal to the radius R of the or about 17 MeV. 


28-8 | Magnetic Force on a Current-Carrying Wire 


We have already seen (in connection with the Hall effect) that a magnetic field 
exerts a sideways force on electrons moving in a wire. This force must then be 
transmitted to the wire itself, because the conduction electrons cannot escape 
sideways out of the wire. 

In Fig. 28-17a, a vertical wire, carrying no current and fixed in place at both 
ends, extends through the gap between the vertical pole faces of a magnet. 
The magnetic field between the faces 1s directed outward from the page. In Fig. 
28-17b, a current is sent upward through the wire; the wire deflects to the right. 
In Fig. 28-17c, we reverse the direction of the current and the wire deflects to 
the left. 

Figure 28-18 shows what happens inside the wire of Fig. 28-17b. We see one 
of the conduction electrons, drifting downward with an assumed drift speed v,. 
Equation 28-3, in which we must put ¢@ = 90°, tells us that a force F p Of magni- 
tude ev,B must act on each such electron. From Eq. 28-2 we see that this force 
must be directed to the right. We expect then that the wire as a whole will experi- 
ence a force to the right, in agreement with Fig. 28-17b. 

If, in Fig. 28-18, we were to reverse either the direction of the magnetic field 
or the direction of the current, the force on the wire would reverse, being directed 
now to the left. Note too that it does not matter whether we consider negative 
charges drifting downward in the wire (the actual case) or positive charges drift- 
ing upward. The direction of the deflecting force on the wire is the same. We are 
safe then in dealing with a current of positive charge. 

Consider a length L of the wire in Fig. 28-18. All the conduction electrons in 
this section of wire will drift past plane xx in Fig. 28-18 in a time t = L/v,. Thus, in 
that time a charge given by 





(a) (d) (¢) 


FIG. 28-17 A flexible wire passes 
between the pole faces of a magnet 
(only the farther pole face is shown). 
(a) Without current in the wire, the 
wire is straight. (b) With upward cur- 
rent, the wire is deflected rightward. 
(c) With downward current, the de- 
flection is leftward. The connections 
for getting the current into the wire 
at one end and out of it at the other 
end are not shown. 


' fds 
gq = it = 1— 
Va 


will pass through that plane. Substituting this into Eq. 28-3 yields 


ye 
Fz = qv,B sin d = = v,B sin 90° 
d 
or F, = iLB. (28-25) 


This equation gives the magnetic force that acts on a length L of straight wire carrying 
a current i and immersed in a magnetic field B that is perpendicular to the wire. 


28-8 | Magnetic Force on a Current-Carrying Wire 


If the magnetic field 1s not perpendicular to the wire, as in Fig. 28-19, the 
magnetic force is given by a generalization of Eq. 28-25: 
F; -~iLxB (force on a current). (28-26) 
Here L isa length vector that has magnitude L and is directed along the wire 
segment in the direction of the (conventional) current. The force magnitude Fz, is 


F; = iLB sin @, (28-27) 


where @ is the angle between the directions of L and B. The direction of F BIS 
that of the cross product LxB because we take current / to be a positive quan- 
tity. Equation 28-26 tells us that F z 1S always perpendicular to the plane defined 
by vectors L and B,as indicated in Fig. 28-19. 

Equation 28-26 is equivalent to Eq. 28-2 in that either can be taken as the 
defining equation for B. In practice, we define B from Eq. 28-26 because it 1s 
much easier to measure the magnetic force acting on a wire than that on a single 
moving charge. 

If a wire is not straight or the field is not uniform, we can imagine the wire 
broken up into small straight segments and apply Eq. 28-26 to each segment. The 
force on the wire as a whole is then the vector sum of all the forces on the 
segments that make it up. In the differential limit, we can write 

dF, =idL x B, (28-28) 
and we can find the resultant force on any given arrangement of currents by 
integrating Eq. 28-28 over that arrangement. 

In using Eq. 28-28, bear in mind that there is no such thing as an isolated 
current-carrying wire segment of length dL. There must always be a way to intro- 
duce the current into the segment at one end and take it out at the other end. 


CHECKPOINT 4 The figure shows a cur- y 
rent / through a wire in a uniform magnetic field B, 
as well as the magnetic force Fy acting on the wire. 
The field is oriented so that the force is maximum. In 
what direction is the field? 





Sample Problem 





FIG. 28-18 A close-up view of a sec- 
tion of the wire of Fig. 28-17b. The 
current direction is upward, which 
means that electrons drift downward. 
A magnetic field that emerges from 
the plane of the page causes the elec- 
trons and the wire to be deflected to 
the right. 





FIG. 28-19 A wire carrying current i 
makes an angle ¢ with magnetic field 
B.The wire has length L in the field 
and length vector L (in the direction 
of the current). A magnetic force 

Fz = = iL x B acts on the wire. 





A straight, horizontal length of copper wire has a cur- 
rent 7 = 28 A through it. What are the magnitude and 
direction of the minimum magnetic field B needed to 
suspend the wire—that is, to balance the gravitational 
force on it? The linear density (mass per unit length) of 
the wire is 46.6 g/m. 


Faia (1) Because the wire carries a current, a 


magnetic force Fz can act on the wire if we place it in a 
magnetic field B. To balance the downward eravita- 
tional force F, on the wire, we want F, to be directed 
upward (Fig. 28- 20). (2) The direction of F iS related 
to the directions of B and the wire’s length vector L by 
Eq. 28- 26 (Fz = = iL, x B). 


Calculations: Because L is directed horizontally (and 
the current is taken to be positive), Eq. 28-26 and the 


right-hand rule for cross products tell us that B must be 
horizontal and rightward (in Fig. 28-20) to give the re- 
quired upward Fy. 

The magnitude of F, is Fz = iLB sin (Eq. 28-27). 


Because we want Es to balance F,, , we want 
iLB sin d = mg, (28-29) 


where mg is the magnitude of F, and m is the mass of 
the wire. We also want the minimal field magnitude B 


™~ | 
cI 


FIG. 28-20 A wire (shown in cross sec- 
tion) carrying current out of the page. 
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for Fy to balance F. Thus, we need to maximize sin ¢ in 
Eq. 28-29. ‘To do so, we set @ = 90°, thereby arranging 
for B to be perpendicular to the wire. We then have 


sin d = 1,so Eq. 28-29 yields 
mg (m/L)g 
i AR rece i ens 28-30 
iL. sin b I ( ) 


We write the result this way because we know m/L, the 


linear density of the wire. Substituting known data then 
gives us 


(46.6 X 107° kg/m)(9.8 m/s”) 
28 A 
eG 2 ae. 


This is about 160 times the strength of Earth’s magnetic 
field. 


i 


(Answer) 





FIG. 28-21 ‘The elements of an elec- 
tric motor. A rectangular loop of wire, 
carrying a current and free to rotate 
about a fixed axis, is placed in a mag- 
netic field. Magnetic forces on the 
wire produce a torque that rotates it. 
A commutator (not shown) reverses 
the direction of the current every half- 
revolution so that the torque always 
acts in the same direction. 


28-9 | Torque on a Current Loop 


Much of the world’s work is done by electric motors. The forces behind this work 
are the magnetic forces that we studied in the preceding section—that is, the 
forces that a magnetic field exerts on a wire that carries a current. 

Figure 28-21 shows a simple motor, consisting of a single current-carrying 
loop immersed in a magnetic field B.The two magnetic forces F and —F produce a 
torque on the loop, tending to rotate it about its central axis. Although many 
essential details have been omitted, the figure does suggest how the action of a mag- 
netic field on a current loop produces rotary motion. Let us analyze that action. 

Figure 28-22a shows a rectangular loop of sides a and 5, carrying current 
i through uniform magnetic field B. We place the loop in the field so that 
its long sides, labeled 1 and 3, are perpendicular to the field direction (which is 
into the page), but its short sides, labeled 2 and 4, are not. Wires to lead the cur- 
rent into and out of the loop are needed but, for simplicity, are not shown. 

To define the orientation of the loop in the magnetic field, we use a normal 
vector 7 that is perpendicular to the plane of the loop. Figure 28-22b shows 
a right-hand rule for finding the direction of 7. Point or curl the fingers of your 
right hand in the direction of the current at any point on the loop. Your extended 
thumb then points in the direction of the normal vector 77. 

In Fig. 28-22c, the normal vector of the loop is shown at an arbitrary angle 
@ to the direction of the magnetic field B. We wish to find the net force and net 
torque acting on the loop in this orientation. 

The net force on the loop is the vector sum of the forces acting on its 
four sides. For side 2 the vector L in Eq. 28-26 points in the direction of the cur- 
rent and has magnitude b. The angle between L and B for side 2 (see Fig. 28-22c) 
is 90° — 6. Thus, the magnitude of the force acting on this side is 


F, = ibB sin(90° — 6) = ibB cos 8. (28-31) 


You can show that the force F, acting on side 4 has the same magnitude as F, but 
the opposite direction. Thus, F, and F, cancel out exactly. Their net force is zero 
and, because their common line of action is through the center of the loop, their 
net torque is also zero. 

The situation is different for sides 1 and 3. For them, L is perpendicular to B, 
so the forces F, and F; have the common magnitude iaB. Because these two 
forces have opposite directions, they do not tend to move the loop up or down. 
However, as Fig. 28-22c shows, these two forces do not share the same line of 
action; so they do produce a net torque. The torque tends to rotate the loop so 
as to align its normal vector 7 with the direction of the magnetic field B. That 
tongue has moment arm (5/2) sin @ about the central axis of the loop. The magni- 
tude 7’ of the torque due to forces F , and Fi is then (see Fig. 28-22c) 

ope, Oi er a : 
T= ta > sin 7 + ( iaB 7 sin 7 = 1abB sin 0. (28-32) 

Suppose we replace the single loop of current with a coil of N loops, or turns. 

Further, suppose that the turns are wound tightly enough that they can be 
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N 
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(a) 


FIG. 28-22 A rectangular loop, of length a and width b and carrying a current i, is located in a uniform magnetic field. 
A torque 7 acts to align the normal vector 7 with the direction of the field. (a) The loop as seen by looking in the direc- 
tion of the magnetic field. (b) A perspective of the loop showing how the right-hand rule gives the direction of 77, 
which is perpendicular to the plane of the loop. (c) A side view of the loop, from side 2. The loop rotates as indicated. 


approximated as all having the same dimensions and lying in a plane. Then the 
turns form a flat coil, and a torque 7’ with the magnitude given in Eq. 28-32 acts 
on each of them. The total torque on the coil then has magnitude 


t= Nz’ = NiabB sin 6 = (NiA)B sin 6, (28-33) 


in which A (= ab) is the area enclosed by the coil. The quantities in parentheses 
(NiA) are grouped together because they are all properties of the coil: its number 
of turns, its area, and the current it carries. Equation 28-33 holds for all flat coils, 
no matter what their shape, provided the magnetic field is uniform. 

Instead of focusing on the motion of the coil, it is simpler to Keep track of the 
vector 1, which is normal to the plane of the coil. Equation 28-33 tells us that 
a current-carrying flat coil placed in a magnetic field will tend to rotate so that 7 
has the same direction as the field. In a motor, the current in the coil is reversed 
as n begins to line up with the field direction, so that a torque continues to rotate 
the coil. This automatic reversal of the current is done via a commutator that 
electrically connects the rotating coil with the stationary contacts on the wires 
that supply the current from some source. 


Sample Problem Exa 
coi With a constant current through the device, 


the resulting magnetic torque (Eq. 28-33) is balanced by 
the spring torque. Thus, the magnitudes of those torques 


are equal. 
ES Scale aca 


Permanent 
magnet 


Analog voltmeters and ammeters work by measuring the 
torque exerted by a magnetic field on a current-carrying 
coil. The reading is displayed by means of the deflection of 
a pointer over a scale. Figure 28-23 shows the essentials of 
a galvanometer, a device on which both analog ammeters 
and analog voltmeters are based. Assume the coil is 2.1 
cm high and 1.2 cm wide, has 250 turns, and is mounted so 
that it can rotate about an axis (into the page) in a uni- 
form radial magnetic field with B = 0.23 T. For any ori- 
entation of the coil, the net magnetic field through the 
coil is perpendicular to the normal vector of the coil 
(and thus parallel to the plane of the coil). A spring Sp 
provides a countertorque that balances the magnetic 
torque, so that a given steady current i in the coil results 
in a steady angular deflection ¢. The greater the current 


Pointer 


FIG. 28-23 The elements 
of a galvanometer. 


is, the greater the deflection is, and thus the greater the 
torque required of the spring is. If a current of 100 uA 
produces an angular deflection of 28°, what must be the 
torsional constant « of the spring, as used in Eq. 15-22 (7 


= = Kd)? 


Depending on the external 
circuit, this device can be 
wired up as either a volt- 
meter or an ammeter. : 





Radial B 
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Calculations: We write this balance 


ae _ NiAB sin 6 


NiAB sin 6 = Kd. (28-34) p 


Here ¢ is the angular deflection of the coil and pointer, 
and A (= 2.52 X 10-4 m’) is the area encircled by the 


= (250)(100 x 10°° A)(2.52 X 10-4 m?’) 
<3 (0.23 T)(sin 90°) 


coil. Because the net magnetic field through the coil is 28° 
always perpendicular to the normal vector of the coil, = 5.2 x 10°° N- m/degree. (Answer) 
@ = 90° for any orientation of the pointer. Solving Eq. Many modern ammeters and voltmeters are of the digi- 


28-34 for k, we find 


Highest Lowest 
energy energy 


FIG. 28-24 The orientations of high- 
est and lowest energy of a magnetic 
dipole (here a coil carrying current) 
in an external magnetic field B.The 
direction of the current 7 gives the di- 
rection of the magnetic dipole mo- 
ment yu Via the right-hand rule shown 
for nt in Fig. 28-22b. 


tal, direct-reading type and do not use a moving coil. 


28-10 | The Magnetic Dipole Moment 


As we have just discussed, a torque acts to rotate a current-carrying coil placed in 
a magnetic field. In that sense, the coil behaves like a bar magnet placed in the 
magnetic field. Thus, like a bar magnet, a current-carrying coil is said to be a mag- 
netic dipole. Moreover, to account for the torque on the coil due to the magnetic 
field, we assign a magnetic dipole moment 1 to the coil. The direction of i is that 
of the normal vector 7 to the plane of the coil and thus is given by the same right- 
hand rule shown in Fig. 28-22. That is, grasp the coil with the fingers of your right 
hand in the direction of current i; the outstretched thumb of that hand gives the 
direction of .The magnitude of i is given by 


= NIA (magnetic moment), (28-35) 


in which N is the number of turns in the coil, i 1s the current through the coil, and A is 
the area enclosed by each turn of the coil. From this equation, with 7 in amperes and 
A in square meters, we see that the unit of 4 is the ampere—square meter (A- m7’). 
Using u, we can rewrite Eq. 28-33 for the torque on the coil due to a mag- 
netic field as 
T= pB sin 8, (28-36) 


in which 6 is the angle between the vectors zi and B. 
We can generalize this to the vector relation 


Z=—2x B, (28-37) 


which reminds us very much of the corresponding equation for the torque 
exerted by an electric field on an electric dipole —namely, Eq. 22-34: 


F=PXE. 
In each case the torque due to the field— either magnetic or electric —1is equal to 
the vector product of the corresponding dipole moment and the field vector. 
A magnetic dipole in an external magnetic field has a magnetic potential 


energy that depends on the dipole’s orientation in the field. For electric dipoles 
we have shown (Eq. 22-38) that 


U(6) = —p-E. 


In strict analogy, we can write for the magnetic case 
U(6) = -a°B. (28-38) 


A magnetic dipole has its lowest energy (= —B cos 0 = —wB) when its dipole 
moment is lined up with the magnetic field (Fig. 28-24). It has its highest energy 
(= —pB cos 180° = +B) when pis directed opposite the field. From Eq. 28-38, 
with U in joules and B in teslas, we see that the unit of pcan be the joule per tesla 
(J/T) instead of the ampere—square meter as suggested by Eq. 28-35. 


If an applied torque (due to “an external agent”) rotates a magnetic dipole 
from an initial orientation 6; to another orientation 6,, then work W, is done on 
the dipole by the applied torque. If the dipole is stationary before and after the 


Review & Summary 


TABLE 28-2 


Some Magnetic Dipole Moments 


change in its orientation, then work W, is Small bar 
magnet 5 J/T 
W, = U;— U; 28-39 
Ts ee Cee) saat 8.0 x 10” J/T 
where U;and U; are calculated with Eq. 28-38. Proton 1.4 X 10-26 J/T 
So far, we have identified only a current-carrying coil as a magnetic dipole. Bjectron 93x 10-4)/T 
However, a simple bar magnet is also a magnetic dipole, as is a rotating sphere of 
charge. Earth itself is (approximately) a magnetic dipole. Finally, most subatomic 
particles, including the electron, the proton, and the neutron, have magnetic 
dipole moments. As you will see in Chapter 32, all these quantities can be viewed 
as current loops. For comparison, some approximate magnetic dipole moments 
are shown in Table 28-2. = ~ 
Ogu LQ 
CHECKPOINT 5 The figure shows four orientations, at angle 0, of a magnetic 0 0 3 
dipole moment p in a magnetic field. Rank the orientations according to (a) the magni- 0 a 
tude of the torque on the dipole and (b) the potential energy of the dipole, greatest first. OF Z 


Sample Problem [z:#:! 





Figure 28-25 shows a circular coil with 250 turns, an area 
A of 2.52 X 1074 m’, and a current of 100 A. The coil is 
at rest in a uniform magnetic field of magnitude B = 


0.85 T, with its magnetic dipole moment # initially 
aligned with B. 


(a) In Fig. 28-25, what is the direction of the current in 
the coil? 


Right-hand rule: Imagine cupping the coil with your 
right hand so that your right thumb is outstretched in 
the direction of #. The direction in which your fingers 
curl around the coil is the direction of the current in the 
coil. Thus, in the wires on the near side of the coil—those 
we see in Fig. 28-25 — the current is from top to bottom. 


(b) How much work would the torque applied by an ex- 
ternal agent have to do on the coil to rotate it 90° from 
its initial orientation, so that @ is perpendicular to B 
and the coil is again at rest? 


REVIEW & SUMMARY 


Magnetic Field B A magnetic field B is defined in terms 
of the force Fg acting on a test particle with charge g moving 
through the field with velocity v: 


Fy = qv x B. (28-2) 
The SI unit for B is the tesla (T):1T = 1 N/(A - m) = 10¢ gauss. 


The Hall Effect When a conducting strip of thickness / 
carrying a current iis placed in a uniform magnetic field B, some 
charge carriers (with charge e) build up on one side of the con- 
ductor, creating a potential difference V across the strip. The po- 


FIG. 28-25 Aside view of a circular 
coil carrying a current and oriented 
so that its magnetic dipole moment 
Lis aligned with magnetic field B. 


coi The work W, done by the applied torque 


would be equal to the change in the coil’s potential en- 
ergy due to its change in orientation. 


Calculations: From Eq. 28-39 (W, = U,; — U;), we find 
W, = U(90°) — U(0") 
= — uB cos 90° — (— wB cos 0°) = 0+ pB 





= pB. 
Substituting for w from Eq. 28-35 (u = NiA), we find that 
W, = (NiA)B 


= (250)(100 x 10-® A)(2.52 x 10-4 m?)(0.85 T) 


= 5.355 xX 10°°J = 5.4 pJ. (Answer) 





larities of the sides indicate the sign of the charge carriers; the 
number density n of charge carriers can be calculated with 
Bi 
= 28-12 

' Vile ( ) 
A Charged Particle Circulating in a Magnetic Field A 
charged particle with mass m and charge magnitude |q| moving 
with velocity V perpendicular to a uniform magnetic field B will 
travel in a circle. Applying Newton’s second law to the circular 
motion yields 





2 
mv 
IqlvB = : 





(28-15) 
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from which we find the radius r of the circle to be 


_ mv 
IqiB- 





(28-16) 


The frequency of revolution f, the angular frequency w, and 
the period of the motion T are given by 


Ww 1 IqIB 


i= pe, 2 Oe (28-19, 28-18, 28-17) 


Magnetic Force on a Current-Carrying Wire A straight 
wire carrying a current / in a uniform magnetic field experiences 
a sideways force 


F, = iL x B. (28-26) 


The force acting on a current element i dL ina magnetic field is 
dF, =idL x B. (28-28) 


The direction of the length vector L or dL is that of the 
current 1. 





1 In Section 28-4, we discussed a charged particle moving 
through crossed fields with the forces F,and Fri in opposition. 
We found that the particle moves in a straight line (that is, 
neither force dominates the motion) if its speed is given by 
Eq. 28-7 (v = E/B). Which of the two forces dominates if the 
speed of the particle is (a) v < E/B and (b) v > E/B? 


2 Figure 28-26 shows a wire Wire 


that carries current to the right 

through a uniform magnetic —> 1 @3 
field. It also shows four choices gee FO) 4 

for the direction of that field. (a) Ghomestor 

Rank the choices according to 

the magnitude of the electric /!G: 28-26 Question 2. 
potential difference that would 
be set up across the width of the wire, greatest first. (b) For 
which choice is the top side of the wire at higher potential 
than the bottom side of the wire? 


3 Figure 28-27 shows three situations in which a positively 
charged particle moves at velocity v through a uniform mag- 
netic field B and experiences a magnetic force F,. In each 
situation, determine whether the orientations of the vectors 
are physically reasonable. 


(a) (bd) (c) 
FIG. 28-27 Question 3. 


4 Figure 28-28 shows crossed uniform electric and magnetic 
fields E and B and, at a certain instant, the velocity vectors of 
the 10 charged particles listed in Table 28-3. (The vectors are 
not drawn to scale.) The speeds given in the table are either 
less than or greater than E/B (see Question 1). Which particles 
will move out of the page toward you after the instant shown 
in Fig, 28-28? 


Torque on a Current-Carrying Coil A coil (of area A 
and WN turns, carrying current i) in a uniform magnetic field B 
will experience a torque 7 given by 


T=EXB. (28-37) 


Here yp is the magnetic dipole moment of the coil, with magni- 
tude uw = NIA and direction given by the right-hand rule. 


Orientation Energy of a Magnetic Dipole The mag- 
netic potential energy of a magnetic dipole in a magnetic field 
iS 


U(6) = —a-B. (28-38) 


If an external agent rotates a magnetic dipole from an initial 
orientation 6; to some other orientation 6; and the dipole is 
stationary both initially and finally, the work W, done on the 
dipole by the agent is 


W, = AU = U;- U, (28-39) 
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FIG. 28-28 Question 4. 


TABLE 28-3 





Question 4 

Particle Charge Speed Particle Charge Speed 
1 + Less 6 — Greater 
2 + Greater 2 + Less 
3 + Less 8 + Greater 
4 + Greater 9 — Less 
5 — Less 10 = Greater 





3 Figure 28-29 shows a metallic, rec- 
tangular solid that is to move at a cer- 
tain speed v through the uniform mag- 
netic field B. The dimensions of the 
solid are multiples of d, as shown. You 
have six choices for the direction of the 
velocity: parallel to x, y, or z in either 
the positive or negative direction. (a) 
Rank the six choices according to the 
potential difference set up across the solid, greatest first. (b) For 
which choice is the front face at lower potential? 





FIG. 28-29 
Question 5. 


6 Figure 28-30 shows the path of a particle through six 
regions of uniform magnetic field, where the path is either a 
half-circle or a quarter-circle. Upon leaving the last region, the 
particle travels between two charged, parallel plates and is 
deflected toward the plate of higher potential. What is the 
direction of the magnetic field in each of the six regions? 





Question 8 
Particle Mass Charge Speed 
1 2m q Vv 
2 m 2q v 
3 ml/2 q 2v 
4 3m 3q 3yv 
5 2m q 2v 
FIG. 28-30 Question 6. 6 m —q 2v 
y m —4q v 
7 In Fig. 28-31, a charged par- “3 8 m —q v 
ticle enters a uniform magnetic OB 9 2m —2q 3v 
field B with speed vy, moves 10 m —2q Ry 
through a half-circle in time 7), rl a 0 an 


and then leaves the field. (a) Is 


the charge positive or nega- . 9 Figure 28-33 shows the path of 
tive? (b) Is the final speed of Sere UCONN: an electron that passes through two 


the particle greater than, less regions containing uniform mag- 
than, or equal to vy? (c) If the initial speed had been 0.5vo, netic fields of magnitudes B, and 


would the time spent in field B have been greater than, less B,. Its path in each region is a half- 





than, or equal to 7)? (d) Would the path have been a half- circle. (a) Which field is stronger? 

circle, more than a half-circle, or less than a half-circle? (b) What is the direction of each 

8 Particle roundabout. Figure 28-32 shows 11 paths through field? (c) Is the time spent by the 

a region of uniform magnetic field. One path is a straight line; electron in the B, region greater FIG. 28-33 
the rest are half-circles. Table 28-4 gives the masses, charges, than, less than, or the same as the Question 9. 
and speeds of 11 particles that take these paths through the time spent in the B, region? 

field in the directions shown. Which path in the figure corre- 10 Figure 28-34 shows the 


sponds to which particle in the table? 


path of an electron in a region 
of uniform magnetic field. The 
path consists of two straight 
sections, each between a pair of 
uniformly charged plates, and 
two half-circles. Which plate is 
at the higher electric potential 
in (a) the top pair of plates and 
(b) the bottom pair? (c) What 
is the direction of the magnetic field? 





FIG. 28-34 Question 10. 


11. (a) In Checkpoint 5, if the dipole moment 4 is rotated 
from orientation 2 to orientation 1 by an external agent, is the 





j i és work done on the dipole by the agent positive, negative, or 
zero? (b) Rank the work done on the dipole by the agent for 
FIG. 28-32 Question 8. these three rotations, greatest first:2 > 1,2 > 4,2 3. 
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sec. 28-3 The Definition of B moves through the uniform magnetic field B = (0.030T)i — 

°1  Anelectron that has velocity (0.15 T)j. (a) Find the force on the electron due to the mag- 
oe ee ; Bee ; netic field. (b) Repeat your calculation for a proton having the 
v = (2.0 X 10° m/s)i + (3.0 X 10° m/s)j same velocity. 
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e2 An alpha particle travels at a velocity v of magnitude 
550 m/s through a uniform magnetic field B of magnitude 
0.045 T. (An alpha particle has a charge of +3.2 x 107!’ C and 
a mass of 6.6 X 1072’ kg.) The angle between V and B is 52°. 
What is the magnitude of (a) the force F; acting on the parti- 
cle due to the field and (b) the acceleration of the particle due 
to F,? (c) Does the speed of the particle increase, decrease, or 
remain the same? 


°3 A proton traveling at 23.0° with respect to the direction 
of a magnetic field of strength 2.60 mT experiences a magnetic 
force of 6.50 X 10°'’ N. Calculate (a) the proton’s speed and 
(b) its kinetic energy in electron-volts. SSM ILw 


e4 A particle of mass 10 g and charge 80 wC moves through 
a uniform magnetic field, in a region where the free-fall accel- 
eration is —9.8} m/s’. The velocity of the particle is a constant 
20i km/s, which is perpendicular to the magnetic field. What, 
then, 1s the magnetic field? 


ee5 An electron moves through a uniform magnetic field 
given by B = B,i + (3.0B,)j. At a particular instant, the elec- 
tron has velocity Vv = (2.01 + 4.0}) m/s and the magnetic 
force acting on it is (6.4 X 107!” N)k. Find B,. 


°e6 A proton moves through a uniform magnetic field 
given by B = (10i — 20) + - 30k) mT. At time 4, the proton 
has a velocity given by V = vi + Vy) + (2.0km/s)k and the 
magnetic force on the proton is Fz = (4.0 X 107'7N)i + 
(2.0 X 10°'7 N)j. At that instant, what are (a) v, and (b) ee 


sec. 28-4 Crossed Fields: Discovery of the Electron 

°7 In Fig. 28-35, an electron accelerated from rest through 
potential difference V,; = 1.00 kV enters the gap between two 
parallel plates having separation d = 20.0 mm and potential 
difference V, = 100 V. The lower plate is at the lower poten- 
tial. Neglect fringing and assume that the electron’s velocity 
vector is perpendicular to the electric field vector between the 
plates. In unit-vector notation, what uniform magnetic field 
allows the electron to travel in a straight line inthe gap? = LW 





FIG. 28-35 Problem 7. 


e8 An electric field of 1.50 kV/m and a perpendicular mag- 
netic field of 0.400 T act on a moving electron to produce no 
net force. What is the electron’s speed? 


°9 An electron has an initial velocity of (12.0} + 15.0k) 
km/s and a constant acceleration of (2.00 X 10!2 m/s?)i in a 
region in which uniform electric and magnetic fields are pres- 
ent. If B = (400 wT)i, find the electric field E. 


ee10 A proton travels through uniform magnetic and elec- 
tric fields. The magnetic field is B = —2.50i mT. At one in- 
stant the velocity of the proton is V = 2000} m/s. At that in- 
stant and in unit-vector notation, what is the net force acting 
on the proton if the electric field is (a) 4.00k V/m, (b) 
—4.00k V/m, and (c) 4.001 V/m? 


ee11 Anion source is producing °Li ions, which have charge 
+e and mass 9.99 X 10°?’ kg. The ions are accelerated by a 


potential difference of 10 kV and pass horizontally into a region 
in which there is a uniform vertical magnetic field of magnitude 
B = 1.2 T. Calculate the strength of the smallest electric field, to 
be set up over the same region, that will allow the °Li ions to pass 
through undeflected. 


9 
eee}2 At time #,, an electron ‘ 


is sent along the positive direc- 
tion of an x axis, through both 
an electric field E and a 
magnetic field B, with E di- 
rected parallel to the y axis. 
Figure 28-36 gives the y compo- 
nent F,.,, of the net force on 
the electron due to the two = 
fields, as a function of the elec- 
tron’s speed v at time ¢,. The 
scale of the velocity axis is set 
by v, = 100.0 m/s. The x and z components of the net force are 
zero at t;. Assuming B, = 0, find (a) the magnitude F and (b) 
B in unit-vector notation. © 


sec. 28-5 Crossed Fields: The Hall Effect 
e13 A strip of copper 150 um thick and 4.5 mm wide is placed 
in a uniform magnetic field B of magnitude 0.65 T, with B per- 
pendicular to the strip. A current 7 = 23 A is then sent through 
the strip such that a Hall potential difference V appears across 
the width of the strip. Calculate V. (The number of charge carri- 
ers per unit volume for copper is 

8.47 x 1078 electrons/m*.) | 


¢14 A metal strip 6.50 cm long, 

0.850 cm wide, and 0.760 mm 

thick moves with constant veloc- * x x B 
ity v through a uniform * tase» 
magnetic field B= 1.20 mT di- 

rected perpendicular to the strip, 

as shown in Fig. 28-37. A poten- | 

tial difference of 3.90 wV is mea-  * x i x 
sured between points x and y 
across the strip. Calculate the 
speed v., 


— 


v (m/s) 
FIG. 28-36 Problem 12. 


Vy 


FIG. 28-37. Problem 14. 


ee15 In Fig. 28-38, a conducting rectangular solid of dimen- 
sions d, = 5.00m, d, = 3.00m, and d. = 2.00m moves at 
constant velocity Vv = (20.0 m/s)i through a uniform magnetic 
field B = (30.0 mT)j. What are 
the resulting (a) electric field 
within the solid, in unit-vector 
notation, and (b) _ potential 
difference across the solid? 


eee16 Figure 28-38 shows a 
metallic block, with its faces par- 
allel to coordinate axes. The 
block is in a uniform magnetic 
field of magnitude 0.020 T. One 
edge length of the block is 25 cm; 
the block is not drawn to scale. The block is moved at 3.0 m/s par- 
allel to each axis, in turn, and the resulting potential difference V 
that appears across the block is measured. With the motion paral- 
lel to the y axis, V = 12 mV; with the motion parallel to the z axis, 
V = 18 mV; with the motion parallel to the x axis, V = 0. What 
are the block lengths (a) d,,(b) d,,and (c) d.? @® 





FIG. 28-38 Problems 15 
and 16. 


sec. 28-6 A Circulating Charged Particle 

e17 Anelectron of kinetic energy 1.20 keV circles in a plane 
perpendicular to a uniform magnetic field. The orbit radius is 
25.0 cm. Find (a) the electron’s speed, (b) the magnetic field 
magnitude, (c) the circling frequency, and (d) the period of the 
motion. SSM 


e18 An electron is accelerated from rest by a potential dif- 
ference of 350 V. It then enters a uniform magnetic field of 
magnitude 200 mT with its velocity perpendicular to the field. 
Calculate (a) the speed of the electron and (b) the radius of its 
path in the magnetic field. 


°19 What uniform magnetic field, applied perpendicular to 
a beam of electrons moving at 1.30 X 10° m/s, is required to 
make the electrons travel in a circular arc of radius 0.350 m? 


e20 Ina nuclear experiment a proton with kinetic energy 
1.0 MeV moves in a circular path in a uniform magnetic field. 
What energy must (a) an alpha particle (q = +2e,m = 4.0 u) 
and (b) a deuteron (g = +e, m = 2.0u) have if they are to 
circulate in the same circular path? 


e21 (a) Find the frequency of revolution of an electron with 
an energy of 100 eV in a uniform magnetic field of magnitude 
35.0 wT. (b) Calculate the radius of the path of this electron if 
its velocity is perpendicular to the magnetic field. 


e22 Anelectron is accelerated 
from rest through potential dif- 
ference V and then enters a re- 
gion of uniform magnetic field, 
where it undergoes uniform cir- 
cular motion. Figure 28-39 gives 
the radius r of that motion ver- 
sus V'”. The vertical axis scale is 0 yi72 
set by r, = 3.0 mm, and the hori- 
zontal axis scale is set by 
Vi" = 40.0 V'*. What is the 
magnitude of the magnetic field? 


Vs 


r (mm) 


yl/2 (vite) 
FIG. 28-39 Problem 22. 


e23 A certain particle is sent into a uniform magnetic field, 
with the particle’s velocity vector perpendicular to the 
direction of the field. Figure 28-40 gives the period T of the 
particle’s motion versus the inverse of the field magnitude B. 
The vertical axis scale is set by 7; = 40.0 ns, and the horizontal 
axis scale is set by B,! = 5.0 T~!. What is the ratio m/q of the 
particle’s mass to the magnitude of its charge? 
i6 


3 


T (ns) 


BAT 
FIG. 28-40 Problem 23. 


24 In Fig. 28-41, a particle moves along a circle in a region 
of uniform magnetic field of magnitude B = 4.00 mT. The par- 


ticle is either a proton or an electron (you 
must decide which). It experiences a mag- 
netic force of magnitude 3.20 x 10 'N. 
What are (a) the particle’s speed, (b) the ra- > 

' ; ©B 
dius of the circle, and (c) the period of the 
motion? €% 


e25 An alpha particle (¢ = +2e, m = 4.00 

u) travels in a circular path of radius 4.50 cm in a uniform 
magnetic field with B = 1.20 T. Calculate (a) its speed, (b) its 
period of revolution, (c) its kinetic energy, and (d) the poten- 
tial difference through which it would have to be accelerated 
to achieve this energy. 


FIG. 28-41 
Problem 24. 


ee26 A particle undergoes uniform circular motion of ra- 
dius 26.1 wm in a uniform magnetic field. The magnetic force 
on the particle has a magnitude of 1.60 X 107!’ N. What is the 
kinetic energy of the particle? 


ee27 An electron follows a helical path in a uniform mag- 
netic field of magnitude 0.300 T. The pitch of the path is 
6.00 wm, and the magnitude of the magnetic force on the elec- 
tron is 2.00 x 10°! N. What is the electron’s speed? 


°e28 In Fig. 28-42, a charged 
particle moves into a region of 
uniform magnetic field B, goes a ! 
through half a circle, and then ‘WeaiuisSaenesuesiieanaer 
exits that region. The particle is / aapamemmcn 
either a proton or an electron ~ 
(you must decide which). It 
spends 130ns in the region. 
(a) What is the magnitude of B? (b) If the particle is sent back 
through the magnetic field (along the same initial path) but 
with 2.00 times its previous kinetic energy, how much time 
does it spend in the field during this trip? 









FIG. 28-42 Problem 28. 


°e29 A positron with kinetic energy 2.00 keV is projected 
into a uniform magnetic field B of magnitude 0.100 T, with its 
velocity vector making an angle of 89.0° with B. Find (a) the 
period, (b) the pitch p, and (c) the radius r of its helical path. 


SSM WWW 


°ee30 An electron follows a helical path in a uniform mag- 
netic field given by B = (201 — 50} — 30k) mT. At time ¢ = 0, 
the electron’s velocity is given by V = (201 — 30} + 50k) m/s. 
(a) What is the angle @ between v and B? The electron’s 
velocity changes with time. Do (b) its speed and (c) the angle 
¢ change with time? (d) What is the radius of the helical path? 


ee31 A certain commercial mass spectrometer (see Sample 
Problem 28-3) is used to separate uranium ions of mass 3.92 X 
10°-* kg and charge 3.20 x 10°!’ C from related species. The 
ions are accelerated through a potential difference of 100 kV 
and then pass into a uniform magnetic field, where they are 
bent in a path of radius 1.00 m. After traveling through 180° 
and passing through a slit of width 1.00mm and height 
1.00 cm, they are collected in a cup. (a) What is the magnitude 
of the (perpendicular) magnetic field in the separator? If the 
machine is used to separate out 100 mg of material per hour, 
calculate (b) the current of the desired ions in the machine 
and (c) the thermal energy produced in the cup in 1.00 h. 


ee32 = In Fig. 28-43, an electron with an initial kinetic energy 
of 4.0 keV enters region 1| at time ¢ = 0. That region contains a 
uniform magnetic field directed into the page, with magnitude 
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0.010 T. The electron goes through a 
half-circle and then exits region 1, 
headed toward region 2 across a gap 
of 25.0 cm. There is an electric poten- 
tial difference AV = 2000 V across 
the gap, with a polarity such that the 
electron’s speed increases uniformly 
as it traverses the gap. Region 2 con- 
tains a uniform magnetic field di- 
rected out of the page, with magni- 
tude 0.020T. The electron goes 
through a half-circle and then leaves region 2. At what time ¢ 
doesitleave? & 


ee33 A particular type of fundamental particle decays by 
transforming into an electron e~ and a positron e*. Suppose 
the decaying particle is at rest in a uniform magnetic field B of 
magnitude 3.53 mT and the e~ and e~ move away from the 
decay point in paths lying in a plane perpendicular to B. How 
long after the decay do the e~ and e* collide? 






Region 2 
OR, 





FIG. 28-43 
Problem 32. 


°¢34 A source injects an electron of speed v = 1.5 X 10’ m/s 
into a uniform magnetic field of magnitude B = 1.0 x 10°° T. 
The velocity of the electron makes an angle 6 = 10° with the 
direction of the magnetic field. Find the distance d from the 
point of injection at which the electron next crosses the field 
line that passes through the injection point. 


sec. 28-7 Cyclotrons and Synchrotrons 

ee35 Estimate the total path length traveled by a deuteron 
in the cyclotron of Sample Problem 28-5 during the (entire) 
acceleration process. Assume that the accelerating potential 
between the dees is 80 kV. 


°e36 In a certain cyclotron a proton moves in a circle of 
radius 0.500 m. The magnitude of the magnetic field 1s 1.20 T. 
(a) What is the oscillator frequency? (b) What is the kinetic 
energy of the proton, in electron-volts? 


e*37 A proton circulates in a cyclotron, beginning approxi- 
mately at rest at the center. Whenever it passes through the 
gap between dees, the electric potential difference between 
the dees is 200 V. (a) By how much does its kinetic energy 
increase with each passage through the gap? (b) What is its 
kinetic energy as it completes 100 passes through the gap? Let 
Yigg be the radius of the proton’s circular path as it completes 
those 100 passes and enters a dee, and let rj9; be its next 
radius, as it enters a dee the next time. (c) By what percentage 
does the radius increase when it changes from /j99 to 749, ? That 
is, what is 
percentage increase = gS oy 100%? 
Fioo 

°°38 A cyclotron with dee radius 53.0 cm is operated at an 
oscillator frequency of 12.0 MHz to accelerate protons. 
(a) What magnitude B of magnetic field is required to achieve 
resonance? (b) At that field magnitude, what is the kinetic 
energy of a proton emerging from the cyclotron? Suppose, 
instead, that B= 1.57 T. (c) What oscillator frequency is 
required to achieve resonance now? (d) At that frequency, 
what is the kinetic energy of an emerging proton? 


sec. 28-8 Magnetic Force on a Current-Carrying Wire 
°39 A 13.0 g wire of length L = 62.0 cm is suspended by a 
pair of flexible leads in a uniform magnetic field of magnitude 


0.440 T (Fig. 28-44). What are 
the (a) magnitude and (b) direc- 
tion (left or right) of the current 
required to remove the tension 
in the supporting leads? !LW 





e40 The bent wire shown in Fig. 
28-45 lies in a uniform magnetic 
field. Each straight section is 2.0 
m long and makes an angle of 0 = 
60° with the x axis, and the wire 
carries a current of 2.0 A. What is 
the net magnetic force on the wire 
in unit-vector notation if the mag- 
netic field is given by (a) 4.0k T 
and (b) 4.01 T? 


°41 A horizontal power line 
carries a current of 5000 A from 
south to north. Earth’s magnetic 
field (60.0 nT) is directed to- 
ward the north and inclined downward at 70.0° to the horizon- 
tal. Find the (a) magnitude and (b) direction of the magnetic 
force on 100 m of the line due to Earth’s field. SSM 


FIG. 28-44 Problem 39. 





FIG. 28-45 Problem 40. 


°e42 A wire 1.80m long carries a current of 13.0 A and 
makes an angle of 35.0° with a uniform magnetic field of mag- 
nitude B = 1.50 T. Calculate the magnetic force on the wire. 


ee43 A wire 50.0 cm long carries a 0.500 A current in the 
positive direction of an x axis through a magnetic field Be 
(3.00 mT)j + (10.0 mT)k. In unit-vector notation, what is the 
magnetic force on the wire? 


ee44 In Fig. 28-46, a metal wire of mass m = 24.1 mg can 
slide with negligible friction on two horizontal parallel rails 
separated by distance d = 2.56 cm. The track lies in a vertical 
uniform magnetic field of magnitude 56.3 mT. At time ¢ = 0, 
device G is connected to 
the rails, producing a 
constant current 7 = 9.13 
mA in the wire and rails 
(even as the wire 
moves). At ¢ = 61.1 ms, 
what are the wire’s (a) 
speed and (b) direction 
of motion (left or right)? 





FIG. 28-46 Problem 44. 


eee45 A 1.0kg copper rod rests on two horizontal rails 
1.0 m apart and carries a current of 50 A from one rail to the 
other. The coefficient of static friction between rod and rails Is 
0.60. What are the (a) magnitude and (b) angle (relative to the 
vertical) of the smallest magnetic field that puts the rod on the 
verge of sliding? && 


e°e46 =A long, rigid conductor, lying along an x axis, carries a 
current of 5.0 A in the negative x direction. A magnetic field 
B is present, given by B = 3.0i + 8.0x2), with x in meters and 
B in milliteslas. Find, in unit-vector notation, the force on the 
2.0 m segment of the conductor that lies between x = 1.0m 
and x = 3.0m. 


sec. 28-9 Torque ona Current Loop 

°47 Figure 28-47 shows a rectangular 20-turn coil of wire, of 
dimensions 10 cm by 5.0 cm. It carries a current of 0.10 A and 
is hinged along one long side. It is mounted in the xy plane, at 


angle @ = 30° to the direction of y 
a uniform magnetic field of 
magnitude 0.50 T. In unit-vector 
notation, what is the torque act- Hinge j 
ing on the coil about the hinge : 
line? SSM 






line 


e48 <A _ single-turn current 
loop, carrying a current of 4.00 
A, is in the shape of a right trian- 
gle with sides 50.0, 120, and 
130 cm. The loop is in a uniform 
magnetic field of magnitude 75.0 mT whose direction is parallel 
to the current in the 130 cm side of the loop. What is the magni- 
tude of the magnetic force on (a) the 130 cm side, (b) the 50.0 
cm side, and (c) the 120 cm side? (d) What is the magnitude of 
the net force on the loop? 


z 


FIG. 28-47. Problem 47. 


ee49 Figure 28-48 shows a wire ring of radius a = 1.8cm 
that is perpendicular to the general direction of a radially 
symmetric, diverging magnetic field. The magnetic field at the 
ring is everywhere of the same magnitude B = 3.4 mT, tag its 
direction at the ring everywhere 

makes an angle @= 20° with a —_ 5 itt 
normal to the plane of the ring. 
The twisted lead wires have no 
effect on the problem. Find the 
magnitude of the force the field 
exerts on the ring if the ring car- 


ries acurrent i = 4.6 mA. FiG. 28-48 Problem 49. 


e°50_ In Fig. 28-49, a rectangular loop carrying current lies in 
the plane of a uniform magnetic field of magnitude 0.040 T. 
The loop consists of a single turn of flexible conducting wire 
that is wrapped around a flexible 
mount such that the dimensions of the er 
rectangle can be changed. (The total | 
length of the wire is not changed.) As 
edge length x is varied from approxi- 
mately zero to its maximum value of | . a 
approximately 4.0 cm, the magnitude 7 }«——__ x ——___+| 
of the torque on the loop changes. The 

j s FIG. 28-49 
maximum value of 7 is 4.80 x 10 
N-m. What is the current in the loop? Oem ot 


e¢51 The coil of a certain galvanometer (see Sample Prob- 
lem 28-7) has a resistance of 75.3 0; its needle shows a full- 
scale deflection when a current of 1.62 mA passes through the 
coil. (a) Determine the value of the auxiliary resistance 
required to convert the galvanometer to a voltmeter that 
reads 1.00 V at full-scale deflection. (b) Should this resistance 
be connected in series or in parallel with the galvanometer? 
(c) Determine the value of the auxiliary resistance required to 
convert the galvanometer to an ammeter that reads 50.0 mA 
at full-scale deflection. (d) Should this resistance be connected 
in series or in parallel? 


ee52 An electron moves in a circle of radius r = 5.29 X 
107'' m with speed 2.19 X 10° m/s. Treat the circular path as 
a current loop with a constant current equal to the ratio of the 
electron’s charge magnitude to the period of the motion. 
If the circle lies in a uniform magnetic field of magnitude B = 
7.10 mT, what is the maximum possible magnitude of the 
torque produced on the loop by the field? 





ee53 Figure 28-50 shows a 
wood cylinder of mass m= 
0.250 kg and length L = 0.100 
m, with N = 10.0 turns of wire 
wrapped around it longitudi- 
nally, so that the plane of the 
wire coil contains the long cen- 
tral axis of the cylinder. The 
cylinder is released on a plane 
inclined at an angle 6 to the 
horizontal, with the plane of 
the coil parallel to the incline 
plane. If there is a vertical uniform magnetic field of magni- 
tude 0.500 T, what is the least current i through the coil that 
keeps the cylinder from rolling down the plane? 





FIG. 28-50 Problem 53. 


sec. 28-10 The Magnetic Dipole Moment 

°54 A circular wire loop of radius 15.0 cm carries a current 
of 2.60 A. It is placed so that the normal to its plane makes an 
angle of 41.0° with a uniform magnetic field of magnitude 
12.0 T. (a) Calculate the magnitude of the magnetic dipole 
moment of the loop. (b) What is the magnitude of the torque 
acting on the loop? 


e55 A circular coil of 160 turns has a radius of 1.90 cm. 
(a) Calculate the current that results in a magnetic dipole 
moment of magnitude 2.30 A-m*. (b) Find the maximum 
magnitude of the torque that the coil, carrying this current, 
can experience in a uniform 35.0 mT magnetic field. Ssm 


e56 The magnetic dipole moment of Earth has magnitude 
8.00 x 10” J/T. Assume that this is produced by charges flow- 
ing in Earth’s molten outer core. If the radius of their circular 
path is 3500 km, calculate the current they produce. 


e57 A current loop, carrying a current of 5.0 A, is in the 
shape of a right triangle with sides 30, 40, and 50 cm. The loop 
is in a uniform magnetic field of magnitude 80 mT whose 
direction is parallel to the current in the 50cm side of the 
loop. Find the magnitude of (a) the magnetic dipole moment 
of the loop and (b) the torque on the loop. 


e58 A magnetic dipole with a dipole moment of magnitude 
0.020 J/T is released from rest in a uniform magnetic field of 
magnitude 52 mT. The rotation of the dipole due to the mag- 
netic force on it is unimpeded. When the dipole rotates 
through the orientation where its dipole moment is aligned 
with the magnetic field, its kinetic energy is 0.80 mJ. (a) What 
is the initial angle between the dipole moment and the 
magnetic field? (b) What is the angle when the dipole is next 
(momentarily) at rest? 


e59 Two concentric, circular 
wire loops, of radii 7; = 20.0 cm 
and r, = 30.0 cm, are located in 
an xy plane; each carries a 
clockwise current of 7.00A 
(Fig. 28-51). (a) Find the mag- 
nitude of the net magnetic di- 
pole moment of the system. 
(b) Repeat for reversed current 
in the inner loop. SSM 


e°60 Figure 28-52 gives the 
potential energy U of a mag- FIG. 28-51 Problem59. 
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U (107 J) 


netic dipole in an external mag- 
netic field Bas a function of an- 
gle @ between the directions of 
B and the dipole moment. The 
vertical axis scale is set by 
U,= 2.0 x 10°*J. The dipole 
can be rotated about an axle 
with negligible friction so as to 
change #. Counterclockwise ro- 
tation from @ = 0 yields posi- 
tive values of @, and clockwise 
rotations yield negative values. The dipole is to be released at 
angle ¢@ = 0 with a rotational kinetic energy of 6.7 X 107+ J,so 
that it rotates counterclockwise. To what maximum value of @ 
will it rotate? (In the language of Section 8-6, what value ¢ 1s 
the turning point in the potential well of Fig. 28-52?) € 


FIG. 28-52 Problem 60. 


ee61 A circular loop of wire having a radius of 8.0 cm car- 
ries a current of 0.20 A. A vector of unit length and parallel to 
the dipole moment 7 of the loop is given by 0.601 — 0.80). If 
the loop is located in a uniform magnetic field given by B= 
(0.25 T)i + (0.30 T)k, find (a) the torque on the loop (in unit- 
vector notation) and (b) the magnetic potential energy of 
the loop. 


ee62 Figure 28-53 shows a current 
loop ABCDEFA carrying a current i 
= 5.00 A. The sides of the loop are 
parallel to the coordinate axes 
shown, with AB = 20.0cm, BC = 
30.0 cm, and FA = 10.0 cm. In unit- 
vector notation, what is the magnetic 
dipole moment of this loop? (Hint: 
Imagine equal and opposite currents 
iin the line segment AD; then treat 
the two rectangular loops ABCDA 
and ADEFA.) 


ee63 A wire of length 25.0 cm carrying a current of 4.51 mA 
is to be formed into a circular coil and placed in a uniform 
magnetic field B of magnitude 5.71 mT. If the torque on the 
coil from the field is maximized, what are (a) the angle 
between B and the coil’s magnetic dipole moment and (b) the 
number of turns in the coil? (c) What is the magnitude of that 
maximum torque? SSM ILW 





FIG. 28-53 
Problem 62. 


°e64 In Fig. 28-54a, two concentric coils, lying in the same plane, 
carry currents in opposite directions. The current in the larger coil 
1 is fixed. Current i in coil 2 can be varied. Figure 28-545 gives the 
net magnetic moment of the two-coil system as a function of bh. 
The vertical axis scale is set by yer; =2.0 X 107° A+ m7’, and the 
horizontal axis scale is set by i, = 10.0 mA. If the current in coil 2 
is then reversed, what is the magnitude of the net magnetic mo- 
ment of the two-coil system when J, = 7.0mA? 


HU net.s 


se 
Une, (107 A+ m?*) 


\ —H nets 
a ee l by (mA) 


(a) (bd) 
FIG. 28-54 Problem 64. 





°e65 The coil in Fig. 28-55 car- 
ries current 7=2.00A in the 
direction indicated, is parallel to 
an xz plane, has 3.00 turns and 
an area of 4.00 x 107-7 m’, and 
lies in a uniform magnetic field 
B = (2.001 — 3.00; — 4.00k) mT. What are (a) the magnetic 
potential energy of the coil-magnetic field system and (b) the 
magnetic torque (in unit-vector notation) on the coil? SSM 





FIG. 28-55 Problem 65. 


Additional Problems 

66 Awire lying along a y axis from y = 0 to y = 0.250 m car- 
ries a current of 2.00 mA in the negative direction of the axis. 
The wire fully hes in a nonuniform magnetic field given by 
B = (0.300 T/m)yi + (0.400 T/m)yj. In unit-vector notation, 
what 1s the magnetic force on the wire? 


67 Physicist S.A. Goudsmit devised a method for measuring 
the mass of heavy ions by timing their period of revolution in 
a known magnetic field. A singly charged ion of iodine makes 
7.00 rev in a 45.0 mT field in 1.29 ms. Calculate its mass in 
atomic mass units. 


68 An electron in an old-fashioned TV camera tube is mov- 
ing at 7.20 x 10° m/s in a magnetic field of strength 83.0 mT. 
What is the (a) maximum and (b) minimum magnitude of the 
force acting on the electron due to the field? (c) At one point 
the electron has an acceleration of magnitude 4.90 x 10" 
m/s’. What is the angle between the electron’s velocity and the 
magnetic field? 


69 A Stationary circular wall clock has a face with a radius 
of 15 cm. Six turns of wire are wound around its perimeter; the 
wire carries a current of 2.0 A in the clockwise direction. The 
clock is located where there is a constant, uniform external 
magnetic field of magnitude 70 mT (but the clock still keeps 
perfect time). At exactly 1:00 p.M., the hour hand of the clock 
points in the direction of the external magnetic field. (a) After 
how many minutes will the minute hand point in the direction 
of the torque on the winding due to the magnetic field? 
(b) Find the torque magnitude. 


7O In a Hall-effect experiment, a current of 3.0 A sent 
lengthwise through a conductor 1.0 cm wide, 4.0 cm long, and 
10 wm thick produces a transverse (across the width) Hall 
potential difference of 10 wV when a magnetic field of 1.5 T 1s 
passed perpendicularly through the thickness of the conduc- 
tor. From these data, find (a) the drift velocity of the charge 
carriers and (b) the number density of charge carriers. 
(c) Show on a diagram the polarity of the Hall potential dif- 
ference with assumed current and magnetic field directions, 
assuming also that the charge carriers are electrons. 


71 Atom 1 of mass 35 u and atom 2 of mass 37 u are both 
singly ionized with a charge of +e. After being introduced into 
a mass spectrometer (Fig. 28-14) and accelerated from rest 
through a potential difference V = 7.3 kV, each ion follows a 
circular path in a uniform magnetic field of magnitude B = 
0.50 T. What is the distance Ax between the points where the 
ions strike the detector? 


72 An electron with kinetic energy 2.5 keV moving along 
the positive direction of an x axis enters a region in which a 
uniform electric field of magnitude 10 kV/m is in the negative 
direction of the y axis. A uniform magnetic field B is to be set 
up to keep the electron moving along the x axis, and the direc- 


tion of B is to be chosen to minimize the required magnitude 
of B.In unit-vector notation, what B should be set up? 


73 In Fig. 28-56, an electron y 

moves at speed v= 100m/s QB 

along an x axis through uniform > 

electric and magnetic fields. The x 


magnetic field B is directed into 
the page and has magnitude 5.00 
T. In unit-vector notation, what is 
the electric field? SSM 


FIG. 28-56 Problem 73. 


74 A beam of electrons whose 

kinetic energy is K emerges Foil 
from a thin-foil “window” at the 
end of an accelerator tube. 
A metal plate at distance d from 
this window 1s perpendicular to 
the direction of the emerging 
beam (Fig. 28-57). (a) Show that 
we can prevent the beam from hitting the plate if we apply a 
uniform magnetic field B such that 


window ~ 
XQ 





Kd ie rok edoerbeahe 2 iit Che tm Nag we tonne d 
S 


Tube 


~~ — f—— 


FIG. 28-57 Problem 74. 


2nKk 
ed?’ 


in which m and e are the electron mass and charge. (b) How 
should B be oriented? 


75 A proton, a deuteron (q = +e, m = 2.0 u), and an alpha 
particle (q = +2e, m=4.0u) are accelerated through the 
same potential difference and then enter the same region of 
uniform magnetic field B, moving perpendicular to B. What is 
the ratio of (a) the proton’s kinetic energy K, to the alpha par- 
ticle’s kinetic energy K, and (b) the deuteron’s kinetic energy 
K, to K,? If the radius of the proton’s circular path is 10 cm, 
what is the radius of (c) the deuteron’s path and (d) the alpha 
particle’s path? SSM 


76 A proton of charge +e and mass m enters a uniform 
magnetic field B = Bi with an initial velocity V = = Vol + Voy). 
Find an expression in unit-vector notation for its velocity V at 
any later time f. 


77 A particle of mass 6.0 g moves at 4.0 km/s in an xy plane, 
in a region with a uniform magnetic field given by 5.0i mT. At 
one instant, when the particle’s velocity is directed 37° coun- 
terclockwise from the positive direction of the x axis, the mag- 
netic force on the particle is 0.48k N. What is the particle’s 
charge? SSM 


78 Bainbridge’s mass __ spec- 
trometer, shown in Fig. 28-58, 
separates ions having the same 
velocity. The tons, after entering 
through slits, S,; and S,, pass 
through a velocity selector com- 
posed of an electric field pro- 
duced by the charged plates P 
and P’, and a magnetic field B 
perpendicular to the electric field 
and the ion path. The ions that 
then pass undeviated through the crossed E and B fields en- 
ter into a region where a second magnetic field B’ exists, 
where they are made to follow circular paths. A photographic 
plate (or a modern detector) registers their arrival. Show 





FIG. 28-58 Problem 78. 


that, for the ions, g/m = E/rBB’, where ris the radius of the cir- 


cular orbit. 


79 At one instant, 7 = (—2.001 + 4.00} — 6.00k) m/s is the 
velocity of a proton in a uniform magnetic field B= (2.001 — 
4.00} + 8.00k) mT. At that instant, what are (a) the magnetic 
force F on the proton, in unit-vector notation, (b) the angle 
between v and F,and (c) the angle between V and B? 


80 (a) In Fig. 28-8, show that the ratio of the Hall electric field 
magnitude FE to the magnitude Ec of the electric field 
responsible for moving charge (the current) along the length of 
the strip is FE B 


Eo nep’ 





where pis the resistivity of the material and n is the number 
density of the charge carriers. (b) Compute this ratio numeri- 
cally for Problem 13. (See Table 26-1.) 


81 At time ¢=0, an electron with kinetic energy 12 keV 
moves through x = 0 in the positive direction of an x axis that 
is parallel to the horizontal component of Earth’s magnetic 
field B. The field’s vertical component is downward and 
has magnitude 55.0 wT. (a) What is the magnitude of the 
electron’s acceleration due to B? (b) What is the electron’s 
distance from the x axis when the electron reaches coordinate 
x = 20cm? SSM 


82 An electron has velocity V = (32i + 40j) km/s as it 
enters a uniform magnetic field B = 601 pT. What are (a) the 
radius of the helical path taken by the electron and (b) the 
pitch of that path? (c) To an observer looking into the mag- 
netic field region from the entrance point of the electron, does 
the electron spiral clockwise or counterclockwise as it moves? 


83 A proton, a deuteron (gq = +e, m = 2.0 u), and an alpha 
particle (¢q = +2e, m=4.0u) all having the same kinetic 
energy enter a region of uniform magnetic field B, 
moving perpendicular to B. What is the ratio of (a) the radius 
r, of the deuteron path to the radius r, of the proton path and 


(b) the radius r, of the alpha particle path to r,,? 


84 A particle with charge 2.0C moves through a uniform 
magnetic field. At one instant the velocity of the particle is 
(2.01 + 4.0} + 6.0k) m/s and the magnetic force on the parti- 
cle is (4.01 — 20} + 12k) N. The x and y components of the 
magnetic field are equal. What is B? 


85 A5.0 uC particle moves through a region containing the 
magnetic field —20i mT and the electric field 300} V/m. At one 
instant the velocity of the particle is (171 — 11} + 7.0k) km/s. 
At that instant and in unit-vector notation, what is the net 
electromagnetic force (the sum of the electric and magnetic 
forces) on the particle? 


86 A wire lying along an x axis from x = 0 tox = 1.00 m car- 
ries a current of 3.00 A in the positive x direction. The wire is 
immersed in a nonuniform magnetic field given by B= 
(4.00 T/m2)x2i — (0.600 T/m2)x?j. In unit-vector notation, 
what is the magnetic force on the wire? 


87 Prove that the relation 7 = NIAB sin @ holds not only for 
the rectangular loop of Fig. 28-22 but also for a closed loop of 
any shape. (Hint: Replace the loop of arbitrary shape with an 
assembly of adjacent long, thin, approximately rectangular 
loops that are nearly equivalent to the loop of arbitrary shape 
as far as the distribution of current is concerned.) 


When you read this sentence, 
a certain region of your brain 
is activated. When you smell 
a rose or feel a pencil in your 
grip, other regions are 
activated. One of the best 
ways to determine which 
regions are activated is to 
detect the magnetic field 
produced by the activation. 
The apparatus in the 
photograph can detect the 
magnetic field set up by a 
person's brain so that a map 
of brain activity can be 
correlated with what the 
person does. However, there 
are no magnetic materials 


in the brain. 


The answer is in this chapter. 
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29-1 WHAT IS PHYSICS? 


One basic observation of physics is that a moving charged particle produces a 
magnetic field around itself. Thus a current of moving charged particles produces 
a magnetic field around the current. This feature of electromagnetism, which is 
the combined study of electric and magnetic effects, came as a surprise to the 
people who discovered it. Surprise or not, this feature has become enormously 
important in everyday life because it is the basis of countless electromagnetic 
devices. For example, a magnetic field produced by an electric current can be 
found in machines that record or read magnetically encoded tapes and disks such 
as old-fashioned computer floppies, cassette audio tapes, and videotapes. Such a 
field can also be found in magnetically lifted trains (maglev trains) and other 
devices used to lift heavy loads. 

Our first step in this chapter is to determine the magnetic field due to the 
current in a very small section of current-carrying wire. Then we shall calculate 
the magnetic field due to the entire wire for several different arrangements of 
the wire. 


29-2 i Calculating the Magnetic Field 
Due to a Current 


Figure 29-1 shows a wire of arbitrary shape carrying a current 7. We want to find 
the magnetic field Bata nearby point P. We first mentally divide the wire into 
differential elements ds and then define for each element a length vector ds’ that 
has length ds and whose direction is the direction of the current in ds. We can 
then define a differential current-length element to be i ds’; we wish to calculate 
the field dB produced at P by a typical current-length element. From experiment 
we find that magnetic fields, like electric fields, can be superimposed to find a net 
field. Thus, we can calculate the net field B at P by summing, via integration, the 
contributions dB from all the current- length elements. However, this summation 
is more challenging than the process associated with electric fields because of 
a complexity; whereas a charge element dq producing an electric field is a scalar, 
a current-length element i ds’ producing a magnetic field is a vector, being the 
product of a scalar and a vector. 

The magnitude of the field dB produced at point P at distance r by a current- 
length element i ds turns out to be 


Mo ids sin 6 
2 2 


dB = (29-1) 


Aq r 


where 6 is the angle between the directions of ds’ and fr, a unit vector that points \ 
from ds toward P. Symbol pp is a constant, called the permeability constant, 


whose value is defined to be exactly dB (into 
page) 


bo = 47 X 1077 T-m/A = 1.26 X 10° T-m/A. (29-2) P 





The direction of dB, shown as being into the page in Fig. 29-1, is that of the cross 
product ds’ x r.Wecan therefore write Eq. 29-1 in vector form as 





Shu Current 


2 
f distribution 

5 (Biot—Savart law). (29-3) 
4a i FIG. 29-1 Acurrent-length element 


; ; : i ds produces a differential magnetic 
This vector equation and its scalar form, Eq. 29-1, are known as the law of Biot ¢.14 GB at point P. The green X (the 


and Savart (rhymes with “Leo and bazaar”). The law, which is experimentally tai of an arrow) at the dot for point 
deduced, is an inverse-square law. We shall use this law to calculate the net P indicates that dB is directed into 
magnetic field B produced at a point by various distributions of current. the page there. 
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FIG. 29-2. The magnetic field lines FIG. 29-3. Iron ee that have been sprinkled onto card- 
produced by a current in a long board collect in concentric circles when current is sent 
straight wire form concentric circles through the central wire. The alignment, which is along 
around the wire. Here the current is magnetic field lines, is caused by the magnetic field produced 
into the page, as indicated by the x. by the current. (Courtesy Education Development Center) 





2) 


FIG. 29-4 Aright-hand rule gives 
the direction of the magnetic field 
due to acurrent in a wire. (a) The sit- 
uation of Fig. 29-2, seen from the 
side. The magnetic field Bat any 
point to the left of the wire is perpen- 
dicular to the dashed radial line and 
directed into the page, in the direc- 
tion of the fingertips, as indicated by 
the x.(b) If the current is reversed, 
Bat any point to the left is still per- 
pendicular to the dashed radial line 
but now 1s directed out of the page, 
as indicated by the dot. 


Magnetic Field Due to a Current in a Long Straight Wire 


Shortly we shall use the law of Biot and Savart to prove that the magnitude of the 
magnetic field at a perpendicular distance R from a long (infinite) straight wire 
carrying a current iis given by 


i ar (long straight wire). (29-4) 


The field magnitude B in Eq. 29-4 depends only on the current and the per- 
pendicular distance R of the point from the wire. We shall show in our derivation 
that the field lines of B form concentric circles around the wire, as Fig. 29-2 shows 
and as the iron filings in Fig. 29-3 suggest. The increase in the spacing of the lines 
in Fig. 29-2 with 1 increasing distance from the wire represents the 1/R decrease in 
the magnitude of B predicted by Eq. 29-4. The lengths of the two vectors B in the 
figure also show the 1/R decrease. 

Here is a simple right-hand rule for finding the direction of the magnetic field 
set up by acurrent-length element, such as a section of a long wire: 


Cas i ere n| 
r= Right-hand rule: spt ee igh {ha andvit hy ou -extendedthumb 
poin ing inthe de hen natu: ieee rlaroundin _ 


nears 


_ the di Se magn 1e tic ene 





The result of applying this right-hand rule to the current in the straight wire 
of Fig. 29-2 1s shown in a side view in Fig. 29-4a. To determine the direction of the 
magnetic field B set up at any particular point by this current, mentally wrap your 
right hand around the wire with your thumb in the direction of the current. Let 
your fingertips pass through the point; their direction is then the direction of the 
magnetic field at that point. In the view of Fig. 29-2, B at any point 1s tangent to 
a magnetic field line; in the view of Fig. 29-4, it is perpendicular to a dashed radial 
line connecting the point and the current. 


Proof of Equation 29-4 


Figure 29-5, which is just like Fig. 29-1 except that now the wire is straight and of 
infinite length, illustrates the task at hand. We seek the field B at point P, a per- 
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pendicular distance R from the wire. The magnitude of the differential magnetic 
field produced at P by the current-length element i ds’ located a distance r from P 
is given by Eq. 29-1: 

by ids sin 8 

4a r? 


dB = 


The direction of dB in Fig. 29-5 is that of the vector ds’ X r—namely, directly 
into the page. 

Note that dB at point P has this same direction for all the current-length 
elements into which the wire can be divided. Thus, we can find the magnitude of 
the magnetic field produced at P by the current-length elements in the upper half 
of the infinitely long wire by integrating dB in Eq. 29-1 from 0 to ~, 

Now consider a current-length element in the lower half of the wire, one that 
is as far below P as ds’ is above P. By Eq. 29-3, the magnetic field produced at P 
by this current-length element has the same magnitude and direction as that from 
element i ds’ in Fig. 29-5. Further, the magnetic field produced by the lower half 
of the wire is exactly the same as that produced by the upper half. To find the 
magnitude of the total magnetic field B at P, we need only multiply the result of 
our integration by 2. We get 


p=2| ap - 40 | sin 0 ds 
0 27 0 r 


The variables 6,s, and 7 in this equation are not independent; Fig. 29-5 shows 
that they are related by 
r = Vs? + R? 


sin 6 = sin(a7 — @) = 


(29-5) 


R 


With these substitutions and integral 19 in Appendix E, Eq. 29-5 becomes 


and 


[ol R ds 


B= — ee 
27 Jo (s? + R*y* 
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27R (se eR | 27R ( ) 
which is the relation we set out to prove. Note that the magnetic field at P due to 
either the lower half or the upper half of the infinite wire in Fig. 29-5 is half this 
value; that is, 


[ol 
B= 
47R 





(semi-infinite straight wire). 


(29-7) 


Magnetic Field Due to a Current in a Circular Arc of Wire 


To find the magnetic field produced at a point by a current in a curved wire, we 
would again use Eq. 29-1 to write the magnitude of the field produced by a single 
current-length element, and we would again integrate to find the net field 
produced by all the current-length elements. That integration can be difficult, 
depending on the shape of the wire; it is fairly straightforward, however, when the 
wire is a circular arc and the point is the center of curvature. 

Figure 29-6a shows such an arc-shaped wire with central angle ¢, radius R, 
and center C, carrying current i. At C, each current-length element i ds’ of the 
wire produces a magnetic field of magnitude dB given by Eq. 29-1. Moreover, as 
Fig. 29-6b shows, no matter where the element is located on the wire, the angle 0 
between the vectors ds’ and f is 90°; also, r = R. Thus, by substituting R for r and 





FIG. 29-5 Calculating the magnetic 
field produced by a current / in a long 
straight wire. The field dB at P asso- 
ciated with the current-length ele- 
ment / ds is directed into the page, as 
shown. 


(¢) 
FIG. 29-6 (a) A wire in the shape of 
a circular arc with center C carries 
current i. (b) For any element of wire 
along the arc, the angle between the 
directions of dS’ and f is 90°. 
(c) Determining the direction of the 
magnetic field at the center C due to 
the current in the wire; the field is out 
of the page, in the direction of the 
fingertips, as indicated by the colored 
dot at C. 
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Vag 
FIG. 29-7. A pulse along a fissure 
wall on the brain surface produces 
a magnetic field at point P at dis- 
tance r. 


90° for 6in Eq. 29-1, we obtain 
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(29-8) 


The field at C due to each current-length element in the arc has this magnitude. 

An application of the right-hand rule anywhere along the wire (as in Fig. 
29-6c) will show that all the differential fields dB have the same direction at C— 
directly out of the page. Thus, the total field at C is simply the sum (via integra- 
tion) of all the differential fields dB. We use the identity ds = R dd to change the 
variable of integration from ds to dd and obtain, from Eq. 29-8, 


hy . . db 
° wo IRdd Mol | 
B= |dB= | — = ————- | da. 
| | Aar R? 4arR () ? 


Integrating, we find that 





B= Hol (at center of circular arc). (29-9) 
47rR 


Note that this equation gives us the magnetic field only at the center of 
curvature of a circular arc of current. When you insert data into the equation, you 
must be careful to express ¢ in radians rather than degrees. For example, to find 
the magnitude of the magnetic field at the center of a full circle of current, you 
would substitute 27 rad for @in Eq. 29-9, finding 


[ol(277) _ [ol 
4aR 2R 





B= (at center of full circle). (29-10) 


Magnetic Field Due to Brain Activity 


Scientists, medical researchers, and physiologists would like to understand how 
the human brain works. One of their new tools is magnetoencephalography 
(MEG), a procedure in which magnetic fields of a person’s brain are monitored 
as the person performs a task, such as reading a word. The task activates part of 
the brain, such as the part that processes reading, causing weak electrical pulses 
to be sent along conducting paths between brain cells. As with any other current, 
each pulse produces a magnetic field. 

The magnetic fields detected in MEG are probably produced by pulses along 
the walls of the fissures (crevices) on the brain surface (Fig. 29-7). Let’s use 
Eq. 29-1 to estimate the magnitude of such a field at a point P located a distance 
r = 2 cm from the pulse. Let the path of the pulse be tangent to the brain surface 
so that the angle 0 in Eq. 29-1 is 90°. In a typical pulse, the current is: = 10 wA 
and the conducting path length is about 1 mm. Let’s assume that this length is 
short enough to allow us to substitute 1mm for the element length ds in Eq. 
29-1. Then Eq. 29-1 gives us 


— (4m X 1077T-m/A) (10 X 107° A)(1 x 1073 m) 
- 4or (2 X 10>? my 
2.5 X 10-2 T = 3 pT. 


sin 90° 


This is a very small magnetic field, more than a million times weaker than 
Earth’s magnetic field at your location. Thus, if you want to detect the magnetic 
field of a brain, you cannot simply hold a compass near the brain and hope that 
brain activity will turn the compass needle. Instead, you need extremely sensi- 
tive instruments called SQUIDs (superconducting quantum interference de- 
vices) that can measure fields of magnitude less than 1 pT, and even then you 
must take care to eliminate other sources of varying magnetic fields in the de- 
tection area. 


29-1 


The wire in Fig. 29-8a carries a current i and consists of 
a circular arc of radius R and central angle 7/2 rad, and 
two straight sections whose extensions intersect the 
center C of the arc. What magnetic field B does the cur- 
rent produce at C? 


Peto We can find the magnetic field B at point C 


by applying the Biot—Savart law of Eq. 29-3 to the wire. 
The application of Eq. 29-3 can be simplified by evaluat- 
ing B separately for the three distinguishable sections of 
the wire —namely, (1) the straight section at the left, (2) 
the straight section at the right, and (3) the circular arc. 





Straight sections: For any current-length element in 
section 1, the angle 6 between ds’ and f is zero (Fig. 29- 
8b);so Eq. 29-1 gives us 


fy tdssin@ po idssinO _ 


dB, = . = 0. 


Ad Ke — Ar r 
Thus, the current along the entire length of straight sec- 
tion 1 contributes no magnetic field at C: 


B, = 0. 


The same situation prevails in straight section 2, 
where the angle 6 between ds’ and r for any current- 
length element is 180°. Thus, 


B, = 0. 


Circular arc: Application of the Biot-—Savart law to 
evaluate the magnetic field at the center of a circular arc 
leads to Eq. 29-9 (B = woid/47R). Here the central 
angle @ of the arc is 7/2 rad. Thus from Eq. 29-9, the mag- 
nitude of the magnetic field B, at the arc’s center C is 


[yl m/2) _ [Lol 


B, = . 
? AR SR 


To find the direction of B;, we apply the right-hand 
rule displayed in Fig. 29-4. Mentally grasp the circular 
arc with your right hand as in Fig. 29-8c, with your 


Figure 29-9a shows two long parallel wires carrying cur- 
rents 7; and 7, in opposite directions. What are the mag- 
nitude and direction of the net magnetic field at point 
P? Assume the following values: i; = 15 A, ib = 32 A, 
and d = 5.3 cm. 


Cad (1) The net magnetic field B at point P is 


the vector sum of the magnetic fields due to the currents 
in the two wires. (2) We can find the magnetic field due 
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(dD) 


FIG. 29-8 (a) A wire consists of two straight sections (1 and 
2) and a circular arc (3), and carries current i. (b) For a current- 
length element in section 1, the angle between dS" and f is zero. 
(c) Determining the direction of magnetic field B; at C due to 
the current in the circular arc; the field is into the page there. 


thumb in the direction of the current. The direction in 
which your fingers curl around the wire indicates the 
direction of the magnetic field lines around the wire. In 
the region of point C (inside the circular arc), your 
fingertips point into the plane of the page. Thus, B; is 
directed into that plane. 


Net field: Generally, when we must combine two or 
more magnetic fields to find the net magnetic field, we 
must combine the fields as vectors and not simply add 
their magnitudes. Here, however, only the circular arc 
produces a magnetic field at point C. Thus, we can write 
the magnitude of the net field Bas 


[Lol _ [ol 
SR 8R- 








B=B,+ B+B,=0+0+ (Answer) 


The direction of B is the direction of B;—namely, into 
the plane of Fig. 29-8. 


_____ SRAM 


to any current by applying the Biot—Savart law to the 
current. For points near the current in a long straight 
wire, that law leads to Eq. 29-4. 


Finding the vectors: In Fig. 29-9a, point P is distance R 
from both currents i, and i,. Thus, Eq. 29-4 tells us that 
at point P those currents produce magnetic fields B, 
and B, with magnitudes 


bol ole 
B, = —— qd Bs, = 
, 27R a - 27R 
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In the right triangle of Fig. 29-9a, note that the base an- 
gles (between sides R and d) are both 45°. This allows us 
to write cos 45° = R/d and replace R with d cos 45°. 
Then the field magnitudes B, and B, become 


Molo 


[oly 
B, = ———————_ —————_——_., 
27d cos 45° 


db. — 
27d cos 45° a : 


We want to combine Bi and B, to find their vector 
sum, which is the net field B at P.To find the directions of 
B, and B,, we apply the right-hand rule of Fig. 29-4 to 
each current in Fig. 29-9a. For wire 1, with current out of 
the page, we mentally grasp the wire with the right 
hand, with the thumb pointing out of the page. Then the 
curled fingers indicate that the field lines run counter- 
clockwise. In particular, in the region of point P, they 
are directed upward to the left. Recall that the magnetic 
field at a point near a long, straight current-carrying 
wire must be directed perpendicular to a radial line be- 


am 
oS. 








(a) 








FIG. 29-9 (a) Two wires carry currents i, and /, in opposite di- 
rections (out of and into the page). Note the right angle at P. 
(b) The separate fields B, and B, are combined vectorially to 
yield the net field B. 





Tactic 71: Right-Hand Rules To help you sort out the 
right-hand rules you have now seen (and the ones coming up), 
here is a review. 

Right-Hand Rule for Cross Products. Introduced in 
Section 3-8, this is a way to determine the direction of the 
vector that results from a cross product. You point the fingers 
of your right hand so as to sweep the first vector expressed in 
the product into the second vector, through the smaller angle 
between the two vectors. Your outstretched thumb gives you 
the direction of the vector resulting from the cross product. In 
Chapter 11, we used this right-hand rule to find the directions 
of torque and angular momentum vectors; in Chapter 28, we 
used it to find the direction of the force on a current-carrying 
wire in a magnetic field. 

Curled—Straight Right-Hand Rules for Magnetism. In 
many situations involving magnetism, you need to relate a 


tween the point and the current. Thus, B, must be di- 
rected upward to the left, as drawn in Fig. 29-9b. (Note 
carefully the perpendicular symbol between vector B, 
and the line connecting point P and wire 1.) 

Repeating this analysis for the current in wire 2, we 
find that B, is directed upward to the right, as drawn in 
Fig. 29-9b. (Note the perpendicular symbol between 
vector B, and the line connecting point P and wire 2.) 


Adding the vectors: We can now vectorially add B, 
and B, to find the net magnetic field Bat point P, either 
by using a vector-capable calculator or by resolving the 
vectors into components and then combining the com- 
ponents of B. However, in Fig. 29-9b, there is a third 
method: Because B, and B, are perpendicular to each 
other, they form the legs of a right triangle, with B as the 
hypotenuse. The Pythagorean theorem then gives us 


VB} + B} = ——* 9 2 +B 


27d(cos 45°) 
(47 X 10°7T-m/A)V(15 A)? + (32 AY? 
(27r)(5.3 X 10°-* m)(cos 45°) 

= 1.89 x 10-4 T ~ 190 pT. 


B 


| 


(Answer) 


The angle ¢ between the directions of B and B, in Fig. 
29-9b follows from 


B, 
= { oes 
which, with B, and B, as given above, yields 
a4 hy _ IA 
= tan’' — = tan”! —_— = 25°. 
Ce oe ON 


The angle between the direction of B and the x axis 
shown in Fig. 29-9b is then 


b + 45° = 25° + 45° = 70°. (Answer) 


PROBLEM-SOLVING TACTICS 


“curled” element and a “straight” element. You can do so with 
the (curled) fingers and the (straight) thumb on your right 
hand. You have already seen an example in Section 28-9, 
where we related the current around a loop (curled element) 
to the normal vector 7 (straight element) of the loop: You 
curl the fingers of your right hand around in the direction of 
the current along the loop; your outstretched thumb then 
gives the direction of 7. This is also the direction of the mag- 
netic dipole moment p of the loop. 

In this section you were introduced to a second curled— 
straight right-hand rule for magnetism. To determine the di- 
rection of the magnetic field lines around a current-length ele- 
ment, you point the outstretched thumb of your right hand in 
the direction of the current. The fingers then naturally curl 
around the current-length element in the direction of the field 
lines around the element. 
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29-3 | Force Between Two Parallel Currents 


Two long parallel wires carrying currents exert forces on each other. Figure 29-10 
shows two such wires, separated by a distance d and carrying currents i, and ip. 
Let us analyze the forces on these wires due to each other. 

We seek first the force on wire b in | Fig. 29-10 due to the current in wire a. 
That current produces a magnetic field B,, and it is this magnetic field that actu- 
ally causes the force we seek. To find the force, then, we need the magnitude and 
direction of the field B, at the site of wire b. The magnitude of B, at every point of 
wire b is, from Eq. 29-4, 

Mola 
5, =, 29-11 
“2nd ( ) 
The curled-straight right-hand rule tells us that the direction of B, at wire b is 
down, as Fig. 29-10 shows. 

Now that we have the field, we can find the force it produces on wire b. 
Equation 28-26 tells us that the force Ee on a length L of wire b due to the exter- 
nal magnetic field B, i iS 

F, = i,L x B,, (29-12) 
where L is the length vector of the wire. In Fig. 29-10, vectors L and B, are per- 
pendicular to each other, and so with Eq. 29-11, we can write 


MoLighs 


F,, = i,LB, sin 90° = 
ba Lp q SUN | 


(29-13) 
The direction of F, is the direction of the cross product L x B.. Applying 
the right-hand rule for cross products to L and B, in Fig. 29-10, we see that F., 
is directly toward wire a, as shown. 

The general procedure for finding the force on a current-carrying wire is this: 





a@= To find the force ona cur -current- -carrying wire due to a second current-carrying wire, 


first find the field due to the seco ond wire eat the site of the first wire. Then find the force 


~~ ie 


on the first wire due to that field. - Catena aia 









We could now use this procedure to compute the force on wire a due to the 
current in wire b. We would find that the force is directly toward wire b; hence, 
the two wires with parallel currents attract each other. Similarly, if the two cur- 
rents were antiparallel, we could show that the two wires repel each other. Thus, 


At 


<= 





ara allel currents attract 


(ONE Pee 


each. other, and antiparallel currents repel each other. 








The force acting between currents in parallel wires is the basis for the defini- 
tion of the ampere, which is one of the seven SI base units. The definition, 
adopted in 1946, is this: The ampere is that constant current which, if maintained 
in two straight, parallel conductors of infinite length, of negligible circular cross 
section, and placed 1 m apart in vacuum, would produce on each of these con- 
ductors a force of magnitude 2 X 10~’ newton per meter of wire length. 


Rail Gun 


One application of the physics of Eq. 29-13 is a rail gun. In this device, a magnetic 
force accelerates a projectile to a high speed in a short time. The basics of a rail 
gun are shown in Fig. 29-11a. A large current is sent out along one of two parallel 
conducting rails, across a conducting “fuse” (such as a narrow piece of copper) 
between the rails, and then back to the current source along the second rail. The 





B, (due to 2, ) 


FIG. 29-10 ‘Two parallel wires carry- 
ing currents in the same direction at- 
tract each other. B, is the magnetic 
field at wire b produced by the cur- 
rent in wire a. Fon is the resulting 
force acting on wire b because it car- 
ries current in B.. 


Projectile — 


Conducting fuse 





/~ Conducting 
gas 





(0) 


FIG. 29-11 (a) A rail gun, as a cur- 
rent iis set up in it. The current 
rapidly causes the conducting fuse to 
vaporize. (b) The current produces a 
magnetic field B between the 

rails, and the field causes a force F to 
act on the conducting gas, which is 
part of the current path. The gas pro- 
pels the projectile along the rails, 
launching it. 


Amperian ~\ 


loop 


© is 





Direction of 
integration 


FIG. 29-12 Ampere’s law applied to 
an arbitrary Amperian loop that 
encircles two long straight wires but 
excludes a third wire. Note the direc- 
tions of the currents. 
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projectile to be fired lies on the far side of the fuse and fits loosely between the 
rails. Immediately after the current begins, the fuse element melts and vaporizes, 
creating a conducting gas between the rails where the fuse had been. 

The curled-straight right-hand rule of Fig. 29-4 reveals that the currents in 
the rails of Fig. 29-1la produce magnetic fields that are directed downward 
between the rails. The net magnetic field B exerts a force F on the gas due to the 
current 7 through the gas (Fig. 29-11b). With Eq. 29-12 and the right-hand rule 
for cross products, we find that F points outward along the rails. As the gas is 
forced outward along the rails, it pushes the projectile, accelerating it by as much 
as 5 X 10°g, and then launches it with a speed of 10 km/s, all within 1 ms. Some- 
day rail guns may be used to launch materials into space from mining operations 
on the Moon or an asteroid. 


ve HECKPOINT 1 The figure here shows three long, straight, parallel, equally 


spaced wires with identical currents either into or out of the page. Rank the wires 
according to the magnitude of the force on each due to the currents in the other two 
wires, greatest first. 


29-4 Ampere’s Law 


We can find the net electric field due to any distribution of charges by first writing 
the differential electric field dE due to a charge element and then summing the 
contributions of dE from all the elements. However, if the distribution is compli- 
cated, we may have to use a computer. Recall, however, that if the distribution 
has planar, cylindrical, or spherical symmetry, we can apply Gauss’ law to find the 
net electric field with considerably less effort. 

Similarly, we can find the net magnetic field due to any distribution of cur- 
rents by first writing the differential magnetic field dB (Eq. 29-3) due to a current- 
length element and then summing the contributions of dB from all the ele- 
ments. Again we may have to use a computer for a complicated distribution. 
However, if the distribution has some symmetry, we may be able to apply Am- 
pere’s law to find the magnetic field with considerably less effort. This law, which 
can be derived from the Biot—Savart law, has traditionally been credited to An- 
dré-Marie Ampére (1775-1836), for whom the SI unit of current is named. How- 
ever, the law actually was advanced by English physicist James Clerk Maxwell. 

Ampere’s law is 


(Ampere’s law). (29-14) 


B ' ds a Molenc 


The loop on the integral sign means that the scalar (dot) product B-ds is to be 
integrated around a closed loop, called an Amperian loop. The current ten, 18 the 
net current encircled by that closed loop. 

To see the meaning of the scalar product B- ds’ and its integral, let us first 
apply Ampere’s law to the general situation of Fig. 29-12. The figure shows cross 
sections of three long straight wires that carry currents /,, i, and i, either directly 
into or directly out of the page. An arbitrary Amperian loop lying in the plane of 
the page encircles two of the currents but not the third. The counterclockwise 
direction marked on the loop indicates the arbitrarily chosen direction of integra- 
tion for Eq. 29-14. 

To apply Ampere’s law, we mentally divide the loop into differential vector 
elements ds’ that are everywhere directed along the tangent to the loop in the 
direction of integration. Assume that at the location of the element ds’ shown in 


Fig. 29-12, the net magnetic field due to the three currents is B. Because the wires 
are perpendicular to the page, we know that the magnetic field at ds’ due to each 
current is in the plane of Fig. 29-12; thus, their net magnetic field B at ds must 
also be in that plane. However, we do not know the orientation of B within the 
plane. In Fig. 29-12, B is arbitrarily drawn at an angle @ to the direction of ds. 

The scalar product B- ds’ on the left side of Eq. 29-14 is equal to B cos @ ds. 
Thus, Ampere’s law can be written as 


B-ds = B cos 0 ds = [olenc 


We can now interpret the scalar product B - ds’ as being the product of a length ds 
of the Amperian loop and the field component B cos 6 tangent to the loop. Then 
we can interpret the integration as being the summation of all such products 
around the entire loop. 

When we can actually perform this integration, we do not need to know the 
direction of B before integrating. Instead, we arbitrarily assume B tobe generally 
in the direction of integration (as in Fig. 29-12). Then we use the following 
curled—straight right-hand rule to assign a plus sign or a minus sign to each of the 
currents that make up the net encircled current /,,,.: 


(29-15) 





Cur arin enmrehnnandareandnine e Amperian loop, with the fingers pointing in the 
ection of integration. A current th through t the loop in the general direction of your 
qoutstretched thumbisassiened a.plus is sign, a and a current generally in the opposite 
ot _ direction is assigned a minus si ‘Sign. — maetstiteed tet feshy emi 


4 A ae 

















Finally, we solve Eq. 29-15 for the magnitude of B. If B turns out positive, then 
the direction we assumed for B is correct. If it turns out negative, we neglect the 
minus sign and redraw B in the opposite direction. 

In Fig. 29-13 we apply the curled—straight right-hand rule for Ampere’s law 
to the situation of Fig. 29-12. With the indicated counterclockwise direction of 
integration, the net current encircled by the loop is 


Leno — L) — lo. 


(Current i; is not encircled by the loop.) We can then rewrite Eq. 29-15 as 


b cos 0 ds = poli; — ty). 


You might wonder why, since current i; contributes to the magnetic-field mag- 
nitude B on the left side of Eq. 29-16, it is not needed on the right side. The 
answer is that the contributions of current i, to the magnetic field cancel out 
because the integration in Eq. 29-16 is made around the full loop. In contrast, the 
contributions of an encircled current to the magnetic field do not cancel out. 

We cannot solve Eq. 29-16 for the magnitude B of the magnetic field because 
for the situation of Fig. 29-12 we do not have enough information to simplify and 
solve the integral. However, we do know the outcome of the integration; it must 
be equal to po(i; — i,), the value of which is set by the net current passing through 
the loop. 

We shall now apply Ampere’s law to two situations in which symmetry does 
allow us to simplify and solve the integral, hence to find the magnetic field. 


(29-16) 


Magnetic Field Outside a Long Straight Wire with Current 


Figure 29-14 shows a long straight wire that carries current i directly out of the 
page. Equation 29-4 tells us that the magnetic field B produced by the current has 
the same magnitude at all points that are the same distance r from the wire; 
that is, the field B has cylindrical symmetry about the wire. We can take advan- 
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+2) 







Direction of 
integration 


FIG. 29-13 Aright-hand rule for 
Ampere’s law, to determine the signs 
for currents encircled by an 
Amperian loop. The situation is that 
of Fig. 29-12. 








si ef Amperian 
Nire loop 
surface 
b. 





FIG. 29-14 Using Ampere’s law to 
find the magnetic field that a current 
i produces outside a long straight 
wire of circular cross section. The 
Amperian loop is a concentric circle 
that lies outside the wire. 
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Wire 
surface 


Amperian 
loop 


FIG. 29-15 Using Ampere’s law to 
find the magnetic field that a current 
i produces inside a long straight wire 
of circular cross section. The current 
is uniformly distributed over the 
cross section of the wire and emerges 
from the page. An Amperian loop 1s 
drawn inside the wire. 


tage of that symmetry to simplify the integral in Ampere’s law (Eqs. 29-14 and 

29-15) if we encircle the wire with a concentric circular Amperian loop of radius 
r, as in Fig. 29-14. The magnetic field B then has the same magnitude B at every 
point on the loop. We shall integrate counterclockwise, so that ds’ has the direc- 
tion shown in Fig. 29-14. 

We can further simplify the quantity B cos @ in Eq. 29-15 by noting that B is 
tangent to the loop at every point along the loop, as is ds. Thus, B and ds’ are 
either parallel or antiparallel at each point of the loop, and we shall arbitrarily 
assume the former. Then at every point the angle @ between ds’ and B is 0°, so 
cos @ = cos 0° = 1. The integral in Eq. 29-15 then becomes 


B-ds = Bcos@ds =B ds = B(27r). 


Note that ¢ ds is the summation of all the line segment lengths ds around the 
circular loop; that is, it simply gives the circumference 2 zr of the loop. 

Our right-hand rule gives us a plus sign for the current of Fig. 29-14. The right 
side of Ampere’s law becomes + poi, and we then have 


B(2ar) = pol 


_ [ol 
271 





or (outside straight wire). (29-17) 
With a slight change in notation, this is Eq. 29-4, which we derived earlier— with 
considerably more effort — using the law of Biot and Savart. In addition, because 
the magnitude B turned out positive, we know that the correct direction of B 
must be the one shown in Fig. 29-14. 


Magnetic Field Inside a Long Straight Wire with Current 


Figure 29-15 shows the cross section of a long straight wire of radius R that 
carries a uniformly distributed current 7 directly out of the page. Because the 
current is uniformly distributed over a cross section of the wire, the magnetic 
field B produced by the current must be cylindrically symmetrical. Thus, to find 
the magnetic field at points inside the wire, we can again use an Amperian loop of 
radius r,as shown in Fig. 29-15, where now r < R. Symmetry again suggests that B 
is tangent to the loop, as shown; so the left side of Ampere’s law again yields 


B-ds =B ds = B(27mr). (29-18) 


To find the right side of Ampere’s law, we note that because the current is 
uniformly distributed, the current /,,,. encircled by the loop 1s proportional to the 


area encircled by the loop; that is, 
Mails 


ee = ae re (29-19) 


Our right-hand rule tells us that i.,. gets a plus sign. Then Ampere’s law gives us 


Z 








Tr 
BQ = Mol 
_ Mol _ 
or B= ( 3 ); (inside straight wire). (29-20) 
oak 


Thus, inside the wire, the magnitude B of the magnetic field is proportional to r; 
that magnitude is zero at the center and a maximum at the surface, where r = R. 
Note that Eqs. 29-17 and 29-20) give the same value for B at r = R; that is, the 
expressions for the magnetic field outside the wire and inside the wire yield the 
same result at the surface of the wire. 


CHECKPOINT 2 The figure here shows three 
equal currents 7 (two parallel and one antiparallel) and 
four Amperian loops. Rank the loops according to the 
magnitude of ¢ B-ds along each, greatest first. 


Sample Problem 
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Figure 29-16a shows the cross section of a long conduct- 
ing cylinder with inner radius a = 2.0 cm and outer ra- 
dius b = 4.0 cm. The cylinder carries a current out of the 
page, and the magnitude of the current density in the 
cross section is given by J =cr’, with c = 3.0 x 10° 
A/m* and r in meters. What is the magnetic field Bata 
point that is 3.0 cm from the central axis of the cylinder? 


ceizo The point at which we want to evaluate B is 


inside the material of the conducting cylinder, between 
its inner and outer radii. We note that the current distri- 
bution has cylindrical symmetry (it is the same all 
around the cross section for any given radius). Thus, the 
symmetry allows us to use Ampere’s law to find B at the 
point. We first draw the Amperian loop shown in Fig. 
29-16b. The loop is concentric with the cylinder and has 
radius r = 3.0 cm because we want to evaluate B at that 
distance from the cylinder’s central axis. 

Next, we must compute the current i.,,. that is encir- 
cled by the Amperian loop. However, we cannot set up a 
proportionality as in Eq. 29-19, because here the current 
is not uniformly distributed. Instead, following the pro- 
cedure of Sample Problem 26-2b, we must integrate the 
current density magnitude from the cylinder’s inner ra- 
dius a to the loop radius r. 


Calculations: We write the integral as 


— [j dA = | cr°(2ar dr) 


r r+ r 
=2nc} dr =2ac|— 
TTC { r~ ai ne 4 | 


ac(r* — a*) 


Z 


The direction of integration indicated in Fig. 29-16b is 
(arbitrarily) clockwise. Applying the right-hand rule for 
Ampere’s law to that loop, we find that we should take 
lene AS Negative because the current is directed out of the 
page but our thumb is directed into the page. 

We next evaluate the left side of Ampere’s law 
exactly as we did in Fig. 29-15, and we again obtain 


(a) 


——Amperian 
© loop 


FIG. 29-16 (a) Cross section of a conducting cylinder of inner 
radius a and outerradius b. (b) An Amperian loop of radius r 
is added to compute the magnetic field at points that are a dis- 
tance r from the central axis. 


(d) 


Eq. 29-18. Then Ampere’s law, 


b B-ds = PLoleiies 


gives us 





B(2ar) = — = (Fo = a), 
Solving for B and substituting known data yield 
A= r* =a") 
4r 
— (47 X 107-7 T-m/A)(3.0 x 10° A/m*) 
4(0.030 m) 


x [(0.030 m)* — (0.020 m)*] 
—2.0 x 10-5 T. 


Thus, the magnetic field B at a point 3.0 cm from the 
central axis has magnitude 


BH 20oG10->'T (Answer) 


and forms magnetic field lines that are directed oppo- 
site our direction of integration, hence counterclock- 
wise in Fig. 29-16b. 
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FIG. 29-17. A solenoid carrying cur- 


rent /. 





29-5 | Solenoids and Toroids 
Magnetic Field of a Solenoid 


We now turn our attention to another situation in which Ampere’s law proves 
useful. It concerns the magnetic field produced by the current in a long, tightly 
wound helical coil of wire. Such a coil is called a solenoid (Fig. 29-17). We assume 
that the length of the solenoid is much greater than the diameter. 

Figure 29-18 shows a section through a portion of a “stretched-out” solenoid. 
The solenoid’s magnetic field is the vector sum of the fields produced by the indi- 
vidual turns (windings) that make up the solenoid. For points very close to a turn, 
the wire behaves magnetically almost like a long straight wire, and the lines of B 
there are almost concentric circles. Figure 29-18 suggests that the field tends to 
cancel between adjacent turns. It also suggests that, at points inside the solenoid 
and reasonably far from the wire, B is approximately parallel to the (central) 
solenoid axis. In the limiting case of an ideal solenoid, which is infinitely long 
and consists of tightly packed (close-packed) turns of square wire, the field inside 
the coil is uniform and parallel to the solenoid axis. 

At points above the solenoid, such as P in Fig. 29-18, the magnetic field set up 
by the upper parts of the solenoid turns (these upper turns are marked ©) is 
directed to the left (as drawn near P) and tends to cancel the field set up at P by 
the lower parts of the turns (these lower turns are marked ®), which is directed 
to the right (not drawn). In the limiting case of an ideal solenoid, the magnetic 
field outside the solenoid is zero. Taking the external field to be zero is an excel- 
lent assumption for a real solenoid if its length is much greater than its diameter 
and if we consider external points such as point P that are not at either end of the 
solenoid. The direction of the magnetic field along the solenoid axis is given by a 
curled—straight right-hand rule: Grasp the solenoid with your right hand so that 
your fingers follow the direction of the current in the windings; your extended 
right thumb then points in the direction of the axial magnetic field. 

Figure 29-19 shows the lines of B for a real solenoid. The spacing of these 
lines in the central region shows that the field inside the coil is fairly strong 
and uniform over the cross section of the coil. The external field, however, is 
relatively weak. 





FIG. 29-18 A vertical cross section through the central FIG. 29-19 Magnetic field lines for a 
axis of a “stretched-out” solenoid. The back portions of real solenoid of finite length. The 

five turns are shown, as are the magnetic field lines due to field is strong and uniform at interior 
a current through the solenoid. Each turn produces circu- points such as P, but relatively weak 
lar magnetic field lines near itself. Near the solenoid’s at external points such as P). 


axis, the field lines combine into a net magnetic field that 
is directed along the axis. The closely spaced field lines 
there indicate a strong magnetic field. Outside the sole- 
noid the field lines are widely spaced; the field there is 
very weak. 


Let us now apply Ampere’s law, 


bivar 


to the ideal solenoid of Fig. 29-20, where B is uniform within the solenoid and 
zero outside it, using the rectangular Amperian loop abcda. We write B-d5 as 
the sum of four integrals, one for each loop segment: 


b ie c 
PPanaes { 
a b 


The first integral on the night of Eq. 29-22 is Bh, where B is the magnitude of 
the uniform field B inside the solenoid and h is the (arbitrary) length of the 
segment from a to b. The second and fourth integrals are zero because for every 
element ds of these segments, B either is perpendicular to ds or is zero, and thus 
the product B - d is zero. The third integral, which is taken along a segment that 
lies outside the solenoid, is zero because B = 0 at all external points. Thus, 
§ B+ ds for the entire rectangular loop has the value Bh. 

The net current i,,,, encircled by the rectangular Amperian loop in Fig. 29-20 
is not the same as the current 7 in the solenoid windings because the windings 
pass more than once through this loop. Let n be the number of turns per unit 
length of the solenoid; then the — encloses nh turns and 


= i(nh). 


(29-21) 


lenc ? 


d a 
Beas + | Beas + | B-ds. (29-22) 
c d 


lenc 


Ampere’s law then gives us 


or B= poin (ideal solenoid). (29-23) 
Although we derived Eq. 29-23 for an infinitely long ideal solenoid, it holds 
quite well for actual solenoids if we apply it only at interior points and well away 
from the solenoid ends. Equation 29-23 is consistent with the experimental fact 
that the magnetic field magnitude B within a solenoid does not depend on the 
diameter or the length of the solenoid and that B is uniform over the solenoidal 
cross section. A solenoid thus provides a practical way to set up a known uniform 
magnetic field for experimentation, just as a parallel-plate capacitor provides 


a practical way to set up a known uniform electric field. 


Magnetic Field of a Toroid 


Figure 29-21a shows a toroid, which we may describe as a (hollow) solenoid that 
has been curved until its two ends meet, forming a sort of hollow bracelet. What 
magnetic field B is set up inside the toroid (inside the hollow of the bracelet)? We 
can find out from Ampere’s law and the symmetry of the bracelet. 

From the symmetry, we see that the lines of B form concentric circles inside 
the toroid, directed as shown in Fig. 29-21b. Let us choose a concentric circle of 
radius r as an Amperian loop and traverse it in the clockwise direction. Ampere’s 
law (Eq. 29-14) yields 


(B)(2ar) = poi, 


where / is the current in the toroid windings (and is positive for those windings 
enclosed by the Amperian loop) and Nis the total number of turns. This gives 


IN 1 
ee ine (toroid). 


a (29-24) 
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FIG. 29-20 Application of 
Ampere’s law to a section of a long 
ideal solenoid carrying a current i. 
The Amperian loop is the rectangle 
abcda. 
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FIG. 29-21 
current i. (b) A horizontal cross sec- 
tion of the toroid. The interior mag- 
netic field (inside the bracelet- 
shaped tube) can be found by 
applying Ampere’s law with the 
Amperian loop shown. 


(a) A toroid carrying a 
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In contrast to the situation for a solenoid, B is not constant over the cross section 
of a toroid. 

It is easy to show, with Ampere’s law, that B = 0 for points outside an ideal 
toroid (as if the toroid were made from an ideal solenoid). The direction of the 
magnetic field within a toroid follows from our curled-straight right-hand rule: 
Grasp the toroid with the fingers of your right hand curled in the direction of 
the current in the windings; your extended right thumb points in the direction 


of the magnetic field. 
Sample Problem ey 
A solenoid has length L = 1.23 m and inner diameter Calculation: Because B does not depend on the diame- 
d = 3.55 cm, and it carries a current i = 5.57 A. It con- ter of the windings, the value of n for five identical layers 
sists of five close-packed layers, each with 850 turns is simply five times the value for each layer. Equation 
along length L. What is B at its center? 29-23 then tells us 
5 X 850 turns 

— ' = =f ° a 
Pez The magnitude B of the magnetic field B= poin = (Aq Xx 10° T-m/A)G.57 A) 1.23 m 
along the solenoid’s central axis is related to the sole- ~7242X10-T = 242 mT. (Answer) 


noid’s current / and number of turns per unit length n by 
Eq. 29-23 (B = pin). 
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So far we have examined the magnetic fields produced by current in a long 
straight wire, a solenoid, and a toroid. We turn our attention here to the field 
produced by a coil carrying a current. You saw in Section 28-10 that such a coil 
behaves as a magnetic dipole in that, if we place it in an external magnetic field B, 
a torque 7 given by 


7=pxB (29-25) 


acts on it. Here yp is the magnetic dipole moment of the coil and has the magni- 
tude NiA, where N is the number of turns, i is the current in each turn, and A is 
the area enclosed by each turn. (Caution: Don’t confuse the magnetic dipole 
moment p with the permeability constant pp.) 

Recall that the direction of / 1s given by a curled-straight right-hand rule: Grasp 
the coil so that the fingers of your right hand curl around it in the direction of the cur- 
rent; your extended thumb then points in the direction of the dipole moment p. 


Magnetic Field of a Coil 


We turn now to the other aspect of a current-carrying coil as a magnetic dipole. 
What magnetic field does it produce at a point in the surrounding space? The 
problem does not have enough symmetry to make Ampere’s law useful; so we 
must turn to the law of Biot and Savart. For simplicity, we first consider only a coil 
with a single circular loop and only points on its perpendicular central axis, which 
we take to be a z axis. We shall show that the magnitude of the magnetic field at 
such points is 


poi R? 


(29-26) 
in which R is the radius of the circular loop and z is the distance of the point in 
question from the center of the loop. Furthermore, the direction of the magnetic 
field B is the same as the direction of the magnetic dipole moment # of the loop. 
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For axial points far from the loop, we have z > R in Eq. 29-26. With that 
approximation, the equation reduces to 


[oi R? 
a 





B(z) = 


Recalling that wR? is the area A of the loop and extending our result to include 
a coil of N turns, we can write this equation as 


NiA 
3 





Mo 
B = — 
(z) 27 2Z 


Further, because B and ut have the same direction, we can write the equation in 
vector form, substituting from the identity wu = NiA: 





B( Ze Ho = (current-carrying coil). (29-27) =iG. 29-22 A current loop produces 
la Zz a magnetic field like that of a bar 


magnet and thus has associated north 
Thus, we have two ways in which we can regard a current-carrying coil aS a and south poles. The magnetic dipole 


magnetic dipole: (1) it experiences a torque when we place it in an external mag- moment fof the loop, its direction 
netic field; (2) it generates its own intrinsic magnetic field, given, for distant points given by a curled—straight right- 
along its axis, by Eq. 29-27. Figure 29-22 shows the magnetic field of a current hand rule, points from the south pole 
loop; one side of the loop acts as a north pole (in the direction of 4) and the other _ to the north pole, in the direction of 
side as a south pole, as suggested by the lightly drawn magnet in the figure. the field B within the loop. 


whe HECKPOINT 3 The figure here shows four arrangements of circular loops 
of radius r or 2r, centered on vertical axes (perpendicular to the loops) and carrying 
identical currents in the directions indicated. Rank the arrangements according to 
the magnitude of the net magnetic field at the dot, midway between the loops on the 
central axis, greatest first. 


eo Ce 
$ D> & & 


(a) (b) (d) 


Proof of Equation 29-26 


Figure 29-23 shows the back half of a circular loop of radius R carrying a current 
i. Consider a point P on the central axis of the loop, a distance z from its plane. 
Let us apply the law of Biot and Savart to a differential element ds of the loop, 
located at the left side of the loop. The length vector ds’ for this element points 
perpendicularly out of the page. The angle 6 between ds’ and f in Fig. 29-23 is 90°; 
the plane formed by these two vectors is perpendicular to the plane of the page 
and contains both f and ds: From the law of Biot and Savart (and the right-hand 
rule), the differential field dB produced at point P by the current in this element 
is perpendicular to this plane and thus is directed in the plane of the figure, 
perpendicular to f, as indicated in Fig. 29-23. | cuntentloopiotmdins Raineplanedt 
Let us resolve dB into two components: dB, along the axis of the loop and 44, loop is perpendicular to the page, 
dB, perpendicular to this axis. From the symmetry, the vector sum of all the per- ana only the back half of the loop is 
pendicular components dB, due to all the loop elements ds is zero. This leaves ghown. We use the law of Biot and 
only the axial components dB, and we have Savart to find the magnetic field at 
point P on the central perpendicular 
B= | dB. 








eiG. 29-23 Cross section through a 


axis of the loop. 
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For the element ds’ in Fig. 29-23, the law of Biot and Savart (Eq. 29-1) tells us 
that the magnetic field at distance r is 


We also have 


Bo i ds sin 90° 


dB = ; 


At r 


dB, = dB cosa. 


Combining these two relations, we obtain 


[ol cos a ds 


dB, = 2 


29-28 
4ar ( ) 


Figure 29-23 shows that r and a are related to each other. Let us express each in 
terms of the variable z, the distance between point P and the center of the loop. 


The relations are 


and 


r=VR2+ 2 (29-29) 
R R 
COS a = é = Tire pe (29-30) 


Substituting Eqs. 29-29 and 29-30 into Eq. 29-28, we find 


[olR 


dB, = An(R2 + 2232 


ds. 


Note that 7, R, and z have the same values for all elements ds around the loop; so 
when we integrate this equation, we find that 


B 


ta, 


wi | y 
4ar(R? + z*)"" 


or, because J ds is simply the circumference 27R of the loop, 


pyiR* 


B(z) = “Ayan MAE 
(z) 2(R? ae ge\ole 


This is Eq. 29-26, the relation we sought to prove. 


TA aR LOCA 


The Biot-—Savart Law The magnetic field set up by a cur- 
rent-carrying conductor can be found from the Biot-—Savart 
law. This law asserts that the contribution dB to the field pro- 
duced by a current-length element i ds at a point P located a 
distance r from the current element is 


dB = — 


(Biot—Savartlaw). (29-3) 
Aq r 


Here f is a unit vector that points from the element toward P. 
The quantity jo, called the permeability constant, has the value 
An X 107-7 T-m/A = 1.26 X 107° T: m/A. 


Magnetic Field of a Long Straight Wire For a long 
straight wire carrying a current 7, the Biot—Savart law gives, 
for the magnitude of the magnetic field at a perpendicular 


distance R from the wire, 


Bea oe (long straight wire). (29-4) 
27R 


Magnetic Field of a Circular Arc The magnitude of the 
magnetic field at the center of a circular arc, of radius R and 
central angle ¢ (in radians), carrying current i, is 


_ Lol 
47R 





(at center of circular arc). (29-9) 


Force Between Parallel Currents Parallel wires carry- 
ing currents in the same direction attract each other, whereas 
parallel wires carrying currents in opposite directions repel 
each other. The magnitude of the force on a length L of either 


wire is 


MoLigl, 


F,, = i, LB, sin 90° = , 
ba ly q SIN 2ard 


(29-13) 
where d is the wire separation, and i, and i, are the currents in 
the wires. 


Ampere’s Law Ampere’s law states that 
B-dy = fLolene (Ampere’s law). (29-14) 


The line integral in this equation is evaluated around a closed 
loop called an Amperian loop. The current i is the net current 
encircled by the loop. For some current distributions, Eq. 
29-14 is easier to use than Eq. 29-3 to calculate the magnetic 
field due to the currents. 


Fields of a Solenoid and a Toroid Inside a long sole- 
noid carrying current /, at points not near its ends, the magni- 
tude B of the magnetic field is 


B= poin (ideal solenoid), (29-23) 


where vn is the number of turns per unit length. At a point 
inside a toroid, the magnitude B of the magnetic field is 


_ BolN ES 


an (toroid), 


(29-24) 
where r is the distance from the center of the toroid to 
the point. 


Field of a Magnetic Dipole The magnetic field pro- 
duced by a current-carrying coil, which is a magnetic dipole, at 
a point P located a distance z along the coil’s perpendicular 
central axis is parallel to the axis and 1s given by 


(29-27) 
where uw is the dipole moment of the coil. This equation 


applies only when z is much greater than the dimensions of 
the coil. 


QUESTIONS 


1 igure 29-24 shows four arrangements in which long 
parallel wires carry equal currents directly into or out of the 
page at the corners of identical squares. Rank the arrange- 
ments according to the magnitude of the net magnetic field at 
the center of the square, greatest first. 


(a) (d) (c) (d) 
FIG. 29-24 Question 1. 


2 Figure 29-25 shows cross 
P a Ig 


sections of two long straight 
wires; the left-hand wire carries 
current i, directly out of 
the page. If the net magnetic field due to the two currents is to 
be zero at point P, (a) should the direction of current i, 
in the right-hand wire be directly into or out of the page and 
(b) should 7, be greater than, less than, or equal to i,;? 


FIG. 29-25 Question 2. 


3 Figure 29-26 shows three circuits consisting of straight 
radial lengths and concentric circular arcs (either half- or 
quarter-circles of radii r, 27, and 3r). The circuits carry the 
same current. Rank them according to the magnitude of the 
magnetic field produced at the center of curvature (the dot), 
greatest first. 





(a) (d) (c) 
FIG. 29-26 Question 3. 


4 Figure 29-27 represents a 
snapshot of the velocity vectors 
of four electrons near a wire 
carrying current i. The four ve- 
locities have the same magni- 
tude; velocity V2 is directed into 
‘gua 
the page. Electrons 1 and2 are > | 
V4 





at the same distance from the 
wire, as are electrons 3 and 4. 
Rank the electrons according 
to the magnitudes of the mag- 
netic forces on them due to current i, greatest first. 


S Figure 29-28 
shows three cir- 
cuits, each consist- 
ing of two radial 
lengths and two 
concentric circu- 
lar arcs, one of ra- (a) (6) (¢) 
dius r and the FIG. 29-28 Question 5. 

other of radius R 

> r. The circuits have the same current through them and the 
same angle between the two radial lengths. Rank the circuits 
according to the magnitude of the net magnetic field at the 
center, greatest first. 


FIG. 29-27. Question 4. 





6 Figure 29-29 shows four arrangements in which long, 


(0) 





(d) 
(c) ———_@—_@—___@—_—_@®—___@—_ 


(d) ———___oo—)C__0-— -——__- 
FIG. 29-29 Question 6. 
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parallel, equally spaced wires carry equal currents directly 
into or out of the page. Rank the arrangements according to 
the magnitude of the net force on the central wire due to the 
currents in the other wires, greatest first. 


7 Figure 29-30 shows three arrangements of three long 
straight wires carrying equal currents directly into or out of 
the page. (a) Rank the arrangements according to the mag- 
nitude of the net force on wire A due to the currents in the 
other wires, greatest first. (b) In arrangement 3, is the angle 
between the net force on wire A and the dashed line equal to, 
less than, or more than 45°? 


Sets 


sie lant 





(1) (2) 


D 


(3) 
FIG. 29-30 Question 7. 


8 Figure 29-31 shows four identical currents i and five 
Amperian paths (a through e) encircling them. Rank the paths 
according to the value of § B- ds taken in the directions 
shown, most positive first. 


(a) 
(0) 
(c) 
(d) 


tit | 


(e) Ss 


ti 


FIG. 29-31. Question 8. 


PROBLEMS 


9 Figure 29-32 shows four circular 
Amperian loops (a, b, c, d) concen- 
tric with a wire whose current is di- 
rected out of the page. The current 
is uniform across the wire’s circular 
cross section (the shaded region). 

Rank the loops according to the 
magnitude of § B+ ds around each, 

greatest first. 





FIG. 29-32 
Question 9. 


10 Figure 29-33 gives, as a function of radial distance r, the 
magnitude B of the magnetic field inside and outside four 
wires (a, b, c, and d), each of which carries a current that is 
uniformly distributed across the wire’s cross section. Overlap- 
ping portions of the plots are indicated by double labels. Rank 
the wires according to (a) radius, (b) the magnitude of the 
magnetic field on the surface, and (c) the value of the current, 
greatest first. (d) Is the magnitude of the current density in 
wire a greater than, less than, or equal to that in wire c? 





11 Figure 29-34 shows four cir- 
cular Amperian loops (a, b,c, d) 
and, in cross section, four long 
circular conductors (the shaded 
regions), all of which are concen- 
tric. Three of the conductors are 
hollow cylinders; the central con- 
ductor is a solid cylinder. The 
currents in the conductors are, 
from smallest radius to largest 
radius, 4 A out of the page, 9 A into the page, 5 A out of the page, 
and 3 A into the page. Rank the Amperian loops according to 
the magnitude of ¢ B - ds’ around each, greatest first. 





FIG. 29-34 Question 11. 





& Tutoring problem available (at instructor's discretion) in WileyPLUS and WebAssign 


SSM Worked-out solution available in Student Solutions Manual 
e — eee Number of dots indicates level of problem difficulty 


WWW> Worked-out solution is at 





http://www.wiley.com/college/halliday 


Interactive solution is at 


ron a Additional information available in The Flying Circus of Physics and at flyingcircusofphysics.com 


Click here to view all step-by-step solutions 


sec. 29-2 Calculating the Magnetic Field Due to a Current 
e1 Atacertain location in the Philippines, Earth’s magnetic 
field of 39 xT is horizontal and directed due north. Suppose 
the net field is zero exactly 8.0cm above a long, straight, 
horizontal wire that carries a constant current. What are the 
(a) magnitude and (b) direction of the current? SSM 


e2 Astraight conductor carrying current i = 5.0A splits into 


identical semicircular arcs as 


—-~ 
shown in Fig. 29-35. What is the if \= 
magnetic field at the center C of ae ae 
the resulting circular loop? Ne 

o——_ 


FIG. 29-35 Problem 2. 


e3 A surveyor is using a mag- 
netic compass 6.1m _ below 
a power line in which there is a 


steady current of 100 A. (a) What is the magnetic field at the 
site of the compass due to the power line? (b) Will this field in- 
terfere seriously with the compass reading? The horizontal 
component of Earth’s magnetic field at the site is 20 wT. 


e4 Figure 29-36a shows an el- 
ement of length ds = 1.00 wm in 
a very long straight wire carry- 
ing current. The current in that 
element sets up a differential 
magnetic field dB at points in 
the surrounding space. Figure 
29-36b gives the magnitude dB i) 
of the field for points 2.5 cm 


: : dB, 

from the element, as a function — ° 

of angle @ between the wire and & 

a straight line to the point. The a 

vertical scale is set by dB, = 60.0 * 

pI. What is the magnitude of the 0 n/2 1 


magnetic field set up by the en- @ (rad) 
tire wire at perpendicular dis- (b) 


tance 2.5 cm from the wire? 
FIG. 29-36 Problem 4. 
°5 In Fig. 29-37, two circular 


arcs have radu a= 13.5cm 
and b = 10.7 cm, subtend angle 
0=74.0°, carry current i= 
0.411 A, and share the same 
center of curvature P. What are 
the (a) magnitude and (b) direc- 
tion (into or out of the page) of 
the net magnetic field at P? €& 


°6 In Fig. 29-38, two semicircu- 
lar arcs have radii R, = 7.80 cm 
and R, = 3.15 cm, carry current i 
= ().281 A, and share the same 
center of curvature C. What are 
the (a) magnitude and (b) direc- 
tion (into or out of the page) of 
the net magnetic field at C? 





e7 ‘Two long straight wires are FIG. 29-38 Problem 6. 


parallel and 8.0 cm apart. They are to carry equal currents such 
that the magnetic field at a point halfway between them has 
magnitude 300 wT. (a) Should the currents be in the same or op- 
posite directions? (b) How much current is needed? SSM 


e8 In Fig. 29-39, a wire forms a 
semicircle of radius R = 9.26 cm and 
two (radial) straight segments each 
of length L = 13.1 cm. The wire car- 
ries current 7 = 34.8 mA. What are 
the (a) magnitude and (b) direction 
(into or out of the page) of the net magnetic Wire 1® 
field at the semicircle’s center of curvature C? 





7 


FIG. 29-39 
Problem 8. 





A 





e9 In Fig. 29-40, two long straight wires are Wire 20 : 
perpendicular to the page and separated by 

distance d, = 0.75 cm. Wire 1 carries 6.5 A 

into the page. What are the (a) magnitude and 

(b) direction (into or out of the page) of the P 
current in wire 2 if the net magnetic field due 
to the two currents is zero at point P located 
at distance d, = 1.50 cm from wire 2? 








FIG. 29-40 
Problem 9. 





°10 In Fig. 29-41, two long straight ) 
wires at separation d = 16.0 cm carry cur- 
rents 7; = 3.61 mA and /, = 3.007, out of >—x 
the page. (a) At what point on the x axis 
shown is the net magnetic field due to the 
currents equal to zero? (b) If the two cur- 
rents are doubled, is the point of zero 
magnetic field shifted toward wire 1, 
shifted toward wire 2, or unchanged? 


FIG. 29-41 
Problem 10. 


e11 In Fig. 29-42, a current i = 10 A 1s set up in a long hair- 
pin conductor formed by bending a wire into a semicircle of 
radius R = 5.0mm. Point 5 is midway between the straight 
sections and so distant from the semicircle that each straight 
section can be approximated as be- 
ing an infinite wire. What are the (a) (RP 


magnitude and (b) direction (into \ ““ i : 


or out of the page) of B at a and the Sas 
(c) magnitude and (d) direction of FIG. 29-42 
B at b? Problem 11. 


e12 In Fig. 29-43, point P is at perpendicular distance R = 
2.00 cm from a very long straight wire carrying a current. The 
magnetic field B set up at point P is due to contributions from all 
the identical current-length ele- oe 

ments i ds along the wire. What is l 

the distance s to the element mak- , R 


ing (a) the greatest contribution to | 
field B and (b) 10.0% of the great- Pose eee ee 


est contribution? 
FIG. 29-43 Problem 12. 
ee13 Figure 29-44 shows a pro- 


ton moving at velocity v= 


(—200 m/s)j toward a_ long + ¢. 
straight wire with current i = d Ji 
350 mA. At the instant shown, ' x 





the proton’s distance from the i 
wire is d = 2.89 cm. In unit-vec- FIG. 29-44 = Problem 13. 
tor notation, what is the mag- 

netic force on the proton due to the current? !LW 


ee14 Figure 29-45a shows, in cross section, two long, parallel 
wires carrying current and separated by distance L. The ratio 
L,/ty of their currents is 4.00; the directions of the currents are 
not indicated. Figure 29-45b shows the y component B, of 
their net magnetic field along the x axis to the right of wire 2. 
The vertical scale is set by B,, = 4.0 nT, and the horizontal 
scale is set by x, = 20.0 cm. (a) At what value of x > 0 is B, maxi- 
mum? (b) If i; = 3 mA, what is the value of that maximum? 
What is the direction (into or out of the page) of (c) 7; and (d) in? 





x (cm) 
(a) (b) 
FIG. 29-45 Problem 14. 


ee75 A wire with current i = 3.00 A is shown in Fig. 29-46. 
Two semi-infinite straight sections, both tangent to the same 
circle, are connected by a circular arc that has a central angle 0 
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and runs along the circumference omy rn 

of the circle. The arc and the two ry) a 

straight sections all lie in the same \_ be or 

plane. If B = 0 at the circle’s center, Le eure _— 

what is 9? SSM pes ra Vee 

°°16 Figure 29-47 shows, in rae 
Problem 15. 


cross section, four thin wires that 
are parallel, straight, and very 
long. They carry identical currents 
in the directions indicated. 
Initially all four wires are at dis- 
tance d = 15.0 cm from the origin 
of the coordinate system, where 
they create a net magnetic field B. 
(a) To what value of x must you 
move wire 1 along the x axis in or- 
der to rotate B counterclockwise 
by 30°? (b) With wire 1 in that 
new position, to what value of x 
must you move wire 3 along the x 
axis to rotate B by 30° back to its 
initial orientation? & 

°°17 In Fig. 29-48, point P, is at 
distance R = 13.1 cm on the per- 
pendicular bisector of a straight 
wire of length L = 18.0 cm carry- 
ing current i=58.2mA. (Note FIG. 29-48 Problems 
that the wire is not long.) What is 17 and 21. 

the magnitude of the magnetic field at P; due to? 





FIG. 29-47 


Problem 16. 


R R 





|. L + 


®°18 Equation 29-4 gives the magnitude B of the magnetic 
field set up by a current in an infinitely long straight wire, at a 
point P at perpendicular distance R from the wire. Suppose 
that point P is actually at perpendicular distance R from the 
midpoint of a wire with a finite length L. Using Eq. 29-4 to cal- 
culate B then results in a certain percentage error. What value 
must the ratio L/R exceed if the percentage error is to be less 
than 1.00%? That is, what L/R gives 


(B from Eq. 29-4) — (B actual) 


100%) = 1.00%? 
(B actual) ( ) 


°°19 In Fig. 29-49, four long straight wires are) 
perpendicular to the page, and their cross sec- I a—@ 
tions form a square of edge length a = 20cm. 

The currents are out of the page in wiresl and a a 
4 and into the page in wires 2 and 3, and each 
wire carries 20 A. In unit-vector notation, 


what is the net magnetic field at the square’s FIG. 29-49 
center? SSM Problems 
°°20 In Fig. 29-50, two concentric circular — and 


loops of wire carrying current in the same di- 
rection lie in the same plane. Loop 1 has radius 1.50 cm and 
carries 4.00 mA. Loop 2 has radius 2.50 cm and carries 6.00 
mA. Loop 2 is to be rotated about a diameter while the net 
magnetic field B set up by the 
two loops at their common cen- 


. ae 
ter is measured. Through what \/# seis Sy 
angle must loop 2 be =aiuted SO Mi el D? 


that the magnitude of that net 


fieldis 100nT? & FIG. 29-50 Problem 20. 


P ie Poe 


ee21 In Fig. 29-48, point P, is at perpendicular distance R = 
25.1 cm from one end of straight wire of length L = 13.6 cm 
carrying current i = 0.693 A. (Note that the wire is not long.) 
What is the magnitude of the magnetic field at P,? SSM 


ee22 In Fig. 29-51a, wire 1 consists of a circular arc and two 
radial lengths; it carries current i, = 0.50 A in the direction 
indicated. Wire 2, shown in cross section, is long, straight, and 
perpendicular to the plane of the figure. Its distance from the 
center of the arc is equal to the radius R of the arc, and it 
carries a current 7, that can be varied. The two currents set up 
a net magnetic field B at the center of the arc. Figure 29-51b 
gives the square of the field’s magnitude B? plotted versus 
the square of the current i$. The vertical scale is set by 
Bz = 10.0 X 107!°T?. What angle is subtended by the arc? 





0 I 2 
i3 (A*) 
(a) (0) 
FIG. 29-51 Problem 22. 


ee23 Figure 29-52 shows two 
current segments. The lower 
segment carries current 1; = 
0.40 A and includes a circular 
arc with radius 5.0cm, angle 
180°, and center point P. The 
upper segment carries current 1, 
= 21, and includes a circular arc 
with radius 4.0cm, angle 120°, 
and the same center point P. 
What are the (a) magnitude and (b) direction of the net mag- 
netic field B at P for the indicated current directions? What 
are the (c) magnitude and (d) direction of B if i, is reversed? 





FIG. 29-52 


Problem 23. 


ee24 Accurrent is set upina jm, Poe 
Bo .: Dest f : fe y jy % 
wire loop consisting of a semi- \ f 7~ \ 
circle of radius 4.00cm, a in 9 p= Leal g Lt 
. eke , a 
smaller concentric semicircle, — 


and two radial straight lengths, (a) (6) 

all in the same plane. Figure 29- FIG. 29-53. Problem 24. 
53a shows the arrangement but 

is not drawn to scale. The magnitude of the magnetic field pro- 
duced at the center of curvature is 47.25 wT. The smaller semi- 
circle is then flipped over (rotated) until the loop is again en- 
tirely in the same plane (Fig. 29-53b). The magnetic field 
produced at the (same) center 
of curvature now has magnitude 
15.75 wT, and its direction is re- 
versed. What is the radius of the 
smaller semicircle? 


e°25 In Fig. 29-54, two long 
straight wires (shown in cross 
section) carry currents i; = 30.0 
mA and i, = 40.0mA directly 





Problem 25. 


FIG. 29-54 


out of the page. They are equal distances from the origin, 
where they set up a magnetic field B. To what value must 
current 7, be changed in order to rotate B 20.0° clockwise? 


°°26 Figure 29-55a shows two wires, each carrying a current. 
Wire 1 consists of a circular arc of radius R and two radial 
lengths; it carries current i, = 2.0 A in the direction indicated. 
Wire 2 is long and straight; it carries a current i, that can be 
varied; and it is at distance R/2 from the center of the arc. The 
net magnetic field B due to the two currents is measured at 
the center of curvature of the arc. Figure 29-555 is a plot of 
the component of B in the direction perpendicular to the 
figure as a function of current i. The horizontal scale is set by 
in = 1.00 A. What is the angle subtended by the arc? @ 
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FIG. 29-55 Problem 26. 


ee27 One long wire lies along an x axis and carries a current 
of 30 A in the positive x direction. A second long wire is per- 
pendicular to the xy plane, passes through the point (0, 4.0 m, 
0), and carries a current of 40 A in the positive z direction. 
What is the magnitude of the resulting magnetic field at the 
point (0,2.0 m, 0)? 


ee28 In Fig. 29-56, part of a 
long insulated wire carrying cur- 
rent 7 = 5.78 mA 1s bent into a 
circular section of radius R = 
1.89 cm. In unit-vector notation, 
what 1s the magnetic field at the 
center of curvature C if the cir- 
cular section (a) lies in the plane of the page as shown and (b) 
is perpendicular to the plane of the page after being rotated 
90° counterclockwise as indicated? 


FIG. 29-56 Problem 28. 


°°29 Figure 29-57 shows two 4 
very long straight wires (in cross 
section) that each carry a cur- | 
rent of 4.00 A directly out of 
the page. Distance d, = 6.00 m 
and distance d, = 4.00 m. What 
is the magnitude of the net mag- 
netic field at point P, which lies 
on a perpendicular bisector to 
the wires? 





FIG. 29-57 Problem 29. 


eee30 The current-carrying wire loop in Fig. 29-58a lies all 
in one plane and consists of a semicircle of radius 10.0 cm, 
a smaller semicircle with the same center, and two radial 
lengths. The smaller semicircle is rotated out of that plane by 
angle 6, until it is perpendicular to the plane (Fig. 29-58b). 
Figure 29-58c gives the magnitude of the net magnetic field at 





the center of curvature versus angle 0. The vertical scale is set 
by B, = 10.0 wT and B, =12.0 wT. What is the radius of the 
smaller semicircle? 
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FIG. 29-58 Problem 30. 


eee31 Figure 29-59 shows a y 


cross section of along thin ribbon | 

of width w = 4.91 cm that is carry- a ; 
ing a uniformly distributed total 
current i = 4.61 uA into the page. | 
In unit-vector notation, what is the FIG. 29-59 Problem 31. 
magnetic field B at a point P in the 

plane of the ribbon at a distance d = 2.16cm from its edge? 
(Hint: Imagine the ribbon as being constructed from many long, 
thin, parallel wires.) ssm itw 


eee32 Figure 29-60 shows, in 
cross section, two long straight 
wires held against a plastic cylin- 
der of radius 20.0 cm. Wire 1 car- 
ries current 7, = 60.0 mA out of 
the page and is fixed in place at 
the left side of the cylinder. Wire 
2 carries current 1, = 40.0mA 
out of the page and can be moved 
around the cylinder. At what 
(positive) angle 6, should wire 2 


aa 





w 








FIG. 29-60 Problem 32. 


be positioned such that, at the ori- -+¥— é —| be ol 
Cin, Whe Tet MAME he Meld ie: HO cis ceeemmeaseeeete marscenicesnesem Pp 


the two currents has magnitude 
80.0 nT? 


eee33 In Fig. 29-61, length a is 
4.7 cm (short) and current i is 13 
A. What are the (a) magnitude 
and (b) direction (into or out of 
the page) of the magnetic field at 
point P? 


2 a Lanier avert 
| | 
? 








eee34 Two long straight thin FIG. 29-61 Problem 33. 
wires with current lie against an 

equally long plastic cylinder, at radius R = 20.0 cm from the 
cylinder’s central axis. Figure 29-62a shows, in cross section, 
the cylinder and wire 1 but not wire 2. With wire 2 fixed in 
place, wire 1 is moved around the cylinder, from angle 6, = 0° 
to angle 6, = 180°, through the first and second quadrants of 
the xy coordinate system. The net magnetic field B at the 


center of the cylinder is measured as a function of 6,. Figure 
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29-625 gives the x component B, of that field as a function of 
0, (the vertical scale is set by B,, = 6.0 wT), and Fig. 29-62c 
gives the y component B, (the vertical scale is set by B,, = 4.0 
wT). (a) At what angle @, is wire 2 located? What are the (b) size 
and (c) direction (into or out of the page) of the current in wire 1 
and the (d) size and (e) direction of the current in wire 2? 





B.. By 
= = 
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(dD) (c) 
FIG. 29-62 Problem 34. 


sec. 29-3 Force Between Two Parallel Currents 

¢35 Figure 29-63 shows wire 1 in cross section; the wire is 
long and straight, carries a current of 4.00 mA out of the page, 
and is at distance d, = 2.40 cm 
from a surface. Wire 2, which is 
parallel to wire 1 and also long, 
is at horizontal distance d, = d 
5.00 cm from wire 1 and carries a 
current of 6.80 mA into the page. 
What is the x component of the 
magnetic force per unit length on 
wire 2 due to wire 1? SSM 





ees 


FIG. 29-63 Problem 35. 


ee36 In Fig. 29-49, four long straight wires are perpendicular 
to the page, and their cross sections form a square of edge 
length a = 8.50 cm. Each wire carries 15.0 A, and all the cur- 
rents are out of the page. In unit-vector notation, what is the 
net magnetic force per meter of wire length on wire 1? 


ee37 In Fig. 29-64, five long 
parallel wires in an xy plane are 
separated by distance d = 50.0 
cm. The currents into the page 
are 1; = 2.00 A, i; = 0.250 A, ig = 
4.00 A, and i; = 2.00 A; the cur- 
rent out of the page is bb = 4.00 
A. What is the magnitude of the 
net force per unit length acting on wire 3 due to the currents in 
the other wires? 





dole debe dap da 


FIG. 29-64 Problems 37 
and 38. 


ee38 In Fig. 29-64, five long parallel wires in an xy plane are 





separated by distance d = 8.00 cm, have lengths of 10.0 m, and 
carry identical currents of 3.00 A out of the page. Each wire 
experiences a magnetic force due to the other wires. In unit- 
vector notation, what is the net magnetic force on (a) wire 1, 
(b) wire 2, (c) wire 3, (d) wire 4, and (e) wire 5? 


°e39 = In Fig. 29-49, four long straight wires are perpendicular 
to the page, and their cross sections form a square of edge 
length a = 13.5 cm. Each wire carries 7.50 A, and the currents 
are out of the page in wires 1 and 4 and into the page in wires 
2 and 3. In unit-vector notation, what is the net magnetic force 
per meter of wire length on wire 4? 


ee40 Figure 29-65a shows, in cross section, three current- 
carrying wires that are long, straight, and parallel to one 
another. Wires 1 and 2 are fixed in place on an x axis, with 
separation d. Wire 1 has a current of 0.750 A, but the direction 
of the current is not given. Wire 3, with a current of 0.250 A 
out of the page, can be moved along the x axis to the right of 
wire 2. As wire 3 is moved, the magnitude of the net magnetic 
force FE; on wire 2 due to the currents in wires 1 and 3 changes. 
The y component of that force is F,, and the value per unit 
length of wire 2 is F,,/L>. Figure 29-65b gives F,,/L versus the 
position x of wire 3. The plot has an asymptote F),/L) = 
—0.627 «N/m as x > ©. The horizontal scale is set by x, = 12.0 
cm. What are the (a) size and (b) direction (into or out of the 
page) of the current in wire 2? 
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FIG. 29-65 Problem 40. 


eee471 In Fig. 29-66, a long 
Straight wire carries a current 
i, = 30.0 A and a rectangular 
loop carries current i, = 20.0 
A. Take a = 1.00 cm, b = 8.00 
cm, and L = 30.0 cm. In unit- 
vector notation, what is the 


net force on the loop due to 
i? tlw 


sec. 29-4 Ampere’s Law 
e42 Figure 29-67 shows two 
closed paths wrapped around 
two conducting loops carrying 
currents 7;=5.0A and i, = 
3.0 A. What is the value of the 
integral § B-ds for (a) path 
1 and (b) path 2? 

e43 Each of the eight con- 
ductors in Fig. 29-68 carries 2.0 


A of current into or out of the 
page. Two paths are indicated 








FIG. 29-67 Problem 42. 


for the line integral 6 B-ds. {~~ 
What is the value of the inte- | . 4° 7, @ | 
eral for (a) path 1 and (b) path : 7" | 
2? SSM Ay a, \ 9 ON 
ce i Qe 


*44 Eight wires cut the page 
perpendicularly at the points 
shown in Fig. 29-69. A wire la- 


beled with the integer k (k = po eee 
P ° Pi c a :. a Ny 
L,2 8) carries the current ie / \ | 
ee /// @3) SZ NII 
ki, where i=4.50mA. For /// / //(68) | 
; / @4/ / | 
those wires with odd k, the | ; 2 f\ fii 
rent is out of the page;for [| / C7 @8/// | 
current is out of the page;for /) |; W— igs ST] 
‘ at ates ft | v \ as / 
those withevenk,itisintothe | i 5 \o7 ffi da 
a =? | ; a } Zé 
page. Evaluate $ B-ds along | | | a | Rate 5 es: 
the closed path in the direee | \7 4 4) / 
‘ own \ ~ ea Ps ff 
tion sho \ ” LM 
e45 Figure 29-70 shows a ~e 


cross section across a diame- FIG. 29-69 Problem 44. 
ter of a long cylindrical con- 


ductor of radius a =2.00cm carrying 


uniform current 170 A. What is the mag- ge a a 

nitude of the current’s magnetic field at “a is 

radial distance (a) 0, (b) 1.00 cm, (c) 2.00 r 

cm (wire’s surface), and (d) 4.00 cm? \ : 
\ 

°46 In a particular region there is a PTY ae 


uniform current density of 15 A/m? in 
the positive z direction. What is the value 
of § B- ds when that line integral is cal- 
culated along the three straight-line seg- 
ments from (x, y, z) coordinates (4d, 0,0) to (4d, 3d, 0) to (0,0, 
0) to (4d,0,0), where d = 20 cm? 


°e47 The current density J inside a long, solid, cylindrical 
wire of radius a = 3.1 mm is in the direction of the central 
axis, and its magnitude varies linearly with radial distance r 
from the axis according to J = Jor/a, where Jy = 310 A/m’. 
Find the magnitude of the magnetic field at (a) r = 0, (b) r = 
al2,and(c)r=a, 'Lw 


FIG. 29-70 
Problem 45. 


ee48 In Fig. 29-71, a long circular pipe with outside radius 
R=2.6cm carries a (uniformly distributed) current i = 
8.00 mA into the page. A wire runs 

parallel to the pipe at a distance of Wire O 
3.00R from center to center. Find the 
(a) magnitude and (b) direction (into 
or out of the page) of the current in 
the wire such that the net magnetic 
field at point P has the same magni- 
tude as the net magnetic field at the 
center of the pipe but is in the oppo- 
site direction. 


sec. 29-5 Solenoids and Toroids 
°49 A 200-turn solenoid having a 
length of 25 cm and a diameter of 10 
cm carries a current of 0.29A. 
Calculate the magnitude of the mag- 
netic field B inside the solenoid. 





FIG. 29-71 
Problem 48. 


e50 A solenoid 1.30 m long and 2.60 cm in diameter carries 
a current of 18.0 A. The magnetic field inside the solenoid is 
23.0 mT. Find the length of the wire forming the solenoid. 


e51. A toroid having a square cross section, 5.00cm on 
a side, and an inner radius of 15.0 cm has 500 turns and carries 
a current of 0.800 A. (It is made up of a square solenoid— 
instead of a round one as in Fig. 29-17 — bent into a doughnut 
shape.) What is the magnetic field inside the toroid at (a) the 
inner radius and (b) the outer radius? 


e52 A solenoid that is 95.0 cm long has a radius of 2.00 cm 
and a winding of 1200 turns; it carries a current of 3.60 A. 
Calculate the magnitude of the magnetic field inside the 
solenoid. 


ee53 A long solenoid with 10.0 turns/cm and a radius of 
7.00 cm carries a current of 20.0mA. A current of 6.00 A 
exists in a straight conductor located along the central axis of 
the solenoid. (a) At what radial distance from the axis will 
the direction of the resulting magnetic field be at 45.0° to the 
axial direction? (b) What is the magnitude of the magnetic 
field there? ssmitw www 


ee54 An electron is shot into one end of a solenoid. As it 
enters the uniform magnetic field within the solenoid, its 
speed is 800 m/s and its velocity vector makes an angle of 
30° with the central axis of the solenoid. The solenoid carries 
4.0 A and has 8000 turns along its length. How many revolu- 
tions does the electron make along its helical path within the 
solenoid by the time it emerges from the solenoid’s opposite 
end? (In a real solenoid, where the field is not uniform at 
the two ends, the number of revolutions would be slightly less 
than the answer here.) 


ee55_ A long solenoid has 100 turns/cm and carries current 1. 
An electron moves within the solenoid in a circle of radius 
2.30 cm perpendicular to the solenoid axis. The speed of the 
electron is 0.0460c (c = speed of light). Find the current i in 
the solenoid. 


sec. 29-6 A Current-Carrying Coil as a Magnetic Dipole 
e56 Figure 29-72a shows a 
length of wire carrying a current 
i and bent into a circular coil of 
one turn. In Fig. 29-725 the same 
length of wire has been bent to 
give a coil of two turns, each of 
half the original radius. (a) If B, 
and B, are the magnitudes of the 
magnetic fields at the centers of 
the two coils, what is the ratio 
B,/B,? (b) What is the ratio 
[p/, Of the dipole moment magnitudes of the coils? 





(a) 
FIG. 29-72 Problem 56. 


e57 What is the magnitude of the magnetic dipole moment 
p of the solenoid described in Problem 49? ssm 


e58 Figure 29-73 shows an 
arrangement known as a 
Helmholtz coil. It consists of 
two circular coaxial coils, each 
of 200 turns and radius R = 25.0 
cm, separated by a distance s = 
R. The two coils carry equal cur- 
rents i= 12.2mA in the same 
direction. Find the magnitude of 
the net magnetic field at P, mid- 
way between the coils. 





FIG. 29-73 Problems 58 
and 8&6. 
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e59 A student makes a short electromagnet by winding 
300 turns of wire around a wooden cylinder of diameter d = 
5.0 cm. The coil is connected to a battery producing a current 
of 4.0 A in the wire. (a) What is the magnitude of the magnetic 
dipole moment of this device? (b) At what axial distance z > 
d will the magnetic field have the magnitude 5.0 uT (approx- 
imately one-tenth that of Earth’s magnetic field)? ssm 


ee60 In Fig. 29-74, current i 
= 56.2 mA is set up in a loop 
having two radial lengths and 
two semicircles of radii a= 
5.72 cm and b = 9.36 cm witha 
common center P. What are 
the (a) magnitude and (b) di- 
rection (into or out of the 
page) of the magnetic field at P 
and the (c) magnitude and (d) 
direction of the loop’s mag- 
netic dipole moment? 


e°61 In Fig. 29-75, a conduc- 
tor carries 6.0A along the 
closed path abcdefgha running 
along 8 of the 12 edges of a 
cube of edge length 10 cm. (a) 
Taking the path to be a combi- 
nation of three square current 
loops (bcfgb, abgha, and cdefc), 
find the net magnetic moment 
of the path in unit-vector nota- 
tion. (b) What is the magnitude 
of the net magnetic field at the 
xyz coordinates of (0,5.0 m,0)? 





FIG. 29-75 Problem 61. 


ee62 In Fig. 29-76a, two circular loops, with different cur- 
rents but the same radius of 4.0 cm, are centered on a y axis. 
They are initially separated by distance L = 3.0 cm, with loop 
2 positioned at the origin of the axis. The currents in the two 
loops produce a net magnetic field at the origin, with y com- 
ponent B,. That component is to be measured as loop 2 is 
gradually moved in the positive direction of the y axis. Figure 
29-76b gives B, as a function of the position y of loop 2. The 
curve approaches an asymptote of B, = 7.20 uT as y > ~. The 
horizontal scale is set by y, = 10.0 cm. What are (a) current i, in 
loop 1 and (b) current i, in loop 2? 





y (cm) 
(a) (b) 
FIG. 29-76 Problem 62. 


°e63 Acircular loop of radius 12 cm carries a current of 15 
A.A flat coil of radius 0.82 cm, having 50 turns and a current 
of 1.3 A, is concentric with the loop. The plane of the loop is 
perpendicular to the plane of the coil. Assume the loop’s mag- 





netic field is uniform across the coil. What is the magnitude 
of (a) the magnetic field produced by the loop at its center 
and (b) the torque on the coil due to the loop? 


Additional Problems 

64 Figure 29-77 shows a 
closed loop with current i= 
2.00 A. The loop consists of a 
half-circle of radius 4.00 m, two 
quarter-circles each of radius 
2.00 m, and three radial straight 
wires. What is the magnitude of 
the net magnetic field at the 
common center of the circular 
sections? 





FIG. 29-77. Problem 64. 


65 Figure 29-78 shows a cross section of 
a long cylindrical conductor of radius a = 
4.00 cm containing a long cylindrical hole 
of radius b = 1.50 cm. The central axes of 
the cylinder and hole are parallel and are 
distance d = 2.00cm apart; current i = 
5.25 A is uniformly distributed over the 
tinted area. (a) What is the magnitude of Peat 
the magnetic field at the center of the 
hole? (b) Discuss the two special cases b 
= Oandd = 0. 


66 The magnitude of the magnetic field 88.0 cm from the 
axis of a long straight wire is 7.30 wT. What is the current in 
the wire? 





eviiti bAY 


FIG. 29-78 
Problem 65. 


67 ‘Three long wires are paral- 

lel to a z axis, and each carries a a 
current of 10 A in the positive z / 
direction. Their points’ of / \ 
intersection with the xy plane / “ 
form an equilateral triangle / a: 
with sides of 50cm,asshownin = / x | 
Fig. 29-79. A fourth wire °° noees ® : 
(wire b) passes through the 
midpoint of the base of the tri- 
angle and is parallel to the 
other three wires. If the net magnetic force on wire a is zero, 
what are the (a) size and (b) direction (+z or —z) of the cur- 
rent in wire b? 


FIG. 29-79 Problem 67. 


68 Figure 29-80 shows, in y A 

cross section, two long parallel | ve ~< 
wires spaced by distance d = noe mY 
10.0 cm; each carries 100 A, out ve 


of the page in wire 1. Point P is 
on a perpendicular bisector of 
the line connecting the wires. In 
unit-vector notation, what is the 
net magnetic field at P if the current in wire 2 is (a) out of the 
page and (b) into the page? 


le “<9 
SS ~Q 
FIG. 29-80 Problem 68. 


69 A 10-gauge bare copper wire (2.6 mm in diameter) can 
carry a current of 50 A without overheating. For this current, 
what is the magnitude of the magnetic field at the surface of 
the wire? 


70 A long vertical wire carries an unknown current. Coaxial 
with the wire is a long, thin, cylindrical conducting surface that 


carries a current of 30 mA upward. The cylindrical surface has 
a radius of 3.0 mm. If the magnitude of the magnetic field at 
a point 5.0 mm from the wire is 1.0 wT, what are the (a) size 
and (b) direction of the current 
in the wire? 


z 


71 Figure 29-81 shows a wire 
segment of length As = 3.0 cm, 
centered at the origin, carrying 
current i = 2.0 A in the positive y 
direction (as part of some com- 
plete circuit). To calculate the 
magnitude of the magnetic field 
B produced by the segment at a 
point several meters from the 
origin, we can use B = (1o/47)i As (sin 6)/r? as the Biot— 
Savart law. This is because r and @ are essentially constant 
over the segment. Calculate B (in unit-vector notation) at 
the (x, y, z) coordinates (a) (0, 0, 5.0m), (b) (0, 6.0 m, 0), 
(c) (7.0 m, 7.0 m, 0), and (d) (—3.0 m, —4.0 m,0). ssm 


72 In Fig. 29-82, a closed loop 
carries current / = 200 mA. The 
loop consists of two radial 
straight wires and two concentric 
circular arcs of radi 2.00 m and 
4.00 m. The angle @ is 7/4 rad. 
What are the (a) magnitude and 
(b) direction (into or out of the 
page) of the net magnetic field at 
the center of curvature P? 





FIG. 29-81. Problem 71. 





FIG. 29-82 Problem 72. 


73 A cylindrical cable of ra- 

dius 8.00 mm carries a current of 25.0 A, uniformly spread 
over its cross-sectional area. At what distance from the center 
of the wire is there a point within the wire where the magnetic 
field magnitude is 0.100 mT? 


74 A long wire carrying 100A is perpendicular to the 
magnetic field lines of a uniform magnetic field of magnitude 
5.0 mT. At what distance from the wire is the net magnetic 
field equal to zero? 


75 Two wires, both of length L, are formed into a circle and 
a square, and each carries current i. Show that the square 
produces a greater magnetic field at its center than the circle 
produces at its center. 


76 A long straight wire carries a current of 50 A. An elec- 
tron, traveling at 1.0 x 10’ m/s, is 5.0 cm from the wire. What 
is the magnitude of the magnetic force on the electron if the 
electron velocity is directed (a) toward the wire, (b) parallel to 
the wire in the direction of the current, and (c) perpendicular to 
the two directions defined by a/4 

(a) and (b)? 


77 In unit-vector notation, 
what is the magnetic field at 
point P in Fig. 29-83 if i = 10 
A and a = 8.0 cm? (Note that 
the wires are not long.) SSM 


78 Figure 29-84 shows, in 
cross section, two long parallel 
wires spaced by distance d = 
18.6 cm. Each carries 4.23 A, 








FIG. 29-83 Problem77. 


out of the page in wire 1 and into 
the page in wire 2. In unit-vector 
notation, what is the magnetic 
field at point P at distance R = 
34.2 cm? 


79 Figure 29-85 shows a cross 
section of an infinite conducting 
sheet carrying a current per unit x- 
length of A; the current emerges 
perpendicularly out of the page. 
(a) Use the Biot—Savart law and 
symmetry to show that for all points P above the sheet and 
all points P’ below it, the magnetic field B is parallel to the 
sheet and directed as shown. (b) Use Ampere’s law to prove 
that B = $A atall points Pand P’. ssm 





FIG. 29-84 Problem 78. 
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FIG. 29-85 Problem 79. 


80 Two long wires lie in an xy plane, and each carries a cur- 
rent in the positive direction of the x axis. Wire 1 is at y = 10.0 
cm and carries 6.00 A; wire 2 is at y = 5.00 cm and carries 10.0 
A. (a) In unit-vector notation, what is the net magnetic field B 
at the origin? (b) At what value of y does B = 0? (c) If the 
current in wire 1 is reversed, at what value of y does B=0? 


81 Figure 29-86 shows a cross section of a hollow cylindrical 
conductor of radii a and b, carrying a uniformly distributed 
current i. (a) Show that the magnetic field magnitude B(r) for 
the radial distance rin the range b < r < ais given by 


[ol r a b? 


B = es SE 
21(a? — b) r 


(b) Show that when r =a, this equation 
gives the magnetic field magnitude B at the 
surface of a long straight wire carrying cur- 
rent i; when r = b, it gives zero magnetic 
field; and when b = 0, it gives the magnetic 
field inside a solid conductor of radius a 
carrying current i. (c) Assume that a = 2.0 
cm, b= 1.8cm, and i= 100A, and then 
plot B(r) for the range0O<r<6cm. SSM 





FIG. 29-86 
Problem 81. 


82 Three long wires all lie in an xy plane parallel to the 
x axis. They are spaced equally, 10cm apart. The two outer 
wires each carry a current of 5.0 A in the positive x direction. 
What is the magnitude of the force 
on a 3.0m section of either of the 
outer wires if the current in the cen- 
ter wire is 3.2 A (a) in the positive x 
direction and (b) in the negative x di- 
rection? 


83 In Fig. 29-87, two infinitely long 
wires carry equal currents i. Each 
follows a 90° arc on the circumfer- 
ence of the same circle of radius R. 





FIG. 29-87 
Problem 83. 
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Show that the magnetic field B at the center of the circle is the 
same as the field B a distance R below an infinite straight wire 
carrying a current / to the left. 


84 A long wire is known to have a radius greater than 
4.0 mm and to carry a current that is uniformly distributed 
over its cross section. The magnitude of the magnetic field due 
to that current is 0.28 mT at a point 4.0 mm from the axis of 
the wire, and 0.20 mT at a point 10 mm from the axis of the 
wire. What is the radius of the wire? 


85 A long, hollow, cylindrical conductor (inner radius 2.0 
mm, outer radius 4.0 mm) carries a current of 24 A distributed 
uniformly across its cross section. A long thin wire that is co- 
axial with the cylinder carries a current of 24 A in the opposite 
direction. What is the magnitude of the magnetic field (a) 1.0 
mm, (b) 3.0 mm, and (c) 5.0 mm from the central axis of the 
wire and cylinder? 


86 In Fig. 29-73, an arrangement known as Helmholtz coils 
consists of two circular coaxial coils, each of N turns and 
radius R, separated by distance s. The two coils carry equal 
currents / in the same direction. (a) Show that the first deriva- 
tive of the magnitude of the net magnetic field of the coils 
(dB/dx) vanishes at the midpoint P regardless of the value 
of s. Why would you expect this to be true from symmetry? 
(b) Show that the second derivative (d?B/dx’) also vanishes 
at P, provided s = R. This accounts for the uniformity of B 
near P for this particular coil separation. 


87 A square loop of wire of edge length a carries current 1. 
Show that, at the center of the loop, the magnitude of the mag- 
netic field produced by the current is 

= 2V2 p04 . 

7a 

88 Show that the magnitude of the magnetic field produced 
at the center of a rectangular loop of wire of length L and 
width W, carrying a current i, is 


B am 2Mol is aie wey 
7 LW 


89 A square loop of wire of edge length a carries current /. 
Show that the magnitude of the magnetic field produced at 
a point on the central perpendicular axis of the loop and a 
distance x from its center 1s 


4uyia’ 


eX) = a (4x? + a*)(4x2 + 2a2)'2 - 


Prove that this result is consistent with the result shown in 
Problem 87. SSM 


90 Figure 29-88 is an idealized schematic drawing of a rail 
gun. Projectile P sits between two wide rails of circular cross 
section; a source of current sends current through the rails 


and through the (conducting) projectile (a fuse is not used). 
(a) Let w be the distance between the rails, R the radius 
of each rail, and i the current. Show that the force on the 
projectile is directed to the right along the rails and ts given 
approximately by 


o fe 
_ ' Ko in wtkR 
27 R 


(b) If the projectile starts from the left end of the rails at rest, 
find the speed v at which it is expelled at the right. Assume 
that 7 = 450 kA, w = 12 mm, R = 6.7 cm, L = 4.0 m, and the 
projectile mass is 10 g. 





FIG. 29-88 Problem 90. 


971 Show that a uniform magnetic 
field B cannot drop abruptly to 
zero (as is suggested by the lack of 
field lines to the right of point a in 
Fig. 29-89) as one moves perpendic- 
ular to B, say along the horizontal 
arrow in the figure. (Hint: Apply 
Ampere’s law to the rectangular 
path shown by the dashed lines.) In 
actual magnets, “fringing” of the 
magnetic field lines always occurs, 
which means that B approaches 
zero in a gradual manner. Modify the field lines in the figure to 
indicate a more realistic situation. SSM 





FIG. 29-89 Problem 91. 


92 Show that if the thickness of a toroid is much smaller than 
its radius of curvature (a very skinny toroid), then Eq. 29-24 for 
the field inside a toroid reduces to Eq. 29-23 for the field inside 
a solenoid. Explain why this result is to be expected. 


93 Figure 29-90 shows a cross section of 
a long conducting coaxial cable and gives 
its radii (a, b, c). Equal but opposite cur- 
rents z are uniformly distributed in the 
two conductors. Derive expressions for 
B(r) with radial distance r in the ranges 
la)r=— eG (b) C= r= bic) b =F = ¢.and 
(d) r > a. (e) Test these expressions for all 
the special cases that occur to you. (f) 
Assume that a = 2.0cm, b = 1.8cm, c = 
0.40 cm, and i= 120A and plot the function B(r) over the 
range0 <r<3cm. 





FIGs. 29-90 
Problem 93. 


Mark Joseph/Getty Images, Inc. 


Induction and 
Inductance 





Traditionally, foundries used flame-heated furnaces to melt metals. 


However, many modern foundries avoid the resulting air pollution by 
using an induction furnace in which the metal is heated by the current 
in insulated wires wrapped around the crucible that holds the metal. 
However, the wires themselves do not get hot enough to melt the metal 


(or they would also melt). Indeed, they are kept cool by a water bath. 


The answer is in this chapter. 


on 
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FIG. 30-1 An ammeter registers a 
current in the wire loop when the 
magnet is moving with respect to the 
loop. 





FIG. 30-2 Anammeter registers a 
current in the left-hand wire loop just 
as switch S is closed (to turn on the 
current in the right-hand wire loop) 
or opened (to turn off the current in 
the right-hand loop). No motion of 
the coils is involved. 


30-1 WHAT IS PHYSICS? 


In Chapter 29 we discussed the fact that a current produces a magnetic field. That 
fact came as a surprise to the scientists who discovered the effect. Perhaps even 
more surprising was the discovery of the reverse effect: A magnetic field can 
produce an electric field that can drive a current. This link between a magnetic 
field and the electric field it produces (induces) is now called Faraday’s law of 
induction. 

The observations by Michael Faraday and other scientists that led to this law 
were at first just basic science, interesting in that they revealed another facet of 
how our universe works. Today, however, applications of that basic science are 
almost everywhere. For example, induction is the basis of the electric guitars that 
revolutionized early rock and still drive heavy metal and punk today. It is also the 
basis of the electric generators that power cities and transportation lines. 
Although induction stoves for the kitchen have yet to catch on with either profes- 
sional chefs or amateur cooks, huge induction furnaces are commonplace in 
foundries where large amounts of metal must be melted rapidly. 

Before we get to applications like the electric guitar, we must examine two 
simple experiments about Faraday’s law of induction. 


30-2 | Two Experiments 


Let us examine two simple experiments to prepare for our discussion of 
Faraday’s law of induction. 

First Experiment. Figure 30-1 shows a conducting loop connected to a sensi- 
tive ammeter. Because there is no battery or other source of emf included, there 
is no current in the circuit. However, if we move a bar magnet toward the loop, 
a current suddenly appears in the circuit. The current disappears when the mag- 
net stops. If we then move the magnet away, a current again suddenly appears, 
but now in the opposite direction. If we experimented for a while, we would 
discover the following: 


1. A current appears only if there is relative motion between the loop and the 
magnet (one must move relative to the other); the current disappears when 
the relative motion between them ceases. 


2. Faster motion produces a greater current. 


3. If moving the magnet’s north pole toward the loop causes, say, clockwise 
current, then moving the north pole away causes counterclockwise current. 
Moving the south pole toward or away from the loop also causes currents, but 
in the reversed directions. 


The current produced in the loop is called an induced current; the work done 
per unit charge to produce that current (to move the conduction electrons that 
constitute the current) is called an induced emf; and the process of producing the 
current and emf 1s called induction. 

Second Experiment. For this experiment we use the apparatus of Fig. 30-2, 
with the two conducting loops close to each other but not touching. If we close 
switch S, to turn on a current in the right-hand loop, the meter suddenly and 
briefly registers a current — an induced current —1in the left-hand loop. If we then 
open the switch, another sudden and brief induced current appears in the left- 
hand loop, but in the opposite direction. We get an induced current (and thus an 
induced emf) only when the current in the right-hand loop is changing (either 
turning on or turning off) and not when it is constant (even if it is large). 

The induced emf and induced current in these experiments are apparently 
caused when something changes — but what is that “something”? Faraday knew. 


30-3 | Faraday’s Law of Induction 


30-3 | Faraday’s Law of Induction 


Faraday realized that an emf and a current can be induced in a loop, as in our two 
experiments, by changing the amount of magnetic field passing through the loop. 
He further realized that the “amount of magnetic field” can be visualized in terms 
of the magnetic field lines passing through the loop. Faraday’s law of induction, 
stated in terms of our experiments, is this: 

ft - An emf is induced in the loop at the left in Figs. 30-1 and 30-2 when the number of 

_ magnetic field lines that pass through the loop is changing. 


= bang tet ge tat te 





The actual number of field lines passing through the loop does not matter; the 
values of the induced emf and induced current are determined by the rate at 
which that number changes. 

In our first experiment (Fig. 30-1), the magnetic field lines spread out from 
the north pole of the magnet. Thus, as we move the north pole closer to the loop, 
the number of field lines passing through the loop increases. That increase appar- 
ently causes conduction electrons in the loop to move (the induced current) and 
provides energy (the induced emf) for their motion. When the magnet stops mov- 
ing, the number of field lines through the loop no longer changes and the induced 
current and induced emf disappear. 

In our second experiment (Fig. 30-2), when the switch is open (no current), 
there are no field lines. However, when we turn on the current in the right-hand 
loop, the increasing current builds up a magnetic field around that loop and at the 
left-hand loop. While the field builds, the number of magnetic field lines through 
the left-hand loop increases. As in the first experiment, the increase in field lines 
through that loop apparently induces a current and an emf there. When the 
current in the right-hand loop reaches a final, steady value, the number of field 
lines through the left-hand loop no longer changes, and the induced current and 
induced emf disappear. 

Faraday’s law does not explain why a current and an emf are induced in 
either experiment; it is just a statement that helps us visualize the induction. 


A Quantitative Treatment 


To put Faraday’s law to work, we need a way to calculate the amount of magnetic 
field that passes through a loop. In Chapter 23, in a similar situation, we needed to 
calculate the amount of electric field that passes through a surface. There we 
defined an electric flux ®, = { E- dA. Here we define a magnetic flux: Suppose 
a loop enclosing an area A is placed in a magnetic field B.Then the magnetic flux 
through the loop is 


®, = | B-dA (magnetic flux through area A). (30-1) 


As in Chapter 23, dA is a vector of magnitude dA that is perpendicular to a 
differential area dA. 

As a Special case of Eq. 30-1, suppose that the loop lies in a plane and that the 
magnetic field is perpendicular to the plane of the loop. Then we can write the dot 
product in Eq. 30-1 as B dA cos 0° = B dA. If the magnetic field 1s also uniform, 
then B can be brought out in front of the integral sign. The remaining { dA then 
gives just the area A of the loop. Thus, Eq. 30-1 reduces to 


®,= BA (B 1 area A, B uniform). (30-2) 


From Eqs. 30-1 and 30-2, we see that the SI unit for magnetic flux is the 
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tesla—square meter, which is called the weber (abbreviated Wb): 
1 weber = 1 Wb = 1 T-m’. (30-3) 


With the notion of magnetic flux, we can state Faraday’s law in a more quan- 
titative and useful way: 


@PF*” The magnitude of the emf induced in a conducting loop is equal to the rate at 
which the magnetic flux ®, through that loop changes with time. 


As you will see in the next section, the induced emf @ tends to oppose the flux 
change, so Faraday’s law is formally written as 


d® 
E6=- Te (Faraday’s law), (30-4) 





with the minus sign indicating that opposition. We often neglect the minus sign in 
Eq. 30-4, seeking only the magnitude of the induced emf. 

If we change the magnetic flux through a coil of N turns, an induced emf 
appears in every turn and the total emf induced in the coil is the sum of these 
individual induced emfs. If the coil is tightly wound (closely packed), so that 
the same magnetic flux ®, passes through all the turns, the total emf induced in 
the coil is 


d®, 
dt 





6€é= —-N (coil of N turns). (30-5) 
Here are the general means by which we can change the magnetic flux 
through a coil: 


1. Change the magnitude B of the magnetic field within the coil. 


2. Change either the total area of the coil or the portion of that area that lies 
within the magnetic field (for example, by expanding the coil or sliding it into 
or out of the field). 


3. Change the angle between the direction of the magnetic field B and the plane 
of the coil (for example, by rotating the coil so that field B is first perpendicu- 
lar to the plane of the coil and then is along that plane). 


CHECKPOINT 1 The graph gives the p 
magnitude A(t) of a uniform magnetic field that 
exists throughout a conducting loop, with the di- 
rection of the field perpendicular to the plane of 
the loop. Rank the five regions of the graph ac- 
cording to the magnitude of the emf induced in 
the loop, greatest first. 





The long solenoid S shown (in cross section) in Fig. KEY IDEAS 


30-3 has 220 turns/cm and carries a current i = 1.5 A; 


its diameter D is 3.2 cm. At its center we place a 130- 1. Because it is located in the interior of the solenoid, coil C 
turn closely packed coil C of diameter d = 2.1 cm. The lies within the magnetic field produced by current iin the 
current in the solenoid is reduced to zero at a steady solenoid; thus, there is a magnetic flux Bg through coil C. 
rate in 25 ms. What is the magnitude of the emf that is 2. Because current i decreases, flux ®, also decreases. 

induced in coil C while the current in the solenoid is 3. As ®, decreases, emf € is induced in coil C, accord- 


changing? ing to Faraday’s law. 


30-4 | Lenz's Law 


A®,, we need the final and initial flux values. The final 
flux D, -is zero because the final current in the solenoid 
is zero. To find the initial flux ®,;, we first note that the 
area A is ; 7d? (= 3.464 x 1074 m’) and the number z is 


a | 220 turns/cm, or 22 000 turns/m. Substituting Eq. 29-23 
FIG. 30-3 A coil Cis located inside a solenoid S, which into Eq. 30-2 then leads to 
carries current J. 








Dz = BA = (uoin)A 
4. The flux through each turn of coil C depends on the (47 X 10-’T-m/A)(1.5 A)(22 000 turns/m) 


area A and orientation of that turn in the solenoid’s x (3.464 x 1074 m2) 
magnetic field B. Because B is uniform and directed 


perpendicular to area A, the flux is given by Eq. 30-2 ee ede <0 =v: 
(Dz = BA). Now we can write 
Sy ihe magnitude B of the magnetic ste in the interior dd, Ad, eo 
of a solenoid depends on the solenoid’s current i and ar ara ie 
its number n of turns per unit length, according to 
Eq. 29-23 (B = pin). 2 (0 — 1.44 x 107° Wb) 
250 me 


Calculations: Because coil C consists of more than = 510 <10e- Wiis 5.71020 10 V. 


one turn, we apply Faraday’s law in the form of Eq. We are interested only in magnitudes; so we ignore the 
30-5 (6 = —N d®,/dt), where the number of turns N is minus signs here and in Eq. 30-5, writing 


130 and d®,/dt is the rate at which the flux changes. 





Because the current in the solenoid decreases at a e-—N — = (130 turns)(5.76 X 1074 V) 
steady rate, flux Bp also decreases at a steady rate, and 
SO we can write dD,/dt as A®,/At. Then, to evaluate = 7.5 X ov V=75 mV. (Answer) 





30-4 | Lenz’s Law 


Soon after Faraday proposed his law of induction, Heinrich Friedrich Lenz 
devised a rule—now known as Lenz’s law—for determining the direction of an 
induced current in a loop: 


@ A An induced current has a direction such that the magnetic field due to the current 
Opposes s the change | in the magnetic flux that induces the current. 
Furthermore, the direction of an induced emf is that of the induced current. To 
get a feel for Lenz’s law, let us apply it in two different but equivalent ways to Fig. 
30-4, where the north pole of a magnet is being moved toward a conducting loop. 


1. Opposition to Pole Movement. The approach of the magnet’s north pole in 
Fig. 30-4 increases the magnetic flux through the loop and thereby induces a 
current in the loop. From Fig. 29-22, we know that the loop then acts as a mag- 
netic dipole with a south pole and a north pole, and that its magnetic dipole 
moment yp is directed from south to north. To oppose the magnetic flux 
increase being caused by the approaching magnet, the loop’s north pole (and 
thus 7) must face toward the approaching north pole so as to repel it (Fig. 
30-4). Then the curled-straight right-hand rule for @ (Fig. 29-22) tells us that 
the current induced in the loop must be counterclockwise in Fig. 30-4. FIG. 30-4 Lenz’s law at work. As 

If we next pull the magnet away from the loop, a current will again be _ the magnet is moved toward the 
induced in the loop. Now, however, the loop will have a south pole facing _!0op, a current is induced in the loop. 
the retreating north pole of the magnet, so as to oppose the retreat. Thus, the! he current produces its own mag- 


induced current will be clockwise. neue pee a eu e oe 
moment p oriented so as to oppose 


2. Opposition to Flux Change. In Fig. 30-4, with the magnet initially distant,no the motion of the magnet. Thus, the 
magnetic flux passes through the loop. 4 As the north pole of the magnet then induced current must be counter- 
nears the loop with its magnetic field B directed downward, the flux through clockwise as shown. 








Pas 


Decreasing B 


Increasing B 
(a) 2) 


F —> 
Decreasing B 


<> 
Increasing B 


FIG. 30-5 The direction of the cur- 
rent i induced in a loop is such that 
the current’s magnetic field B,,, Op- 
poses the change in the magnetic 
field B inducing 1. The field Big i iS 
always directed opposite an increas- 
ing field B (a, c) and in the same di- 
rection as a decreasing field B (b, a). 
The curled-straight right-hand rule 
gives the direction of the induced 
current based on the direction of the 
induced field. 





FIG. 30-6 A Fender Stratocaster 
guitar. (Courtesy Fender Musical 
Instruments Corporation) 
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the loop increases. To oppose this increase in flux, the induced current i must 
set up its own field B,,, directed | upward inside the loop, as shown in Fig. 30-5a; 
then the upward flux of field Bina Opposes the increasing downward flux of 
field B. The curled— straight right-hand rule of Fig. 29-22 then tells us that i 
must be counterclockwise in Fig. 30- )-Sa. 

Note carefully that the flux of B,,, always opposes the change in the flux of 
B, but that does not always mean that Be points opposite B. For example, if 
we next pull the magnet away from the loop in Fig. 30-4, the flux ®, from the 
magnet is still directed downward through the loop, but it is now decreasing. 
The flux of Bo must now be downward inside the loop, to oppose the decrease 
in Mz, as shown in Fig. 30-5b. Thus, Be and B are now in the same direction. 

Figures 30-5c and d show the situations in which the south pole of the 
magnet approaches and retreats from the loop, respectively. 


Electric Guitars 


Figure 30-6 shows a Fender® Stratocaster®, one type of electric guitar. Whereas 
an acoustic guitar depends for its sound on the acoustic resonance produced in 
the hollow body of the instrument by the oscillations of the strings, an electric 
guitar is a solid instrument, so there is no body resonance. Instead, the oscilla- 
tions of the metal strings are sensed by electric “pickups” that send signals to an 
amplifier and a set of speakers. 

The basic construction of a pickup is shown in Fig. 30-7. Wire connecting the 
instrument to the amplifier is coiled around a small magnet. The magnetic field of 
the magnet produces a north and south pole in the section of the metal string just 
above the magnet. That section of string then has its own magnetic field. When 
the string is plucked and thus made to oscillate, its motion relative to the coil 
changes the flux of its magnetic field through the coil, inducing a current in the 
coil. As the string oscillates toward and away from the coil, the induced current 
changes direction at the same frequency as the string’s oscillations, thus relaying 
the frequency of oscillation to the amplifier and speaker. 

On a Stratocaster, there are three groups of pickups, placed at the near end 
of the strings (on the wide part of the body). The group closest to the near end 
better detects the high-frequency oscillations of the strings; the group farthest 
from the near end better detects the low-frequency oscillations. By throwing a 
toggle switch on the guitar, the musician can select which group or which pair of 
groups will send signals to the amplifier and speakers. 

To gain further control over his music, the legendary Jimi Hendrix some- 
times rewrapped the wire in the pickup coils of his guitar to change the number 
of turns. In this way, he altered the amount of emf induced in the coils and thus 
their relative sensitivity to string oscillations. Even without this additional mea- 
Sure, you can see that the electric guitar offers far more control over the sound 
that is produced than can be obtained with an acoustic guitar. ee 


CHECKPOINT 2 The figure shows three situations in which identical circular 
conducting loops are in uniform magnetic fields that are either increasing (Inc) or 
decreasing (Dec) in magnitude at identical rates. In each, the dashed line coincides with 
a diameter. Rank the situations according to the magnitude of the current induced in 
the loops, greatest first. 


e ° e e e x x x x x x e e e e e e 





FIG. 30-7 A side view of an electric guitar pickup. 
When the metal string (which acts like a magnet) is 
made to oscillate, it causes a variation in magnetic flux 
that induces a current in the coil. 
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Metal guitar = 





Sample Problem Eee 


Figure 30-8 shows a conducting loop consisting of a half- 
circle of radius r = 0.20 m and three straight sections. The 
half-circle lies in a uniform magnetic field B that is di- 
rected out of the page; the field magnitude is given by 
B = 4.0¢? + 2.0t + 3.0, with B in teslas and ¢t in seconds. 
An ideal battery with emf ©,,, = 2.0 V is connected to 
the loop. The resistance of the loop is 2.0 2. 


(a) What are the magnitude and direction of the emf 
ing Induced around the loop by field B att = 10s? 


ccy 10cAs 


1. According to Faraday’s law, the magnitude of @j,4 1s 
equal to the rate d®,/dt at which the magnetic flux 
through the loop changes. 


2. The flux through the loop depends on how much of 
the loop’s area lies within the flux and how the area is 
oriented in the magnetic field B. 


3. Because B is uniform and is perpendicular to the 
plane of the loop, the flux is given by Eq. 30-2 
(D, = BA). (We don’t need to integrate B over the 
area to get the flux.) 


4. The induced field B;,, (due to the induced current) 
must always oppose the change in the magnetic flux. 


Magnitude: Using Eq. 30-2 and realizing that only the 
field magnitude B changes in time (not the area A), we 
rewrite Faraday’s law, Eq. 30-4, as 


db, (BA) dB 
kcal a Maas Bly, ppl cee GS As a 
me dt dt dt 


Because the flux penetrates the loop only within the 


half-circle, the area A in this equation is 4ar’. 


Substituting this and the given expression for B yields 
AE y = ratios +08 


On ai 1 2, Ade 





(4.02 + 2.0¢ + 3.0) 


2 
= = (8.0t + 2.0). 


Att = 10s, then, 


a (0.20 m)? 
2. 


ina = [8.0(10) + 2.0] 


5.152 V ~ 5.2 V. (Answer) 
Direction: To find the direction of @;,4, we first note that 
in Fig. 30-8 the flux through the loop is out of the page 
and increasing. Because the induced field B;,,4 (due to the 
induced current) must oppose that increase, it must be 
into the page. Using the curled-straight right-hand rule 
(Fig. 30-5c), we find that the induced current is clockwise 
around the loop, and thus so is the induced emf € ing. 


(b) What is the current in the loop att = 10s? 


cS The point here is that two emfs tend to 


move charges around the loop. 


Calculation: The induced emf @,,, tends to drive a cur- 
rent clockwise around the loop; the battery’s emf @,,; 
tends to drive a current counterclockwise. Because 
Ging IS greater than ©,,,, the net emf @,., 1s clockwise, 
and thus so is the current. To find the current at t = 10s, 
we use Eq. 27-2 (i = €/R): 

Cnet _ Cind — Sbat 

R R 
_ aoe ¥ — 2.0 V 
2.0 QO, 


(= 


= 158A ~1.6A. (Answer) 





Gut 


FIG. 30-8 A battery is connected to a conducting loop that in- 
cludes a half-circle of radius r lying in a uniform magnetic field. 
The field is directed out of the page; its magnitude is changing. 


Sample Problem Czy 


Figure 30-9 shows a rectangular loop of wire im- 
mersed in a nonuniform and varying magnetic field B 
that is perpendicular to and directed into the page. 
The field’s magnitude is given by B = 4?*x?, with B in 


teslas, t in seconds, and x in meters. The loop has width 


W = 3.0 m and height H = 2.0 m. What are the magni- 


tude and direction of the induced emf @ around the 
loop at t = 0.10 s? 
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a 


1. Because the magnitude of the magnetic field B is 
changing with time, the magnetic flux ®, through the 
loop 1s also changing. 


2. The changing flux induces an emf © in the loop ac- 
cording to Faraday’s law, which we can write as 6 = 
d®,/dt. 


To use that law, we need an expression for the flux ®, 
at any time t. However, because B is not uniform 
over the area enclosed by the loop, we cannot use 


Yo 








FIG. 30-9 A closed conducting loop, of width W and height H, 
lies in a nonuniform, varying magnetic field that points directly 
into the page. To apply Faraday’s law, we use the vertical strip 


Eq. 30-2 (®, = BA) to find that expression; instead of height H, width dx, and area dA. 


we must use Eq. 30-1 (®, = {B- dA). 

where we have substituted H =2.0m and @®, 1s in 
webers. Now we can use Faraday’s law to find the magni- 
tude of at any time ¢: 


_ d®gz — d(72t?) 
dt dt 
in which @ 1s in volts. Att = 0.10 s, 
6 = (144 V/s)(0.10 s) = 14 V. 


Calculations: In Fig. 30-9, B is perpendicular to the 
plane of the loop (and hence parallel to the differential 
area vector dA); so the dot product in Eq. 30-1 gives 
B dA. Because the magnetic field varies with the coordi- 
nate x but not with the coordinate y, we can take the dif- 
ferential area dA to be the area of a vertical strip of 
height H and width dx (as shown in Fig. 30-9). Then 
dA = H dx,and the flux through the loop is 


o, = | Baa = | eas = | en dx = | seen dx. 


Treating ¢ as a constant for this integration and inserting 
the integration limits x = 0 and x = 3.0 m, we obtain 


= 1441, 


(Answer) 


The flux of B through the loop is into the page in 
Fig. 30-9 and is increasing in magnitude because B is 1n- 
creasing in magnitude with time. By Lenz’s law, the field 
B; of the induced current opposes this increase and so 1s 
directed out of the page. The curled-straight right-hand 


3.0 3 3.0 | rule in Fig. 30-5 then tells us that the induced current is 
®,; = 4°H | x? dx = 4°?H [ | ell counterclockwise around the loop, and thus so is the in- 
: a duced emf @. 


30-5 | Induction and Energy Transfers 


By Lenz’s law, whether you move the magnet toward or away from the loop in 
Fig. 30-1, a magnetic force resists the motion, requiring your applied force to do 
positive work. At the same time, thermal energy is produced in the material of 
the loop because of the material’s electrical resistance to the current that is 
induced by the motion. The energy you transfer to the closed loop + magnet sys- 
tem via your applied force ends up in this thermal energy. (For now, we neglect 
energy that is radiated away from the loop as electromagnetic waves during the 
induction.) The faster you move the magnet, the more rapidly your applied force 
does work and the greater the rate at which your energy is transferred to thermal 
energy in the loop; that is, the power of the transfer is greater. 

Regardless of how current is induced in a loop, energy is always transferred 
to thermal energy during the process because of the electrical resistance of the 
loop (unless the loop is superconducting). For example, in Fig. 30-2, when switch 
S is closed and a current is briefly induced in the left-hand loop, energy is trans- 
ferred from the battery to thermal energy in that loop. 

Figure 30-10 shows another situation involving induced current. A rectangu- 
lar loop of wire of width L has one end in a uniform external magnetic field that 
is directed perpendicularly into the plane of the loop. This field may be produced, 
for example, by a large electromagnet. The dashed lines in Fig. 30-10 show the 
assumed limits of the magnetic field; the fringing of the field at its edges is 
neglected. You are to pull this loop to the right at a constant velocity Vv’. 











FIG. 30-10 You pull a closed con- 
ducting loop out of a magnetic field 
at constant velocity V. While the loop 
is moving, a clockwise current i is 1n- 
duced in the loop, and the loop 
segments still within the magnetic 
field experience forces F 3 Ee and F. 3. 
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The situation of Fig. 30-10 does not differ in any essential way from that of 
Fig. 30-1. In each case a magnetic field and a conducting loop are in relative 
motion; in each case the flux of the field through the loop is changing with time. 
It is true that in Fig. 30-1 the flux is changing because B is changing and in 
Fig. 30-10 the flux is changing because the area of the loop still in the magnetic 
field is changing, but that difference is not important. The important difference 
between the two arrangements is that the arrangement of Fig. 30-10 makes calcu- 
lations easier. Let us now calculate the rate at which you do mechanical work as 
you pull steadily on the loop in Fig. 30-10. 

As you will see, to pull the loop at a constant velocity V, you must apply 
a constant force F to the loop because a magnetic force of eat magnitude but 
opposite direction acts on the loop to oppose you. From Eq. 7-48, the rate at 
which you do work — that is, the power —is then 


P= F\, (30-6) 


where F is the magnitude of your force. We wish to find an expression for P in 
terms of the magnitude B of the magnetic field and the characteristics of the 
loop—namely, its resistance R to current and its dimension L. 

As you move the loop to the right in Fig. 30-10, the portion of its area within 
the magnetic field decreases. Thus, the flux through the loop also decreases and, 
according to Faraday’s law, a current is produced in the loop. It is the presence of 
this current that causes the force that opposes your pull. 

To find the current, we first apply Faraday’s law. When x is the length of the 
loop still in the magnetic field, the area of the loop still in the field is Lx. Then 
from Eq. 30-2, the magnitude of the flux through the loop is 


®, = BA = BLx. (30-7) 


As x decreases, the flux decreases. Faraday’s law tells us that with this flux 
decrease, an emf is induced in the loop. Dropping the minus sign in Eq. 30-4 and 
using Eq. 30-7, we can write the magnitude of this emf as 

dP, d 


d 
= BLx = BL— = BLy, (30-8) 


ac ee ea: dt 





in which we have replaced dx/dt with v, the speed at which the loop moves. 

Figure 30-11 shows the loop as a circuit: induced emf © is represented on the 
left, and the collective resistance R of the loop is represented on the right. 
The direction of the induced current i is obtained with a right-hand rule as in 
Fig. 30-55 for decreasing flux; applying the rule tells us that the current must be 
clockwise, and € must have the same direction. 

To find the magnitude of the induced current, we cannot apply the loop rule for 
potential differences in a circuit because, as you will see in Section 30-6, we cannot 
define a potential difference for an induced emf. However, we can apply the equa- 
tion i = 6/R, as we did in Sample Problem 30-2. With Eq. 30-8, this becomes 


BLyv 





(30-9) 


1 = R i 


Because three segments of the loop in Fig. 30-10 carry this current 
through the magnetic field, sideways deflecting forces act on those segments. 
From Eq. 28-26 we know that such a deflecting force is, in general notation, é a 


F, = iL x B. (30-10) 


In Fig. 30-10, the deflecting forces acting on the three segments of the loop are i 

marked F, B,, and F,, Note, however, that from the symmetry, forces F, and F; FIG. 30-11 A circuit diagram for the 
are equal in magnitude and cancel. This leaves only force F, which is directed loop of Fig. 30-10 while the loop is 
opposite your force F onthe loop and thus is the force opposing you. So, F=-F ; moving. 





FIG. 30-12 A patient in an 
MRI apparatus. (Michael 
Rosenfeld/Getty Images, Inc.) 
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Using Eq. 30-10 to obtain the magnitude of F, and noting that the angle 
between B and the length vector L for the left segment is 90°, we write 





F= F, =iLBsin 90° = iLB. (30-11) 
Substituting Eq. 30-9 for iin Eq. 30-11 then gives us 
Boley 
= 30-12 
; (30-12) 


Because B, L, and R are constants, the speed v at which you move the loop is con- 
stant if the magnitude F of the force you apply to the loop is also constant. 
By substituting Eq. 30-12 into Eq. 30-6, we find the rate at which you do work 
on the loop as you pull it from the magnetic field: 
B21? 2 
P=fv= = (rate of doing work). (30-13) 
To complete our analysis, let us find the rate at which thermal energy appears 
in the loop as you pull it along at constant speed. We calculate it from Eq. 26-27, 


P=?R. (30-14) 
Substituting for i from Eq. 30-9, we find 


BL 2 B2L 2 

P= ( 22”) R= a (thermal energy rate), (30-15) 
R R 

which is exactly equal to the rate at which you are doing work on the loop 

(Eq. 30-13). Thus, the work that you do in pulling the loop through the magnetic 

field appears as thermal energy in the loop. 


Burns During MRI Scans 


A patient undergoing an MRI scan (Fig. 30-12) lies in an apparatus containing two 
magnetic fields: a large constant field B.,,, and a small sinusoidally varying field B(t). 
Normally the scan requires the patient to lie motionless for a long time. Any patient 
unable to lie motionless, such as a child, say, is sedated. Because sedation, especially a 
general anesthetic, can be dangerous, a sedated patient must be carefully monitored, 
usually with a pulse oximeter, a device that measures the oxygen level in the patient’s 
blood. This device includes a probe attached to one of the patient’s fingers and a ca- 
ble running from the probe to a monitor located outside the MRI apparatus. 

MRI scans should be perfectly harmless to a patient. In a few cases, however, 
disregard of Faraday’s law of induction led to a sedated patient receiving severe 
burns. In those cases, the oximeter cable was allowed to touch the patient’s arm 
(Fig. 30-13). The cable and the lower part of the arm then formed a closed loop 
through which the varying magnetic field B(t) produced a varying flux. This flux 
variation induced an emf around the loop. Although the cable insulation and the 
skin both had high electrical resistance, the induced emf was large enough to 
drive a significant current around the loop. As with any other circuit in which 
there is resistance, the current transferred energy to thermal energy at the points 
of resistance. In this way, the finger and the skin where the cable touched the 
lower arm were burned. MRI staff are now trained to keep any monitor cable 
from touching a patient at more than one point. << 


FIG. 30-13 A probe attached to a finger of a pa- _ ey a 
tient undergoing an MRI scan, in which a verti- ee lg i 
cal magnetic field B(t) varies sinusoidally. The Loop B(t) yx 

probe cable touches the patient’s skin along the ef. Sanit 
arm, and the cable and the lower part of the arm / 
form a closed loop. 





io 
Attached ! 
probe 
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Eddy Currents Eddy 


current 
loop 





Suppose we replace the conducting loop of Fig. 30-10 with a solid conducting 
plate. If we then move the plate out of the magnetic field as we did the loop (Fig. 
30-14a), the relative motion of the field and the conductor again induces a current 
in the conductor. Thus, we again encounter an opposing force and must do work 
because of the induced current. With the plate, however, the conduction electrons 
making up the induced current do not follow one path as they do with the loop. eter eae 
Instead, the electrons swirl about within the plate as if they were caught in an (a) 
eddy (whirlpool) of water. Such a current is called an eddy current and can be 
represented, as it is in Fig. 30-14a, as if it followed a single path. 

As with the conducting loop of Fig. 30-10, the current induced in the plate 
results in mechanical energy being dissipated as thermal energy. The dissipation 
is more apparent in the arrangement of Fig. 30-145; a conducting plate, free to 
rotate about a pivot, is allowed to swing down through a magnetic field like 
a pendulum. Each time the plate enters and leaves the field, a portion of its 
mechanical energy is transferred to its thermal energy. After several swings, no 
mechanical energy remains and the warmed-up plate just hangs from its pivot. 

Similar dissipation of energy is the basis of an induction furnace. Figure 30-15 
shows the basic design: Metal is held within a crucible around which insulated 
wires are wrapped. The (AC) current in the wires alternates in direction and mag- 
nitude. Thus, the magnetic field due to the current continuously varies in direc- 
tion and magnitude. This changing field B(t) creates eddy currents within the plate. A typical loop of eddy current 
metal, and electrical energy is dissipated as thermal energy at the rate given by jg chown. (b) A conducting plate is al- 
Eq. 30-14 (P = i?R). The dissipation increases the temperature of the metal tothe owed to swing like a pendulum 
melting point, and then the molten metal can be poured. about a pivot and into a region of 

magnetic field. As it enters and 


leaves the field, eddy currents are in- 
CHECKPOINT 3 The figure shows four wire loops, with edge lengths of ei- duced in the plate. 


ther L or 2L. All four loops will move through a region of uniform magnetic field B 
(directed out of the page) at the same constant velocity. Rank the four loops according to 
the maximum magnitude of the emf induced as they move through the field, greatest first. 


ae ee ae ae ae ia ee 





FIG. 30-14 (a) As you pulla solid 
conducting plate out of a magnetic 
field, eddy currents are induced in the 
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Let us place a copper ring of radius y in a uniform external magnetic field, as in 
Fig. 30-16a. The field— neglecting fringing —fills a cylindrical volume of radius R. 
Suppose that we increase the strength of this field at a steady rate, perhaps by 
increasing —in an appropriate way—the current in the windings of the electro- 
magnet that produces the field. The magnetic flux through the ring will then 
change at a steady rate and—by Faraday’s law—an induced emf and thus an 
induced current will appear in the ring. From Lenz’s law we can deduce that the 
direction of the induced current is counterclockwise in Fig. 30-16a. 

If there is a current in the copper ring, an electric field must be present along 
the ring because an electric field is needed to do the work of moving the conduc- 
tion electrons. Moreover, the electric field must have been produced by the chang- 
ing magnetic flux. This induced electric field E is just as real as an electric field pro- 
duced by static charges; either field will exert a force qQoE on a particle of charge qp. 

By this line of reasoning, we are led to a useful and informative restatement 
of Faraday’s law of induction: 





FIG. 30-15 An induction furnace. 


~ Copper 
ring 







(a) 


Circular 
path 


(d) 


Electric field 
lines 


(¢) 





FIG. 30-16 (a) Ifthe magnetic field 
increases at a steady rate, a constant 
induced current appears, as shown, in 
the copper ring of radius r.(b) An in- 
duced electric field exists even when 
the ring is removed; the electric field 
is shown at four points. (c) The com- 
plete picture of the induced electric 
field, displayed as field lines. (d) Four 
similar closed paths that enclose iden- 
tical areas. Equal emfs are induced 
around paths 1 and 2, which lie 
entirely within the region of changing 
magnetic field. A smaller emf 1s in- 
duced around path 3, which only par- 
tially lies in that region. No net emf is 
induced around path 4, which lies en- 
tirely outside the magnetic field. 
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The striking feature of this statement is that the electric field is induced even if 
there is no copper ring. 

To fix these ideas, consider Fig. 30-16, which is just like Fig. 30-16a except 
the copper ring has been replaced by a hypothetical circular path of radius r. We 
assume, as previously, that the magnetic field B is increasing in magnitude at 
a constant rate dB/dt. The electric field induced at various points around the 
circular path must—from the symmetry—be tangent to the circle, as Fig. 30-166 
shows.* Hence, the circular path is an electric field line. There is nothing special 
about the circle of radius r, so the electric field lines produced by the changing 
magnetic field must be a set of concentric circles, as in Fig. 30-16c. 

As long as the magnetic field is increasing with time, the electric field repre- 
sented by the circular field lines in Fig. 30-16c will be present. If the magnetic field 
remains constant with time, there will be no induced electric field and thus no 
electric field lines. If the magnetic field is decreasing with time (at a constant 
rate), the electric field lines will still be concentric circles as in Fig. 30-16c, but 
they will now have the opposite direction. All this is what we have in mind when 
we say “A changing magnetic field produces an electric field.” 


A Reformulation of Faraday’s Law 


Consider a particle of charge gy moving around the circular path of Fig. 30-16b. 
The work W done on it in one revolution by the induced electric field is W = €qp, 
where © is the induced emf—that is, the work done per unit charge in moving the 
test charge around the path. From another point of view, the work is 


W — | F-ds = (QoE)(277r), 


where goF is the magnitude of the force acting on the test charge and 27r is the 
distance over which that force acts. Setting these two expressions for W equal to 
each other and canceling qo, we find that 


€ =2nr_E. 


(30-16) 


(30-17) 


Next we rewrite Eq. 30-16 to give a more general expression for the work 
done on a particle of charge gy moving along any closed path: 


W= F-ds = wh Eds. 


(The loop on each integral sign indicates that the integral is to be taken around 
the closed path.) Substituting gp for W, we find that 


6= Fras 


This integral reduces at once to Eq. 30-17 if we evaluate it for the special case of 
Fig. 30-165. 

With Eq. 30-19, we can expand the meaning of induced emf. Up to this point, 
induced emf has meant the work per unit charge done in maintaining current due 
to a changing magnetic flux, or it has meant the work done per unit charge on 
a charged particle that moves around a closed path in a changing magnetic flux. 
However, with Fig. 30-165 and Eq. 30-19, an induced emf can exist without the 
need of a current or particle: An induced emf is the sum—via integration— of 
quantities E+ ds around a closed path, where E is the electric field induced by 
a changing magnetic flux and dS is a differential length vector along the path. 

If we combine Eq. 30-19 with Faraday’s law in Eq. 30-4 (¢ = —d®,/dt), we 


(30-18) 


(30-19) 


* Arguments of symmetry would also permit the lines of E around the circular path to be radial, 
rather than tangential. However, such radial lines would imply that there are free charges, distributed 
symmetrically about the axis of symmetry, on which the electric field lines could begin or end; there 
are no such charges. 
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can rewrite Faraday’s law as 





E-ds = — i (Faraday’s law). (30-20) 


This equation says simply that a changing magnetic field induces an electric field. 
The changing magnetic field appears on the right side of this equation, the elec- 
tric field on the left. 

Faraday’s law in the form of Eq. 30-20 can be applied to any closed path that 
can be drawn in a changing magnetic field. Figure 30-16d, for example, shows four 
such paths, all having the same shape and area but located in different positions 
in the changing field. The induced emfs € (= ¢ E- ds’) for paths 1 and 2 are equal 
because these paths lie entirely in the magnetic field and thus have the same 
value of d®,/dt. This is true even though the electric field vectors at points along 
these paths are different, as indicated by the patterns of electric field lines in the 
figure. For path 3 the induced emf is smaller because the enclosed flux Dz (hence 
d®,/dt) is smaller, and for path 4 the induced emf is zero even though the electric 
field is not zero at any point on the path. 


A New Look at Electric Potential 


Induced electric fields are produced not by static charges but by a changing mag- 
netic flux. Although electric fields produced in either way exert forces on charged 
particles, there is an important difference between them. The simplest evidence 
of this difference is that the field lines of induced electric fields form closed loops, 
as in Fig. 30-16c. Field lines produced by static charges never do so but must start 
on positive charges and end on negative charges. 

In a more formal sense, we can state the difference between electric fields 
produced by induction and those produced by static charges in these words: 


ge Electric potential has meaning only for electric fields that are produced by static 
charges; it has no meaning for electric fields that are produced by induction. 


You can understand this statement qualitatively by considering what happens 
to a charged particle that makes a single journey around the circular path in 
Fig. 30-165. It starts at a certain point and, on its return to that same point, has 
experienced an emf € of, let us say, 5 V; that is, work of 5 J/C has been done on the 
particle, and thus the particle should then be at a point that is 5 V greater in 
potential. However, that is impossible because the particle is back at the same 
point, which cannot have two different values of potential. Thus, potential has no 
meaning for electric fields that are set up by changing magnetic fields. 

We can take a more formal look by recalling Eq. 24-18, which defines the 
potential difference between two points i and fin an electric field E: 


a 
V,-V; = -| E-ds. (30-21) 


In Chapter 24 we had not yet encountered Faraday’s law of induction; so the elec- 
tric fields involved in the derivation of Eq. 24-18 were those due to static charges. 
If i and f in Eq. 30-21 are the same point, the path connecting them is a closed 
loop, V; and V; are identical, and Eq. 30-21 reduces to 


E-dy =0. (30-22) 


However, when a changing magnetic flux is present, this integral is not zero but is 
—d®,/dt, as Eq. 30-20 asserts. Thus, assigning electric potential to an induced 
electric field leads us to a contradiction. We must conclude that electric potential 
has no meaning for electric fields associated with induction. 
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CHECKPOINT 4 





The figure shows five lettered regions in which a uniform magnetic field extends either directly out of the page or into 
the page, with the direction indicated only for region a. The field is increasing in magnitude at the 
same steady rate in all five regions; the regions are identical in area. Also shown are four num- 
bered paths along which ¢ E - d¥ has the magnitudes given below in terms of a quantity “mag.” 
Determine whether the magnetic field is directed into or out of the page for regions b through e. 3 








Path 1 2 
§ E+ ds mag 2(mag) 3(mag) 0 
Sample Problem 
In Fig. 30-16b, take R = 8.5 cm and dB/dt = 0.13 T’s. r dB 
or E = ae (Answer) (30-25) 


(a) Find an expression for the magnitude FE of the 
induced electric field at points within the magnetic field, 
at radius r from the center of the magnetic field. 
Evaluate the expression for r = 5.2 cm. 


cory An electric field is induced by the chang- 


ing magnetic field, according to Faraday’s law. 


Calculations: To calculate the field magnitude E, we ap- 
ply Faraday’s law in the form of Eq. 30-20. We use a cir- 
cular path of integration with radius r = R because we 
want E for points within the magnetic field. We assume 
from the symmetry that E in Fig. 30-165 is tangent to the 
circular path at all points. The path vector ds is also 
always tangent to the circular path; so the dot product 
E+ din Eq. 30-20 must have the magnitude EF ds at all 
points on the path. We can also assume from the symme- 
try that E has the same value at all points along the circu- 
lar path. Then the left side of Eq. 30-20 becomes 


E-ds = E ds = eg ds = E(2mr). (30-23) 


(The integral ¢ ds is the circumference 277 of the circu- 
lar path.) 

Next, we need to evaluate the right side of Eq. 
30-20. Because B is uniform over the area A encircled 
by the path of integration and is directed perpendicular 
to that area, the magnetic flux is given by Eq. 30-2: 


©, = BA = B(mr?). (30-24) 


Substituting this and Eq. 30-23 into Eq. 30-20 and drop- 
ping the minus sign, we find that 


dB 
E(2amr) = (ar?) — 


at 
6 

—4 

= 

2 
FIG.30-17 Aplotofthein. 7 
duced electric field E(r) for 
the conditions of Sample °%1o90 30 40 
Problem 30-4. r (cm) 


Equation 30-25 gives the magnitude of the electric field 
at any point for which r = R (that is, within the magnetic 
field). Substituting given values yields, for the magnitude 
of E atr = 5.2 cm, 


ae (62 110 4m) 
2 
= 0.0034 V/m = 3.4mV/m. 


(0.13 T/s) 


(Answer) 


(b) Find an expression for the magnitude F of the induced 
electric field at points that are outside the magnetic field, 
at radius r. Evaluate the expression for r = 12.5 cm. 


fete The idea of part (a) applies here also, except 


that we use a circular path of integration with radius r= R 
because we want to evaluate EF for points outside the mag- 
netic field. Proceeding as in (a), we again obtain Eq. 30-23. 
However, we do not then obtain Eq. 30-24 because the 
new path of integration is now outside the magnetic field, 
and so the magnetic flux encircled by the new path is only 
that in the area 7R’ of the magnetic field region. 


Calculations: We can now write 

®, = BA = B(aR’). (30-26) 
Substituting this and Eq. 30-23 into Eq. 30-20 (without 
the minus sign) and solving for E yield 


R? dB 

E >, dr (Answer) (30-27) 
Because F is not zero here, we know that an electric 
field is induced even at points that are outside the 
changing magnetic field, an important result that (as you 
will see in Section 31-11) makes transformers possible. 
With the given data, Eq. 30-27 yields the magnitude 

of E atr = 12.5 cm: 


mess). 02m), 
(2)(12.5 X 10-2 m) 
= 3.8. 10 Vim = 3:8 mV mi 


Equations 30-25 and 30-27 give the same result for 
r = R. Figure 30-17 shows a plot of E(r). 


(0.13 Tis) 


(Answer) 





30-7 | Inductors and Inductance 


30-7 | Inductors and Inductance 


We found in Chapter 25 that a capacitor can be used to produce a desired electric 
field. We considered the parallel-plate arrangement as a basic type of capacitor. 
Similarly, an inductor (symbol 22Q2 ) can be used to produce a desired magnetic 
field. We shall consider a long solenoid (more specifically, a short length near the 
middle of a long solenoid) as our basic type of inductor. 

If we establish a current i in the windings (turns) of the solenoid we are 
taking as our inductor, the current produces a magnetic flux ®, through the 
central region of the inductor. The inductance of the inductor is then 





N®, 
L 


L= (inductance defined), (30-28) 
The crude inductors with which 

Michael Faraday discovered the law 
of induction. In those days amenities 
such as insulated wire were not com- 


in which N is the number of turns. The windings of the inductor are said to be 
linked by the shared flux, and the product N®, is called the magnetic flux linkage. 
The inductance L is thus a measure of the flux linkage produced by the inductor 
perunit ofcurrent. ‘Sear: mercially available. It is said that 
Because the SI unit of magnetic flux is the tesla—square meter, the SI unit Of Faraday insulated his wires by wrap- 
inductance is the tesla—square meter per ampere (T-m?/A). We call this the ping them with strips cut from one of 
henry (H), after American physicist Joseph Henry, the codiscoverer of the law of his wife’s petticoats. (The Royal 
induction and a contemporary of Faraday. Thus, Institution/Bridgeman Art 


Li /NY 
lhenry =1H=1T-m2/A. (30-29) TMADNY) 


Through the rest of this chapter we assume that all inductors, no matter what 
their geometric arrangement, have no magnetic materials such as iron in their 
vicinity. Such materials would distort the magnetic field of an inductor. 


Inductance of a Solenoid 


Consider a long solenoid of cross-sectional area A. What is the inductance per 
unit length near its middle? 
To use the defining equation for inductance (Eq. 30-28), we must calculate 
the flux linkage set up by a given current in the solenoid windings. Consider a 
length / near the middle of this solenoid. The flux linkage for this section of the 
solenoid is 
N@, = (nl)(BA), 


in which 7 is the number of turns per unit length of the solenoid and B is the mag- 
nitude of the magnetic field within the solenoid. 
The magnitude B is given by Eq. 29-23, 
B= Lo in, 
and so from Eq. 30-28, 
N®, — (nl)(BA) _ (nl)(uoin)(A) 
i i i 
= pon’ lA. (30-30) 


l_= 


Thus, the inductance per unit length near the center of a long solenoid is 


iP, 
Tail = pon’A (solenoid). (30-31) 


Inductance —like capacitance—depends only on the geometry of the device. ' 
The dependence on the square of the number of turns per unit length is to be 

expected. If you, say, triple n, you not only triple the number of turns (NV) but you 

also triple the flux (®g, = BA = ppinA) through each turn, multiplying the flux 

linkage N®, and thus the inductance L by a factor of 9. 
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FIG. 30-18 Ifthe current in a coil is 
changed by varying the contact posi- 
tion on a variable resistor, a self-in- 
duced emf ©, will appear in the coil 
while the current is changing. 


2 (increasing) 


(0) 


FIG. 30-19 (a) The current / is in- 
creasing, and the self-induced emf @, 
appears along the coil in a direction 
such that it opposes the increase. The 
arrow representing 6, can be drawn 
along a turn of the coil or alongside 
the coil. Both are shown. (b) The cur- 
rent / 1s decreasing, and the self-in- 
duced emf appears in a direction 
such that it opposes the decrease. 


If the solenoid is very much longer than its radius, then Eq. 30-30 gives its 
inductance to a good approximation. This approximation neglects the spreading 
of the magnetic field lines near the ends of the solenoid, just as the parallel-plate 
capacitor formula (C = &)A/d) neglects the fringing of the electric field lines near 
the edges of the capacitor plates. 

From Eq. 30-30, and recalling that is a number per unit length, we can see 
that an inductance can be written as a product of the permeability constant py 
and a quantity with the dimensions of a length. This means that py can be ex- 
pressed in the unit henry per meter: 


uy = 40 X 10-7 T-m/A 
= 4a X 10-7 Him. (30-32) 
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If two coils—which we can now call inductors—are near each other, a current i 
in one coil produces a magnetic flux ®, through the second coil. We have seen that if 
we change this flux by changing the current, an induced emf appears in the second 
coil according to Faraday’s law. An induced emf appears in the first coil as well. 


@ An induced emf, appears in any coil in which the current is changin g. a 


This process (see Fig. 30-18) is called self-induction, and the emf that appears is 
called a self-induced emf. It obeys Faraday’s law of induction just as other 
induced emfs do. 

For any inductor, Eq. 30-28 tells us that 


N@®, = Li. (30-33) 
Faraday’s law tells us that 
d(N® 
€,=- oe (30-34) 


By combining Eqs. 30-33 and 30-34 we can write 
di 
6, = —L Wi, (self-induced emf). (30-35) 


Thus, in any inductor (such as a coil, a solenoid, or a toroid) a self-induced emf 
appears whenever the current changes with time. The magnitude of the current 
has no influence on the magnitude of the induced emf; only the rate of change of 
the current counts. 

You can find the direction of a self-induced emf from Lenz’s law. The minus 
sign in Eq. 30-35 indicates that—as the law states—the self-induced emf 6, has 
the orientation such that it opposes the change in current 7. We can drop the 
minus sign when we want only the magnitude of @,. 

Suppose that, as in Fig. 30-19a, you set up a current i in a coil and arrange to 
have the current increase with time at a rate di/dt. In the language of Lenz’s law, 
this increase in the current is the “change” that the self-induction must oppose. 
For such opposition to occur, a self-induced emf must appear in the coil, point- 
ing—as the figure shows—so as to oppose the increase in the current. If you 
cause the current to decrease with time, as in Fig. 30-195, the self-induced emf 
must point in a direction that tends to oppose the decrease in the current, as the 
figure shows. 

In Section 30-6 we saw that we cannot define an electric potential for an 
electric field (and thus for an emf) that is induced by a changing magnetic flux. 
This means that when a self-induced emf is produced in the inductor of Fig. 30-18, 
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we cannot define an electric potential within the inductor itself, where the flux 
is changing. However, potentials can still be defined at points of the circuit that 
are not within the inductor—points where the electric fields are due to charge 
distributions and their associated electric potentials. 

Moreover, we can define a self-induced potential difference V; across an 
inductor (between its terminals, which we assume to be outside the region of 
changing flux). For an ideal inductor (its wire has negligible resistance), the mag- 
nitude of V,; is equal to the magnitude of the self-induced emf @,. 

If, instead, the wire in the inductor has resistance r, we mentally separate the 
inductor into a resistance r (which we take to be outside the region of changing 
flux) and an ideal inductor of self-induced emf @,. As with a real battery of emf 
and internal resistance r, the potential difference across the terminals of a real 
inductor then differs from the emf. Unless otherwise indicated, we assume here 
that inductors are ideal. 


CHECKPOINT 5 The figure shows an emf @, induced 

in a coil. Which of the following can describe the current : 

through the coil: (a) constant and rightward, (b) constant and 00000 —— 
leftward, (c) increasing and rightward, (d) decreasing and right- Us 


ward, (e) increasing and leftward, (f) decreasing and leftward? 
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In Section 27-9 we saw that if we suddenly introduce an emf @ into a single-loop 
circuit containing a resistor R and a capacitor C, the charge on the capacitor does 
not build up immediately to its final equilibrium value C% but approaches it in an 
exponential fashion: 


q = C€(1 — e-M), (30-36) 


The rate at which the charge builds up is determined by the capacitive time 
constant 7,, defined in Eq. 27-36 as 


tc = RC. (30-37) 


If we suddenly remove the emf from this same circuit, the charge does not 
immediately fall to zero but approaches zero in an exponential fashion: 


gq = qe". (30-38) 


The time constant 7; describes the fall of the charge as well as its rise. 

An analogous slowing of the rise (or fall) of the current occurs if we intro- 
duce an emf @ into (or remove it from) a single-loop circuit containing a resistor 
R and an inductor L. When the switch S in Fig. 30-20 is closed on a, for example, 
the current in the resistor starts to rise. If the inductor were not present, the 
current would rise rapidly to a steady value @/R. Because of the inductor, how- 
ever, a self-induced emf 6, appears in the circuit; from Lenz’s law, this emf 
opposes the rise of the current, which means that it opposes the battery emf @ in 
polarity. Thus, the current in the resistor responds to the difference between two 
emfs, a constant © due to the battery and a variable €, (= —L di/dt) due to self- 
induction. As long as @; is present, the current will be less than @/R. 

As time goes on, the rate at which the current increases becomes less rapid 
and the magnitude of the self-induced emf, which is proportional to di/dt, be- 
comes smaller. Thus, the current in the circuit approaches @/R asymptotically. 

We can generalize these results as follows: 





FIG. 30-20 An RL circuit. When 


switch S is closed on a, the current 
@ Initia Initially, ; an inductor ; acts to oppose changes in the current ee it.A long time 


rises and approaches a limiting value 
_ later, it acts like ordinary « y connecting wire, 7 SPE = ip PP 





branes heed 
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FIG. 30-21 The circuit of Fig. 30-20 
with the switch closed on a. We apply 
the loop rule for circuits clockwise, 
Starting at x. 


Ve (V) 





Vv, CV) 


t (ms) 
(b) 


FIG. 30-22 The variation with time 
of (a) Vz, the potential difference 
across the resistor in the circuit of 
Fig. 30-21, and (b) V_,, the potential 
difference across the inductor in that 
circuit. The small triangles represent 
successive intervals of one inductive 
time constant 7, = L/R.The figure is 
plotted for R = 2000 0, L = 4.0 H, 
and@ = 10 V. 


Now let us analyze the situation quantitatively. With the switch S in Fig. 30-20 
thrown to a, the circuit is equivalent to that of Fig. 30-21. Let us apply the loop 
rule, starting at point x in this figure and moving clockwise around the loop along 
with current i. 


1. Resistor. Because we move through the resistor in the direction of current i, 
the electric potential decreases by ik. Thus, as we move from point x to 
point y, we encounter a potential change of —iR. 


2. Inductor. Because current i is changing, there is a self-induced emf @, in the 
inductor. The magnitude of @, is given by Eq. 30-35 as L di/dt. The direction of 
€, 1S upward in Fig. 30-21 because current i is downward through the inductor 
and increasing. Thus, as we move from point y to point z, opposite the direc- 
tion of 6,;, we encounter a potential change of — L di/dt. 


3. Battery. AS we move from point z back to starting point x, we encounter a 
potential change of +@ due to the battery’s emf. 


Thus, the loop rule gives us 


di 
-~iR- L—+€=0 
dt 
di . 
or ie rr + Ri=@ (RL circuit). (30-39) 


Equation 30-39 is a differential equation involving the variable i and its first 
derivative di/dt. To solve it, we seek the function i(t) such that when i(f) and its 
first derivative are substituted in Eq. 30-39, the equation is satisfied and the initial 
condition i(0) = 0 is satisfied. 

Equation 30-39 and its initial condition are of exactly the form of Eq. 27-32 
for an RC circuit, with i replacing g, L replacing R, and R replacing 1/C. The solu- 
tion of Eq. 30-39 must then be of exactly the form of Eq. 27-33 with the same 
replacements. That solution 1s 


¢ 
i R i Binks), (30-40) 
which we can rewrite as 
«ac 7 
he R (leat) (rise of current). (30-41) 


Here 7,, the inductive time constant, is given by 


L 
T= R (time constant). (30-42) 


Let’s examine Eq. 30-41 for when the switch is closed (at time ¢ = 0) and for a 
time long after the switch is closed (t — ~). If we substitute t = 0 into Eq. 30-41, the 
exponential becomes e~° = 1. Thus, Eq. 30-41 tells us that the current is initially i = 
0, as we expected. Next, if we let t go to ~, then the exponential goes to e * = 0. Thus, 
Eq. 30-41 tells us that the current goes to its equilibrium value of @/R. 

We can also examine the potential differences in the circuit. For example, Fig. 
30-22 shows how the potential differences Vg (= iR) across the resistor and V, 
(= L di/dt) across the inductor vary with time for particular values of , L,and R.Com- 
pare this figure carefully with the corresponding figure for an RC circuit (Fig. 27-18). 

To show that the quantity 7, (= L/R) has the dimension of time, we convert 
from henries per ohm as follows: 


pa Bites) (A) ., 
Q On inion) ine) oe 


The first quantity in parentheses is a conversion factor based on Eq. 30-35, and 
the second one is a conversion factor based on the relation V = iR. 

The physical significance of the time constant follows from Eq. 30-41. If we 
put ¢ = 7, = L/R in this equation, it reduces to 


. € oj 6 
L=T (lenge) 63 R° (30-43) 
Thus, the time constant 7, is the time it takes the current in the circuit to reach 
about 63% of its final equilibrium value @/R. Since the potential difference Vp 
across the resistor is proportional to the current i, a graph of the increasing 
current versus time has the same shape as that of Vp in Fig. 30-22a. 

If the switch S in Fig. 30-20 is closed on a long enough for the equilibrium 
current 6/R to be established and then is thrown to b, the effect will be to remove 
the battery from the circuit. (The connection to b must actually be made an 
instant before the connection to a is broken. A switch that does this is called a 
make-before-break switch.) With the battery gone, the current through the resis- 
tor will decrease. However, it cannot drop immediately to zero but must decay to 
zero over time. The differential equation that governs the decay can be found by 
putting 6 = Oin Eq. 30-39: 

di 
by cA + iR = 0. (30-44) 
By analogy with Eqs. 27-38 and 27-39, the solution of this differential equation 
that satisfies the initial condition i(0) = i) = G/R is 


6 
i= R eM = jpe Ht (decay of current). (30-45) 


We see that both current rise (Eq. 30-41) and current decay (Eq. 30-45) in an RL 
circuit are governed by the same inductive time constant, 7;. 

We have used iy in Eq. 30-45 to represent the current at time ¢t = 0. In our 
case that happened to be @/R, but it could be any other initial value. 


CHECKPOINT 6 The figure shows three circuits with identical batteries, in- 
ductors, and resistors. Rank the circuits according to the current through the battery 
(a) just after the switch is closed and (b) a long time later, greatest first. (If you have 
trouble here, work through the next sample problem and then try again.) 


Sample Problem 


30-9 | RL Circuits 





Figure 30-23a shows a circuit that contains three identi- BEG ast after the switch is closed. the inductor 
cal resistors with resistance R = 9.0 0, two identical Just after the switch is closed, the inductor 


inductors with inductance L = 2.0mH, and an ideal 
battery with emf @ = 18 V. 


acts to oppose a change in the current through it. 


Calculations: Because the current through each induc- 


(a) What is the current i through the battery just after tor is zero before the switch is closed, it will also be zero 
the switch is closed? just afterward. Thus, immediately after the switch is 
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closed, the inductors act as broken wires, as indicated in 
Fig. 30-23b. We then have a single-loop circuit for which 
the loop rule gives us 


6 —-—iR=0. 
Substituting given data, we find that 


V 
p22 = SY - 20a 


R000 (Answer) 


(b) What is the current i through the battery long after 
the switch has been closed? 


Pete Long after the switch has been closed, the 


currents in the circuit have reached their equilibrium 
values, and the inductors act as simple connecting wires, 
as indicated in Fig. 30-23c. 


Calculations: We now have a circuit with three identi- 
cal resistors in parallel; from Eq. 27-23, their equivalent 
resistance is R.g = R/3 = (9.0 0)/3 = 3.0 .. The equiva- 
lent circuit shown in Fig. 30-23d then yields the loop 


Sample Problem 





R 


R/3 


(c) (d) 


FIG. 30-23 (a) A multiloop RL circuit with an open switch. 
(b) The equivalent circuit just after the switch has been closed. 
(c) The equivalent circuit a long time later. (d) The single-loop 
circuit that is equivalent to circuit (c). 


equation 6 — iR,, = 0, or 


€ _ 18V 
f= ——— = = 600A. 
Re a So) a 





(Answer) 





A solenoid has an inductance of 53 mH and a resistance of 
0.37 Q. If the solenoid is connected to a battery, how long 
will the current take to reach half its final equilibrium value? 


cSt We can mentally separate the solenoid into 


a resistance and an inductance that are wired in series 
with a battery, as in Fig. 30-21. Then application of the 
loop rule leads to Eq. 30-39, which has the solution of 
Eq. 30-41 for the current i in the circuit. 


Calculations: According to that solution, current 7 in- 
creases exponentially from zero to its final equilibrium 


value of G/R. Let t) be the time that current i takes to 
reach half its equilibrium value. Then Eq. 30-41 gives us 


1 & é 
—_ — = —(] - —to/T1) 
aR Roe) 


We solve for f, by canceling @/R, isolating the exponen- 
tial, and taking the natural logarithm of each side. We 
find 
L 53 X 10°°H 
fo = T1n2 = — esr 
0 Ty MN p in2 0370 In 2 


= 0.10s. (Answer) 


30-10 | Energy Stored in a Magnetic Field 


When we pull two charged particles of opposite signs away from each other, we 
say that the resulting electric potential energy is stored in the electric field of the 
particles. We get it back from the field by letting the particles move closer to- 
gether again. In the same way we say energy Is stored in a magnetic field. 

To derive a quantitative expression for that stored energy, consider again 
Fig. 30-21, which shows a source of emf 6 connected to a resistor R and an induc- 
tor L. Equation 30-39, restated here for convenience, 


di 
€= L—+iR 
ae (30-46) 


is the differential equation that describes the growth of current in this circuit. 
Recall that this equation follows immediately from the loop rule and that the 
loop rule in turn is an expression of the principle of conservation of energy for 
single-loop circuits. If we multiply each side of Eq. 30-46 by 7, we obtain 


, 
€i = Li a + 2R, (30-47) 


which has the following physical interpretation in terms of work and energy: 
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1. If a differential amount of charge dq passes through the battery of emf © in Fig. 
30-21 in time dt, the battery does work on it in the amount © dq. The rate at which 
the battery does work is (@ dq)/dt, or Gi. Thus, the left side of Eq. 30-47 represents 
the rate at which the emf device delivers energy to the rest of the circuit. 


2. The rightmost term in Eq. 30-47 represents the rate at which energy appears as 


thermal energy in the resistor. 


3. Energy that is delivered to the circuit but does not appear as thermal energy 
must, by the conservation-of-energy hypothesis, be stored in the magnetic field 
of the inductor. Because Eq. 30-47 represents the principle of conservation of 
energy for RL circuits, the middle term must represent the rate dU;/dt at 
which magnetic potential energy Uz; is stored in the magnetic field. 





Thus 
dU 
= fi—, 30-48 
di dt oe 
We can write this as 
dUp = Li di. 
Integrating yields 
Uz j 
() 0 
or Uz = SLi? (magnetic energy), (30-49) 


which represents the total energy stored by an inductor L carrying a current i. 
Note the similarity in form between this expression and the expression for the 
energy stored by a capacitor with capacitance C and charge q; namely, 


Up = 


2 


736° 


(30-50) 


(The variable i? corresponds to q?, and the constant L corresponds to 1/C.) 


Sample Problem | 30-7 | : 


A coil has an inductance of 53 mH and a resistance of 
O35). 


(a) If a 12 V emf is applied across the coil, how much 
energy is stored in the magnetic field after the current 
has built up to its equilibrium value? 


ci The energy stored in the magnetic field of a 


coil at any time depends on the current through the coil 
at that time, according to Eq. 30-49 (Uz = 5Li’). 


Calculations: Thus, to find the energy Uz, stored at 
equilibrium, we must first find the equilibrium current. 
From Eq. 30-41, the equilibrium current is 

© 12V 


le = = 0350 = 34.3 A. 





(30-51) 


Then substitution yields 
Up. = 5 Li2, = (§)(53 X 1073 H)(34.3 A? 


= 31 J. (Answer) 


(b) After how many time constants will half this equi- 
librium energy be stored in the magnetic field? 


Calculations: Now we are being asked: At what time ft 
will the relation 
Up = 5 Ups 


be satisfied? Using Eq. 30-49 twice allows us to rewrite 
this energy condition as 


1 m — fal . 
Sea = Ge liz 


1 
or i= (= Lone 


However, i is given by Eq. 30-41 and i, (see Eq. 30-51) is 
6/R; so Eq. 30-52 becomes 


(30-52) 


© € 
— (1 — et) = —_., 
By canceling @/R and rearranging, we can write this as 
em =] — see 0:295, 


v2 
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which yields Thus, the energy stored in the magnetic field of the coil by 
to -1n 0.293 = 1.23 the current will reach half its equilibrium value 1.2 time con- 
1 ag stants after the emf is applied. 


Or t~1.27;. (Answer) 





30-11 | Energy Density of a Magnetic Field 


Consider a length / near the middle of a long solenoid of cross-sectional area 
A carrying current 7; the volume associated with this length is Al. The energy U, 
stored by the length / of the solenoid must lie entirely within this volume because 
the magnetic field outside such a solenoid is approximately zero. Moreover, 
the stored energy must be uniformly distributed within the solenoid because the 
magnetic field is (approximately) uniform everywhere inside. 

Thus, the energy stored per unit volume of the field is 





UZ = Ye 
. Al 
or, since 
Up = Li, 
we have 
Lie Ih ks 
“BSA, 9 DA 


Here L is the inductance of length / of the solenoid. 
Substituting for L// from Eq. 30-31, we find 


Ug = Fun’, (30-53) 


where n is the number of turns per unit length. From Eq. 29-23 (B = pin) we can 
write this energy density as 


B2 
2 [Mo 


Up 





(magnetic energy density). (30-54) 


This equation gives the density of stored energy at any point where the magni- 
tude of the magnetic field is B. Even though we derived it by considering the 
special case of a solenoid, Eq. 30-54 holds for all magnetic fields, no matter how 
they are generated. The equation is comparable to Eq. 25-25, 


Up = 78E”, (30-55) 


which gives the energy density (in a vacuum) at any point in an electric field. 
Note that both uz and u, are proportional to the square of the appropriate field 
magnitude, B or E. 


CHECKPOINT 7 The table lists the number of turns per unit length, current, 
and cross-sectional area for three solenoids. Rank the solenoids according to the mag- 
netic energy density within them, greatest first. 


Turns per 
Solenoid Unit Length Current Area 
a 2n, i 1 2A 1 
b ny 21, Ay 


C ny Ly 6A, 


Sample Problem [Ye: i 
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A long coaxial cable (Fig. 30-24) consists of two thin- 
walled concentric conducting cylinders with radii a and b. 
The inner cylinder carries a steady current i, and the outer 
cylinder provides the return path for that current. The cur- 
rent sets up a magnetic field between the two cylinders. 


(a) Calculate the energy stored in the magnetic field for 
a length € of the cable. 


__.... enna 


1. We can calculate the (total) energy U, stored in the 
magnetic field from the energy density uz, of the field. 


2. That energy density depends on the magnitude B of 
the magnetic field according to Eq. 30-54 (u, = 
B’/29). 


3. Because of the circular symmetry of the cable, we can 
find B by using Ampere’s law with the given current i. 


Finding B: To apply these ideas, we begin with 
Ampere’s law, using a circular path of integration with 
radius r such that a < r < b (between the two cylinders, 
as indicated by the dashed line in Fig. 30-24). The only 
current enclosed by this path is current 7 on the inner 
cylinder. Thus, we can write Ampere’s law as 


§ B+ dS = poi. (30-56) 


Next, we simplify the integral: Because of the circular 
symmetry, at all points along the circular path, B is tan- 
gent to the path and has the same magnitude B. Let us 
take the direction of integration along the path as the di- 
rection of the magnetic field around the path. Then we can 
replace B - d§ with B ds cos 0 = B ds and then move mag- 
nitude B in front of the integration symbol. The integral 
that remains is ¢ ds, which just gives the circumference 
277 of the path. Thus, Eq. 30-56 simplifies to 


B(27r) = poi 


_ Kol 


or 
27r 


(30-57) 


Finding ug: Next, to obtain the energy density, we sub- 
stitute Eq. 30-57 into Eq. 30-54: 
B2 fugit 


= = : 30- 
MB 2Mo Sarr? ( 28) 








Finding Ug: Note that ug is not uniform in the volume 
between the two cylinders, but instead depends on the ra- 
dial distance r. Thus, to find the total energy Uz stored be- 
tween the cylinders, we must integrate ug over that volume. 

Because the volume between the cylinders has 
circular symmetry about the cable’s central axis, we 
consider the volume dV of a cylindrical shell located 


Achaea a Outer 
cross section of Niece 

a long coaxial 
cable consisting 
of two thin- 





walled conduct- es 
ing cylinders, the shell 
inner cylinder of 
radius a and the 
outer cylinder of 
radius b. “-Inner 

cylinder 


between the cylinders; the shell has inner radius r, 
outer radius r + dr (Fig. 30-24), and length ¢. The 
Shell’s cross-sectional area is the product of its cir- 
cumference 27r and thickness dr. Thus, the shell’s 
volume dV is (27r)(dr)(€); that is, dV = 2ar€ dr. 
Because points within this shell are all at approxi- 
mately the same radial distance r, they all have approxi- 
mately the same energy density ug. Thus, the total en- 
ergy dU; contained in the shell of volume dV is given by 


_ f energy per 
ey a =) ivolume) 


Or dup, — Up dV. 
Substituting Eq. 30-58 for ug and 2amr€ dr for dV, we obtain 
2 2 
_ _ Kol _ Bolt dr 
dUz = eae (27rt) dr = rae. Jer 


To find the total energy contained between the two 
cylinders, we integrate this equation over the volume 
between the two cylinders: 


26 b 1 
U; = | av, -—— | = 
4g Ja 6 


[oil b 
Bf 


(Answer) (30-59) 
Ar 


No energy is stored outside the outer cylinder or inside 
the inner cylinder because the magnetic field is zero in 
both locations, as you can show with Ampere’s law. 


(b) What is the stored energy per unit length of the ca- 
ble if a = 1.2 mm, b = 3.5 mm, andi = 2.7 A? 


Calculation: From Eq. 30-59 we have 


Up [ol b 
— = —— | see 
¢ An @ 


_ Gm X 10-7 Him). A? 3.5 mm 
Aa 1.2 mm 


= 7.8 X 107’ J/m = 780 nJ/m. (Answer) 
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Coil | 
(a) 


Coil 2 


= | R 
Coil | Coil 2 
( 


b) 


FIG. 30-25 Mutual induction. (a) 
The magnetic field B, produced by 
current i, in coil 1 extends through 
coil 2. If i, is varied (by varying re- 
sistance R), an emf is induced in 
coil 2 and current registers on the 
meter connected to coil 2. (b) The 
roles of the coils interchanged. 


30-12 Mutual Induction 


In this section we return to the case of two interacting coils, which we first dis- 
cussed in Section 30-2, and we treat it in a Somewhat more formal manner. We 
saw earlier that if two coils are close together as in Fig. 30-2, a steady current / in 
one coil will set up a magnetic flux ® through the other coil (linking the other 
coil). If we change i with time, an emf © given by Faraday’s law appears in the sec- 
ond coil; we called this process induction. We could better have called it mutual 
induction, to suggest the mutual interaction of the two coils and to distinguish it 
from self-induction, in which only one coil is involved. 

Let us look a little more quantitatively at mutual induction. Figure 30-25a 
shows two circular close-packed coils near each other and sharing a common 
central axis. With the variable resistor set at a particular resistance R, the battery 
produces a steady current i, in coil 1. This current creates a magnetic field repre- 
sented by the lines of B, in the figure. Coil 2 is connected to a sensitive meter but 
contains no battery; a magnetic flux ®,, (the flux through coil 2 associated with 
the current in coil 1) links the N, turns of coil 2. 

We define the mutual inductance M,, of coil 2 with respect to coil 1 as 


N,®,, 


Ly 


M;, = 


(30-60) 


which has the same form as Eq. 30-28 (L = N®/i), the definition of inductance. 
We can recast Eq. 30-60 as 





Mt, = NyPo,. 
If we cause i, to vary with time by varying R, we have 
di, d®,, 
M,, —=N. 
di as 


The right side of this equation is, according to Faraday’s law, just the magnitude 
of the emf @, appearing in coil 2 due to the changing current in coil 1. Thus, with a 
minus sign to indicate direction, 
di, | 
6, = —M,, —., 30-61 
2 21 at ( ) 
which you should compare with Eq. 30-35 for self-induction (¢ = —L di/dt). 
Let us now interchange the roles of coils 1 and 2, as in Fig. 30-255; that is, we set up 
a current i, in coil 2 by means of a battery, and this produces a magnetic flux ®,, that 
links coil 1. If we change i, with time by varying R, we then have, by the argument 
given above, 
6, = -—My—. 30-62 
2 ( ) 
Thus, we see that the emf induced in either coil is proportional to the rate of 
change of current in the other coil. The proportionality constants M,, and M,, seem to 
be different. We assert, without proof, that they are in fact the same so that no sub- 
scripts are needed. (This conclusion is true but is in no way obvious.) Thus, we have 


Mz, = M,. = M, (30-63) 
and we can rewrite Eqs. 30-61 and 30-62 as 


di, 
$, = -M— 30-64 
»= -M (30-64) 
di, 
and $= -M—. (30-65) 


Sample Problem 
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Figure 30-26 shows two circular close-packed coils, the 
smaller (radius R,, with N, turns) being coaxial with the 
larger (radius R,, with N, turns) and in the same plane. 


(a) Derive an expression for the mutual inductance 
M for this arrangement of these two coils, assuming that 
R, > R>. 


cov The mutual inductance M for these coils is 


the ratio of the flux linkage (N®) through one coil to 
the current 7 in the other coil, which produces that flux 
linkage. Thus, we need to assume that currents exist in 
the coils; then we need to calculate the flux linkage in 
one of the coils. 


Calculations: The magnetic field through the larger coil 
due to the smaller coil is nonuniform in both magnitude 
and direction; so the flux through the larger coil due to 
the smaller coil is nonuniform and difficult to calculate. 
However, the smaller coil is small enough for us to as- 
sume that the magnetic field through it due to the larger 
coil is approximately uniform. Thus, the flux through it 
due to the larger coil is also approximately uniform. 
Hence, to find M we shall assume a current i, in the 
larger coil and calculate the flux linkage N,®,, in the 
smaller coil: 

Me = Ny . 


Ly 


(30-66) 


The flux ®,, through each turn of the smaller coil is, 
from Eq. 30-2, 


D,, = B,Ap, 


where B, is the magnitude of the magnetic field at 
points within the small coil due to the larger coil and 
A, (= 7R3) is the area enclosed by the turn. Thus, the 
flux linkage in the smaller coil (with its N, turns) is 


N, D,, = NBA». (30-67) 


To find B, at points within the smaller coil, we can 
use Eq. 29-26, 
[ui R? 


B() = = 
(z) 2(R2 + 22/32” 


with z set to 0 because the smaller coil is in the plane of 
the larger coil. That equation tells us that each turn of 
the larger coil produces a magnetic field of magnitude 
Moly/2R, at points within the smaller coil. Thus, the 
larger coil (with its N; turns) produces a total magnetic 
field of magnitude 


i 
B, =N, Moly 


a (30-68) 


at points within the smaller coil. 





: 
i= 


FIG. 30-26 A small coil is located at the center of a large coil. 
The mutual inductance of the coils can be determined by 
sending current i, through the large coil. 


Substituting Eq. 30-68 for B, and 7 R$ for A, in Eq. 
30-67 yields 


To N,N> R5 i, 
2R, 


Substituting this result into Eq. 30-66, we find 


N,®, = 


7 N,®>, ¥ Ty N,N R35 


M = 
Ly 2R, 


(Answer) (30-69) 


(b) What is the value of M for N, = N, = 1200 turns, 
R, = 1.1 cm, and R, = 15 cm? 


Calculations: Equation 30-69 yields 


M (2)(0.15 m) 


= 2.29 x 10°°H = 2.3 mH. (Answer) 


Consider the situation if we reverse the roles of the 
two coils—that is, if we produce a current i, in the 
smaller coil and try to calculate M from Eq. 30-60 in the 
form 


N, Py 


ly 


Me= 


The calculation of ®,, (the nonuniform flux of the 
smaller coil’s magnetic field encompassed by the 
larger coil) is not simple. If we were to do the calcula- 
tion numerically using a computer, we would find M to 
be 2.3 mH, as above! This emphasizes that Eq. 30-63 
(M>, = M,2 = M) is not obvious. 
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REVIEW & SUMMARY 


Magnetic Flux The magnetic flux ®, through an area A in 
a magnetic field B is defined as 


®, = | B-dA, (30-1) 


where the integral is taken over the area. The SI unit of mag- 
netic flux is the weber, where 1 Wb = 1T- m2. If B is perpen- 
dicular to the area and uniform over it, Eq. 30-1 becomes 


®, = BA (B 1 A, Buniform). (30-2) 
Faraday’s Law of Induction If the magnetic flux ®, 
through an area bounded by a closed conducting loop changes 
with time, a current and an emf are produced in the loop; this 
process is called induction. The induced emf is 


_ d®, 


rT 





(Faraday’s law). (30-4) 


If the loop is replaced by a closely packed coil of N turns, the 
induced emf is 
dD, 


€= —-—N 
dt 


(30-5) 
Lenz's Law An induced current has a direction such that 
the magnetic field due to the current opposes the change in the 
magnetic flux that induces the current. The induced emf has 
the same direction as the induced current. 


Emf and the Induced Electric Field An emf is induced 
by a changing magnetic flux even if the loop through which the 
flux is changing is not a physical conductor but an imaginary 
line. The changing magnetic field induces an electric field E at 
every point of such a loop; the induced emf is related to E by 


€= E-ds. 


where the integration is taken around the loop. From Eq. 
30-19 we can write Faraday’s law in its most general form, 


= dP, 
Eas =i 
? : dt 
A changing magnetic field induces an electric field E. 


(30-19) 


(Faraday’slaw). (30-20) 


Inductors An inductor sis a device that can be used to produce 
a known magnetic field in a specified region. If a current i 1s estab- 
lished through each of the N windings of an inductor, a magnetic 
flux ®, links those windings. The inductance L of the inductor is 


== (inductance defined). (30-28) 


The SI unit of inductance is the henry (H), where 1 henry = 1H = 
1T-m?/A. The inductance per unit length near the middle of a long 
solenoid of cross-sectional area A and n turns per unit length is 


L 
= = pon?A (30-31) 


(solenoid). 


Self-Induction If a current i in a coil changes with time, an 
emf is induced in the coil. This self-induced emf is 


’ li 
E, = —f, = 


30-35 
dt ( ) 


The direction of @; is found from Lenz’s law: The self-induced 
emf acts to oppose the change that produces it. 


Series RL Circuits If a constant emf © is introduced into 
a single-loop circuit containing a resistance R and an inductance 
L, the current rises to an equilibrium value of @/R according to 


© 
i= R (1 — e~#) (rise of current). (30-41) 
Here 7, (= L/R) governs the rate of rise of the current and is 
called the inductive time constant of the circuit. When the 
source of constant emf is removed, the current decays from 


a value ig according to 


i =1,e0 (decay of current). 


(30-45) 


Magnetic Energy If an inductor L carries a current i, the 
inductor’s magnetic field stores an energy given by 


(30-49) 


(magnetic energy). 


If B is the magnitude of a magnetic field at any point (in an 
inductor or anywhere else), the density of stored magnetic 
energy at that point is 


B2 
2 bho 





Up = (30-54) 


(magnetic energy density). 


Mutual Induction If coils 1 and 2 are near each other, 

a changing current in either coil can induce an emf in the 

other. This mutual induction is described by 
di, 


€. = -M—1 


30-64 
dt ( ) 


di, 
dt ” 
where M (measured in henries) is the mutual inductance. 


and €,=—-M (30-65) 


QUESTIONS 


1 In Fig. 30-27, a long straight wire with current i passes 
(without touching) three rectangular wire loops with edge 
lengths L, 1.5L, and 2L. The loops are widely spaced (so as 
not to affect one another). Loops 1 and 3 are symmetric 
about the long wire. Rank the loops according to the size of 
the current induced in them if current i is (a) constant and 
(b) increasing, greatest first. 





FIG. 30-27 Question 1. 


2 Figure 30-28 shows two circuits in 
which a conducting bar is slid at the same 
speed v through the same uniform mag- 
netic field and along a U-shaped wire. 
The parallel lengths of the wire are sepa- 
rated by 2Z in circuit 1 and by L in cir- (1) 
cuit 2. The current induced in circuit 1 is 
counterclockwise. (a) Is the magnetic 
field into or out of the page? (b) Is the 
current induced in circuit 2 clockwise or 
counterclockwise? (c) Is the emf induced 
in circuit 1 larger than, smaller than, or (2) 
the same as that tn circuit 2? 





FIG. 30-28 


3 If the circular conductor in Fig. 30-29 Question 2. 


undergoes thermal expansion while it is in 
a uniform magnetic field, a current is in- 
duced clockwise around it. Is the magnetic 
field directed into or out of the page? 


4 The wire loop in Fig. 30-30a is sub- 
jected, in turn, to six uniform magnetic 
fields, each directed parallel to the z 
axis. Figure 30-305 gives the z compo- 
nents B. of the fields versus time ¢. 
(Plots 1 and 3 are parallel; so are plots 4 and 6.) Rank the six 
plots according to the emf induced in the loop, greatest 
clockwise emf first, greatest counterclockwise emf last. 





FIG. 30-29 
Question 3. 





(a) (5) 
FIG. 30-30 Question 4. 


5 Figure 30-31 shows a circular re- 
gion in which a decreasing uniform 4 —/ 
magnetic field is directed out of the 
page, as well as four concentric cir- 
cular paths. Rank the paths accord- 
ing to the magnitude of ¢ E-ds’ 
evaluated along them, greatest 
first. 


FIG. 30-31 
Question 5. 


6 In Fig. 30-32, a wire loop has 
been bent so that it has three seg- y 
ments: segment bc (a quarter-circle), 
ac (a square corner), and ab : 
(straight). Here are three choices for 


a magnetic field through the loop: b 7 
(1) B, = 31+ 7j — Stk, Le 
(2) B, = 5ti — 4] — 15k, . 
®t ant FIG. 30-32 
(3) Mgmt — St — 12k, Question 6. 


where B is in milliteslas and ¢ is in 
seconds. Without written calculation, rank the choices accord- 








ing to (a) the work done per unit charge in setting up the in- 
duced current and (b) that induced current, greatest first. (c) 
For each choice, what is the direction of the induced current in 
the figure? 


7 Figure 30-33 shows three circuits with identical batter- 
ies, inductors, and resistors. Rank the circuits, greatest first, 
according to the current through the resistor labeled R 
(a) long after the switch is closed, (b) just after the switch 
is reopened a long time later, and (c) long after it is re- 
opened. 


+ | i : 
R 
(1) (2) 


FIG. 30-33 Question 7. 





8 Figure 30-34 gives the variation with time of the potential 
difference Vp across a resistor in three circuits wired as shown 
in Fig. 30-21. The circuits contain the same resistance R and 
emf © but differ in the inductance L. Rank the circuits accord- 
ing to the value of L, greatest first. 


a 
b 
l 


FIG. 30-34 Question 8. 


Ee 


FIG. 30-35 Question 9. 


9 Figure 30-35 shows a cir- 
cuit with two identical resis- 
tors and an ideal inductor. Is 
the current through the central 
resistor more than, less than, 
or the same as that through 
the other resistor (a) just after 
the closing of switch S, (b) a 
long time after that, (c) just af- 
ter S is reopened a long time 
later, and (d) a long time after 


that? 
10 ‘The switch in the circuit of 
Fig. 30-20 has been closed on 
a for a very long time when it is 
then thrown to b. The resulting _ d 
current through the inductor is h 
indicated in Fig. 30-36 for four 
sets of values for the resistance 
R and inductance L: (1) Rp and 
Lo, (2) 2Ro and Lo, (3) Ro and 
l 


2L, (4) 2Ro and 2L. Which set 


goes with which curve? FIG. 30-36 Question 10. 
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PROBLEMS 


o 
SSM 


e — eee Number of dots indicates level of problem difficulty 


Worked-out solution available in Student Solutions Manual 


one aioe information available in The Flying Circus of aoe 
Ane Sines VOn reise — al 


sec. 30-4 Lenz's Law > 
e1 In Fig. 30-37, the magnetic flux 
through the loop increases accord- 
ing to the relation ®,; = 6.0° + 7.01, ° 
where ®, 1s in milliwebers and fisin 
seconds. (a) What is the magnitude of , 
the emf induced in the loop when t = 
2.0 s? (b) Is the direction of the cur- 
rent through R to the right or left? 7 





e2 A wire loop of radius 12cm 
and resistance 8.5 Q is located in a 
uniform magnetic field B that 
changes in magnitude as given in 
Fig. 30-38. The vertical axis scale is 
set by B, = 0.50 T, and the horizontal 
axis scale is set by t, = 6.00 s. The 0 l, 
loop’s plane is perpendicular to B. HAS) 

What emf is induced in the loop dur- 
ing time intervals (a) 0 to 2.0s, (b) 
2.0 s to 4.0 s, and (c) 4.0's to 6.0 s? 


¢3 Asmall loop of area 6.8 mm‘ is placed inside a long sole- 
noid that has 854 turns/cm and carries a sinusoidally varying 
current i of amplitude 1.28 A and angular frequency 212 rad/s. 
The central axes of the loop and solenoid coincide. What is the 
amplitude of the emf induced in the loop? 


FIG. 30-37. Problem 1. 


B(T) 


FIG. 30-38 Problem 2. 


e4 Anelastic conducting material is stretched into a circular 
loop of 12.0 cm radius. It is placed with its plane perpendicular 
to a uniform 0.800 T magnetic field. When released, the radius 
of the loop starts to shrink at an instantaneous rate of 
75.0 cm/s. What emf is induced in the loop at that instant? 


°5 In Fig. 30-39, a 120-turn 
coil of radius 1.8 cm and resis- 
tance 5.3 1) is coaxial with a so- 
lenoid of 220 turns/cm and 
diameter 3.2 cm. The solenoid 
current drops from 1.5A to 
zero in time interval At = 25 
ms. What current is induced in 
the coil during At? ssm www 





FIG. 30-39 Problem 5S. 


°6 A uniform magnetic field B is perpendicular to the plane 
of a circular loop of diameter 10cm formed from wire of 
diameter 2.5mm and resistivity 1.69 X 10°°Q-m. At what 
rate must the magnitude of B change to induce a 10 A current 
in the loop? 


e7 In Fig. 30-40, a wire forms / \ 
a closed circular loop, with = f/f \__\\ 
radius R=2.0m and resis- |  - 
tance 4.0 2. The circle is cen- 
tered on a long straight wire; at 


time ¢ = 0, the current in the FIG. 30-40 Problem 7. 


ILW 


Tutoring problem available (at instructor's discretion) in WileyPLUS and WebAssign 
WWW Worked-out solution is at 





iain enUeeClnen eet http://www.wiley.com/college/halliday 


t flyingcircusofphysics. 


step-by-step solutions 


long straight wire is 5.0 A rightward. Thereafter, the current 
changes according to i = 5.0 A — (2.0 A/s*)r’. (The straight 
wire Is insulated; so there is no electrical contact between it 
and the wire of the loop.) What is the magnitude of the 
current induced in the loop at times t > 0? 


e8 Figure 30-4la shows a circuit consisting of an ideal 
battery with emf G = 6.00 nV, a resistance R, and a small wire 
loop of area 5.0 cm”. For the time interval t= 10s tot = 20, 
an external magnetic field is set up throughout the loop. The 
field is uniform, its direction is into the page in Fig. 30-41a, and 
the field magnitude is given by B = at, where B is in teslas, a 1s 
a constant, and fis in seconds. Figure 30-415 gives the current i 
in the circuit before, during, and after the external field is set 
up. The vertical axis scale is set by i, = 2.0 mA. Find the con- 
stant a in the equation for the field magnitude. 


fy 


i (mA) 


(0) 
FIG. 30-41 


t (s) 
Problem 8. 


°9 In Fig. 30-42, a circular loop of wire 10 B { 
cm in diameter (seen edge-on) is placed > 
with its normal N at an angle 6 = 30° with 
the direction of a uniform magnetic field B 
of magnitude 0.50 T. The loop is then ro- 
tated such that N rotates in a cone about 
the field direction at the rate 100 rev/min; 
angle @ remains unchanged during the 
process. What is the emf induced in the 
loop? 





4 Loop 
FIG. 30-42 
Problem 9. 


ee10 In Fig. 30-43a, a uniform magnetic field B increases in 
magnitude with time / as given by Fig. 30-43b, where the verti- 
cal axis scale is set by B, = 9.0 mT and the horizontal scale is 
set by 4, = 3.0 s. A circular conducting loop of area 8.0 x 107 
m? lies in the field, in the plane of the page. The amount of 
charge g passing point A on the loop is given in Fig. 30-43c as a 
function of ¢, with the vertical axis scale set by g, = 6.0 mC and 
the horizontal axis scale again set by ¢, = 3.0 s. What is the 
loop’s resistance? 


B (mT) 


qg (mC) 





i (s) 
(dD) 
FIG. 30-43 Problem 10. 


(a) 


ee11 A square wire loop 
with 2.00 m sides is perpendic- e¢ «© »® e,# *® o# e@ 


ular to a uniform magnetic , , . A a oS a 
field, with half the area of the wf 8 % 

. . e @/f/e 28©® @® #8, 6 @ 
loop in the field as shown in Fig. po 
30-44. The loop contains an ideal ~-* < es ee 
battery with emf % = 20.0 V. If \ A 
the magnitude of the field varies XQ MX 
with time according to B= YY A Gai 
0.0420 — 0.8701, with B in teslas ¥ 


and fin seconds, what are (a) the 
net emf in the circuit and (b) the 
direction of the (net) current around the loop? 


FIG. 30-44 Problem 11. 


ee12 Figure 30-45a shows a wire that forms a rectangle 
(W = 20 cm, H = 30cm) and has a resistance of 5.0 mQ). Its 
interior is split into three equal areas, with magnetic fields 
B,, Bo, and Be. The fields are uniform within each region and 
directly out of or into the page as indicated. Figure 30-45b 
gives the change in the z components B. of the three fields 
with time f; the vertical axis scale is set by B, = 4.0 wT and 
B, = —2.5B,, and the horizontal axis scale is set by t, = 2.0. 
What are the (a) magnitude and (b) direction of the current 
induced in the wire? 


J b, 


B. (uT) 











xX 
Be 
}+-—$ w—+ 1 (s) 
(a) (d) 
FIG. 30-45 Problem 12. 


ee13 A rectangular coil of N turns and of length a and 
width b is rotated at frequency fin a uniform magnetic field B. 
as indicated in Fig. 30-46. The coil is connected to co-rotating 
cylinders, against which metal brushes slide to make contact. 
(a) Show that the emf induced in the coil is given (as a func- 
tion of time f) by 


6 = 2afNabB sin(27ft) = €ysin2aft). 


This is the principle of the commercial alternating-current 
generator. (b) What value of Nab gives an emf with €y = 
150 V when the loop is rotated at 60.0 rev/s in a uniform mag- 
netic field of 0.500 T? 


Sliding contacts ~ 








FIG. 30-46 Problem 13. 


ee14 Figure 30-47 shows a closed loop of wire that consists 
of a pair of equal semicircles, of radius 3.7 cm, lying in mutu- 


ally perpendicular planes. The 
loop was formed by folding a 
flat circular loop along a diam- 
eter until the two halves be- 
came perpendicular to each 
other. A uniform magnetic 
field B of magnitude 76 mT is 
directed perpendicular to the 
fold diameter and makes 
equal angles (of 45°) with the 
planes of the semicircles. The 
magnetic field is reduced to 
zero at a uniform rate during a 
time interval of 4.5 ms. During this interval, what are the (a) 
magnitude and (b) direction (clockwise or counterclockwise 
when viewed along the direction of B) of the emf induced in 
the loop? 


ee15 In Fig. 30-48, a stiff wire 
bent into a semicircle of radius a 
= 2.0.cm is rotated at constant 
angular speed 40 rev/s in a uni- 
form 20mT magnetic field. 
What are the (a) frequency and 
(b) amplitude of the emf in- 
duced in the loop? 


v~ Magnetic 
/ o 


XX field 
4 i 





FIG. 30-47 Problem 14. 





FIG. 30-43 Problem 15. 


ee16 At a certain place, 
Earth’s magnetic field has 
magnitude B = 0.590 gauss and is inclined downward at an an- 
gle of 70.0° to the horizontal. A flat horizontal circular coil of 
wire with a radius of 10.0cm has 1000 turns and a total resis- 
tance of 85.0 ©. It is connected in series to a meter with 140 CO re- 
sistance. The coil is flipped through a half-revolution about a 
diameter, so that it is again horizontal. How much charge flows 
through the meter during the flip? 


ee17 An electric generator contains a coil of 100 turns of 
wire, each forming a rectangular loop 50.0 cm by 30.0 cm. The 
coil is placed entirely in a uniform magnetic field with magni- 
tude B = 3.50T and with B initially perpendicular to the 
coil’s plane. What is the maximum value of the emf produced 
when the coil is spun at 1000 rev/min 
about an axis perpendicular to B? iw 


°e18 In Fig. 30-49, a wire loop of di- 
mensions L = 40.0cm and W = 25.0 cm 
lies in a magnetic field B. What are the 
(a) magnitude @ and (b) direction 
(clockwise or counterclockwise —or 
“none” if 6 = 0) of the emf induced in 
the loop if B = (4.00 x 10-2 T/m)yk? What are (c) € and (d) 
the direction if B = (6.00 X 10-2 T/s)tk? What are (e) 6 and 
(f) the direction if B= (8.00 x 107? T/m: s)ytk? What are (g) 
% and (h) the direction if B= (3.00 X 10-2 T/m-s)xtj}? What 
are (i) € and (j) the direction if B = (5.00 X 10-2 T/m-s)yri? 


ee19 One hundred turns of (insulated) copper wire are 
wrapped around a wooden cylindrical core of cross-sectional 
area 1.20 X 10 + m7*. The two ends of the wire are connected 
to a resistor. The total resistance in the circuit is 13.0 0. If an 
externally applied uniform longitudinal magnetic field in the 
core changes from 1.60 T in one direction to 1.60 T in the 
opposite direction, how much charge flows through a point in 
the circuit during the change? !LW 


‘ 
= 





FIG. 30-49 
Problem 18. 
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ee20 A rectangular loop (area = 0.15 m’) turns in a uniform 
magnetic field, B = 0.20 T. When the angle between the field 
and the normal to the plane of the loop is 7/2 rad and increas- 
ing at 0.60 rad/s, what emf is induced in the loop? 


ee21 Figure 30-50 shows two par- 
allel loops of wire having a common 
axis. The smaller loop (radius r) is 
above the larger loop (radius R) by 
a distance x > R. Consequently, the 
magnetic field due to the counter- 
clockwise current 7 in the larger 
loop is nearly uniform throughout 
the smaller loop. Suppose that x is 
increasing at the constant rate dx/dt 
= v. (a) Find an expression for the 
magnetic flux through the area of the smaller loop as a function 
of x. (Hint: See Eq. 29-27.) In the smaller loop, find (b) an expres- 
sion for the induced emf and (c) the direction of the induced cur- 
rent. SSM 


ee22 A wire is bent into . 
three circular segments, each of ( 
radius r= 10cm, as shown in 
Fig. 30-51. Each segment is 
a quadrant of a circle, ab lying in 
the xy plane, bc lying in the yz aN 
plane, and ca lying in the zx Paz 
plane. (a) If a uniform magnetic 
field B points in the positive x 
direction, what is the magnitude x 
of the emf developed in the wire 
when B increases at the rate of 
3.0 mT/s? (b) What is the direction of the current in segment bc? 


FIG. 30-50 Problem 21. 
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FIG. 30-51 Problem 22. 


ee23 A small circular loop of area 2.00 cm’ is placed in the 
plane of, and concentric with, a large circular loop of radius 
1.00 m. The current in the large loop is changed at a constant 
rate from 200 A to —200 A (a change in direction) in a time of 
1.00 s, beginning at t = 0. What is the magnitude of the magnetic 
field B at the center of the small loop due to the current in the 
large loop at (a) t = 0, (b) t = 0.500 s, and (c) t = 1.00 s? (d) From 
t= 0tor=1.00s,is B reversed? Because the inner loop is small, 
assume B is uniform over its ppaescmenrencenssentememmeninn 
area. (e) What emf is induced in / 

the small loop at t = 0.500 s? ; 
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eee24 For the wire arrange- 
ment in Fig. 30-52, a = 12.0cm 7 
and b = 16.0 cm. The current in | 
the long straight wire is given 
by i = 4.50 — 10.0t, where i is 
in amperes and f¢ is in seconds. 
(a) Find the emf in the square 
loop at t = 3.00s. (b) What is y 
the direction of the induced 








i sc ann = pesceaes 
FIG. 30-52 Problem 24. 








current in the loop? 2) 2 Sos 2 Se Os 
eee25 Asseen in Fig.30-53,a  £ 2/2 2 2 3 : f > e 
square loop of wire has sidesof = = °| tee aia ues. a ae 
length 2.0 cm. A magnetic field ® | * ¢ oP. 6 ° ° ® 
is directed out of the page; its cele eee ele ee 

G @ | fi o & 2 © |j® & ‘i 


magnitude is given by B= 
4.0ry, where B is in teslas, t is in ee Ss hey Pe Ses 
seconds, and y is in meters. At ¢ FIG. 30-53 Problem 25. 


x 





= 2.5 s, what are the (a) magni- | 
tude and (b) direction of the yy 
emf induced in the loop? .w "y 

} 


eee26 = In Fig. 30-54, a rectangu- | ~ 

lar loop of wire with length a = 

2.2cm, width b =0.80cm, and | <i 

resistance R = 0.40 m2 is placed 

near an infinitely long wire carry- FIG. 30-54 Problem 26. 
ing current i = 4.7 A. The loop is then moved away from the wire 
at constant speed v = 3.2 mm/s. When the center of the loop is at 


distance r = 1.55, what are (a) the magnitude of the magnetic flux 
through the loop and (b) the current induced in the loop? 


eee27 ‘Two long, parallel copper wires of diameter 2.5 mm 
carry currents of 10 A in opposite directions. (a) Assuming 
that their central axes are 20 mm apart, calculate the magnetic 
flux per meter of wire that exists in the space between those 
axes. (b) What percentage of this flux lies inside the wires? 
(c) Repeat part (a) for parallel currents. © 


sec. 30-5 Induction and Energy Transfers 

°28 In Fig. 30-55a, a circular loop of wire is concentric with 
a solenoid and lies in a plane perpendicular to the solenoid’s 
central axis. The loop has radius 6.00 cm. The solenoid has radius 
2.00 cm, consists of 8000 turns/m, and has a current /,,; varying 
with time f as given in Fig. 30-555, where the vertical axis scale is 
set by i, = 1.00 A and the horizontal axis scale is set by t, = 2.0. 
Figure 30-55c shows, as a function of time, the energy EF}, that is 
transferred to thermal energy of the loop; the vertical axis scale 
is set by E, = 100.0 nJ. What is the loop’s resistance? 


f(s) i (s) 
(a) (b) (c) 
FIG. 30-55 Problem 28. 


e29 If 50.0 cm of copper wire (diameter = 1.00 mm) is formed 
into a circular loop and placed perpendicular to a uniform mag- 
netic field that is increasing at the constant rate of 10.0 mT/s, at 
what rate is thermal energy generated in the loop? ssm iLw 


e30 A loop antenna of area 2.00 cm? and resistance 5.21 wO 
is perpendicular to a uniform magnetic field of magnitude 17.0 
I. The field magnitude drops to zero in 2.96 ms. How much ther- 
mal energy is produced in the loop by the change in field? 


°31 In Fig. 30-56, a metal rod . ee ee, Ae 
is forced to move with constant 
velocity Vv along two parallel 
metal rails, connected with 
a strip of metal at one end. A 
magnetic field of magnitude B 
=0.350T points out of the 
page. (a) If the rails are separated by L = 25.0 cm and the speed 
of the rod is 55.0 cm/s, what emf is generated? (b) If the rod has 
a resistance of 18.0 Q and the rails and connector have negligi- 
ble resistance, what is the current in the rod? (c) At what rate is 
energy being transferred to thermal energy? 





FIG. 30-56 Problem 31. 


ee32 In Fig. 30-57, two straight conducting rails form a right an- 
gle. A conducting bar in contact with the rails starts at the vertex at 


time f = 0 and moves with a con- 
stant velocity of 5.20 m/s along 
them. A magnetic field with B = 
0.350 T is directed out of the 
page. Calculate (a) the flux 
through the triangle formed by 
the rails and bar at f = 3.00s and 
(b) the emf around the triangle at 
that time. (c) If the emf is 6 = at”, where a and n are constants, 
what is the value of 7? 





FIG. 30-57 Problem 32. 


ee33 The conducting rod shown in Fig. 30-56 has length L 
and is being pulled along horizontal, frictionless conducting 
rails at a constant velocity v. The rails are connected at one 
end with a metal strip. A uniform magnetic field B, directed out 
of the page, fills the region in which the rod moves. Assume that 
L = 10cm, v = 5.0 m/s, and B = 1.2 T. What are the (a) magni- 
tude and (b) direction (up or down the page) of the emf induced 
in the rod? What are the (c) size and (d) direction of the current 
in the conducting loop? Assume that the resistance of the rod is 
0.40 ©, and that the resistance of the rails and metal strip is negli- 
gibly small. (e) At what rate is thermal energy being generated in 
the rod? (£) What external force 
on the rod is needed to maintain 
v? (g) At what rate does this 
force do work on the rod? 


ee34 = In Fig. 30-58, a long rec- 
tangular conducting loop, of 
width L, resistance R, and mass 
m, 1S hung in a horizontal, uni- 
form magnetic field B that is di- 
rected into the page and that ex- 
ists only above line aa. The loop 
is then dropped; during its fall, it 
accelerates until it reaches a cer- 
tain terminal speed v,. Ignoring 
air drag, find an expression for v,. 


ee35 Figure 30-59 shows a 
rod of length L = 10.0 cm that 
is forced to move at constant 
speed v = 5.00 m/s along hort- 
zontal rails. The rod, rails, and 
connecting strip at the right 
form a conducting loop. The rod 
has resistance 0.400 Q:; the rest 
of the loop has negligible resis- 
tance. A current 1= 100A 
through the long straight wire 
at distance a = 10.0 mm from the loop sets up a (nonuniform) 
magnetic field through the loop. Find the (a) emf and (b) cur- 
rent induced in the loop. (c) At what rate is thermal energy 
generated in the rod? (d) What Se 


is the magnitude of the force TN Path 3 pee 


that must be applied to the rod); /” SO % 4 

to make it move at constant | , Cs) \ \ | 

speed? (c) At what rate does  \ \ R, | . _ 1 
l \ 

| 








FIG. 30-58 Problem 34. 











FIG. 30-59 Problem 35. 
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this force do work on the rod? —\ \ 4 
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sec. 30-6 Induced Electric \ 


*’ X Path | “S —-—7 / 
Fields he Path 9 / : 
; ath 2 — / 
e36 Figure 30-60 shows two pede bea ae 


circular regions R, and R, with FIG. 30-60 Problem 36. 


radi r,; = 20.0cm and r, = 30.0cm. In R, there is a uniform 
magnetic field of magnitude B, = 50.0 mT directed into the 
page, and in R, there is a uniform magnetic field of magnitude 
B, = 75.0 mT directed out of the page (ignore fringing). Both 
fields are decreasing at the rate of 850 mT/s. Calculate 
§ E+ ds for (a) path 1,(b) path 2, and (c) path 3. 


°37 A long solenoid has a diameter of 12.0 cm. When a cur- 
rent / exists in its windings, a uniform magnetic field of magni- 
tude B = 30.0 mT is produced in its interior. By decreasing i, the 
field is caused to decrease at the rate of 6.50 mT/s. Calculate the 
magnitude of the induced electric field (a) 2.20 cm and (b) 8.20 
cm from the axis of the sole- 





noid. SSM ILW fy, 

ee38 Acircular region in an C 

xy plane is penetrated by a 4 

uniform magnetic field in the 

positive direction of the z 

axis. The field’s magnitude B 0) re 
(in teslas) increases with time r(cm) 

t (in seconds) according to B FIG. 30-61. Problem 38. 


= at, where a is a constant. 

The magnitude F of the electric field set up by that increase in 
the magnetic field is given by Fig. 30-61 versus radial distance 
r; the vertical axis scale is set by E, = 300 uwN/C, and the hori- 
zontal axis scale is set by r, = 4.00 cm. Find a. 


ee39 The magnetic field of a cylindrical magnet that has a 
pole-face diameter of 3.3cm can be varied sinusoidally be- 
tween 29.6 T and 30.0 T at a frequency of 15 Hz. At a radial 
distance of 1.6 cm, what is the amplitude of the electric field 
induced by the variation? 


sec. 30-7 Inductors and Inductance 

e40 The inductance of a closely packed coil of 400 turns 1s 
8.0 mH. Calculate the magnetic flux through the coil when the 
current is 5.0 mA. 


e41 Acircular coil has a 10.0 cm radius and consists of 30.0 
closely wound turns of wire. An externally produced magnetic 
field of magnitude 2.60 mT is perpendicular to the coil. (a) If 
no current is in the coil, what magnetic flux links its turns? 
(b) When the current in the coil is 3.80 A in a certain direction, 
the net flux through the coil is found to 
vanish. What is the inductance of the coil? 


ee42 Figure 30-62 shows a copper strip 
of width W = 16.0 cm that has been bent 
to form a shape that consists of a tube of 
radius R = 1.8cm plus two parallel flat 
extensions. Current 7 = 35 mA is distrib- 
uted uniformly across the width so that 
the tube is effectively a one-turn sole- 
noid. Assume that the magnetic field out- 
side the tube is negligible and the field in- 
side the tube is uniform. What are (a) the 
magnetic field magnitude inside the tube 
and (b) the inductance of the tube (ex- 
cluding the flat extensions)? 





FIG. 30-62 
Problem 42. 


ee43 Two identical long wires of radius a= 1.53mm are 
parallel and carry identical currents in opposite directions. Their 
center-to-center separation is d=14.2cm. Neglect the flux 
within the wires but consider the flux in the region between the 
wires. What is the inductance per unit length of the wires? @& 
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sec. 30-8 Self-Induction 

e44 A 12H inductor carries a current of 2.0 A. At what rate 
must the current be changed to produce a 60 V emf in the 
inductor? 


e435 At a given instant the cur- 
rent and _ self-induced emf 
in an inductor are directed as in- 
dicated in Fig. 30-63. (a) Is 
the current increasing or de- 
creasing? (b) The induced emf is 17 V, and the rate of change 
of the current is 25 kA/s; find the inductance. 


FIG. 30-63 Problem 45. 


°e46 The current / through a 4.6 
H inductor varies with time ¢ as 
shown by the graph of Fig. 30-64, 
where the vertical axis scale is set 
by 1, = 8.0 A and the horizontal 
axis scale is set by ft, = 6.0 ms. The 
inductor has a resistance of 12 ). 0 
Find the magnitude of the induced 
emf during time intervals (a) 0 to 
2 ms, (b) 2 ms to 5 ms, and (c) 5 ms 
to 6 ms. (Ignore the behavior at the ends of the intervals.) 


l 


‘ 


i (A) 


( (ms) 


FIG. 30-64 Problem 46. 


ee47 Inductors in series. Two inductors L, and L, are con- 
nected in series and are separated by a large distance so that 
the magnetic field of one cannot affect the other. (a) Show 
that the equivalent inductance is given by 


ay. = L, at L,. 


(Hint: Review the derivations for resistors in series and capac- 
itors in series. Which is similar here?) (b) What is the general- 
ization of (a) for N inductors in series? 


¢e48 /nductors in parallel. Two inductors L, and L, are con- 
nected in parallel and separated by a large distance so that the 
magnetic field of one cannot affect the other. (a) Show that 
the equivalent inductance ts given by 








(Hint: Review the derivations for resistors in parallel and 
capacitors in parallel. Which is similar here?) (b) What is the 
generalization of (a) for N inductors in parallel? 


ee49 The inductor arrangement 
of Fig. 30-65, with L, = 30.0 mH, 
L, = 50.0 mH, L; = 20.0 mH, and 
L4 = 15.0 mH, is to be connected 
to a varying current source. What 
is the equivalent inductance of the 
arrangement? (First see Problems 
47 and 48.) 


sec. 30-9 RL Circuits 

°50 The switch in Fig. 30-20 is closed on a at time r= 0. 
What is the ratio @,/¢ of the inductor’s self-induced emf to 
the battery’s emf (a) just after f= 0 and (b) at ¢ = 2.007,? 
(c) At what multiple of 7, will €,/@ = 0.500? 


e51._ A battery is connected to a series RL circuit at time 
t= 0. At what multiple of 7, will the current be 0.100% less 
than its equilibrium value? SSM 


FIG. 30-65 Problem 49. 





e52 Thecurrentin an RL circuit builds up to one-third of its 
steady-state value in 5.00 s. Find the inductive time constant. 


e53  Thecurrent in an RL circuit drops from 1.0 A to 10 mA 
in the first second following removal of the battery from the 
circuit. If Lis 10 H, find the resistance R in the circuit. !Lw 


e54 In Fig. 30-66, the inductor has 25 turns and the ideal 
battery has an emf of 16 V. Figure 30-67 gives the magnetic 
flux ® through each turn versus the current / through the in- 
ductor. The vertical axis scale is set by ®, = 4.0 X 10°71 T-m’, 
and the horizontal axis scale is set by 7, = 2.00 A. If switch S is 
closed at time ¢ = 0, at what rate di/dt will the current be 
changing at rf = 1.57,? 





FIG. 30-66 0) | 1, 
Problems 54, 83, 87, 94, i (A) 
and 99. FIG. 30-67 Problem 454. 


e55 A solenoid having an inductance of 6.30 wH is connected 
in series with a 1.20 kQ) resistor. (a) If a 14.0 V battery is 
connected across the pair, how long will it take for the current 
through the resistor to reach 80.0% of its final value? (b) What 
is the current through the resistor at time tf = 1.07,? SSM 


e56 In Fig. 30-68, 4 = 100 V,R, 
= 10.0 Q, Ry = 20.0 1, R; = 30.0 
Q, and L = 2.00 H. Immediately 
after switch S is closed, what are 
(a) i, and (b) i,? (Let currents in 
the indicated directions have 
positive values and currents in 
the opposite directions have neg- 
ative values.) A long time later, 
what are (c) i, and (d) i,? The 
switch is then reopened. Just then, what are (e) 7, and (f) in? A 
long time later, what are (g) 7, and (h) i,? 


ee57 = In Fig. 30-69, R = 150, L 
= 5.0H, the ideal battery has 
% = 10 V, and the fuse in the up- 
per branch ts an ideal 3.0 A fuse. 
It has zero resistance as long as 
the current through it remains 
less than 3.0 A. If the current 
reaches 3.0 A, the fuse “blows” 
and thereafter has infinite resis- 
tance. Switch S is closed at time f = 0. (a) When does the fuse 
blow? (Hint: Equation 30-41 does not apply. Rethink Eq. 30- 
39.) (b) Sketch a graph of the current / through the inductor as 
a function of time. Mark the time at which the fuse blows. 





FIG. 30-68 Problem 56. 





FIG. 30-69 Problem 57. 


ee58 Suppose the emf of the battery in the circuit shown 
in Fig. 30-21 varies with time f so that the current is given by 
i(t) = 3.0 + 5.0%, where 7 is in amperes and fis in seconds. Take 
R = 4.0 0 and L = 6.0 H, and find an expression for the bat- 
tery emf as a function of ¢. (//int: Apply the loop rule.) 


e¢e59 = In Fig. 30-70, after switch S is closed at time ¢ = 0, the 


emf of the source is automati- 

cally adjusted to maintain a 

constant current / through S. (a) — Gonstant 
Find the current through the in- current 
ductor as a function of time. (b) — Source 

At what time is the current 
through the resistor equal to the 
current through the inductor? 
SSM WWW 


Hid 





FIG. 30-70 Problem 59. 


eee60 A wooden toroidal core with a square cross section 
has an inner radius of 10 cm and an outer radius of 12 cm. It is 
wound with one layer of wire (of diameter 1.0 mm and resis- 
tance per meter 0.020 Q/m). What are (a) the inductance and 
(b) the inductive time constant of the resulting toroid? Ignore 
the thickness of the insulation on the wire. 


sec. 30-10 Energy Stored in a Magnetic Field 

e61 Att=O0,a battery is connected to a series arrangement 
of a resistor and an inductor. If the inductive time constant is 
37.0 ms, at what time 1s the rate at which energy is dissipated 
in the resistor equal to the rate at which energy is stored in the 
inductor’s magnetic field? !tw 


e62 Attr=0,a battery is connected to a series arrangement 
of a resistor and an inductor. At what multiple of the inductive 
time constant will the energy stored in the inductor’s magnetic 
field be 0.500 its steady-state value? 


e63 Acoil is connected in series with a 10.0 kO resistor. An 
ideal 50.0 V battery is applied across the two devices, and the 
current reaches a value of 2.00 mA after 5.00 ms. (a) Find 
the inductance of the coil. (b) How much energy is stored in 
the coil at thissame moment? ssm 


°64 A coil with an inductance of 2.0 H and a resistance of 
10 QO is suddenly connected to an ideal battery with 6 = 100 V. 
At 0.10s after the connection is made, what is the rate at 
which (a) energy is being stored in the magnetic field, (b) ther- 
mal energy is appearing in the resistance, and (c) energy is 
being delivered by the battery? 


ee65 For the circuit of Fig. 30-21, assume that € = 10.0 V, 
R = 6.70 Q, and L = 5.50 H. The ideal battery is connected at 
time f = 0. (a) How much energy is delivered by the battery 
during the first 2.00 s? (b) How much of this energy is stored 
in the magnetic field of the inductor? (c) How much of this 
energy Is dissipated in the resistor? €& 


°e66 Figure 30-71a shows, in cross section, two wires that are 
straight, parallel, and very long. y 

The ratio i/i) of the current car- . 
ried by wire | to that carried by 
wire 2 is 1/3. Wire | 1s fixed in 
place. Wire 2 can be moved along 
the positive side of the x axis so as 
to change the magnetic energy 
density i, set up by the two cur- 
rents at the origin. Figure 30-715 
gives Wu, as a function of the posi- 
tion x of wire 2. The curve has an 
asymptote of wg = 1.96 nJ/m* as 
x — «x, and the horizontal axis 
scale is set by x, = 60.0 cm. What 
is the value of (a) 7, and (b) i,? 





% 


vy (n/m) 
— 


(b) x (cm) 
FIG. 30-71 Problem 66. 


0 x 


sec. 30-11 Energy Density of a Magnetic Field 

e67 What must be the magnitude of a uniform electric field 
if it is to have the same energy density as that possessed by 
a 0.50 T magnetic field? !twW 


e68 A toroidal inductor with an inductance of 90.0 mH 
encloses a volume of 0.0200 m*. If the average energy density 
in the toroid is 70.0 J/m*, what is the current through the in- 
ductor? 


°69 A solenoid that is 85.0cm long has a cross-sectional 
area of 17.0 cm’. There are 950 turns of wire carrying a current 
of 6.60 A. (a) Calculate the energy density of the magnetic 
field inside the solenoid. (b) Find the total energy stored in the 
magnetic field there (neglect end effects). SSM 


e70  Accircular loop of wire 50 mm in radius carries a current 
of 100 A. Find the (a) magnetic field strength and (b) energy 
density at the center of the loop. 


ee71 A length of copper wire carries a current of 10 A uni- 
formly distributed through its cross section. Calculate the 
energy density of (a) the magnetic field and (b) the electric 
field at the surface of the wire. The wire diameter is 2.5 mm, 
and its resistance per unit length is 3.3 O/km. 


sec. 30-12 Mutual Induction 

e72 Two solenoids are part of the spark coil of an automo- 
bile. When the current in one solenoid falls from 6.0 A to zero 
in 2.5 ms, an emf of 30 kV is induced in the other solenoid. 
What is the mutual inductance M of the solenoids? 


°73 Two coils are at fixed locations. When coil 1 has no 
current and the current in coil 2 increases at the rate 15.0 A/s, 
the emf in coil 1 is 25.0 mV. (a) What is their mutual induc- 
tance? (b) When coil 2 has no current and coil | has a current 
of 3.60 A, what 1s the flux linkage in coil2? SSM 


°74 Coill has L, = 25 mH and WN, = 100 turns. Coil 2 has L, = 
40 mH and N, = 200 turns. The coils are fixed in place; their mu- 
tual inductance M is 3.0 mH. A 6.0 mA current in coil 1 is chang- 
ing at the rate of 4.0 A/s. (a) What magnetic flux ®,, links coil 1, 
and (b) what self-induced emf appears in that coil? (c) What 
magnetic flux ®,, links coil 2, and (d) what mutually induced emf 
appears in that coil? 


Ly 


ee75 Two coils connected as 
shown in Fig. 30-72 separately 
have inductances L, and L). 
Their mutual inductance is M. 
(a) Show that this combination 
can be replaced by a single coil 
of equivalent inductance given 
by 





Lag = Li 7 Lg + OM. FIG. 30-72 Problem 75. 


(b) How could the coils in Fig. 30-72 be reconnected to yield 
an equivalent inductance of 


Leg Sh iby eV 
(This problem is an extension of Problem 47, but the require- 
ment that the coils be far apart has been removed.) SSM 


ee76 Acoil C of N turns is placed around a long solenoid S 
of radius R and n turns per unit length, as in Fig. 30-73. 
(a) Show that the mutual inductance for the coil—solenoid 
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combination is given by M= 
biyp7R*nN. (b) Explain why M 
does not depend on the shape, 
size, or possible lack of close 
packing of the coil. 


ee77 A rectangular loop of N 
closely packed turns is posi- 
tioned near a long straight wire 
as shown in Fig. 30-74. What is 
the mutual inductance M for 
the loop—wire combination if 
N =100, a=1.0cm, b= 8.0 
cm,and/ = 30cm? !Lw 





Additional Problems 

78 Figure 30-75a shows two 
concentric circular regions in 
which uniform magnetic fields 
can change. Region 1, with 
radius r, = 1.0cm, has an out- 
ward magnetic field B, that is 
increasing in magnitude. Region 
2, with radius r, = 2.0cm, has 
an outward magnetic field B 
that may also be changing. 
Imagine that a conducting ring 
of radius R is centered on the 
two regions and then the emf @ 
around the ring is determined. ¢ 
Figure 30-75D gives emf @ as a 
function of the square R? of the 
ring’s radius, to the outer edge 
of region 2. The vertical axis 
scale is set by €, = 20.0 nV. 
What are the rates (a) dB,/dt 
and (b) dB,/dt? (c) Is the mag- 0 2 
nitude of B, increasing, decreas- (0) R° (cm*) 
ing, or remaining constant? FIG. 30-75 Problem 738. 


79 Figure 30-76 shows a uni- 
form magnetic field B confined 
to acylindrical volume of radius 
R. The magnitude of B is 








€ (nV) 


decreasing at a constant rate of “ 

10 mT/s. In unit-vector nota- “ * %* 
tion, what is the initial accelera- »« »« ~ 
tion of an electron released at ae en 
(a) point a (radial distance r = 

5.0 cm), (b) point b (r = 0), and Par es 

(c) point c (r=5.0cm)? sSsM <x 


80 The inductance of a closely 
wound coil is such that an emf 
of 3.00 mV is induced when the current changes at the rate of 
5.00 A/s. A steady current of 8.00 A produces a magnetic flux 
of 40.0 wWb through each turn. (a) Calculate the inductance 
of the coil. (b) How many turns does the coil have? 


FIG. 30-76 Problem 79. 


81 A square wire loop 20cm on a side, with resistance 
20 mQ, has its plane normal to a uniform magnetic field of 
magnitude B = 2.0 T. If you pull two opposite sides of the 
loop away from each other, the other two sides automatically 
draw toward each other, reducing the area enclosed by the 





loop. If the area is reduced to zero in time At = 0.20 s, what 
are (a) the average emf and (b) the average current induced in 
the loop during Ar? ssMm 


82 A square loop of wire is held in a uniform 0.24 T mag- 
netic field directed perpendicular to the plane of the loop. The 
length of each side of the square is decreasing at a constant 
rate of 5.0 cm/s. What emf 1s induced in the loop when the 
length is 12 cm? 


83 In Fig. 30-66, a 12.0 V ideal battery, a 20.0 Q resistor, and an 
inductor are connected by a switch at time t = 0. At what rate is the 
battery transferring energy to the inductor’s field at ¢ = 1.617,? 


84 How long would it take, following the removal of the bat- 
tery, for the potential difference across the resistor in an RL 
circuit (with L = 2.00 H, R = 3.00 ) to decay to 10.0% of its 
initial value? 


85 In Fig. 30-77, the battery is 
ideal, 6 = 10 V, R, = 5.00, Ro = 
10 O, and L = 5.0H. Switch S is 
closed at time t¢=0._ Just 
afterwards, what are (a) i, (b) is, 
(c) the current is through the 
switch, (d) the potential differ- 
ence V, across resistor 2, (e) the i 

potential difference V, acrossthe gy 39.77 Problem 835. 
inductor, and (f) the rate of 

change di,/dr? A long time later, what are (g) 7), (h) b, (i) fs, 
(j) V2, (kK) V;, and (1) di,/dr? ssm 


86 In Fig. 30-78a, switch S has been closed on A long enough 
to establish a steady current in the inductor of inductance 
L, =5.00mH and the resistor of resistance R, = 25.0 1. 
Similarly, in Fig. 30-78b, switch S has been closed on A long 
enough to establish a steady current in the inductor of induc- 
tance L, = 3.00 mH and the resistor of resistance Ry = 30.01). 
The ratio ®o»/®o, of the magnetic flux through a turn in induc- 
tor 2 to that in inductor 1 is 1.50. At time t= 0, the two 
switches are closed on B. At what time ¢ is the flux through 
a turn in the two inductors equal? 








(a) (b) 
FIG. 30-78 Problem &6. 


87 Switch S in Fig. 30-66 is closed at time ¢ = 0, initiating the 
buildup of current in the 15.0 mH inductor and the 20.0 0 
resistor. At what time is the emf across the inductor equal to 
the potential difference across the resistor? 


88 At time ¢=0,a 12.0 V potential difference is suddenly 
applied to the leads of a coil of inductance 23.0 mH and a cer- 
tain resistance R. At time tf = 0.150 ms, the current through 
the inductor is changing at the rate of 280 A/s. Evaluate R. 


89 At time t= 0, a 45 V potential difference is suddenly 
applied to the leads of a coil with inductance L = 50 mH and 
resistance R = 180 (2. At what rate is the current through the 
coil increasing at f = 1.2 ms? 


90 A coil with 150 turns has a magnetic flux of 50.0 nT: m* 


through each turn when the current is 2.00 mA. (a) What is the in- 
ductance of the coil? What are the (b) inductance and (c) flux 
through each turn when the current is increased to 4.00 mA? (d) 
What is the maximum emf % across the coil when the current 
through it is given by 7 = (3.00 mA) cos(377r), with ¢ in seconds? 


91 Acoil with an inductance of 2.0 H and a resistance of 10 0 
is suddenly connected to an ideal battery with 6 = 100 V. (a) 
What is the equilibrium current? (b) How much energy is stored 
in the magnetic field when this current exists in the coil? 


92 A long cylindrical solenoid with 100 turns/cm has a 
radius of 1.6 cm. Assume that the magnetic field it produces is 
parallel to its axis and is uniform in its interior. (a) What is its 
inductance per meter of length? (b) If the current changes at 
the rate of 13 A/s, what emf is induced per meter? 


93 In Fig. 30-79, R; = 8.0 QO, Rp 
=10 0, L, =0.30H, L, = 0.20 
H, and the ideal battery has 6 = 
6.0 V. (a) Just after switch S is 
closed, at what rate is the current 
in inductor | changing? (b) When 
the circuit is in the steady state, 
what is the current in inductor 1? 


94 In Fig. 30-66, R = 4.0kQ, L = 
8.0 wH, and the ideal battery has @ 
= 20 V. How long after switch S ts 
closed is the current 2.0 mA? 


95 In the circuit of Fig. 30-80, 
R, =20kQ, R,=20 QO, L= 
50 mH, and the ideal battery has 
é = 40 V. Switch S has been open 
for a long time when it is closed at 
time ¢ = 0. Just after the switch is 
closed, what are (a) the current /,,, through the battery and (b) 
the rate di,,,/dt? At t = 3.0 us, what are (c) i,,, and (d) di,,,/dt? A 
long time later, what are (e) i,,, and (f) dipa/dt? SSM 


FIG. 30-80 Problem 95. 


96 The flux linkage through a certain coil of 0.75 © resis- 
tance would be 26 mWb if there were a current of 5.5 A in it. 
(a) Calculate the inductance of the coil. (b) If a 6.0 V ideal 
battery were suddenly connected across the coil, how long 
would it take for the current to rise from 0 to 2.5 A? 


97 Figure 30-8la shows a rec- 
tangular conducting loop of — 7 
resistance R = 0.020 0, height H Hi) | | 
= 1.5 cm, and length D = 2.5 cm D | 
being pulled at constant speed v 

= 40 cm/s through two regions of (a) 
uniform magnetic field. Figure 
30-815 gives the current 7 induced 
in the loop as a function of the 
position x of the right side of the 
loop. The vertical axis scale is set 
by i, = 3.0 wA. For example, a 
current equal to i, is induced ) 
clockwise as the loop enters re- 
gion 1. What are the (a) magni- 
tude and (b) direction (into or out of the page) of the mag- 
netic field in region 1? What are the (c) magnitude and (d) 
direction of the magnetic field in region 2? SSM 


i (UA) 








FIG. 30-81. Problem 97. 


98 The magnetic potential energy stored in a certain induc- 
tor is 25.0 mJ when the current in the inductor is 60.0 mA. 
(a) Calculate the inductance. (b) What current is required for 
the stored energy to be 100 mJ? 


99 Once the switch S is closed in Fig. 30-66, the time re- 
quired for the current to reach any obtainable value depends, 
in part, on the value of resistance R. Suppose the emf © of the 
ideal battery is 12 V and the inductance of the ideal (resis- 
tanceless) inductor is 18 mH. How much time is needed for 
the current to reach 2.00 A if R is (a) 1.00 Q, (b) 5.00 Q, and 
(c) 6.00 Q? (d) For what value of R is the time required for the 
current to reach 2.00 A least? (ec) What is that least time? 
(Hint: Rethink Eq. 30-39.) 


100 A uniform magnetic field B is perpendicular to the 
plane of a circular wire loop of radius r. The magnitude of the 
field varies with time according to B = Bye “*, where By and + 
are constants. Find an expres- 
sion for the emf in the loop as a 
function of time. 


101 In the circuit shown in 
Fig. 30-82, the battery is ideal, 
6 = 12.0 V, L = 10.0 mH, R, = 
10.0 Q, and R, = 20.0 0. The 
switch has been open for a long 
time before it is closed at t = 0. 
At what rate is the current in 
the inductor changing (a) im- 





FiG. 30-82 
Problem 101. 


mediately after the switch is Coil 
closed and (b) when the current > 
in the battery is 0.50 A? (c) cynin @ 


What is the current in the bat- 
tery when the circuit reaches its 
steady-state condition? 


102 Figure 30-83 shows a coil 
of N, turns wound as shown 
around part of a toroid of N, 
turns. The toroid’s inner radius 
is a, its outer radius is b, and its 
height is h. Show that the mu- FIG. 30-83 Problem 102. 
tual inductance M for the 

toroid—coil combination is given by 





M= boN Noh ia 2 
Dae a 

103 A circular loop (radius = 14 cm) of wire is placed in 
a magnetic field that makes an angle of 30° with the normal 
to the plane of the loop. The magnitude of this field in- 
creases at a constant rate from 30 mT to 60 mT in 15 ms. If 
the loop has a resistance of 5.0 0, what is the magnitude of 
the current induced in the loop when the field magnitude is 
50 mT? 


104 A 50-turn circular coil (radius = 15cm) with a total 
resistance of 4.0 © is placed in a uniform magnetic field 
directed perpendicular to the plane of the coil. The magnitude 
of this field varies with time according to B=A sin(a@1), 
where the amplitude is A = 80 wT and the angular frequency 
is w = 507 rad/s. What is the magnitude of the current in- 
duced in the coil at t = 20 ms? 
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Courtesy NASA/JSC 


At 2:45 A.M. on March 13, 1989, the entire power-grid system 
for the Canadian province of Quebec failed, leaving millions of How Cana 


people without power on that cold night. In fact, many power- / 
, , | | SsOlalr 
grid systems in the Northern Hemisphere malfunctioned that ' 
night, creating a nightmare situation for the engineers who explosion shut 


maintained the systems. The cause was not a sudden overtax- down a 
ing demand for power or a failure of aging equipment. Rather, : 
power-grid 


the cause was an explosion that had occurred on the Sun's 


surface three days earlier. system ? 


The answer is in this chapter. 
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31-2 | LC Oscillations, Qualitatively 
31-1 WHAT IS PHYSICS? 


We have explored the basic physics of electric and magnetic fields and how 
energy can be stored in capacitors and inductors. We next turn to the associated 
applied physics, in which the energy stored in one location can be transferred to 
another location so that it can be put to use. For example, energy produced at a 
power plant can show up at your home to run a computer. The total worth of this 
applied physics is now so high that its estimation is almost impossible. Indeed, 
modern civilization would be impossible without this applied physics. 

In most parts of the world, electrical energy is transferred not as a direct 
current but as a sinusoidally oscillating current (alternating current, or ac). The 
challenge to both physicists and engineers is to design ac systems that transfer 
energy efficiently and to build appliances that make use of that energy. 

In our discussion of electrically oscillating systems in this chapter, our first 
step is to examine oscillations in a simple circuit consisting of inductance L and 
capacitance C. 
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Of the three circuit elements resistance R, capacitance C, and inductance L, 
we have so far discussed the series combinations RC (in Section 27-9) and RL 
(in Section 30-9). In these two kinds of circuit we found that the charge, current, 
and potential difference grow and decay exponentially. The time scale of 
the growth or decay is given by a time constant T, which is either capacitive or 
inductive. 

We now examine the remaining two-element circuit combination LC. You 
will see that in this case the charge, current, and potential difference do not decay 
exponentially with time but vary sinusoidally (with period T and angular 
frequency w). The resulting oscillations of the capacitor’s electric field and the 
inductor’s magnetic field are said to be electromagnetic oscillations. Such a 
circuit is said to oscillate. 

Parts a through h of Fig. 31-1 show succeeding stages of the oscillations in 
a simple LC circuit. From Eq. 25-21, the energy stored in the electric field of the 
capacitor at any time is 

q° 


Os Tes 31-1 
Bae 1-1) 


where q 1s the charge on the capacitor at that time. From Eq. 30-49, the energy 
stored in the magnetic field of the inductor at any time is 





Li 
9 . 


U, = (31-2) 


where / is the current through the inductor at that time. 

We now adopt the convention of representing instantaneous values of the 
electrical quantities of a sinusoidally oscillating circuit with small letters, such 
as q, and the amplitudes of those quantities with capital letters, such as Q. With 
this convention in mind, let us assume that initially the charge q on the capac- 
itor in Fig. 31-1 is at its maximum value Q and that the current i through the 
inductor is zero. This initial state of the circuit is shown in Fig. 31-la. The bar 
graphs for energy included there indicate that at this instant, with zero current 
through the inductor and maximum charge on the capacitor, the energy U, of the 
magnetic field is zero and the energy U; of the electric field is a maximum. 
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(h) 


FIG. 31-1 Eight stages in a single cycle of oscillation of a resistanceless LC circuit. 

The bar graphs by each figure show the stored magnetic and electrical energies. The 
magnetic field lines of the inductor and the electric field lines of the capacitor are shown. 
(a) Capacitor with maximum charge, no current. (b) Capacitor discharging, current 
increasing. (c) Capacitor fully discharged, current maximum. (d) Capacitor charging 

but with polarity opposite that in (a), current decreasing. (e) Capacitor with maximum 
charge having polarity opposite that in (a), no current. (f) Capacitor discharging, current 
increasing with direction opposite that in (b). (g) Capacitor fully discharged, current 
maximum. (4) Capacitor charging, current decreasing. 


The capacitor now starts to discharge through the inductor, positive charge 
carriers moving counterclockwise, as shown in Fig. 31-15. This means that a cur- 
rent i, given by dq/dt and pointing down in the inductor, is established. As the 
capacitor’s charge decreases, the energy stored in the electric field within the 
capacitor also decreases. This energy is transferred to the magnetic field that 
appears around the inductor because of the current 7 that is building up there. 
Thus, the electric field decreases and the magnetic field builds up as energy 1s 
transferred from the electric field to the magnetic field. 

The capacitor eventually loses all its charge (Fig. 31-1c) and thus also loses its 
electric field and the energy stored in that field. The energy has then been fully 
transferred to the magnetic field of the inductor. The magnetic field is then at 
its maximum magnitude, and the current through the inductor is then at its 
maximum value /. 

Although the charge on the capacitor 1s now zero, the counterclockwise 
current must continue because the inductor does not allow it to change suddenly 
to zero. The current continues to transfer positive charge from the top plate to 
the bottom plate through the circuit (Fig. 31-1d). Energy now flows from the 
inductor back to the capacitor as the electric field within the capacitor builds 
up again. The current gradually decreases during this energy transfer. When, 
eventually, the energy has been transferred completely back to the capacitor 
(Fig. 31-1le), the current has decreased to zero (momentarily). The situation 
of Fig. 31-1e is like the initial situation, except that the capacitor is now charged 
oppositely. 
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The capacitor then starts to discharge again but now with a clockwise current 
(Fig. 31-1f). Reasoning as before, we see that the clockwise current builds to a maxi- 
mum (Fig. 31-1g) and then decreases (Fig. 31-1h), until the circuit eventually returns 
to its initial situation (Fig. 31-1a). The process then repeats at some frequency f and 
thus at an angular frequency w = 27f. In the ideal LC circuit with no resistance, iq) 
there are no energy transfers other than that between the electric field of the capaci- 6 5 
tor and the magnetic field of the inductor. Because of the conservation of energy, the 1 
oscillations continue indefinitely. The oscillations need not begin with the energy all (b) = 
in the electric field; the initial situation could be any other stage of the oscillation. 

‘To determine the charge g on the capacitor as a function of time, we can put 
in a voltmeter to measure the time-varying potential difference (or voltage) vc 
that exists across the capacitor C. From Eq. 25-1 we can write 


= q/C) 


Vo: ( 


ik) 


FIG. 31-2 (a) The potential differ- 
ence across the capacitor of the cir- 
cuit of Fig. 31-1 as a function of time. 
This quantity is proportional to the 
1 charge on the capacitor. (b) A poten- 
Vo= (=) q, tial proportional to the current in the 
C circuit of Fig. 31-1. The letters refer 
which allows us to find g. To measure the current, we can connect a small resis- © the correspondingly labeled oscil- 
tance R in series with the capacitor and inductor and measure the time-varying !4t0n Stages in Fig. 31-1. 
potential difference vp across it; vp is proportional to 7 through the relation 


VR iR. 


We assume here that R is so small that its effect on the behavior of the circuit is 
negligible. The variations in time of vc and vp, and thus of g and i, are shown in 
Fig. 31-2. All four quantities vary sinusoidally. 

In an actual LC circuit, the oscillations will not continue indefinitely because 
there is always some resistance present that will drain energy from the elec- 
tric and magnetic fields and dissipate it as thermal energy (the circuit may 
become warmer). The oscillations, once started, will die away as Fig. 31-3 sug- 
gests. Compare this figure with Fig. 15-16, which shows the decay of mechanical 
oscillations caused by frictional damping in a block—spring system. 


CHECKPOINT 1 A charged capacitor and an inductor are connected in se- 
ries at time ¢ = 0. In terms of the period T of the resulting oscillations, determine how 
much later the following reach their maximum value: (a) the charge on the capacitor; 
(b) the voltage across the capacitor, with its original polarity; (c) the energy stored in 
the electric field; and (d) the current. 


FIG. 31-3 An oscillo- 
scope trace showing how 
the oscillations in an RLC 
circuit actually die away 
because energy Is dissi- 
pated in the resistor as . . 
cRemnalenenaen (Comnanp z at Bias ag pore oer wrong eae Geer trey 
Agilent Technologies) SPA Tae oy e-eP Ll 





Sample Problem ise 
A 1.5 wF capacitor is charged to 57 V. The charging bat- cur. What is the maximum current in the coil? Assume 
tery is then disconnected, and a 12 mH coil is connected that the circuit contains no resistance, which would 


in series with the capacitor so that LC oscillations oc- cause the energy to be dissipated. 


Chapter 31 | Electromagnetic Oscillations and Alternating Current 


Pew Calculations: With these ideas, we can now write the 


conservation of energy as 











1. Because the circuit contains no resistance, the elec- irccasa= sO aren 
tromagnetic energy of the circuit is conserved as the : ; 
energy is transferred back and forth between the Or LI" a" 
electric field of the capacitor and the magnetic field . | 2 aC 
of the coil (inductor). Solving for / gives us 
2. At any time f¢, the energy U,(t) of the magnetic field fae OQ? 
is related to the current i(t) through the coil by Eq. NEC’ 
31-2 (Ug = Li?/2). When all the energy is stored as We know L and C, but not Q. However, with Eq. 


magnetic energy, the current is at its maximum value 25-1 (gq = CV) we can relate Q to the maximum potential 
/ and that energy is Ug ,,, = LI*/2. difference V across the capacitor, which is the initial poten- 
3. At any time ¢, the energy U;(t) of the electric field tial difference of 57 V. Thus, substituting O = CV leads to 


is related to the charge q(t) on the capacitor by C rec 10-°r 
Eq. 31-1 (Ug = q’/2C). When all the energy is stored l=V < = (57 V) 1 Pee ee 
as electrical energy, the charge is at its maximum L 12x 10H 
value Q and that energy is Ug max = Q7/2C. = 0.637 A =~ 640 mA. (Answer) 
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Let us look a little closer at the analogy between the oscillating LC system of 
Fig. 31-1 and an oscillating block—spring system. Two kinds of energy are 
involved in the block—spring system. One is potential energy of the compressed 
or extended spring; the other is kinetic energy of the moving block. These two 
energies are given by the formulas in the left energy column in Table 31-1. 

The table also shows, in the right energy column, the two kinds of energy 
involved in LC oscillations. By looking across the table, we can see an analogy 
between the forms of the two pairs of energies—the mechanical energies of the 
block—spring system and the electromagnetic energies of the LC oscillator. The 
equations for v and i at the bottom of the table help us see the details of the anal- 
ogy. They tell us that g corresponds to x and i corresponds to v (in both equations, 
the former is differentiated to obtain the latter). These correspondences then 
suggest that, in the energy expressions, 1/C corresponds to k and L corresponds 
to m. Thus, 


q corresponds to x, 1/C corresponds to k, 
icorrespondstov, and JLcorresponds to m. 


These correspondences suggest that in an LC oscillator, the capacitor is mathe- 
matically like the spring in a block—spring system and the inductor is like the 
block. 


TABLE 31-1 


Comparison of the Energy in Two Oscillating Systems 


Block—Spring System LC Oscillator 
Element Energy Element Energy 
Spring Potential, 5kx? Capacitor Electrical, $(1/C)q? 
Block Kinetic, ;mv? Inductor Magnetic, Li? 


v = dx/dt i = dqldt 
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In Section 15-3 we saw that the angular frequency of oscillation of a (fric- 
tionless) block —spring system is 


| | 
w= a (block —spring system). (31-3) 
Hl 


The correspondences listed above suggest that to find the angular frequency of 
oscillation for an ideal (resistanceless) LC circuit, k should be replaced by 1/C 
and m by L, yielding 


| 
® = Tre (LC circuit). (31-4) 


We derive this result in the next section. 
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Here we want to show explicitly that Eq. 31-4 for the angular frequency of LC 
oscillations is correct. At the same time, we want to examine even more closely 
the analogy between LC oscillations and block-spring oscillations. We start 
by extending somewhat our earlier treatment of the mechanical block—spring 
oscillator. 


The Block—Spring Oscillator 


We analyzed block—spring oscillations in Chapter 15 in terms of energy transfers 
and did not—at that early stage—derive the fundamental differential equation 
that governs those oscillations. We do so now. 

We can write, for the total energy U of a block-spring oscillator at any 
instant, 


U =U, + U, =3mv? + Skxr?, (31-5) 


where U, and U, are, respectively, the kinetic energy of the moving block and the 
potential energy of the stretched or compressed spring. If there is no friction — 
which we assume —the total energy U remains constant with time, even though 
v and x vary. In more formal language, dU/dt = 0. This leads to 


dU dy, 5,4 dv dx 
= my? + 1 kx?) = mv — + kx — = 0. 31-6 
a pe Tee eT oo 
However, v = dx/dt and dv/dt = d’x/dt?. With these substitutions, Eq. 31-6 
becomes 
d’x a, 
m a + kx =O — (block-spring oscillations). (31-7) 


Equation 31-7 is the fundamental differential equation that governs the friction- 
less block —spring oscillations. 

The general solution to Eq. 31-7 — that is, the function x(t) that describes the 
block —spring oscillations —is (as we saw in Eq. 15-3) 


x = X cos(wt + d) (displacement), (31-8) 


in which X is the amplitude of the mechanical oscillations (x,, in Chapter 15), w is 
the angular frequency of the oscillations, and ¢ is a phase constant. 


The LC Oscillator 


Now let us analyze the oscillations of a resistanceless LC circuit, proceeding 
exactly as we just did for the block—spring oscillator. The total energy U present 
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at any instant in an oscillating LC circuit is given by 

L 2 Zz 
ineyeeie 

2 2C 





U = U; aR U; = (31-9) 
in which Uz is the energy stored in the magnetic field of the inductor and U; is the en- 
ergy stored in the electric field of the capacitor. Since we have assumed the circuit re- 
sistance to be zero, no energy is transferred to thermal energy and U remains con- 
stant with time. In more formal language, dU/dt must be zero. This leads to 


a5) 2? ° 
wd( ya) di | gq dq 


dt at\ 2 Be) a C dt 


However, i= dq/dt and di/dt = d’q/dt*. With these substitutions, Eq. 31-10 
becomes 





= 0, (31-10) 





d* 1 
Payee AEs Oy, CL Coscillakois). (31-11) 


L 
dt? C 


This is the differential equation that describes the oscillations of a resistanceless 
LC circuit. Equations 31-11 and 31-7 are exactly of the same mathematical form. 


Charge and Current Oscillations 


Since the differential equations are mathematically identical, their solutions must 
also be mathematically identical. Because g corresponds to x, we can write the 
general solution of Eq. 31-11, by analogy to Eq. 31-8, as 


q=Qcos(wt + d) (charge), (31-12) 


where Q is the amplitude of the charge variations, w is the angular frequency of 
the electromagnetic oscillations, and ¢ is the phase constant. 

Taking the first derivative of Eq. 31-12 with respect to time gives us the 
current of the LC oscillator: 


1 = ae = —wQsin(wt + d) (current). (31-13) 


The amplitude / of this sinusoidally varying current is 
I= @Q, (31-14) 
and so we can rewrite Eq. 31-13 as 
i= —Isin(ot + @). (31-15) 


Angular Frequencies 


We can test whether Eq. 31-12 is a solution of Eq. 31-11 by substituting Eq. 31-12 
and its second derivative with respect to time into Eq. 31-11. The first derivative 
of Eq. 31-12 is Eq. 31-13. The second derivative is then 


d’q 
dt? 
Substituting for g and d’q/dt* in Eq. 31-11, we obtain 





= —w’Q cos(at + ¢). 


—Lw*QO cos(wt + @) + = QO cos(wt + d) = 0. 


Canceling Q cos(wt + #) and rearranging lead to 
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Thus, Eq. 31-12 is indeed a solution of Eq. 31-11 if w has the constant value 
1/VLC. Note that this expression for w is exactly that given by Eq. 31-4, which 
we arrived at by examining correspondences. 

The phase constant ¢ in Eq. 31-12 is determined by the conditions that exist 
at any certain time—say, ¢ = 0. If the conditions yield ¢@ = 0 at t = 0, Eq. 31-12 
requires that gq = Q and Eq. 31-13 requires that i = 0; these are the initial con- Up (0) 
ditions represented by Fig. 31-1a. 


U (= Upt U;,) 





Ale 





Energy 


Electrical and Magnetic Energy Oscillations Time 

FIG. 31-4 The stored magnetic en- 
ergy and electrical energy in the 
circuit of Fig. 31-1 as a function of 


The electrical energy stored in the LC circuit at time tf is, from Eqs. 31-1 and 31-12, 


2 2 
U, = nies Q" cos?( wt + ¢). (31-16) time. Note that their sum remains con- 
2C 2C stant. Tis the period of oscillation. 
The magnetic energy is, from Eqs. 31-2 and 31-13, 
Up = 5Li? = 5Lw°Q? sin’(at + @). 
Substituting for w from Eq. 31-4 then gives us 
QO? 
Uz = © sin’(wt + ¢). (31-17) 


Figure 31-4 shows plots of U;-(t) and U,(t) for the case of @ = 0. Note that 
1. The maximum values of U;, and U; are both Q7/2C. 


2. At any instant the sum of U; and Uz is equal to Q?/2C, a constant. 
3. When U; is maximum, Us; is zero, and conversely. 


CHECKPOINT 2 A capacitor in an LC oscillator has a maximum potential 
difference of 17 V and a maximum energy of 160 J. When the capacitor has a potential 
difference of 5 V and an energy of 10 wJ, what are (a) the emf across the inductor and 
(b) the energy stored in the magnetic field? 


Sample Problem Ee 


For the situation described in Sample Problem 31-1, let the 
coil (inductor) be connected to the charged capacitor at 
time ¢ = 0. The result is an LC circuit like that in Fig. 31-1. 


(a) What is the potential difference v,(t) across the in- 
ductor as a function of time? 


Ceo (1) The current and potential differences of 


the circuit undergo sinusoidal oscillations. (2) We can 
still apply the loop rule to this oscillating circuit —just 
as we did for the nonoscillating circuits of Chapter 27. 


Calculations: At any time ¢ during the oscillations, 
the loop rule and Fig. 31-1 give us 


v(t) = vc(d); 


that is, the potential difference v,; across the inductor must 
always be equal to the potential difference v¢ across the 
capacitor, so that the net potential difference around the 


(31-18) 


circuit is zero. Thus, we will find v,(t) if we can find v_(t), 
and we can find v-(t) from q(t) with Eq. 25-1 (¢ = CV). 
Because the potential difference v-(t) is maximum 
when the oscillations begin at time t = 0, the charge g 
on the capacitor must also be maximum then. Thus, 
phase constant ¢ must be zero; so Eq. 31-12 gives us 


q = QOcOSs wt. (31-19) 


(Note that this cosine function does indeed yield maxi- 
mum g (= Q) when t = 0.) To get the potential difference 
Vc(t), we divide both sides of Eq. 31-19 by C to write 

q _Q 


— = — cos at, 
C Cc 


and then use Eq. 25-1 to write 
Veo = Vc COS wl. (31-20) 


Here, Vc is the amplitude of the oscillations in the po- 
tential difference v; across the capacitor. 


Next, substituting vc = v, from Eq. 31-18, we find 


vp = Vecos wt. (31-21) 


We can evaluate the right side of this equation by first 
noting that the amplitude Vis equal to the initial (max- 
imum) potential difference of 57 V across the capacitor. 
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coi With the charge on the capacitor oscillating 


as in Eq. 31-12, the current is in the form of Eq. 31-13. 
Because ¢ = 0, that equation gives us 


i= —wOQ sin at. 


Calculations: Taking the derivative, we have 


Then, using the values of L and C from Sample Problem di d 


31-1, we find w with Eq. 31-4: 
l 


QM = 


Thus, Eq. 31-21 becomes 


v, = (57 V) cos(7500 rad/s)t. 


(b) What is the maximum rate (di/dt),,,, at which the 


current i changes in the circuit? 


WFR 





FIG. 31-5 Aseries RLC circuit. As 
the charge contained in the circuit 
oscillates back and forth through the 
resistance, electromagnetic energy 1s 
dissipated as thermal energy, damp- 
ing (decreasing the amplitude of) the 
oscillations. 


VLC [(0.012 H)(1.5 X 10-° F)]}°5 
= 7454 rad/s ~ 7500 rad/s. 


a ie (—@Q@Q sin wat) = —w*Q cos at. 
We can simplify this equation by substituting CV; for Q 
(because we know C and V,- but not Q) and 1/VLC for w 
according to Eq. 31-4. We get 

— os — CV¢ cos wt = -~£ cos wt. 
This tells us that the current changes at a varying (sinu- 


(Answer) soidal) rate, with its maximum rate of change being 
Ve STV 
——————S—S— ————————————————-C—tsi—™ 4 = 3 
r 0.012 750 A/s ~ 4800 A/s. (Answer) 


31-5 Damped Oscillations in an RLC Circuit 


A circuit containing resistance, inductance, and capacitance 1s called an RLC 
circuit. We shall here discuss only series RLC circuits like that shown in Fig. 31-5. 
With a resistance R present, the total electromagnetic energy U of the circuit (the 
sum of the electrical energy and magnetic energy) is no longer constant; instead, 
it decreases with time as energy is transferred to thermal energy in the resistance. 
Because of this loss of energy, the oscillations of charge, current, and potential 
difference continuously decrease in amplitude, and the oscillations are said to be 
damped. As you will see, they are damped in exactly the same way as those of the 
damped block-—spring oscillator of Section 15-8. 

To analyze the oscillations of this circuit, we write an equation for the total 
electromagnetic energy U in the circuit at any instant. Because the resistance 
does not store electromagnetic energy, we can use Eq. 31-9: 


Li2 2 

Pe 
2 ae 
Now, however, this total energy decreases as energy is transferred to thermal 
energy. The rate of that transfer is, from Eq. 26-27, 


dU 
dt 





U <= Up alr U; = (31-22) 


= -i°R, 





(31-23) 


where the minus sign indicates that U decreases. By differentiating Eq. 31-22 with 
respect to time and then substituting the result in Eq. 31-23, we obtain 
dU di | q dq 


Se pa SE =— —j2R. 
en ea, be 


Substituting dq/dt for i and d’q/dt* for di/dt, we obtain 


d*q dq 1 
Bide eee ee) 
dt’ iG 





L (RLC circuit), (31-24) 


which is the differential equation for damped oscillations in an RLC circuit. 


The solution to Eq. 31-24 is 


G — Wee =" COs @ | 170)): (31-25) 


in which 
w' = Vo" — (R/2L), 


where w = 1/VLC, as with an undamped oscillator. Equation 31-25 tells us how 
the charge on the capacitor oscillates in a damped RLC circuit; that equation is 
the electromagnetic counterpart of Eq. 15-42, which gives the displacement of 
a damped block-—spring oscillator. 

Equation 31-25 describes a sinusoidal oscillation (the cosine function) with 
an exponentially decaying amplitude Qe *"*" (the factor that multiplies the 
cosine). The angular frequency w’ of the damped oscillations is always less than 
the angular frequency w of the undamped oscillations; however, we shall here 
consider only situations in which R is small enough for us to replace w’ with w. 

Let us next find an expression for the total electromagnetic energy U of 
the circuit as a function of time. One way to do so is to monitor the energy 
of the electric field in the capacitor, which is given by Eq. 31-1 (Ug = q7/2C). By 
substituting Eq. 31-25 into Eq. 31-1, we obtain 


fo lOe costa d)i- 
mye 2C 


(31-26) 


2 

U; -£ ent costa’ t = pyy | Gle27) 
oe 

Thus, the energy of the electric field oscillates according to a cosine-squared 


term, and the amplitude of that oscillation decreases exponentially with time. 


Sample Problem 
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A series RLC circuit has inductance L = 12 mH, capac- 2L 


t= ——1n0.50 = 


itance C = 1.6 uF, and resistance R = 1.51). R 


(a) At what time ¢ will the amplitude of the charge oscil- 
lations in the circuit be 50% of its initial value? 


= 0.0111 s ~ 11 ms. 


__(2)(12 x 107-3 H)(In 0.50) 
1.50 


(Answer) 


rei The amplitude of the charge oscillations 


decreases exponentially with time t: According to Eq. 
31-25, the charge amplitude at any time t is Qe~*"*“, in 
which Q is the amplitude at time t = 0. 


Calculations: We want the time when the charge ampli- 
tude has decreased to 0.50Q, that is, when 


Qe-RPL = 0.50Q. 


Canceling Q and taking the natural logarithms of both 
sides, we have 


Rt 


~— = In 0.50. 
57 = In0.50 


Solving for t and then substituting given data yield 
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(b) How many oscillations are completed within this time? 


cic The time for one complete oscillation is the 


period T = 27/w, where the angular frequency for LC 
oscillations is given by Eq. 31-4 (w = 1/VLC). 


Calculation: In the time interval At = 0.01115, the 
number of complete oscillations is 


At At 
— 2aVLC 
. 0.0111 s ~ 13 
2m[(12 X 10-7 H)(1.6 X 10°° F)}!? 
(Answer) 


Thus, the amplitude decays by 50% in about 13 com- 
plete oscillations. This damping is less severe than that 
shown in Fig. 31-3, where the amplitude decays by a lit- 
tle more than 50% in one oscillation. 


The oscillations in an RLC circuit will not damp out if an external emf device 
supplies enough energy to make up for the energy dissipated as thermal energy 
in the resistance R. Circuits in homes, offices, and factories, including countless 
RLC circuits, receive such energy from local power companies. In most countries 
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FIG. 31-6 The basic mechanism of 
an alternating-current generator Is a 
conducting loop rotated in an exter- 
nal magnetic field. In practice, the al- 
ternating emf induced in a coil of 
many turns of wire is made accessible 
by means of slip rings attached to the 
rotating loop. Each ring is connected 
to one end of the loop wire and is 
electrically connected to the rest of 
the generator circuit by a conducting 
brush against which the ring slips as 
the loop (and it) rotates. 


the energy is supplied via oscillating emfs and currents— the current is said to be 
an alternating current, or ac for short. (The nonoscillating current from a battery 
is said to be a direct current, or de.) These oscillating emfs and currents vary si- 
nusoidally with time, reversing direction (in North America) 120 times per sec- 
ond and thus having frequency f = 60 Hz. 

At first sight this may seem to be a strange arrangement. We have seen that 
the drift speed of the conduction electrons in household wiring may typically be 
4 X 10° m/s. If we now reverse their direction every a s, such electrons can 
move only about 3 X 107’ m in a half-cycle. At this rate, a typical electron can 
drift past no more than about 10 atoms in the wiring before it is required to 
reverse its direction. How, you may wonder, can the electron ever get anywhere? 

Although this question may be worrisome, it is a needless concern. The con- 
duction electrons do not have to “get anywhere.” When we say that the current in 
a wire is One ampere, we mean that charge passes through any plane cutting 
across that wire at the rate of one coulomb per second. The speed at which the 
charge carriers cross that plane does not matter directly; one ampere may corre- 
spond to many charge carriers moving very slowly or to a few moving very 
rapidly. Furthermore, the signal to the electrons to reverse directions — which 
originates in the alternating emf provided by the power company’s generator — 
is propagated along the conductor at a speed close to that of light. All electrons, 
no matter where they are located, get their reversal instructions at about the 
same instant. Finally, we note that for many devices, such as lightbulbs and toast- 
ers, the direction of motion is unimportant as long as the electrons do move so as 
to transfer energy to the device via collisions with atoms in the device. 

The basic advantage of alternating current is this: As the current alternates, so 
does the magnetic field that surrounds the conductor. This makes possible the use 
of Faraday’s law of induction, which, among other things, means that we can step 
up (increase) or step down (decrease) the magnitude of an alternating potential 
difference at will, using a device called a transformer, as we shall discuss later. 
Moreover, alternating current is more readily adaptable to rotating machinery 
such as generators and motors than is (nonalternating) direct current. 

Figure 31-6 shows a simple model of an ac generator. As the conducting loop 
is forced to rotate through the external magnetic field B,a sinusoidally oscillating 
emf @ is induced in the loop: 

6 = G,, Sin wyt. (31-28) 


The angular frequency w, of the emf is equal to the angular speed with which the 
loop rotates in the magnetic field, the phase of the emf is w,t, and the amplitude of 
the emf is ,, (where the subscript stands for maximum). When the rotating loop 
is part of a closed conducting path, this emf produces (drives) a sinusoidal (alter- 
nating) current along the path with the same angular frequency w,, which then is 
called the driving angular frequency. We can write the current as 


i= Isin(@,t — ), (31-29) 


in which / is the amplitude of the driven current. (The phase w,t — ¢ of the cur- 
rent is traditionally written with a minus sign instead of as wat + ¢.) We include 
a phase constant ¢ in Eq. 31-29 because the current i may not be in phase with 
the emf @. (As you will see, the phase constant depends on the circuit to which 
the generator is connected.) We can also write the current i in terms of the 
driving frequency f,, of the emf, by substituting 27f, for w, in Eq. 31-29. 


31-7 | Forced Oscillations 


We have seen that once started, the charge, potential difference, and current in 
both undamped LC circuits and damped RLC circuits (with small enough R) 
oscillate at angular frequency w = 1/VLC. Such oscillations are said to be free 
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oscillations (free of any external emf), and the angular frequency wm is said to be 
the circuit’s natural angular frequency. 

When the external alternating emf of Eq. 31-28 is connected to an RLC 
circuit, the oscillations of charge, potential difference, and current are said to be 
driven oscillations or forced oscillations. These oscillations always occur at the 
driving angular frequency w,: 





@_ Whatever the natural angular frequency w of a circuit may be, forced oscillations 
of charge, current, and potential difference in the circuit always occur at the driving 
angular frequency ,. 


FIG. 31-7 A single-loop circuit con- 
taining a resistor, a capacitor, and an 
inductor. A generator, represented 
by a sine wave in a circle, produces 
an alternating emf that establishes an 
alternating current; the directions of 
the emf and current are indicated 
Pieces here at only one instant. 


However, as you will see in Section 31-9, the amplitudes of the oscillations very 
much depend on how close w, is to w. When the two angular frequencies match — 
a condition Known as resonance — the amplitude / of the current in the circuit is 
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Later in this chapter, we shall connect an external alternating emf device to 
a series RLC circuit as in Fig. 31-7. We shall then find expressions for the ampli- 
tude / and phase constant ¢ of the sinusoidally oscillating current in terms of the 
amplitude @,, and angular frequency w, of the external emf. First, let’s consider 
three simpler circuits, each having an external emf and only one other circuit 
element: R, C, or L. We start with a resistive element (a purely resistive load). 


A Resistive Load 


Figure 31-8 shows a circuit containing a resistance element of value RK and an 
ac generator with the alternating emf of Eq. 31-28. By the loop rule, we have 


6 = VR = 0. 
With Eq. 31-28, this gives us 
Vp = G,, SIN yt. 


Because the amplitude Vp of the alternating potential difference (or voltage) 
across the resistance is equal to the amplitude @,,, of the alternating emf, we can 
write this as 


Ya Ve sin Wyl. (31-30) 


From the definition of resistance (R = V/i), we can now write the current ip in the 
resistance as 


Views 
La = R = 7 SIN w,f. (31-31) 


From Eq. 31-29, we can also write this current as 
Lr = Ip sin( wat — d), (31-32) 


where [pr is the amplitude of the current ip in the resistance. Comparing Eqs. 
31-31 and 31-32, we see that for a purely resistive load the phase constant ¢ = 0°. 


We also see that the voltage amplitude and current amplitude are related by 
ELD R fi VR 
Vp = [rR (resistor). (31-33) | 


Although we found this relation for the circuit of Fig. 31-8, it applies to any FIG. 31-8 A resistor is connected 
resistance in any ac circuit. across an alternating-current generator. 
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Vp» IR | 9 =0°=0rad By comparing Eqs. 31-30 and 31-31, we see that the time-varying quantities 

Vp and ip are both functions of sin w,t with @ = 0°. Thus, these two quantities are 

in phase, which means that their corresponding maxima (and minima) occur at 

the same times. Figure 31-9a, which is a plot of v(t) and ip(t), illustrates this fact. 

Note that vp and ip do not decay here because the generator supplies energy to 
the circuit to make up for the energy dissipated in R. 

The time-varying quantities vp and ip can also be represented geometrically 

by phasors. Recall from Section 16-11 that phasors are vectors that rotate around 





ee eee an origin. Those that represent the voltage across and current in the resistor of 
represented in (b) Fig. 31-8 are shown in Fig. 31-95 at an arbitrary time ¢t. Such phasors have the 
(a) following properties: 
nation oF Angular speed: Both phasors rotate counterclockwise about the origin with an 
~~ __phasors at angular speed equal to the angular frequency w, of Vp and ip. 
“ane Tee Length: The length of each phasor represents the amplitude of the alternating 


quantity: Vp for the voltage and /,p for the current. 


Projection: The projection of each phasor on the vertical axis represents the 
value of the alternating quantity at time f: vg for the voltage and ip for 
the current. 


Rotation angle: The rotation angle of each phasor is equal to the phase of the 
alternating quantity at time f¢. In Fig. 31-9b, the voltage and current are in 
FIG.31-9 (a)The current ipand the phase; so their phasors always have the same phase w,t and the same rotation 


potential difference vp across the resis- angle, and thus they rotate together. 
tor are plotted on the same graph, both 
versus time f. They are in phase and 
complete one cycle in one period T. (5) 
A phasor diagram shows the same thing 
as (a). 





Mentally follow the rotation. Can you see that when the phasors have 
rotated so that w,t = 90° (they point vertically upward), they indicate that just 
then vp = Vpgand iz = Ip? Equations 31-30 and 31-32 give the same results. 


CHECKPOINT 3 If we increase the driving frequency in a circuit with a 
purely resistive load, do (a) amplitude Vp and (b) amplitude /, increase, decrease, or 
remain the same? 


Sample Problem a] 


Purely resistive load. In Fig. 31-8, resistance R is 200 0 We can leave the argument of the sine in this form for con- 
and the sinusoidal alternating emf device operates at venience, or we can write it as (377 rad/s)t or as (377 s')¢. 


Se age ene Fe Nyce (b) What are the current i,p(t) in the resistance and the 


(a) What is the potential difference vp(t) across the re- amplitude Ip of ip(t)? 
sistance as a function of time ft, and what is the ampli- 


tude Vz of va(t)? NN ee th ge etc nee. 

In an ac circuit with a purely resistive load, 

Rei oo, 7 the alternating current ip(t) in the resistance is in phase with 
In a circuit with a purely resistive load, the 


— ; . the alternating potential difference v(t) across the resis- 
potential difference v(t) across the resistance is always 


a tance; that is, the phase constant ¢ for the current is zero. 
equal to the potential difference (2) across the emf device. 


Calculations: Here we have va(t) = 8(t) and Ve = Em. Calculations: Here we can write Eq. 31-29 as 





Since @,, 1s given, we can write ig = Ipsin(wgt — &) = Ip sin wgt. (31-35) 
Vr = Em = 36.0 V. (Answer) From Eq. 31-33, the amplitude J, is 
To find vp(t), we use Eq. 31-28 to write Ve 36.0V 
vat) = E(t) = Ep, Sin wgt (31-34) Ik = = Sang 7 0-180 A. (Answer) 
and then substitute @,,, = 36.0 V and 


Substituting this and w, = 27f, = 1207 into Eq. 31-35, 
wy = 2tf, = 27(60 Hz) = 1207 odie 
to obtain 
Vp = (36.0 V) sin(12077). (Answer) ig = (0.180 A) sin(12077). (Answer) 





A Capacitive Load 


Figure 31-10 shows a circuit containing a capacitance and a generator with the 
alternating emf of Eq. 31-28. Using the loop rule and proceeding as we did 
when we obtained Eq. 31-30, we find that the potential difference across the 
capacitor 1s 


Ve > Ve sin Wl, (31-36) 


where V¢ is the amplitude of the alternating voltage across the capacitor. From 
the definition of capacitance we can also write 


Ca Cyc = CVec sin Wl. (31-37) 
Our concern, however, is with the current rather than the charge. Thus, we differ- 
entiate Eq. 31-37 to find 
jo dqc 
a wel 





= wyaCVe COS wat. (31-38) 


We now modify Eq. 31-38 in two ways. First, for reasons of symmetry of nota- 
tion, we introduce the quantity X¢, called the capacitive reactance of a capacitor, 
defined as 


| 


xy.= 
‘ wyC 





(capacitive reactance). (31-39) 


Its value depends not only on the capacitance but also on the driving angular 
frequency wz. We know from the definition of the capacitive time constant (7 = 
RC) that the SI unit for C can be expressed as seconds per ohm. Applying this to 
Eq. 31-39 shows that the SI unit of X¢ is the ohm, just as for resistance R. 

Second, we replace cos w tin Eq. 31-38 with a phase-shifted sine: 


COS Wat = Sin(wyt + 90°). 


You can verify this identity by shifting a sine curve 90° in the negative direction. 
With these two modifications, Eq. 31-38 becomes 


Vi 
ic = (Ye) sin(w,t + 90°). (31-40) 
6 


From Eq. 31-29, we can also write the current ic in the capacitor of Fig. 31-10 as 
Ic = Ic sin( wat s d), (31-41) 


where /- is the amplitude of i-. Comparing Eqs. 31-40 and 31-41, we see that for 
a purely capacitive load the phase constant ¢ for the current is —90°. We also see 
that the voltage amplitude and current amplitude are related by 


Vo=HICXE (capacitor). (31-42) 


Although we found this relation for the circuit of Fig. 31-10, it applies to any 
capacitance in any ac circuit. 

Comparison of Eqs. 31-36 and 31-40, or inspection of Fig. 31-11a, shows that 
the quantities vc and ic are 90°, w/2 rad, or one-quarter cycle, out of phase. 
Furthermore, we see that ic leads vc, which means that, if you monitored the 
current ic and the potential difference vc in the circuit of Fig. 31-10, you would 
find that ic reaches its maximum before v- does, by one-quarter cycle. 

This relation between ic and vc¢ is illustrated by the phasor diagram of 
Fig. 31-11b. As the phasors representing these two quantities rotate counterclock- 
wise together, the phasor labeled /- does indeed lead that labeled V;, and by an 
angle of 90°; that is, the phasor /- coincides with the vertical axis one-quarter 
cycle before the phasor Vc- does. Be sure to convince yourself that the phasor 
diagram of Fig. 31-115 is consistent with Eqs. 31-36 and 31-40. 
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FIG. 31-10 A capacitor is 
connected across an alternating- 
current generator. 





Laas: Instants = 


represented in (0d) 


(a) 






. Rotation of 
le; phasors at 
\ rate @, 


(0) 


FIG. 31-11 (a) The current in the 
capacitor leads the voltage by 90° 

(= 7/2 rad).(b) A phasor diagram 
shows the same thing. 
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CHECKPOINT 4 The figure shows, in (a), a sine 
curve S(t) = sin(@,t) and three other sinusoidal curves A(t), 
B(t), and C(t), each of the form sin(w,t— ¢). (a) Rank 
the three other curves according to the value of ¢, most posi- 
tive first and most negative last. (b) Which curve corresponds 
to which phasor in (b) of the figure? (c) Which curve leads the 
others? 


Sample Problem 





(a) (dD) 








Purely capacitive load. In Fig. 31-10, capacitance C is 15.0 
pF and the sinusoidal alternating emf device operates at 





n an ac circuit with a purely capacitive 


amplitude @,,, = 36.0 V and frequency f, = 60.0 Hz. 


(a) What are the potential difference v-(t) across the 
capacitance and the amplitude V¢- of v-(t)? 


ci In a circuit with a purely capacitive load, the 


potential difference v(t) across the capacitance is always 
equal to the potential difference @(t) across the emf device. 


Calculations: Here we have v-(t) = G(t) and Vc = @,,. 


load, the alternating current /-(t) in the capacitance 
leads the alternating potential difference v-(t) by 90°; 
that is, the phase constant @ for the current is —90°, 
OL =-q 2 rad. 


Calculations: Thus, we can write Eq. 31-29 as 
Ic ae Io sin(w,t — db) = Ic sin(w,f aie THe). (31-44) 


We can find the amplitude J- from Eq. 31-42 (Vc = 
I-X¢) if we first find the capacitive reactance X-. From 


Since @,, 1S given, we have 


Vo = €,, = 36.0 V. 
To find v(t), we use Eq. 31-28 to write 
v(t) = E(t) = ©,,, Sin wyt. 
Then, substituting 6,, = 36.0 V and w, = 27f, = 1207 V,. 


into Eq. 31-43, we have 


Vo = (36.0 V) sin(12077). 


(b) What are the current i-(f) in the circuit as a func- 
tion of time and the amplitude J; of ic(t)? 





FIG. 31-12 An inductor is con- 
nected across an alternating-current 
generator. 


Eq. 31-39 (X¢ = WawyC), with w, = 27f,, we can write 
So oe 
27fiC (27r)(60.0 Hz)(15.0 X 107° F) 
= 1770. 


(Answer) Xc = 


(31-43) Then Eq. 31-42 tells us that the current amplitude is 





36.0 V 
ae — (Answer) 
wer) Substituting this and wy = 27f, = 1207 into Eq. 31-44, 


we have 
ic = (0.203 A) sin(120at + 7/2). (Answer) 


An Inductive Load 


Figure 31-12 shows a circuit containing an inductance and a generator with the al- 
ternating emf of Eq. 31-28. Using the loop rule and proceeding as we did to 
obtain Eq. 31-30, we find that the potential difference across the inductance is 


Ve V, sin wil, (31-45) 


where V, is the amplitude of v,. From Eq. 30-35 (€, = —L di/dt), we can write 
the potential difference across an inductance L in which the current is changing 
at the rate di,/dt as 


di, 
=, 31-46 
Ve cP ( ) 
If we combine Eqs. 31-45 and 31-46, we have 
di Vi. 
rr = ae sin wyt. (31-47) 


Our concern, however, is with the current rather than with its time derivative. We 


find the former by integrating Eq. 31-47, obtaining 


: V V 
i= [air = | sin ogear = -(~ 


We now modify this equation in two ways. First, for reasons of symmetry of 
notation, we introduce the quantity X,, called the inductive reactance of an 
inductor, which is defined as 





COS wryt. (31-48) 


XA; = Wy (inductive reactance). (31-49) 
The value of X; depends on the driving angular frequency w,. The unit of the 
inductive time constant 7, indicates that the SI unit of X,, is the ohm, just as it is 
for X- and for R. 


Second, we replace —cos wt in Eq. 31-48 with a phase-shifted sine: 
—COS wat = sin(wyt — 90°). 


You can verify this identity by shifting a sine curve 90° in the positive direction. 
With these two changes, Eq. 31-48 becomes 


V, 
i, = (¥) sin(w,t — 90°). (31-50) 
AG 
From Eq. 31-29, we can also write this current in the inductance as 
Lr. = I, sin( wt = d), (31-51) 


where J, is the amplitude of the current i,;. Comparing Eqs. 31-50 and 31-51, we 
see that for a purely inductive load the phase constant ¢ for the current is +90°. 
We also see that the voltage amplitude and current amplitude are related by 

YV,=1[,X, (inductor). (31-52) 
Although we found this relation for the circuit of Fig. 31-12, it applies to any 
inductance in any ac circuit. 

Comparison of Eqs. 31-45 and 31-50, or inspection of Fig. 31-13a, shows that 
the quantities i; and v,; are 90° out of phase. In this case, however, i; lags v,; that 
is, monitoring the current i; and the potential difference v, in the circuit of Fig. 
31-12 shows that i; reaches its maximum value after v; does, by one-quarter cycle. 

The phasor diagram of Fig. 31-13b also contains this information. As the 
phasors rotate counterclockwise in the figure, the phasor labeled J; does indeed 
lag that labeled V,, and by an angle of 90°. Be sure to convince yourself that 
Fig. 31-135 represents Eqs. 31-45 and 31-50. 


CHECKPOINT 5 If we increase the driving frequency in a circuit with a 
purely capacitive load, do (a) amplitude V- and (b) amplitude /¢ increase, decrease, or 
remain the same? If, instead, the circuit has a purely inductive load, do (c) amplitude 
V, and (d) amplitude J, increase, decrease, or remain the same? 


PROBLEM-SOLVING TACTICS 


31-8 | Three Simple Circuits 


| @=+90° =+2/2 rad 
| 
| 







represented in (bd) 


(a) 
Rotation of 
phasors at 
V rate @, 
L 


(5) 


FIG. 31-13 (a) The current in the 
inductor lags the voltage by 90° 
(= m/2 rad). (b) A phasor diagram 
shows the same thing. 





Tactic 1: Leading and Lagging in AC Circuits Table 


(for inductor), and in it the letter J (for current) comes after 


31-2 summarizes the relations between the current i and the 
voltage v for each of the three kinds of circuit elements we 
have considered. When an applied alternating voltage pro- 
duces an alternating current in these elements, the current is 
always in phase with the voltage across a resistor, always leads 
the voltage across a capacitor, and always lags the voltage 
across an inductor. 

Many students remember these results with the 
mnemonic “ELI the JCE man.” ELI contains the letter L 


the letter E (for emf or voltage). Thus, for an inductor, the cur- 
rent Jags (comes after) the voltage. Similarly ICE (which 
contains a C for capacitor) means that the current leads 
(comes before) the voltage. You might also use the modified 
mnemonic “ELI positively is the [CE man” to remember that 
the phase constant dis positive for an inductor. 

If you have difficulty in remembering whether X¢ is equal 
to w,C (wrong) or 1/@,C (right), try remembering that C is in 
the “cellar” —that is, in the denominator. 


TABLE 31-2 
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Phase and Amplitude Relations for Alternating Currents and Voltages 


Circuit Resistance Phase of Phase Constant Amplitude 
Element Symbol or Reactance the Current (or Angle) & Relation 
Resistor R R In phase with vp 0° (= 0 rad) Vp =TIrR 
Capacitor C Xe = Wwe Leads vc by 90° (= m/2 rad) —90° (= —7/2 rad) Vo=HICXe 
Inductor ie X, = wah Lags v,; by 90° (= w/2 rad) +90° (= +7/2 rad) Vi = 1X, 


Sample Problem Ey 


Purely inductive load. In Fig. 31-12, inductance L is 230 
mH and the sinusoidal alternating emf device operates 
at amplitude @,, = 36.0 V and frequency f, = 60.0 Hz. 


(a) What are the potential difference v,(t) across the 
inductance and the amplitude V, of v,(t)? 


cory In a circuit with a purely inductive load, 


the potential difference v;(t) across the inductance is al- 
ways equal to the potential difference @(t) across the 
emf device. 


Calculations: Here we have v(t) = @(t) and V; = ©,,,. 
Since @,, 1S given, we know that 


V, =@,, = 36.0 V. (Answer) 
To find v, (t), we use Eq. 31-28 to write 
v(t) = S(t) = S,, Sin wat. (31-53) 


Then, substituting @,, = 36.0 V and w, = 2a7fj = 1207 


into Eq. 31-53, we have 
v, = (36.0 V) sin(12077). (Answer) 


(b) What are the current i,(¢) in the circuit as a func- 
tion of time and the amplitude J, of i, (t)? 


cSt In an ac circuit with a purely inductive 


load, the alternating current i, (t) in the inductance lags 
the alternating potential difference v,(t) by 90°. (In the 
mnemonic of Problem-Solving Tactic 1, this circuit is 
“positively an ELI circuit,” which tells us that the emf E 
leads the current J and that 1s positive. ) 


Calculations: Because the phase constant @ for the cur- 
rent is +90°, or + 7/2 rad, we can write Eq. 31-29 as 
Ly = I, sin(wyt ss db) = [, sin(wyt Ta m2). (31-54) 


We can find the amplitude J, from Eq. 31-52 (V; = 
[,X_) if we first find the inductive reactance X,. From 
Eq. 31-49 (X, = w,L), with wy = 27f,, we can write 


X, = 2nf,L = (27)(60.0 Hz)(230 X 10-3 H) 





= 86.71). 
Then Eq. 31-52 tells us that the current amplitude is 
Vi. 36.0 V 
, === =(0.415A. (A 
LX, 86.72 asec) 


Substituting this and wy = 27f, = 1207 into Eq. 31-54, 
we have 
i, = (0.415 A) sin(120at — 77/2). (Answer) 
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We are now ready to apply the alternating emf of Eq. 31-28, 


6 =€,,Sin w,t (applied emf), (31-55) 


to the full RLC circuit of Fig. 31-7. Because R, L, and C are in series, the same 


current 


i= Isin(w,t — d) (31-56) 


is driven in all three of them. We wish to find the current amplitude / and the 
phase constant ¢. The solution is simplified by the use of phasor diagrams. 


The Current Amplitude 


We start with Fig. 31-14a, which shows the phasor representing the current of 
Eq. 31-56 at an arbitrary time ¢. The length of the phasor is the current ampli- 
tude J, the projection of the phasor on the vertical axis is the current / at time ¢, and 
the angle of rotation of the phasor is the phase w,t — ¢ of the current at time ¢. 





(a) 


FIG. 31-14 (a)A phasor representing the alternating current in the driven RLC circuit of Fig. 
31-7 at time t. The amplitude /, the instantaneous value i, and the phase (w,t — ) are shown. (b) 
Phasors representing the voltages across the inductor, resistor, and capacitor, oriented with re- 
spect to the current phasor in (a). (c) A phasor representing the alternating emf that drives the 
current of (a). (d) The emf phasor is equal to the vector sum of the three voltage phasors of (b). 


Here, voltage phasors V; and V- have been added vectorially to yield their net phasor (V; — Vc). 


Figure 31-14b shows the phasors representing the voltages across R, L,and C 
at the same time ¢. Each phasor is oriented relative to the angle of rotation of 
current phasor / in Fig. 31-14a, based on the information in Table 31-2: 


Resistor: Here current and voltage are in phase; so the angle of rotation of volt- 
age phasor Vp is the same as that of phasor J. 


Capacitor: Here current leads voltage by 90°; so the angle of rotation of voltage 
phasor Vis 90° less than that of phasor /. 


Inductor: Here current lags voltage by 90°; so the angle of rotation of voltage 
phasor v, 1s 90° greater than that of phasor /. 


Figure 31-145 also shows the instantaneous voltages vp, vc, and v, across R, C, 
and L at time ¢; those voltages are the projections of the corresponding phasors 
on the vertical axis of the figure. 

Figure 31-14c shows the phasor representing the applied emf of Eq. 31-55. 
The length of the phasor is the emf amplitude ©,,,, the projection of the phasor 
on the vertical axis is the emf © at time ¢t, and the angle of rotation of the phasor is 
the phase w,t of the emf at time ¢. 

From the loop rule we know that at any instant the sum of the voltages vp, Vc, 
and v, 1s equal to the applied emf @: 


E=vetrvety,. (31-57) 


Thus, at time ¢ the projection @ in Fig. 31-14c is equal to the algebraic sum of the 
projections Vp, Vc, and v, in Fig. 31-145. In fact, as the phasors rotate together, this 
equality always holds. This means that phasor @,, 1n Fig. 31-14c must be equal to 
the vector sum of the three voltage phasors Vp, Vc, and V, in Fig. 31-145. 

That requirement is indicated in Fig. 31-14d, where phasor @,,, is drawn as the 
sum of phasors Vp, V;,and V-. Because phasors V; and V- have opposite directions 
in the figure, we simplify the vector sum by first combining V; and V¢ to form the 
single phasor V; — Vc. Then we combine that single phasor with Vp to find the net 
phasor. Again, the net phasor must coincide with phasor @,,,, as shown. 

Both triangles in Fig. 31-14d are right triangles. Applying the Pythagorean 
theorem to either one yields 


C= Ver ~— Ve. (31-58) 
From the amplitude information displayed in Table 31-2 we can rewrite this as 
62, = UR)? + 1X, — 1X,)’, (31-59) 
and then rearrange it to the form 


£ 
[es (31-60) 
VR? + (X, — X¢) 
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(d) 








Positive @ 








Negative @ 





The denominator in Eq. 31-60 is called the impedance Z of the circuit for the 
driving angular frequency w,: 


Z = \R*-+ (4 — XP (impedance defined). (31-61) 


We can then write Eq. 31-60 as 
Em 
7 
If we substitute for X- and X, from Eqs. 31-39 and 31-49, we can write 
Eq. 31-60 more explicitly as 


I= (31-62) 


€ 
SSS (current amplitude). 
WR®: -F- (w,L = 1/@4yC)- 


(31-63) 


We have now accomplished half our goal: We have obtained an expression 
for the current amplitude / in terms of the sinusoidal driving emf and the circuit 
elements in a series RLC circuit. 

The value of J depends on the difference between w,L and 1/w,C in 
Eq. 31-63 or, equivalently, the difference between X, and X¢ in Eq. 31-60. In 
either equation, it does not matter which of the two quantities is greater because 
the difference is always squared. 

The current that we have been describing in this section is the steady-state 
current that occurs after the alternating emf has been applied for some time. 
When the emf is first applied to a circuit, a brief transient current occurs. Its dura- 
tion (before settling down into the steady-state current) is determined by the 
time constants 7, = L/R and tc = RC as the inductive and capacitive elements 
“turn on.” This transient current can, for example, destroy a motor on start-up if it 
is not properly taken into account in the motor’s circuit design. 


The Phase Constant 
From the right-hand phasor triangle in Fig. 31-14d and from Table 31-2 we can write 


Pe A ee 


31-64 
Vr IR ae 


which gives us 


X, — Xc 
tan @ = —~—_+ 


R (phase constant). (31-65) 


This is the other half of our goal: an equation for the phase constant ¢ in a sinu- 
soidally driven series RLC circuit. In essence, it gives us three different results for 
the phase constant, depending on the relative values of X, and X¢: 


X;, > Xc: The circuit is said to be more inductive than capacitive. Equation 31-65 
tells us that ¢ is positive for such a circuit, which means that phasor / rotates 
behind phasor @,, (Fig. 31-15a). A plot of 6 and i versus time is like that in 
Fig. 31-155. (Figures 31-14c and d were drawn assuming X, > X¢.) 


Xc > X,: The circuit is said to be more capacitive than inductive. Equation 31-65 tells 


FIG. 31-15 Phasor diagrams and graphs of the alternating emf © and current i for the 
driven RLC circuit of Fig. 31-7. In the phasor diagram of (a) and the graph of (b), the 
current i lags the driving emf © and the current’s phase constant ¢ is positive. In (c) and 
(d), the current i leads the driving emf © and its phase constant ¢ is negative. In (e) and 
(f ), the current / is in phase with the driving emf @ and its phase constant ¢ 1s zero. 


us that ¢ is negative for such a circuit, which means that phasor J rotates ahead of 
phasor @,,, (Fig. 31-15c). A plot of and i versus time is like that in Fig. 31-15d. 


Xc = X,;: The circuit is said to be in resonance, a state that 1s discussed next. 
Equation 31-65 tells us that @ = 0° for such a circuit, which means that phasors 
€,, and J rotate together (Fig. 31-15e). A plot of @ and i versus time is like that 
in Fig. 31-15. 


As illustration, let us reconsider two extreme circuits: In the purely inductive 
circuit of Fig. 31-12, where X, is nonzero and X-c = R = 0, Eq. 31-65 tells us that 
gd = +90° (the greatest value of #), consistent with Fig. 31-135. In the purely 
capacitive circuit of Fig. 31-10, where X¢ is nonzero and X, = R = 0, Eq. 31-65 
tells us that 6 = —90° (the least value of #), consistent with Fig. 31-11b. 


Resonance 


Equation 31-63 gives the current amplitude / in an RLC circuit as a function of 
the driving angular frequency w, of the external alternating emf. For a given 
resistance R, that amplitude is a maximum when the quantity w,L — 1/w,C in the 
denominator is zero — that 1s, when 


| 
Wy C 





wyL = 

: (maxi ) 

——— maximum 3 
NEC 


Because the natural angular frequency w of the RLC circuit is also equal to 
1/VLC, the maximum value of J occurs when the driving angular frequency 
matches the natural angular frequency —that is, at resonance. Thus, in an RLC 
circuit, resonance and maximum current amplitude J occur when 


or 7 = 


(31-66) 


(resonance). (31-67) 


Figure 31-16 shows three resonance curves for sinusoidally driven oscillations 
in three series RLC circuits differing only in R. Each curve peaks at its maximum 
current amplitude 7 when the ratio w,/m is 1.00, but the maximum value of / 
decreases with increasing R. (The maximum / is always @,,/R; to see why, com- 


Current amplitude J 





0.90 0.95 1.00 1.05 1.10 
,/@ 


SFIG. 31-16 Resonance curves for the driven RLC circuit of Fig. 31-7 with L = 100 wH, 
C = 100 pF, and three values of R. The current amplitude / of the alternating current 
depends on how close the driving angular frequency w, is to the natural angular 
frequency w. The horizontal arrow on each curve measures the curve’s half-width, which is 
the width at the half-maximum level and is a measure of the sharpness of the resonance. 
To the left of w,/w = 1.00, the circuit is mainly capacitive, with X¢ > X_,; to the right, it is 
mainly inductive, with X; > X¢c. 
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bine Eqs. 31-61 and 31-62.) In addition, the curves increase in width (measured in 
Fig. 31-16 at half the maximum value of /) with increasing R. 

To make physical sense of Fig. 31-16, consider how the reactances X, and X- 
change as we increase the driving angular frequency w,, starting with a value 
much less than the natural frequency w. For small w,, reactance X; (= w,L) is 
small and reactance X¢ (= 1/a,C) is large. Thus, the circuit is mainly capacitive 
and the impedance is dominated by the large X¢, which keeps the current low. 

AS we Increase w,, reactance X- remains dominant but decreases while reac- 
tance X, increases. The decrease in X¢ decreases the impedance, allowing the 
current to increase, as we see on the left side of any resonance curve in Fig. 31-16. 
When the increasing X, and the decreasing X¢ reach equal values, the current is 
greatest and the circuit is in resonance, with w,; = w. 

As we continue to increase w,, the increasing reactance X, becomes pro- 
gressively more dominant over the decreasing reactance X;. The impedance 
increases because of X, and the current decreases, as on the right side of any 
resonance curve in Fig. 31-16. In summary, then: The low-angular-frequency side 
of a resonance curve is dominated by the capacitor’s reactance, the high-angular- 
frequency side is dominated by the inductor’s reactance, and resonance occurs in 
the middle. 


CHECKPOINT 6 Here are the capacitive reactance and inductive reactance, 
respectively, for three sinusoidally driven series RLC circuits: (1) 50 ©, 100 Q; 
(2) 100 9, 50 Q; (3) 50 Q, 50 1. (a) For each, does the current lead or lag the applied 
emf, or are the two in phase? (b) Which circuit is in resonance? 


Sample Problem Cee 


In Fig. 31-7, let R = 200 Q, C = 15.0 wF L = 230 mH, We then find 
fa = 60.0 Hz, and @,, = 36.0 V. (These parameters are ¢ 36.0 V 
those used in Sample Problems 31-4, 31-5, and 31-6.) [= ¥ = a QO 7 0.164 A. (Answer) 


(b) What is the phase constant ¢ of the current in the 


ETE 5. current amolitude | depends on the circuit relative to the driving emf? 

The current amplitude 7 depends on the 

amplitude @,,, of the driving emf and on the impedance 

Z of the circuit, according to Eq. 31-62 U = @,,,/Z). Siz The phase constant depends on the induc- 
tive reactance, the capacitive reactance, and the resis- 
tance of the circuit, according to Eq. 31-65. 








(a) What is the current amplitude J? 


Calculations: So, we need to find Z, which depends on re- 
sistance R, capacitive reactance X, and inductive reactance 
X,. The circuit’s only resistance is the given resistance R. Its Calculation: Solving Eq. 31-65 for ¢ leads to 
only capacitive reactance is due to the given capacitance, 


and, from Sample Problem 31-5, X¢ = 177 0. Its only in- ea ttana X, 7 Xe _ cee 86.7.0 — 177 O 
ductive reactance is due to the given inductance, and, from R 200 2 
Sample Problem 31-6, X, = 86.7 (. Thus, the circuit’s im- = —243° = —0.424 rad. (Answer) 
pedance is . 

F = al R2 + (X, — X-) The negative phase constant is consistent with the fact 





~ J(200 a 670-177 NY that the load is mainly capacitive; that is, X¥- > X_,. In 
= V¥(200 O)" + (86.7 O — 177 Q) the mnemonic of Problem-Solving Tactic 1, this circuit is 
= 219 0. an [CE circuit— the current /eads the driving emf. 


31-10 Power in Alternating-Current Circuits 


In the RLC circuit of Fig. 31-7, the source of energy is the alternating-current 
generator. Some of the energy that it provides is stored in the electric field in the 
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capacitor, some is stored in the magnetic field in the inductor, and some is dis- sin 0 
sipated as thermal energy in the resistor. In steady-state operation— which we 
assume—the average energy stored in the capacitor and inductor together 
remains constant. The net transfer of energy is thus from the generator to the 
resistor, where electromagnetic energy is dissipated as thermal energy. 

The instantaneous rate at which energy is dissipated in the resistor can be 
written, with the help of Eqs. 26-27 and 31-29, as 


P=(?R = [Isin(@,gt — d))°R = [°R sin*(wat — ¢). (31-68) 


The average rate at which energy is dissipated in the resistor, however, is the aver- 
age of Eq. 31-68 over time. Over one complete cycle, the average value of sin 6, 
where @ is any variable, is zero (Fig. 31-17a) but the average value of sin’ 6 is - 
(Fig. 31-17b). (Note in Fig. 31-17b how the shaded areas under the curve but 
above the horizontal line marked +5 exactly fill in the unshaded spaces below 
that line.) Thus, we can write, from Eq. 31-68, 





I’R i 
Bete are 5" R. (31-69) FIG. 31-17 (a) A plot of sin 6 versus 
- 6. The average value over one cycle is 
The quantity J/V 2 is called the root-mean-square, or rms, value of the current i: zero. (b) A plot of sin’ 6 versus nie 
average value over one cycle is 5. 
I 
Longs = OE (rms current). 31-70 
3 (31-70) 
We can now rewrite Eq. 31-69 as 
en raaer! Zk (average power). (31-71) 


Equation 31-71 looks much like Eq. 26-27 (P = i?R); the message is that if we 
switch to the rms current, we can compute the average rate of energy dissipation 
for alternating-current circuits just as for direct-current circuits. 

We can also define rms values of voltages and emfs for alternating-current 
circuits: 


V oe 


V tir = —= and Ce = 
B 2 





(rms voltage; rms emf). (31-72) 


Alternating-current instruments, such as ammeters and voltmeters, are usually 
calibrated to read Jin., Vims, aNd Crm. Thus, if you plug an alternating-current 
voltmeter into a household electrical outlet and it reads 120 V, that is an rms volt- 
age. The maximum value of the potential difference at the outlet is V2 x (120 V), 
or 170 V. 
Because the proportionality factor 1/V2 in Eqs. 31-70 and 31-72 is the same 
for all three variables, we can write Eqs. 31-62 and 31-60 as 
Dang Serre rome, 31-73 
Zz R? = (X, —_ Kay ( ) 
and, indeed, this is the form that we almost always use. 
We can use the relationship /,,,, = G;m;/Z to recast Eq. 31-71 in a useful 
equivalent way. We write 
6 R 
Payo = —a— Tin = Eemsl ems 31-74 
avg Z, rms Tms*~ rms Z, ( ) 
From Fig. 31-14d, Table 31-2, and Eq. 31-62, however, we see that R/Z is just the 
cosine of the phase constant ¢: 
Ve _ IR R 


cos ¢ = €,, = TZ = 7" (31-75) 
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Equation 31-74 then becomes 


iene a Corals se COS Q 


(31-76) 


(average power), 


in which the term cos ¢ is called the power factor. Because cos ¢ = cos(— @), 
Eq. 31-76 is independent of the sign of the phase constant @. 

To maximize the rate at which energy is supplied to a resistive load in an RLC 
circuit, we should keep the power factor cos ¢ as close to unity as possible. This is 
equivalent to keeping the phase constant @¢ in Eq. 31-29 as close to zero as possible. 
If, for example, the circuit is highly inductive, it can be made less so by putting more 
capacitance in the circuit, connected in series. (Recall that putting an additional ca- 
pacitance into a series of capacitances decreases the equivalent capacitance C,, of 
the series.) Thus, the resulting decrease in C,, in the circuit reduces the phase con- 
stant and increases the power factor in Eq. 31-76. Power companies place series-con- 
nected capacitors throughout their transmission systems to get these results. 


CHECKPOINT 7 


(a) If the current in a sinusoidally driven series RLC circuit 


leads the emf, would we increase or decrease the capacitance to increase the rate at 
which energy is supplied to the resistance? (b) Would this change bring the resonant 
angular frequency of the circuit closer to the angular frequency of the emf or put it far- 


ther away? 


Sample Problem Ee 


A series RLC circuit, driven with @,,,; = 120 V at frequency 
fi, = 60.0 Hz, contains a resistance R = 200 Q, an inductance 
with X, = 80.00, and a capacitance with X¢ = 1502. 


(a) What are the power factor cos ¢ and phase constant 
d of the circuit? 


rei The power factor cos @ can be found 


from the resistance R and impedance Z via Eq. 31-75 
(cos d = R/Z). 


Calculations: To calculate Z, we use Eq. 31-61: 
Z = \R? + (X, — Xo 
= \(200 2)? + (80.0 — 1509)? = 211.900. 
Equation 31-75 then gives us 


wos ¢ = B= 2000 
= Z 211.900 





= (1.9438 ~ 0.944. (Answer) 


Taking the inverse cosine then yields 
d = cos! 0.944 = +19,3°. 


Both +19.3° and —19.3° have a cosine of 0.944. To de- 
termine which sign is correct, we must consider whether 
the current leads or lags the driving emf. Because X¢ > 
X,, this circuit is mainly capacitive, with the current 
leading the emf. Thus, ¢ must be negative: 


b = -19.3°. 


We could, instead, have found ¢ with Eq. 31-65. A calcula- 
tor would then have given us the answer with the minus sign. 


(Answer) 


(b) What is the average rate P,,, at which energy is 
dissipated in the resistance? 





oie There are two ways and two ideas to use: 


(1) Because the circuit is assumed to be in steady-state 
operation, the rate at which energy is dissipated in the 
resistance is equal to the rate at which energy is supplied 
to the circuit, as given by Eq. 31-76 (Pave = Grmsltms COS ©). 
(2) The rate at which energy is dissipated in a resistance 
R depends on the square of the rms current /,,,, through 
it, according to Eq. 31-71 (Pave = Tims). 


First way: We are given the rms driving emf @,,,, and 
we already know cos ¢ from part (a). The rms current 
[ms 18 determined by the rms value of the driving emf 
and the circuit’s impedance Z (which we know), accord- 
ing to Eq. 31-73: 
(Cone 

7 
Substituting this into Eq. 31-76 then leads to 


lee ~~ 


Z 


€ 
lan a Crnel nn COS p = <a COS p 


120 Vy? 
a Ee (0.9438) = 64.1 W. 


211.90 O Ce 


Second way: We then find 


2 
_ One 


lene = Te _ PR 


(120 V)? 
= ————— (200 0) = 64.1 W. (A 
(211.90 ay 7200) EN) 
(c) What new capacitance C,,,, is needed to maximize 
P.yg if the other parameters of the circuit are not 
changed? 


R 
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Pega I 
(1) The average rate P,,, at which energy is = Dy 


: eee oe @ waC, 
supplied and dissipated is maximized if the circuit is so 





brought into resonance with the driving emf. (2) Substituting 27f, for w, (because we are given f, and 

Resonance occurs when X- = X,. not w,) and then solving for C,,.y, we find 

Calculations: From the given data, we have Xc > X,. C= | = | 

Thus, we must decrease X¢ to reach resonance. From we aT ae, (27r)(60 Hz)(80.0 2) 

Eq. 31-39 (X¢ = 1/w,C), we see that this means we must 2x3 30'% 10° F = 33.2 ph. (Answer) 

increase C to the new value C,,.,y. . 
Using Eq. 31-39, we can write the resonance condi- Following the procedure of part (b), you can show that with 

tion Xc = X,; as Crews Pavg Would then be at its maximum value of 72.0 W. 
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Energy Transmission Requirements 


When an ac circuit has only a resistive load, the power factor in Eq. 31-76 is 
cos 0° = 1 and the applied rms emf @,,,, is equal to the rms voltage V,,,, across the 
load. Thus, with an rms current /,,,, in the load, energy is supplied and dissipated 
at the average rate of 


PA Sera iv (31-77) 


(In Eq. 31-77 and the rest of this section, we follow conventional practice and drop 
the subscripts identifying rms quantities. Engineers and scientists assume that all 
time-varying currents and voltages are reported as rms values; that is what the me- 
ters read.) Equation 31-77 tells us that, to satisfy a given power requirement, we 
have a range of choices, from a relatively large current / and a relatively small volt- 
age V to just the reverse, provided only that the product /V is as required. 

In electrical power distribution systems it is desirable for reasons of safety 
and for efficient equipment design to deal with relatively low voltages at both the 
generating end (the electrical power plant) and the receiving end (the home or 
factory). Nobody wants an electric toaster or a child’s electric train to operate at, 
say, 10 kV. On the other hand, in the transmission of electrical energy from the 
generating plant to the consumer, we want the lowest practical current (hence 
the largest practical voltage) to minimize J’R losses (often called ohmic losses) in 
the transmission line. 

As an example, consider the 735 kV line used to transmit electrical energy 
from the La Grande 2 hydroelectric plant in Quebec to Montreal, 1000 km away. 
Suppose that the current is 500 A and the power factor is close to unity. Then 
from Eq. 31-77, energy is supplied at the average rate 


Payg = €1 = (7.35 X 105 V)(500 A) = 368 MW. 


The resistance of the transmission line is about 0.220 (/km; thus, there 1s a total 
resistance of about 220 Q for the 1000 km stretch. Energy is dissipated due to that 
resistance at a rate of about 


Payg = I?R = (500 A)*(220 Q) = 55.0 MW, 


which is nearly 15% of the supply rate. 

Imagine what would happen if we doubled the current and halved the volt- 
age. Energy would be supplied by the plant at the same average rate of 368 MW 
as previously, but now energy would be dissipated at the rate of about 


Payg = I?R = (1000 A)?(220 0) = 220 MW, 


which is almost 60% of the supply rate. Hence the general energy transmission 
rule: Transmit at the highest possible voltage and the lowest possible current. 
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Primary Secondary 


FIG. 31-18 Anideal transformer 
(two coils wound on an iron core) in 
a basic transformer circuit. An ac 
generator produces current in the 
coil at the left (the primary). The coil 
at the right (the secondary) is con- 
nected to the resistive load R when 
switch S is closed. 


The [deal Transformer 


The transmission rule leads to a fundamental mismatch between the requirement 
for efficient high-voltage transmission and the need for safe low-voltage generation 
and consumption. We need a device with which we can raise (for transmission) and 
lower (for use) the ac voltage in a circuit, keeping the product current X voltage es- 
sentially constant. The transformer is such a device. It has no moving parts, operates 
by Faraday’s law of induction, and has no simple direct-current counterpart. 

The ideal transformer in Fig. 31-18 consists of two coils, with different num- 
bers of turns, wound around an iron core. (The coils are insulated from the core.) 
In use, the primary winding, of N, turns, is connected to an alternating-current 
generator whose emf © at any time fis given by 


6 = G,, Sin at. (31-78) 


The secondary winding, of N, turns, is connected to load resistance R, but its 
circuit is an open circuit as long as switch S is open (which we assume for the 
present). Thus, there can be no current through the secondary coil. We assume 
further for this ideal transformer that the resistances of the primary and sec- 
ondary windings are negligible. Well-designed, high-capacity transformers can 
have energy losses as low as 1%;so our assumptions are reasonable. 

For the assumed conditions, the primary winding (or primary) is a pure 
inductance and the primary circuit is like that in Fig. 31-12. Thus, the (very small) 
primary current, also called the magnetizing current Imay, lags the primary voltage 
V, by 90°; the primary’s power factor (= cos ¢ in Eq. 31-76) is zero; so no power 
is delivered from the generator to the transformer. 

However, the small sinusoidally changing primary current J,,,, produces a 
sinusoidally changing magnetic flux ®, in the iron core. The core acts to 
strengthen the flux and to bring it through the secondary winding (or secondary). 
Because ®, varies, it induces an emf €,,, (= d®;/dt) in each turn of the secondary. 
In fact, this emf per turn ©,,,, is the same in the primary and the secondary. Across 
the primary, the voltage V, is the product of €,,,, and the number of turns N palnatls, 
V, = GtumN,- Similarly, across the secondary the voltage is V, = €iy,,/V,. Thus, we can 
write 





———— Ve mae 
turn N, N, ’ 
N 
or Vase N (transformation of voltage). (31-79) 


If N, > N,, the transformer is called a step-up transformer because it steps the 
primary’s voltage V,, up to a higher voltage V,. Similarly, if N, < N,, the device is 
a step-down transformer. 

So far, with switch S open, no energy is transferred from the generator to 
the rest of the circuit. Now let us close S to connect the secondary to the resistive 
load R. (In general, the load would also contain inductive and capacitive 
elements, but here we consider just resistance R.) We find that now energy is 
transferred from the generator. Let us see why. 

Several things happen when we close switch S. 


1. An alternating current /, appears in the secondary circuit, with corresponding 
energy dissipation rate /?R (= V2/R) in the resistive load. 


2. This current produces its own alternating magnetic flux in the iron core, and 
this flux induces (from Faraday’s law and Lenz’s law) an opposing emf in the 
primary windings. 

3. The voltage V, of the primary, however, cannot change in response to this 
opposing emf because it must always be equal to the emf © that is provided by 
the generator; closing switch S cannot change this fact. 


4. To maintain V,,, the generator now produces (in addition to J,,,.) an alternat- 
ing current /, in the primary circuit; the magnitude and phase constant of 
[, are just those required for the emf induced by J, in the primary to exactly 
cancel the emf induced there by /,. Because the phase constant of J, is not 90° 
like that of Ina, this current J, can transfer energy to the primary. 


We want to relate J, to J,. However, rather than analyze the foregoing com- 
plex process in detail, let us just apply the principle of conservation of energy. 
The rate at which the generator transfers energy to the primary is equal to [,V,. 
The rate at which the primary then transfers energy to the secondary (via the 
alternating magnetic field linking the two coils) is [,V,. Because we assume 
that no energy is lost along the way, conservation of energy requires that 


Via eV 
Substituting for V, from Eq. 31-79, we find that 


I,=1 p Ne (transformation of currents). (31-80) 


This equation tells us that the current /, in the secondary can differ from the 
current J, in the primary, depending on the turns ratio N,,/N,. 

Current /, appears in the primary circuit because of the resistive load R in 
the secondary circuit. To find J,, we substitute /, = V,/R into Eq. 31-80 and then 
we substitute for V, from Eq. 31-79. We find 





1 (N, \ 
ae ( 7 V,,. (31-81) 


P 


This equation has the form J, = V,,/R,.,, where equivalent resistance R,, 1s 


eq? 


Np \? 
Rey at (31-82) 


This R., is the value of the load resistance as “seen” by the generator; the genera- 
tor produces the current J, and voltage V,, as if the generator were connected toa 
resistance Rgg. 


Impedance Matching 


Equation 31-82 suggests still another function for the transformer. For maximum 
transfer of energy from an emf device to a resistive load, the resistance of the emf 
device must equal the resistance of the load. The same relation holds for ac 
circuits except that the impedance (rather than just the resistance) of the genera- 
tor must equal that of the load. Often this condition is not met. For example, in 
a music-playing system, the amplifier has high impedance and the speaker set has 
low impedance. We can match the impedances of the two devices by coupling 
them through a transformer that has a suitable turns ratio N,/N,. 


Solar Activity and Power-Grid Systems 


In a solar flare, a huge loop of electrons and protons extends outward from the 
surface of the Sun, as shown in the photograph that opens this chapter. Some 
solar flares explode, shooting those charged particles into space. On March 10, 
1989, a gigantic solar flare exploded toward Earth. When the particles arrived 
three days later, they produced a 10° A current, called an electrojet, in the high- 
altitude atmosphere above the Northern Hemisphere. 

Because it is a current, an electrojet sets up a magnetic field B around itself, 
including along Earth’s surface. Using the right-hand rule of Fig. 29-4, we see that 
the electrojet in Fig. 31-19 sets up a magnetic field component B, along Earth’s 
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Electrojet 
(high altitude) 





FIG. 31-19 Anelectrojet (current) 
in the ionosphere produces a mag- 
netic field B, through a vertical loop 
formed by a transmission line, the 
ground, and the wires grounding the 
transformers (located inside the 
cylinders at the ends of the transmis- 
sion lines). Variations in B, induce 
current igjc around the loop. 
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surface, directed perpendicular to the long power transmission line shown there. 
Grounded step-up or step-down transformers are attached at each end of the 
transmission line. Note that the transmission line, the ground, and the wires 
grounding the transformers form a conducting loop. A magnetic flux ® due to B, 
penetrates that loop. 

An electrojet varies in both size and location, and the resulting variations in 
® induce emf and current in the loop. The current igjc, called the geomagnetically 
induced current (GIC), is directed along the transmission line and (more impor- 
tant) through the transformers. 

Transmission of power by a power-grid system depends on the proper 
sinusoidal variations in current and voltage throughout the system. The presence 
of igic through a transformer ruins the ability of the transformer’s core to trans- 
fer the sinusoidal variations in the primary to the secondary. The reason is that 
the added flux in the core due to the igjc saturates the core, making it unable to 
respond properly to sinusoidal variations in the primary. The result is that the 
current and voltage in the secondary are highly distorted and no longer sinu- 
soidal, and this distortion disrupts the power transmission. 

On March 13, 1989, this type of disruption caused the power-grid system of 
Quebec province to shut down. Today, whenever a solar flare explodes toward 
Earth, astronomers immediately warn power-grid engineers so that the engineers 
can brace for grid disruptions. ee 


CHECKPOINT 8 An alternating-current emf device in a certain circuit has 
a smaller resistance than that of the resistive load in the circuit; to increase the transfer 
of energy from the device to the load, a transformer will be connected between the two. 
(a) Should N, be greater than or less than N,,? (b) Will that make it a step-up or step- 
down transformer? 


Sample Problem [ERE 
A transformer on a utility pole operates at V, = 8.5 kV Reve a 
For a purely resistive load, the power factor 


on the primary side and supplies electrical energy to a a ; 
cos ¢ is unity; thus, the average rate at which energy is sup- 


number of nearby houses at V, = 120 V, both quantities . et oe 
being rms values. Assume an ideal step-down trans- plied and dissipated is given by Eq. 31-77 (Pay = 61 = IV). 


former, a purely resistive load, and a power factor of unity. Calculations: In the primary circuit, with V, = 8.5 kV, 


(a) What is the turns ratio N,,/N, of the transformer? Eq. 31-77 yields 


lee 78 x 103 W 
ety The turns ratio N,/N, is related to the a = ee ae Ores ee 


VV. 85x10°V 








(given) rms primary and secondary voltages via Eq. . (Answer) 
SITIO V = VN GEN): | 
Similarly, in the secondary circuit, 
Calculation: We can write Eq. 31-79 as : : 
avg 78 X 10° W 
V, Ns = — = ——— = 650A. (Answer) 








ae (31-83) 


P P 
(Note that the right side of this equation is the inverse You can check that /; = 1,(N,/Ns) as required by Eq. 31-80. 
of the turns ratio.) Inverting both sides of Eq. 31-83 
gives us 


V, 


S 


120 V 


(c) What is the resistive load R, in the secondary cir- 
cuit? What is the corresponding resistive load R, in the 
NM Ve 85 xX 10°V rimary circuit? 

=~ = —_ = 70.83 ~ 71. (Answer) : z 

N, V; 120V One way: We can use V = JR to relate the resistive 


(b) The average rate of energy consumption (or dissi- load to the rms voltage and current. For the secondary 
circuit, we find 


pation) in the houses served by the transformer is 
78 kW. What are the rms currents in the primary and R, = Ve _ 120V = (1.1846 2 ~ 0.18. (Answer) 








secondary of the transformer? "a 650 A 


Similarly, for the primary circuit we find 


a a We. 85 X10°V 
oa 9.176 A 


P 


= 9260 = 9300. (Answer) 


Second way: We use the fact that R, equals the equiva- 
lent resistive load “seen” from the primary side of the 


Review & Summary 


transformer, as given by Eq. 31-82 (R., = (N,/N,)°R). If we 
substitute R, for R,, and R, for R, that equation yields 


R 


P 


N 2 
= (*e R, = (70.83)?(0.1846 Q) 


= 926, = 930 0. (Answer) 


SAV SSO Le a 


LC Energy Transfers In an oscillating LC circuit, energy 
is shuttled periodically between the electric field of the capaci- 
tor and the magnetic field of the inductor; instantaneous val- 
ues of the two forms of energy are 
2 2 
q Li 
U; = and U, =—., 
“—— 2C 2 
where q is the instantaneous charge on the capacitor and i is 
the instantaneous current through the inductor. The total 
energy U (= U; + Ug) remains constant. 





(31-1, 31-2) 


LC Charge and Current Oscillations § The principle of 
conservation of energy leads to 


aad ay ie = 0 LC oscillati 

A C q (LC oscillations) 
as the differential equation of LC oscillations (with no resis- 
tance). The solution of Eq. 31-11 is 


q = Qcos(at + ¢) (31-12) 


in which Q is the charge amplitude (maximum charge on the 
capacitor) and the angular frequency w of the oscillations is 


L 





(31-11) 


(charge), 


0 =——. (31-4) 


The phase constant ¢ in Eq. 31-12 is determined by the initial 
conditions (at t = 0) of the system. 
The current iin the system at any time fis 


i= —wQ sin(wt + d) (31-13) 


(current), 


in which wQ is the current amplitude I. 


Damped Oscillations Oscillations in an LC circuit are damp- 
ed when a dissipative element R is also present in the circuit. Then 





dq dq 1 
ie ek ——— tg — ircuit). ; 
oF dt C q (RLC circuit). (31-24) 
The solution of this differential equation is 
q= Oente: cos(w't Bn d), (31-25) 
where w' = Vw" — (R/2L)’. (31-26) 


We consider only situations with small R and thus small damp- 
ing; then w’ ~ w. 


Alternating Currents; Forced Oscillations A series 
RLC circuit may be set into forced oscillation at a driving an- 
gular frequency w, by an external alternating emf 


6 =G,, Sin wyt. (31-28) 
The current driven in the circuit by the emf is 
1 = Isin(w,t — ), (31-29) 


where ¢is the phase constant of the current. 


Resonance The current amplitude Jin a series RLC circuit 
driven by a sinusoidal external emf is a maximum (J = @,,,/R) 
when the driving angular frequency w, equals the natural 
angular frequency w of the circuit (that is, at resonance). Then 
Xc = X,,¢ = 0,and the current is in phase with the emf. 


Single Circuit Elements The alternating potential differ- 
ence across a resistor has amplitude Vp = JR; the current is 
in phase with the potential difference. 

For a capacitor, Vc = [X¢, in which X¢ = 1/@,C is the 
capacitive reactance; the current here leads the potential 
difference by 90° (@ = —90° = —7/2 rad). 

For an inductor, V; = [X,, in which X, = w yl is the 
inductive reactance; the current here lags the potential differ- 
ence by 90° (¢ = +90° = +7/2 rad). 


Series RLC Circuits For aseries RLC circuit with external 
emf given by Eq. 31-28 and current given by Eq. 31-29, 


em 


= Woes (current amplitude) (31-60, 31-63) 
and tan d = Sto ae (phase constant). (31-65) 
Defining the impedance Z of the circuit as 

Z= VR? + (X, — X°P (impedance) (31-61) 


allows us to write Eq. 31-60 as J = @,,/Z. 


Power Ina series RLC circuit, the average power P,,, of 
the generator is equal to the production rate of thermal en- 
ergy in the resistor: 


Payg = L2pR = Ermas? rms COS - (31-71, 31-76) 


Here rms stands for root-mean-square; the rms quantities 
are related to the maximum quantities by f,,, = Ne 
VIN2, and ms = $m,/V2. The term cos ¢ is called the power 
factor of the circuit. 


Transformers A transformer (assumed to be ideal) is an 
iron core on which are wound a primary coil of N, turns and 
a secondary coil of N, turns. If the primary coil is connected 
across an alternating-current generator, the primary and sec- 
ondary voltages are related by 


N 
V.=V 


a 31-79 
p N, ( ) 


(transformation of voltage). 


The currents through the coils are related by 


N 
21, (31-80) 


(transformation of currents), 
Ss 


and the equivalent resistance of the secondary circuit, as seen 
by the generator, is 
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N, \ 
Reg = (aye) (31-82) 


where R is the resistive load in the secondary circuit. The ratio 
N,/N, 1s called the transformer’s turns ratio. 


QUESTIONS 


1 A charged capacitor and an inductor are connected at 
time ¢ = 0. In terms of the period T of the resulting oscilla- 
tions, what is the first later time at which the following reach 
a maximum: (a) Uz, (b) the magnetic flux through the induc- 
tor, (c) di/dt, and (d) the emf of the inductor? 


2 What values of phase constant ¢ in Eq. 31-12 allow situa- 
tions (a), (c), (e), and (g) of Fig. 31-1 to occur at t = 0? 


3 Figure 31-20 shows three oscillating LC circuits with iden- 
tical inductors and capacitors. Rank the circuits according to 
the time taken to fully discharge the capacitors during the 
oscillations, greatest first. 





FIG. 31-20 Question 3. 


4 Figure 31-21 shows graphs of capacitor voltage vc for LC 
circuits 1 and 2, which contain identical capacitances and have 
the same maximum charge Q. Are (a) the inductance L and 
(b) the maximum current J in circuit 1 greater than, less than, 
or the same as those in circuit 2? 


Vo 


| 


FIG. 31-21 Question 4. 


S Curve a in Fig. 31-22 givesthe , 
impedance Z of a driven RC cir- 

cuit versus the driving angular “Sennen £ 
frequency w,. The other two b 
curves are similar but for differ- 

ent values of resistance R and ca- 
pacitance C. Rank the three 

curves according to the corre- 


sponding value of R, greatest first. O,) 


6 Charges on the capacitors in 
three oscillating LC circuits vary 
as: (1) q = 2 cos 4t, (2) q = 4 cos t, (3) g =3 cos 4t (with g in 
coulombs and ¢ in seconds). Rank the circuits according to (a) 
the current amplitude and (b) the period, greatest first. 


FIG. 31-22 Question 5 


7 An alternating emf source with a certain emf amplitude is 
connected, in turn, to a resistor, a capacitor, and then an 


inductor. Once connected to 
one of the devices, the driving 
frequency f, is varied and the 
amplitude J of the resulting 
current through the device is 
measured and plotted. Which of 
the three plots in Fig. 31-23 cor- 
responds to which of the three 
devices? 





FIG. 31-23 Question 7. 


8 Figure 31-24 shows the cur- ¢ ; 
rent 7 and driving emf @ for a se- 
ries RLC circuit. (a) Does the 
current lead or lag the emf? (b) 
Is the circuit’s load mainly ca- 
pacitive or mainly inductive? 
(c) Is the angular frequency w, 
of the emf greater than or less 
than the natural angular fre- 
quency w? 





FIG. 31-24 
Questions 8 and 9. 


9 Figure 31-24 shows the current i and driving emf © for a 
series RLC circuit. Relative to the emf curve, does the current 
curve shift leftward or rightward and does the amplitude of 
that curve increase or decrease if we slightly increase (a) L, 
(b) C, and (c) w,? 


10 The values of the phase constant ¢ for four sinusoidally 
driven series RLC circuits are (1) —15°, (2) +35°, (3) 7/3 rad, 
and (4) —7/6 rad. (a) In which is the load primarily capaci- 
tive? (b) In which does the current lag the alternating emf? 


11 Figure 31-25 shows the cur- 
rent i and driving emf @ for a se- 
ries RLC circuit. (a) Is the phase 
constant positive or negative? (b) l 
To increase the rate at which en- 
ergy is transferred to the resistive 
load, should L be increased or de- 
creased? (c) Should, instead, C be 
increased or decreased? 


%, i ¢ 


FIG. 31-25 Question 11. 


12 Figure 31-26 shows three situations like those of Fig. 
31-15. Is the driving angular frequency greater than, less than, 
or equal to the resonant angular frequency of the circuit in 
(a) situation 1, (b) situation 2, and (c) situation 3? 


I I I 
Sm 
Sm %,, 
(1) (2) (3) 


FIG. 31-26 Question 12. 


Problems 
PROBLEMS 


& Tutoring problem available (at instructor's discretion) in WileyPLUS and WebAssign 
WWW> Worked-out solution is at 
e — eee Number of dots indicates level of problem difficulty ILW 


SSM Worked-out solution available in Student Solutions Manual 





http://www.wiley.com/college/halliday 





Interactive solution is at 
<8 — Additional information available in The Flying Circus of Physics and at flyingcircusofphysics.com 


Click here to view all step-by-step solutions 


sec. 31-2 LC Oscillations, Qualitatively 

°1 Inacertain oscillating LC circuit, the total energy is con- 
verted from electrical energy in the capacitor to magnetic 
energy in the inductor in 1.50 ys. What are (a) the period of 
oscillation and (b) the frequency of oscillation? (c) How long 
after the magnetic energy is a maximum will it be a maximum 
again? 


e2 What is the capacitance of an oscillating LC circuit if the 
maximum charge on the capacitor is 1.60 wC and the total 
energy is 140 pJ? 


e3 In an oscillating LC circuit, L = 1.10 mH and C = 4.00 
pF. The maximum charge on the capacitor is 3.00 wC. Find the 
maximum current. 


e4 The frequency of oscillation of a certain LC circuit is 200 
kHz. At time t = 0, plate A of the capacitor has maximum 
positive charge. At what earliest time ¢ >0 will (a) plate A 
again have maximum positive charge, (b) the other plate of 
the capacitor have maximum positive charge, and (c) the 
inductor have maximum magnetic field? 


*5 An oscillating LC circuit consists of a 75.0 mH inductor 
and a 3.60 uF capacitor. If the maximum charge on the capaci- 
tor is 2.90 uC, what are (a) the total energy in the circuit and 
(b) the maximum current? 


sec. 31-3 The Electrical-Mechanical Analogy 

e6 A 0.50 kg body oscillates in SHM on a spring that, when 
extended 2.0 mm from its equilibrium position, has an 8.0N 
restoring force. What are (a) the angular frequency of oscilla- 
tion, (b) the period of oscillation, and (c) the capacitance of an 
LC circuit with the same period if L is 5.0 H? 


ee7 The energy in an oscillating LC circuit containing a 
1.25 H inductor is 5.70 uJ. The maximum charge on the capac- 
itor is 175 wC. For a mechanical system with the same period, 
find the (a) mass, (b) spring constant, (c) maximum displace- 
ment, and (d) maximum speed. ssm 


sec. 31-4 LC Oscillations, Quantitatively 

eS LC oscillators have been used in circuits connected to 
loudspeakers to create some of the sounds of electronic music. 
What inductance must be used with a 6.7 wF capacitor to 
produce a frequency of 10 kHz, which is near the middle of 
the audible range of frequencies? 


e9 In an oscillating LC circuit with L =50mH and C= 
4.0 wE the current is initially a maximum. How long will it take 
before the capacitor is fully charged for the first time? !Lw 


°10 A single loop consists of inductors (1, L,.. .), capaci- 
tors (C,, C,.. .), and resistors (R,, R5,. . .) connected in series 
as shown, for example, in Fig. 31-27a. Show that regardless of 
the sequence of these circuit elements in the loop, the behav- 


ior of this circuit is identical to that of the simple LC circuit 
shown in Fig. 31-27b. (Hint: Consider the loop rule and see 
Problem 47 in Chapter 30.) 





FIG. 31-27. Problem 10. 


ee11 In Fig. 31-28, R = 14.00,C 
= 6.20 wF, and L = 54.0 mH, and 
the ideal battery has emf @ = 34.0 
V. The switch is kept in position a 
for a long time and then thrown to 
position b. What are the (a) fre- 
quency and (b) current amplitude 
of the resulting oscillations? ILw 





FIG. 31-28 Problem 11. 


ee12 ‘To construct an oscillating 

LC system, you can choose from a 10 mH inductor, a 5.0 wF 
capacitor, and a 2.0 wF capacitor. What are the (a) smallest, 
(b) second smallest, (c) second largest, and (d) largest oscilla- 
tion frequency that can be set up by these elements in various 
combinations? 


ee13 An oscillating LC circuit consisting of a 1.0 nF capaci- 
tor and a 3.0 mH coil has a maximum voltage of 3.0 V. What 
are (a) the maximum charge on the capacitor, (b) the maxi- 
mum current through the circuit, and (c) the maximum energy 
stored in the magnetic field of the coil? = !Lw 


ee14 An inductor is connected across a capacitor whose 
capacitance can be varied by turning a knob. We wish to make 
the frequency of oscillation of this LC circuit vary linearly 
with the angle of rotation of the knob, going from 2 X 10° to 
4 X 10° Hz as the knob turns through 180°. If L = 1.0 mH, 
plot the required capacitance C as a function of the angle of 
rotation of the knob. 


ee15 A variable capacitor with a range from 10 to 365 pF is 
used with a coil to form a variable-frequency LC circuit to 
tune the input to a radio. (a) What is the ratio of maximum 
frequency to minimum frequency that can be obtained with 
such a capacitor? If this circuit is to obtain frequencies from 
0.54 MHz to 1.60 MHz, the ratio computed in (a) is too large. 
By adding a capacitor in parallel to the variable capacitor, this 
range can be adjusted. To obtain the desired frequency range, 
(b) what capacitance should be added and (c) what induc- 
tance should the coil have? ssm www 


e°16 A Series circuit containing inductance L, and capac- 
itance C, oscillates at angular frequency w. A second series 
circuit, containing inductance L, and capacitance C), oscillates 


at the same angular frequency. In terms of w, what is the 
angular frequency of oscillation of a series circuit containing 
all four of these elements? Neglect resistance. (Hint: Use the 
formulas for equivalent capacitance and equivalent induc- 
tance; see Section 25-4 and Problem 47 in Chapter 30.) 


°e17 In an oscillating LC circuit with C = 64.0 uF, the 
current is given by i = (1.60) sin(2500¢ + 0.680), where t¢ is in 
seconds, i in amperes, and the phase constant in radians. 
(a) How soon after ¢ = 0 will the current reach its maximum 
value? What are (b) the inductance L and (c) the total 
energy? ILw 


ee18 In an oscillating LC circuit, when 75.0% of the total 
energy is stored in the inductor’s magnetic field, (a) what mul- 
tiple of the maximum charge is on the capacitor and (b) what 
multiple of the maximum current is in the inductor? 


°°19 In an oscillating LC circuit, L = 25.0mH and C= 
7.80 wF. At time ¢ = 0 the current is 9.20 mA, the charge on 
the capacitor is 3.80 wC, and the capacitor is charging. What 
are (a) the total energy in the circuit, (b) the maximum charge 
on the capacitor, and (c) the maximum current? (d) If the 
charge on the capacitor is given by g = Q cos(wt + ¢#), what is 
the phase angle ? (e) Suppose the data are the same, except 
that the capacitor is discharging at tf = 0. What then is ¢? 


°°20 An oscillating LC circuit has a current amplitude of 
7.50 mA, a potential amplitude of 250 mV, and a capacitance 
of 220 nF. What are (a) the period of oscillation, (b) the maxi- 
mum energy stored in the capacitor, (c) the maximum energy 
stored in the inductor, (d) the maximum rate at which the 
current changes, and (e) the maximum rate at which the 
inductor gains energy? 


°°21 Inan oscillating LC circuit, L = 3.00 mH and C = 2.70 
pF. At ¢ = 0 the charge on the capacitor is zero and the current 
is 2.00 A. (a) What is the maximum charge that will appear on 
the capacitor? (b) At what earliest time ¢ > 0 is the rate at 
which energy is stored in the capacitor greatest, and (c) what 
is that greatest rate? 


ee22 In an oscillating LC circuit in which C = 4.00 uF, the 
maximum potential difference across the capacitor during 
the oscillations is 1.50 V and the maximum current through 
the inductor is 50.0 mA. What are (a) the inductance L and 
(b) the frequency of the oscillations? (c) How much time is 
required for the charge on the capacitor to rise from zero to its 
maximum value? @& 


°¢23 Using the loop rule, derive the differential equation 
for an LC circuit (Eq. 31-11). 


sec. 31-5 Damped Oscillations in an RLC Circuit 

e*24 In an oscillating series RLC circuit, find the time 
required for the maximum energy present in the capacitor 
during an oscillation to fall to half its initial value. Assume g = 
Oatt=0. 


ee25 What resistance R should be connected in series with 
an inductance L = 220 mH and capacitance C = 12.0 uF for 
the maximum charge on the capacitor to decay to 99.0% of its 
initial value in 50.0 cycles? (Assume w’ ~ w.) !LW 


°¢26 A single-loop circuit consists of a 7.20 © resistor, a 
12.0 H inductor, and a 3.20 uF capacitor. Initially the capac- 
itor has a charge of 6.20 wC and the current is zero. Calculate 
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the charge on the capacitor N complete cycles later for 
(a) N = 5,(b) N = 10,and(c) N = 100. @ 


eee27 In an oscillating series RLC circuit, show that AU/U, 
the fraction of the energy lost per cycle of oscillation, is given 
to a close approximation by 27R/wL. The quantity wL/R is 
often called the Q of the circuit (for quality). A high-Q circuit 
has low resistance and a low fractional energy loss (= 27/Q) 
percycle. ssm 


sec. 31-8 Three Simple Circuits 

¢28 A 50.0 0 resistor is connected as in Fig. 31-8 to an ac gen- 
erator with @,, = 30.0 V. What is the amplitude of the resulting 
alternating current if the frequency of the emf is (a) 1.00 kHz 
and (b) 8.00 kHz? 


°29 (a) At what frequency would a 6.0 mH inductor and a 
10 pF capacitor have the same reactance? (b) What would the 
reactance be? (c) Show that this frequency would be the nat- 
ural frequency of an oscillating circuit with the same L and C. 


°30 A 1.50 pF capacitor is connected as in Fig. 31-10 to an 
ac generator with @,, = 30.0 V. What is the amplitude of the 
resulting alternating current if the frequency of the emf is 
(a) 1.00 kHz and (b) 8.00 kHz? 


¢31 A 50.0 mH inductor is connected as in Fig. 31-12 to an 
ac generator with @,, = 30.0 V. What is the amplitude of the 
resulting alternating current if the frequency of the emf is 
(a) 1.00 kHz and (b) 8.00 kHz? iLw 


°°32 Anac generator with emf € = @,,, sin w,t, where ©,, = 
25.0 V and wy = 377 rad/s, is connected to a 4.15 uF capacitor. 
(a) What is the maximum value of the current? (b) When the 
current is a maximum, what is the emf of the generator? 
(c) When the emf of the generator is —12.5 V and increasing 
in magnitude, what is the current? €& 


ee33  Anac generator has emf % = &,,, sin(w gt — 7/4), where 
Em = 30.0 V and w, = 350 rad/s. The current produced in a 
connected circuit is i(t) = Jsin(wyt — 37/4), where J = 
620 mA. At what time after t = 0 does (a) the generator emf 
first reach a maximum and (b) the current first reach a maxi- 
mum? (c) The circuit contains a single element other than the 
generator. Is it a capacitor, an inductor, or a resistor? Justify 
your answer. (d) What is the value of the capacitance, induc- 
tance, or resistance, as the case may be? ssm 


ee34 An ac generator has emf € = @,, sin w,t, with €,, = 
25.0 V and w, = 377 rad/s. It is connected to a 12.7 H inductor. 
(a) What is the maximum value of the current? (b) When the 
current is a maximum, what is the emf of the generator? (c) 
When the emf of the generator is —12.5 V and increasing in 
magnitude, what is the current? € 


sec. 31-9 The Series RLC Circuit 

¢35 Remove the inductor from the circuit in Fig. 31-7 and 
set R = 200 0, C = 15.0 uF, fy ie 
= 60.0Hz, and @,, = 36.0 V. | 
What are (a) Z, (b) ¢, and (c) [? 
(d) Draw a phasor diagram. 


I (A) 


°36 The current amplitude J 
versus driving angular fre- 
quency w, for a driven RLC 
circuit is given in Fig. 31-29, 
where the vertical axis scale is 


0 
10 30 50 
@, (1000 rad/s) 


FIG. 31-29 Problem 36. 


set by J, = 4.00 A. The inductance is 200 wH, and the emf am- 
plitude is 8.0 V. What are (a) C and (b) R? 


¢37 Remove the capacitor from the circuit in Fig. 31-7 and 
set R = 200 0, L = 230 mH, f, = 60.0 Hz, and @,,, = 36.0 V. 
What are (a) Z, (b) ¢, and (c) /? (d) Draw a phasor diagram. 


e38 An _ alternating source 
with a variable frequency, an 
inductor with inductance L, and 
a resistor with resistance RK are 
connected in series. Figure 31-30 
gives the impedance Z of the 
circuit versus the driving angu- 
lar frequency w,, with the hori- 0 
zontal axis scale set by w,, = 
1600 rad/s. The figure also gives 
the reactance X, for the induc- 
tor versus w,. What are (a) R and (b) L? 


e39 In Fig. 31-7, set R = 200 Q, C = 70.0 uF, L = 230 mH, 
fi, = 60.0 Hz, and €,, = 36.0 V. What are (a) Z, (b) ¢, and (c) J? 
(d) Draw a phasor diagram. ssm 
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FIG. 31-30 Problem 38. 


°40 An alternating source with a variable frequency, a 
capacitor with capacitance C, and a resistor with resistance R 
are connected in series. Figure 31-31 gives the impedance Z of 
the circuit versus the driving angular frequency w,; the curve 
reaches an asymptote of 500 Q, and the horizontal scale is set 
by w,, = 300 rad/s. The figure also gives the reactance X¢ for 
the capacitor versus w,. What are (a) R and (b) C? 
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FIG. 31-31 Problem 40. 


e41 An electric motor has an effective resistance of 32.0 © 
and an inductive reactance of 45.0 Q when working under 
load. The rms voltage across the alternating source is 420 V. 
Calculate the rms current. 


e42 An alternating source drives a series RLC circuit with 
an emf amplitude of 6.00 V, at a phase angle of +30.0°. When 
the potential difference across the capacitor reaches its 
maximum positive value of +5.00 V, what is the potential 
difference across the inductor (sign included)? 


e43 A coil of inductance 88 mH and unknown resistance 
and a 0.94 wF capacitor are connected in series with an alter- 
nating emf of frequency 930 Hz. If the phase constant be- 
tween the applied voltage and the current 1s 75°, what is the 
resistance of the coil? !Lw 


ee44 An alternating emf source with a variable frequency f, is 
connected in series with a 50.0 © resistor and a 20.0 wF capaci- 
tor. The emf amplitude is 12.0 V. (a) Draw a phasor diagram 
for phasor Vz (the potential across the resistor) and phasor V- 





(the potential across the capacitor). (b) At what driving 
frequency f, do the two phasors have the same length? At that 
driving frequency, what are (c) the phase angle in degrees, 
(d) the angular speed at which the phasors rotate, and (e) the 
current amplitude? 


ee45 An RLC circuit such as that of Fig. 31-7 has R= 
5.00 O, C = 20.0 uF, L = 1.00 H, and @,,, = 30.0 V. (a) At what 
angular frequency w, will the current amplitude have its maxi- 
mum value, as in the resonance curves of Fig. 31-16? (b) What 
is this maximum value? At what (c) lower angular frequency 
w,, and (d) higher angular frequency w,. will the current 
amplitude be half this maximum value? (e) What is the 
fractional half-width (w,, — w,))/w of the resonance curve for 
this circuit? ssm www 


ee46 Figure 31-32 shows a driven RLC circuit that contains 
two identical capacitors and two switches. The emf amplitude 
is set at 12.0 V, and the driving frequency is set at 60.0 Hz. 
With both switches open, the current leads the emf by 30.9°. 
With switch S, closed and switch S, still open, the emf leads 
the current by 15.0°. With both switches closed, the current 
amplitude is 447 mA. What are (a) R,(b) C,and(c) L? @& 





FIG. 31-32 Problem 46. 


ee47 (a) Inan RLC circuit, can the amplitude of the voltage 
across an inductor be greater than the amplitude of the gener- 
ator emf? (b) Consider an RLC circuit with @,, = 10 V, R = 
10 QO, L = 1.0H, and C = 1.0 wE Find the amplitude of the 
voltage across the inductor at resonance. !LW 


ee48 An alternating emf source with a variable frequency /, 
is connected in series with an 80.0 ( resistor and a 40.0 mH 
inductor. The emf amplitude is 6.00 V. (a) Draw a phasor dia- 
eram for phasor Vez (the potential across the resistor) and 
phasor V, (the potential across the inductor). (b) At what 
driving frequency f, do the two phasors have the same length? 
At that driving frequency, what are (c) the phase angle in 
degrees, (d) the angular speed at which the phasors rotate, and 
(e) the current amplitude? 


ee49 The fractional half-width Aw, of a resonance curve, 
such as the ones in Fig. 31-16, is the width of the curve at half 
the maximum value of J. Show that Aw,/w = R(3C/L)!”, 
where w is the angular frequency at resonance. Note that the 
ratio Aw,/w increases with R, as Fig.31-16 shows. ssm 


ee50 An ac generator with @,, = 220 V and operating at 
400 Hz causes oscillations in a series RLC circuit having R = 
220 Q, L = 150 mH, and C = 24.0 wR. Find (a) the capacitive 
reactance X¢, (b) the impedance Z, and (c) the current ampli- 
tude J. A second capacitor of the same capacitance is then con- 
nected in series with the other components. Determine 
whether the values of (d) X¢, (e) Z, and (f) J increase, 
decrease, or remain the same. @% 


ee51 In Fig. 31-33, a generator with an adjustable fre- 
quency of oscillation is connected to resistance R = 100 0, 
inductances L, = 1.70mH and L, = 2.30 mH, and capaci- 


tances C, = 400 uF, C, = 
2.50 wF, and C;, = 3.50 pF. 
(a) What is the resonant fre- 
quency of the circuit? (Hint: 
See Problem 47 in Chapter 
30.) What happens to the 
resonant frequency if (b) R 
is increased, (c) L, is in- 
creased, and (d) C; is removed from the circuit? 


FIG. 37-33 Problem 51. 


sec. 31-10 Power in Alternating-Current Circuits 


e52 What is the maximum value of an ac voltage whose rms 
value is 100 V? 


°53 What direct current will produce the same amount of 
thermal energy, in a particular resistor, as an alternating 
current that has a maximum value of 2.60 A? 


e54 An ac voltmeter with large impedance is connected in 
turn across the inductor, the capacitor, and the resistor in a 
series circuit having an alternating emf of 100 V (rms); the 
meter gives the same reading in volts in each case. What is this 
reading? 


e55 An air conditioner connected to a 120 V rms ac line is 
equivalent to a 12.0 © resistance and a 1.30 () inductive 
reactance in series. Calculate (a) the impedance of the air con- 
ditioner and (b) the average rate at which energy is supplied 
to the appliance. ssm 


e°56 For Fig. 31-34, show that 
the average rate at which energy 
is dissipated in resistance R is a 
maximum when R is equal to the 
internal resistance r of the ac 
generator. (In the text discussion 
we tacitly assumed that r = 0.) 


FIG. 31-34 Problems 56 
and 88. 


eeS7 Figure 31-35 shows an ac 
generator connected to a “black 
box” through a pair of terminals. The box contains an RLC cir- 
cuit, possibly even a multiloop circuit, whose elements and 
connections we do not know. Measurements outside the box 
reveal that 

€(t) = (75.0 V) sin wat 


and i(t) = (1.20 A) sin(wyt + 42.0°). 

(a) What is the power factor? (b) i(t) 

Does the current lead or lag the 

emf? (c) Is the circuit in the box ¢ 4) > 


largely inductive or largely ca- 

pacitive? (d) Is the circuit in the 

box in resonance? (e) Must there = F!G. 31-35 Problem 57. 
be a capacitor in the box? (f) An inductor? (g) A resistor? (h) At 
what average rate is energy delivered to the box by the genera- 
tor? (1) Why don’t you need to know w, to answer all these ques- 
tions? ssm www 


ee58 In a series oscillating RLC circuit, R = 16.0 0, C= 
31.2 wF, L = 9.20 mH, and © = &,,, sin wt with €,, = 45.0 V 
and wy = 3000 rad/s. For time t = 0.442 ms find (a) the rate P, 
at which energy is being supplied by the generator, (b) the 
rate P; at which the energy in the capacitor is changing, (c) 
the rate P, at which the energy in the inductor is changing, 
and (d) the rate Pr at which energy is being dissipated in the 
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resistor. (e) Is the sum of P;, P;, and Pe greater than, less 
than, or equal to P,? 


ee59 Inan RLC circuit such as that of Fig. 31-7 assume that 
R= 5.00 0, L = 60.0 mH, f, = 60.0 Hz, and @,,, = 30.0 V. For 
what values of the capacitance would the average rate at 
which energy is dissipated in the resistance be (a) a maximum 
and (b) a minimum? What are (c) the maximum dissipation 
rate and the corresponding (d) phase angle and (e) power 
factor? What are (f) the minimum dissipation rate and the cor- 
responding (g) phase angle and (h) power factor? 


e°60 A typical light dimmer 
used to dim the stage lights in a ve ; Ww 
theater consists of a variable IN- -T6 energy 

ductor L (whose inductance is — supply | 
adjustable between zero and 
tmax) Connected in series with a 
lightbulb B, as shown in Fig. 31- 
36. The electrical supply is 120 V (rms) at 60.0 Hz; the light- 
bulb is rated at 120 V, 1000 W. (a) What L,,,, is required if the 
rate of energy dissipation in the lightbulb is to be varied by a 
factor of 5 from its upper limit of 1000 W? Assume that the re- 
sistance of the lightbulb is independent of its temperature. (b) 
Could one use a variable resistor (adjustable between zero 


and Ry»ax) instead of an inductor? (c) If so, what Ry, iS re- 
quired? (d) Why isn’t this done? 


ee61 In Fig. 31-7, R = 15.0 0, C = 4.70 pF, and L = 25.0 
mH. The generator provides an emf with rms voltage 75.0 V 
and frequency 550 Hz. (a) What is the rms current? What is 
the rms voltage across (b) R, (c) C, (d) L, (e) C and L 
together, and (f) R, C,and L together? At what average rate is 
energy dissipated by (g) R, (h) C, and (i) L? 


FIG. 31-36 Problem 60. 


sec. 31-11 Transformers 

°62 Figure 31-37 shows an “auto- 
transformer.” It consists of a single coil — 
(with an iron core). Three taps T; are | 
provided. Between taps T, and 7, there 
are 200 turns, and between taps 7, and 
7; there are 800 turns. Any two taps can 
be chosen as the primary terminals, and 


— ; me 


VY 


— 


any two taps can be chosen as the sec- bi = 7 
ondary terminals. For choices producing t besnensserocerd 
a step-up transformer, what are the (a) ~~ 
smallest, (b) second smallest, and (c) FIG. 31-37 
Problem 62. 


largest values of the ratio V,/V,,? For a 
step-down transformer, what are the (d) 
smallest, (e) second smallest, and (f) largest values of V,/V,,? 


e63 A transformer has 500 primary turns and 10 secondary 
turns. (a) If V,, is 120 V (rms), what is V, with an open circuit? 
If the secondary now has a resistive load of 15 Q, what is the 
current in the (b) primary and (c) secondary? ssm ILw 


°64 A generator supplies 100 V to a transformer’s primary 
coil, which has 50 turns. If the secondary coil has 500 turns, 
what is the secondary voltage? 


ee65 An ac generator provides emf to a resistive load in a 
remote factory over a two-cable transmission line. At the fac- 
tory a step-down transformer reduces the voltage from its 
(rms) transmission value V, to a much lower value that is safe 
and convenient for use in the factory. The transmission line 


resistance is 0.30 Q/cable, and the power of the generator is 
250 kW. If V, = 80 kV, what are (a) the voltage decrease AV 
along the transmission line and (b) the rate P, at which energy is 
dissipated in the line as thermal energy? If V, = 8.0 kV, what are 
(c) AV and (d) P,? If V, = 0.80 kV, what are (e) AV and (f) P,? 


Additional Problems 

66 Anelectric motor connected to a 120 V, 60.0 Hz ac outlet 
does mechanical work at the rate of 0.100 hp (1 hp = 746 W). 
(a) If the motor draws an rms current of 0.650 A, what is its 
effective resistance, relative to power transfer? (b) Is this the 
same as the resistance of the motor’s coils, as measured with 
an ohmmeter with the motor disconnected from the outlet? 


67 In Fig. 31-38, a three-phase 
generator G produces electrical 
power that is transmitted by 
means of three wires. The elec- 
tric potentials (each relative to 
a common reference level) are 
V, =A sin w,t for wire 1, V> = 
A sin(wyt — 120°) for wire 2, and V;=A sin(@,t — 240°) for 
wire 3. Some types of industrial equipment (for example, 
motors) have three terminals and are designed to be connected 
directly to these three wires. To use a more conventional two- 
terminal device (for example, a lightbulb), one connects it to 
any two of the three wires. Show that the potential difference 
between any two of the wires (a) oscillates sinusoidally with 
angular frequency w, and (b) has an amplitude of AV3. ssm 


Three-wire transmission line 


FiG. 31-38 Problem 67. 


68 A 1.50 wF capacitor has a capacitive reactance of 12.01). 
(a) What must be its operating frequency? (b) What will be 
the capacitive reactance if the frequency is doubled? 


69 For a certain driven series RLC circuit, the maximum 
generator emf is 125 V and the maximum current ts 3.20 A. If 
the current leads the generator emf by 0.982 rad, what are the 
(a) impedance and (b) resistance of the circuit? (c) Is the 
circuit predominantly capacitive or inductive? 


70 Anoscillating LC circuit has an inductance of 3.00 mH and 
a capacitance of 10.0 wF Calculate the (a) angular frequency 
and (b) period of the oscillation. (c) At time ft = 0, the capacitor 
is charged to 200 wC and the current is zero. Roughly sketch the 
charge on the capacitor as a function of time. 


71 In a certain series RLC circuit being driven at a fre- 
quency of 60.0 Hz, the maximum voltage across the inductor 
is 2.00 times the maximum voltage across the resistor and 2.00 
times the maximum voltage across the capacitor. (a) By what 
angle does the current lag the generator emf? (b) If the maxi- 
mum generator emf ts 30.0 V, what should be the resistance of 
the circuit to obtain a maximum current of 300 mA? ssm 


72 What capacitance would you connect across a 1.30 mH 
inductor to make the resulting oscillator resonate at 3.50 kHz? 


73 AnLcC circuit oscillates at a frequency of 10.4 kHz. (a) If 
the capacitance is 340 uF, what is the inductance? (b) If the max- 
imum current is 7.20 mA, what is the total energy in the circuit? 
(c) What is the maximum charge on the capacitor? ssm 


74 A series RLC circuit has a resonant frequency of 
6.00 kHz. When it is driven at 8.00 kHz, it has an impedance of 
1.00 kQ and a phase constant of 45°. What are (a) R,(b) L, and 
(c) C for this circuit? 





75 Acapacitor of capacitance 158 wF and an inductor form 
an LC circuit that oscillates at 8.15 kHz, with a current ampli- 
tude of 4.21 mA. What are (a) the inductance, (b) the total 
energy in the circuit, and (c) the maximum charge on the 
capacitor? 


76 Aseries RLC circuit is driven in such a way that the max- 
imum voltage across the inductor is 1.50 times the maximum 
voltage across the capacitor and 2.00 times the maximum volt- 
age across the resistor. (a) What is ¢ for the circuit? (b) Is the 
circuit inductive, capacitive, or in resonance? The resistance is 
49.9 Q, and the current amplitude is 200 mA. (c) What is the 
amplitude of the driving emf? 


77 An RLC circuit is driven by a generator with an emf 
amplitude of 80.0 V and a current amplitude of 1.25 A. The 
current leads the emf by 0.650 rad. What are the (a) imped- 
ance and (b) resistance of the circuit? (c) Is the circuit induc- 
tive, capacitive, or in resonance? 


78 A 45.0 mH inductor has a reactance of 1.30 k©.. (a) What 
is its operating frequency? (b) What is the capacitance of a 
capacitor with the same reactance at that frequency? If the 
frequency is doubled, what is the new reactance of (c) the 
inductor and (d) the capacitor? 


79 A generator of frequency 3000 Hz drives a series RLC 
circuit with an emf amplitude of 120 V. The resistance is 40.0 
Q), the capacitance is 1.60 wK, and the inductance is 850 wH. 
What are (a) the phase constant in radians and (b) the cur- 
rent amplitude? (c) Is the circuit capacitive, inductive, or in 
resonance? 


80 A 1.50 mH inductor in an oscillating LC circuit stores a 
maximum energy of 10.0 wJ. What is the maximum current? 


81 A generator with an adjustable frequency of oscillation is 
wired in series to an inductor of L = 2.50 mH and a capacitor 
of C = 3.00 uF. At what frequency does the generator pro- 
duce the largest possible current amplitude in the circuit? 


82 Aseries RLC circuit is driven by an alternating source at 
a frequency of 400 Hz and an emf amplitude of 90.0 V. The 
resistance is 20.0 Q, the capacitance is 12.1 wF, and the induc- 
tance is 24.2 mH. What is the rms potential difference across 
(a) the resistor, (b) the capacitor, and (c) the inductor? 
(d) What is the average rate at which energy is dissipated? 


83 (a) In an oscillating LC circuit, in terms of the maximum 
charge Q on the capacitor, what is the charge there when the 
energy in the electric field is 50.0% of that in the magnetic 
field? (b) What fraction of a period must elapse following 
the time the capacitor is fully charged for this condition to 
occur? SSM 


84 When under load and operating at an rms voltage of 
220 V, a certain electric motor draws an rms current of 3.00 A. 
It has a resistance of 24.0 Q and no capacitive reactance. What 
is its inductive reactance? 


85 For a sinusoidally driven series RLC circuit, show that 
over one complete cycle with period 7 (a) the energy stored in 
the capacitor does not change; (b) the energy stored in the 
inductor does not change; (c) the driving emf device supplies 
energy GT)E,,1 cos @; and (d) the resistor dissipates energy 
(5T)RP. (e) Show that the quantities found in (c) and (d) are 
equal. ssm 


86 When the generator emf in Sample Problem 31-7 is a 
maximum, what is the voltage across (a) the generator, (b) the 
resistance, (c) the capacitance, and (d) the inductance? (e) By 
summing these with appropriate signs, verify that the loop rule 
is satisfied. 


87 An ac generator produces emf 6 = ©,, sin(wyt — 7/4), 
where @,,, = 30.0 V and w, = 350 rad/s. The current in the cir- 
cuit attached to the generator is i(t) = / sin(w,yt + 7/4), where 
I = 620 mA. (a) At what time after t = 0 does the generator 
emf first reach a maximum? (b) At what time after t = 0 does 
the current first reach a maximum? (c) The circuit contains a 
single element other than the generator. Is it a capacitor, an 
inductor, or a resistor? Justify your answer. (d) What is the 
value of the capacitance, inductance, or resistance, as the case 
may be? 


88 In Fig. 31-34, let the rectangular box on the left represent 
the (high-impedance) output of an audio amplifier, with r = 
1000 . Let R = 10 O represent the (low-impedance) coil of 
a loudspeaker. For maximum transfer of energy to the load R 
we must have R = r,and that is not true in this case. However, 
a transformer can be used to “transform” resistances, making 
them behave electrically as if they were larger or smaller than 
they actually are. (a) Sketch the primary and secondary coils 
of a transformer that can be introduced between the amplifier 
and the speaker in Fig. 31-34 to match the impedances. 
(b) What must be the turns ratio? 


89 A series circuit with resistor—inductor—capacitor combi- 
nation R,, L,, C, has the same resonant frequency as a second 
circuit with a different combination R,, L>, C;. You now con- 
nect the two combinations in series. Show that this new circuit 
has the same resonant frequency as the separate circuits. 


90 Consider the circuit 
shown in Fig. 31-39. With 
switch S, closed and the 
other two switches open, 
the circuit has a time con- 
Stant tc. With switch S, 
closed and the other two 
switches open, the circuit 
has a time constant 7,. With 
switch S; closed and the other two switches open, the circuit 
oscillates with a period T. Show that T = 27Vrcr;,. 


91 The ac generator in Fig. 
31-40 supplies 120 V at 60.0 
Hz. With the switch open as in 
the diagram, the current leads 
the generator emf by 20.0°. 
With the switch in position 1, 
the current lags the generator 
emf by 10.0°. When the switch 
is in position 2, the current 
amplitude is 2.00 A. What are 
(a) R,(b) L,and (c) C? 


92 In an oscillating LC circuit, L = 8.00mH and C= 
1.40 wr. At time ¢ = 0, the current is maximum at 12.0 mA. 
(a) What is the maximum charge on the capacitor during the 
oscillations? (b) At what earliest time ¢> 0 is the rate of 
change of energy in the capacitor maximum? (c) What is that 
maximum rate of change? 


FIG. 31-39 Problem 90. 


FIG. 31-40 Problem 91. 
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93 A series RLC circuit is driven by a generator at fre- 
quency 1050 Hz. The inductance is 90.0 mH; the capacitance is 
0.500 wF; and the phase constant has a magnitude of 60.0° 
(you should supply the appropriate sign for the angle). 
(a) What is the resistance? To increase the current amplitude 
in the circuit, should we increase or decrease (b) the driving 
frequency, (c) the inductance, and (d) the capacitance? 


94 A series RLC circuit is driven by a generator at a 
frequency of 2000 Hz and an emf amplitude of 170 V. The 
inductance is 60.0 mH, the capacitance is 0.400 uF, and the 
resistance 1s 200 (). (a) What is the phase constant in radians? 
(b) What is the current amplitude? 


95 A 7.00 wF capacitor has an initial potential of 12.0 V 
when it is connected across an inductor. The combination then 
oscillates at a frequency of 715 Hz. What is the inductance of 
the inductor? 


96 An LC oscillator consists of a 2.00 nF capacitor and a 
2.00 mH inductor. The maximum voltage is 4.00 V. What are 
(a) the frequency of the oscillations, (b) the maximum current, 
(c) the maximum energy stored in the inductor, and (d) the 
maximum rate di/dt at which the current changes? 


97 Figure 31-41 shows an RLC circuit that is driven by an 
emf source of fixed amplitude @,,,. Initially the circuit consists 
of one resistor of resistance R, one inductor of inductance L, 
and one capacitor of capacitance C, and the driving frequency 
matches the natural frequency. Then switches S,, S»,S3, and S, 
are closed, in that order. The closings bring in capacitors iden- 
tical to the first one or resistors identical to the first one. 

Let @,, = 12.0 V, C = 2.00 uF, L = 2.00mH, and R= 
12.0 . (a) Fill in the first blank column of the following table 
with the values of the equivalent capacitance C,, of the circuit 
after each switch closing. Similarly, fill in the other columns 
with values for (b) the resonance frequency f, (c) the equiva- 
lent resistance R,,, (d) the impedance Z, and (e) the current 
amplitude /. (Avoid rounding off the numbers until all calcula- 
tions are finished.) 


Closing Cea ‘a Reg Zz: I 





FIG. 31-41 Problem 97. 


Scala/Art Resource 


Maxwell's Equations; 
Magnetism of Matter 





Because Earth’s magnetic field gradually but continuously changes, 


the direction of north indicated by a compass also changes. For many 
reasons, researchers want to know the direction of north at specific 
times in the past, but finding historic records of compass readings is 
rare. However, certain paintings can help. For example, these murals in 
a hall of the Vatican (Bibliotheca Apostolica Vaticana) faithfully recorded 
the direction of north when they were painted in 1740. 


The answer is in this chapter. 
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Chapter 32 | Maxwell's Equations; Magnetism of Matter 


FIG. 32-1 Some of the inks used for 
tattoos contain magnetic particles. 
(Oliver Strewe/Getty Images, Inc.) 








32-1 WHAT IS PHYSICS? 


This chapter reveals some of the breadth of physics because it ranges from the 
basic science of electric and magnetic fields to the applied science and engineer- 
ing of magnetic materials. First, we conclude our basic discussion of electric and 
magnetic fields, finding that most of the physics principles in the last 11 chapters 
can be summarized in only four equations, known as Maxwell’s equations. 

Second, we examine the science and engineering of magnetic materials. The 
careers of many scientists and engineers are focused on understanding why some 
materials are magnetic and others are not and on how existing magnetic materi- 
als can be improved. These researchers wonder why Earth has a magnetic field 
but you do not. They find countless applications for inexpensive magnetic materi- 
als in cars, kitchens, offices, and hospitals, and magnetic materials often show up 
in unexpected ways. For example, if you have a tattoo (Fig. 32-1) and undergo an 
MRI (magnetic resonance imaging) scan, the large magnetic field used in the scan 
may noticeably tug on your tattooed skin because some tattoo inks contain 
magnetic particles. In another example, some breakfast cereals are advertised as 
being “iron fortified” because they contain small bits of iron for you to ingest. 
Because these iron bits are magnetic, you can collect them by passing a maou! 
over a Slurry of water and cereal. 

Our first step here is to revisit Gauss’ law, but this time for magnetic fields. 


32-2 | Gauss’ Law for Magnetic Fields 


Figure 32-2 shows iron powder that has been sprinkled onto a transparent sheet 
placed above a bar magnet. The powder grains, trying to align themselves with 
the magnet’s magnetic field, have fallen into a pattern that reveals the field. One 
end of the magnet is a source of the field (the field lines diverge from it) and the 
other end is a sink of the field (the field lines converge toward it). By convention, 
we call the source the north pole of the magnet and the sink the south pole, and 
we say that the magnet, with its two poles, is an example of a magnetic dipole. 
Suppose we break a bar magnet into pieces the way we can break a piece of 
chalk (Fig. 32-3). We should, it seems, be able to isolate a single magnetic pole, 
called a magnetic monopole. However, we cannot—not even if we break the 
magnet down to its individual atoms and then to its electrons and nuclei. Each 
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FIG. 32-3 If you break 
a magnet, each fragment 
FIG. 32-2. A bar magnet is a magnetic dipole. The iron filings | becomes a separate mag- 
suggest the magnetic field lines. (Colored light fills the back- net, with its own north 
ground.) (Runk/Schoenberger/Grant Heilman Photography) and south poles. 
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fragment has a north pole and a south pole. Thus: 





Gauss’ law for magnetic fields is a formal way of saying that magnetic 
monopoles do not exist. The law asserts that the net magnetic flux ®, through 
any closed Gaussian surface is zero: 


®,; = B-dA=0 (Gauss’ law for magnetic fields). (32-1) 





Contrast this with Gauss’ law for electric fields, 


QO; =  E E-dA= — (Gauss’ law for electric fields). 
0 

In both equations, the integral is taken over a closed Gaussian surface. Gauss’ law 
for electric fields says that this integral (the net electric flux through the surface) 
is proportional to the net electric charge q,,,. enclosed by the surface. Gauss’ law 
for magnetic fields says that there can be no net magnetic flux through the SU imdenetiefidld-B of a short bar mae 
face because there can be no net “magnetic charge” (individual magnetic poles) je The red curves represent cross 
enclosed by the surface. The simplest magnetic structure that can exist and thus _ cections of closed, three-dimensional 
be enclosed by a Gaussian surface is a dipole, which consists of both a source and Gaussian surfaces. 
a sink for the field lines. Thus, there must always be as much magnetic flux into 
the surface as out of it, and the net magnetic flux must always be zero. 

Gauss’ law for magnetic fields holds for structures more complicated than 
a magnetic dipole, and it holds even if the Gaussian surface does not enclose the 
entire structure. Gaussian surface II near the bar magnet of Fig. 32-4 encloses no 
poles, and we can easily conclude that the net magnetic flux through it is zero. 
Gaussian surface I is more difficult. It may seem to enclose only the north pole of 
the magnet because it encloses the label N and not the label S. However, a south 
pole must be associated with the lower boundary of the surface because magnetic 
field lines enter the surface there. (The enclosed section is like one piece of the 
broken bar magnet in Fig. 32-3.) Thus, Gaussian surface I encloses a magnetic 
dipole, and the net flux through the surface is zero. 


FIG. 32-4 The field lines for the 


CHECKPOINT 1 The figure here shows four closed surfaces with flat top 
and bottom faces and curved sides. The table gives the areas A of the faces and the 
magnitudes B of the uniform and perpendicular magnetic fields through those faces; 
the units of A and B are arbitrary but consistent. Rank the surfaces according to the 
magnitudes of the magnetic flux through their curved sides, greatest first. 


Surface ate ID ars Abot Bay 
a 2 6, outward 4 3, inward 
b 2 1,inward 4 2, inward 
Cc 2 6, inward 2 8, outward 
d Zi 3, outward 3 2, outward 








XXX x \ 


x 





FIG. 32-5 (a) Acircular parallel- 
plate capacitor, shown in side view, is 
being charged by a constant current 
i.(b) A view from within the capaci- 
tor, looking toward the plate at the 
right in (a). The electric field E is 
uniform, 1s directed into the page 
(toward the plate), and grows in 
magnitude as the charge on the ca- 
pacitor increases. The magnetic field 
B induced by this changing electric 
field is shown at four points on a cir- 
cle with a radius r less than the plate 
radius R. 
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32-3 | Induced Magnetic Fields 


In Chapter 30 you saw that a changing magnetic flux induces an electric field, and 
we ended up with Faraday’s law of induction in the form 


- d® , 
E-dy = - 
as--* 


Here E is the electric field induced along a closed loop by the changing magnetic 
flux ®, encircled by that loop. Because symmetry is often so powerful in physics, 
we should be tempted to ask whether induction can occur in the opposite sense; 
that is, can a changing electric flux induce a magnetic field? 

The answer is that it can; furthermore, the equation governing the induction 
of a magnetic field is almost symmetric with Eq. 32-2. We often call it Maxwell’s 
law of induction after James Clerk Maxwell, and we write it as 


B+ ds’ = p€ Ti 





(32-2) 


(Faraday’s law of induction). 





(32-3) 


(Maxwell’s law of induction). 


Here B is the magnetic field induced along a closed loop by the changing electric 
flux ®; in the region encircled by that loop. 

As an example of this sort of induction, we consider the charging of a parallel- 
plate capacitor with circular plates (Fig. 32-5a). (Although we shall focus on this 
arrangement, a changing electric flux will always induce a magnetic field whenever 
it occurs.) We assume that the charge on the capacitor is being increased at a 
steady rate by a constant current / in the connecting wires. Then the electric field 
magnitude between the plates must also be increasing at a steady rate. 

Figure 32-55 is a view of the right-hand plate of Fig. 32-5a from between the 
plates. The electric field is directed into the page. Let us consider a circular loop 
through point 1 in Figs. 32-5a and b, a loop that is concentric with the capacitor plates 
and has a radius smaller than that of the plates. Because the electric field through the 
loop is changing, the electric flux through the loop must also be changing. According to 
Eq. 32-3, this changing electric flux induces a magnetic field around the loop. 

Experiment proves that a magnetic field B is indeed induced around such 
a loop, directed as shown. This magnetic field has the same magnitude at every 
point around the loop and thus has circular symmetry about the central axis of 
the capacitor plates (the axis extending from one plate center to the other). 

If we now consider a larger loop—say, through point 2 outside the plates 
in Figs. 32-5a and b—we find that a magnetic field is induced around that loop 
as well. Thus, while the electric field 1s changing, magnetic fields are induced 
between the plates, both inside and outside the gap. When the electric field stops 
changing, these induced magnetic fields disappear. 

Although Eq. 32-3 is similar to Eq. 32-2, the equations differ in two ways. 
First, Eq. 32-3 has the two extra symbols py and &, but they appear only because 
we employ SI units. Second, Eq. 32-3 lacks the minus sign of Eq. 32-2, mean- 
ing that the induced electric field E and the induced magnetic field B have 
opposite directions when they are produced in otherwise similar situations. To 
see this opposition, examine Fig. 32-6, in which an increasing magnetic field B, 
directed into the page, induces an electric field E.The induced field E is counter- 
clockwise, opposite the induced magnetic field Bin Fig. 32-Sb. 


Ampere —- Maxwell Law 


Now recall that the left side of Eq. 32-3, the integral of the dot product B-ds 
around a closed loop, appears in another equation— namely, Ampere’s law: 
B aS Lolenc (32-4) 


(Ampere’s law), 
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where i,,, 1S the current encircled by the closed loop. Thus, our two equations that ee Es, 
specify the magnetic field B produced by means other than a magnetic material F ye gels x x ge 


(that is, by a current and by a changing electric field) give the field in exactly the 
same form. We can combine the two equations into the single equation 








a+ ae d® ; , ee 
B+ ds = po€o 7 + Lolenc  (Ampere—Maxwell law). (32-5) 4 x xX K KX X X 
j B\ x x K xX X XK 
When there is a current but no change in electric flux (such as with a wire \%* x = Eon 
carrying a constant current), the first term on the right side of Eq. 32-5 is zero, and \ x x KE x x 
so Eq. 32-5 reduces to Eq. 32-4, Ampere’s law. When there is a change in electric ee ee 


flux but no current (such as inside or outside the gap of a charging capacitor), the 


FIG. 32-6 A uniform magnetic field 
second term on the right side of Eq. 32-5 is zero, and so Eq. 32-5 reduces to 


B inacircular region. The field, di- 


Eq. 32-3, Maxwell’s law of induction. 


CHECKPOINT 2 The figure shows graphs of 
the electric field magnitude F versus time ¢ for four uni- 
form electric fields, all contained within identical circular 
regions as in Fig. 32-5b. Rank the fields according to the © 
magnitudes of the magnetic fields they induce at the edge 

of the region, greatest first. 


Sample Problem 





rected into the page, is increasing in 
magnitude. The electric field E in- 
duced by the changing magnetic field 
is shown at four points on a circle 
concentric with the circular region. 
Compare this situation with that of 

C Fig. 32-55. 





A parallel-plate capacitor with circular plates of radius 
R is being charged as in Fig. 32-Sa. 


(a) Derive an expression for the magnetic field at ra- 
dius r for the caser = R. 


Eee A magnetic field can be set up by a current 


and by induction due to a changing electric flux; both ef- 
fects are included in Eq. 32-5. There is no current be- 
tween the capacitor plates of Fig. 32-5, but the electric 
flux there 1s changing. Thus, Eq. 32-5 reduces to 


= d® 
b B-ds = nos, as 





(32-6) 


We shall separately evaluate the left and right sides of 
this equation. 


Left side of Eq. 32-6: We choose a circular Amperian 
loop with a radius r = R as shown in Fig. 32-5b because 
we want to evaluate the magnetic field for r = R—that 
is, inside the capacitor. The magnetic field B at all points 
along the loop is tangent to the loop, as is the path ele- 
ment ds’. Thus, B and d¥ are either parallel or antiparal- 
lel at each point of the loop. For simplicity, assume they 
are parallel (the choice does not alter our outcome 
here). Then 


b B-ds=  Badscos0? = Bas 


Due to the circular symmetry of the plates, we can also 
assume that B has the same magnitude at every point 


around the loop. Thus, B can be taken outside the integral 
on the right side of the above equation. The integral that 
remains is ¢ ds, which simply gives the circumference 277 
of the loop. The left side of Eq. 32-6 is then (B)(277r). 


Right side of Eq. 32-6: We assume that the electric field 
E is uniform between the capacitor plates and directed 
perpendicular to the plates. Then the electric flux ®; 
through the Amperian loop is EA, where A is the area 
encircled by the loop within the electric field. Thus, the 
right side of Eq. 32-6 is p&p) d(EA)/dt. 


Combining results: Substituting our results for the left 
and right sides into Eq. 32-6, we get 


(B)(2mr) = yey. 


Because A is a constant, we write d(EA) as A dE; so we 
have a 

(B)(27r) = poeoA ——. 
The area A that is encircled by the Amperian loop 
within the electric field is the full area mr? of the loop 
because the loop’s radius r is less than (or equal to) the 
plate radius R. Substituting mr? for A in Eq. 32-7 and 
solving the result for B give us,forr <= R, 


Goa) 


[oer dE 
2 dt 
This equation tells us that, inside the capacitor, B in- 


creases linearly with increased radial distance r, from 0 
at the central axis to a maximum value at plate radius R. 


B= (Answer) (32-8) 
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(b) Evaluate the field magnitude B for r= R/5 = 
11.0 mm and dE/dt = 1.50 X 10'* V/m:<s. 


Calculation: From the answer to (a), we have 


1 dE 
B= > Boel ie 


= 3(4a X 10-7 T- m/A)(8.85 X 107! C?/N - m’) 
x (11.0 x 1073 m)(1.50 x 10!? V/m - s) 


= 918 x 10°8T. (Answer) 


(c) Derive an expression for the induced magnetic field 
for the caser = R. 


Calculation: Our procedure is the same as in (a) except 
we now use an Amperian loop with a radius r that is 
greater than the plate radius R, to evaluate B outside the 
capacitor. Evaluating the left and right sides of Eq. 32-6 
again leads to Eq. 32-7. However, we then need this sub- 
tle point: The electric field exists only between the plates, 
not outside the plates. Thus, the area A that is encircled 
by the Amperian loop in the electric field is not the full 
area mr? of the loop. Rather, A is only the plate area 7R’. 


Substituting wR? for A in Eq. 32-7 and solving the 
result for B give us, forr = R, 


PoeR° dE 


B= . 
2r dt 


(Answer) (32-9) 
This equation tells us that, outside the capacitor, B 
decreases with increased radial distance r, from a maxi- 
mum value at the plate edges (where r = R). By substi- 
tuting r = R into Eqs. 32-8 and 32-9, you can show that 
these equations are consistent; that 1s, they give the 
Same maximum value of B at the plate radius. 

The magnitude of the induced magnetic field calcu- 
lated in (b) is so small that it can scarcely be measured 
with simple apparatus. This is in sharp contrast to the 
magnitudes of induced electric fields (Faraday’s law), 
which can be measured easily. This experimental differ- 
ence exists partly because induced emfs can easily be mul- 
tiplied by using a coil of many turns. No technique of com- 
parable simplicity exists for multiplying induced magnetic 
fields. In any case, the experiment suggested by this sam- 
ple problem has been done, and the presence of the in- 
duced magnetic fields has been verified quantitatively. 





a 
i é 
— we 
B 
Field due Field due Field due 
to current? tocurrent?, to current? 


FIG. 32-7 (a) The displacement cur- 
rent i, between the plates of a capaci- 
tor that is being charged by a current 
1.(b) The right-hand rule for finding 
the direction of the magnetic field 
around a wire with a real current (as 
at the left) also gives the direction of 
the magnetic field around a displace- 
ment current (as in the center). 
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If you compare the two terms on the right side of Eq. 32-5, you will see that the 
product ¢,)(d®,/dt) must have the dimension of a current. In fact, that product has 
been treated as being a fictitious current called the displacement current /,;: 


ly = & ae (displacement current). (32-10) 


“Displacement” is poorly chosen in that nothing is being displaced, but we are 
stuck with the word. Nevertheless, we can now rewrite Eq. 32-5 as 


B-ds = Pipi men plo lene (Ampere — Maxwell law), (32-11) 


in which i, en¢ iS the displacement current that is encircled by the integration loop. 
Let us again focus on a charging capacitor with circular plates, as in 
Fig. 32-7a. The real current i that is charging the plates changes the electric field E 
between the plates. The fictitious displacement current 7; between the plates is 
associated with that changing field E. Let us relate these two currents. 
The charge q on the plates at any time is related to the magnitude E of the 
field between the plates at that time by Eq. 25-4: 


q = &)AE, (32-12) 


in which A 1s the plate area. To get the real current i, we differentiate Eq. 32-12 
with respect to time, finding 
dq dE 


—t =j=6,A 


oa 32-13 
dt dt ( ) 


To get the displacement current 7, we can use Eq. 32-10. Assuming that the elec- 
tric field E between the two plates is uniform (we neglect any fringing), we can 


replace the electric flux ®, in that equation with EA.Then Eq. 32-10 becomes 


| db, | d(EA) _ |, dE 


Li — & dt = 10 dt E¢ Ai ‘ (32-14) 


Comparing Eggs. 32-13 and 32-14, we see that the real current i charging the 
capacitor and the fictitious displacement current i, between the plates have the 
same magnitude: 


Lj) = (displacement current in a capacitor). (32-15) 


Thus, we can consider the fictitious displacement current i, to be simply a con- 
tinuation of the real current i from one plate, across the capacitor gap, to the 
other plate. Because the electric field is uniformly spread over the plates, the 
same is true of this fictitious displacement current i,, as suggested by the spread 
of current arrows in Fig. 32-7a. Although no charge actually moves across the gap 
between the plates, the idea of the fictitious current i, can help us to quickly find 
the direction and magnitude of an induced magnetic field, as follows. 


Finding the Induced Magnetic Field 


In Chapter 29 we found the direction of the magnetic field produced by a real 
current i by using the right-hand rule of Fig. 29-4. We can apply the same rule to 
find the direction of an induced magnetic field produced by a fictitious displace- 
ment current i,, as is shown in the center of Fig. 32-7b for a capacitor. 

We can also use i, to find the magnitude of the magnetic field induced by 
a charging capacitor with parallel circular plates of radius R. We simply consider 
the space between the plates to be an imaginary circular wire of radius A carrying 
the imaginary current i,. Then, from Eq. 29-20, the magnitude of the magnetic 
field at a point inside the capacitor at radius r from the center is 


32-16 
2 aR? ( ) 


i 
B= (tote, (inside a circular capacitor). 
Similarly, from Eq. 29-17, the magnitude of the magnetic field at a point outside 
the capacitor at radius ris 


Mola 


B- 
2ur 


(32-17) 


(outside a circular capacitor). 


CHECKPOINT 3 The figure is a view of one plate of a parallel-plate capaci- 
tor from within the capacitor. The dashed lines show four integration paths (path b 
follows the edge of the plate). Rank the paths according to the magnitude of B-ds 
along the paths during the discharging of the capacitor, greatest first. 
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Sample Problem Eri 


The circular parallel-plate capacitor in Sample Problem 
32-1 is being charged with a current 1. 


(a) Between the plates, what is the magnitude of 
¢ B- ds, in terms of wo and i, at a radius r = R/5 from 
their center? 


rei A magnetic field can be set up by a current 


and by induction due to a changing electric flux; both ef- 
fects are included in Eq. 32-5. There is no current be- 


tween the capacitor plates of Fig. 32-5, but the electric 
flux there is changing. However, now we can replace the 
product ¢, d®,/dt in Eq. 32-5 with a fictitious displace- 
ment current i;. Then integral ¢ B+ dS is given by Eq. 
32-11, but because there is no real current / between the 
capacitor plates, the equation reduces to 


Bas = Mold.enc: 


Calculations: Because we want to evaluate ¢ B-ds at 


(32-18) 
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radius r = R/5 (within the capacitor), the integration loop 
encircles only a portion i,,,, of the total displacement 
current i,. Let’s assume that 7, is uniformly spread over 
the full plate area. Then the portion of the displacement 
current encircled by the loop is proportional to the area 
encircled by the loop: 


— displacement 
current Ljenc _ encircled area mr? 
or displacement full plate area 7R?’ 
current 1, 
This gives us 
mr? 


Ldenc — ld aR 


Substituting this into Eq. 32-18, we obtain 
2 


= ae . Tr 
B-ds = Mold” po" 


Now substituting i, =i (from Eq. 32-15) and r = R/5 
into Eq. 32-19 leads to 


=e _ (RIS) Mol 
b B-ds = ni KD er 


(32-19) 





(Answer) 


(b) In terms of the maximum induced magnetic field, 
what is the magnitude of the magnetic field induced at 
r = R/5, inside the capacitor? 


Coie Because the capacitor has parallel circular 


plates, we can treat the space between the plates as an 
imaginary wire of radius R carrying the imaginary cur- 
rent 1,. Then we can use Eq. 32-16 to find the induced 
magnetic field magnitude B at any point inside the ca- 
pacitor. 


Calculations: At r = R/5, Eq. 32-16 yields 


B at Mola = Mota R/S) i Mola 
2 aR? 2aR? 107R 





(32-20) 


From Eq. 32-16, the maximum field magnitude B,,,, 
within the capacitor occurs atr = R. It is 


l Ll 
Bua. = ( Kola )r — Bola 


= 32-21 
2mR?* 27R ( 


Dividing Eq. 32-20 by Eq. 32-21 and rearranging the re- 
sult, we find 


Phisad 
5 . 


~ 


B= (Answer) 

We should be able to obtain this result with a little 
reasoning and less work. Equation 32-16 tells us that in- 
side the capacitor, B increases linearly with r. Therefore, 
a point ! the distance out to the full radius R of the 


plates, where B,,,, occurs, should have a field B that is 
=B 
5*’ max" 
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Equation 32-5 is the last of the four fundamental equations of electromagnetism, 
called Maxwell’s equations and displayed in Table 32-1. These four equations 
explain a diverse range of phenomena, from why a compass needle points north 
to why a car starts when you turn the ignition key. They are the basis for the func- 
tioning of such electromagnetic devices as electric motors, television transmitters 
and receivers, telephones, fax machines, radar, and microwave ovens. 

Maxwell’s equations are the basis from which many of the equations you 


TABLE 32-1 


Maxwell’s Equations’ 


Name Equation 


i dA - Gene Ep 


[my 


Gauss’ law for electricity 


I 
~ 
| 
| 
o 


Gauss’ law for magnetism 


Faraday’s law 


d® 


do| 


-O4 >O, >. *O- 
ty 
5 
a] 
| 
oS 
Ss 


Ampere— Maxwell law i 


WAS MoE ee Holenc 


have seen since Chapter 21 can be derived. They are also the basis of many of the 
equations you will see in Chapters 33 through 36 concerning optics. 


Relates net electric flux to net enclosed electric charge 


Relates net magnetic flux to net enclosed magnetic charge 


Relates induced electric field to changing magnetic flux 


Relates induced magnetic field to changing electric flux 
and to current 


“Written on the assumption that no dielectric or magnetic materials are present. 
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The first known magnets were lodestones, which are stones that have been mag- 
netized (made magnetic) naturally. When the ancient Greeks and ancient 
Chinese discovered these rare stones, they were amused by the stones’ ability to 
attract metal over a short distance, as if by magic. Only much later did they learn 
to use lodestones (and artificially magnetized pieces of iron) in compasses t 
determine direction. : 

Today, magnets and magnetic materials are ubiquitous. Their magnetic prop- 
erties can be traced to their atoms and electrons. In fact, the inexpensive magnet 
you might use to hold a note on the refrigerator door is a direct result of the 
quantum physics taking place in the atomic and subatomic material within the 
magnet. Before we explore some of this physics, let’s briefly discuss the largest 
magnet we commonly use — namely, Earth itself. 


The Magnetism of Earth 


Earth is a huge magnet; for points near Earth’s surface, its magnetic field can be ap- 
proximated as the field of a huge bar magnet—a magnetic dipole —that straddles 
the center of the planet. Figure 32-8 is an idealized symmetric depiction of the dipole 
field, without the distortion caused by passing charged particles from the Sun. 

Because Earth’s magnetic field is that of a magnetic dipole, a magnetic dipole 
moment py is associated with the field. For the idealized field of Fig. 32-8, the 
magnitude of @ is 8.0 x 10” J/T and the direction of @ makes an angle of 11.5° 
with the rotation axis (RR) of Earth. The dipole axis (MM in Fig. 32-8) lies along 
je and intersects Earth’s surface at the geomagnetic north pole in northwest 
Greenland and the geomagnetic south pole in Antarctica. The lines of the mag- 
netic field B generally emerge in the Southern Hemisphere and reenter Earth in 
the Northern Hemisphere. Thus, the magnetic pole that is in Earth’s Northern 
Hemisphere and known as a “north magnetic pole” is really the south pole of 
Earth’s magnetic dipole. 

The direction of the magnetic field at any location on Earth’s surface 1s com- 
monly specified in terms of two angles. The field declination is the angle (left or 
right) between geographic north (which is toward 90° latitude) and the horizon- 
tal component of the field. The field inclination is the angle (up or down) between 
a horizontal plane and the field’s direction. 

Magnetometers measure these angles and determine the field with much pre- 
cision. However, you can do reasonably well with just a compass and a dip meter. 
A compass is simply a needle-shaped magnet that is mounted so it can rotate 
freely about a vertical axis. When it is held in a horizontal plane, the north-pole 
end of the needle points, generally, toward the geomagnetic north pole (really a 
south magnetic pole, remember). The angle between the needle and geographic 
north is the field declination. A dip meter is a similar magnet that can rotate 
freely about a horizontal axis. When its vertical plane of rotation is aligned with 
the direction of the compass, the angle between the meter’s needle and the hori- 
zontal is the field inclination. 

At any point on Earth’s surface, the measured magnetic field may differ 
appreciably, in both magnitude and direction, from the idealized dipole field of 
Fig. 32-8. In fact, the point where the field is actually perpendicular to Earth’s 
surface and inward is not located at the geomagnetic north pole in Greenland as 
we would expect: instead, this so-called dip north pole is located in the Queen 
Elizabeth Islands in northern Canada, far from Greenland. 

In addition, the field observed at any location on the surface of Earth varies 
with time, by measurable amounts over a period of a few years and by substantial 
amounts over, say, 100 years. For example, between 1580 and 1820 the direction 
indicated by compass needles in London changed by 35°. 


FF = 
— aS Je B 
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FIG. 32-8 Earth’s magnetic field 
represented as a dipole field. The di- 
pole axis MM makes an angle of 
11.5° with Earth’s rotational axis RR. 
The south pole of the dipole is 

in Earth’s Northern Hemisphere. 
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Age 2Q ( / 
me 2.0 0.7 0.7 


(million years) 


FIG. 32-9 A magnetic profile of the seafloor on either side of the 
Mid-Atlantic Ridge. The seafloor, extruded through the ridge and 
spreading out as part of the tectonic drift system, displays a record of 
the past magnetic history of Earth’s core. The direction of the mag- 
netic field produced by the core reverses about every million years. 





In spite of these local variations, the average dipole field changes only slowly 
over such relatively short time periods. Variations over longer periods can be 
studied by measuring the weak magnetism of the ocean floor on either side of the 
Mid-Atlantic Ridge (Fig. 32-9). This floor has been formed by molten magma 
that oozed up through the ridge from Earth’s interior, solidified, and was pulled 
away from the ridge (by the drift of tectonic plates) at the rate of a few centime- 
ters per year. As the magma solidified, it became weakly magnetized with its 
magnetic field in the direction of Earth’s magnetic field at the time of solidifica- 
tion. Study of this solidified magma across the ocean floor reveals that Earth’s 
field has reversed its polarity (directions of the north pole and south pole) about 
every million years. The reason for the reversals is not known. In fact, the mecha- 
nism that produces Earth’s magnetic field is only vaguely understood. 


32-7 Magnetism and Electrons 


Magnetic materials, from lodestones to videotapes, are magnetic because of the 
electrons within them. We have already seen one way in which electrons can 
generate a magnetic field: Send them through a wire as an electric current, and 
their motion produces a magnetic field around the wire. There are two more ways, 
each involving a magnetic dipole moment that produces a magnetic field in the sur- 
rounding space. However, their explanation requires quantum physics that is be- 
yond the physics presented in this book, and so here we shall only outline the results. 


Spin Magnetic Dipole Moment 


An electron has an intrinsic angular momentum called its spin angular momen- 
tum (or just spin) S; associated with this spin is an intrinsic spin magnetic 
dipole moment 4,. (By intrinsic, we mean that S and jt, are basic characteristics 
of an electron, like its mass and electric charge.) Vectors S and yu, are related by 


Lh =-— 32-22 
Ls —_ ( ) 


in which e is the elementary charge (1.60 < 107!’ C) and m is the mass of an electron 
(9.11 X 1073! kg). The minus sign means that ¢, and S are oppositely directed. 
Spin S is different from the angular momenta of Chapter 11 in two respects: 


1. Spin S itself cannot be measured. However, its component along any axis can 
be measured. 


2. A measured component of S is quantized, which is a general term that means 
it is restricted to certain values. A measured component of S can have only 
two values, which differ only in sign. 


Let us assume that the component of spin S is measured along the z axis of a 
coordinate system. Then the measured component S, can have only the two 
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values given by 


h 
= Mm, 


S: * On’ 


form, = +5, (32-23) 
where m, is called the spin magnetic quantum number and h (= 6.63 X 10°“ J-s) 
is the Planck constant, the ubiquitous constant of quantum physics. The signs 
given in Eq. 32-23 have to do with the direction of S, along the z axis. When S, 
is parallel to the z axis, m, is +5 and the electron is said to be spin up. When 
S.is antiparallel to the z axis, m, is —5 and the electron is said to be spin down. 

The spin magnetic dipole moment 4, of an electron also cannot be measured; gq. 32.40 The spin S,spin magnetic 
only its component along any axis can be measured, and that component too is dipole moment #,, and magnetic 
quantized, with two possible values of the same magnitude but different signs. We 
can relate the component pu, , measured on the z axis to S, by rewriting Eq. 32-22 
in component form for the z axis as 





dipole field B of an electron repre- 
sented as a microscopic sphere. 


e 
My z ~ —— oe 
mM 


4 


Substituting for S, from Eq. 32-23 then gives us 


eh 





Ms = = (32-24) 


— 4am’ 
where the plus and minus signs correspond to p, , being parallel and antiparallel 
to the z axis, respectively. 

The quantity on the right side of Eq. 32-24 is called the Bohr magneton pp: 


2} 
Lp = set ibs 9.27 x 10°*4J/T (Bohr magneton). (32-25) 
4am 


Spin magnetic dipole moments of electrons and other elementary particles can 
be expressed in terms of wp. For an electron, the magnitude of the measured z 
component of 4, 1s 


A. (32-26) 


(The quantum physics of the electron, called quantum electrodynamics, or QED, 
reveals that pw, , is actually slightly greater than 1g, but we shall neglect that 
fact.) 

When an electron is placed in an external magnetic field Bost a potential 
energy U can be associated with the orientation of the electron’s spin magnetic 
dipole moment yp, just as a potential energy can be associated with the orienta- 
tion of the magnetic dipole moment p of a current loop placed in Bax From 
Eq. 28-38, the potential energy for the electron is 


= 


U va Tle : Boxt a Ute eae (32-27) 


where the z axis is taken to be in the direction of B..- 

If we imagine an electron to be a microscopic sphere (which it is not), we can 
represent the spin S, the spin magnetic dipole moment p,, and the associated mag- 
netic dipole field as in Fig. 32-10. Although we use the word “spin” here, electrons do 
not spin like tops. How, then, can something have angular momentum without actu- 
ally rotating? Again, we would need quantum physics to provide the answer. 

Protons and neutrons also have an intrinsic angular momentum called spin 
and an associated intrinsic spin magnetic dipole moment. For a proton those two 
vectors have the same direction, and for a neutron they have opposite directions. 
We shall not examine the contributions of these dipole moments to the magnetic 
fields of atoms because they are about a thousand times smaller than that due to 
an electron. 
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CHECKPOINT 4 The figure here shows the spin ori- B 
entations of two particles in an external magnetic field B.,,. (a) 
If the particles are electrons, which spin orientation is at lower 
potential energy? (b) If, instead, the particles are protons, — 
which spin orientation is at lower potential energy? 


At 





Orbital Magnetic Dipole Moment 


When it is in an atom, an electron has an additional angular momentum called 
its orbital angular momentum L,,,. Associated with L,,, is an orbital magnetic 
dipole moment {,,,,; the two are related by 


e — 
doe = — Ee 32-28 
Morb Im orb ( ) 


The minus sign means that “,,, and ae have opposite directions. 

Orbital angular momentum io cannot be measured; only its component 
along any axis can be measured, and that component is quantized. The compo- 
nent along, say, a z axis can have only the values given by 


cob. = Me — for my = 0, +1, +2,..., + (limit), (32-29) 
in which m, is called the orbital magnetic quantum number and “limit” refers to 
some largest allowed integer value for m,. The signs in Eq. 32-29 have to do with 
the direction of L,,,, along the z axis. 

The orbital magnetic dipole moment L,,, of an electron also cannot itself be 
measured; only its component along an axis can be measured, and that compo- 
nent is quantized. By writing Eq. 32-28 for a component along the same z axis 
as above and then substituting for L,,, from Eq. 32-29, we can write the z 
component p,,,,, of the orbital magnetic dipole moment as 





h 
Morb,z — ~— Me ; (32-30) 
* 4irm 
and, in terms of the Bohr magneton, as 
Morb,z — ~ MeMp- (32-31) 


When an atom 1s placed in an external magnetic field Boers a potential energy 
U can be associated with the orientation of the orbital magnetic dipole moment 
of each electron in the atom. Its value is 


CS ae Klee i Bex = Ta iothe Bex (62-32) 


where the z axis is taken in the direction of Bat 

Although we have used the words “orbit” and “orbital” here, electrons do not 
orbit the nucleus of an atom like planets orbiting the Sun. How can an electron 
have an orbital angular momentum without orbiting in the common meaning of 
the term? Once again, this can be explained only with quantum physics. 


Loop Model for Electron Orbits 


We can obtain Eq. 32-28 with the nonquantum derivation that follows, in which 
we assume that an electron moves along a circular path with a radius that is much 
larger than an atomic radius (hence the name “loop model”). However, the 
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derivation does not apply to an electron within an atom (for which we need 
quantum physics). 

We imagine an electron moving at constant speed v in a circular path of 
radius r, counterclockwise as shown in Fig. 32-11. The motion of the negative 
charge of the electron is equivalent to a conventional current i (of positive charge) 
that is clockwise, as also shown in Fig. 32-11. The magnitude of the orbital mag- 
netic dipole moment of such a current loop is obtained from Eq. 28-35 with N = 1: 


Morb — 1A, (32-33) 


where A is the area enclosed by the loop. The direction of this magnetic dipole 
moment is, from the right-hand rule of Fig. 29-22, downward in Fig. 32-11. 

To evaluate Eq. 32-33, we need the current i. Current is, generally, the rate 
at which charge passes some point in a circuit. Here, the charge of magnitude FIG.32-11 Anelectron moving at 








e takes atime T = 27r/v to circle from any point back through that point, so constant speed v in a circular path 
of radius 7 that encloses an area A. 
charge e The electron has an orbital angular 

| = —— = (32-34) > 
time 2 arlv momentum L,,, and an associated 
ae aut orbital magnetic dipole moment 
Substituting this and the area. A = zr? of the loop into Eq. 32-33 gives us orp: A Clockwise current i (of posi- 
e our tive charge) is equivalent to the 


Korh = wr =—. (32-35) counterclockwise circulation of the 


2arlv 2 negatively charged electron. 





To find the electron’s orbital angular momentum i we use Eq. 11-18, 
€ = m(7r X V). Because 7 and ¥ are perpendicular, L,,, has the magnitude 


oth = Mrv sin 90° = mrv. (32-36) 


The vector L,,, is directed upward in Fig. 32-11 (see Fig. 11-12). Combining 
Eqs. 32-35 and 32-36, generalizing to a vector formulation, and indicating the 
opposite directions of the vectors with a minus sign yield 


—_ e a 
Morb — Lace 
2m 


which is Eq. 32-28. Thus, by “classical” (nonquantum) analysis we have obtained 
the same result, in both magnitude and direction, given by quantum physics. You 
might wonder, seeing as this derivation gives the correct result for an electron 
within an atom, why the derivation is invalid for that situation. The answer is that 
this line of reasoning yields other results that are contradicted by experiments. 


Loop Model in a Nonuniform Field 


We continue to consider an electron orbit as a current loop, as we did in 
Fig. 32-11. Now, however, we draw the loop in a nonuniform magnetic field Bact aS 
shown in Fig. 32-12a. (This field could be the diverging field near the north pole of 
the magnet in Fig. 32-4.) We make this change to prepare for the next several sec- 
tions, in which we shall discuss the forces that act on magnetic materials when the 
materials are placed in a nonuniform magnetic field. We shall discuss these forces 
by assuming that the electron orbits in the materials are tiny current loops like 
that in Fig. 32-12a. 

Here we assume that the magnetic field vectors all around the electron’s 
circular path have the same magnitude and form the same angle with the vertical, 
as shown in Figs. 32-125 and d. We also assume that all the electrons in an atom 
move either counterclockwise (Fig. 32-12b) or clockwise (Fig. 32-12d). The associ- 
ated conventional current i around the current loop and the orbital magnetic 
dipole moment 14,,, produced by i are shown for each direction of motion. 

Figures 32-12c and e show diametrically opposite views of a length element 
dL of the loop that has the same direction as i, as seen from the plane of the orbit. 
Also shown are the field Bea, and the resulting magnetic force dF on dL. Recall 


Chapter 32 | Maxwell's Equations; Magnetism of Matter 





(a) 








FIG. 32-12 (a) A loop model for an 
electron orbiting in an atom while in 
a nonuniform magnetic field Bx. (b) 
Charge —e moves counterclockwise; 
the associated conventional current i 
is clockwise. (c) The magnetic forces 
dF on the left and right sides of the 
loop, as seen from the plane of the 
loop. The net force on the loop ts up- 
ward. (d) Charge —e now moves 
clockwise. (e) The net force on the 
loop is now downward. 





that a current along an element dL ina magnetic field Box experiences a mag- 
netic force dF as given by Eq. 28-28: 


dF =idL X Byy. (32-37) 


On the left side of Fig. 32-12c, Eq. 32-37 tells us that the force dF is directed 
upward and rightward. On the right side, the force dF is just as large and 1s directed 
upward and leftward. Because their angles are the same, the horizontal compo- 
nents of these two forces cancel and the vertical components add. The same ts true 
at any other two symmetric points on the loop. Thus, the net force on the current 
loop of Fig. 32-125 must be upward. The same reasoning leads to a downward net 
force on the loop in Fig. 32-12d. We shall use these two results shortly when we ex- 
amine the behavior of magnetic materials in nonuniform magnetic fields. 
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Each electron in an atom has an orbital magnetic dipole moment and a spin 
magnetic dipole moment that combine vectorially. The resultant of these two vector 
quantities combines vectorially with similar resultants for all other electrons in the 
atom, and the resultant for each atom combines with those for all the other atoms in 
a sample of a material. If the combination of all these magnetic dipole moments pro- 
duces a magnetic field, then the material is magnetic. There are three general types 
of magnetism: diamagnetism, paramagnetism, and ferromagnetism. 


1. Diamagnetism is exhibited by all common materials but is so feeble that it 1s 
masked if the material also exhibits magnetism of either of the other two 
types. In diamagnetism, weak magnetic dipole moments are produced in the 
atoms of the material when the material is placed in an external magnetic field 
Be. the combination of all those induced dipole moments gives the material 
as a whole only a feeble net magnetic field. The dipole moments and thus their 
net field disappear when B,., is removed. The term diamagnetic material 
usually refers to materials that exhibit only diamagnetism. 


2. Paramagnetism is exhibited by materials containing transition elements, rare 
earth elements, and actinide elements (see Appendix G). Each atom of such a ma- 
terial has a permanent resultant magnetic dipole moment, but the moments are 
randomly oriented in the material and the material as a whole lacks a net mag- 
netic field. However, an external magnetic field Boe can partially align the atomic 
magnetic dipole moments to give the material a net magnetic field. The alignment 
and thus its field disappear when Be is removed. The term paramagnetic material 
usually refers to materials that exhibit primarily paramagnetism. 


3. Ferromagnetism is a property of iron, nickel, and certain other elements (and 
of compounds and alloys of these elements). Some of the electrons in these 
materials have their resultant magnetic dipole moments aligned, which pro- 
duces regions with strong magnetic dipole moments. An external field Bo can 
then align the magnetic moments of such regions, producing a strong magnetic 
field for a sample of the material; the field partially persists when B.., is 
removed. We usually use the terms ferromagnetic material and magnetic mate- 
rial to refer to materials that exhibit primarily ferromagnetism. 


The next three sections explore these three types of magnetism. 
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We cannot yet discuss the quantum physical explanation of diamagnetism, but we 
can provide a classical explanation with the loop model of Figs. 32-11 and 32-12. 
To begin, we assume that in an atom of a diamagnetic material each electron can 
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orbit only clockwise as in Fig. 32-12d or counterclockwise as in Fig. 32-126. To 
account for the lack of magnetism in the absence of an external magnetic field B.., 
we assume the atom lacks a net magnetic dipole moment. This implies that before 
Ba is applied, the number of electrons orbiting in one direction is the same as that 
orbiting in the opposite direction, with the result that the net upward magnetic di- 
pole moment of the atom equals the net downward magnetic dipole moment. 

Now let’s turn on the nonuniform field B ext OL Fig. 32-12a, in which B.., is 
directed upward but is diverging (the magnetic field lines are diverging). We 
could do this by increasing the current through an electromagnet or by moving 
the north pole of a bar magnet closer to, and below, the orbits. As the magni- 
tude of B, xt Increases from zero to its final maximum, steady-state value, a clock- 
wise electric field is induced around each electron’s orbital loop according to 
Faraday’s law and Lenz’s law. Let us see how this induced electric field affects the 
orbiting electrons in Figs. 32-125 and d. 

In Fig. 32-125, the counterclockwise electron is accelerated by the clockwise elec- 
tric field. Thus, as the magnetic field Bow increases to its maximum value, the electron 
speed increases to a maximum value. This means that the associated conventional cur- 
rent iand the downward magnetic dipole moment p due to i also increase. 

In Fig. 32-12d, the clockwise electron is decelerated by the clockwise electric 
field. Thus, here, the electron speed, the associated current i, and the upward 
magnetic dipole moment yp due to i all decrease. By turning on field Bo we have 
given the atom a net magnetic dipole moment that is downward. This would also 
be so if the magnetic field were uniform. 

The nonuniformity of field B, ext also affects the atom. Because the current / in 
Fig. 32-12b increases, the upward magnetic forces dF in Fig. 32-12c also increase, 
as does the net upward force on the current loop. Because current / in Fig. 32-12d 
decreases, the downward magnetic forces dF in Fig. 32-12e also decrease, as does 
the net downward force on the current loop. Thus, by turning on the nonuniform 
field Bo we have produced a net force on the atom; moreover, that force is 
directed away from the region of greater magnetic field. 

We have argued with fictitious electron orbits (current loops), but we have 
ended up with exactly what happens to a diamagnetic material: If we apply 
the magnetic field of Fig. 32-12, the material develops a downward magnetic 
dipole moment and experiences an upward force. When the field is removed, 
both the dipole moment and the force disappear. The external field need not be 
positioned as shown in Fig. 32-12; similar arguments can be made for other orien- 
tations of Bae In general, 


~ “9 | 


@@™ A diamagnetic material plac Sata nan external magnetic field B,,; develops amag- 
“netic c dipole moment directed opposite Boxe .If the field is nonuniform, the diamagnetic 
material is ee from a yregion of pe magnetic. field toward aregion of lesser field. 

See eS Sie . FIG. 32-13 An overhead view of a 
frog that is being levitated in a mag- 

netic field produced by current in a 

vertical solenoid below the frog. 








i ld 








The frog in Fig. 32-13 is diamagnetic (as is any other animal). When the frog 
was placed in the diverging magnetic field near the top end of a vertical current- 
carrying solenoid, every atom in the frog was repelled upward, away from the Aesop nord ceomion tie 
region of stronger magnetic field at that end of the solenoid. The frog moved on cation is like floating in ate 
upward into weaker and weaker magnetic field until the upward magnetic force which frogs like very much.) 
balanced the gravitational force on it, and there it hung in midair. If we built a (Courtesy A. K. Gein, High Field 
solenoid that was large enough, we could similarly levitate a person in midair due Magnet Laboratory, University of 
to the person’s diamagnetism. <¥S Nijmegen, The Netherlands) 


CHECKPOINT 5_ The figure shows two diamagnetic spheres located near the south 
pole of a bar magnet. Are (a) the magnetic forces on the spheres and (b) the magnetic dipole 
moments of the spheres directed toward or away from the bar magnet? (c) Is the magnetic 
force on sphere 1 greater than, less than,orequalto g ae | 

that on sphere 2? 





Liquid oxygen is suspended between 
the two pole faces of a magnet be- 
cause the liquid is paramagnetic and 
is magnetically attracted to the mag- 
net. (Richard Megna/Fundamental 
Photographs) 


FIG. 32-14 A magnetization curve 
for potassium chromium sulfate, a 
paramagnetic salt. The ratio of mag- 
netization M of the salt to the maxi- 
mum possible magnetization M,,,, 1S 
plotted versus the ratio of the ap- 
plied magnetic field magnitude B,,, 
to the temperature T. Curie’s law fits 
the data at the left; quantum theory 
fits all the data. After W. E. Henry. 
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In paramagnetic materials, the spin and orbital magnetic dipole moments of the 
electrons in each atom do not cancel but add vectorially to give the atom a net 
(and permanent) magnetic dipole moment yu. In the absence of an external 
magnetic field, these atomic dipole moments are randomly oriented, and the 
net magnetic dipole moment of the material is zero. However, if a sample of the 
material is placed in an external magnetic field Bo the magnetic dipole moments 
tend to line up with the field, which gives the sample a net magnetic dipole 
moment. This alignment with the external field is the opposite of what we saw 
with diamagnetic materials. 


Por tn GAPE pe mr i te Bes W@ Ty Oewe* 77 eget 


eC A paramagnetic material placed in an external magnetic field B Bext ext develops amag- 





netic dipole moment in the direction Obes If the field is nonuniform, the >paramag- 
- netic material i is attracted toward a region of greater magnetic field Torn a region of 
lesser field. 


A paramagnetic sample with N atoms would have a magnetic dipole moment 
of magnitude Ny if alignment of its atomic dipoles were complete. However, ran- 
dom collisions of atoms due to their thermal agitation transfer energy among the 
atoms, disrupting their alignment and thus reducing the sample’s magnetic dipole 
moment. 

The importance of thermal agitation may be measured by comparing two 
energies. One, given by Eq. 19-24, is the mean translational kinetic energy 
K (= 3kT) of an atom at temperature 7, where k is the Boltzmann constant 
(1.38 x 10°*? J/K) and T is in kelvins (not Celsius degrees). The other, derived 
from Eq. 28-38, is the difference in energy AU; (= 2yB,,,) between parallel align- 
ment and antiparallel alignment of the magnetic dipole moment of an atom and 
the external field. As we shall show below, K > AUg, even for ordinary tempera- 
tures and field magnitudes. Thus, energy transfers during collisions among atoms 
can significantly disrupt the alignment of the atomic dipole moments, keeping the 
magnetic dipole moment of a sample much less than Nu. 

We can express the extent to which a given paramagnetic sample is magne- 
tized by finding the ratio of its magnetic dipole moment to its volume V. This vec- 
tor quantity, the magnetic dipole moment per unit volume, is the magnetization 
M of the sample, and its magnitude is 


measured magnetic moment 


M= 
V 


(32-38) 
The unit of M is the ampere —square meter per cubic meter, or ampere per meter 
(A/m). Complete alignment of the atomic dipole moments, called saturation of 
the sample, corresponds to the maximum value M,,,, = Nu/V. 

In 1895 Pierre Curie discovered experimentally that the magnetization of a 
paramagnetic sample is directly proportional to the magnitude of the external 
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magnetic field Bo and inversely proportional to the temperature 7 in Kelvins: 


B 
M= a ext 


- (32-39) 


Equation 32-39 is known as Curie’s law, and C is called the Curie constant. Curie’s 
law is reasonable in that increasing B,,, tends to align the atomic dipole moments 
in a sample and thus to increase M, whereas increasing T tends to disrupt the 
alignment via thermal agitation and thus to decrease M. However, the law is actu- 
ally an approximation that is valid only when the ratio B,,,/T is not too large. 

Figure 32-14 shows the ratio M/M,,,, as a function of B,,,/T for a sample of 
the salt potassium chromium sulfate, in which chromium ions are the para- 
magnetic substance. The plot is called a magnetization curve. The straight line 
for Curie’s law fits the experimental data at the left, for B.,,/T below about 
0.5 T/K. The curve that fits all the data points is based on quantum physics. The 
data on the right side, near saturation, are very difficult to obtain because they 
require very strong magnetic fields (about 100 000 times Earth’s field), even at 
very low temperatures. 


CHECKPOINT 6 The figure here shows two paramagnetic spheres located 
near the south pole of a bar magnet. Are (a) the magnetic forces on the spheres and (b) 
the magnetic dipole moments of the spheres directed toward or away from ne bar es 
net? (c) Is the magnetic force onsphere 1 greater g - i 
than, less than, or equal to that on sphere 2? 1 
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Sample Problem erage 


A paramagnetic gas at room temperature (T = 300 K) 
is placed in an external uniform magnetic field of mag- 
nitude B = 1.5 T; the atoms of the gas have magnetic di- 
pole moment p = 1.0u,. Calculate the mean transla- 
tional kinetic energy K of an atom of the gas and the 
energy difference AU; between parallel alignment and 
antiparallel alignment of the atom’s magnetic dipole 
moment with the external field. 


Fete (1) The mean translational kinetic energy 


K of an atom in a gas depends on the temperature of the 
gas. (2) The potential energy Ug of a magnetic dipole # 
in an external magnetic field B depends on the angle 0 
between the directions of @ and B. 


Calculations: From Eq. 19-24, we have 
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K = 3kT = 3(1.38 X 10° J/K)(300 K) 
= 6.2 X 107-7! J = 0.039 eV. (Answer) 
From Eq. 28-38 (Ug = —p: B ), we can write the differ- 
ence AU z between parallel alignment (6 = 0°) and an- 
tiparallel alignment (@ = 180°) as 
AU; = —pB cos 180° — (—pwB cos 0°) = 2B 
= 2upB = 2(9.27 X 10-4 J/T)(1.5 T) 
= 2.8 X 10°% J = 0.000 17 eV. 


Here K is about 230 times AUz; so energy exchanges among 
the atoms during their collisions with one another can easily 
reorient any magnetic dipole moments that might be aligned 
with the external magnetic field. The magnetic dipole mo- 
ment exhibited by the paramagnetic gas must then be due to 
fleeting partial alignments of the atomic dipole moments. 


(Answer) 


When we speak of magnetism in everyday conversation, we almost always 
have a mental picture of a bar magnet or a disk magnet (probably clinging to a 
refrigerator door). That is, we picture a ferromagnetic material having strong, 
permanent magnetism, and not a diamagnetic or paramagnetic material having 
weak, temporary magnetism. 

Iron, cobalt, nickel, gadolinium, dysprosium, and alloys containing these 
elements exhibit ferromagnetism because of a quantum physical effect called 
exchange coupling in which the electron spins of one atom interact with those 


Iron core i 
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FIG. 32-15 A Rowland ming. A pri- 
mary coil P has a core made of the 
ferromagnetic material to be studied 
(here iron). The core is magnetized 
by a current ip sent through coil P. 
(The turns of the coil are repre- 
sented by dots.) The extent to which 
the core is magnetized determines 
the total magnetic field B within coil 
P. Field B can be measured by means 
of a secondary coil S. 
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FIG, 32-16 A magnetization curve 
for a ferromagnetic core material 

in the Rowland ring of Fig. 32-15. 
On the vertical axis, 1.0 corresponds 
to complete alignment (saturation) 
of the atomic dipoles within the ma- 
terial. 
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of neighboring atoms. The result is alignment of the magnetic dipole moments of 
the atoms, in spite of the randomizing tendency of atomic collisions due to ther- 
mal agitation. This persistent alignment is what gives ferromagnetic materials 
their permanent magnetism. 

If the temperature of a ferromagnetic material is raised above a certain 
critical value, called the Curie temperature, the exchange coupling ceases to be 
effective. Most such materials then become simply paramagnetic; that is, the 
dipoles still tend to align with an external field but much more weakly, and ther- 
mal agitation can now more easily disrupt the alignment. The Curie temperature 
for iron is 1043 K (= 770°C). 

The magnetization of a ferromagnetic material such as iron can be studied 
with an arrangement called a Rowland ring (Fig. 32-15). The material is formed 
into a thin toroidal core of circular cross section. A primary coil P having v turns 
per unit length is wrapped around the core and carries current ip. (The coil is 
essentially a long solenoid bent into a circle.) If the iron core were not present, 
the magnitude of the magnetic field inside the coil would be, from Eq. 29-23, 


By = polpn. (32-40) 


However, with the iron core present, the magnetic field B inside the coil is greater 
than Bo, usually by a large amount. We can write the magnitude of this field as 


B= Bo I By, (32-41) 


where By is the magnitude of the magnetic field contributed by the iron core. 
This contribution results from the alignment of the atomic dipole moments 
within the iron, due to exchange coupling and to the applied magnetic field Bo, 
and is proportional to the magnetization M of the iron. That is, the contribution 
By is proportional to the magnetic dipole moment per unit volume of the iron. 
To determine By we use a secondary coil S to measure B, compute By with 
Eq. 32-40, and subtract as suggested by Eq. 32-41. 

Figure 32-16 shows a magnetization curve for a ferromagnetic material in 
a Rowland ring: The ratio By/By max, Where By max 1s the maximum possible value of 
By, corresponding to saturation, 1s plotted versus By. The curve is like Fig. 32-14, the 
magnetization curve for a paramagnetic substance: Both curves show the extent to 
which an applied magnetic field can align the atomic dipole moments of a material. 

For the ferromagnetic core yielding Fig. 32-16, the alignment of the dipole 
moments is about 70% complete for By) =~ 1 X 107° T. If B, were increased to 1 T, 
the alignment would be almost complete (but By = 1 T, and thus almost complete 
saturation, is quite difficult to obtain). 


Magnetic Domains 


Exchange coupling produces strong alignment of adjacent atomic dipoles in 
a ferromagnetic material at a temperature below the Curie temperature. Why, 
then, isn’t the material naturally at saturation even when there is no applied 
magnetic field B,)? That is, why isn’t every piece of iron, such as an iron nail, a 
naturally strong magnet? 

To understand this, consider a specimen of a ferromagnetic material such as 
iron that is in the form of a single crystal; that is, the arrangement of the atoms 
that make it up —its crystal lattice — extends with unbroken regularity through- 
out the volume of the specimen. Such a crystal will, in its normal state, be made 
up of a number of magnetic domains. These are regions of the crystal throughout 
which the alignment of the atomic dipoles is essentially perfect. The domains, 
however, are not all aligned. For the crystal as a whole, the domains are so ori- 
ented that they largely cancel with one another as far as their external magnetic 
effects are concerned. 

Figure 32-17 is a magnified photograph of such an assembly of domains in a 
single crystal of nickel. It was made by sprinkling a colloidal suspension of finely 


powdered iron oxide on the surface of the crystal. The domain boundaries, which 
are thin regions in which the alignment of the elementary dipoles changes from a 
certain orientation in one of the domains forming the boundary to a different 
orientation in the other domain, are the sites of intense, but highly localized and 
nonuniform, magnetic fields. The suspended colloidal particles are attracted to 
these boundaries and show up as the white lines (not all the domain boundaries 
are apparent in Fig. 32-17). Although the atomic dipoles in each domain are 
completely aligned as shown by the arrows, the crystal as a whole may have only 
a very small resultant magnetic moment. 

Actually, a piece of iron as we ordinarily find it is not a single crystal but an 
assembly of many tiny crystals, randomly arranged; we call it a polycrystalline 
solid. Each tiny crystal, however, has its array of variously oriented domains, just 
as in Fig. 32-17. If we magnetize such a specimen by placing it in an external 
magnetic field of gradually increasing strength, we produce two effects; together 
they produce a magnetization curve of the shape shown in Fig. 32-16. One effect 
is a growth in size of the domains that are oriented along the external field at the 
expense of those that are not. The second effect is a shift of the orientation of the 
dipoles within a domain, as a unit, to become closer to the field direction. 

Exchange coupling and domain shifting give us the following result: 
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Mural Paintings Record Earth's Magnetic Field 


The red pigments used in many mural paintings, such as the ones shown in this chap- 
ter’s opening photograph, contain grains of the iron oxide hematite. Each grain con- 
sists of a single domain having a particular magnetic dipole moment. Artists’ pig- 
ments are a suspension of various solids in a liquid carrier. When a pigment is applied 
to a wall as a mural is being created, each grain rotates in the liquid until its dipole 
moment aligns with Earth’s magnetic field. When the paint dries, the moments are 
locked into place and thus record the direction of Earth’s magnetic field at the time 
of the painting. Figure 32-18 suggests the alignment of the moments in a mural 
painted in 1740, when geomagnetic north was in the direction indicated by Nj749. 

A researcher can determine Earth’s field direction at the time a mural was 
painted by determining the orientation of the magnetic moments in the paint. 
A short section of sticky tape is applied to a portion of the mural, and the orienta- 
tion of the tape is carefully measured relative to the horizontal and to today’s 
geomagnetic north (Niogay). When the tape is peeled off the wall, it carries a thin 
layer of the paint. In a laboratory, the tape section is mounted in an apparatus to 
determine the orientation of the dipole moments in that layer of paint. Evidence 
from mural paintings and many other sources reveal that the direction of geomag- 
netic north has varied gradually but continuously over recorded history. —e 


Hysteresis 


Magnetization curves for ferromagnetic materials are not retraced as we increase 
and then decrease the external magnetic field By. Figure 32-19 is a plot of By 
versus By during the following operations with a Rowland ring: (1) Starting with 
the iron unmagnetized (point a), increase the current in the toroid until Bo 
(= pin) has the value corresponding to point b; (2) reduce the current in the 
toroid winding (and thus By) back to zero (point c); (3) reverse the toroid current 
and increase it in magnitude until By has the value corresponding to point d; 
(4) reduce the current to zero again (point e); (5) reverse the current once more 
until point b is reached again. 
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FIG. 32-17. A photograph of do- 
main patterns within a single crystal 
of nickel; white lines reveal the 
boundaries of the domains. The 
white arrows superimposed on the 
photograph show the orientations of 
the magnetic dipoles within the do- 
mains and thus the orientations of 
the net magnetic dipoles of the do- 
mains. The crystal as a whole is un- 
magnetized if the net magnetic field 
(the vector sum over all the domains) 
is zero. (Courtesy Ralph W. DeBlois) 
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FIG. 32-18 Overhead view of a 
cross section of a thin layer of paint 
in a Vatican mural painting. The mag- 
netic moments of hematite grains in 
the red pigments are aligned in the 
direction Earth’s magnetic field had 
when the mural was painted in 1740. 
Geomagnetic north (as indicated by 
a horizontal compass) is shown for 
today and for 1740. 
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The lack of retraceability shown in Fig. 32-19 is called hysteresis, and the 
curve bcdeb is called a hysteresis loop. Note that at points c and e the iron core is 
magnetized, even though there is no current in the toroid windings; this is the 
familiar phenomenon of permanent magnetism. 

Hysteresis can be understood through the concept of magnetic domains. 
Evidently the motions of the domain boundaries and the reorientations of the 
domain directions are not totally reversible. When the applied magnetic field By 
is increased and then decreased back to its initial value, the domains do not 
return completely to their original configuration but retain some “memory” of 
their alignment after the initial increase. This memory of magnetic materials is 
essential for the magnetic storage of information, as on magnetic tapes and disks. 

This memory of the alignment of domains can also occur naturally. When light- 
ning sends currents along multiple tortuous paths through the ground, the currents 
produce intense magnetic fields that can suddenly magnetize any ferromagnetic ma- 
terial in nearby rock. Because of hysteresis, such rock material retains some of that 
magnetization after the lightning strike (after the currents disappear). Pieces of the 





FIG, 32-19 A magnetization curve 
(ab) for a ferromagnetic specimen 
and an associated hysteresis loop 
(bcdeb). 





rock —later exposed, broken, and loosened by weathering — are then lodestones. 
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A compass needle made of pure iron (density 7900 
kg/m?) has a length L of 3.0 cm, a width of 1.0 mm, and a 
thickness of 0.50 mm. The magnitude of the magnetic 
dipole moment of an iron atom is pp, = 2.1 X 1072 J/T. 





(a) If the magnetization of the needle is equivalent to the 
alignment of 10% of the atoms in the needle, what is the 
magnitude of the needle’s magnetic dipole moment 2? 


Ca (1) Alignment of all N atoms in the needle 


would give a magnitude of Nu, for the needle’s mag- 
netic dipole moment uz. However, the needle has only 
10% alignment (the random orientation of the rest does 
not give any net contribution to 2). Thus, 


uw = 0.10N Ege. (32-42) 


(2) We can find the number of atoms N in the needle 
from the needle’s mass: 





Mas ae nS | (32-43) 
iron’s atomic mass 


Finding N: Tron’s atomic mass is not listed in Appendix F, 
but its molar mass M is. Thus, we write 


iron’s molar mass M 


‘ron’s atomi = $m (32-44 
ae ae Avogadro’s number Na, ( ) 
Equation 32-43 then becomes 
mNs 
N = ——. 32-45 
- (32-45) 


The needle’s mass m is the product of its density and its 
volume. The volume works out to be 1.5 X 107° m’; so 


needle’s mass m = (needle’s density)(needle’s volume) 
= (7900 kg/m°)(1.5 X 107® m°) 
= 1.185 K 10°* kg. 


Substituting into Eq. 32-45 with this value for m, 
and also 55.847 g/mol (= 0.055 847 kg/mol) for M and 
6.02 X 107? for Na, we find 

_. h185 X 10 key(6:02. x 10”) 

0.055 847 kg/mol 

= 1.2774 x 107!. 


N 


Finding yu: Substituting our value of N and the value of 
Mere into Eq. 32-42 then yields 


uw = (0.10)(1.2774 X 1024)(2.1 x 10-23 J/T) 
= 2.682 X 10° J/T =~ 2.7 X 10°3J5/T. (Answer) 


(b) If the compass needle is jarred slightly from its 
(horizontal) north-south equilibrium position, it oscil- 
lates about that position. If the period of oscillation is 
2.2 s, what is the horizontal component of the local mag- 
netic field? 


Cameo (1) The compass needle is a magnet with a 


magnetic dipole moment p, which is directed along the 
needle’s length, from its south pole to its north pole. 
(2) When the horizontal needle is jarred from its equi- 
librium position, Earth’s magnetic field B produces a 
torque on the needle, about the needle’s pivot axis. 


Calculations: Because the needle is free to rotate only 
horizontally, only the horizontal component B, of 
Earth’s field produces a torque to rotate the needle 
back toward its equilibrium position. From Eq. 28-36 
(7 = wB sin 6), we can write this torque as 


7 = —pB, sin 6, (32-46) 


in which the minus sign indicates that 7 opposes the an- 
gular displacement 6. Because the rotation angle is 
small, we may write sin 6 ~ 6,so that 


7 = —pB,6. (32-47) 





Because yw and B, are both constant, Eq. 32-47 tells us 
that the restoring torque is proportional to the negative 
of the angular displacement. This kind of relation is the 
hallmark of angular simple harmonic motion, as we saw 
in Section 15-5. From Eqs. 15-22 (7 = —xé@) and 15-23 
(T = 27(1/k)"”), the period of oscillation may then be 


written as 
fo=2 \ : 
= TT ; 
LB, 


I {2a \ 
B,=+(22). 
ju 


where J is the rotational inertia of the needle. 





which yields 


(32-48) 


Review & Summary 


Approximating the needle as being a uniform thin rod, 
we use Table 10-2e to find 


mi; (1.185 X 10-4 kg)(0.030 m)* 
2 12 
= 8.888 X 10°’ kg - m’. 
Substituting this value, the value we obtained for yw, and 
the given value for T into Eq. 32-48, we find 
8.888 X 10° kg-m? / 27 \* 
2.682 X 1073 J/T ( 2.28 
2.7 X 10> T. 





1 = 


B, = 





(Answer) 


Thus, even with an inexpensive compass, we can mea- 
sure a local magnetic field by jarring the needle and tim- 
ing its oscillations. 





REVIEW & SUMMARY 


Gauss’ Law for Magnetic Fields The simplest mag- 
netic structures are magnetic dipoles. Magnetic monopoles do 
not exist (as far as we know). Gauss’ law for magnetic fields, 


®, = p B-dA=0, (32-1) 


states that the net magnetic flux through any (closed) 
Gaussian surface is zero. It implies that magnetic monopoles 
do not exist. 


Maxwell's Extension of Ampere’s Law A changing 
electric flux induces a magnetic field B. Maxwell’s law, 


B-ds= MoE ne (Maxwell’s law of induction), (32-3) 
relates the magnetic field induced along a closed loop to the 
changing electric flux ®; through the loop. Ampere’s law, 
§ B+ d3¥ = pple (Eq. 32-4), gives the magnetic field generated 
by a current i,,, encircled by a closed loop. Maxwell’s law and 
Ampere’s law can be written as the single equation 





=e aul d® . 
b B 2 Moo 7 a Molenc 
(Ampere—Maxwelllaw). (32-5) 
Displacement Current We define the fictitious displace- 


ment current due to a changing electric field as 


d®, 
dt — 





(32-10) 


la = & 
Equation 32-5 then becomes 
B-dy= Molaenc + Molene (Ampere—Maxwelllaw), (32-11) 
where Ug enc 18 the displacement current encircled by the inte- 
gration loop. The idea of a displacement current allows us to 


retain the notion of continuity of current through a capacitor. 
However, displacement current is vot a transfer of charge. 


Maxwell's Equations Maxwell’s equations, displayed in 
Table 32-1, summarize electromagnetism and form its foun- 
dation. 


Earth’s Magnetic Field Earth’s magnetic field can be 
approximated as being that of a magnetic dipole whose dipole 
moment makes an angle of 11.5° with Earth’s rotation axis, 
and with the south pole of the dipole in the Northern Hemi- 
sphere. The direction of the local magnetic field at any point 
on Earth’s surface is given by the field declination (the angle 
left or right from geographic north) and the field inclination 
(the angle up or down from the horizontal). 


Spin Magnetic Dipole Moment An electron has an in- 
trinsic angular momentum called spin angular momentum (or 
spin) S, with which an intrinsic spin magnetic dipole moment 
LL; 1S associated: 


=> é a 
Ms ~- ~~ S. 
m 


(32-22) 
Spin S cannot itself be measured, but any component can be 
measured. Assuming that the measurement is along the z axis 
of a coordinate system, the component S, can have only the 
values given by 

(32-23) 


= eet 
Ss. = 7, form, = +5, 


27’ 
where h (= 6.63 X 10° *4 J-s) is the Planck constant. Similarly, 
the electron’s spin magnetic dipole moment y, cannot itself be 
measured but its component can be measured. Along a z axis, 
the component is 





eh 
— — oe = = 
toe renee (32-24, 32-26) 
where jug is the Bohr magneton: 
eh " 
Ba = ——— = 9.27 X 10°" J/T. (32-25) 


4am 
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The potential energy U associated with the orientation of the spin 
magnetic dipole moment in an external magnetic field B,,, is 


v= =, ° Bea - — Bs. -Bext: (32-27) 
Orbital Magnetic Dipole Moment An electron in an 
atom has an additional angular momentum called its orbital 
angular momentum L,,,, with which an orbital magnetic dipole 


moment [orp 1S associated: 


e€e => 


Loh = — — Low- 32-28 
Korb Im orb ( ) 


Orbital angular momentum is quantized and can have only 
values given by 


Posi —= M¢ ’ 
Lat 


for m, = 0, +1, £2,..., + (limit). (32-29) 
Thus, the magnitude of the orbital angular momentum is 


eh 


MN¢ 
4am 





Morb,z ~ — —M¢ bp. (32-30, 32-31) 


The potential energy U associated with the orientation of the or- 
bital magnetic dipole moment in an external magnetic field B,,, is 


Uo = Bow ° Boa = — Morb,zBext- (32-32) 
Diamagnetism Diamagznetic materials do not exhibit mag- 
netism until they are placed in an external magnetic field Te 
They then develop a magnetic dipole moment directed oppo- 
site Blo If the field is nonuniform, the diamagnetic material is 
repelled from regions of greater magnetic field. This property 


is called diamagnetism. 


Paramagnetism In a paramagnetic material, each atom 
has a permanent magnetic dipole moment p, but the dipole 


moments are randomly oriented and the material as a whole 
lacks a magnetic field. However, an external magnetic field 
Bo, Can partially align the atomic dipole moments to give the 
material a net magnetic dipole moment in the direction of Bout 
If By is nonuniform, the material is attracted to regions of greater 
magnetic field. These properties are called paramagnetism. 

The alignment of the atomic dipole moments increases 
with an increase in Bo and decreases with an increase in tem- 
perature 7. The extent to which a sample of volume V is mag- 
netized is given by its magnetization M, whose magnitude is 


measured magnetic moment 
V é 


M= (32-38) 
Complete alignment of all N atomic magnetic dipoles in a 
sample, called saturation of the sample, corresponds to the 
maximum magnetization value M,,,, = Nuw/V. For low values 
of the ratio B,,,/T, we have the approximation 


Bex 


M=C 
T 


(32-39) 


(Curie’s law), 


where C is called the Curie constant. 


Ferromagnetism In the absence of an external magnetic 
field, some of the electrons in a ferromagnetic material have 
their magnetic dipole moments aligned by means of a quan- 
tum physical interaction called exchange coupling, producing 
regions (domains) within the material with strong magnetic 
dipole moments. An external field By can align the magnetic 
dipole moments of those regions, producing a strong net 
magnetic dipole moment for the material as a whole, in the 
direction of B,,,. This net magnetic dipole moment can par- 
tially persist when field Bo is removed. If Bo. is nonuniform, 
the ferromagnetic material is attracted to regions of greater 
magnetic field. These properties are called ferromagnetism. 
Exchange coupling disappears when a sample’s temperature 
exceeds its Curie temperature. 


QUESTIONS 


ts 


1 Figure 32-20 shows, 
in two situations, an elec- J 
b 


tric field vector FE and an 


induced magnetic field | ee 
line. In each, is the mag- E > 


nitude of E increasing or (a) (b) 


decreasing? FIG. 32-20 Question 1. 
2 Figure 32-21a 

shows a pair of 
Opposite spin ori- 
entations for an B 
electron in an ex- 

ternal magnetic ¢ ” 
field B,,,. Figure | | ~ 
32-21b gives three 

choices for the 
graph of the po- 
tential energies 
associated with 
those orientations 


(a) 





FIG. 32-21 Question 2. 


as a function of the magnitude of Bot Choices b and c consist 
of intersecting lines, choice a of parallel lines. Which is the cor- 
rect choice? 


3 Figure 32-22a shows a capaci- 
tor, with circular plates, that is be- ae é ; 
ing charged. Point a (near ce O—I————> SS 
the connecting wires) and point b | 

(inside the capacitor gap) are 
equidistant from the central axis, 
as are point c (not so near the (a) 
wire) and point d (between the 
plates but outside the gap). In 
Fig. 32-22b, one curve gives the 
variation with distance r of the 
magnitude of the magnetic field 
inside and outside the wire. The 
other curve gives the variation 
with distance r of the magnitude 
of the magnetic field inside and 
outside the gap. The two curves 


ce de 





FIG. 32-22 Question 3. 


partially overlap. Which of the three points on the curves cor- 
respond to which of the four points of Fig. 32-22a? 


4 Figure 32-23 shows a parallel-plate P 
capacitor and the current in the con- : 
necting wires that is discharging the ata a. 

capacitor. Are the directions of (a) ~~ pe 
electric field E and (b) displacement 
current i, leftward or rightward be- 
tween the plates? (c) Is the magnetic 
field at point P into or out of the page? 


FIG. 32-23 
Question 4. 


5 Figure 32-24 shows a face-on 
view of one of the two square \ 
plates of a parallel-plate capaci- 
tor, as well as four loops that are 
located between the plates. The 
capacitor is being discharged.(a)  ~» 
Neglecting fringing of the mag- \\ 
netic field, rank the loops accord- 
ing to the magnitude of ¢ B« ds 


FIG, 32-24 
along them, greatest first. (b) 


Question 5. 


Along which loop, if any, is the angle between the directions of B 


and dS constant (so that their dot product can easily be evalu- 
ated)? (c) Along which loop, if any, is B constant (so that B can 
be brought in front of the integral sign in Eq. 32-3)? 


6 Figure 32-25 shows three loop models of an electron orbiting 
counterclockwise within a magnetic field. The fields are nonuni- 
form for models | and 2 and uniform for model 3. For each model, 
are (a) the magnetic dipole moment of the loop and (b) the mag- 
netic force on the loop directed up, directed down, or zero? 


— 


B B B 


(1) (2) (3) 
FIG. 32-25 Questions 6,7, and 8. 


7 Replace the current loops of Question 6 and Fig. 32-25 
with diamagnetic spheres. For each field, are (a) the magnetic 


PROBLEMS 





dipole moment of the sphere and (b) the magnetic force on 
the sphere directed up, directed down, or zero? 


8 Replace the current loops of Question 6 and Fig. 32-25 
with paramagnetic spheres. For each field, are (a) the mag- 
netic dipole moment of the sphere and (b) the magnetic force 
on the sphere directed up, directed down, or zero? 


9 An electron in an external magnetic field Bo. has its 
spin angular momentum S, antiparallel to Boe If the electron 


undergoes a spin-flip so that S. is then parallel with Boers must 
energy be supplied to or lost by the electron? 


10 Does the magnitude of the net force on the current loop 
of Figs. 32-12a and b increase, decrease, or remain the same if 
we increase (a) the magnitude of B.,, and (b) the divergence 
of B.,,? 


11 Figure 32-26 represents three rectangular samples of a 
ferromagnetic material in which the magnetic dipoles of the 
domains have been directed out of the page (encircled dot) by 
a very strong applied field By. In each sample, an island 
domain still has its magnetic field directed into the page 
(encircled X). Sample 1 is one (pure) crystal. The other sam- 
ples contain impurities collected along lines; domains cannot 
easily spread across such lines. 

The applied field is now to be reversed and its magnitude 
kept moderate. The change causes the island domain to grow. 
(a) Rank the three samples according to the success of that 
growth, greatest growth first. Ferromagnetic materials in which 
the magnetic dipoles are easily changed are said to be magneti- 
cally soft; when the changes are difficult, requiring strong ap- 
plied fields, the materials are said to be magnetically hard. (b) Of 
the three samples, which is the most magnetically hard? 


Impurity line 7 





(1) (2) 


Question 11. 


(3) 
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e — eee Number of dots indicates level of problem difficulty 


Worked-out solution available in Student Solutions Manual 


ILW 


Tutoring problem available (at instructor's discretion) in WileyPLUS and WebAssign 


WWW _) Worked-out solution is at : ‘ 
; hs http://www.wiley.com/college/halliday 
Interactive solution is at- 


9 Additional information available in The Flying Circus of Physics and at flyingcircusofphysics.com 


Click here to view all step-by-step enna eo 


sec. 32-2 Gauss’ Law for Magnetic Fields 

e1 The magnetic flux through each of five faces of a die 
(singular of “dice”’) is given by Bg = +N Wb, where N (= 1 to 
5) is the number of spots on the face. The flux is positive (out- 
ward) for N even and negative (inward) for N odd. What is the 
flux through the sixth face of the die? 


°2 Figure 32-27 shows a closed surface. Along the flat top 
face, which has a radius of 2.0 cm, a perpendicular magnetic 
field B of magnitude 0.30 T is directed outward. Along the flat 


bottom face, a magnetic flux of 0.70 
mWb is directed outward. What are 
the (a) magnitude and (b) direction 
(inward or outward) of the magnetic 
flux through the curved part of the 
surface? 


ee3 A Gaussian surface in the 
shape of a right circular cylinder with 
end caps has a radius of 12.0 cm and 





FIG. 32-27 Problem 2. 
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a length of 80.0 cm. Through one end there is an inward mag- 
netic flux of 25.0 wWb. At the other end there is a uniform 
magnetic field of 1.60 mT, normal to the surface and directed 
outward. What are the (a) magnitude and (b) direction (in- 
ward or outward) of the net magnetic flux through the curved 
surface? SSM ILW 


eee4 Two wires, parallel 
to a z axis and a distance 4r 
apart, carry equal currents 
i in opposite directions, as 
shown in Fig. 32-28. A cir- 
cular cylinder of radius r 
and length L has its axis on 
the z axis, midway between 
the wires. Use Gauss’ law 
for magnetism to derive an expression for the net outward 
magnetic flux through the half of the cylindrical surface above 
the x axis. (Hint: Find the flux through the portion of the xz 
plane that lies within the cylinder.) 





FIG. 32-28 Problem 4. 


sec. 32-3 Induced Magnetic Fields 

e5 The induced magnetic field at radial distance 6.0mm 
from the central axis of a circular parallel-plate capacitor is 
2.0 x 10°’ T. The plates have radius 3.0mm. At what rate 
dE/dt is the electric field between the plates changing? ss™ 


°6 A capacitor with square plates of 
edge length L is being discharged by a cur- 
rent of 0.75 A. Figure 32-29 is a head-on 
view of one of the plates from inside the 
capacitor. A dashed rectangular path is 
shown. If L = 12cm, W = 4.0 cm, and H 
= 2.0 cm, what is the value of ¢ B-ds 
around the dashed path? 





FIG. 322-29 
Problem 6. 


ee7 Suppose that a parallel-plate ca- 
pacitor has circular plates with radius R 
= 30 mm and a plate separation of 5.0 mm. Suppose also that 
a sinusoidal potential difference with a maximum value of 150 
V and a frequency of 60 Hz is applied across the plates; that is, 


V = (150 V) sin[277(60 Hz)/]. 


(a) Find B,,,,(R), the maximum value of the induced magnetic 
field that occurs at r = R. (b) Plot B,,,,(r) for O<r< 10cm. 


ee8 A parallel-plate capacitor with circular plates of radius 
40 mm is being discharged by a current of 6.0 A. At what 
radius (a) inside and (b) outside the capacitor gap is the 
magnitude of the induced magnetic field equal to 75% of its 
maximum value? (c) What is that maximum value? 


°e9 Uniform electric flux. Figure 32-30 
shows a circular region of radius R = 3.00 
cm in which a uniform electric flux is di- 
rected out of the plane of the page. The total 
electric flux through the region is given by 
®, = (3.00 mV: m/s)t, where f is in seconds. 


What is the magnitude of the magnetic field FIG. 32-30 
that is induced at radial distances (a) 2.00cm problems 9-12 
and (b) 5.00 cm? and 25-28. 


°°10 Nonuniform electric flux. Figure 

32-30 shows a circular region of radius R = 3.00 cm in which 
an electric flux is directed out of the plane of the page. The 
flux encircled by a concentric circle of radius r is given by 


D enc = (0.600 V-m/s)(7/R)t, where r = R and f is in seconds. 
What is the magnitude of the induced magnetic field at radial 
distances (a) 2.00 cm and (b) 5.00 cm? 


ee11 Uniform electric field. In Fig. 32-30, a uniform electric 
field is directed out of the page within a circular region of 
radius R = 3.00cm. The magnitude of the electric field is 
given by E = (4.50 X 10°* V/m-s)t, where ¢ is in seconds. 
What is the magnitude of the induced magnetic field at radial 
distances (a) 2.00 cm and (b)5.00cm? & 


ee12 Nonuniform electric field. In Fig. 32-30, an electric field 
is directed out of the page within a circular region of radius 
R = 3.00 cm. The magnitude of the electric field is given by EF = 
(0.500 V/m-s)(1 — r/R)t, where f is in seconds and ris the radial 
distance (r = R). What is the magnitude of the induced magnetic 
field at radial distances (a) 2.00 cm and (b)5.00cm? 


sec. 32-4 Displacement Current 

e13 Prove that the displacement current in a parallel-plate 
capacitor of capacitance C can be written as i, = C(dV/dt), 
where V is the potential difference between the plates. SSM 


e14 A parallel-plate capacitor with circular plates of radius 
0.10 m is being discharged. A circular loop of radius 0.20 m is 
concentric with the capacitor and halfway between the plates. 
The displacement current through the loop is 2.0 A. At what 
rate is the electric field between the plates changing? 


e15 At what rate must the potential difference between the 
plates of a parallel-plate capacitor with a 2.0 wF capacitance 
be changed to produce a displacement current of 1.5 A? 


e16 For the situation of Sample Problem 32-1, show that the 
magnitude of the current density of the displacement current 
is J, = €o(dE/dt) forr = R. 


ee17 Asa parallel-plate capacitor with circular plates 20 cm in 
diameter is being charged, the current density of the displace- 
ment current in the region between the plates is uniform and has 
a magnitude of 20 A/m’. (a) Calculate the magnitude B of the 
magnetic field at a distance r = 50 mm from the axis of symme- 
try of this region. (b) Calculate dE/dt in this region. !LW 


ee18 The magnitude of the electric field between the two 
circular parallel plates in Fig. 32-31 is E = (4.0 X 10°) — 
(6.0 X 10%), with £ in volts per meter and fin seconds. At t = 
0, E is upward. The plate area is 4.0 X 102 m*. For ¢ = 0, what 
are the (a) magnitude and (b) direction 
(up or down) of the displacement cur- 
rent between the plates and (c) is the di- 
rection of the induced magnetic field 
clockwise or counterclockwise in the 
figure? 





FIG. 32-31 


ee19 In Fig. 32-32, a uniform electric Probie 


field E collapses. The vertical axis scale 
is set by E, = 6.0 X 10° N/C, and 
the horizontal axis scale is set by 
t, = 12.0 ps. Calculate the mag- 
nitude of the displacement cur- 
rent through a 1.6 m? area per- 
pendicular to the field during 
each of the time intervals a, b, 
and c shown on the graph. 
(Ignore the behavior at the 
ends of the intervals.) !Lw 


E (10° N/C) 





Time (Ls) 
FIG. 32-32. Problem 19. 


ee20 A capacitor with parallel circular plates of radius R = 
1.20 cm is discharging via a current of 12.0 A. Consider a loop 
of radius R/3 that is centered on the central axis between the 
plates. (a) How much displacement current is encircled by the 
loop? The maximum induced magnetic field has a magnitude of 
12.0 mT. At what radius (b) inside and (c) lI 

outside the capacitor gap is the magnitude Ay 

of the induced magnetic field 3.00 mT? = — 


ee21 In Fig. 32-33, a parallel-plate ca- | 

pacitor has square plates of edge length L 
= 1.0m. A current of 2.0 A charges the 
capacitor, producing a uniform electric 
field E between the plates, with E per- 
pendicular to the plates. (a) What is the 
displacement current i, through the re- 
gion between the plates? (b) What is 
dE/dt in this region? (c) What is the dis- 
placement current encircled by the square 





dashed path of edge length d = 0.50 m? BoE 
(d) What is ¢ B: ds around this square FIG. 32-33 
dashed path? ssm iw Problem 21. 


ee22 The circuit in Fig. 32-34 con- 
sists of switch S, a 12.0 V ideal bat- 
tery, a 20.0 MQ resistor, and an air- 


filled capacitor. The capacitor has S a 
parallel circular plates of radius 5.00 t 
cm, separated by 3.00 mm. At time f 


= 0, switch S is closed to begin FiG. 32-34 Problem 22. 


charging the capacitor. The electric 

field between the plates is uniform. At tf = 250 ws, what is the 
magnitude of the magnetic field within the capacitor, at radial 
distance 3.00 cm? 


ee23 A silver wire has resistivity p = 1.62 x 10°°Q-m and 
a cross-sectional area of 5.00 mm7”. The current in the wire is 
uniform and changing at the rate of 2000 A/s when the current 
is 100 A. (a) What is the magnitude of the (uniform) electric 
field in the wire when the current in the wire is 100 A? 
(b) What is the displacement current in the wire at that time? 
(c) What is the ratio of the magnitude of the magnetic field 
due to the displacement current to that due to the current at a 
distance r from the wire? 


ee24 Figure 32-35a shows the current / that is produced in 
a wire of resistivity 1.62 x 10°°Q-m. The magnitude of the 
current versus time ¢ is shown 

in Fig. 32-35b. The vertical axis fe 

scale is set by i, = 10.0 A, and 
the horizontal axis scale is set 
by t, = 50.0 ms. Point P is at Wire 
radial distance 9.00 mm from (a) 

the wire’s center. Determine 
the magnitude of the magnetic 
field B, at point P due to the 
actual current 7 in the wire at 
(a) t=20ms, (b) t= 40 ms, 
and (c) t= 60ms. Next, as- 
sume that the electric field dri- 

ving the current is confined to : eae 

the wire. Then determine the 

magnitude of the magnetic (6) 

field B., at point P due to the FIG. 32-35 Problem 24. 





i (A) 


displacement current i; in the wire at (d) f= 20ms, (e) 
t = 40 ms, and (f) ¢ = 60 ms. At point P at t = 20s, what is the 
direction (into or out of the page) of (g) B;and (h) Bi? & 


ee25 Uniform displacement-current density. Figure 32-30 
shows a circular region of radius R = 3.00cm in which a 
displacement current is directed out of the page. The displace- 
ment current has a uniform density of magnitude J, = 
6.00 A/m?. What is the magnitude of the magnetic field due to 
the displacement current at radial distances (a) 2.00 cm and 
(b) 5.00 cm? 


°e26 Uniform displacement current. Figure 32-30 shows 
a circular region of radius R = 3.00cm in which a uniform 
displacement current i, = 0.500 A is out of the page. What is 
the magnitude of the magnetic field due to the displacement 
current at radial distances (a) 2.00 cm and (b) 5.00 cm? 


ee27 Nonuniform displacement-current density. Figure 32-30 
shows a circular region of radius R = 3.00 cm in which a dis- 
placement current is directed out of the page. The magnitude 
of the density of this displacement current is given by J, = 
(4.00 A/m?)(1 — r/R), where r is the radial distance (r < R). 
What is the magnitude of the magnetic field due to the 
displacement current at (a) r = 2.00 cm and (b) r = 5.00 cm? 


ee28 Nonuniform displacement current. Figure 32-30 shows 
a circular region of radius R = 3.00 cm in which a displace- 
ment current i, is directed out of the page. The magnitude of 
the displacement current is given by i, = (3.00 A)(r/R), where 
r is the radial distance (r = R). What is the magnitude of the 
magnetic field due to i, at radial distances (a) 2.00 cm and 
(b) 5.00 cm? 


eee29 = In Fig. 32-36, a capacitor with circular plates of radius 
R = 18.0 cm is connected to a source of emf 6 = @,,, sin wt, 
where ©,, = 220 V and w = 130 rad/s. The maximum value of 
the displacement current is i, = 7.60 wA. Neglect fringing of 
the electric field at the edges of the plates. (a) What is the 
maximum value of the current i in the circuit? (b) What is the 
maximum value of d®,/dt, 
where ®, is the electric flux 
through the region between 
the plates? (c) What is the sep- 
aration d between the plates? 
(d) Find the maximum value of 
the magnitude of B between 
the plates at a distance r= 
11.0 cm from the center. 





6=G,, sin ot 


FIG. 32-36 Problem 29. 

sec. 32-6 Magnets 

e30 Assume the average value of the vertical component 
of Earth’s magnetic field is 43 ~T (downward) for all of 
Arizona, which has an area of 2.95 X 10° km’. What then are 
the (a) magnitude and (b) direction (inward or outward) of 
the net magnetic flux through the rest of Earth’s surface (the 
entire surface excluding Arizona)? 


e31 In New Hampshire the average horizontal component 
of Earth’s magnetic field in 1912 was 16 wT, and the average 
inclination or “dip” was 73°. What was the corresponding mag- 
nitude of Earth’s magnetic field? 


sec. 32-7 Magnetism and Electrons 
°32 What is the energy difference between parallel and 
antiparallel alignment of the z component of an electron’s 
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spin magnetic dipole moment with an external magnetic field 
of magnitude 0.25 T, directed parallel to the z axis? 


°33 What is the measured component of the orbital 
magnetic dipole moment of an electron with (a) m, = 1 and 


¢34 An electron is placed in a magnetic field B that is 
directed along a z axis. The energy difference between parallel 
and antiparallel alignments of the z component of the elec- 
tron’s spin magnetic moment with B is 6.00 x 10725 J. What is 
the magnitude of B? 


e35 If an electron in an atom has an orbital angular momen- 
tum with m, = 0, what are the components (a) Lo,,- and 
(b) Mon-? If the atom is in an external magnetic field B 
that has magnitude 35 mT and is directed along the z axis, 
what are (c) the potential energy U,,, associated with 4,,, and 
(d) the potential energy U,,;, associated with u,? If, instead, 
the election, Nas 7ig— —3. what are (e)\ De. UL) pats. 
(g) U.», and (h) U,.;,? ssm www 


pin * 

°36 Figure 32-37a is a one-axis graph along which two of the 
allowed energy values (/evels) of an atom are plotted. When 
the atom is placed in a magnetic field of 0.500 T, the graph 
changes to that of Fig. 32-37b because of the energy associated 
with for ° B. (We neglect p,.) 
Level E;, is unchanged, but level 

E, splits into a (closely spaced) 
triplet of levels. What are the al- “2 
lowed values of m1, associated 
with (a) energy level FE, and (b) 
energy level F,? (c) In joules, 
what amount of energy Is repre- 
sented by the spacing between (a) (b) 
the triplet levels? 

. : FIG. 32-37. Problem 36. 
sec. 32-9 Diamagnetism 
°37 Figure 32-38 shows a loop 
model (loop L) for a dia- 
magnetic material. (a) Sketch 
the magnetic field lines within 
and about the material due to FIG. 32-38 Problems 37 
the bar magnet. What is the and 73. 
direction of (b) the loop’s net magnetic dipole moment 4, 
(c) the conventional current i in the loop (clockwise or coun- 
terclockwise in the figure), and (d) the magnetic force on the 
loop? 


Axis — T 


— 


LIN _—___#} -} x 
_ \\ a 


wT 


eee38 Assume that an electron of mass m and charge mag- 
nitude e moves in a circular orbit of radius r about a nucleus. 
A uniform magnetic field B is then established perpendicular 
to the plane of the orbit. Assuming also that the radius of 
the orbit does not change and that the change in the speed of 
the electron due to field B is small, find an expression for the 
change in the orbital magnetic dipole moment of the electron 
due to the field. 


sec. 32-10 Paramagnetism 

°39 A magnet in the form of a cylindrical rod has a length of 
5.00 cm and a diameter of 1.00cm. It has a uniform mag- 
netization of 5.30 X 10? A/m. What is its magnetic dipole 
moment? ssmitw 


e40 A0O0.50 T magnetic field is applied to a paramagnetic gas 
whose atoms have an intrinsic magnetic dipole moment of 


1.0 x 10°*3 J/T. At what temperature will the mean kinetic 
energy of translation of the atoms equal the energy required 
to reverse such a dipole end for end in this magnetic field? 


e41 A sample of the paramagnetic salt to which the mag- 
netization curve of Fig. 32-14 applies is to be tested to see 
whether it obeys Curie’s law. The sample is placed in a 
uniform 0.50 T magnetic field that remains constant through- 
out the experiment. The magnetization M is then measured at 
temperatures ranging from 10 to 300 K. Will it be found that 
Curie’s law is valid under these conditions? 


°42 A sample of the paramagnetic salt to which the magne- 
tization curve of Fig. 32-14 applies is held at room tempera- 
ture (300 K). At what applied magnetic field will the degree of 
magnetic saturation of the sample be (a) 50% and (b) 90%? 
(c) Are these fields attainable in the laboratory? 


e*43 Anelectron with kinetic energy K, travels in a circular 
path that is perpendicular to a uniform magnetic field, which 1s 
in the positive direction of a z axis. The electron’s motion is 
subject only to the force due to the field. (a) Show that the 
magnetic dipole moment of the electron due to its orbital 
motion has magnitude w = K,/B and that it is in the direction 
opposite that of B. What are the (b) magnitude and (c) direc- 
tion of the magnetic dipole moment of a positive ion with 
kinetic energy K,; under the same circumstances? (d) An 
ionized gas consists of 5.3 x 107! electrons/m* and the same 
number density of ions. Take the average electron kinetic 
energy to be 6.2 X 10°" J and the average ion kinetic energy 
to be 7.6 X 10-7! J. Calculate the magnetization of the gas 
when it is in a magnetic field of 1.2 T. 


ee44 Figure 32-39 gives the a 
magnetization curve for a para- 
magnetic material. The vertical 
axis scale is set by a = 0.15, and 
the horizontal axis scale 1s set by 
b = 0.2 T/K. Let py, be the mea- 
sured net magnetic moment of a 
sample of the material and pypax 
be the maximum possible net 
magnetic moment of that sam- 
ple. According to Curie’s law, what would be the ratio 
Lsam/Lemax Were the sample placed in a uniform magnetic field 
of magnitude ().800 T, at a temperature of 2.00 K? 


M/ i 


Bon TR) 


FIG. 32-39 Problem 44. 


eee45 Consider a solid containing N atoms per unit volume, 
each atom having a magnetic dipole moment p. Suppose the 
direction of pw can be only parallel or antiparallel to an exter- 
nally applied magnetic field B (this will be the case if j@ is due 
to the spin of a single electron). According to statistical 
mechanics, the probability of an atom being in a state with 
energy U is proportional to e “*’, where T is the temperature 
and k is Boltzmann’s constant. Thus, because energy U is 
—ji+ B, the fraction of atoms whose dipole moment is parallel 
to B is proportional to e”#*’ and the fraction of atoms 
whose dipole moment is antiparallel to B is proportional to 
e #BIKT (a) Show that the magnitude of the magnetization of 
this solid is M = Ny tanh(wB/kT). Here tanh is the hyperbolic 
tangent function: tanh(x) = (e* — e *)/(e* + e*). (b) Show 
that the result given in (a) reduces to M = Nw?B/kT for 
wB < kT. (c) Show that the result of (a) reduces to M = Nu 
for wB > kT. (d) Show that both (b) and (c) agree qualita- 
tively with Fig.32-14. ssm 


sec. 32-11 Ferromagnetism 

e46 The magnitude of the dipole moment associated with 
an atom of iron in an iron bar is 2.1 X 107%. J/T. Assume that 
all the atoms in the bar, which is 5.0 cm long and has a cross- 
sectional area of 1.0 cm’, have their dipole moments aligned. 
(a) What is the dipole moment of the bar? (b) What torque 
must be exerted to hold this magnet perpendicular to an 
external field of magnitude 1.5 T? (The density of iron is 
7.9 g/cm*.) 


e47 The exchange coupling mentioned in Section 32-11 as 
being responsible for ferromagnetism is not the mutual mag- 
netic interaction between two elementary magnetic dipoles. 
To show this, calculate (a) the magnitude of the magnetic field 
a distance of 10 nm away, along the dipole axis, from an atom 
with magnetic dipole moment 1.5 X 10°7? J/T (cobalt), and 
(b) the minimum energy required to turn a second identical 
dipole end for end in this field. (c) By comparing the latter 
with the results of Sample Problem 32-3, what can you con- 
clude? SSM 


e48 Measurements in mines and boreholes indicate that 
Earth’s interior temperature increases with depth at the 
average rate of 30 C°/km. Assuming a surface temperature of 
10°C, at what depth does iron cease to be ferromagnetic? (The 
Curie temperature of iron varies very little with pressure.) 


°49 The saturation magnetization M,,,, of the ferromag- 
netic metal nickel is 4.70 X 10° A/m. Calculate the magnetic 
dipole moment of a single nickel atom. (The density of nickel 
is 8.90 g/cm*, and its molar mass is 58.71 g/mol.) 


ee50 You place a magnetic compass on a horizontal surface, 
allow the needle to settle into its equilibrium position, and then 
give the compass a gentle wiggle to cause the needle to oscil- 
late about that equilibrium position. The frequency of 
oscillation is 0.312 Hz. Earth’s magnetic field at the location of 
the compass has a horizontal component of 18.0 wT. The nee- 
dle has a magnetic moment of 0.680 mJ/T. What is the needle’s 
rotational inertia about its (vertical) axis of rotation? €& 


°e51 A Rowland ring is formed of ferromagnetic material. 
It is circular in cross section, with an inner radius of 5.0 cm and 
an outer radius of 6.0 cm, and is wound with 400 turns of wire. 
(a) What current must be set up in the windings to attain 
a toroidal field of magnitude By = 0.20 mT? (b) A secondary 
coil wound around the toroid has 50 turns and resistance 
8.0 0. If, for this value of By, we have By, = 800B), how much 
charge moves through the secondary coil when the current in 
the toroid windings is turned on? 


ee52 A magnetic rod with length 6.00 cm, radius 3.00 mm, 
and (uniform) magnetization 2.70 x 10° A/m can turn about 
its center like a compass needle. It is placed in a uniform mag- 
netic field B of magnitude 35.0 mT, such that the directions of 
its dipole moment and B make an angle of 68.0°. (a) What is 
the magnitude of the torque on the rod due to B? (b) What is 
the change in the magnetic potential energy of the rod if the 
angle changes to 34.0°? 


ee53 The magnitude of the magnetic dipole moment of 
Earth is 8.0 X 10° J/T. (a) If the origin of this magnetism were 
a magnetized iron sphere at the center of Earth, what would 
be its radius? (b) What fraction of the volume of Earth would 
such a sphere occupy? Assume complete alignment of the 
dipoles. The density of Earth’s inner core is 14 g/cm?. The mag- 


netic dipole moment of an iron atom is 2.1 X 10 7 J/T. (Note: 
Earth’s inner core is in fact thought to be in both liquid and 
solid forms and partly iron, but a permanent magnet as the 
source of Earth’s magnetism has been ruled out by several 
considerations. For one, the temperature 1s certainly above the 
Curie point.) ssm itw www 


Additional Problems 

54 ‘Two plates (as in Fig. 32-7) are being discharged by a 
constant current. Each plate has a radius of 4.00 cm. During 
the discharging, at a point between the plates at radial 
distance 2.00 cm from the central axis, the magnetic field has 
a magnitude of 12.5 nT. (a) What is the magnitude of the mag- 
netic field at radial distance 6.00 cm? (b) What is the current 
in the wires attached to the plates? 


55 The magnetic field of Earth can be approximated as the 
magnetic field of a dipole. The horizontal and vertical compo- 
nents of this field at any distance r from Earth’s center are 
given by 


Moe 
Aor? 


MoM. 
B, = Sites 
2ar? 








B, = cos A,,,, 


where A,, is the magnetic latitude (this type of latitude is 
measured from the geomagnetic equator toward the north or 
south geomagnetic pole). Assume that Earth’s magnetic 
dipole moment has magnitude jp = 8.00 x 107 A- m7’. 
(a) Show that the magnitude of Earth’s field at latitude A,,, is 
given by 


MoM 


B= 
Aor? 


1 + 3 sin*A,,. 


(b) Show that the inclination ¢; of the magnetic field is related 
to the magnetic latitude 4,, by tan @; = 2 tan A,,.. SSM 


56 Use the results displayed in Problem 55 to predict the 
(a) magnitude and (b) inclination of Earth’s magnetic field at 
the geomagnetic equator, the (c) magnitude and (d) inclina- 
tion at geomagnetic latitude 60.0°, and the (e) magnitude and 
(f) inclination at the north geomagnetic pole. 


57 Earth has a magnetic dipole moment of 8.0 x 10” J/T. 
(a) What current would have to be produced in a single turn of 
wire extending around Earth at its geomagnetic equator if we 
wished to set up such a dipole? Could such an arrangement 
be used to cancel out Earth’s magnetism (b) at points in space 
well above Earth’s surface or (c) on Earth’s surface? 


58 Using the approximations given in Problem 55, find 
(a) the altitude above Earth’s surface where the magnitude of 
its magnetic field is 50.0% of the surface value at the same lat- 
itude; (b) the maximum magnitude of the magnetic field at the 
core—mantle boundary, 2900 km below Earth’s surface; and 
the (c) magnitude and (d) inclination of Earth’s magnetic field 
at the north geographic pole. (e) Suggest why the values you 
calculated for (c) and (d) differ from measured values. 


59 A parallel-plate capacitor with circular plates of radius 
55.0mm is being charged. At what radius (a) inside and 
(b) outside the capacitor gap is the magnitude of the induced 
magnetic field equal to 50.0% of its maximum value? 


60 Acharge gq is distributed uniformly around a thin ring of 
radius r. The ring is rotating about an axis through its center 
and perpendicular to its plane, at an angular speed w. (a) Show 
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that the magnetic moment due to the rotating charge has mag- 
nitude 4. = 4qwr?. (b) What is the direction of this magnetic 
moment if the charge is positive? 


61 If an electron in an atom has orbital angular momentum 
with m, values limited by +3, how many values of (a) Lon, 
and (b) po, can the electron have? In terms of h, m, and e, 
what is the greatest allowed magnitude for (c) Lo, and 
(d) Mor,.? (€) What is the greatest allowed magnitude for the z 
component of the electron’s net angular momentum (orbital 
plus spin)? (f) How many values (signs included) are allowed 
for the z component of its net angular momentum? SSM 


62 The capacitor in Fig. 32-7 is being charged with a 2.50 A 
current. The wire radius is 1.50 mm, and the plate radius is 
2.00 cm. Assume that the current 7 in the wire and the dis- 
placement current i, in the capacitor gap are both uniformly 
distributed. What is the magnitude of the magnetic field due 
to i at the following radial distances from the wire’s center: 
(a) 1.00 mm (inside the wire), (b) 3.00 mm (outside the wire), 
and (c) 2.20 cm (outside the wire)? What is the magnitude of 
the magnetic field due to i, at the following radial distances 
from the central axis between the plates: (d) 1.00 mm (inside 
the gap), (ec) 3.00 mm (inside the gap), and (f) 2.20 cm (out- 
side the gap)? (g) Explain why the fields at the two smaller 
radii are so different for the wire and the gap but the fields at 
the largest radius are not. 


63 Suppose that +4 are the limits to the values of m, for an 
electron in an atom. (a) How many different values of the z 
component py, Of the electron’s orbital magnetic dipole 
moment are possible? (b) What is the greatest magnitude of 
those possible values? Next, suppose that the atom is in a 
magnetic field of magnitude 0.250 T, in the positive direction 
of the z axis. What are (c) the maximum potential energy and 
(d) the minimum potential energy associated with those possi- 
ble values of po,4-? 


64 What is the measured component of the orbital magnetic 
dipole moment of an electron with the values (a) m, = 3 and 


65 A magnetic compass has its needle, of mass 0.050 kg and 
length 4.0cm, aligned with the horizontal component of 
Earth’s magnetic field at a place where that component has 
the value B, = 16 wT. After the compass is given a momentary 
gentle shake, the needle oscillates with angular frequency w = 
45 rad/s. Assuming that the needle is a uniform thin rod 
mounted at its center, find the magnitude of its magnetic 
dipole moment. 


66 A parallel-plate capacitor with circular plates is being 
charged. Consider a circular loop centered on the central axis 
and located between the plates. If the loop radius of 3.00 cm is 
greater than the plate radius, 
what is the displacement cur- 
rent between the plates when 
the magnetic field along the 
loop has magnitude 2.00 wT? 


67 In Fig. 32-40, a parallel- 
plate capacitor is being dis- 
charged by a current 1=5.0A. 
The plates are square with edge 
length L = 8.0mm. (a) What is 
the rate at which the electric field 





FIG. 32-40 Problem 67. 


between the plates is changing? (b) What is the value of § B- ds’ 
around the dashed path, where H = 2.0mm and W = 3.0 mm? 


68 <A magnetic flux of 7.0 mWb is directed outward through 
the flat bottom face of the closed surface 
shown in Fig. 32-41. Along the flat top face 
(which has a radius of 4.2 cm) there is a 0.40 
T magnetic field B directed perpendicular to 
the face. What are the (a) magnitude and (b) 
direction (inward or outward) of the mag- 
netic flux through the curved part of the sur- 
face? FIG. 32-41 


69 A parallel-plate capacitor with circular Problem 68. 
plates of radius R = 16 mm and gap width d = 5.0 mm has a 
uniform electric field between the plates. Starting at time 
t = 0, the potential difference between the two plates is V = 
(100 V)e~“’", where the time constant 7 = 12 ms. At radial dis- 
tance r = 0.80R from the central axis, what is the magnetic 
field magnitude (a) as a function of time for t = 0 and (b) at 
time t = 37? 





70 A-sample of the paramagnetic salt to which the magneti- 
zation curve of Fig. 32-14 applies is immersed in a uniform 
magnetic field of 2.0 T. At what temperature will the degree of 
magnetic saturation of the sample be (a) 50% and (b) 90%? 


71. A parallel-plate capacitor with circular plates of radius R is 
being discharged. The displacement current through a central cir- 
cular area, parallel to the plates 


: 6 
and with radius R/2, is 2.0A. S 
What is the discharging current? > : 
ee 
72 Figure 32-42 gives the vari- & 
ation of an electric field that is 9 4 6 8 10 19 
perpendicular to a circular area t (Us) 


of 2.0m*. During the time 
period shown, what is the great- 
est displacement current through the area? 


FIG. 32-42 Problem 72. 


73 Figure 32-38 shows a loop model (loop L) for a paramag- 
netic material. (a) Sketch the field lines through and about the 
material due to the magnet. What is the direction of (b) the 
loop’s net magnetic dipole moment jy, (c) the conventional 
current / in the loop (clockwise or counterclockwise in the 
figure), and (d) the magnetic force acting on the loop? 


74 In the lowest energy state of the hydrogen atom, the 
most probable distance of the single electron from the central 
proton (the nucleus) is 5.2 x 10 !! m.(a) Compute the magni- 
tude of the proton’s electric field at that distance. The compo- 
nent y, , of the proton’s spin magnetic dipole moment measured 
on a z axis is 1.4 X 10°“ J/T. (b) Compute the magnitude of the 
proton’s magnetic field at the distance 5.2 x 10°''m on the 
z axis. (Hint: Use Eq. 29-27.) (c) What is the ratio of the spin 
magnetic dipole moment of the electron to that of the proton? 


73 In Fig. 32-43, a bar magnet lies near a paper cylinder. 
(a) Sketch the magnetic field lines that pass through the 
surface of the cylinder. (b) What is the sign of B- dA for every 
area dA on the surface? (c) Does this contradict Gauss’ law 
for magnetism? Explain. 


— Central 
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FIG. 32-43 Problem 7S. 


Electromagnetic 
Waves 





On bright days the sky can display a variety of bright spots and arcs 
(halos). Probably the most common display is a bright spot called a sun 
dog that appears to the left or right of the Sun and sometimes on both 

sides. Because sun dogs often show colors, they can be mistaken 


for rainbows. However, sun dogs are not produced by water 
drops as rainbows are. 
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The answer is in this chapter. 
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33-1 WHAT IS PHYSICS? 


The information age in which we live is based almost entirely on the physics of 
electromagnetic waves. Like it or not, we are now globally connected by televi- 
sion, telephones, and the Web. And like it or not, we are constantly immersed in 
those signals because of television, radio, and telephone transmitters. 

Much of this global interconnection of information processors was not imag- 
ined by even the most visionary engineers of 20 years ago. The challenge for 
today’s engineers is trying to envision what the global interconnection will be like 
20 years from now. The starting point in meeting that challenge is understanding 
the basic physics of electromagnetic waves, which come in so many different 
types that they are poetically said to form Maxwell’s rainbow. 
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The crowning achievement of James Clerk Maxwell (see Chapter 32) was to 
show that a beam of light is a traveling wave of electric and magnetic fields —an 
electromagnetic wave — and thus that optics, the study of visible light, is a branch 
of electromagnetism. In this chapter we move from one to the other: we conclude 
our discussion of strictly electrical and magnetic phenomena, and we build a 
foundation for optics. 

In Maxwell’s time (the mid 1800s), the visible, infrared, and ultraviolet forms 
of light were the only electromagnetic waves known. Spurred on by Maxwell’s 
work, however, Heinrich Hertz discovered what we now call radio waves and 
verified that they move through the laboratory at the same speed as visible light. 

As Fig. 33-1 shows, we now know a wide spectrum (or range) of electromag- 
netic waves: Maxwell’s rainbow. Consider the extent to which we are immersed in 
electromagnetic waves throughout this spectrum. The Sun, whose radiations 
define the environment in which we as a species have evolved and adapted, is 
the dominant source. We are also crisscrossed by radio and television signals. 
Microwaves from radar systems and from telephone relay systems may reach us. 
There are electromagnetic waves from lightbulbs, from the heated engine blocks 
of automobiles, from x-ray machines, from lightning flashes, and from buried 
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radioactive materials. Beyond this, radiation reaches us from stars and other Ef ia 
objects in our galaxy and from other galaxies. Electromagnetic waves also travel | 
in the other direction. Television signals, transmitted from Earth since about — 100 
1950, have now taken news about us (along with episodes of J Love Lucy, albeit 2 80) 
very faintly) to whatever technically sophisticated inhabitants there may be on ai 
whatever planets may encircle the nearest 400 or so stars. 2 
In the wavelength scale in Fig. 33-1 (and similarly the corresponding 2 sat 
frequency scale), each scale marker represents a change in wavelength (and y 20 
correspondingly in frequency) by a factor of 10. The scale is open-ended; the 0 
wavelengths of electromagnetic waves have no inherent upper or lower bound. 400 450 500 550 600 650 700 


Certain regions of the electromagnetic spectrum in Fig. 33-1 are identified by Wate le meu a3)) 


familiar labels, such as x rays and radio waves. These labels denote roughly F!G. 33-2 The relative sensitivity of 
defined wavelength ranges within which certain kinds of sources and detectors of the average human eye to electro- 
electromagnetic waves are in common use. Other regions of Fig. 33-1, such as ™agnetic waves at different wave- 
those labeled TV channels and AM radio, represent specific wavelength bands pens aay EUs pore nol cea 
assigned by law for certain commercial or other purposes. There are no gaps in the peers ree a Bae os 
electromagnetic spectrum — and all electromagnetic waves, no matter where they 
lie in the spectrum, travel through free space (vacuum) with the same speed c. 

The visible region of the spectrum is of course of particular interest to us. 
Figure 33-2 shows the relative sensitivity of the human eye to light of various 
wavelengths. The center of the visible region is about 555 nm, which produces the 
sensation that we call yellow-green. 

The limits of this visible spectrum are not well defined because the eye- 
sensitivity curve approaches the zero-sensitivity line asymptotically at both long 
and short wavelengths. If we take the limits, arbitrarily, as the wavelengths at 
which eye sensitivity has dropped to 1% of its maximum value, these limits are 
about 430 and 690 nm; however, the eye can detect electromagnetic waves some- 
what beyond these limits if they are intense enough. 
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Some electromagnetic waves, including x rays, gamma rays, and visible light, 
are radiated (emitted) from sources that are of atomic or nuclear size, where 
quantum physics rules. Here we discuss how other electromagnetic waves are 
generated. To simplify matters, we restrict ourselves to that region of the spec- 
trum (wavelength A ~ 1 m) in which the source of the radiation (the emitted 
waves) is both macroscopic and of manageable dimensions. 

Figure 33-3 shows, in broad outline, the generation of such waves. At its heart 
is an LC oscillator, which establishes an angular frequency w (= 1/VLC). Charges 
and currents in this circuit vary sinusoidally at this frequency, as depicted in Fig. 
31-1. An external source — possibly an ac generator — must be included to supply 
energy to compensate both for thermal losses in the circuit and for energy carried 
away by the radiated electromagnetic wave. 

The LC oscillator of Fig. 33-3 is coupled by a transformer and a transmission 
line to an antenna, which consists essentially of two thin, solid, conducting rods. 
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FIG. 33-4 (a)-(h) The variation in 
the electric field E and the magnetic 
field B at the distant point P of Fig. 
33-3 as one wavelength of the elec- 
tromagnetic wave travels past it. In 
this perspective, the wave is traveling 
directly out of the page. The two 
fields vary sinusoidally in magnitude 
and direction. Note that they are al- 
ways perpendicular to each other 
and to the wave’s direction of travel. 
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Through this coupling, the sinusoidally varying current in the oscillator causes 
charge to oscillate sinusoidally along the rods of the antenna at the angular 
frequency w of the LC oscillator. The current in the rods associated with this 
movement of charge also varies sinusoidally, in magnitude and direction, at angu- 
lar frequency w. The antenna has the effect of an electric dipole whose electric 
dipole moment varies sinusoidally in magnitude and direction along the antenna. 

Because the dipole moment varies in magnitude and direction, the electric 
field produced by the dipole varies in magnitude and direction. Also, because the 
current varies, the magnetic field produced by the current varies in magnitude 
and direction. However, the changes in the electric and magnetic fields do not 
happen everywhere instantaneously; rather, the changes travel outward from the 
antenna at the speed of light c. Together the changing fields form an electromag- 
netic wave that travels away from the antenna at speed c. The angular frequency 
of this wave is w, the same as that of the LC oscillator. 

Figure 33-4 shows how the electric field E and the magnetic field B change 
with time as one wavelength of the wave sweeps past the distant point P of 
Fig. 33-3; in each part of Fig. 33-4, the wave is traveling directly out of the page. 
(We choose a distant point so that the curvature of the waves suggested in 
Fig. 33-3 is small enough to neglect. At such points, the wave is said to be a plane 
wave, and discussion of the wave is much simplified.) Note several key features in 
Fig. 33-4; they are present regardless of how the wave is created: 


1. The electric and magnetic fields E and B are always perpendicular to the 
direction in which the wave 1s traveling. Thus, the wave is a transverse wave, as 
discussed in Chapter 16. 


2. The electric field is always perpendicular to the magnetic field. 
3. The cross product ExB always gives the direction in which the wave travels. 


4. The fields always vary sinusoidally, just like the transverse waves discussed 
in Chapter 16. Moreover, the fields vary with the same frequency and in phase 
(in step) with each other. 


In keeping with these features, we can assume that the electromagnetic wave 
is traveling toward P in the positive direction of an x axis, that the electric field in 
Fig. 33-4 is oscillating parallel to the y axis, and that the magnetic field is then 
oscillating parallel to the z axis (using a right-handed coordinate system, of 
course). Then we can write the electric and magnetic fields as sinusoidal functions 
of position x (along the path of the wave) and time f: 


E = E,, sin(kx — wt), (33-1) 


B= B,, sin(kx — wt), (33-2) 
in which E,,, and B,, are the amplitudes of the fields and, as in Chapter 16, w and k 
are the angular frequency and angular wave number of the wave, respectively. 
From these equations, we note that not only do the two fields form the electro- 
magnetic wave but each also forms its own wave. Equation 33-1 gives the electric 
wave component of the electromagnetic wave, and Eq. 33-2 gives the magnetic 
wave component. As we shall discuss below, these two wave components cannot 
exist independently. 

From Eq. 16-13, we know that the speed of the wave is w/k. However, 
because this is an electromagnetic wave, its speed (in vacuum) is given the sym- 
bol c rather than v. In the next section you will see that c has the value 


l 
V Mo&o 





c= (wave speed), (33-3) 


33-3 | The Traveling Electromagnetic Wave, Qualitatively 


which is about 3.0 < 10° m/s. In other words, 


GQ Alletectr , ‘romagne snetic waves, including visible light, have the same speed c in vacuum. 
You will also see that the wave speed c and the amplitudes of the electric and 
magnetic fields are related by 

Fun 

B = (amplitude ratio). (33-4) 

If we divide Eq. 33-1 by Eq. 33-2 and then substitute with Eq. 33-4, we find that 

the magnitudes of the fields at every instant and at any point are related by 





—=C (magnitude ratio). (33-5) 


We can represent the electromagnetic wave as in Fig. 33-5a, with a ray 
(a directed line showing the wave’s direction of travel) or with wavefronts (imagi- 
nary surfaces over which the wave has the same magnitude of electric field), or 
both. The two wavefronts shown in Fig. 33-5a are separated by one wavelength 
A (= 2a/k) of the wave. (Waves traveling in approximately the same direction 
form a beam, such as a laser beam, which can also be represented with a ray.) 

We can also represent the wave as in Fig. 33-55, which shows the electric and 
magnetic field vectors in a “snapshot” of the wave at a certain instant. The curves 
through the tips of the vectors represent the sinusoidal oscillations given by 
Eqs. 33-1 and 33-2; the wave components E and B are in phase, perpendicular to 
each other, and perpendicular to the wave’s direction of travel. 

Interpretation of Fig. 33-5b requires some care. The similar drawings for a 
transverse wave on a taut string that we discussed in Chapter 16 represented the 
up and down displacement of sections of the string as the wave passed (some- 
thing actually moved ). Figure 33-5b is more abstract. At the instant shown, the 
electric and magnetic fields each have a certain magnitude and direction (but 
always perpendicular to the x axis) at each point along the x axis. We choose to 
represent these vector quantities with a pair of arrows for each point, and so we 
must draw arrows of different lengths for different points, all directed away from 
the x axis, like thorns on a rose stem. However, the arrows represent field values 
only at points that are on the x axis. Neither the arrows nor the sinusoidal curves 
represent a sideways motion of anything, nor do the arrows connect points on the 
x axis with points off the axis. 

Drawings like Fig. 33-5 help us visualize what is actually a very complicated 
situation. First consider the magnetic field. Because it varies sinusoidally, it 
induces (via Faraday’s law of induction) a perpendicular electric field that also 
varies sinusoidally. However, because that electric field is varying sinusoidally, it 
induces (via Maxwell’s law of induction) a perpendicular magnetic field that also 
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FIG. 33-5 (a) Anelectromagnetic wave represented with a ray 
and two wavefronts; the wavefronts are separated by one wave- 
length A. (b) The same wave represented in a “snapshot” of its 
electric field E and magnetic field Bat points on the x axis, along 
which the wave travels at speed c. As it travels past point P, the (b) 
fields vary as shown in Fig. 33-4. The electric component of the 
wave consists of only the electric fields; the magnetic component | : 
consists of only the magnetic fields. The dashed rectangle at P is B Biacinic Nasnetiz 
used in Fig. 33-6. component component 
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FIG. 33-6 As the electromagnetic 
wave travels rightward past point P 
in Fig. 33-55, the sinusoidal variation 
of the magnetic field B through a 
rectangle centered at P induces 
electric fields along the rectangle. 
At the instant shown, B is decreasing 
in magnitude and the induced elec- 
tric field is therefore greater in mag- 
nitude on the right side of the 
rectangle than on the left. 


varies sinusoidally. And so on. The two fields continuously create each other via 
induction, and the resulting sinusoidal variations in the fields travel as a wave — 
the electromagnetic wave. Without this amazing result, we could not see; indeed, 
because we need electromagnetic waves from the Sun to maintain Earth’s tem- 
perature, without this result we could not even exist. 


A Most Curious Wave 


The waves we discussed in Chapters 16 and 17 require a medium (some material) 
through which or along which to travel. We had waves traveling along a string, 
through Earth, and through the air. However, an electromagnetic wave (let’s use 
the term light wave or light) is curiously different in that it requires no medium 
for its travel. It can, indeed, travel through a medium such as air or glass, but it 
can also travel through the vacuum of space between a star and us. 

Once the special theory of relativity became accepted, long after Einstein 
published it in 1905, the speed of light waves was realized to be special. One rea- 
son is that light has the same speed regardless of the frame of reference from 
which it is measured. If you send a beam of light along an axis and ask several 
observers to measure its speed while they move at different speeds along that 
axis, either in the direction of the light or opposite it, they will all measure the 
same speed for the light. This result is an amazing one and quite different from 
what would have been found if those observers had measured the speed of any 
other type of wave; for other waves, the speed of the observers relative to the 
wave would have affected their measurements. 

The meter has now been defined so that the speed of light (any electromag- 
netic wave) in vacuum has the exact value 


c = 299 792 458 m/s, 


which can be used as a standard. In fact, if you now measure the travel time of a 
pulse of light from one point to another, you are not really measuring the speed 
of the light but rather the distance between those two points. 
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We shall now derive Eqs. 33-3 and 33-4 and, even more important, explore the 
dual induction of electric and magnetic fields that gives us light. 


Equation 33-4 and the Induced Electric Field 


The dashed rectangle of dimensions dx and h in Fig. 33-6 1s fixed at point P on the 
x axis and in the xy plane (it is shown on the right in Fig. 33-5)). As the electro- 
magnetic wave moves rightward past the rectangle, the magnetic flux ®, through 
the rectangle changes and—according to Faraday’s law of induction— induced 
electric fields appear throughout the region of the rectangle. We take E and 
E + dE to be the induced fields along the two long sides of the rectangle. These 
induced electric fields are, in fact, the electrical component of the electro- 
magnetic wave. 

Note the small red portion of the magnetic field component curve far from 
the y axis in Fig. 33-5b. Let’s consider the induced electric fields at the instant 
when this red portion of the magnetic component is passing through the rectan- 
gle. Just then, the magnetic field through the rectangle points in the positive z 
direction and is decreasing in magnitude (the magnitude was greater just before 
the red section arrived). Because the magnetic field is decreasing, the magnetic 
flux ®, through the rectangle is also decreasing. According to Faraday’s law, this 
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change in flux is opposed by induced electric fields, which produce a magnetic 
field B in the positive z direction. 

According to Lenz’s law, this in turn means that if we imagine the boundary 
of the rectangle to be a conducting loop, a counterclockwise induced current 
would have to appear in it. There is, of course, no conducting loop; but this 
analysis shows that the induced electric field vectors | E and E + dE are indeed 
oriented as shown in Fig. 33-6, with the magnitude of E+dE greater than that of 
E. Otherwise, the net induced electric field would not act counterclockwise 
around the rectangle. 

Let us now apply Faraday’s law of induction, 


nm d®, 
E-ds = - 33-6 
ds rr (33-6) 





counterclockwise around the rectangle of Fig. 33-6. There is no contribution to 
the integral from the top or bottom of the rectangle because E and d@ are per- 
pendicular to each other there. The integral then has the value 


E+ ds = (E + dE)h — Eh = hdE. (33-7) 
The flux ®, through this rectangle is 
©, = (B)(h dx), (33-8) 


where B 1s the average magnitude of B within the rectangle and h dx is the area 
of the rectangle. Differentiating Eq. 33-8 with respect to t gives 





d®, dB 
= h dx —_. 33-9 
dt dt Ce 
If we substitute Eqs. 33-7 and 33-9 into Eq. 33-6, we find 
dB 
hdk = —hdxy— 
( dx — 
dE dB 
— = 33-10 
er ax at ( ) 


Actually, both B and E£ are functions of two variables, x and t, as Eqs. 33-1 and 
33-2 show. However, in evaluating dE/dx, we must assume that ¢ is constant 
because Fig. 33-6 is an “instantaneous snapshot.” Also, in evaluating dB/dt we 
must assume that x is constant because we are dealing with the time rate of 
change of B at a particular place, the point P in Fig. 33-5b. The derivatives under 


these circumstances are partial derivatives, and Eq. 33-10 must be written 
OE 0B 
— 2, (33-11) 
Ox ot 


The minus sign in this equation is appropriate and necessary because, although E 
is increasing with x at the site of the rectangle in Fig. 33-6, B is decreasing with t. 
From Eq. 33-1 we have 


dE 
— =kE,, cos(kx — at) 
Ox 
and from Eq. 33-2 
0B 
— = —o@B,, cos(kx — at). 
ot 
Then Eq. 33-11 reduces to 
kE,, cos(kx — wt) = wB,, cos(kx — wt). (33-12) 


The ratio w/k for a traveling wave is its speed, which we are calling c. Equation 
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FIG. 33-7 The sinusoidal variation 
of the electric field through this rec- 
tangle, located (but not shown) at 
point P in Fig. 33-55, induces mag- 
netic fields along the rectangle. The 
instant shown is that of Fig. 33-6: E is 
decreasing in magnitude, and the 
magnitude of the induced magnetic 
field is greater on the right side of the 
rectangle than on the left. 


33-12 then becomes 


= = (amplitude ratio), (33-13) 
which is just Eq. 33-4. 


Equation 33-3 and the Induced Magnetic Field 


Figure 33-7 shows another dashed rectangle at point P of Fig. 33-55; this one is 
in the xz plane. As the electromagnetic wave moves rightward past this new 
rectangle, the electric flux ®, through the rectangle changes and— according to 
Maxwell’s law of induction—induced magnetic fields appear throughout the 
region of the rectangle. These induced magnetic fields are, in fact, the magnetic 
component of the electromagnetic wave. 

We see from Fig. 33-55 that at the instant chosen for the magnetic field repre- 
sented in Fig. 33-6, marked in red on the magnetic component curve, the electric 
field through the rectangle of Fig. 33-7 is directed as shown. Recall that at the 
chosen instant, the magnetic field in Fig. 33-6 is decreasing. Because the two fields 
are in phase, the electric field in Fig. 33-7 must also be decreasing, and so must the 
electric flux ®,; through the rectangle. By applying the same reasoning we applied 
to Fig. 33-6, we see that the changing flux ®; will induce a magnetic field with vec- 
tors B and B + dB oriented as shown in Fig. 33-7, where field B+aB is greater 
than field B. 

Let us apply Maxwell’s law of induction, 


= d® 
B-ds — Mo&o a ’ 





(33-14) 


by proceeding counterclockwise around the dashed rectangle of Fig. 33-7. Only 
the long sides of the rectangle contribute to the integral, whose value is 


B «ds = —(B + dB)h + Bh = —haB. (33-15) 
The flux ®, through the rectangle is 
®, = (E\(h dx), (33-16) 


where E is the average magnitude of E within the rectangle. Differentiating 
Eq. 33-16 with respect to ¢ gives 





di —hdx—. 


If we substitute this and Eq. 33-15 into Eq. 33-14, we find 


dE 
—-hdB = ian 
poco ( x i) 


or, changing to partial-derivative notation as we did for Eq. 33-11, 


0B JOE 
a= ai oa —5 33-17 
ae MoEo ar ( ) 
Again, the minus sign in this equation is necessary because, although B ts increas- 
ing with x at point P in the rectangle in Fig. 33-7, F is decreasing with t. 
Evaluating Eq. 33-17 by using Eqs. 33-1 and 33-2 leads to 


—kB,, cos(kx — wt) = —po&wE,, cos(kx — at), 
which we can write as 


E,, 1 1 


Bn - Lo&0(w/k) - [gE yo 
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Combining this with Eq. 33-13 leads at once to 


1 
ies (wave speed), 
070 





c= (33-18) 


which 1s exactly Eq. 33-3. 


CHECKPOINT 1 y y 
The magnetic field B 
through the rectangle of 
Fig. 33-6 is shown at a dif- 
ferent instant in part 1 of 
the figure here; B is di- 
rected in the xz plane, par-  * . 

allel to the z axis, and its (1) (2) 
magnitude is increasing. (a) 

Complete part 1 by drawing the induced electric fields, indicating both directions and 
relative magnitudes (as in Fig. 33-6). (b) For the same instant, complete part 2 of the fig- 
ure by drawing the electric field of the electromagnetic wave. Also draw the induced 
magnetic fields, indicating both directions and relative magnitudes (as in Fig. 33-7). 


mY 
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All sunbathers know that an electromagnetic wave can transport energy and 
deliver it to a body on which the wave falls. The rate of energy transport per unit 
area in such a wave is described by a vector S, called the Poynting vector after 
physicist John Henry Poynting (1852-1914), who first discussed its properties. 
This vector is defined as 


— 1 —> => 
S=—EXB (Poynting vector). (33-19) 
Ko 


Its magnitude S is related to the rate at which energy is transported by a wave 
across a unit area at any instant (inst): 


c= (eoemine )_ (xomee) san 
area inst area inst 


From this we can see that the SI unit for S is the watt per square meter (W/m’). 





Because E and B are perpendicular to each other in an electromagnetic 
wave, the magnitude of E x Bis EB.Then the magnitude of S is 
1 
S = — EB, (33-21) 
Ho 
in which S, FE, and B are instantaneous values. The magnitudes F and B are so 
closely coupled to each other that we need to deal with only one of them; we 
choose EF, largely because most instruments for detecting electromagnetic waves 
deal with the electric component of the wave rather than the magnetic compo- 
nent. Using B = E/c from Eq. 33-5, we can rewrite Eq. 33-21 as 


1 
Co 





je (instantaneous energy flow rate). (33-22) 
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Poe, 


FIG. 33-8 A point source S emits 
electromagnetic waves uniformly in 
all directions. The spherical wavefronts 
pass through an imaginary sphere of 
radius r that is centered on S. 


By substituting EF = E,, sin(kx — wt) into Eq. 33-22, we could obtain an 
equation for the energy transport rate as a function of time. More useful in prac- 
tice, however, is the average energy transported over time; for that, we need to 
find the time-averaged value of S, written S,,, and also called the intensity / of the 
wave. Thus from Eq. 33-20, the intensity J is 


(== [ Spetesttime _ [poe | (33-23) 
area avg area / avg 
From Eq. 33-22, we find 
1 1 
T= Swe = —— [Fave = —— [E2 sin?(kx — ot) |ave- 33-24 
avg Ch [ lee Clo [ m sin‘( x wt) |ave ( ) 


Over a full cycle, the average value of sin? 6, for any angular variable 6, is 5 (see 
Fig. 31-17). In addition, we define a new quantity E,,,,, the root-mean-square 
value of the electric field, as 


Ey 
V2 . 





Ee = (33-25) 


We can then rewrite Eq. 33-24 as 


1 
ad (33-26) 
Cy 


Because F = cB and c is such a very large number, you might conclude that 
the energy associated with the electric field is much greater than that associated 
with the magnetic field. That conclusion is incorrect; the two energies are exactly 
equal. To show this, we start with Eq. 25-25, which gives the energy density 
u(= SEE *) within an electric field, and substitute cB for E; then we can write 


ES sé)? = 5é9(cB)’. 
If we now substitute for c with Eq. 33-3, we get 
1 B? 


UE — 5€0 B2 = ‘ 
: Mo&o 2 bo 








However, Eq. 30-54 tells us that B?/2 1) is the energy density uz, of a magnetic field 
B;so we see that u; = ug everywhere along an electromagnetic wave. 


Variation of Intensity with Distance 


How intensity varies with distance from a real source of electromagnetic radia- 
tion is often complex—especially when the source (like a searchlight at a 
movie premier) beams the radiation in a particular direction. However, in some 
situations we can assume that the source is a point source that emits the light 
isotropically —that is, with equal intensity in all directions. The spherical wave- 
fronts spreading from such an isotropic point source S at a particular instant are 
shown in cross section in Fig. 33-8. 

Let us assume that the energy of the waves is conserved as they spread from 
this source. Let us also center an imaginary sphere of radius r on the source, as 
shown in Fig. 33-8. All the energy emitted by the source must pass through the 
sphere. Thus, the rate at which energy passes through the sphere via the radiation 
must equal the rate at which energy is emitted by the source — that is, the source 
power P,. The intensity / at the sphere must then be, from Eq. 33-23, 


Pp. 
pe Es (33-27) 
area A or - 





where 477? is the area of the sphere. Equation 33-27 tells us that the intensity of 
the electromagnetic radiation from an isotropic point source decreases with the 
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square of the distance r from the source. 


CHECKPOINT 2 


The figure here gives the electric field of an electromagnetic 
wave at a certain point and a certain instant. The wave is transporting energy in the negative 
z direction. What is the direction of the magnetic field of the wave at that point and instant? 





~ 


Sample Problem | 33-1 | 


When you look at the North Star (Polaris), you inter- 
cept light from a star at a distance of 431 ly and emitting 
energy at a rate of 2.2 x 10° times that of our Sun 
(Pan = 3.90 X 107° W). Neglecting any atmospheric ab- 
sorption, find the rms values of the electric and mag- 
netic fields when the starlight reaches you. 


1. The rms value E,,,, of the electric field in light is re- 
lated to the intensity / of the light via Eq. 33-26 
(Fe Chey): 

2. Because the source is so far away and emits light 
with equal intensity in all directions, the intensity / 
at any distance r from the source is related to the 
source’s power P, via Eq. 33-27 (J = P,/4 ar’). 

3. The magnitudes of the electric field and magnetic 
field of an electromagnetic wave at any instant and 
at any point in the wave are related by the speed of 
light c according to Eq. 33-5 (E/B = c). Thus, the rms 
values of those fields are also related by Eq. 33-5. 


Electric field: Putting the first two ideas together gives us 
| ee 


rms 


_ 7 
4ar- CLLy 
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Substituting P, = (2.2 x 10*)(3.90 x 10 W), r = 431 
ly = 4.08 X 10!* m, and values for the constants, we find 


E.ns = 1.24 X 10°? V/m =~ 1.2mV/m. (Answer) 


Magnetic field: From Eq. 33-5, we write 


Enns 1.24 X 10-3 V/m 
C 3.00 x 10° m/s 
=A) C10 27 — ai pT. 


Cannot compare the fields: Note that EF, (= 1.2 
mV/m) is small as judged by ordinary laboratory stan- 
dards, but B,,,, (= 4.1 pT) is quite small. This difference 
helps to explain why most instruments used for the de- 
tection and measurement of electromagnetic waves are 
designed to respond to the electric component of the 
wave. It is wrong, however, to say that the electric com- 
ponent of an electromagnetic wave is “stronger” than the 
magnetic component. You cannot compare quantities that 
are measured in different units. As we have seen, the elec- 
tric and magnetic components are on an equal basis as far 
as the propagation of the wave is concerned because their 
average energies, which can be compared, are equal. 
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Electromagnetic waves have linear momentum as well as energy. This means that 
we can exert a pressure —a radiation pressure — on an object by shining light on 
it. However, the pressure must be very small because, for example, you do not 
feel a camera flash when it is used to take your photograph (which is good 
because otherwise every photographic flash could be like a punch). 

To find an expression for the pressure, let us shine a beam of electromagnetic 
radiation — light, for example — on an object for a time interval Ar. Further, let us 
assume that the object is free to move and that the radiation is entirely absorbed 
(taken up) by the object. This means that during the interval At, the object gains 
an energy AU from the radiation. Maxwell showed that the object also gains 
linear momentum. The magnitude Ap of the momentum change of the object is 
related to the energy change AU by 


AU 


Ap = — (total absorption), (33-28) 
- 
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where c is the speed of light. The direction of the momentum change of the object 
is the direction of the incident (incoming) beam that the object absorbs. 

Instead of being absorbed, the radiation can be reflected by the object; that 
is, the radiation can be sent off in a new direction as if it bounced off the object. If 
the radiation is entirely reflected back along its original path, the magnitude of 
the momentum change of the object is twice that given above, or 


2 AU 
Ap = er (total reflection back along path). (33-29) 


In the same way, an object undergoes twice as much momentum change when a 
perfectly elastic tennis ball is bounced from it as when it is struck by a perfectly 
inelastic ball (a lump of wet putty, say) of the same mass and velocity. If the inci- 
dent radiation is partly absorbed and partly reflected, the momentum change of 
the object is between AU/c and 2 AU/c. 
From Newton’s second law in its linear momentum form (Section 9-4), we 

know that a change in momentum 1s related to a force by 

Ap 

f=, 33-30 

My (33-30) 
To find expressions for the force exerted by radiation in terms of the intensity / of 
the radiation, we first note that intensity is 
_ power _ energy/time 


area area 


Next, suppose that a flat surface of area A, perpendicular to the path of the radia- 
tion, intercepts the radiation. In time interval Af, the energy intercepted by area A is 


AU = IA At. (33-31) 


If the energy is completely absorbed, then Eq. 33-28 tells us that Ap = JA At/c, 
and, from Eq. 33-30, the magnitude of the force on the area A is 


IA 
F= 0 (total absorption). (33-32) 
Similarly, if the radiation is totally reflected back along its original path, Eq. 33-29 
tells us that Ap = 2/A At/c and, from Eq. 33-30, 


2IA 
F= 
C 





(total reflection back along path). (33-33) 


If the radiation is partly absorbed and partly reflected, the magnitude of the force 
on area A is between the values of [A/c and 2/A/c. 

The force per unit area on an object due to radiation is the radiation pressure 
p,. We can find it for the situations of Eqs. 33-32 and 33-33 by dividing both sides 
of each equation by A. We obtain 


I 
Dis = (total absorption) (33-34) 
21 
and Pr wey (total reflection back along path). (33-35) 


Be careful not to confuse the symbol p, for radiation pressure with the symbol p 
for momentum. Just as with fluid pressure in Chapter 14, the SI unit of radiation 
pressure is the newton per square meter (N/m), which is called the pascal (Pa). 
The development of laser technology has permitted researchers to achieve 
radiation pressures much greater than, say, that due to a camera flashlamp. This 
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comes about because a beam of laser light—unlike a beam of light from a small 7 Plane of 
lamp filament—can be focused to a tiny spot. This permits the delivery of great e QsclaHon 
amounts of energy to small objects placed at that spot. 


CHECKPOINT 3 Light of uniform intensity shines perpendicularly on a totally 
absorbing surface, fully illuminating the surface. If the area of the surface is decreased, do 
(a) the radiation pressure and (b) the radiation force on the surface increase, decrease, or 
stay the same? 
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VHF (very high frequency) television antennas in England are oriented verti- 

cally, but those in North America are horizontal. The difference is due to the E 

direction of oscillation of the electromagnetic waves carrying the TV signal. In : 

England, the transmitting equipment is designed to produce waves that are 

polarized vertically; that is, their electric field oscillates vertically. Thus, for the E 

electric field of the incident television waves to drive a current along an antenna 

(and provide a signal to a television set), the antenna must be vertical. In North (b) 

America, the waves are polarized horizontally. | — FIG. 33-9 (a) The plane of oscilla- 
Figure 33-9a shows an electromagnetic wave with its electric field oscillating tion of a polarized electromagnetic 

parallel to the vertical y axis. The plane containing the F vectors is called the wave. (b) To represent the polariza- 

plane of oscillation of the wave (hence, the wave is said to be plane-polarized in _ tion, we view the plane of oscillation 

the y direction). We can represent the wave’s polarization (state of being polar- head-on and indicate the directions 

ized) by showing the directions of the electric field oscillations in a head-on view _ of the oscillating electric field with a 

of the plane of oscillation, as in Fig. 33-9b. The vertical double arrow in that figure double arrow. 

indicates that as the wave travels past us, its electric field oscillates vertically —it 

continuously changes between being directed up and down the y axis. 





Polarized Light 


The electromagnetic waves emitted by a television station all have the same 
polarization, but the electromagnetic waves emitted by any common source of 
light (such as the Sun or a bulb) are polarized randomly, or unpolarized (the two 
terms mean the same thing). That is, the electric field at any given point is always 
perpendicular to the direction of travel of the waves but changes directions 
randomly. Thus, if we try to represent a head-on view of the oscillations over some 
time period, we do not have a simple drawing with a single double arrow like that of 
Fig. 33-9; instead we have a mess of double arrows like that in Fig. 33-10a. 

In principle, we can simplify the mess by resolving each electric field of 
Fig. 33-10a into y and z components. Then as the wave travels past us, the net 
y component oscillates parallel to the y axis and the net z component oscillates 
parallel to the z axis. We can then represent the unpolarized light with a pair of 


~ 


FIG. 33-10 (a) Unpolarized light consists of waves with randomly 
directed electric fields. Here the waves are all traveling along the 
same axis, directly out of the page, and all have the same amplitude 
E. (b) A second way of representing unpolarized light — the light is 
the superposition of two polarized waves whose planes of oscilla- 
tion are perpendicular to each other. 





(Db) 
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Incident light ray —_ 









Unpolarized light 
q oe: 
’ Polarizing sheet 


Vertically polarized light 


FIG. 33-11 Unpolarized light be- 
comes polarized when it is sent 
through a polarizing sheet. Its direc- 
tion of polarization is then parallel to 
the polarizing direction of the sheet, 
which is represented here by the ver- 
tical lines drawn in the sheet. 


nN 





FIG. 33-12 Polarized light ap- 
proaching a polarizing sheet. The 
electric field E of the light can be re- 
solved into components E£, (parallel 
to the polarizing direction of the 
sheet) and E. (perpendicular to that 
direction). Component £,, will be 
transmitted by the sheet; component 
FE’, will be absorbed. 


double arrows as shown in Fig. 33-10b. The double arrow along the y axis rep- 
resents the oscillations of the net y component of the electric field. The double 
arrow along the z axis represents the oscillations of the net z component of the 
electric field. In doing all this, we effectively change unpolarized light into the 
superposition of two polarized waves whose planes of oscillation are perpendicu- 
lar to each other—one plane contains the y axis and the other contains the z axis. 
One reason to make this change is that drawing Fig. 33-105 is a lot easier than 
drawing Fig. 33-10a. 

We can draw similar figures to represent light that is partially polarized (its 
field oscillations are not completely random as in Fig. 33-10a, nor are they paral- 
lel to a single axis as in Fig. 33-95). For this situation, we draw one of the double 
arrows in a perpendicular pair of double arrows longer than the other one. 

We can transform unpolarized visible light into polarized light by sending it 
through a polarizing sheet, as 1s shown in Fig. 33-11. Such sheets, commercially 
known as Polaroids or Polaroid filters, were invented in 1932 by Edwin Land 
while he was an undergraduate student. A polarizing sheet consists of certain 
long molecules embedded in plastic. When the sheet is manufactured, it is 
stretched to align the molecules in parallel rows, like rows in a plowed field. When 
light is then sent through the sheet, electric field components along one direction 
pass through the sheet, while components perpendicular to that direction are 
absorbed by the molecules and disappear. 

We shall not dwell on the molecules but, instead, shall assign to the sheet a 
polarizing direction, along which electric field components are passed: 


ee 
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gr Anelectric field component parallel to the to. the polarizing direc direction is} passed (transmitted) — 
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Thus, the electric field of the light emerging from the sheet consists of only the 
components that are parallel to the polarizing direction of the sheet; hence the 
light is polarized in that direction. In Fig. 33-11, the vertical electric field compo- 
nents are transmitted by the sheet; the horizontal components are absorbed. The 
transmitted waves are then vertically polarized. 


Intensity of Transmitted Polarized Light 


We now consider the intensity of light transmitted by a polarizing sheet. We start 
with unpolarized light, whose electric field oscillations we can resolve into y and 
z components as represented in Fig. 33-10b. Further, we can arrange for the y axis 
to be parallel to the polarizing direction of the sheet. Then only the y components 
of the light’s electric field are passed by the sheet; the z components are 
absorbed. As suggested by Fig. 33-105, if the original waves are randomly ori- 
ented, the sum of the y components and the sum of the z components are equal. 
When the z components are absorbed, half the intensity /) of the original light is 
lost. The intensity / of the emerging polarized light is then 


ee (33-36) 


Let us call this the one-half rule; we can use it only when the light reaching a 
polarizing sheet is unpolarized. 

Suppose now that the light reaching a polarizing sheet is already polarized. 
Figure 33-12 shows a polarizing sheet in the plane of the page and the electric 
field E of such a polarized light wave traveling toward the sheet (and thus prior 
to any absorption). We can resolve E into two components relative to the polariz- 
ing direction of the sheet: parallel component E£, is transmitted by the sheet, and 
perpendicular component E. is absorbed. Since 6 is the angle between E and the 
polarizing direction of the sheet, the transmitted parallel component is 


Ee Ecos 0: (33-37) 


Recall that the intensity of an electromagnetic wave (such as our light wave) 
is proportional to the square of the electric field’s magnitude (Eq. 33-26, 
I = E?2,,/Cup). In our present case then, the intensity J of the emerging wave is 
proportional to Ej and the intensity J) of the original wave is proportional to E*. 
Hence, from Eq. 33-37 we can write I/Ip) = cos? 6, or 

I = I, cos? 6. (33-38) 
Let us call this the cosine-squared rule; we can use it only when the light reaching 
a polarizing sheet is already polarized. Then the transmitted intensity / is a maxi- 
mum and is equal to the original intensity J) when the original wave is polarized 
parallel to the polarizing direction of the sheet (when 6 in Eq. 33-38 is 0° or 180°). 
The transmitted intensity is zero when the original wave 1s polarized perpendicu- 
lar to the polarizing direction of the sheet (when 0 is 90°). 

Figure 33-13 shows an arrangement in which initially unpolarized light is sent 
through two polarizing sheets P, and P,. (Often, the first sheet is called the 
polarizer, and the second the analyzer.) Because the polarizing direction of P, 1s 
vertical, the light transmitted by P, to P, is polarized vertically. If the polarizing 
direction of P, 1s also vertical, then all the light transmitted by P, is transmitted 
by P,. If the polarizing direction of P, is horizontal, none of the light transmitted 
by P, is transmitted by P,. We reach the same conclusions by considering only the 
relative orientations of the two sheets: If their polarizing directions are parallel, 
all the light passed by the first sheet is passed by the second sheet (Fig. 33-14a). If 
those directions are perpendicular (the sheets are said to be crossed ), no light is 
passed by the second sheet (Fig. 33-145). Finally, if the two polarizing directions 
of Fig. 33-13 make an angle between 0° and 90°, some of the light transmitted by 
P, will be transmitted by P,, as set by Eq. 33-38. 

Light can be polarized by means other than polarizing sheets, such as by 
reflection (discussed in Section 33-10) and by scattering from atoms or molecules. 
In scattering, light that is intercepted by an object, such as a molecule, is sent off 
in many, perhaps random, directions. An example is the scattering of sunlight by 
molecules in the atmosphere, which gives the sky its general glow. 

Although direct sunlight is unpolarized, light from much of the sky 1s at least 
partially polarized by such scattering. Bees use the polarization of sky light in 
navigating to and from their hives. Similarly, the Vikings used it to navigate across 
the North Sea when the daytime Sun was below the horizon (because of the high 
latitude of the North Sea). These early seafarers had discovered certain crystals 
(now called cordierite) that changed color when rotated in polarized light. By 
looking at the sky through such a crystal while rotating it about their line of sight, 
they could locate the hidden Sun and thus determine which way was south. ~<a 
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Polarizing 
direction 


FIG. 33-13 The light transmitted by 
polarizing sheet P, is vertically polar- 
ized, as represented by the vertical 
double arrow. The amount of that 
light that is then transmitted by 
polarizing sheet P, depends on the 
angle between the polarization 
direction of that light and the polar- 
izing direction of P, (indicated by the 
lines drawn in the sheet and by the 
dashed line). 


FIG. 33-14 (a) Overlapping polarizing 
sheets transmit light fairly well when 
their polarizing directions have the same 
orientation, but (b) they block most of 
the light when they are crossed. 
(Richard Megna/Fundamental 
Photographs. ) 
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fe HECKPOINT 4 The figure shows four pairs of 
polarizing sheets, seen face-on. Each pair is mounted in the 
path of initially unpolarized light. The polarizing direction of 
each sheet (indicated by the dashed line) is referenced to ei- 
ther a horizontal x axis or a vertical y axis. Rank the pairs ac- 
cording to the fraction of the initial intensity that they pass, 





ereatest first. 


i 


Figure 33-15a, drawn in perspective, shows a system of 
three polarizing sheets in the path of initially unpolarized 
light. The polarizing direction of the first sheet is parallel to 
the y axis, that of the second sheet is at an angle of 60° coun- 
terclockwise from the y axis, and that of the third sheet is 
parallel to the x axis. What fraction of the initial intensity J, 
of the light emerges from the three-sheet system, and in 
which direction is that emerging light polarized? 





: neh DE : 





1. We work through the system sheet by sheet, from 
the first one encountered by the light to the last one. 


2. ‘To find the intensity transmitted by any sheet, we 
apply either the one-half rule or the cosine-squared 
rule, depending on whether the light reaching the 
sheet is unpolarized or already polarized. 


3. The light that is transmitted by a polarizing sheet is 
always polarized parallel to the polarizing direction 
of the sheet. 


First sheet: The original light wave is represented in 
Fig. 33-155, using the head-on, double-arrow represen- 
tation of Fig. 33-10b. Because the light is initially unpo- 
larized, the intensity J, of the light transmitted by the 
first sheet is given by the one-half rule (Eq. 33-36): 


[, = 5p. 


Because the polarizing direction of the first sheet is 
parallel to the y axis, the polarization of the light transmit- 
ted by it is also, as shown in the head-on view of Fig. 33-15c. 


Second sheet: Because the light reaching the second 
sheet is polarized, the intensity /, of the light transmitted 
by that sheet is given by the cosine-squared rule (Eq. 33- 
38). The angle @in the rule is the angle between the polar- 
ization direction of the entering light (parallel to the y 
axis) and the polarizing direction of the second sheet (60° 
counterclockwise from the y axis), and so @is 60°. Then 


1 = 1,cos? 60°. 


The polarization of this transmitted light is parallel to 
the polarizing direction of the sheet transmitting it— 





(a) (b) (c) (d) 


that is, 60° counterclockwise from the y axis, as shown in 
the head-on view of Fig. 33-15d. 


Third sheet: Because the light reaching the third sheet is 
polarized, the intensity /, of the light transmitted by that 
sheet is given by the cosine-squared rule. The angle 64 is 
now the angle between the polarization direction of the 
entering light (Fig. 33-15d) and the polarizing direction of 
the third sheet (parallel to the x axis), and so 6 = 30°. Thus, 


i — 15 cos: 30°. 


This final transmitted light is polarized parallel to the x 
axis (Fig. 33-15e). We find its intensity by substituting 
first for /, and then for /, in the equation above: 


L, = I, cos* 30° = (J, cos? 60°) cos? 30° 
= ($I) cos? 60° cos? 30° = 0.094]. 


I 
Thus, = = 9,094. 


(Answer) 
I 


That is to say, 9.4% of the initial intensity emerges from 
the three-sheet system. (If we now remove the second 
sheet, what fraction of the initial intensity emerges from 
the system?) 





FIG. 33-15 (a) Initially unpolarized light of intensity Jp is sent 
into a system of three polarizing sheets. The intensities 1, Lh, 
and /, of the light transmitted by the sheets are labeled. Shown 
also are the polarizations, from head-on views, of (b) the initial 
light and the light transmitted by (c) the first sheet, (d) the sec- 
ond sheet, and (e) the third sheet. 
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Although a light wave spreads as it moves away from its source, we can often 
approximate its travel as being in a straight line; we did so for the light wave in 
Fig. 33-5a. The study of the properties of light waves under that approximation is 
called geometrical optics. For the rest of this chapter and all of Chapter 34, we 
shall discuss the geometrical optics of visible light. 

The photograph in Fig. 33-16a shows an example of light waves traveling in 
approximately straight lines. A narrow beam of light (the incident beam), angled 
downward from the left and traveling through air, encounters a plane (flat) water 
surface. Part of the light is reflected by the surface, forming a beam directed up- 
ward toward the right, traveling as if the original beam had bounced from the sur- 
face. The rest of the light travels through the surface and into the water, forming a 
beam directed downward to the right. Because light can travel through it, the wa- 
ter is said to be transparent; that is, we can see through it. (In this chapter we shall 
consider only transparent materials and not opaque materials, through which 
light cannot travel. ) 

The travel of light through a surface (or interface) that separates two media is 
called refraction, and the light is said to be refracted. Unless an incident beam of 
light is perpendicular to the surface, refraction changes the light’s direction 
of travel. For this reason, the beam is said to be “bent” by the refraction. Note in 
Fig. 33-16a that the bending occurs only at the surface; within the water, the light 
travels in a straight line. 

In Figure 33-16), the beams of light in the photograph are represented with 
an incident ray, a reflected ray, and a refracted ray (and wavefronts). Each ray is 
oriented with respect to a line, called the normal, that is perpendicular to the sur- 
face at the point of reflection and refraction. In Fig. 33-16), the angle of incidence 
is 6, the angle of reflection is 6|, and the angle of refraction is 0, all measured 
relative to the normal. The plane containing the incident ray and the normal is the 
plane of incidence, which is in the plane of the page in Fig. 33-16b. 

Experiment shows that reflection and refraction are governed by two laws: 

Law of reflection: A reflected ray lies in the plane of incidence and has an 
angle of reflection equal to the angle of incidence. In Fig. 33-165, this means that 


6, = 9, (reflection). (33-39) 


(We shall now usually drop the prime on the angle of reflection.) 
Law of refraction: A refracted ray lies in the plane of incidence and has an 
angle of refraction 6, that is related to the angle of incidence 0, by 


ny sin 6, = n, sin 0, (refraction). (33-40) 


Here each of the symbols n, and n, is a dimensionless constant, called the index 
of refraction, that 1s associated with a medium involved in the refraction. We 
derive this equation, called Snell’s law, in Chapter 35. As we shall discuss there, 
the index of refraction of a medium is equal to c/v, where v is the speed of light in 
that medium and cis its speed in vacuum. 

Table 33-1 gives the indexes of refraction of vacuum and some common 
substances. For vacuum, n is defined to be exactly 1; for air, n is very close to 1.0 
(an approximation we shall often make). Nothing has an index of refraction 
below 1. 

We can rearrange Eq. 33-40 as 


sin 6, = = sin 6, (33-41) 


2 


to compare the angle of refraction 6, with the angle of incidence 6,. We can 
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FIG. 33-16 (a) A photograph 
showing an incident beam of light 
reflected and refracted by a horizon- 
tal water surface. (b) A ray represen- 
tation of (a). The angles of incidence 
(6,), reflection (6;), and refraction 
(6,) are marked. (©1974 
FP/Fundamentals Photography) 
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FIG. 33-47 Refraction of light trav- 
eling from a medium with an index of 
refraction n, into a medium with an 
index of refraction n. (a) The beam 
does not bend when n, = n,; the re- 
fracted light then travels in the unde- 
flected direction (the dotted line), 
which ts the same as the direction of 
the incident beam. The beam bends 
(b) toward the normal when n, > n, 
and (c) away from the normal when 
Ny < Ny. 


TABLE 33-1 


Some Indexes of Refraction? 


Medium Index Medium Index 
Vacuum Exactly 1 Typical crown glass 132 
Air (STP)? 1.00029 Sodium chloride 1.54 
Water (20°C) 135 Polystyrene 155 
Acetone 1.36 Carbon disulfide 1.63 
Ethyl alcohol 1.36 Heavy flint glass 1.65 
Sugar solution (30% ) 1.38 Sapphire Ee 
Fused quartz 1.46 Heaviest flint glass 1.89 
Sugar solution (80% ) 1.49 Diamond 2.42 


“For a wavelength of 589 nm (yellow sodium light). 
>STP means “standard temperature (0°C) and pressure (1 atm).” 


then see that the relative value of 6, depends on the relative values of n, and nj. 
In fact, we can have three basic results: 


1. If n, is equal to n,, then @, is equal to 6, and refraction does not bend the light 
beam, which continues in the undeflected direction, as in Fig. 33-17a. 


2. If n, is greater than n,, then 6, is less than 6,. In this case, refraction bends the 
light beam away from the undeflected direction and toward the normal, as in 
Fig. 33-17b. 


3. If n, is less than n,, then 6, is greater than 9. In this case, refraction bends the 
light beam away from the undeflected direction and away from the normal, as 
in Fig. 33-17c. 


Refraction cannot bend a beam so much that the refracted ray is on the same side 
of the normal as the incident ray. 





Chromatic Dispersion 


The index of refraction n encountered by light in any medium except vacuum 
depends on the wavelength of the light. The dependence of n on wavelength 
implies that when a light beam consists of rays of different wavelengths, the rays 
will be refracted at different angles by a surface; that is, the light will be spread 
out by the refraction. This spreading of light is called chromatic dispersion, in 
which “chromatic” refers to the colors associated with the individual wavelengths 
and “dispersion” refers to the spreading of the light according to its wavelengths 
or colors. The refractions of Figs. 33-16 and 33-17 do not show chromatic disper- 
sion because the beams are monochromatic (of a single wavelength or color). 

Generally, the index of refraction of a given medium is greater for a shorter 
wavelength (corresponding to, say, blue light) than for a longer wavelength (say, 
red light). As an example, Fig. 33-18 shows how the index of refraction of fused 
quartz depends on the wavelength of light. Such dependence means that when a 
beam made up of waves of both blue and red light is refracted through a surface, 
such as from air into quartz or vice versa, the blue component (the ray corre- 
sponding to the wave of blue light) bends more than the red component. 

A beam of white light consists of components of all (or nearly all) the colors 
in the visible spectrum with approximately uniform intensities. When you see 
such a beam, you perceive white rather than the individual colors. In Fig. 33-19a, 
a beam of white light in air is incident on a glass surface. (Because the pages of 
this book are white, a beam of white light is represented with a gray ray here. 
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FIG. 33-19 Chromatic dispersion of white light. The blue component is bent more than 
the red component. (a) Passing from air to glass, the blue component ends up with the 


higher, is bent more upon entering or smaller angle of refraction. (b) Passing from glass to air, the blue component ends up 


leaving quartz than a beam of long- 
wavelength light. 


Also, a beam of monochromatic light is generally represented with a red ray.) 
Of the refracted light in Fig. 33-19a, only the red and blue components are shown. 
Because the blue component is bent more than the red component, the angle of 
refraction 6,, for the blue component is smaller than the angle of refraction 6,, 
for the red component. (Remember, angles are measured relative to the normal.) 
In Fig. 33-195, a ray of white light in glass is incident on a glass—air interface. 
Again, the blue component is bent more than the red component, but now 6), is 
greater than 6,,. 

‘To increase the color separation, we can use a solid glass prism with a trian- 
eular cross section, as in Fig. 33-20a. The dispersion at the first surface (on the left 
in Figs. 33-20a, b) is then enhanced by the dispersion at the second surface. 





The most charming example of chromatic dispersion is a rainbow. When sunlight 
(which consists of all visible colors) is intercepted by a falling raindrop, some of 
the light refracts into the drop, reflects once from the drop’s inner surface, and 
then refracts out of the drop. Figure 33-21a shows the situation when the Sun is 
on the horizon at the left (and thus when the rays of sunlight are horizontal). The 
first refraction separates the sunlight into its component colors, and the second 





(0) 


FIG. 33-20 (a) A triangular prism 
separating white light into its compo- 
nent colors. (6b) Chromatic dispersion 
occurs at the first surface and 1s in- 

(a) creased at the second surface. 
(Courtesy Bausch & Lomb) 





with the greater angle of refraction. Each dotted line represents the direction in which 
the light would continue to travel if it were not bent by the refraction. 
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Sunlight 





Water drops 


EHECKPOINT 5 


FIG. 33-21 (a) The separation of colors when sunlight refracts into and out of falling rain- 
drops leads to a primary rainbow. The antisolar point A is on the horizon at the right. The 
rainbow colors appear at an angle of 42° from the direction of A. (b) Drops at 42° from A 
in any direction can contribute to the rainbow. (c) The rainbow arc when the Sun is higher 
(and thus A is lower). (d) The separation of colors leading to a secondary rainbow. 


refraction increases the separation. (Only the red and blue rays are shown in the 
figure.) If many falling drops are brightly illuminated, you can see the separated 
colors they produce when the drops are at an angle of 42° from the direction of 
the antisolar point A, the point directly opposite the Sun in your view. 

To locate the drops, face away from the Sun and point both arms directly 
away from the Sun, toward the shadow of your head. Then move your right arm 
directly up, directly rightward, or in any intermediate direction until the angle 
between your arms is 42°. If illuminated drops happen to be in the direction of 
your right arm, you see color in that direction. 

Because any drop at an angle of 42° in any direction from A can contribute 
to the rainbow, the rainbow is always a 42° circular arc around A (Fig. 33-215) 
and the top of a rainbow is never more than 42° above the horizon. When the 
Sun is above the horizon, the direction of A is below the horizon, and only a 
shorter, lower rainbow arc is possible (Fig. 33-21c). 

Because rainbows formed in this way involve one reflection of light inside 
each drop, they are often called primary rainbows. A secondary rainbow in- 
volves two reflections inside a drop, as shown in Fig. 33-21d. Colors appear in 
the secondary rainbow at an angle of 52° from the direction of A. A secondary 
rainbow is wider and dimmer than a primary rainbow and thus is more diffi- 
cult to see. Also, the order of colors in a secondary rainbow is reversed from 
the order in a primary rainbow, as you can see by comparing parts a and d of 
Fige3o220 

Rainbows involving three or four reflections occur in the direction of the Sun 
and cannot be seen against the glare of sunshine in that part of the sky. Rainbows 
involving even more reflections inside the drops can occur in other parts of the 
sky but are always too dim to see. es 


Which of the three drawings here (if any) show physically 
possible refraction? 





(a) (0) (c) 


Sample Problem ee 


(a) In Fig. 33-22a, a beam of monochromatic light re- 
flects and refracts at point A on the interface between 
material 1 with index of refraction n, = 1.33 and mater- 
ial 2 with index of refraction n, = 1.77. The incident 
beam makes an angle of 50° with the interface. What is 
the angle of reflection at point A? What is the angle of 
refraction there? 


Fei (1) The angle of reflection is equal to the 


angle of incidence, and both angles are measured rela- 
tive to the normal to the surface at the point of reflec- 
tion. (2) When light reaches the interface between two 
materials with different indexes of refraction (call them 
n, and nj), part of the light can be refracted by the inter- 


face according to Snell’s law, Eq. 33-40: 


Ny Sin 0, = n, sin 4,, (33-42) 


where both angles are measured relative to the normal 
at the point of refraction. 


Calculations: In Fig. 33-22a, the normal at point A is 
drawn as a dashed line through the point. Note that the 
angle of incidence @, is not the given 50° but rather is 
90° — 50° = 40°. Thus, the angle of reflection is 


0, = 0, = 40°. (Answer) 


The light that passes from material 1 into material 2 
undergoes refraction at pomt A on the interface 
between the two materials. Again we measure angles 
between light rays and a normal, here at the point of 
refraction. Thus, in Fig. 33-22a, the angle of refraction is 
the angle marked 6). Solving Eq. 33-42 for 6, gives us 


1233 
6, = sin™ [a sin ) = sit ( Ga sin 40°) 


28.88° ~ 29°. 





(Answer) 


This result means that the beam swings toward the 
normal (it was at 40° to the normal and is now at 29°). 
The reason is that when the light travels across the 
interface, it moves into a material with a greater index 
of refraction. 


(b) The light that enters material 2 at point A then 
reaches point B on the interface between material 2 and 
material 3, which is air, as shown in Fig. 33-22b. The in- 
terface through B is parallel to that through A. At B, 
some of the light reflects and the rest enters the air. 
What is the angle of reflection? What is the angle of re- 
fraction into the air? 


Calculations: We first need to relate one of the angles 
at point B with a known angle at point A. Because the 
interface through point B is parallel to that through 
point A, the incident angle at B must be equal to the 
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(a) (5) 


FIG. 32-22 (a) Light reflects and refracts at point A on the in- 
terface between materials 1 and 2. (b) The light that passes 
through material 2 reflects and refracts at point B on the inter- 
face between materials 2 and 3 (air). Each dashed line is a nor- 
mal. Each dotted line gives the incident direction of travel. 


angle of refraction 6, as shown in Fig. 33-226. Then for 
reflection, we again use the law of reflection. Thus, the 


angle of reflection at B is 
0, = 0, = 28.88" = 29°. (Answer) 


Next, the light that passes from material 2 into the 
air undergoes refraction at point B, with refraction 
angle 63. Thus, we again apply Snell’s law of refraction, 
but this time we write Eq. 33-40 as 


N3 Sin 63 = Ny Sin 4p. 


Solving for 6; then leads to 


sin | (2 sin | lite ( ate 
ny 1.00 


58.75° = 59°. 





03 sin 28.88" 


(Answer) 


This result means that the beam swings away from the nor- 
mal (it was at 29° to the normal and is now at 59°). The rea- 
son is that when the light travels across the interface, it 
moves into a material (air) with a lower index of refraction. 


Sample Problem ees 


Sun dogs occur when sunlight passes through atmos- 
pheric ice crystals (Fig. 33-23a) that have their hexago- 
nal cross sections horizontal. Such a crystal can turn a 
ray (Fig. 33-23b) from its original direction of travel by 
an angle that depends on the crystal’s orientation. 
However, there is a minimum turning angle Ojo, at 
which rays bunch up to form an especially bright spot in 
the sky—a sun dog. The situation is similar to how 
white wine in a wine glass can bunch up candlelight to 
form bright lines on a tablecloth. A sunray undergoing 
such minimum turning follows a path through the crys- 
tal that 1s parallel to one of the hexagonal sides, and its 


entrance and exit paths are symmetric. The minimum 
turning angle Ojo, 1s the angle to the left or right of the 
Sun at which you can see a sun dog. The index of refrac- 
tion of ice is 1.31. Find Ogo,. i 


cet When light reaches the interface between 


two materials with different indexes of refraction (call 
them n, and n,), part of the light can be refracted by the 
interface according to Snell’s law, Eq. 33-40: 


Ny Sin 6 = n, sin 6,. (33-43) 
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Final 
direction 


(d) 


FIG. 33-23 (a) Overhead view of sunrays redirected by atmos- 
pheric ice crystals. (b) Overhead view of hexagonal cross section 
of a crystal. Path of ray (c) into and (d) out of the cross section. 





Calculations: To get started, we mentally complete 
the corner of one side of the hexagon as in Fig. 33-23c 
and label the corner as having an angle of 60°. We are 
interested in the right triangle ADC because the light 
path forms one leg of the triangle. We can see that one 
of the acute angles in the triangle is 30°, so the other one 
must be 60°. In Fig. 33-23c, we then see that the angle of 
refraction @, is the complement of 60°, so 6, = 30°. We 
now use Snell’s law to get the incident angle 6, for the 
ray that ends up in the sun dog. Solving Eq. 33-43 for 6), 
we obtain 


Ny . - 
4 =n (" sing) = si! (151 sine") 
| = sin (* sin 6, sin 1.00 sin 


= 40.92°. 





Next, note in Fig. 33-23d that 6, on the left side of point 
A is equal to the sum of 6, and ¢ on the right side: 


0, = 0, ar dp, 
so db = 40.92° — 30° = 10.92°. 


Next, note that angle 64, at point £ is an exterior angle of 
triangle ABE and thus (from Appendix E) we can write 
O40g = & + b = 2(10.92°) 
= 21.8°. 
This means that the sunray reaching you from the sun dog is 


turned by 21.8° from its initial direction of travel, and thus 
you see the sun dog at 21.8° from the direction of the Sun. 
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Figure 33-24a shows rays of monochromatic light from a point source S in glass 
incident on the interface between the glass and air. For ray a, which is perpendic- 
ular to the interface, part of the light reflects at the interface and the rest travels 
through it with no change in direction. 

For rays b through e, which have progressively larger angles of incidence at 
the interface, there are also both reflection and refraction at the interface. As the 





/ Critical case 
J 


a by d eo \F. 8 Air 





(a) 
FIG. 33-24 (a) Total internal reflection of light from a point source S in glass occurs for all angles of incidence greater than the 
critical angle 6,. At the critical angle, the refracted ray points along the air—glass interface. (b) A source in a tank of water. 
(Ken Kay/Fundamental Photographs) 





(0) 
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angle of incidence increases, the angle of refraction increases; for ray e it is 90°, 
which means that the refracted ray points directly along the interface. The angle 
of incidence giving this situation is called the critical angle 6,. For angles of inci- 
dence larger than 6,, such as for rays f and g, there is no refracted ray and all the 
light is reflected; this effect is called total internal reflection. 

To find 6., we use Eq. 33-40; we arbitrarily associate subscript 1 with the glass 
and subscript 2 with the air, and then we substitute 6. for 0, and 90° for 6,, finding 


Ny sin 0. = Hy sin 90°, 
which gives us 


Osi Sn a (critical angle). (33-44) 
1 


Because the sine of an angle cannot exceed unity, n. cannot exceed n, in this 
equation. This restriction tells us that total internal reflection cannot occur when 
the incident light is in the medium of lower index of refraction. If source S were 
in the air in Fig. 33-24a, all its rays that are incident on the air—glass interface 
(including f and g) would be both reflected and refracted at the interface. 

Total internal reflection has found many applications in medical technology. 
For example, a physician can view the interior of an artery of a patient by running — ) 
two thin bundles of optical fibers through the chest wall and into an artery FIG. 33-25 Anendoscope used to in- 
(Fig. 33-25). Light introduced at the outer end of one bundle undergoes repeated spect an artery. (OLaurent/Phototake) 
total internal reflection within the fibers so that, even though the bundle provides 
a curved path, most of the light ends up exiting the other end and illuminating the 
interior of the artery. Some of the light reflected from the interior then comes 
back up the second bundle in a similar way, to be detected and converted to an 
image on a monitor’s screen for the physician to view. —S 


Sample Problem | 33-5. 


The purpose of a diamond on a ring is, of course, to 
sparkle. Part of the art of cutting a diamond is to ensure 
that all the light entering through the top face or side 
facets leaves through those surfaces, to participate in 
the sparkle. Figure 33-26 shows part of a cross-sectional 
slice through a brilliant-cut diamond, with a ray enter- 
ing at point A on the top face. In this type of cut, the top 
and bottom surfaces have normal lines that intersect at 
the indicated 48.84°. At point B, at least part of the light 
reflects and leaves the diamond properly, but part could 


refract and thus leak out of the diamond. Consider a If those two conditions are not met, part of the light is re- 


light ray incident at angle 6, = 40° at A. Does light fracted across the interface according to Snell’s law, Eq. 33-40: 
leak at B if air (n4 = 1.00) lies next to the bottom 


surface? Does light leak if greasy grime (n, = 1.63) Nz Sin 6, = ny Sin 4. (33-46) 
coats the surface? The index of refraction of diamond is 


Nia = 2.419. se 





FIG. 33-26 Light entering 
the top of a brilliant-cut dia- 
mond. Can the light leak from 
the bottom surface at point B? 





Clean diamond: We need to follow the light from 
point A to point B, to see if it can leak at point B. The 
light incident at point A is in the material (air,n,; = 1.00) 
with a lower index of refraction than the material on the 
other side of the interface (diamond, ng, = 2.419). 
Thus, some of the light is refracted across the interface 
(the reflected portion is not shown in Fig. 33-26), and we 
find the angle of refraction 6, from Snell’s law: 





iableetaiee! When light reaches the interface between 
two materials with different indexes of refraction (call 
them n, and n,), part or all of the light is reflected. The re- 
flection is total if (1) the incident light is in the material 
with the higher index of refraction (n,; > n) and (2) the 





incident angle exceeds a critical value given by Eq. 33-44: = i ( Ay a a) net ( 1.00 a 4’ 
2.419 
6. = sin 72, (33-45) = 
ny = 15.41°. 
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Now note that the given angle of 48.84° at point C is an 
exterior angle of triangle ABC and thus (from Appendix 
E) we can write 
0, se 0 = 48.84", 
0; = 48.84° — 6, = 48.84° — 15.41° 
= 33.43”. 


OT 


This is the angle of incidence of the ray at point B. Now 
the incident light is in the material (diamond) with the 
greater index of refraction than the material (air) on the 
other side of the interface. However, if we apply Snell’s 


Thus, all the light reaching B reflects and none leaks out 
in the air. 


Grimy diamond: We again follow the light from A to 
B, with the only difference lying in the last two calcula- 
tions. Now at B, the material on the other side of the 
interface is grime with an index n, = 1.63. The incident 
light is again in the material with the greater index, but 
now the critical angle is 


1.63 
2.419 


1 _'4 = tdi Sl 
Ndia 








0. = sin- 


law at point B, we find 


ae ( 2.419 
1.00 


no answer. 





O4 


The reason is 
greater than the critical value of 





sin 33.43" 


that the light is incident at an angle 


424°. 


So, the incident angle 0; = 33.43° is less than the critical 
angle and light leaks through the bottom of the dia- 
mond. From Eq. 33-47, the angle of refraction is 


As ( 2.419 
1.63 


(33-47) 





0, sin 33.43 





Pe eon =. BLO) = 54.8" 
: Ndia 2.419 Thus, to keep a diamond sparkling, clean both the top 
= 244°, and bottom surfaces. 
lneident ae. 33-10 | Polarization by Reflection 
unpolarized Reflected 
ray ray 






Glass 


ray 


«~~» Component parallel to page 


FIG. 33-27 A ray of unpolarized 
light in air is incident on a glass sur- 
face at the Brewster angle 6,3. The 
electric fields along that ray have 
been resolved into components 
perpendicular to the page (the plane 
of incidence, reflection, and refrac- 
tion) and components parallel to the 
page. The reflected light consists only 
of components perpendicular to the 
page and is thus polarized in that di- 
rection. The refracted light consists 
of the original components parallel 
to the page and weaker components 
perpendicular to the page; this light 
is partially polarized. 


You can vary the glare you see in sunlight that has been reflected from, say, water 
by looking through a polarizing sheet (such as a polarizing sunglass lens) and 
then rotating the sheet’s polarizing axis around your line of sight. You can do 
so because any light that is reflected from a surface is either fully or partially 


- polarized by the reflection. 


Figure 33-27 shows a ray of unpolarized light incident on a glass surface. 
Let us resolve the electric field vectors of the light into two components. The 
perpendicular components are perpendicular to the plane of incidence and 
thus also to the page in Fig. 33-27; these components are represented with dots 
(as if we see the tips of the vectors). The parallel components are parallel to the 
plane of incidence and the page; they are represented with double-headed ar- 
rows. Because the light is unpolarized, these two components are of equal 
magnitude. 

In general, the reflected light also has both components but with unequal 
magnitudes. This means that the reflected light is partially polarized —the electric 
fields oscillating along one direction have greater amplitudes than those oscil- 
lating along other directions. However, when the light is incident at a particular 
incident angle, called the Brewster angle @,, the reflected light has only per- 
pendicular components, as shown in Fig. 33-27. The reflected light is then fully 
polarized perpendicular to the plane of incidence. The parallel components of 
the incident light do not disappear but (along with perpendicular components) 
refract into the glass. 

Glass, water, and the other dielectric materials discussed in Section 25-7 can 
partially and fully polarize light by reflection. When you intercept sunlight 
reflected from such a surface, you see a bright spot (the glare) on the surface 
where the reflection takes place. If the surface is horizontal as in Fig. 33-27, the 
reflected light is partially or fully polarized horizontally. To eliminate such glare 
from horizontal surfaces, the lenses in polarizing sunglasses are mounted with 
their polarizing direction vertical. aie 


Brewster's Law 


For light incident at the Brewster angle 6,, we find experimentally that the 
reflected and refracted rays are perpendicular to each other. Because the 
reflected ray is reflected at the angle 6, in Fig. 33-27 and the refracted ray is at an 
angle 0,,we have 


6, + 6, = 90°. (33-48) 


These two angles can also be related with Eq. 33-40. Arbitrarily assigning sub- 
script 1 in Eq. 33-40 to the material through which the incident and reflected rays 


Review & Summary 


travel, we have, from that equation, 
Ny sin 0: — Thy sin 0. 


Combining these equations leads to 


hy sin Oe = 115 sin(90° ae Oz) = Ny COS Op, 


which gives us 


4 2 
Go (ann 
n 


ih 


(Brewster angle). 


(33-49) 


(Note carefully that the subscripts in Eq. 33-49 are not arbitrary because of our 
decision as to their meanings.) If the incident and reflected rays travel in air, we 
can approximate n, as unity and let n represent 1, in order to write Eq. 33-49 as 


63 = tan-'n (Brewster’s law). 


(33-50) 


This simplified version of Eq. 33-49 is known as Brewster’s law. Like 6p, it is 
named after Sir David Brewster, who found both experimentally in 1812. 


REVIEW & SUMMARY 


Electromagnetic Waves An electromagnetic wave con- 
sists of oscillating electric and magnetic fields. The various 
possible frequencies of electromagnetic waves form a spec- 
trum, a small part of which is visible light. An electromagnetic 
wave traveling along an x axis has an electric field E and a 
magnetic field B with magnitudes that depend on x and t: 

E = E,, sin(kx — ot) 
and B= B,, sin(kx — oat), (33-1, 33-2) 


where £,, and B,, are the amplitudes of E and B. The electric 
field induces the magnetic field and vice versa. The speed of any 
electromagnetic wave in vacuum is c, which can be written as 





E ik 
c=—= ; 33-5, 33-3 
B V MoE ( ) 


where £ and B are the simultaneous magnitudes of the fields. 


Energy Flow The rate per unit area at which energy is 
transported via an electromagnetic wave is given by the 
Poynting vector S: 


Ex B. (33-19) 


The direction of S (and thus of the wave’s travel and the 
energy transport) is perpendicular to the directions of both 
E and B. The time-averaged rate per unit area at which energy 
is transported is S,y., which is called the intensity I of the wave: 


1 
= ——£-., (33-26) 
Cio 

in which E,,,, = E,,/V 2. A point source of electromagnetic 
waves emits the waves isotropically — that is, with equal inten- 
sity in all directions. The intensity of the waves at distance r 

from a point source of power P, is 

FE 
[=——>. (33-27) 


Anr? 





Radiation Pressure When a surface intercepts electro- 
magnetic radiation, a force and a pressure are exerted on the 
surface. If the radiation is totally absorbed by the surface, 
the force is 


(total absorption), (33-32) 


in which / is the intensity of the radiation and A is the area of 
the surface perpendicular to the path of the radiation. If the 
radiation is totally reflected back along its original path, the 
force is 


A 
BS eae (total reflection back along path). (33-33) 
Cc 
The radiation pressure p, is the force per unit area: 


I 
Py =— (total absorption) (33-34) 
G 
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and Pp, =— (total reflection back along path). (33-35) 
C 
Polarization Electromagnetic waves are polarized if their 
electric field vectors are all in a single plane, called the plane 
of oscillation. Light waves from common sources are not 
polarized; that is, they are unpolarized, or polarized randomly. 


Polarizing Sheets When a polarizing sheet is placed in 
the path of light, only electric field components of the light 
parallel to the sheet’s polarizing direction are transmitted by the 
sheet; components perpendicular to the polarizing direction are 
absorbed. The light that emerges from a polarizing sheet is po- 
larized parallel to the polarizing direction of the sheet. 

If the original light is initially unpolarized, the transmit- 
ted intensity / is half the original intensity J): 


T=31. (33-36) 


If the original light is initially polarized, the transmitted inten- 
sity depends on the angle 6 between the polarization direction 
of the original light and the polarizing direction of the sheet: 


I = I, cos? 0. (33-38) 


Geometrical Optics Geometrical optics is an approximate 
treatment of light in which light waves are represented as 
straight-line rays. 


QUESTIONS 


Reflection and Refraction When a light ray encounters 
a boundary between two transparent media, a reflected ray 
and a refracted ray generally appear. Both rays remain in the 
plane of incidence. The angle of reflection is equal to the angle 
of incidence, and the angle of refraction is related to the angle 
of incidence by Snell’s law, 


Ny sin 0, = Ny sin 0, (33-40) 


(refraction), 


where n, and n, are the indexes of refraction of the media in 
which the incident and refracted rays travel. 


Total Internal Reflection A wave encountering a 
boundary across which the index of refraction decreases will 
experience total internal reflection if the angle of incidence 
exceeds a critical angle 6., where 


. 1 
6. = sin"! — 
n 


i 


(33-44) 


(critical angle). 


Polarization by Reflection A reflected wave will be 
fully polarized, with its E vectors perpendicular to the plane of 
incidence, if it strikes a boundary at the Brewster angle 6,, where 
j= tan te. 

ny 


(33-49) 


(Brewster angle). 





‘ Ifthe magnetic field of a light wave oscillates parallel to a y 
axis and is given by B, = B,, sin(kz — at), (a) in what direction 
does the wave travel and (b) parallel to which axis does the asso- 
ciated electric field oscillate? 


@ Figure 33-28 shows the electric and 
magnetic fields of an electromagnetic 
wave at a certain instant. Is the wave 


ar FIG. 33-28 Question 2. 
traveling into the page or out of it? . 


3 In Fig. 33-15a, start with light that is initially polarized par- 
allel to the x axis, and write the ratio of its final intensity J; to 
its initial intensity Jp as J;/Ip = A cos” 6. What are A, n, and 0 if 
we rotate the polarizing direction of the first sheet (a) 60° 
counterclockwise and (b) 90° clockwise from what is shown? 


a 


4 Suppose we rotate the second ,; 

sheet in Fig. 33-15a, starting with [> 
the polarization direction aligned 
with the y axis (@ = 0) and ending 
with it aligned with the x axis (0 = 

90°). Which of the four curves in 
Fig. 33-29 best shows the intensity of 
the light through the three-sheet sys- 
tem during this 90° rotation? 


® (a) Figure 33-30 shows light 
reaching a polarizing sheet whose po- 
larizing direction is parallel to a y 
axis. We shall rotate the sheet 40° 
clockwise about the light’s indicated 
line of travel. During this rotation, 
does the fraction of the initial light 
intensity passed by the sheet in- 





FIG. 33-29 Question 4. 


FIG. 33-36 
Question 5. 





crease, decrease, or remain the 
same if the light is (a) initially 
unpolarized, (b) initially polar- 
ized parallel to the x axis, and (c) 
initially polarized parallel to the 
y axis? 


6 In Fig. 33-31, unpolarized 
light is sent into a system of five 
polarizing sheets. Their polariz- 
ing directions, measured coun- 
terclockwise from the positive 
direction of the y axis, are the 
following: sheet 1, 35°; sheet 2, 
0°; sheet 3, 0°; sheet 4, 110°; sheet 
5, 45°. Sheet 3 is then rotated 
180° counterclockwise about the 
light ray. During that rotation, at 
what angles (measured counter- 
clockwise from the y axis) is the 
transmission of light through the 
system eliminated? 





FiGs, 33-31 
Question 6. 





FIG. 33-32 Question 7. 


7? Figure 33-32 shows rays of 
monochromatic light passing 
through three materials a, b, and 
c. Rank the materials according 
to index of refraction, greatest 
first. 


® Figure 33-33 shows the multi- 
ple reflections of a light ray 
along a glass corridor where the 





FIG. 33-33 Question 8. 


walls are either parallel or perpendicular to one another. If 
the angle of incidence at point a is 30°, what are the angles of 
reflection of the light ray at points b, c, d, e,and f? 


9 Each part of Fig. 33-34 shows light that refracts through an 
interface between two materials. The incident ray (shown gray 
in the figure) consists of red and blue light. The approximate in- 
dex of refraction for visible light is indicated for each material. 
Which of the three parts show physically possible refraction? 





(a) (b) , 


70 In Fig. 33-35, light travels 
from material a, through three 
layers of other materials with sur- 
faces parallel to one another, and 
then back into another layer of 
material a. The refractions (but 
not the associated reflections) at 
the surfaces are shown. Rank the 
materials according to index of 


refraction, greatest first. FIG. 33-25 Question 10. 








14 Figure 33-36 shows four 
long horizontal layers A—D of 
different materials, with air 
above and below them. The in- —— sols caer lll 
dex of refraction of each mater- , 
ial is given. Rays of light are 
sent into the left end of each 
layer as shown. In which layer is 
there the possibility of totally 
trapping the light in that layer so 
that, after many reflections, all the light reaches the right end 
of the layer? 








FiG. 33-36 Question 11. 


12 The leftmost block in Fig. 33-37 depicts total internal 
reflection for light inside a material with an index of refraction 
n, when air is outside the material. A light ray reaching point 
A from anywhere within the shaded region at the left (such as 
the ray shown) fully reflects at that point and ends up in the 
shaded region at the right. The other blocks show similar situ- 
ations for two other materials. Rank the indexes of refraction 
of the three materials, greatest first. 


Air A Air A 





FIG. 33-37 Question 12. 





PROBLEMS 


} Tutoring problem available (at instructor's discretion) in WileyPLUS and WebAssign 


SSM Worked-out solution available in Student Solutions Manual 


# —@@e Number of dots indicates level of problem difficulty 


WWW Worked-out solution is at 





a http://www.wiley.com/college/halliday 
Interactive solution is at 


oes Additional information available in The Flying Circus of Physics and at flyingcircusofphysics.com 


CPrck here fo vVrew “all Sstvep= ny —st ep” sort -ons 


sec. 33-2 Maxwell's Rainbow 

«7 From Fig. 33-2, approximate the (a) smaller and (b) 
larger wavelength at which the eye of a standard observer has 
half the eye’s maximum sensitivity. What are the (c) wave- 
length, (d) frequency, and (e) period of the light at which the 
eye is the most sensitive? 


®2Z About how far apart must you hold your hands for them 
to be separated by 1.0 nano-light-second (the distance light 
travels in 1.0 ns)? 


®3 A certain helium-—neon laser emits red light in a narrow 
band of wavelengths centered at 632.8nm and with a 
“wavelength width” (such as on the scale of Fig. 33-1) of 
0.0100 nm. What is the corresponding “frequency width” for 
the emission? 


¢4 Project Seafarer was an ambitious program to construct 
an enormous antenna, buried underground on a site about 
10 000 km? in area. Its purpose was to transmit signals to sub- 
marines while they were deeply submerged. If the effective 
wavelength were 1.0 X 10* Earth radii, what would be the 
(a) frequency and (b) period of the radiations emitted? 
Ordinarily, electromagnetic radiations do not penetrate very 
far into conductors such as seawater. 


sec. 33-3 The Traveling Electromagnetic Wave, 
Qualitatively 

5 What inductance must be connected to a 17 pF capacitor 
in an oscillator capable of generating 550 nm (i.e., visible) 
electromagnetic waves? Comment on your answer. SSM 


*& What is the wavelength of the electromagnetic wave 
emitted by the oscillator—antenna system of Fig. 33-3 if L = 
0.253 wH and C = 25.0 pF? 


sec. 33-5 Energy Transport and the Poynting Vector 


7 Some neodymium~glass lasers can provide 100 TW of 
power in 1.0 ns pulses at a wavelength of 0.26 wm. How much 
energy is contained in a single pulse? iLw 


°8 A plane electromagnetic wave has a maximum electric 
field magnitude of 3.20 x 1074 V/m. Find the magnetic field 
amplitude. 


e9 A plane electromagnetic wave traveling in the positive 
direction of an x axis in vacuum has components F, = E, = 0 
and E, = (2.0 V/m) cos|[(a X 10% s“!)(t — x/c)]. (a) What is the 
amplitude of the magnetic field component? (b) Parallel to 
which axis does the magnetic field oscillate? (c) When the elec- 
tric field component is in the positive direction of the z axis at a 





certain point P, what is the direction of the magnetic field 
component there? iLw 


®*7Q Ina plane radio wave the maximum value of the elec- 
tric field component is 5.00 V/m. Calculate (a) the maximum 
value of the magnetic field component and (b) the wave intensity. 


e741 What is the intensity of a traveling plane electromag- 
netic wave if B,, is 1.0 x 1074 T? 


e72 Assume (unrealistically) that a TV station acts as a 
point source broadcasting isotropically at 1.0 MW. What is the 
intensity of the transmitted signal reaching Proxima Centauri, 
the star nearest our solar system, 4.3 ly away? (An alien 
civilization at that distance might be able to watch X Files.) 
A light-year (ly) is the distance light travels in one year. 


°e@73 The maximum electric field 10 m from an isotropic 
point source of light is 2.0 V/m. What are (a) the maximum 
value of the magnetic field and (b) the average intensity of the 
light there? (c) What is the power of the source? 


ee74 Frank D. Drake, an investigator in the SETI (Search 
for Extra-Terrestrial Intelligence) program, once said that the 
large radio telescope in Arecibo, Puerto Rico (Fig. 33-38), 
“can detect a signal which lays down on the entire surface of 
the earth a power of only one picowatt.” (a) What is the power 
that would be received by the Arecibo antenna for such a sig- 
nal? The antenna diameter is 300 m. (b) What would be the 
power of an isotropic source at the center of our galaxy that 
could provide such a signal? The galactic center is 2.2 X 10* ly 
away. A light-year is the distance light travels in one year. 


eee me 





FIG. 33-38 Problem 14. Radio telescope at Arecibo. 
(Courtesy Cornell University) 


e¢@75 Sunlight just outside Earth’s atmosphere has an inten- 
sity of 1.40 kW/m/?. Calculate (a) E,, and (b) B,, for sunlight 
there, assuming it to be a plane wave. 


e716 An electromagnetic wave with frequency 4.00 x 10“ 
Hz travels through vacuum in the positive direction of an 
x axis. The wave has its electric field directed parallel to the 
y axis, with amplitude E,,. At time t = 0, the electric field at 
point P on the x axis has a value of + E,,,/4 and is decreasing 
with time. What is the distance along the x axis from point P to 
the first point with E = 0 if we search in (a) the negative direc- 
tion and (b) the positive direction of the x axis? 


e®17 An airplane flying at a distance of 10 km from a radio 
transmitter receives a signal of intensity 10 «W/m. What is the 


amplitude of the (a) electric and (b) magnetic component of 
the signal at the airplane? (c) If the transmitter radiates uni- 
formly over a hemisphere, what is the transmission power? 


*¢78 An isotropic point source emits light at wavelength 
500 nm, at the rate of 200 W. A light detector is positioned 
400 m from the source. What is the maximum rate 0B/dt at 
which the magnetic component of the light changes with time 
at the detector’s location? € 


sec. 33-6 Radiation Pressure 

19 What is the radiation pressure 1.5 m away from a 500 W 
lightbulb? Assume that the surface on which the pressure is 
exerted faces the bulb and is perfectly absorbing and that the 
bulb radiates uniformly in all directions. !Lw 


«20 A black, totally absorbing piece of cardboard of area 
A = 2.0 cm’ intercepts light with an intensity of 10 W/m? from 
a camera strobe light. What radiation pressure is produced on 
the cardboard by the light? 


°21 High-power lasers are used to compress a plasma (a gas 
of charged particles) by radiation pressure. A laser generating 
radiation pulses with peak power 1.5 xX 10° MW is focused 
onto 1.0 mm’ of high-electron-density plasma. Find the pres- 
sure exerted on the plasma if the plasma reflects all the light 
beams directly back along their paths. ssm 


e2é2 Radiation from the Sun reaching Earth (just outside the 
atmosphere) has an intensity of 1.4kW/m?. (a) Assuming 
that Earth (and its atmosphere) behaves like a flat disk per- 
pendicular to the Sun’s rays and that all the incident energy is 
absorbed, calculate the force on Earth due to radiation pres- 
sure. (b) For comparison, calculate the force due to the Sun’s 
gravitational attraction. 


e@23 Prove, for a plane electromagnetic wave that is nor- 
mally incident on a flat surface, that the radiation pressure on 
the surface is equal to the energy density in the incident beam. 
(This relation between pressure and energy density holds no 
matter what fraction of the incident energy is reflected.) Ssm 


ee24 A small laser emits light at power 5.00 mW and wave- 
length 633 nm. The laser beam is focused (narrowed) until 
its diameter matches the 1266 nm diameter of a sphere placed 
in its path. The sphere is perfectly absorbing and has density 
5.00 X 10° kg/m?. What are (a) the beam intensity at the sphere’s 
location, (b) the radiation pressure on the sphere, (c) the magni- 
tude of the corresponding force, and (d) the magnitude of the 
acceleration that force alone would give the sphere? 


e025 A plane electromagnetic wave, with wavelength 3.0 m, 
travels in vacuum in the positive direction of an x axis. The 
electric field, of amplitude 300 V/m, oscillates parallel] to the y 
axis. What are the (a) frequency, (b) angular frequency, and 
(c) angular wave number of the wave? (d) What is the ampli- 
tude of the magnetic field component? (e) Parallel to which 
axis does the magnetic field oscillate? (f) What is the time- 
averaged rate of energy flow in watts per square meter associ- 
ated with this wave? The wave uniformly illuminates a surface 
of area 2.0 m?. If the surface totally absorbs the wave, what are 
(g) the rate at which momentum is transferred to the surface 
and (h) the radiation pressure on the surface? ssm www 


ee26 It has been proposed that a spaceship might be pro- 
pelled in the solar system by radiation pressure, using a large 
sail made of foil. How large must the surface area of the sail 


be if the radiation force is to be equal in magnitude to the 
Sun’s gravitational attraction? Assume that the mass of the 
ship + sail is 1500 kg, that the sail is perfectly reflecting, and 
that the sail is oriented perpendicular to the Sun’s rays. See 
Appendix C for needed data. (With a larger sail, the ship is 
continuously driven away from the Sun.) € 


27 A small spaceship whose mass is 1.5 X 10° kg (includ- 
ing an astronaut) is drifting in outer space with negligible 
gravitational forces acting on it. If the astronaut turns on a 
10 kW laser beam, what speed will the ship attain in 1.0 day 


because of the momentum carried 
—— 


away by the beam? ssm 


ee28 In Fig. 33-39, a laser beam of 
power 4.60 W and diameter D = 
2.60 mm is directed upward at one 
circular face (of diameter d<2.60 // 
mm) of a perfectly reflecting cylin- 
der. The cylinder is levitated because 

the upward radiation force matches 

the downward gravitational force. If 

the cylinder’s density is 1.20 g/cm’, 
what is its height H’? 





FIG. 33-39 
Problem 28. 


°®°29 Someone plans to float a small, totally absorbing sphere 
0.500 m above an isotropic point source of light, so that the up- 
ward radiation force from the light matches the downward gravi- 
tational force on the sphere. The sphere’s density is 19.0 g/cm’, 
and its radius is 2.00 mm. (a) What power would be required of 
the light source? (b) Even if such 


a source were made, why would f 
the support of the sphere be un- 
stable? 


I (W/m?) 


ee30 The intensity J of light 
from an isotropic point source 
is determined as a function of 0 
distance r from the source. 
Figure 33-40 gives intensity / 
versus the inverse square r~? of 
that distance. The vertical axis 
scale is set by J, = 200 W/m’, 
and the horizontal axis scale is 
set by r,? = 8.0m’. What is 
the power of the source? 


omy) 


FIG. 32-40 Problem 30. 


eee37 As a comet swings 
around the Sun, ice on the 
comet’s surface vaporizes, releas- 
ing trapped dust particles and 
ions. The ions, because they are 
electrically charged, are forced by the electrically charged solar 
wind into a straight ion tail that points radially away from the 
Sun (Fig. 33-41). The (electrically neutral) dust particles are 
pushed radially outward from the Sun by the radiation force on 
them from sunlight. Assume that the dust particles are spherical, 
have density 3.5 X 10° kg/m’, and are totally absorbing. (a) What 
radius must a particle have in order to follow a straight path, like 
path 2 in the figure? (b) If its radius is larger, does its path curve 
away from the Sun (like path 1) or toward the Sun (like path 3)? 





Ion tail 


FIG. 33-41 Problem 31. 


sec. 33-7 Polarization 
32 In Fig. 33-42, a beam of unpolarized light, with intensity 
43 W/m’, is sent into a system of two polarizing sheets with 





polarizing directions at angles 0, = 70° and 
0, = 90° to the y axis. What is the intensity 
of the light transmitted by the system? €% 


®33 In Fig. 33-42, a beam of light, with in- 
tensity 43 W/m’ and polarization parallel to 
a y axis, is sent into a system of two 
polarizing sheets with polarizing directions FIG. 33-42 

at angles of 6; = 70° and 6, = 90° to the y_ problems BOnB St 
axis. What is the intensity of the light trans- cag: 
mitted by the two-sheet system? ILW 


e34 In Fig. 33-43, initially un- 
polarized light is sent into a sys- 
tem of three polarizing sheets 
whose polarizing directions 
make angles of 06, = = 0;= 
50° with the direction of the y 
axis. What percentage of the ini- 
tial intensity is transmitted by 
the system? (Hint: Be careful 
with the angles.) 


°35 In Fig. 33-43, initially un- 
polarized light is sent into a 
system of three polarizing 
sheets whose polarizing direc- 
tions make angles of 6, = 40°, 6, = 20°, and 6; = 40° with the 
direction of the y axis. What percentage of the light’s initial 
intensity is transmitted by the system? (Hint: Be careful with 
the angles.) ssm See aa 


e¢36 In Fig. 33-42, unpolarized 
light is sent into a system of two 
polarizing sheets. The angles 6; 
and 6, of the polarizing directions 
of the sheets are measured coun- 
terclockwise from the positive di- 0 — —_ = 
: 90 180 
rection of the y axis (they are not 0, 
drawn to scale in the figure). 
Angle 6, is fixed but angle 6, can 
be varied. Figure 33-44 gives the intensity of the light emerging 
from sheet 2 as a function of 6,. (The scale of the intensity axis is 
not indicated.) What percentage of the light’s initial intensity is 
transmitted by the two-sheet system when 6, = 90°? 








FiGs. 33-43 Problems 34 
and 35. 


I 





FIG. 33-44 Problem 36. 


°®37 Unpolarized light of intensity 10 mW/m’ is sent into a 
polarizing sheet as in Fig. 33-11. What are (a) the amplitude 
of the electric field component of the transmitted light and 
(b) the radiation pressure on the sheet due to its absorbing 
some of the light? 


e638 Atabeach the light is generally partially polarized due 
to reflections off sand and water. At a particular beach on 
a particular day near sundown, the horizontal component of 
the electric field vector is 2.3 times the vertical component. 
A standing sunbather puts on polarizing sunglasses; the 
glasses eliminate the horizontal field component. (a) What 
fraction of the light intensity received before the glasses were 
put on now reaches the sunbather’s eyes? (b) The sunbather, 
still wearing the glasses, lies on his side. What fraction of the 
light intensity received before the glasses were put on now 
reaches his eyes? ~<a 


e@39 A beam of polarized light is sent into a system of 
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two polarizing sheets. Relative to the polarization direction 
of that incident light, the polarizing directions of the sheets 
are at angles 6 for the first sheet and 90° for the second sheet. 
If 0.10 of the incident intensity is transmitted by the two 


sheets, what is 0? 
y 
of | 
x 


240 In Fig. 33-45, unpolar- 
\ 
ar 
. 


of three polarizing sheets. The 
angles 6,, 0, and 63 of the po- 
larizing directions are mea- 
sured counterclockwise from 
the positive direction of the y 
axis (they are not drawn to 
scale). Angles 6, and 63 are 
fixed, but angle @, can be var- 
ied. Figure 33-46 gives the in- 
tensity of the light emerging 
from sheet 3 as a function of 4). 
(The scale of the intensity axis 
is not indicated.) What per- 
centage of the light’s initial in- 
tensity is transmitted by the 
system when 6, = 30°? 


ized light is sent into a system 
\ 






FIG. 33-45 Problems 40, 
42, and 44. 


ee47 A beam of partially po- 

larized light can be considered 0 0; 
: : OF 0 180° 

to be a mixture of polarized 

and unpolarized light.Suppose !G. 33-46 Problem 40. 

we send such a beam through a 

polarizing filter and then rotate the filter through 360° while 

keeping it perpendicular to the beam. If the transmitted inten- 

sity varies by a factor of 5.0 during the rotation, what fraction 

of the intensity of the original beam is associated with the 

beam’s polarized light? 


ee42 In Fig. 33-45, unpolarized light is sent into a system of 
three polarizing sheets, which transmits 0.0500 of the initial 
light intensity. The polarizing directions of the first and third 
sheets are at angles 6,=0° and 6; = 90°. What are the 
(a) smaller and (b) larger possible values of angle 0; (< 90°) 
for the polarizing direction of sheet 2? 


ee43 We want to rotate the direction of polarization of a 
beam of polarized light through 90° by sending the beam 
through one or more polarizing sheets. (a) What is the mini- 
mum number of sheets required? (b) What is the minimum 
number of sheets required if the transmitted intensity is to be 
more than 60% of the original intensity? ssm www 


*e44 In Fig. 33-45, unpolarized light is sent into a system 
of three polarizing sheets. The angles 6,, 6,, and 03 of the polariz- 
ing directions are measured counterclockwise from the positive 
direction of the y axis (they are not drawn to scale). Angles 6, 
and 6; are fixed, but angle @, can be varied. Figure 33-47 gives 
the intensity of the light emerging from sheet 3 as a function of 
0,. (The scale of the 
intensity axis is not 
indicated.) What 
percentage “ok | ithe 
light’s initial inten- 
sity is transmitted by 
the three-sheet sys- 
tem when 4, = 90°? 





ice lg, 
0° 60° 120° 180° * 
FIG. 33-47 Problem 44. 


sec. 33-8 Reflection and Refraction 

®45 Light in vacuum is incident on the surface of a glass slab. In 
the vacuum the beam makes an angle of 32.0° with the normal to 
the surface, while in the glass it makes an angle of 21.0° with the 
normal. What is the index of refraction of the glass? 


®46 In Fig. 33-48a, a light ray in water is incident at angle 06, 
on a boundary with an underlying material, into which some 
of the light refracts. There are two choices of underlying mate- 
rial. For each, the angle of refraction 0, versus the incident 
angle 6, is given in Fig. 33-485. The vertical axis scale is set by 
d,, = 90°. Without calculation, determine whether the index of 
refraction of (a) material 1 and (b) material 2 is greater or less 
than the index of water (n = 1.33). What is the index of refrac- 
tion of (c) material 1 and (d) material 2? 





(a) 


FiG. 33-48 Problem 46. 


e47 Figure 33-49 shows light re- 
flecting from two perpendicular 
reflecting surfaces A and B. Find 
the angle between the incoming 
ray i and the outgoing ray 7’. 


e48 In Fig. 33-50a, a light ray 
in an underlying material is FIG.33-49 Problem 47. 
incident at angle 6, on a bound- 

ary with water, and some of the light refracts into the water. 
There are two choices of underlying material. For each, the an- 
gle of refraction 6) versus the incident angle 6, is given in Fig. 
33-505. The horizontal axis scale is set by 6,, = 90°. Without 
calculation, determine whether the index of refraction of (a) 
material 1 and (b) material 2 is greater or less than the index of 
water (” = 1.33). What is the index of refraction of (c) material 
1 and (d) material 2? 





Water 





(dD) 
FIG. 33-50 Problem 48. 


e49 When the rectangular metal tank in Fig. 33-51 is filled to 
the top with an unknown liquid, observer O, with eyes level 
with the top of the tank, can just see corner E. A ray that 
refracts toward O at the top surface of the liquid is shown. 


| Normal to 
liquid surface 


If D=85.0cm and L =1.10 
m, what is the index of refrac- 
tion of the liquid? 


#@50 = In Fig. 33-52a, a beam of 
light in material 1 is incident on a 
boundary at an angle of 6, = 30°. 
The extent of refraction of the 
light into material 2 depends, in 
part, on the index of refraction 
ny of material 2. Figure 33-52b 
gives the angle of refraction 0, 
versus M1 for a range of possible n, values. The vertical axis scale is 
set by @,, = 20.0° and 0, = 40.0°. (a) What is the index of refrac- 
tion of material 1? (b) If the incident angle is changed to 60° and 
material 2 has n, = 2.4, then what is angle 6,? 





S 








FIG. 33-51 Problem 49. 


Ao 


4 


Oy b 





(a) 2) 
FIG. 33-52 Problem 50. 


*@57 In Fig. 33-53, a 2.00-m- 
long vertical pole extends from 
the bottom of a swimming pool 
to a point 50.0cm above 
the water. Sunlight is incident 
at angle @ = 55.0°. What is the 
length of the shadow of the 
pole on the level bottom of 
the pool? ssm 






Blocked 
sunrays 


FIG. 33-53 Problem 51. 
#e52 Dispersion in a window 

pane. In Fig. 33-54, a beam of white light is inci- 
dent at angle @ = 50° on a common window 
pane (shown in cross section). For the pane’s 
type of glass, the index of refraction for visible 
light ranges from 1.524 at the blue end of the 
spectrum to 1.509 at the red end. The two sides 
of the pane are parallel. What is the angular 
spread of the colors in the beam (a) when the = FIG, 33-54 
light enters the pane and (b) when it emerges Problem 52. 
from the opposite side? (Hint: 
When you look at an object 
through a window pane, are the 
colors in the light from the ob- 
ject dispersed as shown in, say, 
Fig. 33-20?) pager 

°e53 In Fig. 33-55, light is in- 
cident at angle 6, = 40.1° on a 
boundary between two trans- 
parent materials. Some of the 
light travels down through the 
next three layers of transparent 
materials, while some of it re- 
flects upward and then escapes 





FIG. 33-55 Problem 53. 





into the air. If n, = 1.30, n. = 1.40, nz = 1.32, and n, = 1.45, 
what is the value of (a) 6; and (b) 0,? € 


2254 In Fig. 33-56a, a beam of light in material 1 is incident 
on a boundary at an angle 6, = 40°. Some of the light trav- 
els through material 2, and then some of it emerges into mate- 
rial 3. The two boundaries between the three materials are 
parallel. The final direction of the beam depends, in part, on 
the index of refraction n, of the third material. Figure 33-56 
gives the angle of refraction 6; in that material versus n; for 
a range of possible n; values. The vertical axis scale is set by 
03, = 30.0° and 63, = 50.0°. (a) What is the index of refraction 
of material 1, or is the index impossible to calculate without 
more information? (b) What is the index of refraction of 
material 2, or is the index impossible to calculate without 
more information? (c) If 6, is changed to 70° and the index of 
refraction of material 3 is 2.4, what is 63? 


Os 
O34 [xT 





03 a 





(a) 


FIG. 33-56 Problem 54. 


#@59 In Fig. 33-57, a ray is incident on one face of a triangu- 
lar glass prism in air. The angle of incidence 6 is chosen so that 
the emerging ray also makes the same angle 6 with the normal 
to the other face. Show that the index of refraction n of the 
glass prism is given by 


_ sinx(p + 4) 

sinsh 
where ¢ is the vertex angle of 
the prism and is the deviation 
angle, the total angle through 
which the beam is turned in 
passing through the prism. 
(Under these conditions the de- 
viation angle yw has the smallest 
possible value, which is called 
the angle of minimum devia- 
tion.) SSM ILW WWW 





FIG. 33-57 
Problems 55 and 66. 


@@56 Rainbows from square drops. Suppose that, on some sur- 
real world, raindrops had a square cross section and always fell 
with one face horizontal. Figure 33-58 

shows such a falling drop, with a white 

beam of sunlight incident at 6 = 70.0° at 
point P. The part of the light that enters the 
drop then travels to point A, where some 
of it refracts out into the air and the rest re- 
flects. That reflected light then travels to 
point B, where again some of the light re- 
fracts out into the air and the rest reflects. 
What is the difference in the angles of the 
red light (7 = 1.331) and the blue light (n 
= 1.343) that emerge at (a) point A and 





FIG. 33-58 
Problem 56. 
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(b) point B? (This angular difference in the light emerging at, say, 
point A would be the angular width of the rainbow you would see 
were you to intercept the light emerging there.) ag 


sec. 33-9 Total Internal Reflection 

«57 A point source of light is 80.0 cm below the surface of 
a body of water. Find the diameter of the circle at the surface 
through which light emerges from the water. 


°58 The index of refraction of benzene is 1.8. What is the 
critical angle for a light ray traveling in benzene toward a flat 
layer of air above the benzene? 


ee59 In Fig. 33-59, light ini- 
tially in material 1 refracts into 
material 2, crosses that mater- 
ial, and is then incident at the 
critical angle on the interface 
between materials 2 and 3. The 
indexes of refraction are n, = 
1.60, n, = 1.40, and n, = 1.20. 
(a) What is angle 0? (b) If @ is 
increased, is there refraction of 
light into material 3? €S 


#®60 A catfish is 2.00 m be- 
low the surface of a smooth lake. 
(a) What is the diameter of the 
circle on the surface through 
which the fish can see the world 
outside the water? (b) If the fish 
descends, does the diameter of 
the circle increase, decrease, or 
remain the same? ~—ggsr 


FIG, 32-59 Problem 59. 


e#67 In the ray diagram of 
Fig. 33-60, where the angles are 
not drawn to scale, the ray is in- 
cident at the critical angle on 
the interface between materials 2 and 3. Angle @ = 60.0°, and 
two of the indexes of refraction are n, = 1.70 and n, = 1.60. 
Find (a) index of refraction n, and (b) angle @. (c) If 6 is 
decreased, does light refract into material 3? 


#@62 In Fig. 33-61, light from 
ray A refracts from material 1 
(n, = 1.60) into a thin layer of 
material 2 (/2 = 1.80), crosses 
that layer, and is then incident 
at the critical angle on the in- 
terface between materials 2 
and 3 (n; = 1.30). (a) What is 
the value of incident angle 6,? 
(b) If 0,4 is decreased, does 
part of the light refract into material 3? 

Light from ray B refracts from material 1 into the thin 
layer, crosses that layer, and is then incident at the critical 
angle on the interface between materials 2 and 3. (c) What is 
the value of incident angle 6,? (d) If @, is decreased, does part 
of the light refract into material 3? 





FIG. 23-60 Problem 61. 





FIG. 32-61 Problem 62. 


ee63 Figure 33-62 depicts a simplistic optical fiber: a plastic 
core (n, = 1.58) is surrounded by a plastic sheath (n2 = 1.53). 
A light ray is incident on one end of the fiber at angle 6. The 
ray is to undergo total internal reflection at point A, where it 





encounters the core—sheath 
boundary. (Thus there is no loss 
of light through that boundary.) 
What is the maximum value of 
6 that allows total internal re- 
flection at A? © 


e¢64 In Fig. 33-63, a light ray 
in air is incident at angle 0, ona 
block of transparent plastic 
with an index of refraction 
of 1.56. The dimensions indi- 
cated are H = 2.00cm and W 
= 3.00cm. The light passes 
through the block to one of its 
sides and there undergoes re- 
flection (inside the block) and 
possibly refraction (out into 
the air). This is the point of first 
reflection. The reflected light 
then passes through the block to another of its sides—a point 
of second reflection. If 8; = 40°, on which side is the point of 
(a) first reflection and (b) second reflection? If there is refrac- 
tion at the point of (c) first reflection and (d) second reflec- 
tion, give the angle of refraction; if not, answer “none.” If 0, = 
70°, on which side is the point of (e) first reflection and (f) sec- 
ond reflection? If there is refraction at the point of (g) first re- 
flection and (h) second reflection, give the angle of refraction; 
if not, answer “none.” 


#65 In Fig. 33-64, a ray of 
light is perpendicular to the 
face ab of a glass prism (” = : 
1.52). Find the largest value for b- 
the angle @so thatthe rayisto- «ic 23.44 Problem 65. 
tally reflected at face ac if the 

prism is immersed (a) in air and (b) in water. ssm iw 





FIG. 33-463 Problem 64. 


a 





®@66 Suppose the prism of Fig. 33-57 has apex angle ¢ = 
60.0° and index of refraction n = 1.60. (a) What is the smallest 
angle of incidence 6 for which a ray can enter the left face of 
the prism and exit the right face? (b) What angle of incidence 
6 is required for the ray to exit the prism with an identical 
angle 6 for its refraction, as it does in Fig. 33-57? 

ee@/7 In Fig. 33-65, light en- 
ters a 90° triangular prism at 
point P with incident angle 0, 
and then some of it refracts at 
point Q with an angle of refrac- 
tion of 90°. (a) What is the in- 
dex of refraction of the prism 
in terms of 6? (b) What, numer- 
ically, is the maximum value that the index of refraction can 
have? Does light emerge at Q if the incident angle at P is 
(c) increased slightly and (d) decreased slightly? 





FIG. 33-45 Problem 67. 


sec. 33-10 Polarization by Reflection 

68 (a) At what angle of incidence will the light reflected 
from water be completely polarized? (b) Does this angle 
depend on the wavelength of the light? 


69 Light traveling in water of refractive index 1.33 is inci- 
dent on a plate of glass with index of refraction 1.53. At what 
angle of incidence is the reflected light fully polarized? ssm 


ee70 In Fig, 33-66, a light ray 
in air is incident on a flat layer 
of material 2 that has an index 
of refraction 1, = 1.5. Beneath 
material 2 is material 3 with an 
index of refraction n3. The ray is 
incident on the air—material 2 
interface at the Brewster angle 
for that interface. The ray of 
light refracted into material 3 happens to be incident on the 
material 2—material 3 interface at the Brewster angle for that 
interface. What is the value of n3? 





216.33-66 Problem 70. 


Additional Problems 

71 Rainbow. Figure 33-67 shows a light ray entering and 
then leaving a falling, spherical raindrop after one internal re- 
flection (see Fig. 33-21a). The final direction of travel is devi- 
ated (turned) from the initial direction of travel by angular 
deviation O.,. (a) Show that Og, is 


Oicy = 180° + 20; — 46,, 


where @; 1s the angle of inci- 
dence of the ray on the drop 
and 6, 1s the angle of refraction 
of the ray within the drop. (b) 
Using Snell’s law, substitute for 
6, in terms of 6; and the index of 
refraction n of the water. Then, 
on a graphing calculator or with / 

a computer graphing package, ig 33.67 Problem 71. 
graph Oey versus 6; for the 

range of possible 6; values and for n = 1.331 for red light and 
n = 1.333 for blue light. 

The red-light curve and the blue-light curve have dif- 
ferent minima, which means that there is a different angle of 
minimum deviation for each color. The light of any given color 
that leaves the drop at that color’s angle of minimum devia- 
tion 1s especially bright because rays bunch up at that angle. 
Thus, the bright red light leaves the drop at one angle and the 
bright blue light leaves it at another angle. 

Determine the angle of minimum deviation from the 6,,, 
curve for (c) red light and (d) blue light. (e) If these colors 
form the inner and outer edges of a rainbow (Fig. 33-21a), 
what is the angular width of the rainbow? <agr 


Water drop 





Incident 
ray 


72 The primary rainbow described in Problem 71 is the type 
commonly seen in regions where rainbows appear. It is pro- 
duced by light reflecting once inside the drops. Rarer is the 
secondary rainbow described in Section 33-8, produced by 
light reflecting twice inside the drops (Fig. 33-68a). (a) Show 
that the angular deviation of light entering and then leaving a 


(a) (b) 
FIG. 33-68 Problem 72. 


spherical water drop is 
Oicy = (180°)k + 20; — 2(k + 1)8,, 


where k is the number of internal reflections. Using the pro- 
cedure of Problem 71, find the angle of minimum deviation 
for (b) red light and (c) blue light in a secondary rainbow. 
(d) What is the angular width of that rainbow (Fig. 33-21d)? 
The tertiary rainbow depends on three internal reflec- 
tions (Fig. 33-685). It probably occurs but, as noted in 
Section 33-8, cannot be seen be- 
cause it is very faint and lies in | 
the bright sky surrounding the 9; 
Sun. What is the angle of mini- 
mum deviation for (e) the red 
light and (f) the blue light in this 
rainbow? (g) What is the rain- 
bow’s angular width? ~.agt 


73 In Fig. 33-69, a light ray en- 
ters a glass slab at poimt A at 
incident angle @, = 45.0° and then 
undergoes total internal reflection 
at point B. What minimum value 
for the index of refraction of the glass can be inferred from this 
information? ssM 


Incident 
ray 





FIG. 33-69 Problem 73. 


7& Jn Fig. 33-70, unpolarized light with an intensity of 
25 W/m? is sent into a system of four polarizing sheets with 
polarizing directions at angles 6, = 40°, @) = 20°, 6; = 20°, and 
0, = 30°. What is the intensity of the light that emerges from 
the system? 





FIG. 33-70 Problem 74. 


75 (a) Prove that a ray of light incident on the surface of a 
sheet of plate glass of thickness t emerges from the opposite 
face parallel to its initial direc- 
tion but displaced sideways, as in 
Fig. 33-71. (b) Show that, for 
small angles of incidence 9, this 
displacement is given by 


i I 
x= té : 
n 








where nis the index of refraction 
of the glass and @ is measured in 
radians. ssM 


FIG. 33-71 Problem 75. 


ge Chapter 33 | Electromagnetic Waves 


76 In Fig. 33-72, two light rays pass from air through five 
layers of transparent plastic and then back into air. The layers 
have parallel interfaces and unknown thicknesses; their 
indexes of refraction are n,; = 1.7, n, = 1.6, n; = 1.5, ng = 1.4, 
and n; = 1.6. Ray b 1s incident at angle 6, = 20°. Relative to 
a normal at the last interface, at what angle do (a) ray a and 
(b) ray b emerge? (Hint: Solving the problem algebraically 
can save time.) If the air at the left and right sides in the figure 
were, instead, glass with index of refraction 1.5, at what angle 
would (c) ray a and (d) ray b emerge? 





| Na - Nr, Air 
FIG. 33-72 Problem 76. 


77 (a) How long does it take a radio signal to travel 150 km 
from a transmitter to a receiving antenna? (b) We see a full 
Moon by reflected sunlight. How much earlier did the hght 
that enters our eye leave the Sun? The Earth—Moon and 
Earth-Sun distances are 3.8 x 10°km and 1.5 X 10®km, 
respectively. (c) What is the round-trip travel time for light 
between Earth and a spaceship orbiting Saturn, 1.3 X 10’ km 
distant? (d) The Crab nebula, which is about 6500 light-years 
(ly) distant, is thought to be the result of a supernova explo- 
sion recorded by Chinese astronomers in A.D. 1054. In approx- 
imately what year did the explosion actually occur? ssm 


78 In about A.D. 150, Claudius Ptolemy gave the following 
measured values for the angle of incidence 6, and the angle of 
refraction @, for a light beam passing from air to water: 


6, 6, 6, 6, 
10° 8° 50° 35° 
20° 15°30’ 60° 40°30’ 
30° 22°30 70° 45°30’ 
40° 29° 80° 50° 


Assuming these data are consistent with the law of refraction, 
use them to find the index of refraction of water. These data 
are interesting as perhaps the oldest recorded physical mea- 
surements. 


79 ~The electric component of a beam of polarized light is 
E, = (5.00 V/m) sin[(1.00 x 10° m~')z + at]. 


(a) Write an expression for the magnetic field component of 
the wave, including a value for w. What are the (b) wave- 
length, (c) period, and (d) intensity of this light? (e) Parallel to 
which axis does the magnetic field oscillate? (f) In which 
region of the electromagnetic spectrum is this wave? ssm 


80 The magnetic component of an electromagnetic wave in 
vacuum has an amplitude of 85.8nT and an angular wave 
number of 4.00 m~!. What are (a) the frequency of the wave, 


(b) the rms value of the electric component, and (c) the inten- 
sity of the light? 


8% A helium—neon laser, ra- 
diating at 632.8 nm, has a power 
output of 3.0 mW. The beam di- 
verges (spreads) at angle @= 
0.17 mrad (Fig. 33-73). (a) What 
is the intensity of the beam 40 m from the laser? (b) What is 
the power of a point source providing that intensity at that 
distance? 





Fits. 33-73 Problem 81. 


82 The average intensity of the solar radiation that strikes 
normally on a surface just outside Earth’s atmosphere is 
1.4 kW/m’. (a) What radiation pressure p, is exerted on this 
surface, assuming complete absorption? (b) For comparison, 
find the ratio of p, to Earth’s sea-level atmospheric pressure, 
which is 1.0 X 10° Pa. 


83 During a test,a NATO surveillance radar system, operat- 
ing at 12 GHz at 180kW of power, attempts to detect an 
incoming stealth aircraft at 90km. Assume that the radar 
beam is emitted uniformly over a hemisphere. (a) What is the 
intensity of the beam when the beam reaches the aircraft’s 
location? The aircraft reflects radar waves as though it has a 
cross-sectional area of only 0.22 m2. (b) What is the power of 
the aircraft’s reflection? Assume that the beam is reflected 
uniformly over a hemisphere. Back at the radar site, what are 
(c) the intensity, (d) the maximum value of the electric field 
vector, and (e) the rms value of the magnetic field of the 
reflected radar beam? ssm 


34 An unpolarized beam of light is sent into a stack of four 
polarizing sheets, oriented so that the angle between the 
polarizing directions of adjacent sheets is 30°. What fraction of 
the incident intensity is transmitted by the system? 


85 A beam of initially unpolarized light is sent through two 
polarizing sheets placed one on top of the other. What must be 
the angle between the polarizing directions of the sheets if the 
intensity of the transmitted light is to be one-third the incident 
intensity? 


$6 An electromagnetic wave is traveling in the negative 
direction of a y axis. At a particular position and time, the elec- 
tric field is directed along the positive direction of the z axis 
and has a magnitude of 100 V/m. What are the (a) magnitude 
and (b) direction of the corresponding magnetic field? 


87 Calculate the (a) upper and (b) lower limit of the Brewster 
angle for white light incident on fused quartz. Assume that the 
wavelength limits of the light are 400 and 700 nm. 


8& A particle in the solar system is under the combined 
influence of the Sun’s gravitational attraction and the radia- 
tion force due to the Sun’s rays. Assume that the particle is a 
sphere of density 1.0 x 10° kg/m? and that all the incident 
light is absorbed. (a) Show that, if its radius is less than some 
critical radius R, the particle will be blown out of the solar 
system. (b) Calculate the critical radius. 


69 The magnetic component of a polarized wave of light is 
B, = (4.0 X 10° T) sin[(1.57 X 10’ m~')y + aif]. 


(a) Parallel to which axis is the light polarized? What are the 
(b) frequency and (c) intensity of the light? 


90 Three polarizing sheets are stacked. The first and third 
are crossed; the one between has its polarizing direction 
at 45.0° to the polarizing directions of the other two. What 
fraction of the intensity of an originally unpolarized beam is 
transmitted by the stack? 


9% A ray of white light traveling through fused quartz is 
incident at a quartz—air interface at angle 0,. Assume that the 
index of refraction of quartz is n = 1.456 at the red end of the 
visible range and n = 1.470 at the blue end. If 0, is (a) 42.00°, 
(b) 43.10°, and (c) 44.00°, is the refracted light white, white 
dominated by the red end of the visible range, or white domi- 
nated by the blue end of the visible range, or is there no 
refracted light? Ssm 


92 In Fig. 33-74, unpolarized 
light is sent into the system of 
three polarizing sheets, where 
the polarizing directions of the 
first and third sheets are at angles 
= 30° (counterclockwise) and 
6, = 30° (clockwise). What frac- 
tion of the initial light intensity 
emerges from the system? 


93 Ina region of space where 
eravitational forces can be 
neglected, a sphere is acceler- 
ated by a uniform light beam of 
intensity 6.0 mW/m’. The sphere is totally absorbing and has a 
radius of 2.0 wm and a uniform density of 5.0 x 10° kg/m’. 
What is the magnitude of the sphere’s acceleration due to the 
light? 


94 In Fig. 33-75, unpolarized 
light is sent into a system of 
three polarizing sheets, where 
the polarizing directions of the 
first and second sheets are at an- 
gles 0, = 20° and 6, = 40°. What 
fraction of the initial light inten- 
sity emerges from the system? 


9S In Fig. 33-76, unpolarized 
light is sent into a system 
of three polarizing sheets with 
polarizing directions at angles 
6, = 20°, & = 60°, and 63 = 40°. 
What fraction of the initial light 
intensity emerges from the sys- 
tem? 


FIG. 33-74 Problem 92. 


96 A square, perfectly reflect- 
ing surface is oriented in space 
to be perpendicular to the light 
rays from the Sun. The surface 
has an edge length of 2.0 m and 
is located 3.0 X 10!’ m from the 
Sun’s center. What is the radia- 
tion force on the surface from 
the light rays? 


FIG. 33-76 Problem 95. 


97 The rms value of the electric field in a certain light wave 
is 0.200 V/m. What is the amplitude of the associated magnetic 
field? 











Sunray 
- Ze 


98 In Fig. 33-77, an albatross 
glides at a constant 15 m/s hori- 
zontally above level ground, 
moving in a vertical plane that 
contains the Sun. It glides to- 
ward a wall of height h = 2.0m, 
which it will just barely clear. At 
that time of day, the angle of the 
Sun relative to the ground is 6 = 
30°. At what speed does the shadow of the albatross move (a) 
across the level ground and then (b) up the wall? Suppose that 
later a hawk happens to glide along the same path, also at 15 
m/s. You see that when its shadow reaches the wall, the speed 
of the shadow noticeably increases. (c) Is the Sun now higher 
or lower in the sky than when the albatross flew by earlier? (d) 
If the speed of the hawk’s shadow on the wall is 45 m/s, what is 
the angle 6 of the Sun just then? 


SS ae 





FIG. 33-77 Problem 98. 


99 The magnetic component of a polarized wave of light is 
given by B, = (4.00 wT) sin[ky + (2.00 x 10% s“")t]. (a) In 
which direction does the wave travel, (b) parallel to which axis 
is it polarized, and (c) what is its intensity? (d) Write an 
expression for the electric field of the wave, including a value 
for the angular wave number. (e) What is the wavelength? 
(f) In which region of the electromagnetic spectrum is this 
electromagnetic wave? 


00 In Fig. 33-78, where n, = 1.70, ny = 1.50, and nz = 
i 30, light refracts from material 1 into material 2. If it is inci- 
dent at point A at the critical an- 
gle for the interface between 
materials 2 and 3, what are (a) 
the angle of refraction at point 
B and (b) the initial angle 6? If, 
instead, light is incident at B at 
the critical angle for the interface 
between materials 2 and 3, what 
are (c) the angle of refraction at 
point A and (d) the initial angle 
0? If, instead of all that, light is incident at point A at Brewster’s 
angle for the interface between materials 2 and 3, what are (ce) 
the angle of refraction at point B and (f) the initial angle 6? 








FIG. 33-78 Problem 100. 


107 When red light in vacuum is incident at the Brewster 
angle on a certain glass slab, the angle of refraction is 32.0°. 
What are (a) the index of refraction of the glass and (b) the 
Brewster angle? 


702 Start from Eqs. 33-11 and 33-17 and show that E(x, f) 
and B(x, t), the electric and magnetic field components of a 
plane traveling electromagnetic wave, must satisfy the “wave 
equations” 


OE. 490 CB 408 





ae ax? aus ar x2 
103 (a) Show that Eqs. 33-1 and 33-2 satisfy the wave equa- 
tions displayed in Problem 102. (b) Show that any expressions 
of the form FE = E,, f(kx = wt) and B = B,, f(kx + ot), where 
f(kx = wt) denotes an arbitrary function, also satisfy these 
wave equations. SSM 


704 A point source of light emits isotropically with a power of 
200 W. What is the force due to the light on a totally absorbing 
sphere of radius 2.0 cm at a distance of 20 m from the source? 





oY Ee Images 


Underwater vision is usually 
difficult even if you have 
perfect vision above water. 
The reason has to do with 
how water affects the refrac- 
tion of light entering the eye. 
The refraction may be appro- 
priate in the air but quite 
wrong in the water. However, 
the peculiar fish Anableps 
anableps swims with its eyes 
partially extending above the 
water surface so that it can 
see simultaneously above 


and below water. 


How can its 
eyes function 
in both air and 
water? 





Paddy Ryan/Ryan Photographic 


The answer is in this chapter. 
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34-1 WHAT IS PHYSICS? 





One goal of physics is to discover the basic laws governing light, such as the law 
of refraction. A broader goal is to put those laws to use, and perhaps the most 
important use is the production of images. The first photographic images, made in 
1824, were only novelties, but our world now thrives on images. Huge industries 
are based on the production of images on television, computer, and theater 
screens. Images from satellites guide military strategists during times of conflict 
and environmental strategists during times of blight. Camera surveillance can 
make a subway system more secure, but it can also invade the privacy of unsus- 
pecting citizens. Physiologists and medical engineers are still puzzled by how im- 
ages are produced by the human eye and the visual cortex of the brain, but they 
have managed to create mental images in some sightless people by electrical 
stimulation of the visual cortex. 

Our first step in this chapter is to define and classify images. Then we exam- 
ine several basic ways in which they can be produced. 


34-2 i Two Types of Image 


For you to see, say, a penguin, your eye must intercept some of the light rays 
spreading from the penguin and then redirect them onto the retina at the rear of 
the eye. Your visual system, starting with the retina and ending with the visual 
cortex at the rear of your brain, automatically and subconsciously processes the 
information provided by the light. That system identifies edges, orientations, 
textures, shapes, and colors and then rapidly brings to your consciousness an 
image (a reproduction derived from light) of the penguin; you perceive and rec- 
ognize the penguin as being in the direction from which the light rays came and 
at the proper distance. 

Your visual system goes through this processing and recognition even if the 
light rays do not come directly from the penguin, but instead reflect toward you 
from a mirror or refract through the lenses in a pair of binoculars. However, you 
now see the penguin in the direction from which the light rays came after they 
reflected or refracted, and the distance you perceive may be quite different from 
the penguin’s true distance. 

For example, if the light rays have been reflected toward you from a standard 
flat mirror, the penguin appears to be behind the mirror because the rays you 
intercept come from that direction. Of course, the penguin is not back there. This 
type of image, which is called a virtual image, truly exists only within the brain 
but nevertheless is said to exist at the perceived location. 

A real image differs in that it can be formed on a surface, such as a card or a 
movie screen. You can see a real image (otherwise movie theaters would be 
empty), but the existence of the image does not depend on your seeing it and it is 
present even if you are not. 

In this chapter we explore several ways in which virtual and real images are 
formed by reflection (as with mirrors) and refraction (as with lenses). We also dis- 
tinguish between the two types of image more clearly, but here first is an example 
of a natural virtual image. 


A Common Mirage 


A common example of a virtual image is a pool of water that appears to lie on the 
road some distance ahead of you on a sunny day, but that you can never 
reach. The pool is a mirage (a type of illusion), formed by light rays coming from 
the low section of the sky in front of you (Fig. 34-1a). As the rays approach the 
road, they travel through progressively warmer air that has been heated by 
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FIG. 34-2 A point source of light O, 
called the object, is a perpendicular 
distance p in front of a plane mirror. 
Light rays reaching the mirror from 
O reflect from the mirror. If your eye 
intercepts some of the reflected rays, 
you perceive a point source of light / 
to be behind the mirror, at a perpen- 
dicular distance i. The perceived 


source / is a virtual image of object O. 


Light ray 





— Pool mirage Road 


(a) 


Fast 
Warm . % Warm 
Warmer f . 4% Warmer 
Faster 





(¢) 


FIG. 34-1. (a) Aray froma low section of the sky refracts through air that is heated by 

a road (without reaching the road). An observer who intercepts the light perceives it to be 
from a pool of water on the road. (b) Bending (exaggerated) of a light ray descending 
across an imaginary boundary from warm air to warmer air. (c) Shifting of wavefronts and 
associated bending of a ray, which occur because the lower ends of wavefronts move faster 
in warmer air. (d) Bending of a ray ascending across an imaginary boundary to warm air 
from warmer air. 


the road, which is usually relatively warm. With an increase in air temperature, 
the density of the air—and hence the index of refraction of the air—decreases 
slightly. Thus, as the rays descend, encountering progressively smaller indexes of 
refraction, they continuously bend toward the horizontal (Fig. 34-1b). 

Once a ray 1s horizontal, somewhat above the road’s surface, it still bends 
because the lower portion of each associated wavefront is in slightly warmer air 
and is moving slightly faster than the upper portion of the wavefront (Fig. 34-1c). 
This nonuniform motion of the wavefronts bends the ray upward. As the ray then 
ascends, it continues to bend upward through progressively greater indexes of 
refraction (Fig. 34-1d). 

If you intercept some of this light, your visual system automatically infers 
that it originated along a backward extension of the rays you have intercepted 
and, to make sense of the light, assumes that it came from the road surface. If the 
light happens to be bluish from blue sky, the mirage appears bluish, like water. 
Because the air is probably turbulent due to the heating, the mirage shimmies, as 
if water waves were present. The bluish coloring and the shimmy enhance the 


illusion of a pool of water, but you are actually seeing a virtual image of a low 
section of the sky. SE 


34-3 | Plane Mirrors 


A mirror is a surface that can reflect a beam of light in one direction instead of 
either scattering it widely in many directions or absorbing it. A shiny metal 
surface acts as a mirror; a concrete wall does not. In this section we examine the 
images that a plane mirror (a flat reflecting surface) can produce. 

Figure 34-2 shows a point source of light O, which we shall call the object, ata 
perpendicular distance p in front of a plane mirror. The light that is incident 
on the mirror is represented with rays spreading from O. The reflection of that 
light is represented with reflected rays spreading from the mirror. If we extend 
the reflected rays backward (behind the mirror), we find that the extensions 
intersect at a point that is a perpendicular distance 7 behind the mirror. 

If you look into the mirror of Fig. 34-2, your eyes intercept some of the 
reflected light. To make sense of what you see, you perceive a point source of light 
located at the point of intersection of the extensions. This point source is the 
image / of object O. It is called a point image because it is a point, and it is a vir- 


tual image because the rays do not actually pass through it. (As you will see, rays 
do pass through a point of intersection for a real image.) 

Figure 34-3 shows two rays selected from the many rays in Fig. 34-2. One 
reaches the mirror at point b, perpendicularly. The other reaches it at an arbitrary 
point a, with an angle of incidence 0. The extensions of the two reflected rays 
are also shown. The right triangles aOba and alba have a common side and three 
equal angles and are thus congruent (equal in size); so their horizontal sides have 
the same length. That ts, 

[b = OD, (34-1) 


where /b and Ob are the distances from the mirror to the image and the object, 
respectively. Equation 34-1 tells us that the image is as far behind the mirror as 
the object is in front of it. By convention (that is, to get our equations to work 
out), object distances p are taken to be positive quantities and image distances i 
for virtual images (as here) are taken to be negative quantities. Thus, Eq. 34-1 can 
be written as lil = p or as 


1=-—p (plane mirror). (34-2) 


Only rays that are fairly close together can enter the eye after reflection at a 
mirror. For the eye position shown in Fig. 34-4, only a small portion of the mirror 
near point a (a portion smaller than the pupil of the eye) is useful in forming the 
image. To find this portion, close one eye and look at the mirror image of a small 
object such as the tip of a pencil. Then move your fingertip over the mirror sur- 
face until you cannot see the image. Only that small portion of the mirror under 
your fingertip produced the image. “ee 


Extended Objects 


In Fig. 34-5, an extended object O, represented by an upright arrow, is at per- 
pendicular distance p in front of a plane mirror. Each small portion of the object that 
faces the mirror acts like the point source O of Figs. 34-2 and 34-3. If you intercept 
the light reflected by the mirror, you perceive a virtual image / that is a composite of 
the virtual point images of all those portions of the object. This virtual image seems 
to be at (negative) distance i behind the mirror, with i and p related by Eq. 34-2. 

We can also locate the image of an extended object as we did for a point 
object in Fig. 34-2: we draw some of the rays that reach the mirror from the top of 
the object, draw the corresponding reflected rays, and then extend those reflected 
rays behind the mirror until they intersect to form an image of the top of the 
object. We then do the same for rays from the bottom of the object. As shown in 
Fig. 34-5, we find that virtual image / has the same orientation and height (mea- 
sured parallel to the mirror) as object O. 


Mirror 





al 


FIG. 34-4 A “pencil” of rays from O enters the eye after reflection at the mirror. 
Only a small portion of the mirror near a is involved in this reflection. The light appears 
to originate at point / behind the mirror. 
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Mirror 
FIG. 34-3. Tworays from Fig. 34-2. 
Ray Oa makes an arbitrary angle 6 
with the normal to the mirror sur- 
face. Ray Ob is perpendicular to the 
mirror. 








FIG.34-5 Anextended object O 
and its virtual image / in a plane 
mirror. 
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F1G. 34-6 A maze of mirrors. 


(Courtesy Adrian Fisher. 
www.mazemaker.com) 








FIG. 34-7 (a) Overhead view of a 
mirror maze. A ray from mirror B 
reaches you at O by reflecting from 
mirror A. (b) Mirror B appears to be 
behind A. (c) The ray reaching you 
comes from you. (d) You see a virtual 
image of yourself at the end of an ap- 
parent hallway. 





Mirror Maze 


In a mirror maze (Fig. 34-6), each wall is covered, floor to ceiling, with 
a mirror. Walk through such a maze and what you see in most direc- 
tions is a confusing montage of reflections. In some directions, how- 
ever, you see a hallway that seems to offer a path through the maze. 
Take these hallways, though, and you soon learn, after smacking into 
mirror after mirror, that the hallways are largely an illusion. 

Figure 34-7a is an overhead view of a simple mirror maze in which 
differently painted floor sections form equilateral triangles (60° an- 
gles) and walls are covered with vertical mirrors. You look into the 
maze while standing at point O at the middle of the maze entrance. In 
most directions, you see a confusing jumble of images. However, you 
see something curious in the direction of the ray shown in Fig. 34-7a. 
That ray leaves the middle of mirror B and reflects to you at the 
middle of mirror A. (The reflection obeys the law of reflection, with the angle of 
incidence and the angle of reflection both equal to 30°.) 

To make sense of the origin of the ray reaching you, your brain automati- 
cally extends the ray backward. It appears to originate at a point lying behind 
mirror A. That is, you perceive a virtual image of B behind A, at a distance equal 
to the actual distance between A and B (Fig. 34-7b). Thus, when you face into the 
maze in this direction, you see B along an apparent straight hallway consisting of 
four triangular floor sections. 

This story is incomplete, however, because the ray reaching you does not 
originate at mirror B—it only reflects there. To find the origin, we continue to 
apply the law of reflection as we work backwards, reflection by reflection on the 
mirrors. Working through the four reflections shown in Fig. 34-7c, we finally come 
to the origin of the ray: you! What you see when you look along the apparent 
hallway is a virtual image of yourself, at a distance of nine triangular floor sec- 
tions from you (Fig. 34-7d). (There is a second apparent hallway extending away 
from point O. Which way must you face to look along it?) ae 


d 
ae 


CHECKPOINT 1 In the figure you are in a sys- 
tem of two vertical parallel mirrors A and B separated 
by distance d. A grinning gargoyle is perched at point O, 
a distance 0.2d from mirror A. Each mirror produces a 
first (least deep) image of the gargoyle. Then each mir- 
ror produces a second image with the object being the 
first image in the opposite mirror. Then each mirror pro- 
duces a third image with the object being the second image in the opposite mirror, and 
so on—you might see hundreds of grinning gargoyle images. How deep behind mirror 
A are the first, second, and third images in mirror A? a 
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We turn now from images produced by plane mirrors to images produced by mir- 
rors with curved surfaces. In particular, we consider spherical mirrors, which are 
simply mirrors in the shape of a small section of the surface of a sphere. A plane 
mirror is in fact a spherical mirror with an infinitely large radius of curvature and 
thus an approximately flat surface. 


Making a Spherical Mirror 


We start with the plane mirror of Fig. 34-8a, which faces leftward toward an 
object O that is shown and an observer that is not shown. We make a concave 


mirror by curving the mirror’s surface so it is concave (“caved in”) as in Fig. 
34-8b. Curving the surface in this way changes several characteristics of the 
mirror and the image it produces of the object: 


1. The center of curvature C (the center of the sphere of which the mirror’s sur- 
face is part) was infinitely far from the plane mirror; it is now closer but still in 
front of the concave mirror. 


2. The field of view—the extent of the scene that is reflected to the observer — 
was wide; it is now smaller. 


3. The image of the object was as far behind the plane mirror as the object was in 
front; the image is farther behind the concave mirror; that is, lil is greater. 


4. The height of the image was equal to the height of the object; the height of the 
image is now greater. This feature is why many makeup mirrors and shaving 
mirrors are concave — they produce a larger image of a face. 


We can make a convex mirror by curving a plane mirror so its surface 1s 
convex (“flexed out”) as in Fig. 34-8c. Curving the surface in this way (1) moves 
the center of curvature C to behind the mirror and (2) increases the field of view. 
It also (3) moves the image of the object closer to the mirror and (4) shrinks it. 
Store surveillance mirrors are usually convex to take advantage of the increase in 
the field of view—more of the store can then be seen with a single mirror. 


Focal Points of Spherical Mirrors 


For a plane mirror, the magnitude of the image distance i is always equal to 
the object distance p. Before we can determine how these two distances are 
related for a spherical mirror, we must consider the reflection of light from an 
object O located an effectively infinite distance in front of a spherical mirror, 
on the mirror’s central axis. That axis extends through the center of curvature C 
and the center c of the mirror. Because of the great distance between the object 
and the mirror, the light waves spreading from the object are plane waves when 
they reach the mirror along the central axis. This means that the rays representing 
the light waves are all parallel to the central axis when they reach the mirror. 

When these parallel rays reach a concave mirror like that of Fig. 34-9a, those 
near the central axis are reflected through a common point F; two of these reflected 
rays are shown in the figure. If we placed a (small) card at F, a point image of the in- 
finitely distant object O would appear on the card. (This would occur for any infi- 
nitely distant object.) Point F is called the focal point (or focus) of the mirror, and its 
distance from the center of the mirror c is the focal length f of the mirror. 
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FIG. 34-9 (a) Inaconcave mirror, incident parallel light rays are brought to a real 

focus at Fon the same side of the mirror as the incident light rays. (b) In a convex mirror, 
incident parallel light rays seem to diverge from a virtual focus at F, on the side of the 
mirror opposite the light rays. 
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FIG. 34-8 (a) An object O forms a 
virtual image / in a plane mirror. (5) 
If the mirror 1s bent so that it be- 
comes concave, the image moves far- 
ther away and becomes larger. (c) If 
the plane mirror is bent so that it be- 
comes convex, the image moves 
closer and becomes smaller. 
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If we now substitute a convex mirror for the concave mirror, we find that the 
parallel rays are no longer reflected through a common point. Instead, they 
diverge as shown in Fig. 34-9b. However, if your eye intercepts some of the 
reflected light, you perceive the light as originating from a point source behind 
the mirror. This perceived source is located where extensions of the reflected rays 
pass through a common point (F in Fig. 34-9b). That point is the focal point (or 
focus) F of the convex mirror, and its distance from the mirror surface is the focal 
length f of the mirror. If we placed a card at this focal point, an image of object O 
would not appear on the card; so this focal point 1s not like that of a concave mirror. 

To distinguish the actual focal point of a concave mirror from the per- 
ceived focal point of a convex mirror, the former is said to be a real focal point 
and the latter is said to be a virtual focal point. Moreover, the focal length f of 
a concave mirror is taken to be a positive quantity, and that of a convex mirror a 
negative quantity. For mirrors of both types, the focal length f is related to the 
radius of curvature r of the mirror by 


f = ir (spherical mirror), (34-3) 


where, consistent with the signs for the focal length, 7 is a positive quantity for a 
concave mirror and a negative quantity for a convex mirror. 
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With the focal point of a spherical mirror defined, we can find the relation 
between image distance i and object distance p for concave and convex spherical 
mirrors. We begin by placing the object O inside the focal point of the concave 
mirror—that is, between the mirror and its focal point F (Fig. 34-10a). An 
observer can then see a virtual image of O in the mirror: The image appears to be 
behind the mirror, and it has the same orientation as the object. 

If we now move the object away from the mirror until it is at the focal point, 
the image moves farther and farther back from the mirror until, when the object 
is at the focal point, the image is at infinity (Fig. 34-10b). The image is then am- 
biguous and imperceptible because neither the rays reflected by the mirror nor 
the ray extensions behind the mirror cross to form an image of O. 

If we next move the object outside the focal point— thats, farther away from 
the mirror than the focal point—the rays reflected by the mirror converge to 
form an inverted image of object O (Fig. 34-10c) in front of the mirror. That image 
moves in from infinity as we move the object farther outside F. If you were to 
hold a card at the position of the image, the image would show up on the card 
the image is said to be focused on the card by the mirror. (The verb “focus,” 
which in this context means to produce an image, differs from the noun “focus,” 
which is another name for the focal point.) Because this image can actually 
appear on a surface, it is a real image —the rays actually intersect to create the image, 
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FIG. 34-10 (a) An object O inside the focal point of a concave mirror, and its virtual 


image I. (b) The object at the focal point F. (c) The object outside the focal point, and 
its real image /. 
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regardless of whether an observer is present. The image distance i of a real image is a 
positive quantity, in contrast to that for a virtual image. We also see that 
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As we shall prove in Section 34-9, when light rays from an object make only 
small angles with the central axis of a spherical mirror, a simple equation relates 
the object distance p, the image distance /, and the focal length f: 

1 il il 
saatial | ager sek ee (spherical mirror). (34-4) 


UME aan 


We assume such small angles in figures such as Fig. 34-10, but for clarity the rays are 
drawn with exaggerated angles. With that assumption, Eq. 34-4 applies to any con- 
cave, convex, or plane mirror. For a convex or plane mirror, only a virtual image can 
be formed, regardless of the object’s location on the central axis. As shown in the 
example of a convex mirror in Fig. 34-8c, the image is always on the opposite side of 
the mirror from the object and has the same orientation as the object. 

The size of an object or image, as measured perpendicular to the mirror’s 
central axis, is called the object or image height. Let h represent the height of the 
object, and h' the height of the image. Then the ratio h'/h 1s called the lateral 
magnification m produced by the mirror. However, by convention, the lateral 
magnification always includes a plus sign when the image orientation is that of 
the object and a minus sign when the image orientation is opposite that of the 
object. For this reason, we write the formula for m as 


! 


h 





lm| = (lateral magnification). (34-5) 


We shall soon prove that the lateral magnification can also be written as 
i 
m= -— (lateral magnification). (34-6) 
P 


For a plane mirror, for which i = —p, we have m = +1. The magnification 
of 1 means that the image is the same size as the object. The plus sign means that 
the image and the object have the same orientation. For the concave mirror of 
Fig. 34-10c, m ~ —1.5. 

Equations 34-3 through 34-6 hold for all plane mirrors, concave spherical 
mirrors, and convex spherical mirrors. In addition to those equations, you have 
been asked to absorb a lot of information about these mirrors, and you should 
organize it for yourself by filling in Table 34-1. Under Image Location, note 
whether the image is on the same side of the mirror as the object or on the oppo- 


TABLE 34-1 


Your Organizing Table for Mirrors 








Image Sign 
Mirror Object ds 
Type Location Location Type Orientation of f of r of m 
Plane Anywhere 
Tc 
Concave Ba 
Outside F 


Convex Anywhere 
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FIG. 34-11 (a, b) Four rays that may 
be drawn to find the image formed 
by a concave mirror. For the object 
position shown, the image is real, in- 
verted, and smaller than the object. 
(c, d) Four similar rays for the case of 
a convex mirror. For a convex mir- 
ror, the image is always virtual, ori- 
ented like the object, and smaller 
than the object. [In (c), ray 2 is ini- 
tially directed toward focal point F. 
In (d), ray 3 is initially directed to- 
ward center of curvature C.] 


(d) 





site side. Under Image Type, note whether the image is real or virtual. Under 
Image Orientation, note whether the image has the same orientation as the 
object or is inverted. Under Sign, give the sign of the quantity or fill in + if the 
sign is ambiguous. You will need this organization to tackle homework or a test. 


Locating Images by Drawing Rays 


Figures 34-1la and b show an object O in front of a concave mirror. We can 
graphically locate the image of any off-axis point of the object by drawing a ray 
diagram with any two of four special rays through the point: 


1. A ray that is initially parallel to the central axis reflects through the focal point 
F (ray 1 in Fig. 34-11a). 

2. A ray that reflects from the mirror after passing through the focal point 
emerges parallel to the central axis (ray 2 in Fig. 34-11a). 


3. A ray that reflects from the mirror after passing through the center of curva- 
ture C returns along itself (ray 3 in Fig. 34-11b). 


4. A ray that reflects from the mirror at point c 1s reflected symmetrically about 
that axis (ray 4 in Fig. 34-115). 


The image of the point is at the intersection of the two special rays you choose. 
The image of the object can then be found by locating the images of two or more 
of its off-axis points. You need to modify the descriptions of the rays slightly to 
apply them to convex mirrors, as in Figs. 34-11c and d. 


Proof of Equation 34-6 


We are now in a position to derive Eq. 34-6 (m = —i/p), the equation for the lat- 
eral magnification of an object reflected in a mirror. Consider ray 4 in Fig. 34-115. 
It is reflected at point c so that the incident and reflected rays make equal angles 
with the axis of the mirror at that point. 
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The two right triangles abc and dec in the figure are similar (have the same 
set of angles); so we can write 
de cd 


ab ca’ 
The quantity on the left (apart from the question of sign) is the lateral magnification 
m produced by the mirror. Because we indicate an inverted image as a negative mag- 
nification, we symbolize this as -m. However, cd = i and ca = p;so we have 
i 
m= —— 


(34-7) 


(magnification), 

which is the relation we set out to prove. 
CHECKPOINT 2 A Central American vampire bat, dozing on the central 
axis of a spherical mirror, is magnified by m = —4. Is its image (a) real or virtual, (b) in- 


verted or of the same orientation as the bat, and (c) on the same side of the mirror as 
the bat or on the opposite side? 


Sample Problem Eee 


A tarantula of height h sits cautiously before a spherical 
mirror whose focal length has absolute value | f| = 40 
cm. The mage of the tarantula produced by the mirror 
has the same orientation as the tarantula and has height 
h’ = 0.20h. 


(a) Is the image real or virtual, and is it on the same 
side of the mirror as the tarantula or the opposite side? 


Reasoning: Because the image has the same orienta- 
tion as the tarantula (the object), it must be virtual and 
on the opposite side of the mirror. (You can easily see 
this result if you have filled out Table 34-1.) 


(b) Is the mirror concave or convex, and what is its fo- 
cal length f, sign included? 





iableaeies $We cannot tell the type of mirror from the 
type of image because both types of mirror can produce 
virtual images. Similarly, we cannot tell the type of mir- 
ror from the sign of the focal length f, as obtained from 
Eq. 34-3 or Eq. 34-4, because we lack enough informa- 
tion to use either equation. However, we can make use 
of the magnification information. 
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Calculations: We know that the ratio of image height 
h' to object height h is 0.20. Thus, from Eq. 34-5 we have 


, 





lm| = = 0.20. 


Because the object and image have the same orientation, 
we know that m must be positive: m = +0.20. Substituting 
this into Eq. 34-6 and solving for, say, 7 gives us 


i = —0.20p, 


which does not appear to be of help in finding f. 
However, it is helpful if we substitute it into Eq. 34-4. 
That equation gives us 


lene! 1 eat 
SS eS ee ee 
f ti p  —O020p p- p 


from which we find 
f= —p/4. 


Now we have it: Because p is positive, f must be nega- 
tive, which means that the mirror is convex with 


f= —40 cm. (Answer) 


We now turn from images formed by reflection to images formed by refraction 
through surfaces of transparent materials, such as glass. We shall consider only 
spherical surfaces, with radius of curvature r and center of curvature C. The light 
will be emitted by a point object O in a medium with index of refraction n,; it will 
refract through a spherical surface into a medium of index of refraction ny. 

Our concern is whether the light rays, after refracting through the surface, 
form a real image (no observer necessary) or a virtual image (assuming that an 
observer intercepts the rays). The answer depends on the relative values of n, and 
n, and on the geometry of the situation. 
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FIG, 34-72 Six possible ways in which an image can be formed 
by refraction through a spherical surface of radius r and center of 
curvature C. The surface separates a medium with index of re- 
fraction 1, from a medium with index of refraction 1,. The point 
object O is always in the medium with n,, to the left of the sur- 
face. The material with the lesser index of refraction 1s unshaded 
(think of it as being air, and the other material as being glass). 
Real images are formed in (a) and (b); virtual images are formed 
in the other four situations. 





Six possible results are shown in Fig. 34-12. In each part of the figure, the 
medium with the greater index of refraction is shaded, and object O is always in the 
medium with index of refraction 1, to the left of the refracting surface. In each part, 
a representative ray is shown refracting through the surface. (That ray and a ray 
along the central axis suffice to determine the position of the image in each case.) 

At the point of refraction of each ray, the normal to the refracting surface is a 
radial line through the center of curvature C. Because of the refraction, the ray 
bends toward the normal if it is entering a medium of greater index of refraction 
and away from the normal if it is entering a medium of lesser index of refraction. 
If the bending sends the ray toward the central axis, that ray and others 
(undrawn) form a real image on that axis. If the bending sends the ray away from 
the central axis, the ray cannot form a real image; however, backward extensions 
of it and other refracted rays can form a virtual image, provided (as with mirrors) 
some of those rays are intercepted by an observer. 

Real images J are formed (at image distance 7) in parts a and b of Fig. 34-12, 
where the refraction directs the ray toward the central axis. Virtual images are 
formed in parts c and d, where the refraction directs the ray away from the cen- 
tral axis. Note, in these four parts, that real images are formed when the object 1s 
relatively far from the refracting surface and virtual images are formed when the 
object is nearer the refracting surface. In the final situations (Figs. 34-12e and f), 
refraction always directs the ray away from the central axis and virtual images 
are always formed, regardless of the object distance. 

Note the following major difference from reflected es 



















































































In Section 34-9, we shall show that (for light rays making only small anieies 
with the central axis) 





n n ele 
44 = 4, (34-8) 
Pp i r 
MMU eeet ae DOoCAromne dan Just as with mirrors, the object distance p is positive, and the image distance / is positive 
amber for about 25 million years. for a real image and negative for a virtual image. However, to keep all the signs correct 


Because we view the insect througha 1n Eq.34-8, we must use the following rule for the sign of the radius of curvature r: 
curved refracting surface, the loca- 











tion of the image we see does not co- /hen the object 1 faces 3a convex r Te refracti racting surface, the radius of curvature ris 
incide with the location of the insect epesiunes When it: faces 2 a concave SU face, r is n¢ srisnegative. qeses ae pasha craos street arettengeta tents Sittvsess 
(see Fig. 34-12d). (Dr. Paul A. ———— sees sip bebebgplasssubecbsnsssrhiPotenepstpecetyenbsreasenats Aho 


Zahl/Photo Researchers) Be careful: This is et the reverse of the sign convention we have for mirrors. 















































































CHECKPOINT 3 
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A bee is hovering in front of the concave spherical refract- 


ing surface of a glass sculpture. (a) Which of the general situations of Fig. 34-11 is like 
this situation? (b) Is the image produced by the surface real or virtual, and is it on the 


same side as the bee or the opposite side? 


Sample Problem 





A Jurassic mosquito is discovered embedded in a chunk 
of amber, which has index of refraction 1.6. One surface 
of the amber is spherically convex with radius of curva- 
ture 3.0 mm (Fig. 34-13). The mosquito’s head happens 
to be on the central axis of that surface and, when 
viewed along the axis, appears to be buried 5.0 mm into 
the amber. How deep is it really? 


























I — 


FIG. 34-13 A piece of amber with a mosquito from the 
Jurassic period, with the head buried at point O. The spherical 
refracting surface at the right end, with center of curvature C, 
provides an image / to an observer intercepting rays from the 
object at O. 








KEY IDEAS Bayitem tery appears to be 5.0mm into the 
amber only because the light rays that the observer 
intercepts are bent by refraction at the convex amber 
surface. The image distance / differs from the object dis- 
tance p according to Eq. 34-8. To use that equation to 
find the object distance, we first note: 

1. Because the object (the head) and its image are on 
the same side of the refracting surface, the image 
must be virtual and soi = —5.0 mm. 

2. Because the object is always taken to be in the 
medium of index of refraction n,, we must have n, = 
1.6 and n, = 1.0. 

3. Because the object faces a concave refracting surface, the 

radius of curvature ris negative, and sor = —3.0 mm. 


Calculations: Making these substitutions in Eq. 34-8, 


my Me mh 
p i E 
. 1.6 1.0 EO = 16 
yields 4 Ss 
Pp —5.0 mm —3.0 mm 
and p = 4.0 mm. (Answer) 


Sample Problem es 


Figure 34-14 shows a vertical cross section through an 
eye of the Anableps anableps fish that swims with each 
eye half in and half out of the water, with a pigment 
band separating the two halves at the water surface. The 
front of the eye (the cornea) is a spherically convex re- 
fracting surface of radius ry = 1.95 mm and index of refrac- 
tion n, = 1.335. The refraction at the cornea is the first 
step in the eye’s focusing of a real image onto the back of 
the eye (the retina), where visual processing begins. If the 
cornea faces an insect (lunch) at object distance p = 0.20 
m, what is the image distance i of that refraction for the 
comea in air (1, = 1.000) and in water (n, = 1.333)? =e 





aad 


(1) Because the object and its image are on 
opposite sides of the refracting surface with its convex side 
facing the object, the situation is like either Fig. 34-12a (for 
a real image) or Fig. 34-12c (for a virtual image). (2) Image 
distance and object distance are related by Eq. 34-8. 


Calculations: Solving Eg. 34-8 for i gives us 


: Ny» 
, = ————__. 
Ny — ry ny 


a Pp 


Retina for 
underwater vision 


FIG. 34-14 Cross section 
of the eye of Anableps 
anableps. 





above-water vision 


Substituting the given values and using the index of re- 
fraction n, = 1.000 for air, we find 


_ 1.335 
‘1.335 — 1.000 1.000 
0.00195 0.20 


8.00 mm. 


Repeating the calculation but using the index of refrac- 
tion n, = 1.333 for water, we find 


(Answer) 


7 1.335 
"1.335 — 1.333 1.333 
0.00195 0.20 


= —0.237 m. (Answer) 
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After light is refracted by the cornea, it is further re- 
fracted by a lens to give a final real image on the retina. 
(The function of a lens is discussed in the next section.) 
Our first answer is positive (indicating a real image, as 
needed) and about twice the diameter of the eye. Thus 
the role of the lens in focusing the light onto the retina 1s 
moderate because so much refraction occurs at the 





cornea. Our second answer 1s quite different: It is negative 
(indicating a virtual image) and much larger. So, far more 
focusing 1s required by the lens to put a real image onto 
the retina. To provide moderate focusing of light from the 
air and much stronger focusing of light from the water, the 
eye lens in Anableps anableps is egg shaped, with much 
greater curvature in the bottom half than in the top. 
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A lens is a transparent object with two refracting surfaces whose central axes 
coincide. The common central axis is the central axis of the lens. When a lens is 
surrounded by air, light refracts from the air into the lens, crosses through the 
lens, and then refracts back into the air. Each refraction can change the direction 
of travel of the light. 

A lens that causes light rays initially parallel to the central axis to converge is 
(reasonably) called a converging lens. If, instead, it causes such rays to diverge, 
the lens is a diverging lens. When an object is placed in front of a lens of either 
type, light rays from the object that refract into and out of the lens can produce 
an image of the object. 

We shall consider only the special case of a thin lens — that is, a lens in which 
the thickest part is thin relative to the object distance p, the image distance 7, and 
the radii of curvature r, and r, of the two surfaces of the lens. We shall also 
consider only light rays that make small angles with the central axis (they are 
exaggerated in the figures here). In Section 34-9 we shall prove that for such rays, 
a thin lens has a focal length f. Moreover, i and p are related to each other by 

i 1 
—=—+ 
ye 
which is the same as we had for mirrors. We shall also prove that when a thin lens 
with index of refraction n is surrounded by air, this focal length fis given by 


(thin lens), 


- (34-9) 


1 1 1 
—=(n-1) (4 ~ 3) (thin lens in air), 
ry r 


-10 
(34-10) 


which is often called the lens maker’s equation. Here r, is the radius of curvature 
of the lens surface nearer the object and r, is that of the other surface. The signs 
of these radii are found with the rules in Section 34-6 for the radii of spherical 
refracting surfaces. If the lens is surrounded by some medium other than air (say, 
corn oil) with index of refraction Nyedium, We replace n in Eq. 34-10 with n/n yedium- 
Keep in mind the basis of Eqs. 34-9 and 34-10: 


































































































































































































A fire is being started by focusing 
sunlight onto newspaper by means of 
a converging lens made of clear ice. 
The lens was made by melting both 
sides of a flat piece of ice into a con- 
vex shape in the shallow vessel 
(which has a curved bottom). <%= 
(Courtesy Matthew G. Wheeler) 


Figure 34-15a shows a thin lens with convex refracting surfaces, or sides. 
When rays that are parallel to the central axis of the lens are sent through the 
lens, they refract twice, as is shown enlarged in Fig. 34-15b. This double refraction 
causes the rays to converge and pass through a common point F; at a distance f 
from the center of the lens. Hence, this lens is a converging lens; further, a real 
focal point (or focus) exists at F, (because the rays really do pass through it), and 








FIG. 34-15 (a) Rays initially parallel to the central axis of a converging lens are made to con- 
verge to a real focal point F, by the lens. The lens is thinner than drawn, with a width like that 


of the vertical line through it. We shall consider all the bending of rays as occurring at this 


central line. (b) An enlargement of the top part of the lens of (a); normals to the surfaces are 
shown dashed. Note that both refractions bend the ray downward, toward the central axis. (c) 


The same initially parallel rays are made to diverge by a diverging lens. Extensions of the di- 
verging rays pass through a virtual focal point F,. (d) An enlargement of the top part of the 
lens of (c). Note that both refractions bend the ray upward, away from the central axis. 


the associated focal length is f. When rays parallel to the central axis are sent 
in the opposite direction through the lens, we find another real focal point at F; 
on the other side of the lens. For a thin lens, these two focal points are equidistant 
from the lens. 

Because the focal points of a converging lens are real, we take the associated 
focal lengths f to be positive, just as we do with a real focus of a concave mirror. 
However, signs in optics can be tricky; so we had better check this in Eq. 34-10. 
The left side of that equation is positive if fis positive; how about the right side? 
We examine it term by term. Because the index of refraction n of glass or any 
other material is greater than 1, the term (m — 1) must be positive. Because the 
source of the light (which is the object) is at the left and faces the convex left 
side of the lens, the radius of curvature r, of that side must be positive according 
to the sign rule for refracting surfaces. Similarly, because the object faces a con- 
cave right side of the lens, the radius of curvature r, of that side must be negative 
according to that rule. Thus, the term (1/r; — 1/r,) is positive, the whole right side 
of Eq. 34-10 is positive, and all the signs are consistent. 

Figure 34-15c shows a thin lens with concave sides. When rays that are paral- 
lel to the central axis of the lens are sent through this lens, they refract twice, as 
is shown enlarged in Fig. 34-15d; these rays diverge, never passing through any 
common point, and so this lens is a diverging lens. However, extensions of the 
rays do pass through a common point F, at a distance f from the center of the 
lens. Hence, the lens has a virtual focal point at F,. (If your eye intercepts some of 
the diverging rays, you perceive a bright spot to be at F,, as if it is the source of 
the light.) Another virtual focus exists on the opposite side of the lens at F,, sym- 
metrically placed if the lens is thin. Because the focal points of a diverging lens 
are virtual, we take the focal length fto be negative. 
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TABLE 34-2 





|< 
2) ne 


FIG. 34-16 (a) Areal, inverted image / is formed by a converging lens when the object O 
is outside the focal point F,. (b) The image / is virtual and has the same orientation as O 
when O is inside the focal point. (c) A diverging lens forms a virtual image /, with the same 
orientation as the object O, whether O is inside or outside the focal point of the lens. 





Images from Thin Lenses 


We now consider the types of image formed by converging and diverging lenses. 
Figure 34-16a shows an object O outside the focal point F, of a converging lens. 
The two rays drawn in the figure show that the lens forms a real, inverted image / 
of the object on the side of the lens opposite the object. 

When the object is placed inside the focal point F;, as in Fig. 34-16b, the lens 
forms a virtual image / on the same side of the lens as the object and with the 
same orientation. Hence, a converging lens can form either a real image or a 
virtual image, depending on whether the object is outside or inside the focal 
point, respectively. 

Figure 34-16c shows an object O in front of a diverging lens. Regardless of 
the object distance (regardless of whether O is inside or outside the virtual focal 
point), this lens produces a virtual image that is on the same side of the lens as the 
object and has the same orientation. 

As with mirrors, we take the image distance / to be positive when the image is 
real and negative when the image is virtual. However, the locations of real and 
virtual images from lenses are the reverse of those from mirrors: 





Real i images form on the side of: a lens that is opposite the object, and virtual i images 


form on the side where he WIECH IS. ny ertsee Meiers prarter usincatteatnt retest 
The lateral magnification m produced by converging and diverging lenses is given 
by Eqs. 34-5 and 34-6, the same as for mirrors. 

You have been asked to absorb a lot of information in this section, and you 
should organize it for yourself by filling in Table 34-2 for thin symmetric lenses (both 
sides are convex or both sides are concave). Under Image Location note whether 
the image is on the same side of the lens as the object or on the opposite side. Under 
Image Type note whether the image 1s real or virtual. Under Image Orientation note 
whether the image has the same orientation as the object or is inverted. 


Your Organizing Table for Thin Lenses 





Lens 
Type 


Converging 


Diverging 


Object 
Location 


Inside F 
Outside F 


Anywhere 


Image Sign 


Location Type Orientation of f of r of m 
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_ PROBLEM-SOLVING TACTICS 


TACTIC 1: Signs of Trouble with Mirrors and Lenses Be mirror with a concave surface has a positive focal length f, just 


careful: A mirror with a convex surface has a negative focal the opposite of a lens with concave surfaces. Confusing lens 
length f, just the opposite of a lens with convex surfaces. A properties with mirror properties is a common mistake. 


Locating Images of Extended Objects by Drawing Rays 


Figure 34-17a shows an object O outside focal point F, of a converging lens. We 
can graphically locate the image of any off-axis point on such an object (such as 
the tip of the arrow in Fig. 34-17a) by drawing a ray diagram with any two of 
three special rays through the point. These special rays, chosen from all those that 
pass through the lens to form the image, are the following: 


1. A ray that is initially parallel to the central axis of the lens will pass through 
focal point F, (ray 1 in Fig. 34-17a). 

2. A ray that initially passes through focal point F, will emerge from the lens 
parallel to the central axis (ray 2 in Fig. 34-17a). 


3. A ray that is initially directed toward the center of the lens will emerge from 
the lens with no change in its direction (ray 3 in Fig. 34-17a) because the ray 
encounters the two sides of the lens where they are almost parallel. 


The tmage of the point is located where the rays intersect on the far side of the lens. 
The image of the object is found by locating the images of two or more of its points. 

Figure 34-17b shows how the extensions of the three special rays can be used 
to locate the image of an object placed inside focal point F; of a converging lens. 
Note that the description of ray 2 requires modification (it is now a ray whose 
backward extension passes through F;). 

You need to modify the descriptions of rays 1 and 2 to use them to locate an 
image placed (anywhere) in front of a diverging lens. In Fig. 34-17c, for example, 
we find the point where ray 3 intersects the backward extensions of rays 1 and 2. 


Two-Lens Systems 


When an object O is placed in front of a system of two lenses whose central axes 
coincide, we can locate the final image of the system (that is, the image produced 
by the lens farther from the object) by working in steps. Let lens 1 be the nearer 
lens and lens 2 the farther lens. 


Stepi We let p, represent the distance of object O from lens 1. We then find the dis- 
tance 7, of the image produced by lens 1, either by use of Eq. 34-9 or by drawing rays. 


Step 2 Now, ignoring the presence of lens 1, we treat the image found in step 1 





FIG. 34-17 Three special rays allow us to locate an image 
formed by a thin lens whether the object O is (a) outside or 
(b) inside the focal point of a converging lens, or (c) any- 
where in front of a diverging lens. 
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as the object for lens 2. If this new object is located beyond lens 2, the object 
distance p, for lens 2 is taken to be negative. (Note this exception to the rule 
that says the object distance is positive; the exception occurs because the 
object here is on the side opposite the source of light.) Otherwise, p, is taken 
to be positive as usual. We then find the distance 7, of the (final) image 
produced by lens 2 by use of Eq. 34-9 or by drawing rays. 


A similar step-by-step solution can be used for any number of lenses or if a 
mirror is substituted for lens 2. 

The overall, or net, lateral magnification M produced by a system of two lenses 
is the product of the lateral magnifications m, and m, produced by the two lenses: 


CHECKPOINT 4 


M= NM). (34-11) 


A thin symmetric lens provides an image of a fingerprint with a 


magnification of +0.2 when the fingerprint is 1.0 cm farther from the lens than the focal 
point of the lens. What are the type and orientation of the image, and what is the type of lens? 


Sample Problem ee 


A praying mantis preys along the central axis of a thin 
symmetric lens, 20 cm from the lens. The lateral magnifi- 
cation of the mantis provided by the lens is m = —0.25, 
and the index of refraction of the lens material is 1.65. 


(a) Determine the type of image produced by the lens, 
the type of lens, whether the object (mantis) is inside or 
outside the focal point, on which side of the lens the im- 
age appears, and whether the image 1s inverted. 


Reasoning: We can tell a lot about the lens and the 
image from the given value of m. From it and Eq. 34-6 
(m = —i/p),we see that 


i= —mp = 0.25p. 


Even without finishing the calculation, we can answer 
the questions. Because p is positive, i here must be posi- 
tive. That means we have a real image, which means we 
have a converging lens (the only lens that can produce a 
real image). The object must be outside the focal point 
(the only way a real image can be produced). Also, the 
image is inverted and on the side of the lens opposite 
the object. (That is how a converging lens makes a real 
image. ) 


(b) What are the two radii of curvature of the lens? 





KEY IDEAS 


1. Because the lens is symmetric, r,; (for the surface 
nearer the object) and r, have the same magnitude r. 





Figure 34-18a shows a jalapefio seed O, that is placed in 
front of two thin symmetrical coaxial lenses 1 and 2, 
with focal lengths f;, = +24cm and f, = +9.0 cm, re- 


2. Because the lens is a converging lens, the object faces 
a convex surface on the nearer side and so r, = +r. 
Similarly, it faces a concave surface on the farther 
side;sor, = —r. 

3. We can relate these radii of curvature to the focal 
length f via the lens maker’s equation, Eq. 34-10 (our 
only equation involving the radii of curvature of a lens). 

4. We can relate f to the object distance p and image 
distance i via Eq. 34-9. 


Calculations: We know p, but we do not know i. Thus, 
our starting point is to finish the calculation for 7 in part 
(a); we obtain 


i = (0.25)(20 cm) = 5.0 cm. 
Now Eq. 34-9 gives us 


ciel 1 1 
5.0 cm’ 


- i 20cm 


fp 


from which we find f = 4.0 cm. 
Equation 34-10 then gives us 


Foamofbad)ao- nf 2 


or, with known values inserted, 











2 
= (1.65 —1)— 
4.0 cm eee ee 


which yields 


r = (0.65)(2)(4.0 cm) = 5.2cm. (Answer) 


spectively, and with lens separation L = 10 cm. The seed 
is 6.0cm from lens 1. Where does the system of two 
lenses produce an image of the seed? 





Unies! We could locate the image produced by the 
system of lenses by tracing light rays from the seed 
through the two lenses. However, we can, instead, calcu- 
late the location of that image by working through the 
system in steps, lens by lens. We begin with the lens 
closer to the seed. The image we seek is the final one — 
that is, image J, produced by lens 2. 


Lens 7: Ignoring lens 2, we locate the image J, produced 
by lens 1 by applying Eq. 34-9 to lens 1 alone: 


P Ly fi 


The object O, for lens 1 is the seed, which is 6.0 cm from 
the lens; thus, we substitute p,; = +6.0 cm. Also substi- 
tuting the given value of f,, we then have 


1 1 1 


+6.0cm i, +24cm’ 


which yields i; = —8.0 cm. 

This tells us that image J, is 8.0cm from lens 1 and 
virtual. (We could have guessed that it is virtual by noting 
that the seed is inside the focal point of lens 1, that is, be- 
tween the lens and its focal point.) Because J, is virtual, it 
is on the same side of the lens as object O, and has the 
same orientation as the seed, as shown in Fig. 34-18b. 


Lens 2: In the second step of our solution, we treat im- 
age /, as an object O, for the second lens and now ig- 
nore lens 1. We first note that this object O, is outside 
the focal point of lens 2. So the image J, produced 
by lens 2 must be real, inverted, and on the side of the 
lens opposite O,. Let us see. 

The distance p, between this object O, and lens 2 is, 
from Fig. 34-18c, 


Po = L+ lt! = 10cm + 8.0 cm = 18 cm. 


Then Eq. 34-9, now written for lens 2, yields 


ee eee ee 
+18cm i, +9.0 cm — 
Hence, i, = +18 cm. (Answer) 
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FIG. 34-18 (a) Seed O, is distance p; from a two-lens system 
with lens separation L. We use the arrow to orient the seed. 
(b) The image [, produced by lens 1 alone. (c) Image J, acts as 
object O, for lens 2 alone, which produces the final image /. 


The plus sign confirms our guess: Image I, produced by 
lens 2 is real, inverted, and on the side of lens 2 opposite 
O>, as Shown in Fig. 34-18c. 





The human eye is a remarkably effective organ, but its range can be extended in 
many ways by optical instruments such as eyeglasses, microscopes, and telescopes. 
Many such devices extend the scope of our vision beyond the visible range; satel- 
lite-borne infrared cameras and x-ray microscopes are just two examples. 

The mirror and thin-lens formulas can be applied only as approximations to 
most sophisticated optical instruments. The lenses in typical laboratory micro- 
scopes are by no means “thin.” In most optical instruments the lenses are com- 
pound lenses; that is, they are made of several components, the interfaces rarely 
being exactly spherical. Now we discuss three optical instruments, assuming, for 


simplicity, that the thin-lens formulas apply. 
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FIG. 34-149 (a) An object O of height h placed at the near point of a 
human eye occupies angle in the eye’s view. (b) The object is 
moved closer to increase the angle, but now the observer cannot 
bring the object into focus. (c) A converging lens is placed between 
the object and the eye, with the object just inside the focal point F, of 
the lens. The image produced by the lens 1s then far enough away to 
be focused by the eye, and the image occupies a larger angle 6’ than 


object O does in (a). 


-+—f—+ 


(c) 





Simple Magnifying Lens 


The normal human eye can focus a sharp image of an object on the retina (at the 
rear of the eye) if the object is located anywhere from infinity to a certain point 
called the near point P.,. If you move the object closer to the eye than the near 
point, the perceived retinal image becomes fuzzy. The location of the near point 
normally varies with age. We have all heard about people who claim not to need 
glasses but read their newspapers at arm’s length; their near points are receding. 
To find your own near point, remove your glasses or contacts if you wear any, 
close one eye, and then bring this page closer to your open eye until it becomes 
indistinct. In what follows, we take the near point to be 25 cm from the eye, a bit 
more than the typical value for 20-year-olds. 

Figure 34-19a shows an object O placed at the near point P,, of an eye. The 
size of the image of the object produced on the retina depends on the angle 6 that 
the object occupies in the field of view from that eye. By moving the object closer 
to the eye, as in Fig. 34-195, you can increase the angle and, hence, the possibility 
of distinguishing details of the object. However, because the object is then closer 
than the near point, it is no longer in focus; that is, the image is no longer clear. 

You can restore the clarity by looking at O through a converging lens, placed 
so that O is just inside the focal point F, of the lens, which is at focal length f 
(Fig. 34-19c). What you then see is the virtual image of O produced by the lens. 
That image is farther away than the near point; thus, the eye can see it clearly. 

Moreover, the angle 6’ occupied by the virtual image is larger than the largest 
angle @ that the object alone can occupy and still be seen clearly. The angular magni- 
fication m, (not to be confused with lateral magnification m) of what is seen is 


Ng = 6'/0. 


In words, the angular magnification of a simple magnifying lens is a comparison 
of the angle occupied by the image the lens produces with the angle occupied by 
the object when the object is moved to the near point of the viewer. 

From Fig. 34-19, assuming that O is at the focal point of the lens, and approxi- 
mating tan @as @ and tan 6’ as 6’ for small angles, we have 


06~=h/25cm and @ —hi/f 
We then find that 


25cm 
Ng ~ ; 





(simple magnifier). (34-12) 


Eyepiece 





Objective 


brie bai ey 


Compound Microscope 


Figure 34-20 shows a thin-lens version of a compound microscope. The instru- 
ment consists of an objective (the front lens) of focal length f,, and an eyepiece 
(the lens near the eye) of focal length /.,. It is used for viewing small objects that 
are very close to the objective. 

The object O to be viewed is placed just outside the first focal point F, of the 
objective, close enough to F, that we can approximate its distance p from the lens 
as being f,,. The separation between the lenses is then adjusted so that the 
enlarged, inverted, real image J produced by the objective is located just inside 
the first focal point F; of the eyepiece. The tube length s shown in Fig. 34-20 is 
actually large relative to f,,, and therefore we can approximate the distance i 
between the objective and the image / as being lengths. 

From Eq. 34-6, and using our approximations for p and i, we can write the 
lateral magnification produced by the objective as 


(34-13) 


Because the image / is located just inside the focal point Fj of the eyepiece, the 
eyepiece acts as a simple magnifying lens, and an observer sees a final (virtual, 
inverted) image I’ through it. The overall magnification of the instrument is the prod- 
uct of the lateral magnification m produced by the objective, given by Eq. 34-13, and 
the angular magnification m, produced by the eyepiece, given by Eq. 34-12; that is, 
Me nine _ s 25cm 


—— 34-14 
lee ey ( 


(microscope). 


Refracting Telescope 


Telescopes come in a variety of forms. The form we describe here is the simple 
refracting telescope that consists of an objective and an eyepiece; both are repre- 
sented in Fig. 34-21 with simple lenses, although in practice, as is also true for 
most microscopes, each lens is actually a compound lens system. 


Eyepiece 







Objective | : 


Parallel 
rays 
from 


distant sa 


object 


(a) }+-——— f,, = cy | (b) 
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FIG, 34-20 A thin-lens representa- 
tion of a compound microscope (not 
to scale). The objective produces a 
real image / of object O just inside 
the focal point F; of the eyepiece. 
Image / then acts as an object for the 
eyepiece, which produces a virtual fi- 
nal image /’ that is seen by the ob- 
server. The objective has focal length 
ov; the eyepiece has focal length f,,; 
and s is the tube length. 





(a) A thin-lens representation of a refracting telescope. From rays that are approximately parallel 


when they reach the objective, the objective produces a real image J of a distant source of light (the object). (One 
end of the object is assumed to lie on the central axis.) Image J, formed at the common focal points F, and Fj, acts 
as an object for the eyepiece, which produces a virtual final image I’ at a great distance from the observer. The 
objective has focal length fo,; the eyepiece has focal length f.,. (b) Image J has height h’ and takes up angle 6,, 


measured from the objective and angle 0,, measured from the eyepiece. 
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FIG, 34-22 A concave spherical 
mirror forms a real point image J by 
reflecting light rays from a point 
object O. 


The lens arrangements for telescopes and for microscopes are similar, but 
telescopes are designed to view large objects, such as galaxies, stars, and planets, at 
large distances, whereas microscopes are designed for just the opposite purpose. 
This difference requires that in the telescope of Fig. 34-21 the second focal point of 
the objective F, coincide with the first focal point of the eyepiece Fj, whereas in 
the microscope of Fig. 34-20 these points are separated by the tube length s. 

In Fig. 34-21a, parallel rays from a distant object strike the objective, making 
an angle 6,, with the telescope axis and forming a real, inverted image / at the 
common focal point F), Fj. This image / acts as an object for the eyepiece, through 
which an observer sees a distant (still inverted) virtual image J’. The rays defining 
the image make an angle 0,, with the telescope axis. 

The angular magnification m, of the telescope is 0,,/0.,. From Fig. 34-215, for 
rays Close to the central axis, we can write 0, = h'/fy, and 0., ~ h'/f.y, which gives us 


_ Sov 
Jey 


where the minus sign indicates that /’ is inverted. In words, the angular magnification 
of a telescope is a comparison of the angle occupied by the image the telescope pro- 
duces with the angle occupied by the distant object as seen without the telescope. 

Magnification is only one of the design factors for an astronomical telescope 
and is indeed easily achieved. A good telescope needs light-gathering power, 
which determines how bright the image is. This is important for viewing faint 
objects such as distant galaxies and is accomplished by making the objective 
diameter as large as possible. A telescope also needs resolving power, which is the 
ability to distinguish between two distant objects (stars, say) whose angular sepa- 
ration is small. Field of view is another important design parameter. A telescope 
designed to look at galaxies (which occupy a tiny field of view) is much different 
from one designed to track meteors (which move over a wide field of view). 

The telescope designer must also take into account the difference between 
real lenses and the ideal thin lenses we have discussed. A real lens with spherical 
surfaces does not form sharp images, a flaw called spherical aberration. Also, 
because refraction by the two surfaces of a real lens depends on wavelength, a 
real lens does not focus light of different wavelengths to the same point, a flaw 
called chromatic aberration. 

This brief discussion by no means exhausts the design parameters of astro- 
nomical telescopes—many others are involved. We could make a similar listing 
for any other high-performance optical instrument. 





Mg = 


(telescope), (34-15) 
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The Spherical Mirror Formula (Eq. 34-4) 


Figure 34-22 shows a point object O placed on the central axis of a concave 
spherical mirror, outside its center of curvature C. A ray from O that makes an 
angle a with the axis intersects the axis at J after reflection from the mirror at a. 
A ray that leaves O along the axis is reflected back along itself at c and also 
passes through /. Thus, / is the image of O; it is a real image because light actually 
passes through it. Let us find the image distance i. 

A trigonometry theorem that is useful here tells us that an exterior angle of a 
triangle is equal to the sum of the two opposite interior angles. Applying this to 
triangles OaC and Oal in Fig. 34-22 yields 


B=a+t+0 and y=a+2é. 
If we eliminate 0 between these two equations, we find 


a+ y= 26. (34-16) 


We can write angles a, 8, and y,in radian measure, as 
ac ac ac ac 
cC ae 
ac ac 
y= = — (34-17) 


d sso a3 
Ne cl l 


where the overhead symbol means “arc.” Only the equation for B is exact, 
because the center of curvature of ac is at C. However, the equations for a and y are 
approximately correct if these angles are small enough (that is, for rays close to the 
central axis). Substituting Eqs. 34-17 into Eq. 34-16, using Eq. 34-3 to replace r with 
2f, and canceling ac lead exactly to Eq. 34-4, the relation that we set out to prove. 


The Refracting Surface Formula (Eq. 34-8) 


The incident ray from point object O in Fig. 34-23 that falls on point a of a spheri- 
cal refracting surface is refracted there according to Eq. 33-40, 


ny, Sin 0, = ny sin Oy. 


If a is small, 0, and @, will also be small and we can replace the sines of these 


angles with the angles themselves. Thus, the equation above becomes 
Ny 0, ae N74. (34-18) 


We again use the fact that an exterior angle of a triangle is equal to the sum of the 
two opposite interior angles. Applying this to triangles COa and Ca yields 


6,.=a+B and B=6,+ y. (34-19) 
If we use Eqs. 34-19 to eliminate 0, and @, from Eq. 34-18, we find 
nya + nyy = (Nn, — n,)P. (34-20) 
In radian measure the angles a, B, and y are 
fe ya (34-21) 


Only the second of these equations is exact. The other two are approximate 
because / and O are not the centers of circles of which ac is a part. However, for a 
small enough (for rays close to the axis), the inaccuracies in Eqs. 34-21 are small. 
Substituting Eqs. 34-21 into Eq. 34-20 leads directly to Eq. 34-8, as we wanted. 


The Thin-Lens Formulas (Eqs. 34-9 and 34-10) 


Our plan is to consider each lens surface as a separate refracting surface, and to 
use the mage formed by the first surface as the object for the second. 

We start with the thick glass “lens” of length L in Fig. 34-24a whose left and 
right refracting surfaces are ground to radii r’ and r”. A point object O’ is placed 
near the left surface as shown. A ray leaving O’ along the central axis is not 
deflected on entering or leaving the lens. 

A second ray leaving O’ at an angle a with the central axis intersects the left 
surface at point a’, is refracted, and intersects the second (right) surface at point a”. 
The ray is again refracted and crosses the axis at I”, which, being the intersection of 
two rays from O’,is the image of point O’, formed after refraction at two surfaces. 

Figure 34-24b shows that the first (left) surface also forms a virtual image of 
O' at I’. To locate I’, we use Eq. 34-8, 


Ny No Ny — ny 
— + = = —-—_, 


y l r 
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FIG, 34-23 Areal point image / ofa 
point object O is formed by refrac- 
tion at a spherical convex surface be- 
tween two media. 
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FIG. 24-24 (a)Tworays from point object O' 
form a real image /” after refracting through two 
spherical surfaces of a lens. The object faces a con- 
vex surface at the left side of the lens and a concave 
surface at the right side. The ray traveling through 
points a’ and a” is actually close to the central axis 
through the lens. (b) The left side and (c) the right 
side of the lens in (a), shown separately. 











Putting n, = 1 for air and n, = n for lens glass and bearing in mind that the image 








distance is negative (that is,i = —i’ in Fig. 34-24), we obtain 
1 = 
oe (34-22) 
p i r 


In this equation 7’ will be a positive number because we have already introduced 
the minus sign appropriate to a virtual image. 

Figure 34-24c shows the second surface again. Unless an observer at point 
a” were aware of the existence of the first surface, the observer would think that 
the light striking that point originated at point /’ in Fig. 34-24b and that the 
region to the left of the surface was filled with glass as indicated. Thus, the (vir- 
tual) image J’ formed by the first surface serves as a real object O” for the second 
surface. The distance of this object from the second surface 1s 


pai (34-23) 


To apply Eq. 34-8 to the second surface, we must insert n, =n and n, = 1 
because the object now is effectively imbedded in glass. If we substitute with 
Eq. 34-23, then Eq. 34-8 becomes 

n il ear 


ee ee | 34-24 
1’ + L i’ r” ( ) 





Let us now assume that the thickness L of the “lens” in Fig. 34-24a is so small 
that we can neglect it in comparison with our other linear quantities (such as p’, 
i’, p", i’, r’, and r”). In all that follows we make this thin-lens approximation. 
Putting L = 0 in Eq. 34-24 and rearranging the right side lead to 


1 -4 
siete eet (34-25) 





Adding Eqs. 34-22 and 34-25 leads to 


1 1 1 1 
4 +5-@-0(4- ;) 
iy l r r 





Review & Summary 


Finally, calling the original object distance simply p and the final image distance 


simply i leads to 








ee 7) 


Pp l y’ r 


(34-26) 


which, with a small change in notation, is Eqs. 34-9 and 34-10, the relations we set 


out to prove. 


ee AA ARSON Og 


Real and Virtual Images An image is a reproduction of 
an object via light. If the image can form on a surface, it is a 
real image and can exist even if no observer is present. If the 
image requires the visual system of an observer, it is a virtual 
image. 


Image Formation Spherical mirrors, spherical refracting 
surfaces, and thin lenses can form images of a source of light — 
the object—by redirecting rays emerging from the source. 
The image occurs where the redirected rays cross (forming a 
real image) or where backward extensions of those rays cross 
(forming a virtual image). If the rays are sufficiently close to 
the central axis through the spherical mirror, refracting 
surface, or thin lens, we have the following relations between 
the object distance p (which is positive) and the image dis- 
tance i (which is positive for real images and negative for vir- 
tual images): 


1. Spherical Mirror: 
it i 1 2 


pia er 
where fis the mirror’s focal length and r is its radius of cur- 
vature. A plane mirror is a special case for which r — ©, so 
that p = —i. Real images form on the side of a mirror where 
the object is located, and virtual images form on the opposite 
side. 


(34-4, 34-3) 


2. Spherical Refracting Surface: 


eee au = (single surface), (34-8) 
p I r 

where n, is the index of refraction of the material where the 
object is located, n, is the index of refraction of the material 
on the other side of the refracting surface, and r is the radius 
of curvature of the surface. When the object faces a convex 
refracting surface, the radius 7 is positive. When it faces a 
concave surface, r is negative. Real images form on the side of 
a refracting surface that is opposite the object, and virtual 
images form on the same side as the object. 


3. Thin Lens: 
1 if 1 1 1 
—4+—=—=(n-]1 (4-4) 34-9, 34-10 
p i ie ( ) r oy) ( 


where fis the lens’s focal length, n is the index of refraction of 


the lens material, and 7, and r, are the radii of curvature of 
the two sides of the lens, which are spherical surfaces. A con- 
vex lens surface that faces the object has a positive radius of 
curvature; a concave lens surface that faces the object has 
a negative radius of curvature. Real images form on the side of 
a lens that is opposite the object, and virtual images form on 
the same side as the object. 


Lateral Magnification The Jateral magnification m pro- 
duced by a spherical mirror or a thin lens is 


i= (34-6) 


The magnitude of m is given by 
h’ 
aa 34-5 
m h 9 ( ) 


where h and h’ are the heights (measured perpendicular to 
the central axis) of the object and image, respectively. 
Optical Instruments Three optical instruments that ex- 


tend human vision are: 


1. The simple magnifying lens, which produces an angular 
magnification My, given by 


25 cm 
My = f° 


where fis the focal length of the magnifying lens. 





(34-12) 


2. The compound microscope, which produces an overall 
magnification M given by 


s 25cm 


(Oe 


where m is the lateral magnification produced by the 
objective, m, is the angular magnification produced by the 
eyepiece, s is the tube length, and f,, and f.y are the focal 
lengths of the objective and eyepiece, respectively. 





M=mm,= — (34-14) 


3. The refracting telescope, which produces an angular magni- 
fication Mm, given by 


foo 
Jey 





(34-15) 


iy 
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- QUESTIONS 





1 Figure 34-25 is an 
overhead view of a mir- 
ror maze based on floor 
sections that are equilat- 
eral triangles. Every wall 
within the maze is mir- 
rored. If you stand at en- 
trance x, (a) which of the 
maze monsters a, b, and c 
hiding in the maze can 
you see along the virtual 
hallways extending from 
entrance x; (b) how many times does each visible monster 
appear in a hallway; and (c) what is at the far end of a hallway? 


FIG. 34-25 Question 1. 


2 A penguin waddles along the central axis of a concave 
mirror, from the focal point to an effectively infinite distance. (a) 
How does its image move? (b) Does the height of its image in- 
crease continuously, decrease continuously, or change in some 
more complicated manner? 


3 Figure 34-26 shows a fish 
and a fish stalker in water. (a) 
Does the stalker see the fish in 
the general region of point a or 
point b? (b) Does the fish see 
the (wild) eyes of the stalkerin a 
the general region of point c or 
point d? 


4 In Fig. 34-27, stick figure O 
stands in front of a spherical 
mirror that is mounted within 
the boxed region; the central 
axis through the mirror is I, i a £ 
shown. The four stick figures J, t—-—4 

to I, suggest general locations FIG, 34-27 

and orientations for the im- Questions 4 and 8. 

ages that might be produced 

by the mirror. (The figures are only sketched in; neither their 
heights nor their distances from the mirror are drawn to 
scale.) (a) Which of the stick figures could not possibly repre- 
sent images? Of the possible images, (b) which would be due 
to a concave mirror, (c) which would be due to a convex mir- 
ror, (d) which would be virtual, and (e) which would involve 
negative magnification? 


2 Figure 34-28 shows four 

thin lenses, all of the same 

material, with sides that either 

are flat or have aradiusofcur- (a) (bd) (c) (d) 
vature of magnitude 10cm. FIG. 34-28 Question S. 
Without written calculation, 

rank the lenses according to the magnitude of the focal length, 
greatest first. 





FIG. 34-26 Question 3. 





6 An object is placed against the center of a concave mirror 
and then moved along the central axis until it is 5.0 m from the 
mirror. During the motion, the distance |i] between the mirror 
and the image it produces is measured. The procedure is then 





repeated with aconvex mirror; 
and a plane mirror. Figure 
34-29 gives the results versus 
object distance p. Which curve 
corresponds to which mirror? 
(Curve 1 has two segments.) 


? Whena T-rex pursues a jeep 
in the movie Jurassic Park, we 
see a reflected image of the 7. 
rex via a side-view mirror, on 
which is printed the (then 
darkly humorous) warning: “Objects in mirror are closer than 
they appear.” Is the mirror flat, convex, or concave? 


8 In Fig. 34-27, stick figure O stands in front of a thin, 
symmetric lens that is mounted within the boxed region; the 
central axis through the lens is shown. The four stick figures /, 
to /, suggest general locations and orientations for the images 
that might be produced by the lens. (The figures are only 
sketched in; neither their height nor their distance from the lens 
is drawn to scale.) (a) Which of the stick figures could not possi- 
bly represent images? Of the possible images, (b) which would 
be due to a converging lens, (c) which would be due to a diverg- 
ing lens, (d) which would be virtual, and (e) which would in- 
volve negative magnification? 





p 


FIG. 34-29 Ouestions 
6 and 10. 


9 The table details six varia- 
tions of the basic arrangement 
of two thin lenses represented Ff, ' KF & & BK 
in Fig. 34-30. (The points la- 
beled F, and F, are the focal 
points of lenses 1 and 2.) An ob- 
ject is distance p, to the left of lens 1, as in Fig. 34-18. (a) For 
which variations can we tell, without calculation, whether the 
final image (that due to lens 2) is to the left or right of lens 2 
and whether it has the same orientation as the object? (b) For 
those “easy” variations, give the image location as “left” or 
“right” and the orientation as “same” or “inverted.” 


Lens 1 Lens ? 


FIG. 34-30 Question 9. 





Variation Lens 1 Lens 2 
1 Converging Converging rn < if 
2 Converging Converging Di > Sf 
5 Diverging Converging Deal 
4 Diverging Converging Pi Til 
5) Diverging Diverging P< fil 
6 Diverging Diverging Pi> lA 


10 An object is placed against the center of a converging 
lens and then moved along the central axis until it is 5.0 m 
from the lens. During the motion, the distance |/| between the 
lens and the image it produces is measured. The procedure is 
then repeated with a diverging lens. Which of the curves in 
Fig. 34-29 best gives lil versus the object distance p for these 
lenses? (Curve 1 consists of two segments. Curve 3 is 
straight.) 


PROBLEMS 


SSM 


# — eee Number of dots indicates level of problem difficulty 


Worked-out solution available in Student Solutions Manual 


Tutoring problem available (at instructor's discretion) in WileyPLUS and WebAssign 
Www Worked-out solution is at 
ILW 






; ee http://www.wiley.com/college/halliday 
Interactive solution is at 


88S — Additional information available in The Flying Circus of Physics and at flyingcircusofphysics.com 


ene eee Cer nen eee ee Oy ee eee Orns 


sec. 34-3 Plane Mirrors 

«4? A moth at about eye level is 10cm in front of a plane 
mirror; you are behind the moth, 30 cm from the mirror. What 
is the distance between your eyes and the apparent position of 
the moth’s image in the mirror? = !LW 


«2 You look through a camera toward an image of a hum- 
mingbird in a plane mirror. The camera is 4.30 m in front of the 
mirror. The bird is at camera level, 5.00 m to your right and 3.30 
m from the mirror. What is the distance between the camera and 


the apparent position of the bird’s ~— d—-}«— d—+ 


image in the mirror? 





ee3 Figure 34-31 shows an over- 
head view of a corridor with a 
plane mirror M mounted at one 
end. A burglar B sneaks along the 
corridor directly toward the center 
of the mirror. If d = 3.0 m, how far 
from the mirror will she be when 
the security guard S can first see her 
in the mirror? 


== 





! 





FIG. 34-31 Problem 3. 


ee4 In Fig. 34-32, an isotropic point source 
of light S is positioned at distance d from a 
viewing screen A and the light intensity /p at 
point P (level with S) is measured. Then a 
plane mirror M is placed behind S at distance 
d. By how much is /p multiplied by the pres- 
ence of the mirror? 


eeeS Figure 34-33 shows a small lightbulb 
suspended at distance d, = 250cm above the 
surface of the water in a swimming pool where 
the water depth is d, = 200 cm. The bottom of 
the pool is a large mirror. How far below the mirror surface is 
the image of the bulb? (Hint: Construct a diagram of two rays like 
that of Fig. 34-3, but take into account the bending of light 
rays by refraction at the water surface. Assume that the rays are 


TABLE 34-3 


M A 





ya dm d= 


PiG, 34-32 
Problem 4. 


: 
i 


Pq = 2.0 cm to p, = 8.0 cm. 







close to a vertical axis through 
the bulb, and use the small- | 
angle approximation in which dy 
sin 0~tan @~ 6.) ssm www | 
sec. 34-5 Images’ from 


Spherical Mirrors 

e6 An object is placed against 
the center of a spherical mirror 
and then moved 70cm from it 


along the central axis as the im- E16. 24-23 ProblemS. 
age distance i is measured. 
Figure 34-34 gives i versus object 400 


distance p out to p, = 40cm. 
What is the image distance when 
the object is on the central axis 
and 70 cm from the mirror? 


2 (cm) 
oS 





e7 A concave shaving mirror 
has a radius of curvature of 
35.0 cm. It is positioned so that 
the (upright) image of a man’s 
face is 2.50 times the size of the 
face. How far is the mirror 
from the face? 


—400 coli 
p (cm) 


FIG. 34-34 Problem 6. 


8 An object is moved along 
the central axis of a spherical 
mirror while the lateral magni- 
fication m of it is measured. 
Figure 34-35 gives m versus 
object distance p for the range 





Po 


p (cm) 
FIG. 34-35 Problem 8. 


What is the magnification of 
the object when the object is 14.0 cm from the mirror? 


ee9 through 16 Spherical mirrors. Object O stands on the 
central axis of a spherical mirror. For this situation, each prob- 
lem in Table 34-3 gives object distance p, (centimeters), the 


Problems 9 through 16: Spherical Mirrors. See the setup for these problems. 





(a) 
Pp Mirror r 
9 Sle Concave, 18 
10 +24 Concave, 36 
11 +18 Concave, 12 
12 +15 Concave, 10 
13 +10 Convex, 8.0 
14 a? Convex, 14 
15 +8.0 Convex, 10 
16 qe Convex, 35 


(d) 
R/V 


(b) (c) 


L m 


(e) 
I/NI 


(f) 
Side 
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type of mirror, and then the distance (centimeters, without 
proper sign) between the focal point and the mirror. Find 
(a) the radius of curvature r (including sign), (b) the image dis- 
tance i, and (c) the lateral magnification m. Also, determine 
whether the image is (d) real (R) or virtual (V), (e) inverted (1) 
from object O or noninverted (NI), and (f) on the same side of 
the mirror as O or on the opposite side. SSM 9,11,15 @ 10 


ee77 (a) A luminous point is moving at speed vg toward a 
spherical mirror with radius of curvature r, along the central axis 
of the mirror. Show that the image of this point is moving at speed 


r ) 
sa pr Vos 


where p is the distance of the luminous point from the mirror 
at any given time. Now assume the mirror is concave, with r = 
15 cm, and let vg = 5.0 cm/s. Find v,; when (b) p = 30 cm (far 
outside the focal point), (c) p = 8.0 cm (just outside the focal 
point), and (d) p = 10 mm (very near the mirror). 


°°18 Figure 34-36 gives the 
lateral magnification m of an 
object versus the object dis- 
tance p from a spherical mirror 
as the object is moved along & 0.5 
the mirror’s central axis 
through a range of values for p. 
The horizontal scale is set by p, 
= 10.0 cm. What is the magnifi- 
cation of the object when the 
object is 21 cm from the mirror? 





1 





0 Ps 
p (cm) 


FIG. 34-36 Problem 18. 


e719 through 31 More mirrors. Object O stands on the 
central axis of a spherical or plane mirror. For this situation, 
each problem in Table 34-4 refers to (a) the type of mirror, 
(b) the focal distance f, (c) the radius of curvature r, (d) the 
object distance p, (e) the image distance i, and (f) the lateral 
magnification m. (All distances are in centimeters.) It also 
refers to whether (g) the image is real (R) or virtual (V), (h) 


TABLE 34-4 


inverted (1) or noninverted (NI) from O, and (i) on the same 
side of the mirror as object O or on the opposite side. Fill in the 
missing information. Where only a sign is missing, answer with 
the sign. SSM 27,29 @ 26 


sec. 34-6 Spherical Refracting Surfaces 


°32 A glass sphere has radius R= 5.0cm and index of 
refraction 1.6. A paperweight is constructed by slicing through 
the sphere along a plane that is 
2.0cm from the center of the 
sphere, leaving height h = 3.0 
cm. The paperweight is placed on 
a table and viewed from directly 
above by an observer who is dis- 
tance d = 8.0 cm from the table- 
top (Fig. 34-37). When viewed 
through the paperweight, how 
far away does the tabletop ap- 
pear to be to the observer? 


e33 In Fig. 34-38, a beam of 
parallel light rays from a laser is 
incident on a solid transparent 
sphere of index of refraction n. 
(a) If a point image is produced 
at the back of the sphere, what is 
the index of refraction of the 
sphere? (b) What index of refraction, if any, will produce a point 
image at the center of the sphere? 


Observe er 
| 
| 
| 
| 
| 








FIG. 34-38 Problem 33. 


ee34 through 40 Spherical refracting surfaces. An object O 
stands on the central axis of a spherical refracting surface. 
For this situation, each problem in Table 34-5 refers to the index 
of refraction n, where the object is located, (a) the index of 
refraction n, on the other side of the refracting surface, (b) the 
object distance p, (c) the radius of curvature r of the surface, 
and (d) the image distance i. (All distances are in centimeters.) 
Fill in the missing information, including whether the image is 


Problems 19 through 31: More Mirrors. See the setup for these problems. 





(a) (b) (c) (d) 


Type if r P 

19 Concave 20 +10 
20 +60 
21 —40 

22 +10 
23 +20 +30 
24 +24 
25 OU 

26 20 

27 Convex 40 

28 +40 
29 30 

30 20 +60 


31 a 


(e) (f) (g) (h) (i) 


i m R/V I/NI Side 
—0.50 
—10 
+1.0 
0.50 I 
= 15 
+0.10 
4.0 
—0.70 
+0.20 
Same 
0.40 I 


TABLE 34-5 


Problems 34 through 40: Spherical Refracting Surfaces. See the setup 


for these problems. 





(a) (b) 
ny Ny Pp 

34 1.0 eS 

35 1.0 ied +10 
36 1.0 1.5 +10 
37 ie 1.0 +70 
38 1.5 +100 
39 1.5 1.0 +10 
40 1.5 1.0 


(e) real (R) or virtual (V) and (f) on the same side of the sur- 
face as object O or on the opposite side. SSM 35,37 @} 39 


sec. 34-7 Thin Lenses 
#44 A double-convex lens is to be made of glass with an 
index of refraction of 1.5. One surface is to have twice the 
radius of curvature of the other 400 
and the focal length is to be 60 
mm. What is the (a) smaller and 
(b) larger radius? ssm www 


42 An _ object is_ placed 
against the center of a thin lens 
and then moved away from it 
along the central axis as the im- 
age distance i is measured. 
Figure 34-39 gives i versus ob- 
ject distance p out to p, = 60 cm. What is the image distance 
when p = 100 cm? 


—400 


p (cm) 


FIG. 34-39 Problem 42. 


e43 You produce an image of the Sun on a screen, using a 
thin lens whose focal length is 20.0 cm. What is the diameter of 
the image? (See Appendix C for needed data on the Sun.) 


*44 An _ object is placed 0 p (cm) 
against the center of a thin lens | 

and then moved 70cm from it 
along the central axis as the im- 
age distance 7 is measured. 
Figure 34-40 gives i versus ob- 
ject distance p out to p, = 40 
cm. What is the image distance 
when p = 70cm? 





Lf 


i (cm) 
| 
S 


FIG. 34-40 Problem 44. 


e45 A movie camera with a 
(single) lens of focal length 

75 mm takes a picture of a per- 
son standing 27 m away. If the 
person is 180cm tall, what is & 
the height of the image on the 
film? 


46 An object is moved 0 
along the central axis of a thin 
lens while the lateral magnifi- 
cation m is measured. Figure 





Ps 


p (cm) 
FIG. 34-41 Problem 46. 





(c) (d) (e) (f) 
r l R/V Side 
+30 +600 
Ne 
+30 
+30 
—30 +600 
—6.0 
—30 = 


34-41 gives m versus object distance p out to p, = 8.0 cm. What 
is the magnification of the object when the object is 14.0 cm 
from the lens? 


47 An illuminated slide is held 44 cm from a screen. How 
far from the slide must a lens of focal length 11 cm be placed 
(between the slide and the screen) to form an image of the 
Slide’s picture on the screen? SSM 


e48 Figure 34-42 gives the lat- 
eral magnification m of an 
object versus the object dis- 
tance p from a lens as the object 
is moved along the central axis 
of the lens through a range of 
values for p out to p, = 20.0 cm. | i 
What is the magnification of the 0 p, 
object when the object is 35 cm p (cm) 

from the lens? 





FIG. 34-42 Problem 48. 
49 A lens is made of glass 
having an index of refraction of 1.5. One side of the lens 1s flat, 
and the other is convex with a radius of curvature of 20 cm. (a) 
Find the focal length of the lens. (b) If an object is placed 40 
cm in front of the lens, where will the image be located? 


e@50 through 57 Thin lenses. Object O stands on the cen- 
tral axis of a thin symmetric lens. For this situation, each prob- 
lem in Table 34-6 gives object distance p (centimeters), the 
type of lens (C stands for converging and D for diverging), 
and then the distance (centimeters, without proper sign) be- 
tween a focal point and the lens. Find (a) the image distance i 
and (b) the lateral magnification m of the object, including 
signs. Also, determine whether the image is (c) real (R) or vir- 
tual (V), (d) inverted (I) from object O or noninverted (NJ), 
and (e) on the same side of the lens as object O or on the op- 
posite side. SSM 51,55 @ 57 


e°58 In Fig. 34-43, a real in- 
verted image / of an object O is 
formed by a certain lens (not 
shown); the object—image sepa- 
ration is d = 40.0 cm, measured 
along the central axis of the 
lens. The image is just half the 





FIG. 24-43 Problem 58. 
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TABLE 34-6 


Problems 50 through 57: Thin Lenses. See the setup for these problems. 





(a) 
Pp Lens l 
50 +10 D, 6.0 
51 +8.0 D, 12 
52 +16 C, 4.0 
53 ste C, 16 
54 ste D,31 
SS +45 C, 20 
56 oD G35 
37 a oe D, 14 


size of the object. (a) What kind of lens must be used to pro- 
duce this image? (b) How far from the object must the lens be 
placed? (c) What is the focal length of the lens? 


°°59 through 68 Lenses with given radii. Object O stands 
in front of a thin lens, on the central axis. For this situation, 
each problem in Table 34-7 gives object distance p, index of re- 
fraction n of the lens, radius r, of the nearer lens surface, and 
radius r, of the farther lens surface. (All distances are in 
centimeters.) Find (a) the image distance i and (b) the lateral 
magnification m of the object, including signs. Also, determine 
whether the image is (c) real (R) or virtual (V), (d) inverted (1) 
from object O or noninverted (NI), and (e) on the same side of 
the lens as object O or on the opposite side. ssm 61 G3 62 


*°69 through 79 More lenses. Object O stands on the cen- 
tral axis of a thin symmetric lens. For this situation, each prob- 
lem in Table 34-8 refers to (a) the lens type, converging (C) or 
diverging (D), (b) the focal distance f, (c) the object distance 
p, (d) the image distance i, and (e) the lateral magnification m. 
(All distances are in centimeters.) It also refers to whether 
(f) the image is real (R) or virtual (V), (g) inverted (1) or nonin- 
verted (NI) from O, and (h) on the same side of the lens as O or 
on the opposite side. Fill in the missing information, including 


UN ee ey, 


(b) (c) (d) (e) 
m R/V I/NI Side 


the value of m when only an inequality is given. Where only a 
sign is missing, answer with the sign. ssm 75,79 @% 78 


°¢80 through 87 Two-lens systems. In Fig. 34-44, stick figure 
O (the object) stands on the common central axis of two thin, 
symmetric lenses, which are mounted in the boxed regions. 
Lens 1 is mounted within the boxed region closer to O, which 
is at object distance p;. Lens 2 is 
mounted within the farther O 
boxed region, at distance d. 
Each problem in Table 34-9 
refers to a different combina- 
tion of lenses and different val- 
ues for distances, which are 
given in centimeters. The type 
of lens is indicated by C for 
converging and D for diverging; the number after C or D is 
the distance between a lens and either of its focal points (the 
proper sign of the focal distance is not indicated). 

Find (a) the image distance i, for the image produced by 
lens 2 (the final image produced by the system) and (b) the 
overall lateral magnification M for the system, including signs. 
Also, determine whether the final image is (c) real (R) or 


FIG. 34-44 Problems 80 
through 87. 


Problems 59 through 68: Lenses with Given Radii. See the setup for these problems. 





P n A FQ 
59 99 1.70 +42 oo 
60 ane 1.65 +35 00 
61 a) Leas +30 —42 
62 +18 1.60 oy, +24 
63 +60 1.50 OD ae) 
64 +6.0 1.70 +10 ale 
65 +24 1.50 as = 25 
66 +10 1.50 —30 —60 
67 +10 1.50 ==) +30 


68 +10 1.50 +30 —30 


(a) (b) (c) (d) (e) 
i m R/V _—'I/NI_—Cs Side 


TABLE 34-8 


Problems 69 through 79: More Lenses. See the setup for these problems. 





(a) (b) (c) (d) 
Type f p l 

69 +16 

70 +16 

71 20 +8.0 

72 20 +8.0 

73 +10 +5.0 

74 10 +5.0 

75 +16 

76 C 10 +20 

ll +10 

78 +10 

79 10 +5.0 


virtual (V), (d) inverted (I) from object O or noninverted 
(NI), and (e) on the same side of lens 2 as object O or on the 
opposite side. ssmMwww 81 & 87 


sec. 34-8 Optical Instruments 

e88 If the angular magnification of an astronomical tele- 
scope is 36 and the diameter of the objective is 75 mm, what 
is the minimum diameter of the eyepiece required to collect 
all the light entering the objective from a distant point source 
on the telescope axis? 


°89 In a microscope of the type shown in Fig. 34-20, the 
focal length of the objective is 4.00 cm, and that of the eyepiece 
is 8.00 cm. The distance between the lenses is 25.0 cm. (a) What 
is the tube length s? (b) If image / in Fig. 34-20 is to be just in- 
side focal point F;, how far from the objective should the object 
be? What then are (c) the lateral magnification m of the objec- 
tive, (d) the angular magnification m, of the eyepiece, and (e) 
the overall magnification M of the microscope? SSM 


°°90 An object is 10.0mm from the objective of a certain 
compound microscope. The lenses are 300 mm apart, and the in- 
termediate image is 50.0 mm from the eyepiece. What overall 
magnification is produced by the instrument? 


TABLE 34-9 


Problems 80 through 87: Two-Lens Systems. See the setup for these problems. 


(e) (f) (g) 
m R/V I/NI 


+0.25 
—0.25 
>1.0 
<1.0 NI 


>1.0 
+1.25 


—(0.50 
0.50 NI 
<1.0 


ee91 Someone with a _ near 
point P,, of 25 cm views a thimble 
through a simple magnifying lens 
of focal length 10 cm by placing 
the lens near his eye. What is the 
angular magnification of the 
thimble if it is positioned so that 
its image appears at (a) P,, and 
(b) infinity? 


ee92 Figure 34-45a shows the 
basic structure of a camera. 
A lens can be moved forward or 
back to produce an image on film 
at the back of the camera. For a 
certain camera, with the distance 
i between the lens and the film 
set at f=5.0cm, parallel hght 
rays from a very distant object O 
converge to a point image on the 
film, as shown. The object is now 
brought closer, to a distance of p 
= 100 cm, and the lens—film dis- 


(h) 
Side 


Same 





I 


Film — 


eee 


(a) 










tie 
(5) 
FIG. 34-45 Problem 92. 





Pi Lens 1 d Lens 2 
80 +8.0 D, 6.0 2 C, 6.0 
$1 +20 C290 8.0 5.0 
82 see C, 8.0 30 D, 8.0 
83 gies 75.0 oD C, 6.0 
ol +10 Gas 10 C, 8.0 
85 +20 2 10 D, 8.0 
86 tls Cl 67 CAO 
87 +4.0 C.6.0 8.0 D, 6.0 


(a) (b) (c) (d) 
i, M R/V _LNI 


(e) 
Side 
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tance is adjusted so that an inverted real image forms on the 
film (Fig. 34-45b). (a) What is the lens—film distance i now? 
(b) By how much was distance i changed? 


ee93 Figure 34-46a shows 
the basic structure of a human 
eye. Light refracts into the eye 
through the cornea and is then 
further redirected by a lens 
whose shape (and thus ability 
to focus the light) is controlled gicant 
by muscles. We can treat the object O 
cornea and eye lens as a single (a) 
effective thin lens (Fig. 34- 
46b). A “normal” eye can fo- 
cus parallel light rays from a 
distant object O to a point on 
the retina at the back of the 
eye, where processing of the 
visual information begins. As 
an object is brought close to 
the eye, however, the muscles 
must change the shape of the 
lens so that rays form an in- 
verted real image on _ the 
retina (Fig. 34-46c). (a) 
Suppose that for the parallel < p -- _ - 
rays of Figs. 34-46a and b, the 
focal length f of the effective 
thin lens of the eye is 2.50 cm. 
For an object at distance p = 
40.0 cm, what focal length f’ of the effective lens is required 
for the object to be seen clearly? (b) Must the eye muscles 
increase or decrease the radii of curvature of the eye lens to 
give focal length f’? ssm 







Lens 


Retina \ 


Muscle ~__ 
Cornea ~ 2 


Light from ’ 


Effective lens Retina 








FIG. 34-46 Problem 93. 


Additional Problems 

94 An object is placed against 0 p (cm) 
the center of a spherical mirror 
and then moved 70cm from it 
along the central axis as the im- 
age distance 7 is measured. Figure 
34-47 gives i versus object dis- 
tance p out to p, = 40 cm. What is 
the image distance when the ob- ~20 
ject is 70 cm from the mirror? FIG. 34-47 Problem 94. 


95 In Fig. 34-48, a box 1s some- 
where at the left, on the central 
axis of the thin converging lens. 
The image J, of the box 
produced by the plane mirror is 
4.00 cm “inside” the mirror. The 
lens—mirror separation is 10.0 
cm, and the focal length of the 
lens is 2.00 cm. (a) What is the distance between the box and 
the lens? Light reflected by the mirror travels back through 
the lens, which produces a final image of the box. (b) What is 
the distance between the lens and that final image? 


-10 


2 (cm) 


FIG. 34-48 Problem 95. 


96 Two plane mirrors are placed parallel to each other and 
40cm apart. An object is placed 10cm from one mirror. 








Determine the (a) smallest, (b) second smallest, (c) third 
smallest (occurs twice), and (d) fourth smallest distance 
between the object and image 

of the object. —d ——+| : 


97 Figure 34-49 shows a beam 
expander made with two coaxial 
converging lenses of focal 
lengths f, and f, and separation 
d =f, + fo. The device can ex- 
pand a laser beam while keep- 
ing the light rays in the beam 
parallel to the central axis through the lenses. Suppose a unt- 
form laser beam of width W; = 2.5 mm and intensity J; = 9.0 
kW/m? enters a beam expander for which f, = 12.5 cm and 
f, = 30.0 cm. What are (a) W, and (b) J; of the beam leaving 
the expander? (c) What value of d is needed for the beam ex- 
pander if lens 1 is replaced with a diverging lens of focal 
length f, = —26.0 cm? 


98 In Fig. 34-50, an object is placed in front of a converging 
lens at a distance equal to twice the focal length f, of the lens. 
On the other side of the lens is a concave mirror of focal 
length f, separated from the lens by a distance 2(f, + f2). Light 
from the object passes rightward through the lens, reflects 
from the mirror, passes leftward through the lens, and forms 
a final image of the object. What are (a) the distance between 
the lens and that final image and (b) the overall lateral magni- 
fication M of the object? Is the image (c) real or virtual (if it is 
virtual, it requires someone looking through the lens toward 
the mirror), (d) to the left or right of the lens, and (e) inverted 


A “he 





FIG. 24-49 Problem 97. 





+ —§ 9f, —+-— 2(f, + fp) 


FIG. 34-50 Problem 98. 


or noninverted relative to the 
object? 


99 In Fig. 34-51, a fish watcher 
at point P watches a fish through 
a glass wall of a fish tank. The 
watcher is level with the fish; the 
index of refraction of the glass is 
8/5, and that of the water is 4/3. 
The distances are d, = 8.0 cm, d, 
= 3.0 cm, and d; = 6.8 cm. (a) To 
the fish, how far away does the watcher appear to be? (Hint: The 
watcher is the object. Light from that object passes through the 
wall’s outside surface, which acts as a refracting surface. Find the 
image produced by that surface. Then treat that image as an ob- 
ject whose light passes through the wall’s inside surface, which 
acts as another refracting surface. Find the image produced by 
that surface, and there is the answer.) (b) To the watcher, how far 
away does the fish appear to be? 





FIG. 34.57 Problem 99. 


100 Figure 34-52a is an overhead view of two vertical plane 
mirrors with an object O placed between them. If you look 


into the mirrors, you see multiple images of O. You can find 
them by drawing the reflection in each mirror of the angular 
region between the mirrors, as is done in Fig. 34-525 for the 
left-hand mirror. Then draw the reflection of the reflection. 
Continue this on the left and on the right until the reflections 
meet or overlap at the rear of the mirrors. Then you can count 
the number of images of O. How many images of O would you 
see if 6 is (a) 90°, (b) 45°, and (c) 60°? If 6 = 120°, deter- 
mine the (d) smallest and (e) largest number of images that 
can be seen, depending on your perspective and the location 
of O. (f) In each situation, draw the image locations and orien- 
tations as in Fig. 34-52b. 





FIG. 34-52 Problem 100. 


701 A point object is 10 cm away from a plane mirror, and 
the eye of an observer (with pupil diameter 5.0 mm) is 20 cm 
away. Assuming the eye and the object to be on the same line 
perpendicular to the mirror surface, find the area of the mirror 
used in observing the reflection of the point. (Hint: Adapt 
Fig. 34-4.) 


102 You grind the lenses 
shown in Fig. 34-53 from flat 
glass disks (n = 1.5) using a ma- 
chine that can grind a radius of 
curvature of either 40cm or 60 
cm. In a lens where either radius 
is appropriate, you select the 40 
cm radius. Then you hold each 
lens in sunshine to form an 1m- 
age of the Sun. What are the (a) 
focal length f and (b) image type 
(real or virtual) for (bi-convex) 
lens 1, (c) f and (d) image type 
for (plane-convex) lens 2, (e) fand (f) image type for (meniscus 
convex) lens 3, (g) fand (h) image type for (bi-concave) lens 4, 
(i) fand (j) image type for (plane-concave) lens 5, and (k) fand 
(1) image type for (meniscus concave) lens 6? 


103 The formula 1/p + 1/i = 1/fis called the Gaussian form 
of the thin-lens formula. Another form of this formula, the 
Newtonian form, is obtained by considering the distance x 
from the object to the first focal point and the distance x’ from 
the second focal point to the image. Show that xx’ = f? is the 
Newtonian form of the thin-lens formula. SSM 





(1) (2) (3) 


FIG. 34-53 Problem 102. 


104 Show that the distance between an object and its real 
image formed by a thin converging lens is always greater than 
or equal to four times the focal length of the lens. 


105 Two thin lenses of focal lengths f, and f, are in contact. 
Show that they are equivalent to a single thin lens for which 
the focal length is f= f,fo/(f, + fa). SSM 


106 A luminous object and a screen are a fixed distance 
D apart. (a) Show that a converging lens of focal length f, 
placed between object and screen, will form a real image on 
the screen for two lens positions that are separated by a dis- 


tance d = VD(D — 4f). (b) Show that 
(ra) 
Died 
gives the ratio of the two image sizes for these two positions of 
the lens. 


107 A fruit fly of height H sits in front of lens 1 on the cen- 
tral axis through the lens. The lens forms an image of the fly at 
a distance d = 20 cm from the fly; the image has the fly’s ori- 
entation and height H; = 2.0H. What are (a) the focal length f, 
of the lens and (b) the object distance p, of the fly? The fly 
then leaves lens 1 and sits in front of lens 2, which also forms 
an image at d = 20 cm that has the same orientation as the fly, 
but now H, = 0.50H. What are (c) f, and (d) p»? ssm 


7108 A goldfish in a spherical fish bowl of radius R is at the 
level of the center C of the bowl and at distance R/2 from the 
glass (Fig. 34-54). What magnification of the fish is produced 
by the water in the bowl for a viewer looking along a line that 
includes the fish and the center, with the fish on the near side 
of the center? The index of refraction of the water is 1.33. 
Neglect the glass wall of the bowl. Assume the viewer looks 
with one eye. (Hint: Equation 34-5 holds, but Eq. 34-6 does 
not. You need to work with a ray diagram of the situation and 
assume that the rays are close to the observer’s line of sight — 
that is, they deviate from that line by only small angles.) 








FIG. 34-54 Problem 108. 


709 Aneraser of height 1.0 cm is placed 10.0 cm in front of a 
two-lens system. Lens 1 (nearer the eraser) has focal length 
f, = —15 cm, lens 2 has f; = 12 cm, and the lens separation is 
d = 12 cm. For the image produced by lens 2, what are (a) the 
image distance i, (including sign), (b) the image height, (c) the 
image type (real or virtual), and (d) the image orientation 
(inverted relative to the eraser or not inverted)? 


770 A peanut is placed 40 cm in front of a two-lens system: 
lens 1 (nearer the peanut) has focal length f, = +20 cm, lens 2 
has f; = —15 cm, and the lens separation is d = 10 cm. For the 
image produced by lens 2, what are (a) the image distance i, 
(including sign), (b) the image orientation (inverted relative to 
the peanut or not inverted), and (c) the image type (real or vir- 
tual)? (d) What is the net lateral magnification? 


177 A coin is placed 20cm in front of a two-lens system. 
Lens 1| (nearer the coin) has focal length f, = +10 cm, lens 2 
has f; = +12.5 cm, and the lens separation is d = 30 cm. For 
the image produced by lens 2, what are (a) the image distance 


856 Chapter 34 | Images 


i, (including sign), (b) the overall lateral magnification, (c) the 
image type (real or virtual), and (d) the image orientation 
(inverted relative to the coin or not inverted)? 


172 An object is 20cm to the left of a thin diverging lens 
that has a 30 cm focal length. (a) What is the image distance i? 
(b) Draw a ray diagram showing the image position. 


113 through 118 Three-lens a rE i. 
systems. In Fig. 34-55, stick fig- t | : , 7 : | 7 
ure O (the object) standsonthe “9 | l ! 


common central axis of three - 
thin, symmetric lenses, which diy he dys > 
are mounted in the boxed 

FIG. 34-55 Problems 113 
through 118. 


regions. Lens 1 is mounted 
within the boxed region closest 

to O, which is at object distance p,. Lens 2 is mounted within 
the middle boxed region, at distance d,, from lens 1. Lens 3 is 
mounted in the farthest boxed region, at distance d,3 from 
lens 2. Each problem in Table 34-10 refers to a different 
combination of lenses and different values for distances, 
which are given in centimeters. The type of lens is indicated by 
C for converging and D for diverging; the number after C or D 
is the distance between a lens and either of the focal points 
(the proper sign of the focal distance is not indicated). 

Find (a) the image distance i; for the (final) image pro- 
duced by lens 3 (the final image produced by the system) and 
(b) the overall lateral magnification M for the system, includ- 
ing signs. Also, determine whether the final image is (c) real 
(R) or virtual (V), (d) inverted (1) from object O or non- 
inverted (NI), and (e) on the same side of lens 3 as object O or 
on the opposite side. @} 113 





119 In Fig. 34-56, a pinecone 
is at distance p,; = 1.0 m in front 
of a lens of focal length f, = 0.50 
m; a flat mirror is at distance d 
= 2.0m behind the lens. Light k— p, 
from the pinecone passes right- 
ward through the lens, reflects 
from the mirror, passes leftward through the lens, and forms a 
final image of the pinecone. What are (a) the distance between 
the lens and that image and (b) the overall lateral magnifica- 
tion of the pinecone? Is the image (c) real or virtual (if it is vir- 
tual, it requires someone looking through the lens toward the 
mirror), (d) to the left or right of the lens, and (e) inverted rel- 
ative to the pinecone or not inverted? 





dea gnwl 


FIG. 34-56 Problem 119. 


120 One end of a long glass rod (m = 1.5) is a convex sur- 


TABLE 34-10 





face of radius 6.0 cm. An object is located in air along the axis 
of the rod, at a distance of 10cm from the convex end. (a) 
How far apart are the object and the image formed by the glass 
rod? (b) Within what range of distances from the end of the rod 
must the object be located in order to produce a virtual image? 


121 Ashort straight object of length L lies along the central 
axis of a spherical mirror, a distance p from the mirror. (a) 
Show that its image in the mirror has a length L’, where 


2 
L'=L fs | 
es 
(Hint: Locate the two ends of the object.) (b) Show that the 
longitudinal magnification m' (= L'/L) is equal to m’, where 
mls the lateral magnification. 


4122 You look down at a coin 
that lies at the bottom of a pool 
of liquid of depth d and index 
of refraction n (Fig. 34-57). 
Because you view with two 
eyes, which intercept different 
rays of light from the coin, you 
perceive the coin to be where 
extensions of the intercepted 
rays cross, at depth d, instead 
of d. Assuming that the inter- 
cepted rays in Fig. 34-57 are 
close to a vertical axis through 
the coin, show that d, = din. 
(Hint: Use the small-angle ap- 
proximation sin @ ~ tan 0 = @.) 


To left 
eye 


To right 





FIG. 34-57 Problem 122. 


123 Prove that if a plane mirror is rotated through an angle 
a, the reflected beam is rotated through an angle 2a. Show 
that this result is reasonable for a = 45°. 


124 An object is 30.0 cm from a spherical mirror, along the 
mirror’s central axis. The mirror produces an inverted image 
with a lateral magnification of absolute value 0.500. What is 
the focal length of the mirror? 


125 Aconcave mirror has a radius of curvature of 24 cm. How 
far is an object from the mirror if the image formed 1s (a) virtual 
and 3.0 times the size of the object, (b) real and 3.0 times the size 
of the object, and (c) real and 1/3 the size of the object? 


126 A pepper seed is placed in front of a lens. The lateral mag- 
nification of the seed is +0.300. The absolute value of the lens’s 
focal length is 40.0 cm. How far from the lens is the image? 


Problems 113 through 118: Three-Lens Systems. See the setup for these problems. 





Pi Lens 1 di.  lLens2 
Ws 2 C, 8.0 28 6.0) 
114 +40 C€6.0 8.0  D,4.0 
115 +18 C, 6.0 1 Cr 0) 
116 +40 = #£42D,6.0 96 €,6.0 
117 =3+80 = D,8.0 8.0 D,16 
118 =6+20 €60 15 C, 6.0 


Ay 


8.0 
5.7 
11 
14 
Sel 
19 


(a) 


Lens 3 1; 


(b)  () 
M RIV 


(d) 
I/NI 


(e) 
Side 


C, 6.0 
Del2 
C2320 
C, 4.0 
C, 8.0 
C50 


{27 The equation 1/p + 1/i = 2/r for spherical mirrors is an 
approximation that is valid if the image is formed by rays that 
make only small angles with the central axis. In reality, many 
of the angles are large, which smears the image a little. You 
can determine how much. Refer to Fig. 34-22 and consider a 
ray that leaves a point source (the object) on the central axis 
and that makes an angle a with that axis. 

First, find the point of intersection of the ray with the 
mirror. If the coordinates of this intersection point are x and 
y and the origin is placed at the center of curvature, then y = 
(x + p—r)tana@ and x* + y?=r’, where p is the object 
distance and r is the mirror’s radius of curvature. Next, use 
tan 6 = y/x to find the angle f at the point of intersection, 
and then use a + y = 26 to find the value of y. Finally, use 
the relation tan y = y/(x + i — r) to find the distance i of the 
image. 

(a) Suppose r = 12 cm and p = 20 cm. For each of the fol- 
lowing values of a, find the position of the image — that ts, the 
position of the point where the reflected ray crosses the cen- 
tral axis: 0.500, 0.100, 0.0100 rad. Compare the results with 
those obtained with the equation 1/p + 1/i = 2/r. (b) Repeat 
the calculations for p = 4.00 cm. 


128 A small cup of green tea is positioned on the central 
axis of a spherical mirror. The lateral magnification of the cup 
is +0.250, and the distance between the mirror and its focal 
point is 2.00 cm. (a) What is the distance between the mirror 
and the image it produces? (b) Is the focal length positive or 
negative? (c) Is the image real or virtual? 


129 A 20-mm-thick layer of water (mn = 1.33) floats on a 
40-mm-thick layer of carbon tetrachloride (m = 1.46) in a 
tank. A coin lies at the bottom of the tank. At what depth 
below the top water surface do you perceive the coin? (Hint: 
Use the result and assumptions of Problem 122 and work with 
a ray diagram of the situation.) 


130 A millipede sits 1.0 m in front of the nearest part of the 
surface of a shiny sphere of diameter 0.70 m. (a) How far from 
the surface does the millipede’s image appear? (b) If the milli- 
pede’s height is 2.0 mm, what is the image height? (c) Is the 
image inverted? 


131 (a) Show that if the object O in Fig. 34-19c is moved 
from focal point f, toward the observer’s eye, the image 
moves in from infinity and the angle @’ (and thus the angular 
magnification mz,) increases. (b) If you continue this process, 
where is the image when m, has its 
maximum usable value? (You can 
then still increase my, but the image 
will no longer be clear.) (c) Show 
that the maximum usable value of 
mais 1 + (25 cm)/f. (d) Show that in 
this situation the angular magnifica- 
tion 1s equal to the lateral magnifi- 
cation. 






Eyepiece 


132 Isaac Newton, having con- 
vinced himself (erroneously as it 
turned out) that chromatic aberration 7 ===" — 
is an inherent property of refracting § Objectiv 

telescopes, mvented the reflecting mirror 

telescope, shown schematically in Fig. FIG. 34-58 
34-58. He presented his second Problem 132. 


model of this telescope, with a magnifying power of 38, to the 
Royal Society (of London), which still has it. In Fig. 34-58 
incident light falls, closely parallel to the telescope axis, on the 
objective mirror M. After reflection from small mirror M’ (the 
figure is not to scale), the rays form a real, inverted image in 
the focal plane (the plane perpendicular to the line of sight, at 
focal point F’). This image is then viewed through an eyepiece. 
(a) Show that the angular magnification m, for the device is 
given by Eq. 34-15: 


Me = elope 


where f,, 1s the focal length of the objective mirror and f., is 
that of the eyepiece. (b) The 200 in. mirror in the reflecting 
telescope at Mt. Palomar in California has a focal length of 
16.8 m. Estimate the size of the image formed by this mirror 
when the object is a meter stick 2.0 km away. Assume parallel 
incident rays. (c) The mirror of a different reflecting astro- 
nomical telescope has an effective radius of curvature of 10 m 
(“effective” because such mirrors are ground to a parabolic 
rather than a spherical shape, to eliminate spherical aberra- 
tion defects). To give an angular magnification of 200, what 
must be the focal length of the eyepiece? 


133 A narrow beam of parallel light rays is incident on a 
glass sphere from the left, directed toward the center of the 
sphere. (The sphere is a lens but certainly not a thin lens.) 
Approximate the angle of incidence of the rays as 0°, and 
assume that the index of refraction of the glass is n < 2.0. 
(a) In terms of n and the sphere radius r, what is the distance 
between the image produced by the sphere and the right side 
of the sphere? (b) Is the image to the left or right of that side? 
(Hint: Apply Eq. 34-8 to locate the image that is produced by 
refraction at the left side of the sphere; then use that image as 
the object for refraction at the right side of the sphere to 
locate the final image. In the second refraction, is the object 
distance p positive or negative?) 


134 Acorner reflector, much used in optical, microwave, and 
other applications, consists of three plane mirrors fastened 
together to form the corner of a cube. Show that after three 
reflections, an incident ray is returned with its direction exactly 


reversed. <= 


135 A cheese enchilada is 4.00 cm in front of a converging 
lens. The magnification of the enchilada is —2.00. What is the 
focal length of the lens? 


136 A grasshopper hops to a point on the central axis of a 
spherical mirror. The absolute magnitude of the mirror’s fo- 
cal length is 40.0 cm, and the lateral magnification of the 1m- 
age produced by the mirror is +0.200. (a) Is the mirror con- 
vex or concave? (b) How far from the mirror is the 
grasshopper? 


137 In Fig. 34-59, a sand grain is = : 
3.00 cm from thin lens 1, on the v1 9 
central axis through the two sym- FIG. 34-59 Problem 137. 
metric lenses. The distance be- 

tween focal point and lens is 4.00 cm for both lenses; the 
lenses are separated by 8.00 cm. (a) What is the distance be- 
tween lens 2 and the image it produces of the sand grain? Is 
that image (b) to the left or right of lens 2, (c) real or virtual, 
and (d) inverted relative to the sand grain or not inverted? 
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Governments worldwide scurry to stay ahead of counterfeiters 
who are quick to use the latest technology to duplicate paper 
currencies. Some of the security measures now used to thwart 

counterfeiters are security threads and special watermarks 

(both of which can be seen if the currency is held up against a light) 
and microprinting (which consists of dots too small to be picked up 
by ascanner). The feature that is probably the most difficult for a 
counterfeiter to duplicate is the variable tint that results from 
color-shifting inks. For example, the “20” in the lower right of the 
front face of a U.S. $20 bill contains color-shifting ink. If you look 
directly down on the number, it is red or red-yellow. If you then tilt the 
bill and look at it obliquely, the color shifts to green. A copy machine 
can duplicate color from only one perspective and therefore cannot 


duplicate this shift in color you see when you change your perspective. 


7.50 





How do color- 


shifting inks 
shift colors? 


The answer is in this chapter. 
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One of the major goals of physics is to understand the nature of light. This goal 
has been difficult to achieve (and has not yet fully been achieved) because light is 
complicated. However, this complication means that light offers many opportuni- 
ties for applications, and some of the richest opportunities involve the interfer- 
ence of light waves — optical interference. 

Nature has long used optical interference for coloring. For example, the 
wings of a Morpho butterfly are a dull, uninspiring brown, as can be seen on the 
bottom wing surface, but the brown is hidden on the top surface by an arresting 
blue due to the interference of light reflecting from that surface (Fig. 35-1). 
Moreover, the top surface is color-shifting; if you change your perspective or if 
the wing moves, the tint of the color changes. Similar color shifting is used in the 
inks On many currencies to thwart counterfeiters, whose copy machines can 
duplicate color from only one perspective and therefore cannot duplicate any snus 
in color caused by a change in perspective. . 

Before we get to color shifting in butterfly wings and currency inks, we first 
must discuss the basic physics of optical interference. That means we must largely 
abandon the simplicity of geometrical optics (in which we describe light as rays) 
and return to the wave nature of light. 


35-2 | Light as a Wave 


The first person to advance a convincing wave theory for light was Dutch physicist 
Christian Huygens, in 1678. Although much less comprehensive than the later electro- 
magnetic theory of Maxwell, Huygens’ theory was simpler mathematically and re- 
mains useful today. Its great advantages are that it accounts for the laws of reflection 
and refraction in terms of waves and gives physical meaning to the index of refraction. 
Huygens’ wave theory is based on a geometrical construction that allows us 
to tell where a given wavefront will be at any time in the future if we know its 
present position. This construction is based on Huygens’ principle, which is: 


















































































































































Here is a simple example. At the left in Fig. 35-2, the present location of a 
wavefront of a plane wave traveling to the right in vacuum is represented by plane 
ab, perpendicular to the page. Where will the wavefront be at time Af later? We let 
several points on plane ab (the dots) serve as sources of spherical secondary wavelets 
that are emitted at t= 0. At time Ar, the radius of all these spherical wavelets will 
have grown to c At, where c is the speed of light in vacuum. We draw plane de tangent 
to these wavelets at time At. This plane represents the wavefront of the plane wave at 
time Af; it is parallel to plane ab and a perpendicular distance c At from it. 


The Law of Refraction 


We now use Huygens’ principle to derive the law of refraction, Eq. 33-40 (Snell’s 
law). Figure 35-3 shows three stages in the refraction of several wavefronts at 
a flat interface between air (medium 1) and glass (medium 2). We arbitrarily 
choose the wavefronts in the incident light beam to be separated by Aj, the 
wavelength in medium 1. Let the speed of light in air be v, and that in glass be v. 
We assume that v. < v,, which happens to be true. 

Angle 0, in Fig. 35-3a is the angle between the wavefront and the interface; it 
has the same value as the angle between the normal to the wavefront (that is, the 
incident ray) and the normal to the interface. Thus, 6; is the angle of incidence. 
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FIG. 35-1 The blue of the top sur- 
face of a Morpho butterfly wing is 
due to optical interference and shifts 
in color as your viewing perspective 
changes. (Philippe 
Colombi/PhotoDisc//Getty Images) 
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Wavefront at 
t=0 


New position 
of wavefront 
at time t=Af 


FIG. 35-2. The propagation of a 
plane wave in vacuum, as portrayed 
by Huygens’ principle. 
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FIG. 35-3 The refraction of a plane 
wave at an air—glass interface, as 
portrayed by Huygens’ principle. The 
wavelength in glass is smaller than 
that in air. For simplicity, the re- 
flected wave is not shown. Parts (a) 
through (c) represent three succes- 
sive stages of the refraction. 


As the wave moves into the glass, a Huygens wavelet at point e in Fig. 35-3b 
will expand to pass through point c, at a distance of A, from point e. The time 
interval required for this expansion is that distance divided by the speed of the 
wavelet, or A,/v,. Now note that in this same time interval, a Huygens wavelet at 
point / will expand to pass through point g, at the reduced speed v, and with wave- 
length A. Thus, this time interval must also be equal to A,/v>. By equating these times 
of travel, we obtain the relation 

Ae (35-1) 
Ay ao) 
which shows that the wavelengths of light in two media are proportional to the 
speeds of light in those media. 

By Huygens’ principle, the refracted wavefront must be tangent to an arc of 
radius A, centered on h, say at point g. The refracted wavefront must also be tan- 
gent to an arc of radius A, centered on e, say at c. Then the refracted wavefront 
must be oriented as shown. Note that 6,, the angle between the refracted wave- 
front and the interface, is actually the angle of refraction. 

For the right triangles hce and hcg in Fig. 35-3b we may write 


; A 
sin 6, = — (for triangle hce) 
he 
Ay 
and sin @, = re (for triangle hcg). 
Cc 


Dividing the first of these two equations by the second and using Eq. 35-1, we find 


ae (35-2) 
Sin 0, A> Vo 
We can define the index of refraction 1 for each medium as the ratio of the 
speed of light in vacuum to the speed of light v in the medium. Thus, 


n= - (index of refraction). (35-3) 


In particular, for our two media, we have 





ny = — and Ny = —. (35-4) 
Mal Vo 
If we combine Eqs. 35-2 and 35-4, we find 
SOs ae (35-5) 
sin 0, c/n» ny 
or n, sin 6, = n, sin 4, (law of refraction), (35-6) 


as introduced in Chapter 33. 


CHECKPOINT 1 The figure shows a mono- 
chromatic ray of light traveling across parallel inter- 
faces, from an original material a, through layers of ma- 
terials b and c, and then back into material a. Rank the 
materials according to the speed of light in them, great- 
est first. 





Wavelength and Index of Refraction 


We have now seen that the wavelength of light changes when the speed of the 
light changes, as happens when light crosses an interface from one medium into 
another. Further, the speed of light in any medium depends on the index of 


refraction of the medium, according to Eq. 35-3. Thus, the wavelength of light in 
any medium depends on the index of refraction of the medium. Let a certain mono- 
chromatic light have wavelength A and speed c in vacuum and wavelength A, and 
speed v in a medium with an index of refraction n. Now we can rewrite Eq. 35-1 as 


Ay = A— (35-7) 


,=—. (35-8) 


This equation relates the wavelength of light in any medium to its wavelength in 
vacuum. It tells us that the greater the index of refraction of a medium, the 
smaller the wavelength of light in that medium. 

What about the frequency of the light? Let f, represent the frequency of the 
light in a medium with index of refraction n. Then from the general relation of 
Eq. 16-13 (v = Af), we can write 


, 
In = dL, 
Substituting Eqs. 35-3 and 35-8 then gives us 
c/n C 
In = An Xd I, 


where f is the frequency of the light in vacuum. Thus, although the speed and 
wavelength of light in the medium are different from what they are in vacuum, 
the frequency of the light in the medium is the same as it is in vacuum. 

The fact that the wavelength of light depends on the index of refraction via 
Eq. 35-8 is important in certain situations involving the interference of light 
waves. For example, in Fig. 35-4, the waves of the rays (that is, the waves repre- 
sented by the rays) have identical wavelengths 4 and are initially in phase in air 
(n ~ 1). One of the waves travels through medium 1 of index of refraction n, and 
length L. The other travels through medium 2 of index of refraction n, and the 
same length L. When the waves leave the two media, they will have the same 
wavelength—their wavelength A in air. However, because their wavelengths 
differed in the two media, the two waves may no longer be in phase. 






























































As we shall discuss soon, this change in the phase difference can determine how 
the light waves will interfere if they reach some common point. 

To find their new phase difference in terms of wavelengths, we first count the 
number N, of wavelengths there are in the length L of medium 1. From Eq. 35-8, 
the wavelength in medium 1 is A,,, = A/n,;so 


i, Ln, 
N= 1h 35-9 
1 - (35-9) 


Similarly, we count the number N, of wavelengths there are in the length L of 
medium 2, where the wavelength is A,» = A/no: 


iB Lny 
N, = = 35-10 
a (35-10) 





To find the new phase difference between the waves, we subtract the smaller of 
N, and N, from the larger. Assuming nn > n,, we obtain 
Ln, Ln, L 


N, = N, ae . = 7 a oy (n> a n,). (35-11) 
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FIG. 35-4 Two light rays travel 
through two media having different 
indexes of refraction. 
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Primary 

ne rainbow 
Supernumeraries 

FIG. 35-5 A primary rainbow and 


the faint supernumeraries below it 
are due to optical interference. 


Suppose Eq. 35-11 tells us that the waves now have a phase difference of 
45.6 wavelengths. That is equivalent to taking the initially in-phase waves and 
shifting one of them by 45.6 wavelengths. However, a shift of an integer number 
of wavelengths (such as 45) would put the waves back in phase; so it is only the 
decimal fraction (here, 0.6) that is important. A phase difference of 45.6 wave- 
lengths is equivalent to an effective phase difference of 0.6 wavelength. 

A phase difference of 0.5 wavelength puts two waves exactly out of phase. If the 
waves had equal amplitudes and were to reach some common point, they would 
then undergo fully destructive interference, producing darkness at that point. With a 
phase difference of 0.0 or 1.0 wavelength, they would, instead, undergo fully con- 
structive interference, resulting in brightness at the common point. Our phase differ- 
ence of 0.6 wavelength is an intermediate situation but closer to fully destructive in- 
terference, and the waves would produce a dimly illuminated common point. 

We can also express phase difference in terms of radians and degrees, as we 
have done already. A phase difference of one wavelength is equivalent to phase 
differences of 27 rad and 360°. 


CHECKPOINT 2 The light waves of the rays in Fig. 35-4 have the same wave- 
length and amplitude and are initially in phase. (a) If 7.60 wavelengths fit within the length of 
the top material and 5.50 wavelengths fit within that of the bottom material, which material 
has the greater index of refraction? (b) If the rays are angled slightly so that they meet at the 
same point on a distant screen, will the interference there result in the brightest possible 
illumination, bright intermediate illumination, dark intermediate illumination, or darkness? 








and Optical Interference 


In Section 33-8, we discussed how the colors of sunlight are separated into a rain- 
bow when sunlight travels through falling raindrops. We dealt with a simplified 
situation in which a single ray of white light entered a drop. Actually, light waves 
pass into a drop along the entire side that faces the Sun. Here we cannot discuss 
the details of how these waves travel through the drop and then emerge, but we 
can see that different parts of an incoming wave will travel different paths within 
the drop. That means waves will emerge from the drop with different phases. Thus, 
we can see that at some angles the emerging light will be in phase and give con- 
structive interference. The rainbow is the result of such constructive interference. 
For example, the red of the rainbow appears because waves of red light emerge in 
phase from each raindrop in the direction in which you see that part of the rainbow. 

If you are lucky and look carefully below a primary rainbow, you can 
see dimmer colored arcs called supernumeraries (Fig. 35-5). Like the main arcs 
of the rainbow, the supernumeraries are due to waves that emerge from each 
drop approximately in phase with one another to give constructive interference. If 
you are very lucky and look very carefully above a secondary rainbow, you might 
see even more (but even dimmer) supernumeraries. Keep in mind that both types of 
rainbows and both sets of supernumeraries are naturally occurring examples of op- 
tical interference and naturally occurring evidence that light consists of waves. = 





Sample Problem eee 


In Fig. 35-4, the two light waves that are represented by 
the rays have wavelength 550.0 nm before entering me- 
dia 1 and 2. They also have equal amplitudes and are in 
phase. Medium 1 is now just air, and medium 2 is a 
transparent plastic layer of index of refraction 1.600 and 
thickness 2.600 um. 


(a) What is the phase difference of the emerging waves 
in wavelengths, radians, and degrees? What is their ef- 
fective phase difference (in wavelengths)? 


core The phase difference of two light waves 


can change if they travel through different media, with 
different indexes of refraction. The reason is that their 
wavelengths are different in the different media. We can 
calculate the change in phase difference by counting the 
number of wavelengths that fits into each medium and 
then subtracting those numbers. 


Calculations: When the path lengths of the waves in the 


two media are identical, Eq. 35-11 gives the result of the sub- 
traction. Here we have n, = 1.000 (for the air), n, = 1.600, 
L = 2.600 um, and A = 550.0 nm. Thus, Eq. 35-11 yields 
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You can show that this is equivalent to 5.3 rad and 
about 300°. Caution: We do not find the effective phase 
difference by taking the decimal part of the actual 


phase difference as expressed in radians or degrees. For 
example, we do not take 0.8 rad from the actual phase 
difference of 17.8 rad. 


L 
N,—- N, = (2 — m4) 


2.600 x 10°° 
= SER TT (1.600 — 1.000) (b) If the waves reached the same point on a distant 
- screen, what type of interference would they produce? 
= 2.84. (Answer) 


Reasoning: We need to compare the effective phase 
difference of the waves with the phase differences that 
give the extreme types of interference. Here the effec- 
tive phase difference of 0.84 wavelength is between 0.5 
wavelength (for fully destructive interference, or the 
darkest possible result) and 1.0 wavelength (for fully 
constructive interference, or the brightest possible re- 
sult), but closer to 1.0 wavelength. Thus, the waves 
would produce intermediate interference that is closer 
to fully constructive interference—they would produce 
a relatively bright spot. 


Thus, the phase difference of the emerging waves is 2.84 
wavelengths. Because 1.0 wavelength is equivalent to 
27 rad and 360°, you can show that this phase difference 
is equivalent to 


phase difference = 17.8 rad ~ 1020°. (Answer) 


The effective phase difference is the decimal part of 
the actual phase difference expressed in wavelengths. 
Thus, we have 


effective phase difference = 0.84 wavelength. (Answer) 
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In the next section we shall discuss the experiment that first proved that light is 
a wave. To prepare for that discussion, we must introduce the idea of diffraction 
of waves, a phenomenon that we explore much more fully in Chapter 36. Its 
essence is this: If a wave encounters a barrier that has an opening of dimensions 
similar to the wavelength, the part of the wave that passes through the opening will 
flare (spread) out—will diffract—=into the region beyond the barrier. The flaring is 
consistent with the spreading of wavelets in the Huygens construction of Fig. 35-2. 
Diffraction occurs for waves of all types, not just light waves; Fig. 35-6 shows the dif- 
fraction of water waves traveling across the surface of water in a shallow tank. 

Figure 35-7a shows the situation schematically for an incident plane wave of 
wavelength A encountering a slit that has width a = 6.0A and extends into and out 
of the page. The part of the wave that passes through the slit flares out on the far 
side. Figures 35-7b (with a = 3.0A) and 35-7c (a = 1.5) illustrate the main fea- 
ture of diffraction: the narrower the slit, the greater the diffraction. 

Diffraction limits geometrical optics, in which we represent an electromag- 
netic wave with a ray. If we actually try to form a ray by sending light through 





FIG. 35-6 Waves produced by an os- 
cillating paddle at the left flare out 
through an opening in a barrier along 
the water surface. (Runk Schoen- 
berger/Grant Heilman Photography) 
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FIG. 35-7 Diffraction represented schematically. For a given wavelength A, the diffraction 
is more pronounced the smaller the slit width a. The figures show the cases for (a) slit 
width a = 6.0A, (b) slit width a = 3.0A, and (c) slit width a = 1.5A. In all three cases, the 
screen and the length of the slit extend well into and out of the page, perpendicular to it. 
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FIG. 35-8 In Young’s interference 
experiment, incident monochro- 
matic light is diffracted by slit So, 
which then acts as a point source of 
light that emits semicircular 
wavefronts. As that light reaches 
screen B, it is diffracted by slits S, 
and $5, which then act as two point 
sources of light. The light waves trav- 
eling from slits S; and S, overlap and 
undergo interference, forming an in- 
terference pattern of maxima and 
minima on viewing screen C. This fig- 
ure 1s across section; the screens, 
slits, and interference pattern extend 
into and out of the page. Between 
screens B and C, the semicircular 
wavefronts centered on S, depict the 
waves that would be there if only S, 
were open. Similarly, those centered 
on §, depict waves that would be 
there if only S; were open. 





FIG. 35-9 A photograph of the in- 
terference pattern produced by the 
arrangement shown in Fig. 35-8. (The 
photograph is a front view of part of 
screen C.) The alternating maxima 
and minima are called interference 
fringes (because they resemble the 
decorative fringe sometimes used on 
clothing and rugs). (From Michel 
Cagnet, Maurice Franzon, and Jean 
Claude Thierr, Atlas of Optical 
Phenomena. Springer-Verlag, New 
York, 1962. Reproduced with permis- 
sion. ) 
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a narrow slit, or through a series of narrow slits, diffraction will always defeat our 
effort because it always causes the light to spread. Indeed, the narrower we make 
the slits (in the hope of producing a narrower beam), the greater the spreading is. 
Thus, geometrical optics holds only when slits or other apertures that might be 
located in the path of light do not have dimensions comparable to or smaller than 
the wavelength of the light. 
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In 1801, Thomas Young experimentally proved that light is a wave, contrary to 
what most other scientists then thought. He did so by demonstrating that light 
undergoes interference, as do water waves, sound waves, and waves of all other 
types. In addition, he was able to measure the average wavelength of sunlight; 
his value, 570 nm, is impressively close to the modern accepted value of 555 nm. 
We shall here examine Young’s experiment as an example of the interference of 
light waves. 

Figure 35-8 gives the basic arrangement of Young’s experiment. Light from a 
distant monochromatic source illuminates slit Sy in screen A. The emerging light 
then spreads via diffraction to illuminate two slits S,; and S, in screen B. 
Diffraction of the light by these two slits sends overlapping circular waves into 
the region beyond screen B, where the waves from one slit interfere with the 
waves from the other slit. 

The “snapshot” of Fig. 35-8 depicts the interference of the overlapping waves. 
However, we cannot see evidence for the interference except where a viewing 
screen C intercepts the light. Where it does so, points of interference max- 
ima form visible bright rows—called bright bands, bright fringes, or (loosely 
speaking) maxima—that extend across the screen (into and out of the page in 
Fig. 35-8). Dark regions—called dark bands, dark fringes, or (loosely speaking) 
minima—result from fully destructive interference and are visible between 
adjacent pairs of bright fringes. (Maxima and minima more properly refer to the 
center of a band.) The pattern of bright and dark fringes on the screen is called 
an interference pattern. Figure 35-9 is a photograph of part of the interference 
pattern that would be seen by an observer standing to the left of screen C in the 
arrangement of Fig. 35-8. 
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Locating the Fringes 


Light waves produce fringes in a Young’s double-slit interference experiment, as it 
is called, but what exactly determines the locations of the fringes? ‘To answer, 
we shall use the arrangement in Fig. 35-10a. There, a plane wave of monochromatic 
light is incident on two slits $, and S, in screen B; the light diffracts through the slits 
and produces an interference pattern on screen C. We draw a central axis from the 
point halfway between the slits to screen C as a reference. We then pick, for discus- 
sion, an arbitrary point P on the screen, at angle 6 to the central axis. This point inter- 
cepts the wave of ray r; from the bottom slit and the wave of ray r, from the top slit. 

These waves are in phase when they pass through the two slits because there 
they are just portions of the same incident wave. However, once they have passed 
the slits, the two waves must travel different distances to reach P. We saw a sim1- 
lar situation in Section 17-5 with sound waves and concluded that 
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The change in phase difference is due to the path 
paths taken by the waves. Consider two waves initially exactly in phase, traveling 

along paths with a path length difference AL, and then passing through some 

common point. When AL is zero or an integer number of wavelengths, the waves 

arrive at the common point exactly in phase and they interfere fully con- 
structively there. If that is true for the waves of rays r, and r, in Fig. 35-10, then 

point P is part of a bright fringe. When, instead, AL is an odd multiple of half a <_____—D) 
wavelength, the waves arrive at the common point exactly out of phase and they 

interfere fully destructively there. If that is true for the waves of rays r; and ry, 

then point P is part of a dark fringe. (And, of course, we can have intermediate _ Incident 


situations of interference and thus intermediate illumination at P.) Thus, — 
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We can specify where each bright fringe and each dark fringe is located on 
the screen by giving the angle @ from the central axis to that fringe. To find 0, we 
must relate it to AL. We start with Fig. 35-10a by finding a point b along ray r; 
such that the path length from b to P equals the path length from S, to P. Then 
the path length difference AL between the two rays is the distance from S, to b. 
The relation between this S,-to-b distance and 6 is complicated, but we can \@) 

simplify it considerably if we arrange for the distance D from the slits to the 
screen to be much greater than the slit separation d. Then we can approximate 
rays r, and r, as being parallel to each other and at angle @ to the central axis 
(Fig. 35-10b). We can also approximate the triangle formed by S;, S,, and b as 
being a right triangle, and approximate the angle inside that triangle at S, as 
being 6. Then, for that triangle, sin 6 = AL/d and thus 








AL =dsin@ (path length difference). (35-12) g? | 
Path length difference AL 


For a bright fringe, we saw that AL must be either zero or an integer number of 


: FIG. 35-10 (a) Waves from slits S; 
wavelengths. Using Eq. 35-12, we can write this requirement as 


and S$, (which extend into and out of 


AL = dsin 6 = (integer)(A), (35-13) the page) combine at P, an arbitrary 
point on screen C at distance y from 
Or as the central axis. The angle @serves as 
a convenient Jocator for P. (b) For 
dsin @= ma, OTHE ONE rae (maxima— bright fringes). (35-14) D > d,we can approximate rays r 


and r, as being parallel, at angle 0 to 
For a dark fringe, AL must be an odd multiple of half a wavelength. Again using _ the central axis. 
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Eq. 35-12, we can write this requirement as 


AL = dsin 6 = (odd number)(; A), (35-15) 


or as 
dsin 0 = (m + S)A, form = 0,1, 2,... (minima—dark fringes). (35-16) 
With Eqs. 35-14 and 35-16, we can find the angle @ to any fringe and thus 
locate that fringe; further, we can use the values of m to label the fringes. For 
the value and label m = 0, Eq. 35-14 tells us that a bright fringe is at 6 = 0 and thus 
on the central axis. This central maximum is the point at which waves arriving from 
the two slits have a path length difference AL = 0, hence zero phase difference. 


For, say,m = 2, Eq. 35-14 tells us that bright fringes are at the angle 


2X 
= sin (2*) 
d 


above and below the central axis. Waves from the two slits arrive at these two 

fringes with AL = 2A and with a phase difference of two wavelengths. These 

fringes are said to be the second-order bright fringes (meaning m = 2) or the 

second side maxima (the second maxima to the side of the central maximum), or 

they are described as being the second bright fringes from the central maximum. 
For m = 1, Eq. 35-16 tells us that dark fringes are at the angle 


d= sin( =) 
d 


above and below the central axis. Waves from the two slits arrive at these two 
fringes with AL = 1.5A and with a phase difference, in wavelengths, of 1.5. These 
fringes are called the second-order dark fringes or second minima because they 
are the second dark fringes to the side of the central axis. (The first dark fringes, 
or first minima, are at locations for which m = 0 in Eq. 35-16.) 

We derived Eqs. 35-14 and 35-16 for the situation D > d. However, they also 
apply if we place a converging lens between the slits and the viewing screen 
and then move the viewing screen closer to the slits, to the focal point of the lens. 
(The screen is then said to be in the focal plane of the lens; that is, it is in the plane 
perpendicular to the central axis at the focal point.) One property of a converg- 
ing lens is that it focuses all rays that are parallel to one another to the same point 
on its focal plane. Thus, the rays that now arrive at any point on the screen (in the 
focal plane) were exactly parallel (rather than approximately) when they left 
the slits. They are like the initially parallel rays in Fig. 34-15a that are directed to 
a point (the focal point) by a lens. 





CHECKPOINT 3 In Fig. 35-10a, what are AL (as a multiple of the wave- 
length) and the phase difference (in wavelengths) for the two rays if point P is (a) a 
third side maximum and (b) a third minimum? 


Sample Problem pees 


What is the distance on screen C in Fig. 35-10a between 
adjacent maxima near the center of the interference 
pattern? The wavelength A of the light is 546 nm, the slit 
separation d is 0.12 mm, and the slit—screen separation 
D is 55 cm. Assume that 6 in Fig. 35-10 is small enough 
to permit use of the approximations sin 0 ~ tan 6 ~ 6,in 
which 6 is expressed in radian measure. 





[svelte (1) First, let us pick a maximum with a low 
value of m to ensure that it is near the center of the pat- 


tern. Then, from the geometry of Fig. 35-10a, the maxt- 
mum’s vertical distance y,, from the center of the pat- 
tern is related to its angle 6 from the central axis by 
Ym 

D- 
(2) From Eq. 35-14, this angle 6 for the mth maximum is 
given by 


tand~@= 


NOE 
sin — = == 
d 


Calculations: If we equate our two expressions for an- 


gle @and then solve for y,,, we find 


mrAD 


= 5-17 


For the next maximum as we move away from the pat- 
tern’s center, we have 

m+ 1)AD 
Ym+1 = Mee (35-18) 
We find the distance between these adjacent maxima by 
subtracting Eq. 35-17 from Eq. 35-18: 






35-3 


A double-slit interference pattern is produced on a 
screen, as in Fig. 35-10; the light is monochromatic at a 
wavelength of 600nm. A strip of transparent plastic 
with index of refraction n = 1.50 is to be placed over 
one of the slits. Its presence changes the interference 
between light waves from the two slits, causing the in- 
terference pattern to be shifted across the screen from 
the original pattern. Figure 35-11a shows the original lo- 
cations of the central bright fringe (m = 0) and the first 
bright fringes (7 =1) above and below the central 
fringe. The purpose of the plastic is to shift the pattern 
upward so that the lower m = 1 bright fringe is shifted 
to the center of the pattern. Should the plastic be placed 
over the top slit (as arbitrarily drawn in Fig. 35-115) or 
the bottom slit, and what thickness L should it have? 








‘dhekleetats) The interference at a point on the screen 
depends on the phase difference of the light rays arriv- 
ing from the two slits. The light rays are in phase at the 
slits, but their relative phase can shift on the way to the 
screen due to (1) a difference in the length of the paths 
they follow and (2) a difference in the number of their 
internal wavelengths A, in the materials through which 
they pass. Let’s check both possibilities. 


Path-length difference: Figure 35-1la shows rays r, 
and r, along which waves from the two slits travel to 
reach the lower m = 1 bright fringe. Those waves start 
in phase at the slits but arrive at the fringe with a phase 
difference of exactly 1 wavelength. To remind ourselves 
of this main characteristic of the fringe, let us call it the 
1A fringe. The one-wavelength phase difference is due 
to the one-wavelength path length difference between 
the rays reaching the fringe; that is, there is exactly one 
more wavelength along ray r, than along ’. 

Figure 35-115 shows the 1A fringe shifted up to the 
center of the pattern with the plastic strip over the top 
slit (we still do not know whether the plastic should be 
there or over the bottom slit). The figure also shows the 
new orientations of rays r; and r, to reach that fringe. 
There still must be one more wavelength along r, than 
along r; (because they still produce the 1A fringe), but 
now the path length difference between those rays is 
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AD 
AY = Ymn+1 — Yn = a 


_ (546 x 10° m)(55 X 107? m) 
— 0.12 X 10°3m 


= 2.50 X 10°? m = 2.5 mm. (Answer) 


As long as d and 6 in Fig. 35-10a are small, the separa- 
tion of the interference fringes is independent of m; that 
is, the fringes are evenly spaced. 


Zero, as we can tell from the geometry of Fig. 35-11. 
However, r, now passes through the plastic. 


Internal wavelength: The wavelength A,, of light in a 
material with index of refraction v is smaller than the 
wavelength in vacuum, as given by Eq. 35-8 (A,, = A/n). 
Here, this means that the wavelength of the light is smaller 
in the plastic than in the air. Thus, the ray that passes 
through the plastic will have more wavelengths along it 
than the ray that passes through only air—so we do get 
the one extra wavelength we need along ray /, by placing 
the plastic over the top slit, as drawn in Fig. 35-11b. 


Thickness: To determine the required thickness L of the 
plastic, we use the procedure in Sample Problem 35-1a. 
Here, as there, waves that are initially in phase travel 
equal distances L through different materials (plastic 
and air). However, here we know the phase difference 
and require L;so we again use Eq. 35-11, 

N, - N, = (n, — nj). (35-19) 
We know that N, — N, 1s 1 for a phase difference of one 
wavelength, n, is 1.50 for the plastic in front of the top 
slit, , is 1.00 for the air in front of the bottom slit, and 
dis 600 X 10°’ m. Then Eg. 35-19 yields 


MN — Ni) _ (600 x 10~° m)(1) 


i= 000 


Ny — hy 
12 NO eo in: 


(Answer) 






1A fringe 
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—— 
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1A fringe 





(a) 


FIG. 35-11 (a) Arrangement for two-slit interference (not to 
scale). The locations of three bright fringes (or maxima) are 
indicated. (b) A strip of plastic covers the top slit. We want the 
1A fringe to be at the center of the pattern. 
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35-5 | Coherence 


For the interference pattern to appear on viewing screen C in Fig. 35-8, the light 
waves reaching any point P on the screen must have a phase difference that does 
not vary in time. That is the case in Fig. 35-8 because the waves passing through 
slits S$; and S, are portions of the single light wave that illuminates the slits. 
Because the phase difference remains constant, the light from slits $, and S, is 
said to be completely coherent. 

Direct sunlight is partially coherent; that is, sunlight waves intercepted at two 
points have a constant phase difference only if the points are very close. If you 
look closely at your fingernail in bright sunlight, you can see a faint interference 
pattern called speckle that causes the nail to appear to be covered with specks. 
You see this effect because light waves scattering from very close points on the 
nail are sufficiently coherent to interfere with one another at your eye. The slits in 
a double-slit experiment, however, are not close enough, and in direct sunlight, 
the light at the slits would be incoherent. To get coherent light, we would have to 
send the sunlight through a single slit as in Fig. 35-8; because that single slit is 
small, light that passes through it is coherent. In addition, the smallness of the slit 
causes the coherent light to spread via diffraction to illuminate both slits in the 
double-slit experiment. 

If we replace the double slits with two similar but independent mono- 
chromatic light sources, such as two fine incandescent wires, the phase difference 
between the waves emitted by the sources varies rapidly and randomly. (This 
occurs because the light is emitted by vast numbers of atoms in the wires, 
acting randomly and independently for extremely short times—of the order 
of nanoseconds.) As a result, at any given point on the viewing screen, the inter- 
ference between the waves from the two sources varies rapidly and randomly 
between fully constructive and fully destructive. The eye (and most common 
optical detectors) cannot follow such changes, and no interference pattern can 
be seen. The fringes disappear, and the screen is seen as being uniformly 
illuminated. 

A laser differs from common light sources in that its atoms emit light in a 
cooperative manner, thereby making the light coherent. Moreover, the light is 
almost monochromatic, 1s emitted in a thin beam with little spreading, and can be 
focused to a width that almost matches the wavelength of the light. 
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Equations 35-14 and 35-16 tell us how to locate the maxima and minima of 
the double-slit interference pattern on screen C of Fig. 35-10 as a function of the 
angle @ in that figure. Here we wish to derive an expression for the intensity J of 
the fringes as a function of 6. 

The light leaving the slits is in phase. However, let us assume that the light 
waves from the two slits are not in phase when they arrive at point P. Instead, the 
electric field components of those waves at point P are not in phase and vary with 
time as 


E, = Eosin ot (35-20) 
and E, = Epsin(wt + ), (35-21) 


where w is the angular frequency of the waves and ¢ is the phase constant of 
wave FE. Note that the two waves have the same amplitude Ey and a phase differ- 
ence of ¢@. Because that phase difference does not vary, the waves are coherent. 
We shall show that these two waves will combine at P to produce an intensity / 
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given by 
I = 41) cos 5 ¢, (35-22) 
and that 
2ad 
b= 7 sin 6. (35-23) 


In Eq. 35-22, J, is the intensity of the light that arrives on the screen from one 
slit when the other slit is temporarily covered. We assume that the slits are so nar- 
row in comparison to the wavelength that this single-slit intensity is essentially 
uniform over the region of the screen in which we wish to examine the fringes. 

Equations 35-22 and 35-23, which together tell us how the intensity / of the 
fringe pattern varies with the angle @ in Fig. 35-10, necessarily contain informa- 
tion about the location of the maxima and minima. Let us see if we can extract 
that information to find equations about those locations. 

Study of Eq. 35-22 shows that intensity maxima will occur when 


jp=mn, form=0,1,2,.... (35-24) 
If we put this result into Eq. 35-23, we find 





27 = sin 0, form = 0,1,2,... 


or dsin@=md’, form=0,1,2,... (maxima), (35-25) 


which 1s exactly Eq. 35-14, the expression that we derived earlier for the locations 
of the maxima. 
The minima in the fringe pattern occur when 


s6=(m+5)n, form=0,1,2,.... (35-26) 
If we combine this relation with Eq. 35-23, we are led at once to 
dsn@=(m+4)A,  form=0,1,2,... (minima), (35-27) 


which is just Eq. 35-16, the expression we derived earlier for the locations of the 
fringe minima. 

Figure 35-12, which is a plot of Eq. 35-22, shows the intensity of double-slit 
interference patterns as a function of the phase difference @ between the waves 
at the screen. The horizontal solid line is Jo, the (uniform) intensity on the screen 
when one of the slits is covered up. Note in Eq. 35-22 and the graph that the 
intensity / varies from zero at the fringe minima to 4/, at the fringe maxima. 


Intensity 
at screen 


41) (two coherent sources) 






2 I, (two incoherent 
sources) 
[) (one source) 


57 4 31 27 i (0) 1 20 370 AIT 51 ? 
2 2 0 I 2 m, for maxima 
2 i 0 0 1 2 m, for minima 


20 2 1.5 1 0.5 O 0.5 i 2S 2 2 AL/A 


PIG. 35-72 A plot of Eq. 35-22, showing the intensity of a double-slit interference pattern as 
a function of the phase difference between the waves when they arrive from the two slits. Jp is 
the (uniform) intensity that would appear on the screen if one slit were covered. The average 
intensity of the fringe pattern is 2/), and the maximum intensity (for coherent light) is 4 Jp. 
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FIG. 35-73 (a) Phasors represent- 
ing, at time ¢, the electric field compo- 
nents given by Eqs. 35-20 and 35-21. 
Both phasors have magnitude FE, and 
rotate with angular speed w. Their 
phase difference is ¢. (b) Vector ad- 
dition of the two phasors gives the 
phasor representing the resultant 
wave, with amplitude E and phase 
constant B. 


If the waves from the two sources (slits) were incoherent, so that no enduring 
phase relation existed between them, there would be no fringe pattern and the 
intensity would have the uniform value 2/) for all points on the screen; the hori- 
zontal dashed line in Fig. 35-12 shows this uniform value. 

Interference cannot create or destroy energy but merely redistributes it over 
the screen. Thus, the average intensity on the screen must be the same 2/, regard- 
less of whether the sources are coherent. This follows at once from Eq. 35-22; 
if we substitute ss the average value of the cosine-squared function, this equation 
reduces to Lay = 21. 


Proof of Eqs. 35-2. 





We shall combine the electric field components FE, and £;, given by Eqs. 35-20 
and 35-21, respectively, by the method of phasors as is discussed in Section 16-11. 
In Fig. 35-13a, the waves with components F£, and EF, are represented by phasors 
of magnitude F£, that rotate around the origin at angular speed w. The values 
of EF, and EF, at any time are the projections of the corresponding phasors on the 
vertical axis. Figure 35-13a shows the phasors and their projections at an arbitrary 
time ¢. Consistent with Eqs. 35-20 and 35-21, the phasor for FE, has a rotation 
angle wt and the phasor for £, has a rotation angle wt + ¢. 

To combine the field components F, and £, at any point P in Fig. 35-10, we 
add their phasors vectorially, as shown in Fig. 35-135. The magnitude of the vector 
sum is the amplitude F of the resultant wave at point P, and that wave has a cer- 
tain phase constant £. To find the amplitude EF in Fig. 35-135, we first note that the 
two angles marked B are equal because they are opposite equal-length sides of 
a triangle. From the theorem (for triangles) that an exterior angle (here @, as 
shown in Fig. 35-13b) is equal to the sum of the two opposite interior angles (here 
that sum is B + B),we see that B = +o. Thus, we have 


E = 2(E) cos B) 
= 2E, cos +¢. (35-28) 
If we square each side of this relation, we obtain 
E? = 4E} cos*$¢. (35-29) 


Now, from Eq. 33-24, we know that the intensity of an electromagnetic wave 
is proportional to the square of its amplitude. Therefore, the waves we are 
combining in Fig. 35-13b, whose amplitudes are Fg, each has an intensity J, that is 
proportional to FE}, and the resultant wave, with amplitude £, has an intensity / 
that is proportional to E*. Thus, 

ee 
ly EG 
Substituting Eq. 35-29 into this equation and rearranging then yield 
I = 41, cos” 5 &, 


which is Eq. 35-22, which we set out to prove. 

We still must prove Eq. 35-23, which relates the phase difference @ between 
the waves arriving at any point P on the screen of Fig. 35-10 to the angle 6 that 
serves as a locator of that point. 

The phase difference ¢ in Eq. 35-21 is associated with the path length differ- 
ence $,b in Fig. 35-105. If $,b is +A, then dis 7; if S,b is A, then dis 27, and so on. 
This suggests 


h 2 h 
( phase )- 2a (pat lengt ) (35-30) 


difference r. \ difference 


The path length difference S,b in Fig. 35-105 1s d sin 0; so Eq. 35-30 for the phase 
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difference between the two waves arriving at point P on the screen becomes 


27d 
= sin 6, 
A 





which is Eq. 35-23, the other equation that we set out to prove to relate ¢ to the 


angle 6 that locates P. 


Combining More Than Two Waves 


In a more general case, we might want to find the resultant of more than two si- 
nusoidally varying waves at a point. Whatever the number of waves is, our gen- 


eral procedure 1s this: 


1. Construct a series of phasors representing the waves to be combined. Draw them 
end to end, maintaining the proper phase relations between adjacent phasors. 


2. Construct the vector sum of this array. The length of this vector sum gives 
the amplitude of the resultant phasor. The angle between the vector sum 
and the first phasor is the phase of the resultant with respect to this first pha- 
sor. The projection of this vector-sum phasor on the vertical axis gives the time 


variation of the resultant wave. 


CHECKPOINT 4 


Each of four pairs of light waves arrives at a certain point on 


a screen. The waves have the same wavelength. At the arrival point, their amplitudes 
and phase differences are (a) 2Eo, 6), and 7 rad; (b) 3Eo, 5Eo, and 7 rad; (c) 9Eo, 7E5, and 
37 rad; (d) 2E, 2Fo, and 0 rad. Rank the four pairs according to the intensity of the light 


at the arrival point, greatest first. (Hint: Draw phasors.) 


Sample Problem cE 


Three light waves combine at a certain point where 
their electric field components are 


Le = Eo sin wt, 
E, = E, sin(wt + 60°), 
E; = Ey sin(wt — 30°). 


Find their resultant component E(f) at that point. 





agi | The resultant wave is 
E(t) = E,(t) + E(t) + E3(2). 


We can use the method of phasors to find this sum, and 
we are free to evaluate the phasors at any time t¢. 


Calculations: To simplify the solution, we choose t = 0, 
for which the phasors representing the three waves are 
shown in Fig. 35-14. We can add these three phasors ei- 
ther directly on a vector-capable calculator or by com- 
ponents. For the component approach, we first write the 
sum of their horizontal components as 


> E, = Ey cos 0 + Epcos 60° + Ey cos(—30°) = 2.37E,. 


The sum of their vertical components, which is the value 
of E at t = 0,18 


>, ioe = Fo sin 0 aa Ey sin 60° + Eo sin(—30°) — 0.366E). 


The resultant wave E(t) thus has an amplitude Ep of 
ER = #2237 Bs)° + (0.366E,)* == 2.464, 


and a phase angle # relative to the phasor representing 


ie - n-( omer) ee: 
es 2.37E,y 


We can now write, for the resultant wave E(t), 
E = Epsin(ot + B) 
= 2.4F) sin(wt + 8.8°). 


(Answer) 


Be careful to interpret the angle 6 correctly in Fig. 35-14: 
It is the constant angle between Fp and the phasor 
representing F, as the four phasors rotate as a single 
unit around the origin. The angle between Ep and the 
horizontal axis in Fig. 35-14 does not remain equal to B. 





FIG. 35-14 Three phasors, representing waves with equal am- 
plitudes Ey and with phase constants 0°, 60°, and —30°, shown 
at time t = 0. The phasors combine to give a resultant phasor 
with magnitude Fp, at angle B. 
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FIG. 35-15 Light waves, repre- 
sented with ray i, are incident ona 
thin film of thickness L and index of 
refraction n,. Rays r; and r, represent 
light waves that have been reflected 
by the front and back surfaces of the 
film, respectively. (All three rays are 
actually nearly perpendicular to the 
film.) The interference of the waves 
of r, and ry with each other depends 
on their phase difference. The index 
of refraction n, of the medium at the 
left can differ from the index of re- 
fraction n; of the medium at the 
right, but for now we assume that 
both media are air, with n, = nz = 
1.0, which is less than np. 
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FIG. 35-16 Phase changes when a 
pulse is reflected at the interface be- 
tween two stretched strings of differ- 
ent linear densities. The wave speed 
is greater in the lighter string. (a) The 
incident pulse is in the denser string. 
(b) The incident pulse is in the lighter 
string. Only here is there a phase 
change, and only in the reflected 
wave. 
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The colors we see when sunlight illuminates a soap bubble or an oil slick are caused 
by the interference of light waves reflected from the front and back surfaces of a thin 
transparent film. The thickness of the soap or oil film is typically of the order of mag- 
nitude of the wavelength of the (visible) light involved. (Greater thicknesses spoil 
the coherence of the light needed to produce the colors due to interference.) 

Figure 35-15 shows a thin transparent film of uniform thickness L and index 
of refraction n, illuminated by bright light of wavelength A from a distant point 
source. For now, we assume that air lies on both sides of the film and thus that 
n, = nz in Fig. 35-15. For simplicity, we also assume that the light rays are almost 
perpendicular to the film (6 ~ 0). We are interested in whether the film is bright 
or dark to an observer viewing it almost perpendicularly. (Since the film is 
brightly illuminated, how could it possibly be dark? You will see.) 

The incident light, represented by ray i, intercepts the front (left) surface 
of the film at point a and undergoes both reflection and refraction there. The 
reflected ray r; is intercepted by the observer’s eye. The refracted light crosses 
the film to point b on the back surface, where it undergoes both reflection and 
refraction. The light reflected at b crosses back through the film to point c, where 
it undergoes both reflection and refraction. The light refracted at c, represented 
by ray r>,1s intercepted by the observer’s eye. 

If the light waves of rays r, and 7 are exactly in phase at the eye, they produce 
an interference maximum and region ac on the film is bright to the observer. If 
they are exactly out of phase, they produce an interference minimum and region 
ac 1s dark to the observer, even though it is illuminated. If there is some intermedi- 
ate phase difference, there are intermediate interference and brightness. 

Thus, the key to what the observer sees is the phase difference between the 
waves of rays r; and ry. Both rays are derived from the same ray i, but the path 
involved in producing 7, involves light traveling twice across the film (a to b, and 
then b to c), whereas the path involved in producing r, involves no travel through 
the film. Because @ is about zero, we approximate the path length difference 
between the waves of 7, and r, as 2. However, to find the phase difference 
between the waves, we cannot just find the number of wavelengths A that is 
equivalent to a path length difference of 2L. This simple approach is impossible 
for two reasons: (1) the path length difference occurs in a medium other than air, 
and a) reflections are involved, which can change the phase. 
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Before we continue our discussion of interference from thin films, we must 
discuss changes in phase that are caused by reflections. 


Reflection Phase Shifts 


Refraction at an interface never causes a phase change—but reflection can, 
depending on the indexes of refraction on the two sides of the interface. Figure 
35-16 shows what happens when reflection causes a phase change, using as an 
example pulses on a denser string (along which pulse travel is relatively slow) 
and a lighter string (along which pulse travel is relatively fast). 

When a pulse traveling relatively slowly along the denser string in Fig. 35-16a 
reaches the interface with the lighter string, the pulse is partially transmitted and par- 
tially reflected, with no change in orientation. For light, this situation corresponds to 
the incident wave traveling in the medium of greater index of refraction n (recall that 
greater n means slower speed). In that case, the wave that is reflected at the interface 
does not undergo a change in phase; that is, its reflection phase shift is zero. 

When a pulse traveling more quickly along the lighter string in Fig. 35-165 
reaches the interface with the denser string, the pulse is again partially transmit- 
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ted and partially reflected. The transmitted pulse again has the same orientation 
as the incident pulse, but now the reflected pulse is inverted. For a sinusoidal 
wave, such an inversion involves a phase change of 7 rad, or half a wavelength. 
For light, this situation corresponds to the incident wave traveling in the medium 
of lesser index of refraction (with greater speed). In that case, the wave that is 
reflected at the interface undergoes a phase shift of a rad, or half a wavelength. 

We can summarize these results for light in terms of the index of refraction of 
the medium off which (or from which) the light reflects: 
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This might be remembered as “higher means half.” 


Interference 





Equations for Thin-Film 





In this chapter we have now seen three ways in which the phase difference 
between two waves can change: 


1. by reflection 
2. by the waves traveling along paths of different lengths 


3. by the waves traveling through media of different indexes of refraction 
An Organizing Table for Thin-Film 


When light reflects from a thin film, producing the waves of rays r; and 7, shown ,, terference in Air (Fig. 35-17) 


in Fig. 35-15, all three ways are involved. Let us consider them one by one. 


We first reexamine the two reflections in Fig. 35-15. At point a on the front , r ry 
tote oa Reflection $$ 
interface, the incident wave (in air) reflects from the medium having the higher of ehase 05 0 
the two indexes of refraction; so the wave of reflected ray 7; has its phase shifted ce wavelength 


by 0.5 wavelength. At point b on the back interface, the incident wave reflects 
from the medium (air) having the lower of the two indexes of refraction;so the Path length 
wave reflected there is not shifted in phase by the reflection, and thus neither is the difference 2L 
portion of it that exits the film as ray 7,. We can organize this information with the 


GrcUne RUE DIES sien netire rato tac iam pli cediceaeenmrie Cs iio, ase er 

film in air. So far, as a result of the reflection phase shifts, the waves of 7; and r, path 

have a phase difference of 0.5 wavelength and thus are exactly out of phase. length Ny 
Now we must consider the path length difference 2L that occurs because the difference 

wave of ray r, crosses the film twice. (This difference 2L is shown on the second occurs 


line in Table 35-1.) If the waves of 7; and 7, are to be exactly in phase so that they Bo Aen See . 
produce fully constructive interference, the path length 2L must cause an additional In phase*: 2L = a ee 
phase difference of 0.5, 1.5,2.5, ... wavelengths. Only then will the net phase differ- ° 


ence be an integer number of wavelengths. Thus, for a bright film, we must have Out of 


r 
phase’: 2L = integer X — 


Dy) 
dd b 
2L = = x wavelength (in-phase waves). (35-31) 


“Valid for n, > n, and n, > n3. 


The wavelength we need here is the wavelength A,, of the light in the medium 
containing path length 2/,—that is, in the medium with index of refraction np. 


Thus, we can rewrite Eq. 35-31 as Air 
dd b 
2L = aan xX An? (in-phase waves). (35-32) 


If, instead, the waves are to be exactly out of phase so that there is fully 
destructive interference, the path length 2 must cause either no additional , 
phase difference or a phase difference of 1,2,3,... wavelengths. Only then will = ¢)¢, 25.47 Reflections from a thin 
the net phase difference be an odd number of half-wavelengths. For a dark film, _ film in air. 
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FIG. 35-18 The reflection of light 
from a soapy water film spanning a 
vertical loop. The top portion is so 
thin that the light reflected there un- 
dergoes destructive interference, 
making that portion dark. Colored 
interference fringes, or bands, deco- 
rate the rest of the film but are 
marred by circulation of liquid 
within the film as the liquid is gradu- 


ally pulled downward by gravitation. 


(Richard Megna/Fundamental 
Photographs) 





Wing 


Baa YS re sae cen eek can acca ata epee ear rate 





FIG. 35-19 Reflecting structure 
extending up from a Morpho 
butterfly wing. Reflections from the 
top surfaces of the transparent 
“terraces” give an interference color 
to the wing. 


surface 


we must have 
2L = integer X wavelength, (35-33) 


where, again, the wavelength is the wavelength A,, in the medium containing 2L. 
Thus, this time we have 


2L = integer X A, (out-of-phase waves). (35-34) 


Now we can use Eq. 35-8 (A,, = A/n) to write the wavelength of the wave of ray r, 
inside the film as 
A. =, (35-35) 
Ny 
where A is the wavelength of the incident light in vacuum (and approximately 


also in air). Substituting Eq. 35-35 into Eq. 35-32 and replacing “odd number/2” 
with (m + 3) give us 


rv 
2L=(m + ) ee? form = 0,1,2,... (maxima— bright filmin air). (35-36) 
2 


Similarly, with m replacing “integer,” Eq. 35-34 yields 


Xv 
2L=m—., form = 0,1,2,... (minima — dark film in air). (35-37) 
Ny 


For a given film thickness L, Eqs. 35-36 and 35-37 tell us the wavelengths of 
light for which the film appears bright and dark, respectively, one wavelength for 
each value of m. Intermediate wavelengths give intermediate brightnesses. For a 
given wavelength A, Eqs. 35-36 and 35-37 tell us the thicknesses of the films that 
appear bright and dark in that light, respectively, one thickness for each value of 
m. Intermediate thicknesses give intermediate brightnesses. 


Film Thickness Much Less Than ’ 


A special situation arises when a film is so thin that L is much less than A, say, 
LE <0.1A. Then the path length difference 2L can be neglected, and the phase 
difference between r,; and r, is due only to reflection phase shifts. If the film of 
Fig. 35-17, where the reflections cause a phase difference of 0.5 wavelength, 
has thickness L < 0.1A, then r,; and r, are exactly out of phase, and thus the film 
is dark, regardless of the wavelength and intensity of the light. This special situa- 
tion corresponds to m = 0 in Eq. 35-37. We shall count any thickness L < 0.1A as 
being the least thickness specified by Eq. 35-37 to make the film of Fig. 35-17 
dark. (Every such thickness will correspond to m = 0.) The next greater thick- 
ness that will make the film dark 1s that corresponding tom = 1. 

Figure 35-18 shows a vertical soap film whose thickness increases from top 
to bottom because gravitation has caused the film to slump. Bright white light 
illuminates the film. However, the top portion is so thin that it is dark. In the 
(somewhat thicker) middle we see fringes, or bands, whose color depends pri- 
marily on the wavelength at which reflected light undergoes fully constructive 
interference for a particular thickness. Toward the (thickest) bottom the fringes 
become progressively narrower and the colors begin to overlap and fade. 


Color Shifting by Butterflies, Inks, and Paints 


A surface that displays colors due to thin-film interference is said to be iridescent 
because the tints of the colors change as you change your view of the surface. 
The iridescence of the top surface of a Morpho butterfly wing is due to thin-film 
interference of light reflected by thin terraces of transparent cuticle-like material 
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on the wing (Fig. 35-19). These terraces are arranged like wide, flat branches on a 
tree-like structure that extends perpendicular to the wing. 

Suppose you look directly down on these terraces as white light shines 
directly down on the wing. Then the light reflected back up to you from the ter- 
races undergoes fully constructive interference in the blue-green region of the 
visible spectrum. Light in the yellow and red regions, at the opposite end of the 
spectrum, is weaker because it undergoes only intermediate interference. Thus, 
the top surface of the wing looks blue-green to you. 

If you intercept light that reflects from the wing in some other direction, the 
light has traveled along a slanted path through the terraces. Then the wavelength 
at which there is fully constructive interference is somewhat different from that 
for light reflected directly upward. Thus, if the wing moves in your view so that 
the angle at which you view it changes, the color at which the wing is brightest 
changes somewhat, producing the iridescence of the wing. 

The color-shifting inks and paints used on paper currencies, cars, guitars, and 
other objects function in almost the same way as the color-shifting wing on a 
Morpho butterfly. Figure 35-20a shows a cross section of the ink layer used on 
some currencies. The color shifting is due to thin multilayered flakes suspended in 
regular ink. Figure 35-205 shows a cross section through one of the flakes. Light 
penetrating the regular ink above the flake travels through thin layers of 
chromium (Cr), magnesium fluoride (MgF;), and aluminum (Al). The Cr layers 
function as weak mirrors, the Al layer functions as a better mirror, and the MgF, 
layers function like soap films. The result is that light reflected upward from each 
boundary between layers passes back through the regular ink and then under- 
goes interference at an observer’s eye. Which color undergoes fully constructive 
interference depends on the thickness L of the MgF, layers. In U.S. currency 
printed with color-shifting inks, the value of L is designed to give fully construc- 
tive interference for red or red-yellow light when the observer looks directly 
down on the currency. When the observer tilts the currency and thus each flake, 
the light reaching the observer from the flakes undergoes constructive interfer- 
ence for green light. Thus, by changing the angle of view, the observer can shift 
the color. Other countries use other designs of thin-film flakes to achieve differ- 


Regular ink 


a = 





) 
FIG. 35-20 (a) Color-shifting ink on 
a paper currency consists of multilay- 
ered thin-film flakes suspended in 
regular ink. (b) Cross section of one 
of the flakes. Light penetrates the five 
layers, reflecting from each boundary. 
The color that results from the inter- 
ference of these reflected light waves 
is determined by the thickness L of 
the magnesium fluoride layers. 


ent shifts in the colors on their currencies. 


PROBLEM-SOLVING TACTICS 


ME 





Tactic 7: Thin-Film Equations Some students believe 
that Eq. 35-36 gives the maxima and Eq. 35-37 gives the min- 
ima for a// thin-film situations. This is not true. These relations 
were derived only for the situation in which n, > n, and n, > nz 
in Fig. 35-15 and for the situation of Fig. 35-17, in which a thin 
film lies in air. 

The appropriate equations for other relative values of the 


CHECKPOINT 5 The figure shows four situa- 
tions in which light reflects perpendicularly from a thin 
film of thickness L, with indexes of refraction as given. (a) 
For which situations does reflection at the film interfaces 


indexes of refraction can be derived by following the reason- 
ing of this section and constructing new versions of Table 35-1. 
In each case you will end up with Eqs. 35-36 and 35-37, but 
sometimes Eq. 35-36 will give the minima and Eq. 35-37 will 
give the maxima—the opposite of what we found here. Which 
equation gives which depends on whether the reflections at 
the two interfaces give the same reflection phase shift. 


cause a zero phase difference for the two reflected rays? 
(b) For which situations will the film be dark if the path 
length difference 2 causes a phase difference of 0.5 
wavelength? 
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Sample Problem | 35-5 | 


White light, with a uniform intensity across the visible 
wavelength range of 400 to 690 nm, is perpendicularly 
incident on a water film, of index of refraction n, = 1.33 
and thickness L = 320 nm, that is suspended in air. At 
what wavelength A is the light reflected by the film 
brightest to an observer? 





"atltedavie The reflected light from the film is brightest 
at the wavelengths A for which the reflected rays are in 
phase with one another. The equation relating these 
wavelengths A to the given film thickness L and film index 
of refraction n, is either Eq. 35-36 or Eq. 35-37, depending 
on the reflection phase shifts for this particular film. 


Calculations: To determine which equation is needed, 
we should fill out an organizing table like Table 35-1. 
However, because there is air on both sides of the water 
film, the situation here is exactly like that in Fig. 35-17, 
and thus the table would be exactly like Table 35-1. 
Then from Table 35-1, we see that the reflected rays are 


in phase (and thus the film is brightest) when 


o, = odd number 5 AL , 
2 Ny 


which leads to Eq. 35-36: 
r 


2L = (m + 3) — 
2 


Solving for A and substituting for L and ny, we find 


— 2nnk — (2)(1.33)(320nm) — 851 nm 
m + 3 m+ 5 m+ 3 

For m = 0, this gives us A = 1700 nm, which is in the in- 

frared region. For m = 1, we find A = 567 nm, which is 

yellow-green light, near the middle of the visible spec- 

trum. For m = 2, A = 340 nm, which is in the ultraviolet 

region. Thus, the wavelength at which the light seen by 


the observer is brightest is 


A = 567 nm. (Answer) 


Sample Problem eee 


In Fig. 35-21, a glass lens is coated on one side with a 
thin film of magnesium fluoride (MgF,) to reduce re- 
flection from the lens surface. The index of refraction of 
MeF, is 1.38; that of the glass is 1.50. What is the least 
coating thickness that eliminates (via interference) the 
reflections at the middle of the visible spectrum (A = 
550 nm)? Assume that the light is approximately per- 
pendicular to the lens surface. 





[teamed Reflection is eliminated if the film thickness 
Lis such that light waves reflected from the two film in- 
terfaces are exactly out of phase. The equation relating L 
to the given wavelength A and the index of refraction n, 
of the thin film is either Eq. 35-36 or Eq. 35-37, depend- 
ing on the reflection phase shifts at the interfaces. 


Calculations: To determine which equation is needed, 
we fill out an organizing table like Table 35-1. At the 
first interface, the incident light is in air, which has a 
lesser index of refraction than the MgF, (the thin film). 
Thus, we fill in 0.5 wavelength under 7, 1n our organizing 
table (meaning that the waves of ray 7; are shifted by 
0.5A at the first interface). At the second interface, the 
incident light is in the MgF,, which has a lesser index of 
refraction than the glass on the other side of the inter- 
face. Thus, we fill in 0.5 wavelength under r, in our table. 
Because both reflections cause the same phase shift, 
they tend to put the waves of r, and r, in phase. Since we 
want those waves to be out of phase, their path length dif- 
ference 2, must be an odd number of half-wavelengths: 


oT = odd number . cs | 
2 N»> 
This leads to Eq. 35-36. Solving that equation for L then 
gives us the film thicknesses that will eliminate reflec- 
tion from the lens and coating: 


L=(m+3) 





form =0,1,2,.... (35-38) 


r 
2n>” 
We want the least thickness for the coating — that is, the 
smallest value of L. Thus, we choose m = 0, the smallest 
possible value of m. Substituting it and the given data in 
Eq. 35-38, we obtain 

A 550 nm 


L= = ——— = 99. 6nm. (A 
hes (4)(1.38) 99.6nm. (Answer) 





FIG. 35-21 Unwanted 
reflections from glass 
can be suppressed (at a 
chosen wavelength) by 
coating the glass with a 
thin transparent film of 
magnesium fluoride of 
the properly chosen 
thickness. 





Ley, 





Figure 35-22a shows a transparent plastic block with a 
thin wedge of air at the right. (The wedge thickness is 
exaggerated in the figure.) A broad beam of red light, 
with wavelength A = 632.8 nm, is directed downward 
through the top of the block (at an incidence angle of 
0°). Some of the light that passes into the plastic is re- 
flected back up from the top and bottom surfaces of the 
wedge, which acts as a thin film (of air) with a thickness 
that varies uniformly and gradually from L, at the left- 
hand end to Le at the right-hand end. (The plastic layers 
above and below the wedge of air are too thick to act 
as thin films.) An observer looking down on the block 
sees an interference pattern consisting of six dark fringes 
and five bright red fringes along the wedge. What is the 
change in thickness AL (= Lz — L,) along the wedge? 


Caw (1) The brightness at any point along the 


left—right length of the air wedge is due to the interfer- 
ence of the waves reflected at the top and bottom 
interfaces of the wedge. (2) The variation of brightness 
in the pattern of bright and dark fringes is due to the 
variation in the thickness of the wedge. In some regions, 
the thickness puts the reflected waves in phase and thus 
produces a bright reflection (a bright red fringe). In 
other regions, the thickness puts the reflected waves out 
of phase and thus produces no reflection (a dark fringe). 


Organizing the reflections: Because the observer sees 
more dark fringes than bright fringes, we can assume 
that a dark fringe is produced at both the left and right 
ends of the wedge. Thus, the interference pattern is that 
shown in Fig. 35-225. 

We can represent the reflection of light at the top 
and bottom interfaces of the wedge, at any point along its 
length, with Fig. 35-22c, in which L is the wedge thickness 
at that point. Let us apply this figure to the left end of the 
wedge, where the reflections give a dark fringe. 

We know that, for a dark fringe, the waves of rays r; 
and r, in Fig. 35-22c must be out of phase. We also know 
that the equation relating the film thickness L to the 
light’s wavelength A and the film’s index of refraction n, 
is either Eq. 35-36 or Eq. 35-37, depending on the reflec- 
tion phase shifts. To determine which equation gives a 
dark fringe at the left end of the wedge, we should fill 
out an organizing table like Table 35-1. 

At the top interface of the wedge, the incident light 
is in the plastic, which has a greater n than the air be- 
neath that interface. So, we fill in 0 under 7, in our orga- 
nizing table. At the bottom interface of the wedge, the 
incident light is in air, which has a lesser n than the plas- 
tic beneath that interface. So we fill in 0.5 wavelength 
under 7. Thus the reflections alone tend to put the 
waves of 7; and r, out of phase. 
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Incident light 


pA 




















(0) | 
FIG. 35-22 (a) Red light is incident on a thin, air-filled wedge in 
the side of a transparent plastic block. The thickness of the wedge 
is L, at the left end and Lez at the right end. (b) The view from 
above the block: an interference pattern of six dark fringes and 
five bright red fringes lies over the region of the wedge. (c) A rep- 
resentation of the incident ray i, reflected rays 7; and 7,, and thick- 
ness L of the wedge anywhere along the length of the wedge. 


Reflections at left end: Because the waves are out of 
phase at the left end of the air wedge, the path length 
difference 2L at that end of the wedge must be given by 


r 
2L = integer X —, 


Ny 
which leads to Eq. 35-37: 
r | 
2 in form =0,1,2,.... (35-39) 
Ny 


Reflections at right end: Equation 35-39 holds not 
only for the left end of the wedge but also for any point 
along the wedge where a dark fringe is observed, includ- 
ing the right end, with a different integer value of m for 
each fringe. The least value of m is associated with the 
least thickness of the wedge where a dark fringe is ob- 
served. Progressively greater values of m are associated 
with progressively greater thicknesses of the wedge 
where a dark fringe is observed. Let m,; be the value at 
the left end. Then the value at the right end must be 
m,, + 5 because, from Fig. 35-225, the right end is lo- 
cated at the fifth dark fringe from the left end. 


Thickness difference: To find AL, we first solve Eq. 35-39 
twice—once for the thickness L, at the left end and once 
for the thickness Lp at the right end: 
r A 
L, = (m,) Cee Le = (m, + 5) On, (35-40) 
We can now subtract L,; from Lp and substitute n, = 1.00 
for the air within the wedge and \ = 632.8 X 107? m: 


: 2 2n, 2n» 2 Ny 
= 1.58 x 10°°m. (Answer) 
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Movable 





FIG. 35-23 Michelson’s interferom- 
eter, showing the path of light origi- 
nating at point P of an extended 
source §. Mirror M splits the light 
into two beams, which reflect from 
mirrors M, and M, back to M and 
then to telescope 7. In the telescope 
an observer sees a pattern of inter- 
ference fringes. 
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An interferometer is a device that can be used to measure lengths or changes in 
length with great accuracy by means of interference fringes. We describe the form 
originally devised and built by A. A. Michelson in 1881. 

Consider light that leaves point P on extended source S in Fig, 35-23 and 
encounters beam splitter M. A beam splitter is a mirror that transmits half the 
incident light and reflects the other half. In the figure we have assumed, for 
convenience, that this mirror possesses negligible thickness. At M the light thus 
divides into two waves. One proceeds by transmission toward mirror M, at the end 
of one arm of the instrument; the other proceeds by reflection toward mirror M, at 
the end of the other arm. The waves are entirely reflected at these mirrors and are 
sent back along their directions of incidence, each wave eventually entering tele- 
scope T. What the observer sees is a pattern of curved or approximately straight in- 
terference fringes; in the latter case the fringes resemble the stripes on a zebra. 

The path length difference for the two waves when they recombine at the 
telescope is 2d, — 2d,, and anything that changes this path length difference will 
cause a change in the phase difference between these two waves at the eye. As an 
example, if mirror M, is moved by a distance xA, the path length difference 1s 
changed by A and the fringe pattern is shifted by one fringe (as if each dark stripe 
on a zebra had moved to where the adjacent dark stripe had been). Similarly, 
moving mirror M, by iA causes a shift by half a fringe (each dark zebra stripe 
shifts to where the adjacent white stripe was). 

A shift in the fringe pattern can also be caused by the insertion of a thin 
transparent material into the optical path of one of the mirrors—say, M,. If the 
material has thickness L and index of refraction n, then the number of wave- 
lengths along the light’s to-and-fro path through the material is, from Eq. 35-9, 

Ze 2Ln 


N, = 35-41 
ee a (35-41) 





The number of wavelengths in the same thickness 2L of air before the insertion 
of the material is aT 


Na 
A 


(35-42) 
When the material is inserted, the light returned from mirror M, undergoes a 
phase change (in terms of wavelengths) of 

Zin 2L 


2L 
a — ane — agate 1 a -4 
IN aN, , i ‘i (= 1) (35-43) 





For each phase change of one wavelength, the fringe pattern is shifted by one 
fringe. Thus, by counting the number of fringes through which the material causes 
the pattern to shift, and substituting that number for N,, — N, in Eq. 35-43, you 
can determine the thickness L of the material in terms of A. 

By such techniques the lengths of objects can be expressed in terms of the 
wavelengths of light. In Michelson’s day, the standard of length—the meter — 
was chosen by international agreement to be the distance between two fine 
scratches on a certain metal bar preserved at Sévres, near Paris. Michelson was 
able to show, using his interferometer, that the standard meter was equivalent to 
1 553 163.5 wavelengths of a certain monochromatic red light emitted from a 
light source containing cadmium. For this careful measurement, Michelson 
received the 1907 Nobel Prize in physics. His work laid the foundation for the 
eventual abandonment (in 1961) of the meter bar as a standard of length and for 
the redefinition of the meter in terms of the wavelength of light. By 1983, even 
this wavelength standard was not precise enough to meet the growing require- 
ments of science and technology, and it was replaced with a new standard based 
on a defined value for the speed of light. 


REVIEW & SUMMARY 





Huygens’ Principle The three-dimensional transmission 
of waves, including light, may often be predicted by Huygens’ 
principle, which states that all points on a wavefront serve as 
point sources of spherical secondary wavelets. After a time f, 
the new position of the wavefront will be that of a surface 
tangent to these secondary wavelets. 

The law of refraction can be derived from Huygens’ prin- 
ciple by assuming that the index of refraction of any medium 
is n = c/v, in which v 1s the speed of light in the medium and 
cis the speed of light in vacuum. 


Wavelength and Index of Refraction The wavelength 
A, of light in a medium depends on the index of refraction n of 
the medium: 


A= (35-8) 


in which A is the wavelength of the light in vacuum. Because of 
this dependency, the phase difference between two waves can 
change if they pass through different materials with different 
indexes of refraction. 


Young’s Experiment In Young’s interference experi- 
ment, light passing through a single slit falls on two slits in a 
screen. The light leaving these slits flares out (by diffraction), and 
interference occurs in the region beyond the screen. A fringe pat- 
tern, due to the interference, forms on a viewing screen. 

The light intensity at any point on the viewing screen 
depends in part on the difference in the path lengths from 
the slits to that point. If this difference is an integer number 
of wavelengths, the waves interfere constructively and an 
intensity maximum results. If it is an odd number of half- 
wavelengths, there is destructive interference and an intensity 
minimum occurs. The conditions for maximum and minimum 
intensity are 


dsin 0 = ma, form =0,1,2,... 
(maxima— bright fringes), (35-14) 
dsin 0 = (m+ )A, for? — 0.1 2. 
(minima— dark fringes), (35-16) 


where @ is the angle the light path makes with a central axis 
and d is the slit separation. 


Coherence _ If two light waves that meet at a point are to 
interfere perceptibly, the phase difference between them must 
remain constant with time; that is, the waves must be coherent. 
When two coherent waves meet, the resulting intensity may 
be found by using phasors. 


Intensity in Two-Slit Interference In Young’s interfer- 
ence experiment, two waves, each with intensity Jo, yield a re- 
sultant wave of intensity / at the viewing screen, with 


Qand 
where 6 = ——sin 6. (35-22,35-23) 





I = 41, cos? $4, 


Equations 35-14 and 35-16, which identify the positions of the 
fringe maxima and minima, are contained within this relation. 


Thin-Film Interference When light is incident on a thin 
transparent film, the light waves reflected from the front and 
back surfaces interfere. For near-normal incidence the wave- 
length conditions for maximum and minimum intensity of the 
light reflected from a film in air are 


A 
2L = (m + 3)—, form = 0,1,2,... 
2 


(maxima — bright film in air), (35-36) 
A 
2L =m—., form =0,1,2,... 
Ny 
(minima — dark film in air), (35-37) 


where ny is the index of refraction of the film, L is its thickness, 
and A is the wavelength of the light in air. 

If the light incident at an interface between media with 
different indexes of refraction is in the medium with the 
smaller index of refraction, the reflection causes a phase 
change of 7 rad, or half a wavelength, in the reflected wave. 
Otherwise, there is no phase change due to the reflection. 
Refraction at an interface does not cause a phase shift. 


The Michelson Interferometer In Michelson’s interfero- 
meter a light wave is split into two beams that, after traversing 
paths of different lengths, are recombined so they interfere and 
form a fringe pattern. Varying the path length of one of the 
beams allows distances to be accurately expressed in terms of 
wavelengths of light, by counting the number of fringes 
through which the pattern shifts because of the change. 


QUESTIONS 


1 Figure 35-24 shows two light 
rays that are initially exactly in 
phase and that reflect from several 
glass surfaces. Neglect the slight 
slant in the path of the light in the 
second arrangement. (a) What is 
the path length difference of the 
rays? In wavelengths A, (b) what 
should that path length difference 
equal if the rays are to be exactly 
out of phase when they emerge, and (c) what is the smallest 
value of d that will allow that final phase difference? 


FIG. 35-24 Question 1. 





2 In Fig. 35-25, three pulses of light—a, b, and c—of the 
same wavelength are sent through layers of plastic having the 
given indexes of refraction and along the paths indicated. 
Rank the pulses according to their travel time through the 
plastic layers, greatest first. 





FIG. 35-25 Question 2. 
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3 Light travels along the length of a 1500-nm-long nano- 
structure. When a peak of the wave is at one end of the 
nanostructure, is there a peak or a valley at the other end if 
the wavelength is (a) 500 nm and (b) 1000 nm? 


4 (a) If you move from one bright fringe in a two-slit inter- 
ference pattern to the next one farther out, (b) does the path 
length difference AL increase or decrease and (c) by how 
much does it change, in wavelengths A? 


S Does the spacing between fringes in a two-slit interfer- 
ence pattern increase, decrease, or stay the same if (a) the 
slit separation is increased, (b) the color of the light is 
switched from red to blue, and (c) the whole apparatus is 
submerged in cooking sherry? (d) If the slits are illumi- 
nated with white light, then at any side maximum, does the 
blue component or the red component peak closer to the 
central maximum? 


6 Figure 35-26 shows two rays of light, of wavelength 
600 nm, that reflect from glass surfaces separated by 150 nm. 
The rays are initially in phase. (a) What is the path length 
difference of the rays? (b) When they have cleared the reflec- 
tion region, are the rays exactly in phase, exactly out of phase, 
or in some intermediate state? 





I 
| | 
oe ne 


FIG. 35-26 Question 6. 


7 Is there an interference maximum, a minimum, an inter- 
mediate state closer to a maximum, or an intermediate state 
closer to a minimum at point P in Fig. 35-10 if the path length 
difference of the two rays is (a) 2.2A, (b) 3.5A, (c) 1.8A, and 
(d) 1.0A? For each situation, give the value of m associated 
with the maximum or minimum involved. 


& Figure 35-27a gives intensity / versus position x on the 
viewing screen for the central portion of a two-slit interfer- 
ence pattern. The other parts of the figure give phasor dia- 
grams for the electric field components of the waves arriving 
at the screen from the two slits (as in Fig. 35-13a). Which num- 
bered points on the screen best correspond to which phasor 


diagram? 
x 
(d) (¢) (d) 


F'G. 35-27 Question 8. 





9 Figure 35-28 shows two sources S$, and S, that emit radio 
waves of wavelength A in all directions. The sources are 
exactly in phase and are separated by a distance equal to 1.5A. 


The vertical broken line is the perpendicular bisector of the 
distance between the sources. (a) If we start at the indicated 
start point and travel along path 1, does the interference 
produce a maximum all along the path, a minimum all along 
the path, or alternating maxima and minima? Repeat for 
(b) path 2 and (c) path 3. 


PIG. 35-28 Question 9. 


10 Figure 35-29 shows the 
transmission of light through a 

thin film in air bya perpendicular Incident 
beam (tilted in the figure for clar- _ light 
ity). (a) Did ray r; undergo a 
phase shift due to reflection? (b) 
In wavelengths, what is the reflec- 
tion phase shift for ray r,? (c) If the film thickness is L, what is 
the path length difference between rays r; and 14? 






FIG. 35-29 Question 10. 


141 Figure 35-30 shows four situations in which light reflects 
perpendicularly from a thin film of thickness L sandwiched 
between much thicker materials. The indexes of refraction are 
given. In which situations does Eq. 35-36 correspond to the 
reflections yielding maxima (that is, a bright film)? 





FIG. 35-30 Ouestion 11. 


12 Figure 35-31a shows the cross section of a vertical thin 
film whose width increases downward because gravitation 
causes slumping. Figure 35-315 is a face-on view of the film, 
showing four bright (red) interference fringes that result when 
the film is illuminated with a perpendicular beam of red light. 
Points in the cross section corresponding to the bright fringes 
are labeled. In terms of the wavelength of the light inside the 
film, what is the difference in film thickness between (a) points 
a and b and (b) points b and d? 





(0) 


FIG. 35-37 Question 12. 


PROBLEMS 





Tutoring problem available (at instructor's discretion) in WileyPLUS and WebAssign 


SSM Worked-out solution available in Student Solutions Manual 


e — eee Number of dots indicates level of problem difficulty 


WWW Worked-out solution is at 






. ae eee ata eee uri 
Interactive solution is at : 


i Additional information available in The Flying Circus of Physics and at flyingcircusofohysics.com 


Click here to view all step-by-step solutions 


sec. 35-2 Light as a Wave 

4 The speed of yellow light (from a sodium lamp) in a cer- 
tain liquid is measured to be 1.92 X 10° m/s. What is the index 
of refraction of this liquid for the light? 


2 In Fig. 35-32a, a beam of light in material 1 is incident on 
a boundary at an angle of 30°. The extent to which the light 
is bent due to refraction depends, in part, on the index of 
refraction n, of material 2. Figure 35-325 gives the angle of 
refraction 6, versus n, for a range of possible n, values, from 
nN, = 1.30 to n, = 1.90. What is the speed of light in material 1? 


30° 





(a) 


FIG. 35-32 Problem 2. 


®3 How much faster, in meters per second, does light travel 
in sapphire than in diamond? See Table 33-1. 


e4 The wavelength of yellow sodium light in air is 589 nm. 
(a) What is its frequency? (b) What is its wavelength in glass 
whose index of refraction is 1.52? (c) From the results of 
(a) and (b), find its speed in this glass. 


“5 In Fig. 35-4, assume that two waves of light in air, of 
wavelength 400 nm, are initially in phase. One travels through a 
glass layer of index of refraction n, = 1.60 and thickness L. The 
other travels through an equally thick plastic layer of index of re- 
fraction n, = 1.50. (a) What is the smallest value L should have if 
the waves are to end up with a phase difference of 5.65 rad? (b) If 
the waves arrive at some common point with the same ampli- 
tude, is their interference fully constructive, fully destructive, in- 
termediate but closer to fully constructive, or intermediate but 
closer to fully destructive? SSM 


6 In Fig. 35-33, a light wave along ray 17, reflects once from 
a mirror and a light wave along ray r, reflects twice from that 
same mirror and once from a tiny mirror at distance L from the 
bigger mirror. (Neglect the slight 
tilt of the rays.) The waves have 
wavelength A and are initially ex- 
actly out of phase. What are the 
(a) smallest, (b) second smallest, 
and (c) third smallest values of 
L/X that result in the final waves 
being exactly in phase? 





FIG. 35-33 
Problems 6 and 7. 





7 In Fig. 35-33, a light wave along ray r, reflects once from 
a mirror and a light wave along ray r, reflects twice from that 
same mirror and once from a tiny mirror at distance L from 
the bigger mirror. (Neglect the slight tilt of the rays.) The waves 
have wavelength 620 nm and are initially in phase. (a) What is the 
smallest value of L that puts the final light waves exactly out of 
phase? (b) With the tiny mirror initially at that value of L, how 
far must it be moved away from the bigger mirror to again put 
the final waves out of phase? 


6 In Fig. 35-34, two light 
pulses are sent through layers 
of plastic with thicknesses of e1- 
ther L or 2L as shown and 
indexes of refraction n, = 1.55, 
ny = 1.70, nz, = 1.60, ng = 1.45, 
ns = 1.59, ng = 1.65, and nz = 
1.50. (a) Which pulse travels 
through the plastic in less time? 
(b) What multiple of L/c gives the difference in the traversal 
times of the pulses? 





phptspetpt 4 
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FIG. 35-34 Problem 8. 


eeY Suppose that the two waves in Fig. 35-4 have wave- 
length A =500nm in air. What multiple of A gives their 
phase difference when they emerge if (a) nm, = 1.50, = 1.60, 
and L = 8.50 wm; (b) n, = 1.62, mn) = 1.72, and L = 8.50 um; 
and (c) n; = 1.59, n, = 1.79, and L = 3.25 wm? (d) Suppose 
that in each of these three situations the waves arrive at a 
common point (with the same amplitude) after emerging. 
Rank the situations according to the brightness the waves 


produce at the common point. 
a 


ee¢10 In Fig. 35-35, two light |. | 
rays go through different paths A 

by reflecting from the various 
flat surfaces shown. The light 
waves have a wavelength of 
420.0nm and are initially in 
phase. What are the (a) smallest 
and (b) second smallest value 
of distance L that will put the 
waves exactly out of phase as 
they emerge from the region? 


ee77 In Fig. 35-4, assume that 
the two light waves, of wave- 
length 620nm in air, are ini- 
tially out of phase by 7 rad. The 
indexes of refraction of the me- 
dia are n, = 1.45 and n, = 1.65. 
What are the (a) smallest and (b) second smallest value of L 
that will put the waves exactly in phase once they pass 
through the two media? 








FIG. 35-35 Problems 10 
and 94. 


ee72 In Fig. 35-36, a light ray is incident at angle 0, = 50° on 
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a series of five transparent layers with parallel boundaries. 
For layers 1 and 3, L, = 20 um, L3 = 25 um, n, = 1.6, and 
nz = 1.45. (a) At what angle does the light emerge back into 
air at the right? (b) How much time does the light take to 
travel through layer 3? 


ny 








| 


FIG. 35-36 Problem 12. 
e173 Two waves of light in air, — Ly ad 
of wavelength A = 600.0 nm, are 
initially in phase. They then Ce 
travel through plastic layers 
as shown in Fig. 35-37, with L, = 
4.00 um, L,=3.50 um, n, = 
1.40, and ny = 1.60. (a) What mul- 
tiple of A gives their phase differ- _ 
ence after they both have | 
emerged from the layers? (b) If 
the waves later arrive at some 
common point with the same am- 
plitude, is their interference fully constructive, fully destructive, 
intermediate but closer to fully constructive, or intermediate but 
closer to fully destructive? !tw 











Ly 


FIG. 35-37 Problem 13. 


sec. 35-4 Young's Interference Experiment 

#74 Monochromatic green light, of wavelength 550 nm, 
illuminates two parallel narrow slits 7.70 wm apart. Calculate 
the angular deviation (0 in Fig. 35-10) of the third-order (for 
m = 3) bright fringe (a) in radians and (b) in degrees. 

e715 In Fig. 35-38, two radio-fre- 
quency point sources S; and S$, ome 
separated by distance d = 2.0 m, Sy So 
are radiating in phase with A= 
0.50m. A detector moves in a 
large circular path around the two 
sources in a plane containing them. How many maxima does it 
detect? SSM 





FIG. 35-38 Problems 15 
and 24. 


16 Ina double-slit arrangement the slits are separated by a 
distance equal to 100 times the wavelength of the light passing 
through the slits. (a) What is the angular separation in radians 
between the central maximum and an adjacent maximum? 
(b) What is the distance between these maxima on a screen 
50.0 cm from the slits? 


«17 A double-slit arrangement produces interference 
fringes for sodium light (A = 589 nm) that have an angular 
separation of 3.50 < 10°? rad. For what wavelength would the 
angular separation be 10.0% greater? SSM 


78 A  double-slit arrangement produces interference 
fringes for sodium light (A = 589 nm) that are 0.20° apart. 
What is the angular fringe separation if the entire arrange- 
ment is immersed in water (n = 1.33)? 


xX 


e719 Suppose that Young’s experiment is performed with 
blue-green light of wavelength 500 nm. The slits are 1.20 mm 
apart, and the viewing screen is 5.40 m from the slits. How far 
apart are the bright fringes near the center of the interference 
pattern? Sssm iLw 


e2Z0 In the two-slit experiment of Fig. 35-10, let angle 0 
be 20.0°, the slit separation be 4.24 um, and the wavelength be 
A = 500 nm. (a) What multiple of A gives the phase difference 
between the waves of rays r; and r, when they arrive at point 
P on the distant screen? (b) What is the phase difference in 
radians? (c) Determine where in the interference pattern 
point P lies by giving the maximum or minimum on which it 
lies, or the maximum and minimum between which it lies. 


ee21 In Fig. 35-39, sources A 
and B emit long-range radio 
waves of wavelength 400 m, 
with the phase of the emission 
from A ahead of that from A B 

source B by 90°. The distance = gig. 35.39 ~Problem 71. 
r, from A to detector D is 

greater than the corresponding distance rg by 100 m. What ts 
the phase difference of the waves at D? 





eeZ2 Sunlight is used in a double-slit interference experi- 
ment. The fourth-order maximum for a wavelength of 450 nm 
occurs at an angle of 0 = 90°. Thus, it 1s on the verge of being 
eliminated from the pattern because @ cannot exceed 90° in 
Eq. 35-14. (a) What range of wavelengths in the visible range 
(400 nm to 700 nm) are not present in the third-order max- 
ima? To eliminate all of the visible light in the fourth-order 
maximum, (b) should the slit separation be increased or 
decreased and (c) what least change in separation is needed? 


e°23 In Fig. 35-40, two isotropic point sources of light 
(S, and S,) are separated by dis- 
tance 2.70 ym along a y axis and 
emit in phase at wavelength 900 
nm and at the same amplitude. 
A light detector is located at 
point P at coordinate xp on the 
x axis. What is the greatest value 
of xp at which the detected light 
is minimum due to destructive 
interference? © 





FIG. 35-40 Problems 23, 
Zo-andi 2: 


e¢24 In Fig. 35-38, two isotropic point sources S$; and S$, emit 
identical light waves in phase at wavelength A. The sources lie 
at separation d on an x axis, and a light detector is moved in 
a circle of large radius around the midpoint between them. 
It detects 30 points of zero intensity, including two on the 
x axis, one of them to the left of the sources and the other to 
the right of the sources. What is the value of d/A? 


ee25 Ina double-slit experiment, the distance between slits is 
5.0 mm and the slits are 1.0 m from the screen. Two interference 
patterns can be seen on the screen: one due to light of wave- 
length 480 nm, and the other due to light of wavelength 600 nm. 
What is the separation on the screen between the third-order (m 
= 3) bright fringes of the two interference patterns? 


®e26 In Fig. 35-41, two isotropic point sources S$; and S) emit 
light in phase at wavelength A and at the same amplitude. The 
sources are separated by distance 2d = 6.004. They lie on an axis 


that is parallel to an x axis, which 
runs along a viewing screen at 
distance D = 20.04. The origin 
lies on the perpendicular bisec- 
tor between the sources. The fig- 
ure shows two rays reaching 
point P on the screen, at position 
xp. (a) At what value of xp do the 
rays have the minimum possible 
phase difference? (b) What mul- 
tiple of A gives that minimum 
phase difference? (c) At what value of xp do the rays have the 
maximum possible phase difference? What multiple of A gives 
(d) that maximum phase difference and (e) the phase difference 
when xp = 6.00A? (f) When xp = 6.00A, is the resulting intensity 
at point P maximum, minimum, intermediate but closer to maxi- 
mum, or intermediate but closer to minimum? 
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FIG. 35-41 Problem 26. 


eee27 A thin flake of mica (nm = 1.58) is used to cover one 
slit of a double-slit interference arrangement. The central 
point on the viewing screen is now occupied by what had been 
the seventh bright side fringe (m = 7). If A = 550 nm, what is 
the thickness of the mica? 


e@e28 Figure 35-40 shows two isotropic point sources of 
light (S$; and S,) that emit in phase at wavelength 400 nm and 
at the same amplitude. A detection point P is shown on an 
x axis that extends through source S,. The phase difference ¢ 
between the light arriving at point P from the two sources is 
to be measured as P is moved along the x axis from x = 0 
out to x = +, The results out to x, = 10 X 10°’ m are given 
in Fig. 35-42. On the way out to +, what is the greatest value 
of x at which the light arriving at P from S, 1s exactly out of 
phase with the light arriving at P from S,? 


@ (rad) 





x (1077 m) 


FIG. 35-42 Problem 28. 


sec. 35-6 Intensity in Double-Slit Interference 

29 ‘Two waves of the same frequency have amplitudes 1.00 
and 2.00. They interfere at a point where their phase differ- 
ence is 60.0°. What is the resultant amplitude? ssm 

®30 Find the sum y of the following quantities: 

y, =10sinwt and y, = 8.0sin(wt + 30°). 

®e31 Three electromagnetic waves travel through a certain 
point P along an x axis. They are polarized parallel to a y axis, 


with the following variations in their amplitudes. Find their 
resultant at P. & 


E, = (10.0 wV/m) sin[(2.0 X 10" rad/s)<] 
E> = (5.00 zV/m) sin[(2.0 X 104 rad/s)t + 45.0°] 
E3 = (5.00 «V/m) sin[(2.0 x 10 rad/s)t — 45.0°] 


ee32 Inthe double-slit experiment of Fig. 35-10, the electric 
fields of the waves arriving at point P are given by 


E, = (2.00 pV/m) sin[(1.26 x 10')4] 
E, = (2.00 nV/m) sin[(1.26 x 10')t + 39.6 rad], 


where time ¢ is in seconds. (a) What is the amplitude of the 
resultant electric field at point P? (b) What is the ratio of the 
intensity 7p at point P to the intensity /,., at the center of 
the interference pattern? (c) Describe where point P is in the 
interference pattern by giving the maximum or minimum on 
which it lies, or the maximum and minimum between which it 
lies. In a phasor diagram of the electric fields, (d) at what rate 
would the phasors rotate around the origin and (e) what is 
the angle between the phasors? 


e°33 Add the quantities y, = 10 sin ft, y. = 15 sin(wt + 30°), 
and y3; = 5.0 sin(wt — 45°) using the phasor method. !Lw 


2@34 Inthe double-slit experiment of Fig. 35-10, the viewing 
screen is at distance D = 4.00 m, point P lies at distance y = 
20.5 cm from the center of the pattern, the slit separation d is 
4.50 um, and the wavelength A is 580 nm. (a) Determine 
where point P is in the interference pattern by giving the 
maximum or minimum on which it lies, or the maximum and 
minimum between which it lies. (b) What is the ratio of the 
intensity Jp at point P to the intensity /,., at the center of 
the pattern? 


sec. 35-7 Interference from Thin Films 

°35 The rhinestones in costume jewelry are glass with index 
of refraction 1.50. To make them more reflective, they are 
often coated with a layer of silicon monoxide of index of 
refraction 2.00. What is the minimum coating thickness 
needed to ensure that light of wavelength 560 nm and of per- 
pendicular incidence will be reflected from the two surfaces of 
the coating with fully constructive interference? 


36 White light is sent downward onto a horizontal thin film 
that is sandwiched between two materials. The indexes of 
refraction are 1.80 for the top material, 1.70 for the thin film, 
and 1.50 for the bottom material. The film thickness is 5.00 
107’ m. Of the visible wavelengths (400 to 700 nm) that result 
in fully constructive interference at an observer above the 
film, which is the (a) longer and (b) shorter wavelength? The 
materials and film are then heated so that the film thickness 
increases. (c) Does the light resulting in fully constructive 
interference shift toward longer or shorter wavelengths? 


°37 Light of wavelength 624 nm 1s incident perpendicularly 
on a soap film (m = 1.33) suspended in air. What are the 
(a) least and (b) second least thicknesses of the film for which 
the reflections from the film undergo fully constructive inter- 
ference? ILwW 


«38 A 600-nm-thick soap film (7 = 1.40) in air is illuminated 
with white light in a direction perpendicular to the film. 
For how many different wavelengths in the 300 to 700 nm 
range is there (a) fully constructive interference and (b) fully 
destructive interference in the reflected light? 


*39 We wish to coat flat glass (n = 1.50) with a transparent 
material (n = 1.25) so that reflection of light at wavelength 
600 nm is eliminated by interference. What minimum thick- 
ness can the coating have to do this? SsmM 
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eeAQ A thin film of acetone (n = 
1.25) coats a thick glass plate (n = 
1.50). White light is incident normal 


as i) 


to the film. In the reflections, fully de- ny 
structive interference occurs at 600 

nm and fully constructive interfer- 41 1.50 
ence at 700 nm. Calculate the thick- 42 132 
ness of the acetone film. 43 1.55 
ee41 through 52 Reflection by 44 ESD 
thin layers. In Fig. 35-43, light is inci- 45 1.60 
dent perpendicularly on a thin layer 46 1.40 


of material 2 that lies between 


(thicker) materials 1 and 3. (The rays ofl ae 
are tilted only for clarity.) The waves 48 1.50 
of rays r, and r, interfere, and 49 1.68 
here we consider the type of interfer- 59 1.68 
ence to be either maximum (max) or 54 1.32 
minimum (min). For this situation, 52 1.60 


each problem in Table 35-2 refers to 
the indexes of refraction n,, n, and 
n3, the type of interference, the thin- 
layer thickness L in nanometers, 

and the wavelength A in nanometers 

of the light as measured in air. 

Where A is missing, give the wave- 

length that is in the visible range. 

Where L is missing, give the second 

least thickness or the third least 

thickness as indicated. SSM 41, 

47 @ 43, 51 


ee53 A disabled tanker leaks 
kerosene (n = 1.20) into the Persian 
Gulf, creating a large slick on top of the water (n = 1.30). (a) If 
you are looking straight down from an airplane, while the Sun is 
overhead, at a region of the slick where its thickness is 460 nm, 
for which wavelength(s) of visible light is the reflection brightest 
because of constructive interference? (b) If you are scuba diving 
directly under this same region of the slick, for which wave- 
length(s) of visible light is the transmitted intensity strongest? 


TABLE 35-3 


ng 





FIG. 35-43 Problems 
41 through 52. 


SSM WWW 


ee54 A thin film, with a thickness 
of 272.7 nm and with air on both 
sides, is illuminated with a beam of 


white light. The beam is perpendicu- ny 
lar to the film and consists of the full 

range of wavelengths for the visible 57 1250 
spectrum. In the light reflected by the 58 1.68 
film, light with a wavelength of 600.0 59 1.40 
nm undergoes fully constructive in- 69 1.32 
terference. At what wavelength does 61 1.60 
the reflected light undergo fully de- 62 155 
structive interference? (Hint: You 
must make a reasonable assumption 63 1.68 
about the index of refraction.) 64 1.50 
e@55 The reflection of perpendicu- 65 esl 
larly incident white light by a soap 66 1.40 
film in air has an interference maxi- 67 55 
mum at 600nm and a minimum at 68 1.60 


450 nm, with no minimum in be- 


Problems 41 through 52: Reflection by Thin Layers. See the setup for these problems. 


Ny N3 Type L r 
1.34 1.42 min 380 
Les 1.39 max Se) 
1.60 1.33 max 3rd 612 
1.60 1.33 max 285 
1.40 1.80 min 200 
1.46 1.75 min 2nd 482 
1.46 175 min 210 
1.34 1.42 max 2nd 587 
1.59 ies min 2nd 342 
1.59 150 min 415 
leg 1.39 max 3rd 382 


1.40 1.80 max 2nd 632 


tween. If m = 1.33 for the film, what is the film thickness, as- 
sumed uniform? 


¢*56 A plane wave of monochromatic light is incident 
normally on a uniform thin film of oil that covers a glass plate. 
The wavelength of the source can be varied continuously. 
Fully destructive interference of the reflected light is observed 
for wavelengths of 500 and 700 nm and for no wavelengths in 
between. If the index of refraction of 
the oil is 1.30 and that of the glass is 
1.50, find the thickness of the oil film. 


ee57 through 68 Transmission 
through thin layers. In Fig. 35-44, light 
is incident perpendicularly on a thin 
layer of material 2 that lies between 





Problems 57 through 68: Transmission Through Thin Layers. 
See the setup for these problems. 


(thicker) materials 1 and 3. (The rays FIG. 35-44 
are tilted only for clarity.) Part of the Problems 57 
light ends up in material 3 as ray r; through 68. 

Ny N3 Type L r 
1.34 1.42 min 2nd 587 
E59 E50 max 2nd 342 
1.46 eis max 2nd 482 
Hes 1.39 min 3rd 382 
1.40 1.80 min 2nd 632 
1.60 33 min 3rd 612 
59 eat) max 415 
1.34 1.42 max 380 
is (38 min B25 
1.46 hes max 210 
1.60 3S min 285 
1.40 1.80 max 200 


(the light does not reflect inside material 2) and r, (the light 
reflects twice inside material 2). The waves of r3 and ry, inter- 
fere, and here we consider the type of interference to be ei- 
ther maximum (max) or minimum (min). For this situation, 
each problem in Table 35-3 refers to the indexes of refraction 
N1, No, and nz, the type of interference, the thin-layer thick- 
ness L in nanometers, and the wavelength A in nanometers 
of the light as measured in air. Where A is missing, give the 
wavelength that is in the visible range. Where L is missing, 
give the second least thickness or the third least thickness as 
indicated. ssm 63 @ 61 


ee69 In Fig. 35-45, a broad 
beam of light of wavelength 
630 nm is incident at 90° on a thin, 
wedge-shaped film with index of 
refraction 1.50. An observer inter- 
cepting the light transmitted by the 
film sees 10 bright and 9 dark 
fringes along the length of the film. 
By how much does the film thick- 
ness change over this length? 


°®70 Two rectangular _ glass 
plates (n = 1.60) are in contact 
along one edge and are separated 
along the opposite edge (Fig. 35- 
46). Light with a wavelength of 
600 nm is incident perpendicu- 
larly onto the top plate. The air 
between the plates acts as a thin 
film. Nine dark fringes and eight 
bright fringes are observed from 
above the top plate. If the dis- 
tance between the two plates along the separated edges 1s in- 
creased by 600 nm, how many dark fringes will there then be 
across the top plate? 


ee71 In Fig. 35-46, a broad beam of light of wavelength 
683 nm is sent directly downward through the top plate of a 
pair of glass plates. The plates are 120 mm long, touch at the 
left end, and are separated by 48.0 um at the right end. The air 
between the plates acts as a thin film. How many bright fringes 
will be seen by an observer looking down through the top 
plate? SSM 


ee72 In Fig. 35-46, a broad beam of light of wavelength 
620 nm is sent directly downward through the top plate of a 
pair of glass plates touching at the left end. The air between 
the plates acts as a thin film, and an interference pattern can 
be seen from above the plates. Initially, a dark fringe lies at the 
left end, a bright fringe lies at the right end, and nine dark 
fringes lie between those two end fringes. The plates are then 
very gradually squeezed together at a constant rate to 
decrease the angle between them. As a result, the fringe at the 
right side changes between being bright to being dark every 
15.0 s. (a) At what rate is the spacing between the plates at the 
right end being changed? (b) By how much has the spacing 
there changed when both left and right ends have a dark 
fringe and there are five dark fringes between them? 


Incident light 
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FIG. 35-45 Problem 69. 


Incident light 
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FIG. 35-46 Problems 70, 
7A, 12274, 106, 107, 
and 113. 


°°73 In Fig. 35-46, two microscope slides touch at one end 
and are separated at the other end. When light of wavelength 
500 nm shines vertically down on the slides, an overhead 





observer sees an interference pattern on the slides with the 
dark fringes separated by 1.2 mm. What is the angle between 
the slides? 


2°74 In Fig. 35-46, a broad beam of monochromatic light 1s 
directed perpendicularly through two glass plates that are 
held together at one end to create a wedge of air between 
them. An observer intercepting light reflected from the wedge 
of air, which acts as a thin film, sees 4001 dark fringes along the 
length of the wedge. When the air between the plates is evacu- 
ated, only 4000 dark fringes are seen. Calculate to six signifi- 
cant figures the index of refraction of air from these data. 


ee75 Figure 35-47a shows a lens with radius of curvature R 
lying on a flat glass plate and illuminated from above by light 
with wavelength A. Figure 35-47b (a photograph taken from 
above the lens) shows that circular interference fringes (called 
Newton’s rings) appear, associated with the variable thickness 
d of the air film between the lens and the plate. Find the radii r 
of the interference maxima assuming r/R < 1. sSsmM iw 





Incident 


light 


(db) SV mn 
FIG. 35-47 Problems 75 and 77. (Courtesy Bausch & Lomb) 


e®76 Ina Newton’s rings experiment (see Problem 75), the 
radius of curvature R of the lens is 5.0 m and the lens diameter 
is 20 mm. (a) How many bright rings are produced? Assume 
that A = 589 nm. (b) How many bright rings would be pro- 
duced if the arrangement were immersed in water (n = 1.33)? 


e277 A Newton’s rings apparatus is to be used to determine 
the radius of curvature of a lens (see Fig. 35-47 and Problem 
75). The radii of the nth and (n + 20)th bright rings are mea- 
sured and found to be 0.162 and 0.368 cm, respectively, in light 
of wavelength 546 nm. Calculate the radius of curvature of the 
lower surface of the lens. 
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eee78 A thin film of liquid is held in a horizontal circular ring, 
with air on both sides of the film. A beam of light at wavelength 
550 nm is directed perpendicularly onto the film, and the inten- 
sity J of its reflection is monitored. Figure 35-48 gives intensity / 
as a function of time t; the horizontal scale is set by t, = 20.0 s. The 
intensity changes because of evaporation from the two sides of 
the film. Assume that the film is flat and has parallel sides, a ra- 
dius of 1.80 cm, and an index of refraction of 1.40. Also assume 
that the film’s volume decreases at a constant rate. Find that rate. 





() t, 
t (Ss) 
FIG. 35-48 Problem 78. 


sec. 35-8 Michelson’s Interferometer 

°79 If mirror M, in a Michelson interferometer (Fig. 35-23) is 
moved through 0.233 mm, a shift of 792 bright fringes occurs. 
What is the wavelength of the light producing the fringe pattern? 


®80 A thin film with index of refraction n = 1.40 is placed 
in one arm of a Michelson interferometer, perpendicular to 
the optical path. If this causes a shift of 7.0 bright fringes 
of the pattern produced by light of wavelength 589 nm, what is 
the film thickness? 


ee87 In Fig. 35-49, an airtight 
chamber of length d = 5.0cm 
is placed in one of the arms 
of a Michelson interferometer. 
(The glass window on each end 

of the chamber has negligible @| 
thickness.) Light of wavelength 
A = 500 nm is used. Evacuating 
the air from the chamber causes 
a shift of 60 bright fringes. From 
these data and to six significant 
figures, find the index of 
refraction of air at atmospheric 
pressure. ssm www 
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FIG. 35-49 Problem 81. 
ee®82 The element sodium 


can emit light at two wavelengths, A; = 589.10 nm and A, = 
589.59 nm. Light from sodium is being used in a Michelson in- 
terferometer (Fig. 35-23). Through what distance must mirror 
M, be moved if the shift in the fringe pattern for one wave- 
length is to be 1.00 fringe more than the shift in the fringe pat- 
tern for the other wavelength? 


Additional Problems 

83 Ocean waves moving at a 
speed of 4.0 m/s are approach- 
ing a beach at angle 0; = 30° to 
the normal, as shown from 
above in Fig. 35-50. Suppose 
the water depth changes 
abruptly at a certain distance 
from the beach and the wave 
speed there drops to 3.0 m/s. 
(a) Close to the beach, what is 
the angle 6, between the direc- 


FIG. 35-50 Problem 83. 


“Mirror 





tion of wave motion and the normal? (Assume the same law of 
refraction as for light.) (b) Explain why most waves come in 
normal to a shore even though at large distances they ap- 
proach at a variety of angles. ue 


84 Figure 35-5la shows two light rays that are initially in 
phase as they travel upward through a block of plastic, with 
wavelength 400 nm as measured in air. Light ray r, exits 
directly into air. However, before light ray r2 exits into air, it 
travels through a liquid in a hollow cylinder within the plastic. 
Initially the height Lj, of the liquid is 40.0 um, but then the liq- 
uid begins to evaporate. Let ¢ be the phase difference between 
rays r,; and 7, once they both exit into the air. Figure 35-515 
shows ¢@ versus the liquid’s height L,, until the liquid disap- 
pears, with @ given in terms of wavelength and the horizontal 
scale set by L, = 40.00 wm. What are (a) the index of refraction 
of the plastic and (b) the index of refraction of the liquid? 


9 (A) 
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FIG. 35-51 Problem 8&4. 


85 Two light rays, initially in 
phase and with a wavelength 
of 500 nm, go through different 
paths by reflecting from the 
various mirrors shown in Fig. 
35-52. (Such a reflection does 
not itself produce a _ phase 
shift.) (a) What least value of 
distance d will put the rays ex- 
actly out of phase when they 
emerge from the _ region? 
(Ignore the slight tilt of the 
path for ray 2.) (b) Repeat the 
question assuming that the en- 
tire apparatus is immersed in a . y 
protein solution with an index ala 

of refraction of 1.38. € 


86 In Figure 35-53, two 
isotropic point sources S$; and 
S, emit light in phase at wave- 
length A and at the same 
amplitude. The sources are sep- 
arated by’ distance d= 
6.00A on an x axis. A viewing 
screen is at distance D= 
20.0A from S, and parallel to the y axis. The figure shows 
two rays reaching point P on the screen, at height yp. 
(a) At what value of yp do the rays have the minimum possible 
phase difference? (b) What multiple of A gives that minimum 
phase difference? (c) At what value of yp do the rays have the 
maximum possible phase difference? What multiple of A gives 









Ray 2 


FIG. 35-52 Problem 835. 





FIG. 35-53 Problem 86. 


(d) that maximum phase difference and (e) the phase differ- 
ence when yp = d? (f) When yp = d, is the resulting intensity 
at point P maximum, minimum, intermediate but closer to 
maximum, or intermediate but closer to minimum? 


@/ In Fig. 35-54, a microwave transmitter at height a above 
the water level of a wide lake transmits microwaves of wave- 
length A toward a receiver on the opposite shore, a distance x 
above the water level. The microwaves reflecting from the 
water interfere with the microwaves arriving directly from the 
transmitter. Assuming that the lake width D is much greater 
than a and x, and that A = a, find an expression that gives the 
values of x for which the signal at the receiver is maximum. 
(Hint: Does the reflection cause a phase change?) SSM 


| tT 


FIG. 35-54 Problem 87. 








88 In Fig. 35-55, two isotropic point 
sources S$; and S, emit light at wave- 
length A = 400 nm. Source S, is lo- 
cated at y = 640 nm; source S, is lo- 
cated at y = —640 nm. At point P; (at 
x = 720 nm), the wave from S, arrives 
ahead of the wave from S, by a phase 
difference of 0.6007 rad. (a) What 
multiple of A gives the phase differ- 
ence between the waves from the two 
sources as the waves arrive at point 
P,, which is located at y = 720 nm. (The figure is not drawn to 
scale.) (b) If the waves arrive at P, with equal amplitudes, is 
the interference there fully constructive, fully destructive, in- 
termediate but closer to fully constructive, or intermediate but 
closer to fully destructive? 





FIG, 35-55 
Problem 88. 


89 A double-slit arrangement produces bright interference 
fringes for sodium light (A = 589 nm) that are angularly sepa- 
rated by 0.30° near the center of the pattern. What is the angu- 
lar fringe separation if the entire arrangement is immersed in 
water, which has an index of refraction of 1.33? SSM 


90 In Fig. 35-56a, the waves along rays 1 and 2 are initially in 
phase, with the same wavelength A in air. Ray 2 goes through a 
material with length L and index of refraction n. The rays are 
then reflected by mirrors to a common point P on a screen. 
Suppose that we can vary n from n = 1.0 to n = 2.5. Suppose 
also that, from n = 1.0 to n = n, = 1.5, the intensity J of the 





Ray 1 





(a) (b) 
FiG. 35-56 Problems 90 and 97. 


light at point P varies with n as given in Fig. 35-56b. At what 
values of 1 greater than 1.4 is intensity J (a) maximum and (b) 
zero? (c) What multiple of A gives the phase difference be- 
tween the rays at point P whenn = 2.0? 


97 Ina phasor diagram for the waves at any point on the 
viewing screen for the two-slit experiment in Fig. 35-10, the 
phasor of the resultant wave rotates 60.0° in 2.50 x 10°'*s. 
What is the wavelength of the light? 


92 Light of wavelength 700.0 nm is sent along a route of 
length 2000 nm. The route is then filled with a medium having 
an index of refraction of 1.400. In degrees, by how much does 
the medium phase-shift the light? Give (a) the full shift and 
(b) the equivalent shift that has a value less than 360°. 


93 Two parallel slits are illuminated with monochromatic 
light of wavelength 500 nm. An interference pattern is formed 
on a screen some distance from the slits, and the fourth dark 
band is located 1.68 cm from the central bright band on the 
screen. (a) What is the path length difference corresponding 
to the fourth dark band? (b) What is the distance on the 
screen between the central bright band and the first bright 
band on either side of the central band? (Hint: The angle to 
the fourth dark band and the angle to the first bright band are 
small enough that tan 6 ~ sin 6.) SSM 


94 In two experiments, light is to be sent along the two paths 
shown in Fig. 35-35 by reflecting it from the various flat surfaces 
shown. In the first experiment, rays 1 and 2 are initially in phase 
and have a wavelength of 620.0 nm. In the second experiment, 
rays 1 and 2 are initially in phase and have a wavelength of 
496.0 nm. What least value of distance L is required such that 
the 620.0 nm waves emerge from the region exactly in phase 
but the 496.0 nm waves emerge exactly out of phase? 


95 Find the slit separation of a double-slit arrangement that 
will produce interference fringes 0.018 rad apart on a distant 
screen when the light has wavelength A = 589 nm. 


96 A thin film suspended in air is 0.410 wm thick and 1s 
illuminated with white light incident perpendicularly on its 
surface. The index of refraction of the film is 1.50. At what 
wavelength will visible light that is reflected from the two 
surfaces of the film undergo fully constructive interference? 


97 In Fig. 35-56a, the waves ] 
along rays 1 and 2 are initially wo 
in phase, with the same wave- 
length A in air. Ray 2 goes 
through a material with length 
L and index of refraction n. 
The rays are then reflected by 
mirrors to a common point P 
on a screen. Suppose that we 
can vary L from 0 to 2400 nm. 
Suppose also that, from L = 0 
to L, = 900 nm, the intensity / 
of the light at point P varies with L as given in Fig. 35-57. At 
what values of L greater than L, is intensity J (a) maximum 
and (b) zero? (c) What multiple of A gives the phase 
difference between ray 1 and ray 2 at common point P when 
£=1200nm? SSM 


98 A camera lens with index of refraction greater than 1.30 
is coated with a thin transparent film of index of refraction 
1.25 to eliminate by interference the reflection of light at 





0 


L (nm) 
FIG. 35-57 Problem 97. 
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wavelength A that is incident perpendicularly on the lens. 
What multiple of A gives the minimum film thickness needed? 


99 If the distance between the first and tenth minima of 
a double-slit pattern is 18.0 mm and the slits are separated by 
0.150 mm with the screen 50.0 cm from the slits, what is the 
wavelength of the light used? SSM 


100 What is the speed in fused quartz of light of wavelength 
550 nm? (See Fig. 33-18.) 


101 In Sample Problem 35-6, assume that the coating elimi- 
nates the reflection of light of wavelength 550 nm at normal 
incidence. By what percentages is reflection diminished by the 
coating at (a) 450 nm and (b) 650 nm? 


102 Laser light of wavelength 632.8 nm passes through a 
double-slit arrangement at the front of a lecture room, reflects 
off a mirror 20.0 m away at the back of the room, and then 
produces an interference pattern on a screen at the front 
of the room. The distance between adjacent bright fringes is 
10.0 cm. (a) What is the slit separation? (b) What is at the cen- 
ter of the pattern when the lecturer places a thin cellophane 
sheet over one slit, thereby increasing by 2.50 the number of 
wavelengths along the path that includes the cellophane? 


703 Light of wavelength A is used in a Michelson interfer- 
ometer. Let x be the position of the movable mirror, with x = 
0 when the arms have equal lengths d, = d,. Write an expres- 
sion for the intensity of the observed light as a function of x, 
letting /,, be the maximum intensity. SSM 


104 A sheet of glass having an index of refraction of 1.40 is 
to be coated with a film of material having an index of 
refraction of 1.55 in order that green light with a wavelength 
of 525 nm (in air) will be preferentially transmitted via con- 
structive interference. (a) What is the minimum thickness of 
the film that will achieve the result? (b) Why are other parts 
of the visible spectrum not also preferentially transmitted? 
(c) Will the transmission of any colors be sharply reduced? 
If so, which colors? 


105 One slit of a double-slit arrangement is covered by 
a thin glass plate with index of refraction 1.4, and the other 
by a thin glass plate with index of refraction 1.7. The point 
on the screen at which the central maximum fell before the 
glass plates were inserted is now occupied by what had been 
the m = 5 bright fringe. Assuming that A = 480 nm and that 
the plates have the same thickness ¢, find rf. 


106 In Fig. 35-46, two glass plates are held together at one 
end to form a wedge of air that acts as a thin film. A broad 
beam of light of wavelength 480 nm is directed through the 
plates, perpendicular to the first plate. An observer intercept- 
ing light reflected from the plates sees on the plates an inter- 
ference pattern that 1s due to the wedge of air. How much 
thicker is the wedge at the sixteenth bright fringe than it is at 
the sixth bright fringe, counting from where the plates touch? 


107 A broad beam of light of wavelength 600 nm is sent 
directly downward through the 
glass plate (1 = 1.50) in Fig. 35- 
46. That plate and a plastic 
plate (n= 1.20) form a thin 
wedge of air that acts as a thin 
film. An observer looking 


FIG. 35-58 Problem 107. 





down through the top plate sees the fringe pattern shown in 
Fig. 35-58, with dark fringes centered on the ends. (a) What is 
the thickness of the wedge at the right end? (b) How many 
dark fringes will the observer see if the air between the plates 
is replaced with water (n = 1.33)? 


108 Sodium light (A = 589 nm) illuminates two slits sepa- 
rated by d = 2.0mm. The slit—screen distance D is 40 mm. 
What percentage error is made by using Eq. 35-14 to locate 
the m = 10 bright fringe on the screen rather than using the 
exact path length difference? 


109 Higure 35-59 shows an optical fiber in which a central 
plastic core of index of refraction n; = 1.58 is surrounded by 
a plastic sheath of index of 
refraction m, = 1.53. Light 
can travel along different 
paths within the central 
core, leading to different 
travel times through the 
fiber. This causes an ini- 
tially short pulse of light to 
spread as it travels along 
the fiber, resulting in information loss. Consider light that 
travels directly along the central axis of the fiber and light that 
is repeatedly reflected at the critical angle along the core- 
sheath interface, reflecting from side to side as it travels down 
the central core. If the fiber length is 300 m, what is the differ- 
ence in the travel times along these two routes? 





FIG. 35-59 Problem 109. 


170 When an electron moves through a medium at a speed 
exceeding the speed of light in that medium, the electron 
radiates electromagnetic energy (the Cerenkov effect). What 
minimum speed must an electron have in a liquid with index 
of refraction 1.54 in order to radiate? 


17% Point sources S, and S, radiate in phase at wavelength 
400 nm and at the same amplitude. The sources are located 
on an x axis at x = 6.5 wm and x = —6.0 um, respectively. 
(a) Determine the phase difference (in radians) at the origin 
between the radiation from S, and the radiation from S$). 
(b) Suppose a slab of transparent material with thickness 
1.5 wm and index of refraction n = 1.5 is placed between 
x =0 and x =1.5 ym. What then is the phase difference 
(in radians) at the origin between the radiation from S$, and 
the radiation from $,? 


142 The second dark band in a double-slit interference pat- 
tern is 1.2 cm from the central maximum of the pattern. The 
separation between the two slits is equal to 800 wavelengths 
of the monochromatic light incident (perpendicularly) on the 
slits. What is the distance between the plane of the slits and 
the viewing screen? 


113 In Fig. 35-46, two glass plates (n = 1.60) form a wedge, 
and a fluid (m = 1.50) fills the wedge-shaped space. At the 
left end the plates touch; at the right, they are separated by 
580 nm. Light with a wavelength (in air) of 580 nm shines 
downward on the assembly, and an observer intercepts light 
sent back upward. Does a dark or bright band lie at (a) the left 
end and (b) the right end? (c) How many dark bands are there 
along the plates? 


114 A thin film (” = 1.25) is deposited on a glass plate 
(n = 1.40) and illuminated with light of wavelength 550 nm 


(measured in air). The light beam is perpendicular to the plate. 
What is the minimum (nonzero) thickness for the film that will 
(a) maximally transmit and (b) maximally reflect the light? 


175 A light beam with a wavelength of 600 nm in air passes 
through film 1 (nm, = 1.2) of thickness 1.0 wm, then through 
film 2 (air) of thickness 1.5 wm, and finally through film 3 
(n3 = 1.8) of thickness 1.0 wm. The beam is perpendicular to 
the film surfaces, which are parallel to one another. (a) Which 
film does the light cross in the least time, and (b) what is 
that least time? (c) What is the total number of wavelengths 
(at any instant) across all three films together? 


116 Two light rays, initially in phase and having wavelength 
A = 6.00 x 10° m, pass through different plastic layers of the 
same thickness, 7.00 X 10-° m. The indexes of refraction are 
1.65 for one layer and 1.49 for the other. (a) What /east multi- 
ple of A gives the phase difference between the rays when they 
emerge? (b) If those two rays then reach a common point with 
the same amplitude, does the interference result in complete 
darkness, maximum brightness, intermediate illumination but 
closer to complete darkness, or intermediate illumination 
but closer to maximum brightness? If the two rays are, 
instead, initially exactly out of phase, what are the answers to 
(c) part (a) and (d) part (b)? 


117 In a double-slit interference experiment, the slit sep- 
aration is 2.00 um, the light wavelength is 500 nm, and the 
separation between the slits and the screen is 4.00 m. (a) What is 
the angle between the center and the third side bright fringe? If 
we decrease the light frequency to 90.0% of its initial value, (b) 
does the third side bright fringe move along the screen toward 
or away from the pattern’s center and (c) how far does it move? 


778 A plane monochromatic light wave in air is perpendicu- 
larly incident on a thin film of oil that covers a glass plate. The 
wavelength of the source may be varied continuously. Fully 
destructive interference of the reflected light occurs for wave- 
lengths 500 and 700 nm and for no wavelength in between. 
The index of refraction of the glass is 1.50. Show that the index 
of refraction of the oil must be less than 1.50. 


479 Figure 35-60 shows the design of a Texas arcade game. 
Four laser pistols are pointed toward the center of an array 


no 





FIG.35-60 Problem 119. 


of plastic layers where a clay armadillo is the target. The 
indexes of refraction of the layers are n, = 1.55, n, = 1.70, 
nz = 1.45, ng = 1.60, ns = 1.45, ng = 1.61, nz = 1.59, ng = 1.70, 
and ny = 1.60. The layer thicknesses are either 2.00 mm or 
4.00 mm, as drawn. What is the travel time through the layers 
for the laser burst from (a) pistol 1, (b) pistol 2, (c) pistol 3, 
and (d) pistol 4? (e) If the pistols are fired simultaneously, 
which laser burst hits the target first? 


120 In Fig. 35-10, let the angle 6 of the two rays be 20.0°, slit 
separation d be 58.00 wm, and wavelength A be 500.9 nm. 
(a) What multiple of A gives the phase difference of the two 
rays when they reach a common point on a distant screen? 
(b) Does their interference result in complete darkness, 
maximum brightness, intermediate illumination but closer to 
complete darkness, or intermediate illumination but closer 
to maximum brightness? 


727 Slits of unequal widths are used in a double-slit arrange- 
ment to produce an interference pattern on a distant screen. 
If only the narrower slit 1 is illuminated (the wider slit 2 is 
covered), the light reaching the center of the pattern has 
amplitude £ and intensity Jp. If only slit 2 is illuminated, the am- 
plitude of the light reaching the pattern center is 2/). When both 
slits are illuminated and a two-slit interference pattern is on the 
screen, what is the intensity /(@) in the pattern as a function of 
angle @? Answer in the style of Eqs. 35-22 and 35-23. 


122 Figure 35-40 shows two point sources S, and S, that emit 
light at wavelength A = 500 nm and with the same amplitude. 
The emissions are isotropic and in phase, and the separation 
between the sources is d = 2.00 wm. At any point P on the 
x axis, the wave from S, and the wave from S, interfere. When 
P is very far away (x ~ ©), what are (a) the phase difference 
between the waves arriving from 5S; and S, and (b) the type of 
interference they produce (approximately fully constructive 
or fully destructive)? (c) As we then move P along the x axis 
toward S, does the phase difference between the waves from 
S,; and S, increase or decrease? (d)—(0) Fill in Table 35-4 for 
the given phase differences by determining the type of inter- 
ference and the x coordinate at which the interference occurs, 


Ute eee 


Problem 122: Parts (d) through (0) 


Phase Difference Type Position x 
0 (d) (e) 
0.500A (f) (g) 
1.00A (h) (i) 
1.50A (j) (k) 
2.00A (1) (m) 
2.50A (n) (0) 


123 (a) Use the result of Problem 75 to show that, in a 
Newton’s rings experiment, the difference in radius between 
adjacent bright rings (maxima) is given by 


Fig FS >VARIm, 


assuming m > 1. (b) Now show that the area between adja- 
cent bright rings is given by A = 7AR, assuming m > 1. 
Note that this area is independent of m. 


Ar = Pin+1 


Diffraction 





Many surfaces (such as shirts 


and pants) have color because 
dye molecules absorb visible 
light of certain wavelengths, 
allowing the rest of the light to 
reflect. Some surfaces (such as 
iridescent butterfly wings) 
have color because thin-film 
interference removes certain 
wavelengths and allows the 
rest of the light to be re- 
tlected. However, the arrest- 
ing blue skin of this mandrill 
baboon is due to neither dye 


molecules nor thin films. 














The answer is in this chapter. 
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36-1 WHAT IS PHYSICS? 





One focus of physics in the study of light is to understand and put to use the 
diffraction of light as it passes through a narrow slit or (as we shall discuss) past 
either a narrow obstacle or an edge. We touched on this phenomenon in Chapter 
35 when we looked at how light flared — diffracted — through the slits in Young’s 
experiment. Diffraction through a given slit is more complicated than simple 
flaring, however, because the light also interferes with itself and produces an 
interference pattern. It is because of such complications that light is rich with 
application opportunities. Even though the diffraction of light as it passes 
through a slit or past an obstacle seems awfully academic, countless engineers 
and scientists make their living using this physics, and the total worth of diffrac- 
tion applications worldwide is probably incalculable. 

Before we can discuss some of these applications, we first must discuss why 
diffraction is due to the wave nature of light. 
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In Chapter 35 we defined diffraction rather loosely as the flaring of light as it 
emerges from a narrow slit. More than just flaring occurs, however, because the 
light produces an interference pattern called a diffraction pattern. For example, 
when monochromatic light from a distant source (or a laser) passes through a 
narrow slit and is then intercepted by a viewing screen, the light produces on the 
screen a diffraction pattern like that in Fig. 36-1. This pattern consists of a broad 
and intense (very bright) central maximum plus a number of narrower and less 
intense maxima (called secondary or side maxima) to both sides. In between the 
maxima are minima. 

Such a pattern would be totally unexpected in geometrical optics: If light 
traveled in straight lines as rays, then the slit would allow some of those rays 
through to form a sharp rendition of the slit on the viewing screen. As in Chapter 
35, we must conclude that geometrical optics is only an approximation. 

Diffraction is not limited to situations when light passes through a narrow 
opening (such as a slit or pinhole). It also occurs when light passes an edge, such 
as the edges of the razor blade whose diffraction pattern is shown in Fig. 36-2. 
Note the lines of maxima and minima that run approximately parallel to the 
edges, at both the inside edges of the blade and the outside edges. As the light 
passes, say, the vertical edge at the left, it flares left and right and undergoes inter- 
ference, producing the pattern along the left edge. The rightmost portion of that 
pattern actually lies behind the blade, within what would be the blade’s shadow if 
geometrical optics prevailed. 

You encounter a common example of diffraction when you look at a clear 
blue sky and see tiny specks and hairlike structures floating in your view. These 
floaters, as they are called, are produced when light passes the edges of tiny 
deposits in the vitreous humor, the transparent material filling most of the 
eyeball. What you are seeing when a floater is in your field of vision is the diffrac- 
tion pattern produced on the retina by one of these deposits. If you sight through 
a pinhole in a piece of cardboard so as to make the light entering your eye 
approximately a plane wave, you can distinguish individual maxima and minima 
in the patterns. aS 

Diffraction is a wave effect. That is, it occurs because light is a wave and it 
occurs with other types of waves as well. For example, you have probably seen 
diffraction in action at football games. When a cheerleader near the playing 
field yells up at several thousand noisy fans, the yell can hardly be heard because 
the sound waves diffract when they pass through the narrow opening of the 





FIG. 36-1 This diffraction pattern 
appeared on a viewing screen when 
light that had passed through a nar- 
row Vertical slit reached the screen. 
Diffraction caused the light to flare 
out perpendicular to the long sides of 
the slit. That flaring produced an in- 
terference pattern consisting of a 
broad central maximum plus less in- 
tense and narrower secondary (or 
side) maxima, with minima between 
them. (Ken Kay/Fundamental 
Photographs) 





FIG. 36-2 The diffraction pattern 
produced by a razor blade in mono- 
chromatic light. Note the lines of al- 
ternating maximum and minimum 
intensity. (Ken Kay/Fundamental 
Photographs) 
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FIG. 36-3 A photograph of the 
diffraction pattern of a disk. Note the 
concentric diffraction rings and the 
Fresnel bright spot at the center of 
the pattern. This experiment is essen- 
tially identical to that arranged by 
the committee testing Fresnel’s 
theories, because both the sphere 
they used and the disk used here 
have across section with a circular 
edge. (From Michel Cagnet, Maurice 
Franzon, and Jean Thierr, Atlas of 
Optical Phenomena. Springer-Verlag, 
New York, 1962. Reproduced with 
permission. ) 
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FiG. 36-4 Waves from the top 
points of two zones of width a/2 un- 
dergo fully destructive interference 
at point P; on viewing screen C. 


cheerleader’s mouth. This flaring leaves little of the waves traveling toward the 
fans in front of the cheerleader. To offset the diffraction, the cheerleader can yell 
through a megaphone. The sound waves then emerge from the much wider open- 
ing at the end of the megaphone. The flaring is thus reduced, and much more of 
the sound reaches the fans in front of the cheerleader. eS 


The Fresnel Bright Spot 


Diffraction finds a ready explanation in the wave theory of light. However, this 
theory, originally advanced in the late 1600s by Huygens and used 123 years later 
by Young to explain double-slit interference, was very slow in being adopted, 
largely because it ran counter to Newton’s theory that light was a stream of 
particles. 

Newton’s view was the prevailing view in French scientific circles of the early 
19th century, when Augustin Fresnel was a young military engineer. Fresnel, who 
believed in the wave theory of light, submitted a paper to the French Academy of 
Sciences describing his experiments with light and his wave-theory explanations 
of them. 

In 1819, the Academy, dominated by supporters of Newton and thinking to 
challenge the wave point of view, organized a prize competition for an essay on 
the subject of diffraction. Fresnel won. The Newtonians, however, were neither 
converted nor silenced. One of them, S. D. Poisson, pointed out the “strange 
result” that if Fresnel’s theories were correct, then light waves should flare into 
the shadow region of a sphere as they pass the edge of the sphere, producing a 
bright spot at the center of the shadow. The prize committee arranged a test of 
Poisson’s prediction and discovered that the predicted Fresnel bright spot, as we 
call it today, was indeed there (Fig. 36-3). Nothing builds confidence in a theory so 
much as having one of its unexpected and counterintuitive predictions verified by 


experiment. <a 





36-3 | Diffraction by a Single Slit: 
Locating the Minima 


Let us now examine the diffraction pattern of plane waves of light of wavelength 
A that are diffracted by a single long, narrow slit of width a in an otherwise 
opaque screen B, as shown in cross section in Fig. 36-4. (In that figure, the slit’s 
length extends into and out of the page, and the incoming wavefronts are parallel 
to screen B.) When the diffracted light reaches viewing screen C, waves from 
different points within the slit undergo interference and produce a diffraction 
pattern of bright and dark fringes (interference maxima and minima) on the 
screen. To locate the fringes, we shall use a procedure somewhat similar to the 
one we used to locate the fringes in a two-slit interference pattern. However, dif- 
fraction is more mathematically challenging, and here we shall be able to find 
equations for only the dark fringes. 

Before we do that, however, we can justify the central bright fringe seen in 
Fig. 36-1 by noting that the Huygens wavelets from all points in the slit travel 
about the same distance to reach the center of the pattern and thus are in phase 
there. As for the other bright fringes, we can say only that they are approximately 
halfway between adjacent dark fringes. 

To find the dark fringes, we shall use a clever (and simplifying) strategy that 
involves pairing up all the rays coming through the slit and then finding what 
conditions cause the wavelets of the rays in each pair to cancel each other. We 
apply this strategy in Fig. 36-4 to locate the first dark fringe, at point P,. First, 
we mentally divide the slit into two zones of equal widths a/2. Then we extend 
to P, a light ray 7, from the top point of the top zone and a light ray 7, from the 
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top point of the bottom zone. A central axis is drawn from the center of the slit to 
screen C, and P, is located at an angle 0 to that axis. 

The wavelets of the pair of rays r,; and rz are in phase within the slit because 
they originate from the same wavefront passing through the slit, along the width 
of the slit. However, to produce the first dark fringe they must be out of phase by 
A/2 when they reach P,; this phase difference is due to their path length differ- 
ence, with the path traveled by the wavelet of r, to reach P, being longer than the 
path traveled by the wavelet of r,.To display this path length difference, we find a 
point b on ray r, such that the path length from b to P; matches the path length of 


ray r,. Then the path length difference between the two rays is the distance from FIG. 36-5 For D > a, we can approx- 
the center of the slit to b imate rays 7, and r, as being parallel, 
at angle @ to the central axis. 





Path length difference 


When viewing screen C is near screen B, as in Fig. 36-4, the diffraction 
pattern on C is difficult to describe mathematically. However, we can simplify the 
mathematics considerably if we arrange for the screen separation D to be much 
larger than the slit width a. Then we can approximate rays 7, and r, as being - D >| P, 
parallel, at angle 6 to the central axis (Fig. 36-5). We can also approximate the tri- : 
angle formed by point b, the top point of the slit, and the center point of the slit as 
being a right triangle, and one of the angles inside that triangle as being 6. The 
path length difference between rays r, and r, (which is still the distance from the r 
center of the slit to point b) is then equal to (a/2) sin 6. 

We can repeat this analysis for any other pair of rays originating at cor- io 
responding points in the two zones (say, at the midpoints of the zones) and extending a 
to point P,. Each such pair of rays has the same path length difference (a/2) sin 6. 
Setting this common path length difference equal to A/2 (our condition for the first YY 
dark fringe), we have is 7 

y 





P 





D 
i i Fy 


aed 
5 sn O=-, ay 

which gives us av 

asin@=A (first minimum). (36-1) Tene }. C 


Wave 


Given slit width a and wavelength A, Eq. 36-1 tells us the angle 0 of the first dark 
fringe above and (by symmetry) below the central axis. 

Note that if we begin with a > A and then narrow the slit while holding the 
wavelength constant, we increase the angle at which the first dark fringes appear; r 
that is, the extent of the diffraction (the extent of the flaring and the width of the 
pattern) is greater for a narrower slit. When we have reduced the slit width to the | 
wavelength (that is,a = A), the angle of the first dark fringes is 90°. Since the first 
dark fringes mark the two edges of the central bright fringe, that bright fringe 
must then cover the entire viewing screen. 

We find the second dark fringes above and below the central axis as we found 
the first dark fringes, except that we now divide the slit into four zones of equal 
widths a/4, as shown in Fig. 36-6a. We then extend rays r,, 72,73, and r, from the top 
points of the zones to point P, the location of the second dark fringe above the 
central axis. To produce that fringe, the path length difference between r, and ry, 
that between r, and r3, and that between 73 and r, must all be equal to A/2. 

For D > a, we can approximate these four rays as being parallel, at angle 0 
to the central axis. To display their path length differences, we extend a perpen- ue 
dicular line through each adjacent pair of rays, as shown in Fig. 36-6), to form a | 
series of right triangles, each of which has a path length difference as one side. ae 
We see from the top triangle that the path length difference between 7, and 1, is 
(a/4) sin 6. Similarly, from the bottom triangle, the path length difference between 
r, and r, is also (a/4) sin 6. In fact, the path length difference for any two rays that F!G.36-6 (a) Waves from the top 
originate at corresponding points in two adjacent zones is (a/4) sin 6. Since in Points of four zones of width a/4 un- 


(a) 









Path length 
difference between 


_/ rand % 





Path length 
difference between 
% and 74 


(0) 


each such case the path length difference is equal to A/2, we have stage) wll Mecsas ulate le ek 
point P,.(b) For D > a, we can ap- 
a ee a A proximate rays 1, 72,73, and r, as being 


A a parallel, at angle 6 to the central axis. 
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which gives us 


asin @=2A (second minimum). 


(36-2) 


We could now continue to locate dark fringes in the diffraction pattern by 
splitting up the slit into more zones of equal width. We would always choose an 
even number of zones so that the zones (and their waves) could be paired as we 
have been doing. We would find that the dark fringes above and below the central 
axis can be located with the general equation 


asin 0 = m4, form = 1,2,3,... (minima — dark fringes). 


(36-3) 


You can remember this result in the following way. Draw a triangle like the 
one in Fig. 36-5, but for the full slit width a, and note that the path length differ- 
ence between the top and bottom rays equals a sin 9. Thus, Eq. 36-3 says: 
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This may seem to be wrong because the waves of those two particular rays will be 
exactly in phase with each other when their path length difference is an integer 
number of wavelengths. However, they each will still be part of a pair of waves 
that are exactly out of phase with each other; thus, each wave will be canceled by 
some other wave, resulting in darkness. 

Equations 36-1, 36-2, and 36-3 are derived for the case of D > a. However, 
they also apply if we place a converging lens between the slit and the viewing 
screen and then move the screen in so that it coincides with the focal plane of the 
lens. The lens ensures that rays which now reach any point on the screen are exactly 
parallel (rather than approximately) back at the slit. They are like the initially par- 
allel rays of Fig. 34-15a that are directed to the focal point by a converging lens. 


CHECKPOINT 1 We produce a diffraction pattern on a viewing screen by 
means of a long narrow slit illuminated by blue light. Does the pattern expand away 
from the bright center (the maxima and minima shift away from the center) or contract 
toward it if we (a) switch to yellow light or (b) decrease the slit width? 


Sample Problem Ea 


A slit of width a is illuminated by white light. 


(a) For what value of a will the first minimum for red 
light of wavelength A = 650 nm appear at 6 = 15°? 


(b) What is the wavelength A’ of the light whose first 
side diffraction maximum is at 15°, thus coinciding with 
the first minimum for the red light? 








tees) Diffraction occurs separately for each 
wavelength in the range of wavelengths passing through 
the slit, with the locations of the minima for each wave- 
length given by Eq. 36-3 (a sin 0 = mA). 


Calculation: When we set m = 1 (for the first minimum) 
and substitute the given values of 6 and A, Eq. 36-3 yields 


md _ (1)(650 nm) 
sin 6 sin 15° 


= 2511 nm = 2.5 um. (Answer) 


For the incident light to flare out that much (+15° to the first 
minima) the slit has to be very fine indeed—in this case, a 
mere four times the wavelength. For comparison, note that 
a fine human hair may be about 100 um in diameter. 


dabfeaaie! The first side maximum for any wavelength 
is about halfway between the first and second minima 
for that wavelength. 


Calculations: Those first and second minima can be lo- 
cated with Eq. 36-3 by setting m = 1 and m = 2, respec- 
tively. Thus, the first side maximum can be located 


approximately by setting m= 1.5. Then Eq. 36-3 be- 
comes 


asin @= 1.5’. 


Solving for A’ and substituting known data yield 


ee sin @ = (2511 nm)(sin 15°) 
ston 1.5 
= 430 nm. (Answer) 
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Light of this wavelength is violet. From the two equa- matter what the slit width 1s? However, the angle 6 at 
tions we used, can you see that the first side maximum which this overlap occurs does depend on slit width. If 
for light of wavelength 430 nm will always coincide with the slit is relatively narrow, the angle will be relatively 
the first minimum for light of wavelength 650 nm, no large, and conversely. 


36-4 | Intensity in Single-Slit Diffraction, 
Qualitatively 


In Section 36-3 we saw how to find the positions of the minima and the maxima in 
a single-slit diffraction pattern. Now we turn to a more general problem: find an 
expression for the intensity / of the pattern as a function of 6, the angular position 
of a point on a viewing screen. 

To do this, we divide the slit of Fig. 36-4 into N zones of equal widths Ax small 
enough that we can assume each zone acts as a source of Huygens wavelets. We 
wish to superimpose the wavelets arriving at an arbitrary point P on the viewing 
screen, at angle 0 to the central axis, so that we can determine the amplitude EF, of 
the electric component of the resultant wave at P. The intensity of the light at P is 
then proportional to the square of that amplitude. 

To find E'4, we need the phase relationships among the arriving wavelets. The 
phase difference between wavelets from adjacent zones is given by 


phase \_ / 27 \/path length 
difference} \ ) difference /’ 
For point P at angle 6, the path length difference between wavelets from adjacent 
zones is Ax sin 6;so the phase difference Ad between wavelets from adjacent zones is 


Ad = (22) (Ax sin 6). (36-4) 


We assume that the wavelets arriving at P all have the same amplitude AF. 
To find the amplitude F, of the resultant wave at P, we add the amplitude AF via 
phasors. To do this, we construct a diagram of N phasors, one corresponding to 
the wavelet from each zone in the slit. 

For point Py, at 6 = 0 on the central axis of Fig. 36-4, Eq. 36-4 tells us that the 
phase difference Ad between the wavelets is zero; that is, the wavelets all 
arrive in phase. Figure 36-7a is the corresponding phasor diagram; adjacent pha- 
sors represent wavelets from adjacent zones and are arranged head to tail. 
Because there is zero phase difference between the wavelets, there is zero angle 
between each pair of adjacent phasors. The amplitude EF, of the net wave at Po 
is the vector sum of these phasors. This arrangement of the phasors turns out to 
be the one that gives the greatest value for the amplitude E',. We call this value 
E_,; that is, E,,, 1s the value of FE, for 6 = 0. 
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Phasor for Phasor for 
top ray bottom ray 


(a) (0) (c) (d) 


FIG. 36-7 Phasor diagrams for N = 18 phasors, corresponding to the division of a 
single slit into 18 zones. Resultant amplitudes FE, are shown for (a) the central maximum 
at 9 = 0,(b) a point on the screen lying at a small angle 6 to the central axis, (c) the first 
minimum, and (d) the first side maximum. 
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We next consider a point P that is at a small angle @ to the central axis. 
Equation 36-4 now tells us that the phase difference Ad between wavelets from 
adjacent zones is no longer zero. Figure 36-7b shows the corresponding phasor 
diagram; as before, the phasors are arranged head to tail, but now there is an 
angle Ad between adjacent phasors. The amplitude EF, at this new point is still the 
vector sum of the phasors, but it is smaller than that in Fig. 36-7a, which means 
that the intensity of the light is less at this new point P than at P». 

If we continue to increase 6, the angle Ad between adjacent phasors 
increases, and eventually the chain of phasors curls completely around so that the 
head of the last phasor just reaches the tail of the first phasor (Fig. 36-7c). The 
amplitude /, 1s now zero, which means that the intensity of the light is also zero. 
We have reached the first minimum, or dark fringe, in the diffraction pattern. The 
first and last phasors now have a phase difference of 27 rad, which means that the 
path length difference between the top and bottom rays through the slit equals 
one wavelength. Recall that this is the condition we determined for the first 
diffraction minimum. 

AS we continue to increase 6, the angle Ad between adjacent phasors con- 
tinues to increase, the chain of phasors begins to wrap back on itself, and the 
resulting coil begins to shrink. Amplitude F', now increases until it reaches a 
maximum value in the arrangement shown in Fig. 36-7d. This arrangement 
corresponds to the first side maximum in the diffraction pattern. 

If we increase 6 a bit more, the resulting shrinkage of the coil decreases E4, 
which means that the intensity also decreases. When @ is increased enough, the 
head of the last phasor again meets the tail of the first phasor. We have then 
reached the second minimum. 

We could continue this qualitative method of determining the maxima and min- 
ima of the diffraction pattern but, instead, we shall now turn to a quantitative method. 


CHECKPOINT 2 The figures represent, in 
smoother form (with more phasors) than Fig. 36-7, the pha- 
sor diagrams for two points of a diffraction pattern that are 
on opposite sides of a certain diffraction maximum. (a) 
Which maximum is it? (b) What is the approximate value of 
m (in Eq. 36-3) that corresponds to this maximum? (a) (0) 





36-5 | Intensity in Single-Slit Diffraction, 
Quantitatively 


Equation 36-3 tells us how to locate the minima of the single-slit diffraction pat- 
tern on screen C of Fig. 36-4 as a function of the angle 6 in that figure. Here we 
wish to derive an expression for the intensity /(@) of the pattern as a function of 8. 
We state, and shall prove below, that the intensity is given by 





2 
(8) = In( ~— | (36-5) 
a 
where a=t6= ih sin 6. (36-6) 


The symbol a is just a convenient connection between the angle 6 that locates a 
point on the viewing screen and the light intensity /(6) at that point. The intensity 
[, 1s the greatest value of the intensities /(@) in the pattern and occurs at the cen- 
tral maximum (where 6 = 0), and @ is the phase difference (in radians) between 
the top and bottom rays from the slit of width a. 

Study of Eq. 36-5 shows that intensity minima will occur where 


a=mn, fot — le See (36-7) 
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If we put this result into Eq. 36-6, we find — Relativelintensity 
Ta 
Tae apes tT form = 1,2,3,..., 


or asin @= m4A, form =1,2,3,... | (minima—dark fringes), (36-8) 





which is exactly Eq. 36-3, the expression that we derived earlier for the location 
of the minima. 

Figure 36-8 shows plots of the intensity of a single-slit diffraction pattern, 
calculated with Eqs. 36-5 and 36-6 for three slit widths: a = A, a = 5A, and a = 
10A. Note that as the slit width increases (relative to the wavelength), the width of 
the central diffraction maximum (the central hill-like region of the graphs) Relativelintensity | 
decreases; that is, the light undergoes less flaring by the slit. The secondary max- pee a 
ima also decrease in width (and become weaker). In the limit of slit width a being 
much greater than wavelength A, the secondary maxima due to the slit disappear; 
we then no longer have single-slit diffraction (but we still have diffraction due to 
the edges of the wide slit, like that produced by the edges of the razor blade in 
Fig. 36-2). 
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Proof of Eqs. 36-5 and 36-6 0 (degrees) 


The arc of phasors in Fig. 36-9 represents the wavelets that reach an arbitrary Y 


point P on the viewing screen of Fig. 36-4, corresponding to a particular small Relhdvelnvedsiar | 
angle 0. The amplitude FE, of the resultant wave at P is the vector sum of these : Oped 
phasors. If we divide the slit of Fig. 36-4 into infinitesimal zones of width Ax, the 
arc of phasors in Fig. 36-9 approaches the arc of a circle; we call its radius R as 
indicated in that figure. The length of the arc must be E,,,, the amplitude at the 
center of the diffraction pattern, because if we straightened out the arc we would 
have the phasor arrangement of Fig. 36-7a (shown lightly in Fig. 36-9). : 
The angle ¢ in the lower part of Fig. 36-9 is the difference in phase between Piss ae on 
the infinitesimal vectors at the left and right ends of arc E,,,. From the geometry, ¢ 9 (degrees) 
is also the angle between the two radii marked R in Fig. 36-9. The dashed line in (c) 
that figure, which bisects ¢, then forms two congruent right triangles. From either 
triangle we can write 





a=10A 


FIG. 36-8 The relative intensity in 
E single-slit diffraction for three values 

sin so Se (36-9) of the ratio a/A. The wider the slit is, 
2R the narrower is the central diffrac- 


: tion maximum. 
In radian measure, ¢ is (with E,,, considered to be a circular arc) 


En 
CR 


Solving this equation for R and substituting in Eq. 36-9 lead to 


E 

E, == sins. (36-10) 

sp 
In Section 33-5 we saw that the intensity of an electromagnetic wave is propor- 
tional to the square of the amplitude of its electric field. Here, this means that the max- 
imum intensity [,, (which occurs at the center of the diffraction pattern) is propor- 
tional to E?, and the intensity /(@) at angle 6 is proportional to £4. Thus, we may write 

(0) _ £5 


a (36-11) 








Substituting for £4 with Eq. 36-10 and then substituting a = 5, we are led to the 
following expression for the intensity as a function of 6: 











sina \? FIG. 36-9 A construction used to 
calculate the intensity in single-slit 


aa diffraction. The situation shown cor- 
This is exactly Eq. 36-5, one of the two equations we set out to prove. responds to that of Fig. 36-7b. 


1(6) = 1n( 
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The second equation we wish to prove relates a to 6. The phase difference ¢ 
between the rays from the top and bottom of the entire slit may be related to a 
path length difference with Eq. 36-4; it tells us that 


b= (22) (a sin 6), 


where a is the sum of the widths Ax of the infinitesimal zones. However, ¢ = 2a, 
so this equation reduces to Eq. 36-6. 


CHECKPOINT 3 Two wavelengths, 650 and 430 nm, are used separately in a 
single-slit diffraction experiment. The figure shows the results as graphs of intensity / 
versus angle 6 for the two diffraction patterns. If both wavelengths are then used simul- 


taneously, what color will be seen in the combined diffraction pattern at (a) angle A 
and (b) angle B? 





Sample Problem Ee 


Find the intensities of the first three secondary maxima I aa RC ee ae 
(side maxima) in the single-slit diffraction pattern of aon =| “| = (Sa e) in 1) arene 


Fig. 36-1, measured as a percentage of the intensity of 


the central maximum. 





i, \ a (m + 3)m 
The first of the secondary maxima occurs for m = 1, and 


its relative intensity is 


KEY IDEAS Has secondary maxima lie approximately 


halfway between the minima, whose angular locations 
are given by Eq. 36-7 (a = m7). The locations of the 
secondary maxima are then given (approximately) by 


a=(m+4)a, form =1,2,3,..., 


with ain radian measure. We can relate the intensity J at 
any point in the diffraction pattern to the intensity J,, of 
the central maximum via Eq. 36-5. 


Calculations: Substituting the approximate values of a 
for the secondary maxima into Eq. 36-5 to obtain the 
relative intensities at those maxima, we get 


on oe + Jz) = (a =z) 


ie (1 +3) 1.57 


m 


= 450 X 10-2 = 4.5%. (Answer) 


Form = 2andm = 3 we find that 


1 iL 
a = 1.6% and oo = 0.83%. (Answer) 


Successive secondary maxima decrease rapidly in 
intensity. Figure 36-1 was deliberately overexposed to 
reveal them: 
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Here we consider diffraction by a circular aperture — that is, a circular opening, 
such as a circular lens, through which light can pass. Figure 36-10 shows the image 
of a distant point source of light (a star, for instance) formed on photographic 
film placed in the focal plane of a converging lens. This image is not a point, 
as geometrical optics would suggest, but a circular disk surrounded by several 
progressively fainter secondary rings. Comparison with Fig. 36-1 leaves little 
doubt that we are dealing with a diffraction phenomenon. Here, however, the 
aperture is a circle of diameter d rather than a rectangular slit. 
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The (complex) analysis of such patterns shows that the first minimum for the 
diffraction pattern of a circular aperture of diameter d is located by 


A 
sin 6 = 1.22 a (first minimum —circular aperture). (36-12) 


The angle 6 here is the angle from the central axis to any point on that (circular) 
minimum. Compare this with Eq. 36-1, 


A 
sin 9 = — (first minimum —single slit), (36-13) 
a 


which locates the first minimum for a long narrow slit of width a. The main differ- 
ence 1s the factor 1.22, which enters because of the circular shape of the aperture. 





Resol vability FIG. 36-10 The diffraction pattern 
of a circular aperture. Note the cen- 
tral maximum and the circular sec- 

ondary maxima. The figure has been 
overexposed to bring out these sec- 


The fact that lens images are diffraction patterns is important when we wish to 

resolve (distinguish) two distant point objects whose angular separation is small. 

Figure 36-11 shows, in three different cases, the visual appearance and corre- 

sponding intensity pattern for two distant point objects (stars, say) with small (14, ry maxima, which are much less 

angular separation. In Figure 36-11la, the objects are not resolved because of  jjtense than the central maximum. 

diffraction; that is, their diffraction patterns (mainly their central maxima) overlap — (Fyom Michel Cagnet, Maurice 

so much that the two objects cannot be distinguished from a single point object.In = Franzon, and Jean Thierr, Atlas of 

Fig. 36-115 the objects are barely resolved, and in Fig. 36-11c they are fully resolved. © Optical Phenomena. Springer-Verlag, 
In Fig. 36-115 the angular separation of the two point sources is such that the New York, 1962. Reproduced with 

central maximum of the diffraction pattern of one source is centered on the first permission.) 

minimum of the diffraction pattern of the other, a condition called Rayleigh’s 

criterion for resolvability. From Eq. 36-12, two objects that are barely resolvable 

by this criterion must have an angular separation 0p of 


ml2on 
rae 





Op = sin- 
Since the angles are small, we can replace sin 6g with 6p expressed in radians: 


Xv 
Op = 1.22 5h (Rayleigh’s criterion). (36-14) 


Applying Rayleigh’s criterion for resolvability to human vision is only an 
approximation because visual resolvability depends on many factors, such as the 
relative brightness of the sources and their surroundings, turbulence in the air 


FIG. 36-11 At the top, the im- 
ages of two point sources 
(stars) formed by a converging 
lens. At the bottom, representa- 
tions of the image intensities. In 
(a) the angular separation of 
the sources is too small for 
them to be distinguished, in (b) 
they can be marginally 
distinguished, and in (c) they 
are clearly distinguished. 
Rayleigh’s criterion is satisfied 
in (b), with the central maxi- 
mum of one diffraction pattern 
coinciding with the first - 
minimum of the other. (a) 2) (c) 
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FIG. 36-12 The pointillistic painting 
The Seine at Herblay by Maximilien 
Luce consists of thousands of col- 
ored dots. With the viewer very close 
to the canvas, the dots and their true 
colors are visible. At normal viewing 
distances, the dots are irresolvable 
and thus blend. (Maxilien Luce, The 
Seine at Herblay, 1890. Musee 
d’Orsay, Paris, France. Photo by 
Erich Lessing/Art Resource) 































































































between the sources and the observer, and the functioning of the observer’s 
visual system. Experimental results show that the least angular separation that 
can actually be resolved by a person 1s generally somewhat greater than the value 
given by Eq. 36-14. However, for calculations here, we shall take Eq. 36-14 as 
being a precise criterion: If the angular separation 6 between the sources is 
ereater than 6g, we can visually resolve the sources; if it 1s less, we cannot. 

Rayleigh’s criterion can explain the arresting illusions of color in the style of 
painting known as pointillism (Fig. 36-12). In this style, a painting is made not 
with brush strokes in the usual sense but rather with a myriad of small colored 
dots. One fascinating aspect of a pointillistic painting is that when you change 
your distance from it, the colors shift in subtle, almost subconscious ways. This 
color shifting has to do with whether you can resolve the colored dots. When you 
stand close enough to the painting, the angular separations @ of adjacent dots 
are greater than Op and thus the dots can be seen individually. Their colors are the 
true colors of the paints used. However, when you stand far enough from the 
painting, the angular separations @ are less than 6p and the dots cannot be seen 
individually. The resulting blend of colors coming into your eye from any group 
of dots can then cause your brain to “make up” a color for that group—a color 
that may not actually exist in the group. In this way, a pointillistic painter uses 
your visual system to create the colors of the art. sae 

When we wish to use a lens instead of our visual system to resolve objects of small 
angular separation, it is desirable to make the diffraction pattern as small as possible. 
According to Eq. 36-14, this can be done either by increasing the lens diameter or by 
using light of a shorter wavelength. For this reason ultraviolet light is often used with 
microscopes; because of its shorter wavelength, it permits finer detail to be examined 
than would be possible for the same microscope operated with visible light. 


CHECKPOINT 4 Suppose that you can barely resolve two red dots because 
of diffraction by the pupil of your eye. If we increase the general illumination around 
you so that the pupil decreases in diameter, does the resolvability of the dots improve 
or diminish? Consider only diffraction. (You might experiment to check your answer.) 


Sample Problem Ey 


Figure 36-13a is a representation of the colored dots on d = 1.5 mm and that the least angular separation between 
a pointillistic painting. Assume that the average center- dots you can resolve is set only by Rayleigh’s criterion. 
to-center separation of the dots is D = 2.0mm. Also What is the least viewing distance from which you can- 


assume that the diameter of the pupil of your eye is not distinguish any dots on the painting? ee 





FIG. 36-13 (a) Representation of some dots on a pointillistic 
painting, showing an average center-to-center separation D. 
(b) The arrangement of separation D between two dots, their 
angular separation 0, and the viewing distance L. 


cSt Consider any two adjacent dots that you 


can distinguish when you are close to the painting. As 
you move away, you continue to distinguish the dots un- 
til their angular separation @ (in your view) has de- 
creased to the angle given by Rayleigh’s criterion: 


x 
(S190 
- d 


(36-15) 
Calculations: Figure 36-13b shows, from the side, the 
angular separation 0 of the dots, their center-to-center 
separation D, and your distance L from them. Because 


‘Sample Problem 
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D/L is small, angle @ is also small and we can make the 
approximation 


(36-16) 


Setting 6 of Eq. 36-16 equal to @g of Eq. 36-15 and 
solving for L, we then have 
Dd 
= 1.22d 
Equation 36-17 tells us that L is larger for smaller 4. 
Thus, as you move away from the painting, adjacent red 
dots (long wavelengths) become indistinguishable be- 
fore adjacent blue dots do. To find the least distance L 
at which no colored dots are distinguishable, we substi- 
tute A = 400 nm (blue or violet light) into Eq. 36-17: 


me 20 Oem) Cee 0) 
(1.22)(400 X 10-° m) 


(36-17) 


L = 6.1 m. 


(Answer) 


At this or a greater distance, the color you perceive 
at any given spot on the painting is a blended color that 
may not actually exist there. 





A circular converging lens, with diameter d = 32 mm 
and focal length f= 24cm, forms images of distant 
point objects in the focal plane of the lens. The wave- 
length is A = 550 nm. 


(a) Considering diffraction by the lens, what angular 
separation must two distant point objects have to satisfy 
Rayleigh’s criterion? 





Oaallleeinae Figure 36-14 shows two distant point ob- 
jects P; and P,, the lens, and a viewing screen in the fo- 
cal plane of the lens. It also shows, on the right, plots of 
light intensity J versus position on the screen for the 
central maxima of the images formed by the lens. Note 
that the angular separation 6, of the objects equals the 
angular separation 6; of the images. Thus, if the images 
are to satisfy Rayleigh’s criterion for resolvability, the 
angular separations on both sides of the lens must be 
given by Eq. 36-14 (assuming small angles). 


Calculations: From Eq. 36-14, we obtain 


r 
0. —"6— On — 1 
O i R d 
(1.22)(550 x 107° m) a 
SS ————— = / | OX : 
oa 2.1 X 10°? rad 
(Answer) 


At this angular separation, each central maximum in 
the two intensity curves of Fig. 36-14 1s centered on the 
first minimum of the other curve. 


(b) What is the separation Ax of the centers of the images 
in the focal plane? (That is, what is the separation of the 
central peaks in the two intensity-versus-position curves?) 


Calculations: From either triangle between the lens 
and the screen in Fig. 36-14, we see that tan 6,/2 = Ax/2f. 
Rearranging this equation and making the approxima- 
tion tan 6 ~ 6, we find 


Ax = f6,, (36-18) 
where @, is in radian measure. Substituting known data 
then yields 


Ax = (0.24 m)(2.1 X 10° rad) = 5.0 um. (Answer) 


Focal-plane 
screen 





FIG. 36-14 Light from two distant point objects P, and P, 
passes through a converging lens and forms images on a view- 
ing screen in the focal plane of the lens. Only one representa- 
tive ray from each object is shown. The images are not points 
but diffraction patterns, with intensities approximately as 
plotted at the right. The angular separation of the objects is 0, 
and that of the images is 6;; the central maxima of the images 
have a separation Ax. 
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5 0 
0 (degrees) 
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FIG. 36-15 (a) The intensity plot to be expected ina 
double-slit interference experiment with vanishingly 
narrow slits. (b) The intensity plot for diffraction by a 
typical slit of width a (not vanishingly narrow). (c) The 
intensity plot to be expected for two slits of width a. The 
curve of (b) acts as an envelope, limiting the intensity of 
the double-slit fringes in (a). Note that the first minima 90 15 10 F 0 

of the diffraction pattern of (b) eliminate the double-slit 0 (degrees) 


fringes that would occur near 12° in (c). 
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36-7 | Diffraction by a Double Slit 


In the double-slit experiments of Chapter 35, we implicitly assumed that the slits 
were much narrower than the wavelength of the light illuminating them; that is, 
a < X. For such narrow slits, the central maximum of the diffraction pattern of 
either slit covers the entire viewing screen. Moreover, the interference of light 
from the two slits produces bright fringes with approximately the same intensity 
(Fig. 35-12). 

In practice with visible light, however, the condition a < d is often not met. 
For relatively wide slits, the interference of light from two slits produces bright 
fringes that do not all have the same intensity. That is, the intensities of the fringes 
produced by double-slit interference (as discussed in Chapter 35) are modified by 
diffraction of the light passing through each slit (as discussed in this chapter). 

As an example, the intensity plot of Fig. 36-15a suggests the double-slit 
interference pattern that would occur if the slits were infinitely narrow (and thus 
a < X); all the bright interference fringes would have the same intensity. The 
intensity plot of Fig. 36-155 is that for diffraction by a single actual slit; the dif- 
fraction pattern has a broad central maximum and weaker secondary maxima at 
+17°. The plot of Fig. 36-15c suggests the interference pattern for two actual slits. 
That plot was constructed by using the curve of Fig. 36-155 as an envelope on the 
intensity plot in Fig. 36-15a. The positions of the fringes are not changed; only the 
intensities are affected. 

Figure 36-16a shows an actual pattern in which both double-slit interference 
and diffraction are evident. If one slit is covered, the single-slit diffraction pattern 
of Fig. 36-165 results. Note the correspondence between Figs. 36-16a and 36-15c, 
and between Figs. 36-165 and 36-15b. In comparing these figures, bear in mind 
that Fig. 36-16 has been deliberately overexposed to bring out the faint secondary 
maxima and that two secondary maxima (rather than one) are shown. 

With diffraction effects taken into account, the intensity of a double-slit 
interference pattern is given by 





: 2 
I(6) = I,,(cos’ B) ( ee (double slit), (36-19) 


a 
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FIG. 36-16 (a) Interference fringes 
for an actual double-slit system; 
compare with Fig. 36-15c. (b) The 
diffraction pattern of a single slit; 
compare with Fig. 36-155. (From 
Michel Cagnet, Maurice Franzon, 
and Jean Thierr, Atlas of Optical 
Phenomena. Springer-Verlag, 
New York, 1962. Reproduced with 
permission. ) 





d 

in which B= a: sin 6 (36-20) 
7a Si, 

and a = —~sin 0. (36-21) 


Here d is the distance between the centers of the slits and a is the slit width. Note 
carefully that the right side of Eq. 36-19 is the product of J, and two factors. (1) The 
interference factor cos” B is due to the interference between two slits with slit sepa- 
ration d (as given by Eqs. 35-22 and 35-23). (2) The diffraction factor [(sin a)/a}* is 
due to diffraction by a single slit of width a (as given by Eqs. 36-5 and 36-6). 

Let us check these factors. If we let a 0 in Eq. 36-21, for example, then 
a — 0 and (sin a)/a — 1. Equation 36-19 then reduces, as it must, to an equation 
describing the interference pattern for a pair of vanishingly narrow slits with slit 
separation d. Similarly, putting d = 0 in Eq. 36-20 is equivalent physically to caus- 
ing the two slits to merge into a single slit of width a. Then Eq. 36-20 yields B = 0 
and cos’ B = 1.In this case Eq. 36-19 reduces, as it must, to an equation describing 
the diffraction pattern for a single slit of width a. 

The double-slit pattern described by Eq. 36-19 and displayed in Fig. 36-16a 
combines interference and diffraction in an intimate way. Both are superposition 
effects, in that they result from the combining of waves with different phases at a 
given point. If the combining waves originate from a small number of elementary 
coherent sources—as in a double-slit experiment with a < A—we call the 
process interference. If the combining waves originate in a single wavefront —as in 
a single-slit experiment— we call the process diffraction. This distinction between 
interference and diffraction (which is somewhat arbitrary and not always adhered 
to) is a convenient one, but we should not forget that both are superposition effects 
and usually both are present simultaneously (as in Fig. 36-16a). 





In a double-slit experiment, the wavelength A of the 
light source is 405 nm, the slit separation d is 19.44 um, 
and the slit width a is 4.050 um. Consider the interfer- 
ence of the light from the two slits and also the diffrac- 
tion of the light through each slit. 


(a) How many bright interference fringes are within 
the central peak of the diffraction envelope? 





KEY IDEAS By agin analyze the two basic mechanisms 
responsible for the optical pattern produced in the ex- 
periment: 


1. Single-slit diffraction: The limits of the central peak 
are the first minima in the diffraction pattern due to 


either slit individually. (See Fig. 36-15.) The angular 
locations of those minima are given by Eq. 36-3 
(a sin 6 = mX). Here let us rewrite this equation as 
a sin 6=m,A, with the subscript 1 referring to the 
one-slit diffraction. For the first minima in the dif- 
fraction pattern, we substitute m, = 1, obtaining 


asin @= 4X. (36-22) 


- Double-slit interference: The angular locations of the 


bright fringes of the double-slit interference pattern 
are given by Eq. 35-14, which we can write as 


form, = 0,1,2,.... (36-23) 


Here the subscript 2 refers to the double-slit inter- 
ference. 


dsin @= m),, 
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Calculations: We can locate the first diffraction mini- 
mum within the double-slit fringe pattern by dividing 
Eq. 36-23 by Eq. 36-22 and solving for m,. By doing so 
and then substituting the given data, we obtain 

d _ 19.44 um 


Ho 


= = 48. 
a 4.050 wm 


This tells us that the bright interference fringe for m, = 
4 fits into the central peak of the one-slit diffraction pat- 
tern, but the fringe for m, = 5 does not fit. Within the 
central diffraction peak we have the central bright 
fringe (m, = 0), and four bright fringes (up to m, = 4) 
on each side of it. Thus, a total of nine bright fringes of the 
double-slit interference pattern are within the central 
peak of the diffraction envelope. The bright fringes to one 
side of the central bright fringe are shown in Fig. 36-17. 


(b) How many bright fringes are within either of the 
first side peaks of the diffraction envelope? 





falehledaaas The outer limits of the first side diffraction 
peaks are the second diffraction minima, each of which 
is at the angle 6 given by asin 0 = m,A with m, = 2: 


rz Diffraction envelope 
S— My = 0 


S 





Intensity J 


4 ot Rar oe. 





@ (rad) 


FIG. 36-17 One side of the intensity plot for a two-slit inter- 
ference experiment. The inset shows (vertically expanded) the 
plot within the first and second side peaks of the diffraction 
envelope. 


This tells us that the second diffraction minimum occurs 
just before the bright interference fringe for m, = 10 in 
Eq. 36-23. Within either first side diffraction peak we 
have the fringes from m, = 5 to m, = 9, for a total of 


five bright fringes of the double-slit interference pattern 
(shown in the inset of Fig. 36-17). However, if the m, = 
5 bright fringe, which is almost eliminated by the first 
diffraction minimum, is considered too dim to count, 

= 2d _ (2)(19.44 wm) = 6% then only four bright fringes are in the first side diffrac- 
[ea 4.050 um _ tion peak. 


asin 6 = 2A. (36-24) 
Calculation: Dividing Eq. 36-23 by Eq. 36-24, we find 





36-8 | Diffraction Gratings 


One of the most useful tools in the study of light and of objects that emit and 
absorb light is the diffraction grating. This device is somewhat like the double-slit 
arrangement of Fig. 35-10 but has a much greater number N of slits, often called 
rulings, perhaps as many as several thousand per millimeter. An idealized grating 
consisting of only five slits is represented in Fig. 36-18. When monochromatic 
light is sent through the slits, 1t forms narrow interference fringes that can be 
analyzed to determine the wavelength of the light. (Diffraction gratings can also 
be opaque surfaces with narrow parallel grooves arranged like the slits in Fig. 
36-18. Light then scatters back from the grooves to form interference fringes 
rather than being transmitted through open slits.) 

With monochromatic light incident on a diffraction grating, if we gradually 
increase the number of slits from two to a large number N, the intensity plot 
changes from the typical double-slit plot of Fig. 36-15c to a much more compli- 
cated one and then eventually to a simple graph like that shown in Fig. 36-19a. The 
pattern you would see on a viewing screen using monochromatic red light from, 
say, a heltum—neon laser is shown in Fig. 36-19b. The maxima are now very narrow 
(and so are called lines); they are separated by relatively wide dark regions. 

We use a familiar procedure to find the locations of the bright lines on the 
viewing screen. We first assume that the screen is far enough from the grating so 
that the rays reaching a particular point P on the screen are approximately par- 
allel when they leave the grating (Fig. 36-20). Then we apply to each pair of 
adjacent rulings the same reasoning we used for double-slit interference. The sep- 
aration d between rulings is called the grating spacing. (If N rulings occupy a total 





=) ee E 


FIG. 36-18 An idealized diffraction 
grating, consisting of only five rulings, 
that produces an interference pattern 
on a distant viewing screen C. 


width w, then d = w/N.) The path length difference between adjacent rays 1s again 
d sin 0 (Fig. 36-20), where 6 is the angle from the central axis of the grating (and of 
the diffraction pattern) to point P. A line will be located at P if the path length dif- 
ference between adjacent rays is an integer number of wavelengths — thats, if 


dsin@=mdA, form=0,1,2,... (maxima—lines), (36-25) 
where A is the wavelength of the light. Each integer m represents a different line; 
hence these integers can be used to label the lines, as in Fig. 36-19. The integers 
are then called the order numbers, and the lines are called the zeroth-order line 
(the central line, with m = 0), the first-order line (m = 1), the second-order line 
(m = 2), and so on. 

If we rewrite Eq. 36-25 as 6 = sin” '(mA/d), we see that, for a given diffraction 
grating, the angle from the central axis to any line (say, the third-order line) depends 
on the wavelength of the light being used. Thus, when light of an unknown wave- 
length is sent through a diffraction grating, measurements of the angles to the higher- 
order lines can be used in Eq. 36-25 to determine the wavelength. Even light of sev- 
eral unknown wavelengths can be distinguished and identified in this way. We cannot 
do that with the double-slit arrangement of Section 35-4, even though the same 
equation and wavelength dependence apply there. In double-slit interference, the 


bright fringes due to different wavelengths overlap too much to be distinguished. 


Width of the Lines 


A grating’s ability to resolve (separate) lines of different wavelengths depends on 
the width of the lines. We shall here derive an expression for the half-width of 
the central line (the line for which m = 0) and then state an expression for the 
half-widths of the higher-order lines. We define the half-width of the central line 
as being the angle A@,,, from the center of the line at 6 = 0 outward to where 
the line effectively ends and darkness effectively begins with the first mintmum 
(Fig. 36-21). At such a minimum, the N rays from the WN slits of the grating cancel 
one another. (The actual width of the central line is, of course, 2(A6,,,), but line 
widths are usually compared via half-widths.) 

In Section 36-3 we were also concerned with the cancellation of a great many 
rays, there due to diffraction through a single slit. We obtained Eq. 36-3, which, 
because of the similarity of the two situations, we can use to find the first 
minimum here. It tells us that the first minimum occurs where the path length 
difference between the top and bottom rays equals A. For single-slit diffraction, 
this difference is a sin 0. For a grating of N rulings, each separated from the next 
by distance d, the distance between the top and bottom rulings is Nd (Fig. 36-22), 


Top ray 


Intensity 











To first 
minimum 
= \ 
w \ 
x 
\ 
eAGhw , Bottom ray 
Nd & \ 
& 
Eo 
& 
a Path length 
& . 
o a difference 
0 ae 
FIG. 36-21. The half- | 


width A@G,,, of the central 
line is measured from the 
center of that line to the 
adjacent minimum ona 
plot of / versus 6 like Fig. 
36-19a. 


FIG. 36-22 The top and bottom rulings of a diffraction 


rays passing through these rulings have a path length 
difference of Nd sin A@,,,, where A@,,, is the angle to the first 
minimum. (The angle is here greatly exaggerated for clarity.) 


grating of N rulings are separated by Nd. The top and bottom 
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Intensity 


m= 0 





m=0 | 2 3 
(d) 


FIG. 36-19 (a) The intensity plot 
produced by a diffraction grating with 
a great many rulings consists of nar- 
row peaks, here labeled with their or- 
der numbers m. (b) The corresponding 
bright fringes seen on the screen are 
called lines and are here also 

labeled with order numbers m. 


To point P 
on viewing 
screen 






Path length 
difference 


j 


FIG. 36-20 The rays from the 
rulings in a diffraction grating toa 
distant point P are approximately 
parallel. The path length difference 
between each two adjacent rays is 

d sin 0, where 6 is measured as 
shown. (The rulings extend into and 
out of the page.) 
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FIG, 36-23 A simple type of grat- 
ing spectroscope used to analyze the 
wavelengths of light emitted by 
source S. 





and so the path length difference between the top and bottom rays here is 
Nd sin A®6,,,. Thus, the first minimum occurs where 


Nd sin AO, = A. (36-26) 
Because A6,y 1s small, sin A@,y = A, (in radian measure). Substituting this in 
Fq. 36-26 gives the half-width of the central line as 


AOiw = (half-width of central line). (36-27) 


AL 
Nd 
We state without proof that the half-width of any other line depends on its loca- 
tion relative to the central axis and is 


A 


Ne Sere 
hw Nd cos 6 


(half-width of line at 6). (36-28) 


Note that for light of a given wavelength A and a given ruling separation d, the 
widths of the lines decrease with an increase in the number N of rulings. Thus, of 
two diffraction gratings, the grating with the larger value of N is better able to dis- 
tinguish between wavelengths because its diffraction lines are narrower and so 
produce less overlap. 


Grating Spectroscope 


Diffraction gratings are widely used to determine the wavelengths that are emitted 
by sources of light ranging from lamps to stars. Figure 36-23 shows a simple grating 
spectroscope in which a grating is used for this purpose. Light from source S is fo- 
cused by lens L, on a vertical slit S,; placed in the focal plane of lens L,. The light 
emerging from tube C (called a collimator) is a plane wave and is incident perpen- 
dicularly on grating G, where it is diffracted into a diffraction pattern, with the m = 
0 order diffracted at angle 6 = 0 along the central axis of the grating. 

We can view the diffraction pattern that would appear on a viewing screen at 
any angle 6 simply by orienting telescope T in Fig. 36-23 to that angle. Lens L; of 
the telescope then focuses the light diffracted at angle @ (and at slightly smaller 
and larger angles) onto a focal plane FF’ within the telescope. When we look 
through eyepiece FE, we see a magnified view of this focused image. 

By changing the angle 0 of the telescope, we can examine the entire diffraction 
pattern. For any order number other than m = 0, the original light is spread out ac- 
cording to wavelength (or color) so that we can determine, with Eq. 36-25, just what 
wavelengths are being emitted by the source. If the source emits discrete wave- 
lengths, what we see as we rotate the telescope horizontally through the angles cor- 
responding to an order m is a vertical line of color for each wavelength, with the 
shorter-wavelength line at a smaller angle 6 than the longer-wavelength line. 

For example, the light emitted by a hydrogen lamp, which contains hydrogen 
gas, has four discrete wavelengths in the visible range. If our eyes intercept this 
light directly, it appears to be white. If, instead, we view it through a grating 
spectroscope, we can distinguish, in several orders, the lines of the four colors 
corresponding to these visible wavelengths. (Such lines are called emission lines. ) 
Four orders are represented in Fig. 36-24. In the central order (m = 0), the lines 





60° 70° 80 


FIG. 36-24 The zeroth, first, second, and fourth orders of the visible emission lines from 
hydrogen. Note that the lines are farther apart at greater angles. (They are also dimmer 
and wider, although that is not shown here.) 
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E1G. 36-25 The visible emission lines of cadmium, as seen 
through a grating spectroscope. (Department of Physics, Imperial 
College/Science Photo Library/Photo Researchers) 





corresponding to all four wavelengths are superimposed, giving a single white 
line at 6 = 0. The colors are separated in the higher orders. 

The third order is not shown in Fig. 36-24 for the sake of clarity; it actually 
overlaps the second and fourth orders. The fourth-order red line is missing 
because it is not formed by the grating used here. That is, when we attempt to 
solve Eq. 36-25 for the angle 6 for the red wavelength when m = 4, we find that 
sin 6 is greater than unity, which is not possible. The fourth order is then said to be 
incomplete for this grating; it might not be incomplete for a grating with greater 
spacing d, which will spread the lines less than in Fig. 36-24. Figure 36-25 is a 
photograph of the visible emission lines produced by cadmium. 


Optically Variable Graphics 


Holograms are made by having laser light scatter from an object onto an emul- 
sion. Once the hologram is developed, an image of the object can be created by 
illuminating the hologram with the same type of laser light. The image is arresting 
because, unlike common photographs, it has depth, and you can change your 
perspective of the object by changing the angle at which you view the hologram. 

Holograms were thought to be an ideal anticounterfeiting measure for credit 
cards and other types of personal cards. However, they have several disadvan- FIG. 36-26 An identification card 
tages. (1) A holographic image can be sharp when viewed in laser light, which is with OVG. (Pascal 
coherent and incident from a single direction. However, the image is murky Goetgheluck/Photo Researchers) 
(“milky”) when viewed in the normal light of a store. (Such diffuse light is 
incoherent and incident from many directions.) Thus a store clerk is unlikely to ex- 
amine a display on a credit card closely enough to see whether it is a legitimate 
hologram. (2) A hologram can be easily counterfeited because it is a photograph of 
an actual object. A counterfeiter merely makes a model of that object, then makes 
a hologram of it, and then attaches the hologram to a counterfeit credit card. 

Most credit cards and many identification cards now carry optically variable 
graphics (OVG), which produce an image via the diffraction of diffuse light by 
gratings embedded in the device (Fig. 36-26). The gratings send out hundreds or 
even thousands of different orders. Someone viewing the card intercepts some of 
these orders, and the combined light creates a virtual image that is part of, say, a 
credit-card logo. For example, in Fig. 36-27a, gratings at point a produce a certain im- 
age when the viewer is at orientation A, and in Fig. 36-275, gratings at point b pro- 
duce a different image when the viewer is at orientation B. These images are bright 
and sharp because the gratings have been designed to be viewed in diffuse light. 

An OVG is very difficult to design because optical engineers must work 
backwards from a graphic, such as a given logo. The engineers must determine BR eee nen on nee 
the grating properties across the OVG if a certain image is to be seen fromone ..ng light to a viewer at orientation 
set of viewing angles and a different image is to be seen from a different set of 4 creating a certain virtual image. 
viewing angles. Such work requires sophisticated programming on computers. (bh) Gratings at point b send light to 
Once designed, the OVG structure is so complicated that counterfeiting it is the viewer at orientation B, creating 
extremely difficult. a different virtual image. 








FIG. 36-27 (a) Gratings at point a 


CHECKPOINT 5 The figure shows lines of different orders produced by a 
diffraction grating in monochromatic red light. (a) Is the center of the pattern to 
the left or right? (b) In monochromatic green light, are the half- ee of the lines 
produced in the same orders greater than, less than, —  {T . 

or the same as the half-widths of the lines shown? 
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The fine rulings, each 0.5 um wide, on 
a compact disc function as a diffrac- 
tion grating. When a small source of 
white light illuminates a disc, the dif- 
fracted light forms colored “lanes” 
that are the composite of the diffrac- 
tion patterns from the rulings. == 
(Kristen Brochmann/Fundamental 
Photographs) 
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Dispersion 


To be useful in distinguishing wavelengths that are close to each other (as in a 
erating spectroscope), a grating must spread apart the diffraction lines associated 
with the various wavelengths. This spreading, called dispersion, is defined as 


D= = (dispersion defined). (36-29) 
AX 
Here A@ is the angular separation of two lines whose wavelengths differ by AA. 
The greater D 1s, the greater is the distance between two emission lines whose 
wavelengths differ by AA. We show below that the dispersion of a grating at angle 
Gis given by 


Wan (dispersion of a grating). (36-30) 
Thus, to achieve higher dispersion we must use a grating of smaller grating spac- 
ing d and work in a higher-order m. Note that the dispersion does not depend on 
the number of rulings N in the grating. The SI unit for D is the degree per meter 
or the radian per meter. 


Resolving Power 


To resolve lines whose wavelengths are close together (that is, to make the lines 
distinguishable), the line should also be as narrow as possible. Expressed other- 
wise, the grating should have a high resolving power KR, defined as 
Naas 

R= A (resolving power defined). (36-31) 
Here A,y, is the mean wavelength of two emission lines that can barely be recog- 
nized as separate, and AA is the wavelength difference between them. The greater 
R is, the closer two emission lines can be and still be resolved. We shall show 
below that the resolving power of a grating is given by the simple expression 


R=Nm (resolving power of a grating). (36-32) 


To achieve high resolving power, we must use many rulings (large N). 





Proof of Eq 


Let us start with Eq. 36-25, the expression for the locations of the lines in the dif- 
fraction pattern of a grating: 





dsin 6 = mA. 
Let us regard 6 and A as variables and take differentials of this equation. We find 
d(cos 0) d0 = man. 


For small enough angles, we can write these differentials as small differences, 
obtaining 


d(cos 0) A@= mAA (36-33) 
som 
7 AX dcos@ 


The ratio on the left is simply D (see Eq. 36-29), and so we have indeed derived 
Eq. 36-30. 
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Three Gratings’ 





Grating N d (nm) 0 D (°/um) R 

A 10 000 2540 13.4° DD 10 000 
B 20 000 2540 13.4° 232 20 000 
ce 10 000 1360 D555 46.3 10 000 


“Data are for A = 589 nm andm = 1. 


Proof of Eq. 36-32 


We start with Eq. 36-33, which was derived from Eq. 36-25, the expression for the lo- 
cations of the lines in the diffraction pattern formed by a grating. Here AA is the small 
wavelength difference between two waves that are diffracted by the grating, and A@is 
the angular separation between them in the diffraction pattern. If A@ is to be the 
smallest angle that will permit the two lines to be resolved, it must (by Rayleigh’s cri- 
terion) be equal to the half-width of each line, which is given by Eq. 36-28: 


_ A 
Nd cos 6 


If we substitute A6,,, as given here for A@ in Eq. 36-33, we find that 


<= m AA, 


A6nw ae 


from which it readily follows that 
A 
R = —— = Nm. 
AN 


This 1s Eq. 36-32, which we set out to derive. 





Dispersion and Resolving Power Compared 


The resolving power of a grating must not be confused with its dispersion. Table 
36-1 shows the characteristics of three gratings, all illuminated with light of wave- 
length A = 589 nm, whose diffracted light is viewed in the first order (m = 1 in 
Eq. 36-25). You should verify that the values of D and R as given in the table can 
be calculated with Eqs. 36-30 and 36-32, respectively. (In the calculations for D, 
you will need to convert radians per meter to degrees per micrometer. ) 

For the conditions noted in Table 36-1, gratings A and B have the same 
dispersion D and A and C have the same resolving power R. 

Figure 36-28 shows the intensity patterns (also called line shapes) that would 
be produced by these gratings for two lines of wavelengths A, and Aj, in the 
vicinity of A = 589 nm. Grating B, with the higher resolving power, produces 
narrower lines and thus is capable of distinguishing lines that are much closer 
together in wavelength than those in the figure. Grating C, with the higher dis- 
persion, produces the greater angular separation between the lines. 
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FIG. 36-28 The intensity patterns 
for light of two wavelengths sent 
through the gratings of Table 36-1. 
Grating B has the highest resolving 
power, and grating C the highest 
dispersion. 





Sample Problem | 


A diffraction grating has 1.26 X 10* rulings uniformly 
spaced over width w = 25.4 mm. It is illuminated at nor- 
mal incidence by yellow light from a sodium vapor 
lamp. This light contains two closely spaced emission 
lines (known as the sodium doublet) of wavelengths 
589.00 nm and 589.59 nm. 





_ KEY IDEA The maxima produced by the diffraction 
grating can be determined with Eq. 36-25 (d sin 9 = mA). 


(a) At what angle does the first-order maximum occur 
(on either side of the center of the diffraction pattern) 
for the wavelength of 589.00 nm? 
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Calculations: The grating spacing d is 
Wwe 25.4 X 10°? m 
N 126% 10? 
= 2.016 X 10°-°m = 2016 nm. 
The first-order maximum corresponds to m= 1. 


Substituting these values for d and m into Eq. 36-25 
leads to 


ee er (1)(589.00 nm) 
é = sin a sin aie jieam 


= 16.99° = 17.0°. (Answer) 


(b) Using the dispersion of the grating, calculate the an- 
gular separation between the two lines in the first order. 





sah ladatdioed (1) The angular separation A@ between the 
two lines in the first order depends on their wavelength 
difference AA and the dispersion D of the grating, ac- 
cording to Eq. 36-29 (D = A@/AX). (2) The dispersion D 
depends on the angle @ at which it is to be evaluated. 


Calculations: We can assume that, in the first order, the 
two sodium lines occur close enough to each other for 
us to evaluate D at the angle 6 = 16.99° we found in 
part (a) for one of those lines. Then Eq. 36-30 gives the 
dispersion as 


m 1 
D ne 
dcos@  (2016nm)(cos 16.99°) 
= 5.187 X 107* rad/nm. 





From Eq. 36-29 and with AA in nanometers, we then 
have 


A@ = D Ad = (5.187 X 10~4 rad/nm)(589.59 — 589.00) 


= 3.06 X 10-* rad = 0.0175°. (Answer) 


You can show that this result depends on the grating 
spacing d but not on the number of rulings there are in 
the grating. 


(c) What is the least number of rulings a grating can 
have and still be able to resolve the sodium doublet in 
the first order? 





age 


(1) The resolving power of a grating in any 
order m 1s physically set by the number of rulings N in 
the grating according to Eq. 36-32 (R = Nm). (2) The 
smallest wavelength difference AA that can be resolved 
depends on the average wavelength involved and on the 
resolving power R of the grating, according to Eq. 36-31 
(A = ABA: 


Calculation: For the sodium doublet to be barely re- 

solved, AA must be their wavelength separation of 

0.59 nm, and A,,, must be their average wavelength of 

589.30 nm. Thus, we find that the smallest number of 

rulings for a grating to resolve the sodium doublet is 
— 


N=-—= 
m m AX 


589.30 nm 


~ (1)(0.59 nm) een) 


= 999 rulings. 


0 | Diffraction by Organized Layers 


Here we examine two examples of optical interference due to the diffraction of 
light by organized layers. First, we discuss x-ray diffraction by organized layers of 
atoms in crystals, an effect known for about 100 years. Then we discuss visible-light 
diffraction by organized layers in organic materials, including the skin of mandrill 
baboons, which is a current subject of research. 


X-Ray Diffraction 


X rays are electromagnetic radiation whose wavelengths are of the order of 1 A 
(= 10°"? m). Compare this with a wavelength of 550 nm (= 5.5 X 107’ m) at the 
center of the visible spectrum. Figure 36-29 shows that x rays are produced when 
electrons escaping from a heated filament F are accelerated by a potential differ- 
ence V and strike a metal target T. 

A standard optical diffraction grating cannot be used to discriminate 
between different wavelengths in the x-ray wavelength range. For A=1A 
(= 0.1 nm) and d = 3000 nm, for example, Eq. 36-25 shows that the first-order 
maximum occurs at 





FIG. 36-29 X-rays are generated 
when electrons leaving heated fila- 
ment F are accelerated through a 
potential difference V and strike a 
metal target 7. The “window” W in 

the evacuated chamber C is transpar- ge Sinct ma _ sin7! (1)(0.1 nm) = 0,0019°. 
ent to x rays. d 3000 nm 
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This is too close to the central maximum to be practical. A grating with d ~ A is 
desirable, but, because x-ray wavelengths are about equal to atomic diameters, 
such gratings cannot be constructed mechanically. 

In 1912, it occurred to German physicist Max von Laue that a crystalline 
solid, which consists of a regular array of atoms, might form a natural three- 
dimensional “diffraction grating” for x-rays. The idea is that, in a crystal such as 
sodium chloride (NaCl), a basic unit of atoms (called the unit cell) repeats itself 
throughout the array. Figure 36-30a represents a section through a crystal of NaCl 
and identifies this basic unit. The unit cell is a cube measuring ay) on each side. 

When an x-ray beam enters a crystal such as NaCl, x rays are scattered — that 
is, redirected —zin all directions by the crystal structure. In some directions the 
scattered waves undergo destructive interference, resulting in intensity minima; 
in other directions the interference is constructive, resulting in intensity maxima. 
This process of scattering and interference is a form of diffraction, although it 
is unlike the diffraction of light traveling through a slit or past an edge as we 
discussed earlier. 

Although the process of diffraction of x rays by a crystal is complicated, the 
maxima turn out to be in directions as if the x rays were reflected by a family of 
parallel reflecting planes (or crystal planes) that extend through the atoms within 
the crystal and that contain regular arrays of the atoms. (The x rays are not actu- 
ally reflected; we use these fictional planes only to simplify the analysis of the 
actual diffraction process.) 

Figure 36-305 shows three reflecting planes (part of a family containing many 
parallel planes) with interplanar spacing d, from which the incident rays shown 
are said to reflect. Rays 1,2, and 3 reflect from the first, second, and third planes, 
respectively. At each reflection the angle of incidence and the angle of reflection 
are represented with 0. Contrary to the custom in optics, these angles are defined 
relative to the surface of the reflecting plane rather than a normal to that surface. 
For the situation of Fig. 36-30b, the interplanar spacing happens to be equal to 
the unit cell dimension a). 

Figure 36-30c shows an edge-on view of reflection from an adjacent pair of 
planes. The waves of rays 1 and 2 arrive at the crystal in phase. After they are 
reflected, they must again be in phase because the reflections and the reflecting 
planes have been defined solely to explain the intensity maxima in the diffraction 
of x rays by acrystal. Unlike light rays, the x rays do not refract upon entering the 
crystal; moreover, we do not define an index of refraction for this situation. Thus, 
the relative phase between the waves of rays 1 and 2 as they leave the crystal is set 
solely by their path length difference. For these rays to be in phase, the path length 
difference must be equal to an integer multiple of the wavelength A of the x rays. 

By drawing the dashed perpendiculars in Fig. 36-30c, we find that the path 
length difference is 2d sin 6. In fact, this is true for any pair of adjacent planes in 
the family of planes represented in Fig. 36-30b. Thus, we have, as the criterion for 
intensity maxima for x-ray diffraction, 


2d sin @= m4, form =1,2,3,... (Bragg’s law), (36-34) 
where m is the order number of an intensity maximum. Equation 36-34 is called 
Bragg’s law after British physicist W. L. Bragg, who first derived it. (He and his 
father shared the 1915 Nobel Prize in physics for their use of x rays to study the 
structures of crystals.) The angle of incidence and reflection in Eq. 36-34 is called 
a Bragg angle. 

Regardless of the angle at which x rays enter a crystal, there is always a fam- 
ily of planes from which they can be said to reflect so that we can apply Bragg’s 
law. In Fig. 36-30d, notice that the crystal structure has the same orientation as it 
does in Fig. 36-30a, but the angle at which the beam enters the structure differs 


from that shown in Fig. 36-30b. This new angle requires a new family of reflecting 


























FIG. 36-30 (a) The cubic structure 
of NaCl, showing the sodium and 
chlorine ions and a unit cell 
(shaded). (b) Incident x rays undergo 
diffraction by the structure of (a). 
The x rays are diffracted as if they 
were reflected by a family of parallel 
planes, with the angle of reflection 
equal to the angle of incidence, both 
angles measured relative to the 
planes (not relative to a normal as in 
optics). (c) The path length differ- 
ence between waves effectively 
reflected by two adjacent planes ts 
2d sin 6.(d) A different orientation 
of the incident x rays relative to the 
structure. A different family of paral- 
lel planes now effectively reflects the 
X rays. 
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FIG. 36-31 A family of planes 
through the structure of Fig. 36-30a, 
and a way to relate the edge length a 
of a unit cell to the interplanar spac- 
ing d. 





Incident 


light 


(c) (d) 


FIG. 36-32 Color-shifting by a 
rubber sheet with embedded poly- 
styrene spheres. (a) and (c) 
Unstretched, with the spheres form- 
ing planes of separation d.(b) and 
(d) Stretched, with the spheres 
forming planes of smaller separa- 
tion d'. (Courtesy Hiroshi Fudouzi) 


REVIEW & SUMMARY 





planes, with a different interplanar spacing d and different Bragg angle 0, in order 
to explain the x-ray diffraction via Bragg’s law. 

Figure 36-31 shows how the interplanar spacing d can be related to the 
unit cell dimension aj. For the particular family of planes shown there, the 
Pythagorean theorem gives 





Sd = Via8, 
ao 
or d = on = 0.2236ap. (36-35) 


Figure 36-31 suggests how the dimensions of the unit cell can be found once the 
interplanar spacing has been measured by means of x-ray diffraction. 

X-ray diffraction is a powerful tool for studying both x-ray spectra and the 
arrangement of atoms in crystals. To study spectra, a particular set of crystal planes, 
having a known spacing d, is chosen. These planes effectively reflect different 
wavelengths at different angles. A detector that can discriminate one angle from 
another can then be used to determine the wavelength of radiation reaching it. The 
crystal itself can be studied with a monochromatic x-ray beam, to determine not 
only the spacing of various crystal planes but also the structure of the unit cell. 


Structural Coloring by Diffraction 


Figure 36-32a shows a transparent unstretched rubber sheet in which polystyrene 
spheres have been embedded fairly uniformly, forming planes with separation d 
(Fig. 36-32c). When visible light penetrates the sheet, it is diffracted by the spheres 
and a portion emerges toward us. However, because there is a path length differ- 
ence between the light that reaches us from any two planes, the light undergoes in- 
terference. With the sheet unstretched, constructive interference occurs at wave- 
lengths around 590 nm, giving us red light (Fig. 36-32a). When the sheet is 
stretched, it thins, which causes the separation between planes to narrow to d’ (Fig. 
36-32d) and thus the wavelengths for constructive interference to decrease. In Fig. 
36-32b the stretched sheet gives us green light at wavelengths around 563 nm. This 
coloration is said to be an example of structural coloring because it is due to the 1n- 
terference of light caused by the structural arrangement within a material. 

Similar structural coloring occurs in the facial skin of mandrill baboons (and 
the skin on some other animals) because of diffraction from parallel collagen 
fibers beneath the skin surface. Light penetrates the skin, diffracts from the fibers, 
and then emerges from the skin. The fiber separation results in constructive inter- 
ference for wavelengths around 460 nm, so the skin is blue. It is not iridescent 
(like the wings on some types of butterflies) because the parallel organization of 
collagen fibers is uniform only in microscopic regions, an arrangement said to be 
quasi-ordered. AS 





Diffraction When waves encounter an edge, an obstacle, or 
an aperture the size of which is comparable to the wavelength 
of the waves, those waves spread out as they travel and, as a 
result, undergo interference. This is called diffraction. 


Single-Slit Diffraction Waves passing through a long 
narrow slit of width a produce, on a viewing screen, a single- 
slit diffraction pattern that includes a central maximum and 
other maxima, separated by minima located at angles 0 to the 
central axis that satisfy 


asinOd=maA, form=1,2,3,... (minima). (36-3) 


The intensity of the diffraction pattern at any given angle @ is 


19 =14( 


and /,, is the intensity at the center of the pattern. 


sin @ 





2 
| where a = a sin@  (36-5,36-6) 


Circular-Aperture Diffraction Diffraction by a circular 
aperture or a lens with diameter d produces a central maxi- 
mum and concentric maxima and minima, with the first 
minimum at an angle 6 given by 

; r 
sin 9 = 1.22 re (36-12) 


(first minimum —-circular aperture). 


Rayleigh’s Criterion Rayleigh’s criterion suggests that 
two objects are on the verge of resolvability if the central dif- 
fraction maximum of one is at the first minimum of the other. 
Their angular separation must then be at least 
A oe 
Op = 1.22 a (Rayleigh’s criterion), (36-14) 
in which d is the diameter of the aperture through which the 
light passes. 


Double-Slit Diffraction Waves passing through two slits, 
each of width a, whose centers are a distance d apart, display 
diffraction patterns whose intensity J at angle 01s 


2 
1(0) = I,,(cos? B) (2) (double slit), (36-19) 


with B = (md/X) sin 6 and @as for single-slit diffraction. 


Diffraction Gratings <A diffraction grating is a series of 
“slits” used to separate an incident wave into its component 
wavelengths by separating and displaying their diffraction 
maxima. Diffraction by N (multiple) slits results in maxima 
(lines) at angles @ such that 





1 For three experiments, Fig. 36-33 B 
gives the parameter 6 of Eq. 36-20 
versus angle 6 for two-slit interfer- 
ence using light of wavelength 500 
nm. The slit separations in the three 
experiments differ. Rank the experi- 
ments according to (a) the slit sepa- 
rations and (b) the total number of 9 t/2 
two-slit interference maxima in the @ (rad) 

pattern, greatest first. 





FIG. 36-33 Question 1. 
2 For three experiments, Fig. 36-34 
gives a versus angle #in one-slit dif- ao 
fraction using light of wavelength 
500 nm. Rank the experiments ac- 
cording to (a) the slit widths and (b) 
the total number of diffraction min- 
ima in the pattern, greatest first. 





3 Figure 36-35 shows four choices 
for the rectangular opening of a 
source of either sound waves or light 


0 n/2 
8 (rad) 


waves. The sides have lengths of ei- FIG. 36-34 Question 2. 


ther L or 2L, with L being 3.0 times 

the wavelength of the 

waves. Rank the openings | | | | | | | 
according to the extent of 

(a) left-right spreading 

and (b) up—down spread- (1) (2) (3) (4) 
ing of the waves due to 


FIG. 36-35 Question 3. 
diffraction, greatest first. pest 


4 Light of frequency f illuminating a long narrow slit pro- 
duces a diffraction pattern. (a) If we switch to light of frequency 
1.3f, does the pattern expand away from the center or contract 


Questions Pea neM pe: 


dsin 0 = ma, 10177 — Vee (maxima), (36-25) 
with the half-widths of the lines given by 


A 








——— -widths). -2 

AO nw ee (half-widths) (36-28) 
The dispersion D and resolving power R are given by 
Ad m 

D =—— = 36-29, 36-30 
AA = dos ere: ) 
pS 36-31, 36-32 
a Coat) 


X-Ray Diffraction The regular array of atoms in a crystal 
is a three-dimensional diffraction grating for short-wave- 
length waves such as x rays. For analysis purposes, the atoms 
can be visualized as being arranged in planes with characteris- 
tic interplanar spacing d. Diffraction maxima (due to con- 
structive interference) occur if the incident direction of the 
wave, measured from the surfaces of these planes, and the 
wavelength A of the radiation satisfy Bragg’s law: 


2dsin@=mdA, form =1,2,3,... (Bragg’slaw). (36-34) 


QUESTIONS 


toward the center? (b) Does the pattern expand or contract if, 
instead, we submerge the equipment in clear corn syrup? 


5 You are conducting a single-slit diffraction experiment with 
light of wavelength A. What appears, on a distant viewing screen, 
at a point at which the top and bottom rays through the slit have 
a path length difference equal to (a) 5A and (b) 4.5A? 


6 Ina single-slit diffraction experiment, the top and bottom 
rays through the slit arrive at a certain point on the viewing 
screen with a path length difference of 4.0 wavelengths. In a 
phasor representation like those in Fig 36-7, how many over- 
lapping circles does the chain of phasors make? 


7 Figure 36-36 shows a red line and a green line of the same 
order in the pattern produced by a diffraction grating. If we 
increased the number of rulings in the grating—say, by 
removing tape that had covered 
the outer half of the rulings— 
would (a) the half-widths of the 
lines and (b) the separation of 





FIG. 36-36 Questions 7 
the lines increase, decrease, or re- and 8. 

main the same? (c) Would the 

lines shift to the right, shift to the left, or remain in place? 


8 For the situation of Question 7 and Fig. 36-36, if instead we 
increased the grating spacing, would (a) the half-widths of the 
lines and (b) the separation of the lines increase, decrease, or 
remain the same? (c) Would the lines shift to the right, shift to 
the left, or remain in place? 


9 Atnight many people see rings (called entoptic halos) sur- 
rounding bright outdoor lamps in otherwise dark surround- 
ings. The rings are the first of the side maxima in diffraction 
patterns produced by structures that are thought to be within 
the cornea (or possibly the lens) of the observer’s eye. (The 
central maxima of such patterns overlap the lamp.) (a) Would 
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a particular ring become smaller or larger if the lamp were 
switched from blue to red light? (b) If a lamp emits white 
light, is blue or red on the outside edge of the ring? 


10 (a) For a given diffraction grating, does the smallest dif- 
ference AA in two wavelengths that can be resolved increase, 
decrease, or remain the same as the wavelength increases? (b) 
For a given wavelength region (say, around 500 nm), is AA 
greater in the first order or in the third order? 


17 (a) Figure 36-37a shows the lines produced by diffraction 
gratings A and B using light of the same wavelength; the lines 


—_ Eb La 
B | 
(a) ) 
FIG. 326-37 Question 11. 


are of the same order and appear at the same angles @. Which 
grating has the greater number of rulings? (b) Figure 36-37b 
shows lines of two orders produced by a single diffraction grat- 
ing using light of two wavelengths, both in the red region of the 
spectrum. Which lines, the left pair or right pair, are in the order 
with greater m? Is the center of the diffraction pattern located to 
the left or to the right in (c) Fig. 36-37a and (d) Fig. 36-37b? 


12 Figure 36-38 shows the bright fringes that lie within the 
central diffraction envelope in two double-slit diffraction 
experiments using the same wavelength of light. Are (a) the 
slit width a, (b) the slit 
separation d, and (c) the 
ratio d/a in experiment 
B greater than, less 
than, or the same as 
those quantities in ex- 
periment A? 





FIG. 26-38 Question 12. 
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& Tutoring problem available (at instructor's discretion) in WileyPLUS and WebAssign 


SSM Worked-out solution available in Student Solutions Manual 


® — eee Number of dots indicates level of problem difficulty 


WWW Worked-out solution is at 





ve http://www.wiley.com/college/halliday 
Interactive solution is at 


—< Additional information available in The Flying Circus of Physics and at flyingcircusofphysics.com 


Click here to view all 


sec. 36-3 Diffraction by a Single Slit: Locating the Minima 
4 A single slit is illuminated by light of wavelengths 
A, and A,, chosen so that the first diffraction minimum of the 
A, component coincides with the second minimum of the A, 
component. (a) If A, = 350 nm, what is A,? For what order 
number m, (if any) does a minimum of the A, component 
coincide with the minimum of the A, component in the order 
number (b) m, = 2 and (c) m, = 3? 


#2 Monochromatic light of wavelength 441 nm is incident 
on a narrow slit. On a screen 2.00 m away, the distance be- 
tween the second diffraction minimum and the central maxi- 
mum is 1.50 cm. (a) Calculate the angle of diffraction 6 of the 
second minimum. (b) Find the width of the slit. 


#3 Light of wavelength 633 nm is incident on a narrow slit. 
The angle between the first diffraction minimum on one side 
of the central maximum and the first minimum on the other 
side is 1.20°. What is the width of the slit? 


e4 What must be the ratio of the slit width to the wavelength for 
a single slit to have the first diffraction minimum at 6 = 45.0°? 


®S A plane wave of wavelength 590 nm is incident on a slit 
with a width of a = 0.40 mm. A thin converging lens of focal 
length +70 cm is placed between the slit and a viewing screen 
and focuses the light on the screen. (a) How far is the screen 
from the lens? (b) What is the distance on the screen from the 
center of the diffraction pattern to the first minimum? 


¢& In conventional television, signals are broadcast from 
towers to home receivers. Even when a receiver is not in 
direct view of a tower because of a hill or building, it can still 
intercept a signal if the signal diffracts enough around the 
obstacle, into the obstacle’s “shadow region.” Previously, tele- 
vision signals had a wavelength of about 50cm, but digital 
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television signals that are transmitted from towers have a 
wavelength of about 10 mm. (a) Did this change in wave- 
length increase or decrease the diffraction of the signals into 
the shadow regions of obstacles? Assume that a signal passes 
through an opening of 5.0m width between two adjacent 
buildings. What is the angular spread of the central diffrac- 
tion maximum (out to the first minima) for wavelengths of 
(b) 50 cm and (c) 10 mm? 


7 The distance between the first and fifth minima of a 
single-slit diffraction pattern is 0.35 mm with the screen 40 cm 
away from the slit, when light of wavelength 550 nm is used. 
(a) Find the slit width. (b) Calculate the angle 9 of the first 
diffraction minimum. 


ee8 Manufacturers of wire (and other objects of small 
dimension) sometimes use a laser to continually monitor the 
thickness of the product. The wire intercepts the laser beam, 
producing a diffraction pattern like that of a single slit of the 
same width as the wire diameter (Fig. 36-39). Suppose a 
helium—neon laser, of wavelength 632.8 nm, illuminates a 






Wire-making 
machine 


FIG. 36-39 Problem 8. 


wire, and the diffraction pattern appears on a screen at dis- 
tance L = 2.60 m. If the desired wire diameter is 1.37 mm, 
what is the observed distance between the two tenth-order 
minima (one on each side of the central maximum)? 


ee9 A slit 1.00mm wide is illuminated by light of wave- 
length 589 nm. We see a diffraction pattern on a screen 3.00 m 
away. What is the distance between the first two diffraction 
minima on the same side of the central diffraction maxi- 
mum? ssM itw 


*e@70 Sound waves with fre- 
quency 3000Hz and speed © 
343 m/s diffract through the 
rectangular opening of a _ 
speaker cabinet and into a © : 
latte aiiditoniumonlenctiyd’= ee ee 
100 m. The opening, which has a 

horizontal width of 30.0 cm, FIG. 36-40 Problem 10. 
faces a wall 100 m away (Fig. 36-40). Along that wall, how far from 
the central axis will a listener be at the first diffraction minimum 
and thus have difficulty hearing the sound? (Neglect reflections.) 


~Speaker 
cabinet 





Central 
axIS 












sec. 36-5 Intensity in Single-Slit Diffraction, Quantitatively 
17 Monochromatic light with wavelength 538 nm is inci- 
dent on a slit with width 0.025 mm. The distance from the slit 
to a screen is 3.5m. Consider a point on the screen 1.1 cm 
from the central maximum. Calculate (a) 6 for that point, (b) 
a, and (c) the ratio of the intensity at that point to the inten- 
sity at the central maximum. 


e712 In the single-slit diffraction experiment of Fig. 36-4, let 
the wavelength of the light be 500 nm, the slit width be 
6.00 wm, and the viewing screen be at distance D = 3.00 m. 
Let a y axis extend upward along the viewing screen, with its 
origin at the center of the diffraction pattern. Also let Ip repre- 
sent the intensity of the diffracted light at point P at y = 
15.0 cm. (a) What is the ratio of Jp to the intensity J,, at the 
center of the pattern? (b) Determine where point P is in the 
diffraction pattern by giving the maximum and minimum 
between which it lies, or the two minima between which it lies. 


e713 A 0.10-mm-wide slit is illuminated by light of wave- 
length 589 nm. Consider a point P on a viewing screen on 
which the diffraction pattern of the slit is viewed; the point is 
at 30° from the central axis of the slit. What is the phase differ- 
ence between the Huygens wavelets arriving at point P from 
the top and midpoint of the slit? (Hint: See Eq. 36-4.) 


e14 Figure 36-41 givesaver- | ed) 
sus the sine of the angle Pina ql. 
single-slit diffraction experi- 
ment using light of wavelength 
610 nm. The vertical axis scale 
is set by a, = 12 rad. What are Papen cea ww 
(a) the slit width, (b) the total 9 95 7 7? 
number of diffraction minima 

in the pattern (count them on 

both sides of the center of the diffraction pattern), (c) the least 
angle for a minimum, and (d) the greatest angle for a minimum? 





Ss 


FIG. 36-47 Problem 14. 


ee75 (a) Show that the values of @ at which intensity max- 
ima for single-slit diffraction occur can be found exactly by 
differentiating Eq. 36-5 with respect to a and equating the re- 
sult to zero, obtaining the condition tan a = a. To find values 


Problems Pe¥i@Mite) 


of a satisfying this relation, plot the curve y = tan a and the 
straight line y = a and then find their intersections, or use a 
calculator to find an appropriate value of a by trial and error. 
Next, from a = (m + 4), determine the values of m associ- 
ated with the maxima in the single-slit pattern. (These m val- 
ues are not integers because secondary maxima do not lie ex- 
actly halfway between minima.) What are the (b) smallest a 
and (c) associated m, the (d) second smallest a and (e) associ- 
ated m, and the (f) third smallest a and (g) associated m? 


¢°76  Babinet’s principle. A monochromatic beam of parallel 
light is incident on a “collimating” hole of diameter x > 4. 
Point P lies in the geometrical shadow region on a distant 
screen (Fig. 36-42a). Two diffracting objects, shown in Fig. 
36-425, are placed in turn over the collimating hole. Object A is 
an opaque circle with a hole in it, and B is the “photographic 
negative” of A. Using superposition concepts, show that the in- 
tensity at P is identical for the two diffracting objects A and B. 








(a) 
FIG. 36-42 Problem 16. 


e@47 The full width at half-maximum (FWHM) of a central 
diffraction maximum is defined as the angle between the two 
points in the pattern where the intensity is one-half that at the 
center of the pattern. (See Fig. 36-85.) (a) Show that the inten- 
sity drops to one-half the maximum value when sin? a = a?/2. 
(b) Verify that a = 1.39 rad (about 80°) is a solution to the 
transcendental equation of (a). (c) Show that the FWHM is 
Aé = 2 sin” 1(0.443A/a), where a is the slit width. Calculate the 
FWHM of the central maximum for slit width (d) 1.00A, 
(e) 5.00A, and (f) 10.0A. ssm- www 


sec. 36-6 Diffraction by a Circular Aperture 

e718 The telescopes on some commercial surveillance satel- 
lites can resolve objects on the ground as small as 85 cm across 
(see Google Earth), and the telescopes on military surveil- 
lance satellites reportedly can resolve objects as small as 10 
cm across. Assume first that object resolution is determined 
entirely by Rayleigh’s criterion and is not degraded by turbu- 
lence in the atmosphere. Also assume that the satellites are at a 
typical altitude of 400 km and that the wavelength of visible light 
is 550 nm. What would be the required diameter of the telescope 
aperture for (a) 85 cm resolution and (b) 10 cm resolution? (c) 
Now, considering that turbulence is certain to degrade resolution 
and that the aperture diameter of the Hubble Space Telescope is 
2.4m, what can you say about the answer to (b) and about how 
the military surveillance resolutions are accomplished? 


®19 If Superman really had x-ray vision at 0.10 nm wave- 
length and a 4.0mm pupil diameter, at what maximum 
altitude could he distinguish villains from heroes, assuming 
that he needs to resolve points separated by 5.0 cm to do this? 
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#20 Assume that Rayleigh’s criterion gives the limit of reso- 
lution of an astronaut’s eye looking down on Earth’s surface 
from a typical space shuttle altitude of 400 km. (a) Under 
that idealized assumption, estimate the smallest linear width 
on Earth’s surface that the astronaut can resolve. Take the 
astronaut’s pupil diameter to be 5 mm and the wavelength of 
visible light to be 550 nm. (b) Can the astronaut resolve the 
Great Wall of China (Fig. 36-43), which is more than 3000 km 
long, 5 to 10 m thick at its base, 4 m thick at its top, and 8 m in 
height? (c) Would the astronaut be able to resolve any unmis- 
takable sign of intelligent life on Earth’s surface? =< @m= 





e1G. 26-43 Problem 20. The Great Wall of China. 
(A P/Wide World Photos) 


°21 The two headlights of an approaching automobile are 
1.4 m apart. At what (a) angular separation and (b) maximum 
distance will the eye resolve them? Assume that the pupil 
diameter is 5.0mm, and use a wavelength of 550nm for 
the light. Also assume that diffraction effects alone limit the 
resolution so that Rayleigh’s criterion can be applied. SSM 


«22 Entoptic halos. If someone looks at a bright outdoor 
lamp in otherwise dark surroundings, the lamp appears to be 
surrounded by bright and dark rings (hence halos) that are 
actually a circular diffraction pattern as in Fig. 36-9, with the 
central maximum overlapping the direct light from the lamp. 
The diffraction is produced by structures within the cornea or 
lens of the eye (hence entoptic). If the lamp is monochromatic 
at wavelength 550 nm and the first dark ring subtends angular 
diameter 2.5° in the observer’s view, what is the (linear) diam- 
eter of the structure producing the diffraction? <= 


e23 Find the separation of two points on the Moon’s surface 
that can just be resolved by the 200 in. (= 5.1m) telescope at 
Mount Palomar, assuming that this separation is determined by 
diffraction effects. The distance from Earth to the Moon is 3.8 X 
10° km. Assume a wavelength of 550 nm for the light. !Lw 


°24 The radar system of a navy cruiser transmits at a wave- 
length of 1.6 cm, from a circular antenna with a diameter of 
2.3m. At a range of 6.2 km, what is the smallest distance that 
two speedboats can be from each other and still be resolved as 
two separate objects by the radar system? 


*25 Estimate the linear separation of two objects on Mars 
that can just be resolved under ideal conditions by an 
observer on Earth (a) using the naked eye and (b) using the 
200 in. (= 5.1 m) Mount Palomar telescope. Use the following 


data: distance to Mars = 8.0 X 10’ km, diameter of pupil = 
5.0 mm, wavelength of light = 550 nm. ssm www 


eZ26 The wall of a large room is covered with acoustic tile in 
which small holes are drilled 5.0 mm from center to center. 
How far can a person be from such a tile and still distinguish 
the individual holes, assuming ideal conditions, the pupil 
diameter of the observer’s eye to be 4.0 mm, and the wave- 
length of the room light to be 550 nm? 


27 (a) How far from grains of red sand must you be to po- 
sition yourself just at the limit of resolving the grains if your 
pupil diameter is 1.5 mm, the grains are spherical with radius 
50 xm, and the light from the grains has wavelength 650 nm? 
(b) If the grains were blue and the light from them had wave- 
length 400 nm, would the answer to (a) be larger or smaller? 


°°28 Floaters. The floaters you see when viewing a bright, 
featureless background are diffraction patterns of defects in 
the vitreous humor that fills most of your eye. Sighting 
through a pinhole sharpens the diffraction pattern. If you also 
view a small circular dot, you can approximate the defect’s 
size. Assume that the defect diffracts light as a circular aperture 
does. Adjust the dot’s distance L from your eye (or eye lens) un- 
til the dot and the circle of the first minimum in the diffraction 
pattern appear to have the same size in your view. That is, until 
they have the same diameter D’ on the retina at distance L’ = 
2.0 cm from the front of the eye, as suggested in Fig. 36-44a, 
where the angles on the two sides of the eye lens are equal. 
Assume that the wavelength of visible light is A = 550 nm. If the 
dot has diameter D = 2.0 mm and is distance L = 45.0 cm from 
the eye and the defect is x = 6.0 mm in front of the retina (Fig. 
36-44b), what is the diameter of the defect? == 
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FIG. 36-44 Problem 28. 


*e29 Millimeter-wave radar generates a narrower beam 
than conventional microwave radar, making it less vulnerable 
to antiradar missiles than conventional radar. (a) Calculate 
the angular width 26 of the central maximum, from first 
minimum to first minimum, produced by a 220 GHz radar 
beam emitted by a 55.0-cm-diameter circular antenna. (The 
frequency is chosen to coincide with a low-absorption atmo- 
spheric “window.”) (b) What is 26 for a more conventional 
circular antenna that has a diameter of 2.3m and emits at 
wavelength 1.6cm? ssM 


®e30 (a) A circular diaphragm 60 cm in diameter oscillates 
at a frequency of 25 kHz as an underwater source of sound 
used for submarine detection. Far from the source, the sound 
intensity is distributed as the diffraction pattern of a circular 
hole whose diameter equals that of the diaphragm. Take the 
speed of sound in water to be 1450 m/s and find the angle be- 
tween the normal to the diaphragm and a line from the di- 
aphragm to the first minimum. (b) Is there such a minimum 
for a source having an (audible) frequency of 1.0 kHz? 


«e371 Nuclear-pumped x-ray lasers are seen as a possible 
weapon to destroy ICBM booster rockets at ranges up to 
2000 km. One limitation on such a device is the spreading of 
the beam due to diffraction, with resulting dilution of beam 
intensity. Consider such a laser operating at a wavelength of 
1.40 nm. The element that emits light is the end of a wire with 
diameter 0.200 mm. (a) Calculate the diameter of the central 
beam at a target 2000 km away from the beam source. (b) By 
what factor is the beam intensity reduced in transit to the 
target? (The laser is fired from space, so that atmospheric 
absorption can be ignored.) @& 


ee32 The wings of tiger beetles (Fig. 36-45) are colored by 
interference due to thin cuticle-like layers. In addition, these 
layers are arranged in patches that are 60 um across and 
produce different colors. The color you see is a pointillistic mix- 
ture of thin-film interference colors that varies with perspective. 
Approximately what viewing distance from a wing puts you at 
the limit of resolving the different colored patches according to 
Rayleigh’s criterion? Use 550 nm as the wavelength of light and 
3.00 mm as the diameter of your pupil. =—3= 
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FIG. 36-45 Problem 32. Tiger beetles are colored by 


pointillistic mixtures of thin-film interference colors. 
(Kjell B. Sandved/Bruce Coleman, Inc.) 


e¢33 (a) What is the angular separation of two stars if their 
images are barely resolved by the Thaw refracting telescope at 
the Allegheny Observatory in Pittsburgh? The lens diameter 
is 76cm and its focal length is 14m. Assume A = 550 nm. 
(b) Find the distance between these barely resolved stars if each 
of them is 10 light-years distant from Earth. (c) For the image of a 
single star in this telescope, find the diameter of the first dark ring 
in the diffraction pattern, as measured on a photographic plate 
placed at the focal plane of the telescope lens. Assume that the 
structure of the image is associated entirely with diffraction at the 
lens aperture and not with lens “errors.” 


e2e34 A circular obstacle produces the same diffraction 
pattern as a circular hole of the same diameter (except very 
near 6 = 0). Airborne water drops are examples of such obsta- 
cles. When you see the Moon through suspended water drops, 
such as in a fog, you intercept the diffraction pattern from 
many drops. The composite of the central diffraction maxima 
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of those drops forms a white region that surrounds the Moon 
and may obscure it. Figure 36-46 is a photograph in which the 
Moon is obscured. There are two faint, colored rings around 
the Moon (the larger one may be too faint to be seen in your 
copy of the photograph). The smaller ring is on the outer edge 
of the central maxima from the drops; the somewhat larger 
ring is on the outer edge of the smallest of the secondary max- 
ima from the drops (see Fig. 36-10). The color is visible be- 
cause the rings are adjacent to the diffraction minima (dark 
rings) in the patterns. (Colors in other parts of the pattern 
overlap too much to be visible.) 

(a) What is the color of these rings on the outer edges of 
the diffraction maxima? (b) The colored ring around the cen- 
tral maxima in Fig. 36-46 has an angular diameter that is 1.35 
times the angular diameter of the Moon, which is 0.50°. 
Assume that the drops all have about the same diameter. 
Approximately what is that diameter? = @) 





FiG. 36-46 Problem 34.The corona around the Moon is a 
composite of the diffraction patterns of airborne water drops. 
(Pekka Parvianen/Photo Researchers) 


sec. 36-7 Diffraction by a Double Slit 

e358 In a double-slit experiment, the slit separation d is 
2.00 times the slit width w. How many bright interference 
fringes are in the central diffraction envelope? 


36 <A beam of light of a single wavelength is incident per- 
pendicularly on a double-slit arrangement, as in Fig. 35-10. 
The slit widths are each 46 wm and the slit separation is 
0.30 mm. How many complete bright fringes appear between 
the two first-order minima of the diffraction pattern? 


e37 Suppose that the central diffraction envelope of a 
double-slit diffraction pattern contains 11 bright fringes and 
the first diffraction minima eliminate (are coincident with) 
bright fringes. How many bright fringes lie between the first 
and second minima of the diffraction envelope? 


®®38 Two slits of width a and separation d are illuminated 
by a coherent beam of light of wavelength A. What is the linear 
separation of the bright interference fringes observed on 
a screen that is at a distance D away? 


*e39 (a) How many bright fringes appear between the 
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first diffraction-envelope minima to either side of the central 
maximum in a double-slit pattern if A = 550 nm, d = 0.150 mm, 
and a = 30.0 wm? (b) What is the ratio of the intensity of the third 
bright fringe to the intensity of the central fringe? ssm www 


e®40 (a) In a double-slit experiment, what ratio of d to a 
causes diffraction to eliminate the fourth bright side fringe? 
(b) What other bright fringes are also eliminated? 


ee47 Light of wavelength 440 nm passes through a double 
slit, yielding a diffraction pattern whose graph of intensity 
I versus angular position 6 is shown in Fig. 36-47. Calculate (a) 
the slit width and (b) the slit separation. (c) Verify the dis- 
played intensities of the m = 1 and m = 2 interference fringes. 


Intensity (mW/cm?) 
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FIG. 36-47 Problem 41. 


ee42 Figure 36-48 gives the  B (rad) 
parameter B of Eq. 36-20 ver- 
sus the sine of the angle ina 
two-slit interference experi- 
ment using light of wavelength 
435 nm. The vertical axis scale 
is set by B, = 80.0 rad. What 0 0.5 1 

are (a) the slit separation, (b) FIG. 36-48 Problem 42. 
the total number of interfer- 

ence maxima (count them on both sides of the pattern’s cen- 
ter), (c) the smallest angle for a maxima, and (d) the greatest 
angle for a minimum? Assume that none of the interference 
maxima are completely eliminated by a diffraction minimum. 


S 





sin @ 


ee43 In the two-slit interference experiment of Fig. 35-10, 
the slit widths are each 12.0 wm, their separation is 24.0 um, 
the wavelength is 600 nm, and the viewing screen is at a 
distance of 4.00 m. Let /p represent the intensity at point P on 
the screen, at height y = 70.0 cm. (a) What is the ratio of [p to 
the intensity J, at the center of the pattern? (b) Determine 
where P is in the two-slit interference pattern by giving the 
maximum or minimum on which it lies or the maximum and 
minimum between which it lies. (c) Next, for the diffraction 
that occurs, determine where point P is in the diffraction 
pattern by giving the minimum on which it lies or the two 
minima between which it lies. 


sec. 36-8 Diffraction Gratings 
e44 Visible light is incident perpendicularly on a grating 


with 315 rulings/mm. What is the longest wavelength that can 
be seen in the fifth-order diffraction? 


e435 A grating has 400 lines/mm. How many orders of the 
entire visible spectrum (400—700 nm) can it produce in a dif- 
fraction experiment, in addition to the m = O order? ssm iLw 


®46 Perhaps to confuse a predator, some tropical gyrinid 
beetles (whirligig beetles) are colored by optical interference 
that is due to scales whose alignment forms a diffraction 
grating (which scatters light instead of transmiting it). When 
the incident light rays are perpendicular to the grating, the 
angle between the first-order maxima (on opposite sides of the 
zeroth-order maximum) is about 26° in light with a wavelength 
of 550 nm. What is the grating spacing of the beetle? = 


°e47 A diffraction grating 20.0 mm wide has 6000 rulings. 
Light of wavelength 589 nm 1s incident perpendicularly on 
the grating. What are the (a) largest, (b) second largest, and 
(c) third largest values of 6 at which maxima appear on a 
distant viewing screen? 


e48 Inacertain two-slit interference pattern, 10 bright fringes 
lie within the second side peak of the diffraction envelope and 
diffraction minima coincide with two-slit interference maxima. 
What is the ratio of the slit separation to the slit width? 


ee49 A diffraction grating having 180 lines/mm is illumi- 
nated with a light signal containing only two wavelengths, 
A, = 400 nm and A, = 500 nm. The signal is incident perpen- 
dicularly on the grating. (a) What is the angular separation 
between the second-order maxima of these two wavelengths? 
(b) What is the smallest angle at which two of the resulting 
maxima are superimposed? (c) What is the highest order for 
which maxima for both wavelengths are present in the diffrac- 
tion pattern? 


#050 A diffraction grating is made up of slits of width 
300 nm with separation 900 nm. The grating is illuminated by 
monochromatic plane waves of wavelength A = 600 nm at 
normal incidence. (a) How many maxima are there in the full 
diffraction pattern? (b) What is the angular width of a spectral 
line observed in the first order if the grating has 1000 slits? 


e¢51 Light of wavelength 600 nm is incident normally on a 
diffraction grating. Two adjacent maxima occur at angles given 
by sin 0 = 0.2 and sin 6 = 0.3. The fourth-order maxima are 
missing. (a) What is the separation between adjacent slits? 
(b) What is the smallest slit width this grating can have? For 
that slit width, what are the (c) largest, (d) second largest, and 
(e) third largest values of the order number m of the maxima 
produced by the grating? ssm www 


e#52 With light from a gaseous discharge tube incident nor- 
mally on a grating with slit separation 1.73 wm, sharp maxima 
of green light are experimentally found at angles 6 = +17.0°, 
37.3°, —37.1°, 65.2°, and —65.0°. Compute the wavelength of 
the green light that best fits these data. 


ee53 Assume that the limits of the visible spectrum are 
arbitrarily chosen as 430 and 680 nm. Calculate the number of 
rulings per millimeter of a grating that will spread the first- 
order spectrum through an angle of 20.0°. 


#54 A beam of light consisting of wavelengths from 
460.0 nm to 640.0 nm is directed perpendicularly onto a dif- 
fraction grating with 160 lines/mm. (a) What is the lowest 
order that is overlapped by another order? (b) What is the 
highest order for which the complete wavelength range of 
the beam is present? In that highest order, at what angle does 


the light at wavelength (c) 460.0 nm and (d) 640.0 nm appear? 
(¢) What is the greatest angle at which the light at wavelength 
460.0 nm appears? 


ee55 A grating has 350 rulings/mm and is illuminated at 
normal incidence by white light. A spectrum is formed on a 
screen 30.0 cm from the grating. If a hole 10.0 mm square is 
cut in the screen, its inner edge being 50.0mm from the 
central maximum and parallel to it, what are the (a) shortest 
and (b) longest wavelengths of the light that passes through 
the hole? 


#e@56 Derive this expression for the intensity pattern for a 
three-shit “grating”: 


I =341,,(1 + 4cos ¢ + 4 cos’ 9), 


where ¢ = (27d sin 6)/A anda < A. 


sec. 36-9 Gratings: Dispersion and Resolving Power 
e57 A diffraction grating with a width of 2.0 cm contains 
1000 lines/cm across that width. For an incident wavelength of 
600 nm, what is the smallest wavelength difference this grating 
can resolve in the second order? 


e58 The D line in the spectrum of sodium is a doublet with 
wavelengths 589.0 and 589.6 nm. Calculate the minimum num- 
ber of lines needed in a grating that will resolve this doublet in 
the second-order spectrum. See Sample Problem 36-6. 


e59 Light at wavelength 589nm from a sodium lamp is 
incident perpendicularly on a grating with 40 000 rulings over 
width 76 nm. What are the first-order (a) dispersion D and 
(b) resolving power R, the second-order (c) D and (d) R, and 
the third-order (e) D and (f) R? 


60 (a) How many rulings must a 4.00-cm-wide diffraction 
grating have to resolve the wavelengths 415.496 and 415.487 
nm in the second order? (b) At what angle are the second- 
order maxima found? 


e61 A source containing a mixture of hydrogen and deu- 
terlum atoms emits red light at two wavelengths whose 
mean 1s 656.3 nm and whose separation is 0.180 nm. Find the 
minimum number of lines needed in a diffraction grating that 
can resolve these lines in the first order. ssm itw 


«62 A grating has 600 rulings/mm and is 5.0mm wide. 
(a) What is the smallest wavelength interval it can resolve in 
the third order at A = 500 nm? (b) How many higher orders of 
maxima can be seen? 


°63 With a particular grating the sodium doublet (see 
Sample Problem 36-6) is viewed in the third order at 10° to 
the normal and is barely resolved. Find (a) the grating spacing 
and (b) the total width of the rulings. 


ee64 A diffraction grating illuminated by monochromatic 
light normal to the grating produces a certain line at angle 0. 
(a) What is the product of that line’s half-width and the 
grating’s resolving power? (b) Evaluate that product for the 
first order of a grating of slit separation 900 nm in light of 
wavelength 600 nm. 


sec. 36-10 Diffraction by Organized Layers 

65 Figure 36-49 is a graph of intensity versus angular posi- 
tion @ for the diffraction of an x-ray beam by a crystal. The 
horizontal scale is set by 6, = 2.00°. The beam consists of two 
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wavelengths, and the spacing between the reflecting planes is 
0.94 nm. What are the (a) shorter and (b) longer wavelengths 
in the beam? 


Intensity 
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FIG. 36-49 Problem 65. 


66 If first-order reflection occurs in a crystal at Bragg angle 
3.4°, at what Bragg angle does second-order reflection occur 
from the same family of reflecting planes? 


67 X rays of wavelength 0.12 nm are found to undergo 
second-order reflection at a Bragg angle of 28° from a lithium 
fluoride crystal. What is the interplanar spacing of the reflect- 
ing planes in the crystal? 


e68 What is the smallest Bragg angle for x rays of wave- 
length 30 pm to reflect from reflecting planes spaced 0.30 nm 
apart in a calcite crystal? 


69 An x-ray beam of wavelength A undergoes first-order 
reflection from a crystal when its angle of incidence to a 
crystal face is 23°, and an x-ray beam of wavelength 97 pm 
undergoes third-order reflection when its angle of incidence to 
that face is 60°. Assuming that the two beams reflect from the 
same family of reflecting planes, find (a) the interplanar spac- 
ing and (b) the wavelength A. 


e70 An x-ray beam of a certain wavelength is incident on a 
NaCl crystal, at 30.0° to a certain family of reflecting planes of 
spacing 39.8 pm. If the reflection from those planes is of the 
first order, what is the wavelength of the x rays? 


e®74 Consider a two-dimensional square crystal structure, 
such as one side of the structure shown in Fig. 36-30a. The 
largest interplanar spacing of reflecting planes is the unit cell 
Size dp. Calculate and sketch the (a) second largest, (b) third 
largest, (c) fourth largest, (d) fifth largest, and (e) sixth largest 
interplanar spacing. (f) Show that your results in (a) through 
(e) are consistent with the general formula 


ao 


where fi and k are relatively prime 
integers (they have no common 
factor other than unity). 


ee72 In Fig. 36-50, first-order 
reflection from the reflection 
planes shown occurs when an x- 
ray beam of wavelength 
0.260 nm makes an angle @= 


63.8° with the top face of the a 
crystal. What is the unit cell size ® ‘e 
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FIG. 36-50 Problem 72. 
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°°73 In Fig. 36-51, let a beam 
of x rays of wavelength 
0.125 nm be incident on an_ !ncident 
NaCl crystal at angle 6 = 45.0° beam 






to the top face of the crystal and z 
a family of reflecting planes. Let 
the reflecting planes have sepa- d 


ration d = 0.252 nm. The crystal 
is turned through angle ¢ 
around an axis perpendicular to 
the plane of the page until these reflecting planes give diffrac- 
tion maxima. What are the (a) smaller and (b) larger value of 
o if the crystal is turned clockwise and the (c) smaller and 
(d) larger value of dif it is turned counterclockwise? SSM 


FIG. 36-51 Problems 73 
and 74. 


e074 In Fig. 36-51, an x-ray beam of wavelengths from 95.0 
to 140 pm is incident at @ = 45.0° to a family of reflecting 
planes with spacing d = 275 pm. What are the (a) longest 
wavelength A and (b) associated order number m and the 
(c) shortest A and (d) associated m of the intensity maxima in 
the diffraction of the beam? 


Additional Problems 

75 In June 1985, a laser beam was sent out from the Air 
Force Optical Station on Maui, Hawaii, and reflected back 
from the shuttle Discovery as it sped by 354 km overhead. The 
diameter of the central maximum of the beam at the shuttle 
position was said to be 9.1 m, and the beam wavelength was 
500 nm. What is the effective diameter of the laser aperture at 
the Maui ground station? (Hint: A laser beam spreads only 
because of diffraction; assume a circular exit aperture.) 


76 Anastronaut in a space shuttle claims she can just barely 
resolve two point sources on Earth’s surface, 160 km below. 
Calculate their (a) angular and (b) linear separation, assuming 
ideal conditions. Take A = 540 nm and the pupil diameter of 
the astronaut’s eye to be 5.0 mm. 


77 Visible light is incident perpendicularly on a diffraction 
erating of 200 rulings/mm. What are the (a) longest, (b) second 
longest, and (c) third longest wavelengths that can be associ- 
ated with an intensity maximum at 0 = 30.0°? SSM 


78 When monochromatic light is incident on a slit 22.0 wm 
wide, the first diffraction minimum lies at 1.80° from the direc- 
tion of the incident light. What is the wavelength? 


79 Ina single-slit diffraction experiment, there is a minimum 
of intensity for orange light (A = 600 nm) and a minimum of in- 
tensity for blue-green light (A = 500 nm) at the same angle of 
1.00 mrad. For what minimum slit width is this possible? SSM 


80 Ina two-slit interference pattern, what is the ratio of slit 
separation to slit width if there are 17 bright fringes within the 
central diffraction envelope and the diffraction minima coin- 
cide with two-slit interference maxima? 


81 Intwo-slit interference, if the slit separation is 14 4m and the 
slit widths are each 2.0 wm, (a) how many two-slit maxima are in 
the central peak of the diffraction envelope and (b) how many are 
in either of the first side peak of the diffraction envelope? SSM 


82 A single-slit diffraction experiment is set up with light of 
wavelength 420 nm, incident perpendicularly on a slit of width 
5.10 um. The viewing screen 1s 3.20 m distant. On the screen, 
what is the distance between the center of the diffraction 
pattern and the second diffraction minimum? 


83 A beam of light with a narrow wavelength range cen- 
tered on 450 nm is incident perpendicularly on a diffraction 
grating with a width of 1.80cm and a line density of 
1400 lines/em across that width. For this light, what is the 
smallest wavelength difference this grating can resolve in the 
third order? 


84 If you look at something 40m from you, what is the 
smallest length (perpendicular to your line of sight) that you 
can resolve, according to Rayleigh’s criterion? Assume the 
pupil of your eye has a diameter of 4.00 mm, and use 500 nm 
as the wavelength of the light reaching you. 


$5 ‘Two yellow flowers are separated by 60 cm along a line 
perpendicular to your line of sight to the flowers. How far are 
you from the flowers when they are at the limit of resolution 
according to the Rayleigh criterion? Assume the light from 
the flowers has a single wavelength of 550 nm and that your 
pupil has a diameter of 5.5 mm. 


86 Ina single-slit diffraction experiment, what must be the 
ratio of the slit width to the wavelength if the second diffrac- 
tion minima are to occur at an angle of 37.0° from the center 
of the diffraction pattern on a viewing screen? 


87 A diffraction grating 3.00 cm wide produces the second 
order at 33.0° with light of wavelength 600 nm. What is the 
total number of lines on the grating? 


8& A beam of light consists of two wavelengths, 590.159 nm 
and 590.220 nm, that are to be resolved with a diffraction 
grating. If the grating has lines across a width of 3.80 cm, what 
is the minimum number of lines required for the two wave- 
lengths to be resolved in the second order? 


89 A spy satellite orbiting at 160 km above Earth’s surface 
has a lens with a focal length of 3.6 m and can resolve objects 
on the ground as small as 30 cm. For example, it can easily 
measure the size of an aircraft’s air intake port. What is the 
effective diameter of the lens as determined by diffraction 
consideration alone? Assume A = 550 nm. 


90 The pupil of a person’s eye has a diameter of 5.00 mm. 
According to Rayleigh’s criterion, what distance apart must 
two small objects be if their im- 
ages are just barely resolved 
when they are 250 mm from the 
eye? Assume they are illumi- 
nated with light of wavelength 
500 nm. 


91 Light is incident on a grat- 
ing at an angle w as shown in 
Fig. 36-52. Show that bright 
fringes occur at angles @ that 
satisfy the equation 
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FIG. 36-52 Problem 91. 
d(siny + sin @)= mA, form =0,1,2,.... 


(Compare this equation with Eq. 36-25.) Only the special case 
iw = 0 has been treated in this chapter. 


92 A grating with d= 1.50 um is illuminated at various 
angles of incidence by light of wavelength 600 nm. Plot, as a 
function of the angle of incidence (0 to 90°), the angular devia- 
tion of the first-order maximum from the incident direction. 
(See Problem 91.) 


93 If you double the width of a single slit, the intensity of the 


central maximum of the diffraction pattern increases by a fac- 
tor of 4, even though the energy passing through the slit only 
doubles. Explain this quantitatively. SSM 


94 In an experiment to monitor the Moon’s surface with a 
light beam, pulsed radiation from a ruby laser (A = 0.69 xm) 
was directed to the Moon through a reflecting telescope with a 
mirror radius of 1.3 m.A reflector on the Moon behaved like a 
circular flat mirror with radius 10 cm, reflecting the light di- 
rectly back toward the telescope on Earth. The reflected light 
was then detected after being brought to a focus by this tele- 
scope. Approximately what fraction of the original light energy 
was picked up by the detector? Assume that for each direction 
of travel all the energy is in the central diffraction peak. 


95 A diffraction grating has resolving power R = A,,/AA = Nm. 
(a) Show that the corresponding frequency range Af that can just 
be resolved is given by Af = c/NmA. (b) From Fig. 36-22, show that 
the times required for light to travel along the ray at the bottom of 
the figure and the ray at the top differ by At=(Nd/c) sin@. 
(c) Show that (Af)(Ad) = 1, this relation being independent of the 
various grating parameters. Assume N>1. SSM 


96 A double-slit system with individual slit widths of 0.030 mm 
and a slit separation of 0.18 mm is illuminated with 500 nm light di- 
rected perpendicular to the plane of the slits. What is the total num- 
ber of complete bright fringes appearing between the two first- 
order minima of the diffraction pattern? (Do not count the fringes 
that coincide with the minima of the diffraction pattern.) € 


97 A diffraction grating has 8900 slits across 1.20 cm. If light 
with a wavelength of 500 nm is sent through it, how many 
orders (maxima) lie to one side of the central maximum? 


93 A diffraction grating 1.00 cm wide has 10 000 parallel slits. 
Monochromatic light that is incident normally is diffracted 
through 30° in the first order. What is the wavelength of the light? 


99 A diffraction grating has 200 lines/mm. Light consisting 
of a continuous range of wavelengths between 550 nm and 700 
nm is incident perpendicularly on the grating. (a) What is the 
lowest order that is overlapped by another order? (b) What is 
the highest order for which the complete spectrum is present? 


100 Suppose that two points are separated by 2.0 cm. If they 
are viewed by an eye with a pupil opening of 5.0 mm, what 
distance from the viewer puts them at the Rayleigh limit of 
resolution? Assume a light wavelength of 500 nm. 


101 Show that the dispersion of a grating is D = (tan @)/A. 
‘SSM 

102 Monochromatic light (wavelength = 450 nm) is inci- 
dent perpendicularly on a single slit (width = 0.40 mm). A 
screen is placed parallel to the slit plane, and on it the distance 
between the two minima on either side of the central maxi- 
mum is 1.8 mm. (a) What is the distance from the slit to the 
screen? (Hint: The angle to either minimum is small enough 
that sin 6 ~ tan 6.) (b) What is the distance on the screen 
between the first minimum and the third minimum on the 
same side of the central maximum? 


103 Light containing a mixture of two wavelengths, 500 and 
600 nm, is incident normally on a diffraction grating. It is 
desired (1) that the first and second maxima for each wave- 
length appear at 6 = 30°, (2) that the dispersion be as high 
as possible, and (3) that the third order for the 600 nm light be 
a missing order. (a) What should be the slit separation? 


Problems [ae 


(b) What is the smallest individual slit width that can be used? 
(c) For the values calculated in (a) and (b) and the light of 
wavelength 600 nm, what is the largest order of maxima pro- 
duced by the grating? 


104 A beam of x rays with wavelengths ranging from 
0.120 nm to 0.0700 nm scatters from a family of reflecting 
planes in a crystal. The plane separation is 0.250 nm. It is 
observed that scattered beams are produced for 0.100 nm and 
0.0750 nm. What is the angle between the incident and scat- 
tered beams? 


105 Show that a grating made up of alternately transparent 
and opaque strips of equal width eliminates all the even 
orders of maxima (except m = 0). 


106 Light of wavelength 500 nm diffracts through a slit of 
width 2.00 um and onto a screen that is 2.00 m away. On the 
screen, what is the distance between the center of the diffrac- 
tion pattern and the third diffraction minimum? 


107 If, in a two-slit interference pattern, there 
are 8 bright fringes within the first side peak of 
the diffraction envelope and diffraction minima 
coincide with two-slit interference maxima, then 
what is the ratio of slit separation to slit width? 


108 White light (consisting of wavelengths from 
400 nm to 700 nm) is normally incident on a grating. 
Show that, no matter what the value of the grating 
spacing d, the second order and third order overlap. 
109 If we make d = ain Fig. 36-53, the two slits 
coalesce into a single slit of width 2a. Show that FIG. 36-53 


Eq. 36-19 reduces to give the diffraction pattern Problem 
for such a slit. 109. 


110 Derive Eq. 36-28, the expression for the half-width of 
lines in a grating’s diffraction pattern. 





1711 Prove that it is not possible to determine both wave- 
length of incident radiation and spacing of reflecting planes in 
a crystal by measuring the Bragg angles for several orders. 


112 How many orders of the entire visible spectrum 
(400-700 nm) can be produced by a grating of 500 lines/mm? 


413 An acoustic double-slit system (of slit separation d and 
slit width a) is driven by two loudspeakers as shown in 
Fig. 36-54. By use of a variable delay line, the phase of one of 
the speakers may be varied relative to the other speaker. 
Describe in detail what changes occur in the double-slit 
diffraction pattern at large distances as the phase difference 
between the speakers is varied from zero to 27. Take both 
interference and diffraction effects into account. 


= 
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FIG. 36-54 Problem 113. 





A jet 5000 light-years long streams from the center of galaxy M87 (the 


bright spot at the upper left end of the jet), which is 5 X 107 light-years 

trom us. The jet is formed by electrons moving at nearly the speed of 
light. Something very strange must be occurring at the center of M87 in 
order for the electrons to be ejected from it at such high speed. Is there 
some type of monster there? Unfortunately, M87 is too distant for us to 


see any object at its center. 
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Courtesy J. A. Biretta, et al., Hubble Heritage Team (STScI/AURA), NASA 























The answer is in this chapter. 


37-1 WHAT IS PHYSICS? 





One principal subject of physics is relativity, the field of study that measures 
events (things that happen): where and when they happen, and by how much any 
two events are separated in space and in time. In addition, relativity has to do 
with transforming such measurements between reference frames that move rel- 
ative to each other. (Hence the name relativity. ) 

Transformations and moving reference frames, such as those we discussed in 
Sections 4-8 and 4-9, were well understood and quite routine to physicists in 1905. 
Then Albert Einstein (Fig. 37-1) published his special theory of relativity. The 
adjective special means that the theory deals only with inertial reference frames, 
which are frames in which Newton’s laws are valid. (Einstein’s general theory of 
relativity treats the more challenging situation in which reference frames can 
undergo gravitational acceleration; in this chapter the term re/ativity implies only 
inertial reference frames.) 

Starting with two deceivingly simple postulates, Einstein stunned the scien- 
tific world by showing that the old ideas about relativity were wrong, even though 
everyone was so accustomed to them that they seemed to be unquestionable 
common sense. This supposed common sense, however, was derived only from 
experience with things that move rather slowly. Einstein’s relativity, which turns 
out to be correct for all possible speeds, predicted many effects that were, at first 
study, bizarre because no one had ever experienced them. 

In particular, Einstein demonstrated that space and time are entangled; that 
is, the time between two events depends on how far apart they occur, and vice 
versa. Also, the entanglement is different for observers who move relative to each 
other. One result is that time does not pass at a fixed rate, as if it were ticked off 
with mechanical regularity on some master grandfather clock that controls 
the universe. Rather, that rate is adjustable: Relative motion can change the rate 
at which time passes. Prior to 1905, no one but a few daydreamers would have 
thought that. Now, engineers and scientists take it for granted because their 
experience with special relativity has reshaped their common sense. For example, 
any engineer involved with the Global Positioning System of the NAVSTAR 
satellites must routinely use relativity to determine the rate at which time passes 
on the satellites because that rate differs from the rate on Earth’s surface. 

Special relativity has the reputation of being difficult. It is not difficult mathe- 
matically, at least not here. However, it is difficult in that we must be very careful 
about who measures what about an event and just how that measurement is 
made —and it can be difficult because it can contradict routine experience. 


oa 
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We now examine the two postulates of relativity, on which Einstein’s theory 1s 














Galileo assumed that the laws of mechanics were the same in all inertial refer- 
ence frames. Einstein extended that idea to include all the laws of physics, espe- 
cially those of electromagnetism and optics. This postulate does not say that the 
measured values of all physical quantities are the same for all inertial observers; 
most are not the same. It is the laws of physics, which relate these measurements 
to one another, that are the same. 
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FIG. 37-1 Einstein posing for 
a photograph as fame began to 
accumulate. (Corbis Images) 
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Speed (10° m/s) 


FIG. 37-2 The dots show measured 
values of the kinetic energy of an 
electron plotted against its measured 
speed. No matter how much energy 
is given to an electron (or to any 
other particle having mass), its speed 
can never equal or exceed the ulti- 
mate limiting speed c. (The plotted 
curve through the dots shows the 
predictions of Einstein’s special 
theory of relativity.) 


We can also phrase this postulate to say that there is in nature an ultimate speed c, 
the same in all directions and in all inertial reference frames. Light happens to 
travel at this ultimate speed. However, no entity that carries energy or informa- 
tion can exceed this limit. Moreover, no particle that has mass can actually reach 
speed c, no matter how much or for how long that particle is accelerated. (Alas, 
the faster-than-light warp drive used in many science fiction stories appears to be 
impossible. ) 

Both postulates have been exhaustively tested, and no exceptions have ever 
been found. 


The Ultimate Speed 


The existence of a limit to the speed of accelerated electrons was shown in a 1964 
experiment by W. Bertozzi, who accelerated electrons to various measured 
speeds and—by an independent method—measured their kinetic energies. He 
found that as the force on a very fast electron 1s increased, the electron’s mea- 
sured kinetic energy increases toward very large values but its speed does not 
increase appreciably (Fig. 37-2). Electrons have been accelerated in laboratories 
to at least 0.999 999 999 95 times the speed of light but—close though it may 
be — that speed is still less than the ultimate speed c. 
This ultimate speed has been defined to be exactly 


c = 299 792 458 mis. (37-1) 


Caution: So far in this book we have (appropriately) approximated c as 3.0 x 
10° m/s, but in this chapter we shall often use the exact value. You might want to 
store the exact value in your calculator’s memory (if it is not there already), to be 
called up when needed. 


Testing the Speed of Light Postulate 


If the speed of light is the same in all inertial reference frames, then the speed of 
light emitted by a source relative to, say, a laboratory should be the same as the 
speed of light that is emitted by a source at rest in the laboratory. This claim has 
been tested directly, in an experiment of high precision. The “light source” was 
the neutral pion (symbol 7°), an unstable, short-lived particle that can be pro- 
duced by collisions in a particle accelerator. It decays (transforms) into two 
gamma rays by the process 

wy y. (37-2) 


Gamma rays are part of the electromagnetic spectrum (at very high frequencies) 
and so obey the speed of light postulate, just as visible light does. (In this chapter 
we Shall use the term light for any type of electromagnetic wave, visible or not.) 

In 1964, physicists at CERN, the European particle-physics laboratory near 
Geneva, generated a beam of pions moving at a speed of 0.999 75c with respect to 
the laboratory. The experimenters then measured the speed of the gamma rays 
emitted from these very rapidly moving sources. They found that the speed of the 
light emitted by the pions was the same as it would be if the pions were at rest in 
the laboratory, namely c. 
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An event is something that happens, and every event can be assigned three 
Space coordinates and one time coordinate. Among many possible events are 
(1) the turning on or off of a tiny lightbulb, (2) the collision of two particles, 
(3) the passage of a pulse of light through a specified point, (4) an explosion, 
and (5) the sweeping of the hand of a clock past a marker on the rim of the clock. 
A certain observer, fixed in a certain inertial reference frame, might, for example, 
assign to an event A the coordinates given in Table 37-1. Because space and time 


are entangled with each other in relativity, we can describe these coordinates 
collectively as spacetime coordinates. The coordinate system itself is part of the 
reference frame of the observer. 

A given event may be recorded by any number of observers, each in a dif- 
ferent inertial reference frame. In general, different observers will assign differ- 
ent spacetime coordinates to the same event. Note that an event does not 
“belong” to any particular inertial reference frame. An event is just something 
that happens, and anyone in any reference frame may detect it and assign space- 
time coordinates to it. 

Making such an assignment can be complicated by a practical problem. For 
example, suppose a balloon bursts 1 km to your right while a firecracker pops 
2 km to your left, both at 9:00 A.M. However, you do not detect either event 
precisely at 9:00 A.M. because at that instant light from the events has not yet 
reached you. Because light from the firecracker pop has farther to go, it arrives at 
your eyes later than does light from the balloon burst, and thus the pop will seem 
to have occurred later than the burst. To sort out the actual times and to assign 
9:00 A.M. as the happening time for both events, you must calculate the travel 
times of the light and then subtract these times from the arrival times. 

This procedure can be very messy in more challenging situations, and we need 
an easier procedure that automatically eliminates any concern about the travel 
time from an event to an observer. To set up such a procedure, we shall construct an 
imaginary array of measuring rods and clocks throughout the observer’s inertial 
frame (the array moves rigidly with the observer). This construction may seem con- 
trived, but it spares us much confusion and calculation and allows us to find the 
space coordinates, the time coordinate, and the spacetime coordinates, as follows. 


1. The Space Coordinates. We imagine the observer’s coordinate system fitted 
with a close-packed, three-dimensional array of measuring rods, one set of 
rods parallel to each of the three coordinate axes. These rods provide a way to 
determine coordinates along the axes. Thus, if the event is, say, the turning on 
of a small lightbulb, the observer, in order to locate the position of the event, 
need only read the three space coordinates at the bulb’s location. 


‘2 


The Time Coordinate. For the time coordinate, we imagine that every point 
of intersection in the array of measuring rods includes a tiny clock, which the 
observer can read because the clock is illuminated by the light generated by 
the event. Figure 37-3 suggests one plane in the “jungle gym” of clocks and 
measuring rods we have described. 

The array of clocks must be synchronized properly. It is not enough to 
assemble a set of identical clocks, set them all to the same time, and then move 
them to their assigned positions. We do not know, for example, whether mov- 
ing the clocks will change their rates. (Actually, it will.) We must put the clocks 
in place and then synchronize them. 

If we had a method of transmitting signals at infinite speed, synchroniza- 
tion would be a simple matter. However, no known signal has this property. 
We therefore choose light (any part of the electromagnetic spectrum) to send 
out our synchronizing signals because, in vacuum, light travels at the greatest 
possible speed, the limiting speed c. 

Here is one of many ways in which an observer might synchronize an 
array of clocks using light signals: The observer enlists the help of a great num- 
ber of temporary helpers, one for each clock. The observer then stands at a 
point selected as the origin and sends out a pulse of light when the origin clock 
reads t = 0. When the light pulse reaches the location of a helper, that helper 
sets the clock there to read t = r/c, where r is the distance between the helper 
and the origin. The clocks are then synchronized. 


3. The Spacetime Coordinates. The observer can now assign spacetime coordi- 
nates to an event by simply recording the time on the clock nearest the event 
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Record of EventA 


Coordinate Value 
x 3.58 m 
y 1.29 m 
Zz Om 
t 34.55 





Z 


FIG. 37-3. One section of a three- 
dimensional array of clocks and mea- 
suring rods by which an observer can 
assign spacetime coordinates to an 
event, such as a flash of light at point 
A. The event’s space coordinates are 
approximately x = 3.6 rod lengths, 

y = 1.3 rod lengths, and z = 0. The 
time coordinate is whatever time 
appears on the clock closest to A at 
the instant of the flash. 
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and the position as measured on the nearest measuring rods. If there are two 
events, the observer computes their separation in time as the difference in the 
times on clocks near each and their separation in space from the differences in 
coordinates on rods near each. We thus avoid the practical problem of calcu- 
lating the travel times of the signals to the observer from the events. 
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Suppose that one observer (Sam) notes that two independent events (event Red 
and event Blue) occur at the same time. Suppose also that another observer 
(Sally), who is moving at a constant velocity V with respect to Sam, also records 
these same two events. Will Sally also find that they occur at the same time? 

The answer is that in general she will not: 

















We cannot say that one observer 1s right and the other wrong. Their observations 
are equally valid, and there is no reason to favor one over the other. 

The realization that two contradictory statements about the same natural 
event can be correct 1s a seemingly strange outcome of Einstein’s theory. How- 
ever, in Chapter 17 we saw another way in which motion can affect measurement 
without balking at the contradictory results: In the Doppler effect, the frequency 
an observer measures for a sound wave depends on the relative motion of 
observer and source. Thus, two observers moving relative to each other can mea- 
sure different frequencies for the same wave, and both measurements are correct. 

We conclude the following: 





If the relative speed of the observers is very much less than the speed of light, 
then measured departures from simultaneity are so small that they are not 
noticeable. Such is the case for all our experiences of daily living; that is why the 
relativity of simultaneity is unfamiliar. 


A Closer Look at Simultaneity 


Let us clarify the relativity of simultaneity with an example based on the postu- 
lates of relativity, no clocks or measuring rods being directly involved. Figure 37-4 
shows two long spaceships (the SS Sally and the SS Sam), which can serve as 
inertial reference frames for observers Sally and Sam. The two observers are 
stationed at the midpoints of their ships. The ships are separating along a common x 
axis, the relative velocity of Sally with respect to Sam being v’. Figure 37-4a shows 
the ships with the two observer stations momentarily aligned opposite each other. 

Two large meteorites strike the ships, one setting off a red flare (event Red) 
and the other a blue flare (event Blue), not necessarily simultaneously. Each 
event leaves a permanent mark on each ship, at positions RR’ and BB’. 

Let us suppose that the expanding wavefronts from the two events happen to 
reach Sam at the same time, as Fig. 37-4b shows. Let us further suppose that, after 
the episode, Sam finds, by measuring the marks on his spaceship, that he was 
indeed stationed exactly halfway between the markers B and R on his ship when 
the two events occurred. He will say: 


Sam Light from event Red and light from event Blue reached me at the same time. 
From the marks on my spaceship, I find that I was standing halfway between the 
two sources. Therefore, event Red and event Blue were simultaneous events. 
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Boone Blue EecneRcd Sam detects both events 
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Sally detects event Blue 











riG. 37-4 The spaceships of Sally and Sam and the occurrences of events from Sam’s 
view. Sally’s ship moves rightward with velocity v’. (a) Event Red occurs at positions RR’ 
and event Blue occurs at positions BB’; each event sends out a wave of light. (b) Sam 
simultaneously detects the waves from event Red and event Blue. (c) Sally detects the 
wave from event Red. (d) Sally detects the wave from event Blue. 


As study of Fig. 37-4 shows, Sally and the expanding wavefront from event Red 
are moving toward each other, while she and the expanding wavefront from 
event Blue are moving in the same direction. Thus, the wavefront from event Red 
will reach Sally before the wavefront from event Blue does. She will say: 


Sally Light from event Red reached me before light from event Blue did. From 
the marks on my spaceship, I found that I too was standing halfway between 
the two sources. Therefore, the events were not simultaneous; event Red 
occurred first, followed by event Blue. 


These reports do not agree. Nevertheless, both observers are correct. 

Note carefully that there is only one wavefront expanding from the site of 
each event and that this wavefront travels with the same speed c in both reference 
frames, exactly as the speed of light postulate requires. 

It might have happened that the meteorites struck the ships in such a way 
that the two hits appeared to Sally to be simultaneous. If that had been the case, 
then Sam would have declared them not to be simultaneous. 
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If observers who move relative to each other measure the time interval (or tem- 
poral separation) between two events, they generally will find different results. 
Why? Because the spatial separation of the events can affect the time intervals 
measured by the observers. 






























































In this section we discuss this entanglement by means of an example; however, the 
example 1s restricted in a crucial way: To one of two observers, the two events occur at 
the same location. We shall not get to more general examples until Section 37-7. 
Figure 37-5a shows the basics of an experiment Sally conducts while she and her 
equipment— a light source, a mirror, and a clock —ride in a train moving with con- 
stant velocity V relative to a station. A pulse of light leaves the light source B (event 
1), travels vertically upward, is reflected vertically downward by the mirror, and then 
is detected back at the source (event 2). Sally measures a certain time interval At, 
between the two events, related to the distance D from source to mirror by 


2D 
At) = = (Sally). (37-3) 
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F'G. 37-5 (a) Sally, on the train, 
measures the time interval Aty be- 
tween events 1 and 2 using a single 
clock C on the train. That clock is 
shown twice: first for event 1 and 
then for event 2. (b) Sam, watching 
from the station as the events occur, Event | Event 2 
requires two synchronized clocks, C;, 
at event 1 and C; at event 2, to mea- 
sure the time interval between the 
two events; his measured time inter- 
val is At. 


Mirror 





Mirror 


Event | 





Sally Sam 
(a) (5) 


The two events occur at the same location in Sally’s reference frame, and she 
needs only one clock C at that location to measure the time interval. Clock C is 
shown twice in Fig. 37-Sa, at the beginning and end of the interval. 

Consider now how these same two events are measured by Sam, who is 
standing on the station platform as the train passes. Because the equipment 
moves with the train during the travel time of the light, Sam sees the path of the 
light as shown in Fig. 37-55. For him, the two events occur at different places in 
his reference frame, and so to measure the time interval between events, Sam 
must use two synchronized clocks, C; and C >, one at each event. According to 
Einstein’s speed of light postulate, the light travels at the same speed c for Sam as 
for Sally. Now, however, the light travels distance 2L between events 1 and 2. The 
time interval measured by Sam between the two events is 


Dd 
At = a (Sam), (37-4) 


in which L= V(bv Ad? + D?. (37-5) 
From Eq. 37-3, we can write this as 

L = Vv At? + (bc Af). (37-6) 
If we eliminate L between Eqs. 37-4 and 37-6 and solve for At, we find 





At 
AT eee (37-7) 


Equation 37-7 tells us how Sam’s measured interval At between the events 
compares with Sally’s interval Af). Because v must be less than c, the denomina- 
tor in Eq. 37-7 must be less than unity. Thus, At must be greater than Af: Sam 
measures a greater time interval between the two events than does Sally. Sam and 
Sally have measured the time interval between the same two events, but the relative 
motion between Sam and Sally made their measurements different. We conclude 
that relative motion can change the rate at which time passes between two events; 
the key to this effect 1s the fact that the speed of light is the same for both observers. 

We distinguish between the measurements of Sam and Sally with the follow- 
ing terminology: 
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Thus, Sally measures a proper time interval, and Sam measures a greater time 
interval. (The term proper is unfortunate in that it implies that any other mea- 
surement is improper or nonreal. That is just not so.) The amount by which a 
measured time interval is greater than the corresponding proper time interval 
is called time dilation. (To dilate is to expand or stretch; here the time interval is 
expanded or stretched.) 

Often the dimensionless ratio v/c in Eq. 37-7 is replaced with 6, called the 
speed parameter, and the dimensionless inverse square root in Eq. 37-7 is often 
replaced with y, called the Lorentz factor: 


1 1 
et pe. 37-8 
NG oie ee grey a 


With these replacements, we can rewrite Eq. 37-7 as 
At= yA (time dilation). (37-9) 


The speed parameter B is always less than unity, and, provided v 1s not zero, y 
is always greater than unity. However, the difference between y and 1 is not sig- 
nificant unless v > 0.1c. Thus, in general, “old relativity” works well enough for 
v <0.1c, but we must use special relativity for greater values of v. As shown in 
Fig. 37-6, y increases rapidly in magnitude as 8 approaches | (as v approaches c). 
Therefore, the greater the relative speed between Sally and Sam is, the greater 
will be the time interval measured by Sam, until at a great enough speed, the 
interval takes “forever.” 

You might wonder what Sally says about Sam’s having measured a greater 
time interval than she did. His measurement comes as no surprise to her, because 
to her, he failed to synchronize his clocks C; and C; in spite of his insistence that 
he did. Recall that observers in relative motion generally do not agree about 
simultaneity. Here, Sam insists that his two clocks simultaneously read the same 
time when event 1 occurred. To Sally, however, Sam’s clock C, was erroneously 
set ahead during the synchronization process. Thus, when Sam read the time of 
event 2 on it, to Sally he was reading off a time that was too large, and that is 
why the time interval he measured between the two events was greater than the 
interval she measured. 


Two Tests of Time Dilation 


1. Microscopic Clocks. Subatomic particles called muons are unstable; that is, 
when a muon is produced, it lasts for only a short time before it decays (trans- 
forms into particles of other types). The /ifetime of a muon is the time interval 
between its production (event 1) and its decay (event 2). When muons are 
stationary and their lifetimes are measured with stationary clocks (say, in a 
laboratory), their average lifetime is 2.200 us. This is a proper time interval 
because, for each muon, events 1 and 2 occur at the same location in the 
reference frame of the muon—namely, at the muon itself. We can represent 
this proper time interval with Af); moreover, we can call the reference frame | | 
in which it is measured the rest frame of the muon. O02 64 06 Nes 10 

If, instead, the muons are moving, say, through a laboratory, then mea- p 
surements of their lifetimes made with the laboratory clocks should yield a Fig. 37-6 A plot of the Lorentz 
greater average lifetime (a dilated average lifetime). To check this conclusion, factor y as a function of the speed 
measurements were made of the average lifetime of muons moving with a parameter B (= v/c). 
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speed of 0.9994c relative to laboratory clocks. From Eq. 37-8, with B = 0.9994, 
the Lorentz factor for this speed is 
1 1 
VY ———_—_—_————————————: — 
er V1 — (0.9994)? 


Equation 37-9 then yields, for the average dilated lifetime, 
At = y Al) = (28.87)(2.200 us) = 63.51 ps. 


The actual measured value matched this result within experimental error. 


. Macroscopic Clocks. In October 1977, Joseph Hafele and Richard Keating 


carried out what must have been a grueling experiment. They flew four 
portable atomic clocks twice around the world on commercial airlines, once in 
each direction. Their purpose was “to test Einstein’s theory of relativity with 
macroscopic clocks.” As we have just seen, the time dilation predictions of 
Einstein’s theory have been confirmed on a microscopic scale, but there 1s 
great comfort in seeing a confirmation made with an actual clock. Such macro- 
scopic measurements became possible only because of the very high precision 
of modern atomic clocks. Hafele and Keating verified the predictions of the 
theory to within 10%. (Einstein’s general theory of relativity, which predicts 
that the rate at which time passes on a clock is influenced by the gravitational 
force on the clock, also plays a role in this experiment. ) 

A few years later, physicists at the University of Maryland carried out a 
similar experiment with improved precision. They flew an atomic clock 
round and round over Chesapeake Bay for flights lasting 15 h and succeeded 
in checking the time dilation prediction to better than 1%. Today, when 
atomic clocks are transported from one place to another for calibration or other 
purposes, the time dilation caused by their motion is always taken into account. 


CHECKPOINT 1 Standing beside railroad tracks, we are suddenly startled by 


a relativistic boxcar traveling past us as shown in the figure. Inside, a well-equipped 
hobo fires a laser pulse from the front of the boxcar to its rear. (a) Is our measurement 
of the speed of the pulse greater than, less than, or the same as that measured by the 
hobo? (b) Is his mea- 
surement of the flight 
time of the pulse a 
proper time? (c) Are his 
measurement and our 
measurement of the 
flight time related by 
Eq. 37-9? 


<a 





Sample Problem Brae 


Your starship passes Earth with a relative speed of Earth and the other (your reference frame) at- 
0.9990c. After traveling 10.0 y (your time), you stop at tached to your ship. 

lookout post LP13, turn, and then travel back to Earth 2. The outward trip involves two events: the start of 
with the same relative speed. The trip back takes an- the trip at Earth and the end of the trip at LP13. 
other 10.0 y (your time). How long does the round trip 3. Your measurement of 10.0 y for the outward trip is 
take according to measurements made on Earth? the proper time Af, between those two events, 
(Neglect any effects due to the accelerations involved because the events occur at the same location in 
with stopping, turning, and getting back up to speed.) your reference frame — namely, on your ship. 





1. This problem involves measurements made from 


4. The Earth-frame measurement of the time interval 


coi We begin by analyzing the outward trip: At for the outward trip must be greater than Af, 


according to Eq. 37-9 (At = y Afy) for time dilation. 


two (inertial) reference frames, one attached to Calculations: Using Eq. 37-8 to substitute for y in Eq. 


37-9, we find 
At = A 
V1 — (vic)? 
10.0 y 


On the return trip, we have the same situation and the 


| oie 

The elementary particle known as the positive kaon 
(K*) has, on average, a lifetime of 0.1237 us when sta- 
tionary —that is, when the lifetime is measured in the 
rest frame of the kaon. If a positive kaon has a speed of 
0.990c relative to a laboratory reference frame when 
the kaon is produced, how far can it travel in that frame 
during its lifetime according to classical physics (which 
is a reasonable approximation for speeds much less 
than c) and according to special relativity (which is cor- 
rect for all physically possible speeds)? 


Redes 


1. This problem involves measurements made from 
two (inertial) reference frames, one attached to the 
kaon and the other attached to the laboratory. 


2. ‘This problem also involves two events: the start of the 
kaon’s travel (when the kaon is produced) and the 
end of that travel (at the end of the kaon’s lifetime). 


3. The distance traveled by the kaon between those 
two events is related to its speed v and the time in- 
terval for the travel by 

distance 
? = (37-10) 
time interval 

With these ideas in mind, let us solve for the distance first 

with classical physics and then with special relativity. 


Classical physics: In classical physics we would find the 
same distance and time interval (in Eq. 37-10) whether 
we measured them from the kaon frame or from the 
laboratory frame. Thus, we need not be careful about 
the frame in which the measurements are made. To find 
the kaon’s travel distance d,, according to classical 
physics, we first rewrite Eq. 37-10 as 


Gen = VAL, (37-11) 
where At is the time interval between the two events in 
either frame. Then, substituting 0.990c for v and 0.1237 
ps for Atin Eq. 37-11, we find 

de t= (0990) Ar 
= (0.990)(299 792 458 m/s)(0.1237 < 10~°s) 
= 36.7 m. (Answer) 


37-5 | The Relativity of Time Pafesm 


same data. Thus, the round trip requires 20 y of your 


ti but 
ime bu Atrora = (2)(224 y) = 448 y (Answer) 


of Earth time. In other words, you have aged 20 y while 
the Earth has aged 448 y. Although you cannot travel 
into the past (as far as we know), you can travel into the 
future of, say, Earth, by using high-speed relative 
motion to adjust the rate at which time passes. 


This is how far the kaon would travel if classical physics 
were correct at speeds close toc. 


Special relativity: In special relativity we must be very 
careful that both the distance and the time interval in 
Eq. 37-10 are measured in the same reference frame — 
especially when the speed is close to c, as here. Thus, to 
find the actual travel distance d,. of the kaon as mea- 
sured from the laboratory frame and according to spe- 
cial relativity, we rewrite Eq. 37-10 as 


d,, = v At, (37-12) 


where At is the time interval between the two events as 
measured from the laboratory frame. 

Before we can evaluate d,, in Eq. 37-12, we must 
find At. The 0.1237 ps time interval is a proper time be- 
cause the two events occur at the same location in the 
kaon frame —namely, at the kaon itself. Therefore, let 
At) represent this proper time interval. Then we can 
use Eq. 37-9 (At = y Ato) for time dilation to find the 
time interval At as measured from the laboratory 
frame. Using Eq. 37-8 to substitute for y in Eq. 37-9 
leads to 


At 0.1237 10r® 
a ea 8.769 X 1077s. 
V1 — (vie? V1 — (0.990c/c)? 


This is about seven times longer than the kaon’s proper 
lifetime. That is, the kaon’s lifetime is about seven times 
longer in the laboratory frame than in its own frame — 
the kaon’s lifetime is dilated. We can now evaluate Eq. 
37-12 for the travel distance d,, in the laboratory frame 
as 


d,, = v At = (0.990c) At 
(0.990)(299 792 458 m/s)(8.769 X 10-7s) 


= 260 m. 


(Answer) 


This is about seven times d,,. Experiments like the one 
outlined here, which verify special relativity, became 
routine in physics laboratories decades ago. The engi- 
neering design and the construction of any scientific or 
medical facility that employs high-speed particles must 
take relativity into account. 
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Position 
at ly 


X4(t) Xp(%) 


(a) 







Position 
at hy 


x4 (ty) x(t) 


(d) 


FiG. 37-7 If you want to measure 
the front-to-back length of a pen- 
guin while it is moving, you must 
mark the positions of its front and 
back simultaneously (in your 
reference frame), as in (a), rather 
than at different times, as in (Db). 
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If you want to measure the length of a rod that is at rest with respect to you, you 
can—at your leisure—note the positions of its end points on a long stationary 
scale and subtract one reading from the other. If the rod is moving, however, you 
must note the positions of the end points simultaneously (in your reference 
frame) or your measurement cannot be called a length. Figure 37-7 suggests the 
difficulty of trying to measure the length of a moving penguin by locating its front 
and back at different times. Because simultaneity is relative and it enters into 
length measurements, length should also be a relative quantity. It is. 

Let Ly be the length of a rod that you measure when the rod is stationary 
(meaning you and it are in the same reference frame, the rod’s rest frame). If, 
instead, there is relative motion at speed v between you and the rod along the length 
of the rod, then with simultaneous measurements you obtain a length L given by 


L 
L=L V1 - B? —— (length contraction). (37-13) 
iy 


Because the Lorentz factor y is always greater than unity if there is relative 
motion, L is less than Ly. The relative motion causes a length contraction, and L is 
called a contracted length. Because y increases with speed v, the length contrac- 
tion also increases with v. 
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Be careful: Length contraction occurs only along the direction of relative 
motion. Also, the length that is measured does not have to be that of an object 
like a rod or a circle. Instead, it can be the length (or distance) between two 
objects in the same rest frame —for example, the Sun and a nearby star (which 
are, at least approximately, at rest relative to each other). 

Does a moving object really shrink? Reality is based on observations and 
measurements; if the results are always consistent and if no error can be deter- 
mined, then what is observed and measured is real. In that sense, the object really 
does shrink. However, a more precise statement is that the object is really mea- 
sured to shrink — motion affects that measurement and thus reality. 

When you measure a contracted length for, say, a rod, what does an observer 
moving with the rod say of your measurement? To that observer, you did not 
locate the two ends of the rod simultaneously. (Recall that observers in motion 
relative to each other do not agree about simultaneity.) To the observer, you first 
located the rod’s front end and then, slightly later, its rear end, and that is why 
you measured a length that is less than the proper length. 





Length contraction is a direct consequence of time dilation. Consider once more 
our two observers. This time, both Sally, seated on a train moving through a 
station, and Sam, again on the station platform, want to measure the length of the 
platform. Sam, using a tape measure, finds the length to be Ly, a proper length 
because the platform is at rest with respect to him. Sam also notes that Sally, on 
the train, moves through this length in a time At = L,/v, where v is the speed of 


the train; that 1s, i= qoNee way: (37-14) 


This time interval At is not a proper time interval because the two events that 
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define it (Sally passes the back of the platform and Sally passes the front of 
the platform) occur at two different places, and therefore Sam must use two syn- 
chronized clocks to measure the time interval At. 

For Sally, however, the platform is moving past her. She finds that the two 
events measured by Sam occur at the same place in her reference frame. She can 
time them with’a single stationary clock, and so the interval Af) that she measures 
is a proper time interval. To her, the length L of the platform is given by 





L=vAt) (Sally). (37-15) 
If we divide Eq. 37-15 by Eq. 37-14 and apply Eq. 37-9, the time dilation equation, 
we have 
L vay 1 
Lo V At oy 
L 
or L=—, (37-16) 
v 


which is Eq. 37-13, the length contraction equation. 


Sample Problem Eee 


In Fig. 37-8, Sally (at point A) and Sam’s spaceship (of 
proper length Ly = 230m) pass each other with con- 
stant relative speed v. Sally measures a time interval of 
3.57 us for the ship to pass her (from the passage of 
point B to the passage of point C). In terms of c, what is 
the relative speed v between Sally and the ship? 


Cai Let’s assume that speed v is near c. Then, 


1. This problem involves measurements made from 
two (inertial) reference frames, one attached to Sally 
and the other attached to Sam and his spaceship. 


2. This problem also involves two events: the first is the 
passage of point B past Sally and the second is the 
passage of point C past her. 


3. From either reference frame, the other reference 
frame passes at speed v and moves a certain dis- 
tance in the time interval between the two events: 


distance 
7, (37-17) 
time interval 
Because speed v is assumed to be near the speed of 
light, we must be careful that the distance and the 
time interval in Eq. 37-17 are measured in the same 
reference frame. 


Calculations: We are free to use either frame for the 
measurements. Because we Know that the time interval 
At between the two events measured from Sally’s frame 
is 3.57 ps, let us also use the distance L between the two 
events measured from her frame. Equation 37-17 then 


becomes 
L 


eS ae (37-18) 


We do not know L, but we can relate it to the given 





Sam 


FIG. 37-8 Sally, at point A, measures the time a spaceship 
takes to pass her. 


Lo: The distance between the two events as measured 
from Sam’s frame is the ship’s proper length Lo. Thus, 
the distance L measured from Sally’s frame must be less 
than Ly, as given by Eq. 37-13 (L = Lo/y) for length 
contraction. Substituting Ly)/y for L in Eq. 37-18 and 
then substituting Eq. 37-8 for y, we find 


_ Loly _ LovG = vie)” 
At At 


Solving this equation for v (notice that it is on the left 
and also buried in the Lorentz factor) leads us to 


Loc 
A GeNG) = ates Tee 


: (230 m)c 
V(299 792 458 m/s)*(3.57 X 10~° s)? + (230 m)” 
= 0.210c. 





(Answer) 


Thus, the relative speed between Sally and the ship is 
21% of the speed of light. Note that only the relative 
motion of Sally and Sam matters here; whether either is 
stationary relative to, say, a space station is irrelevant. In 
Fig. 37-8 we took Sally to be stationary, but we could in- 
stead have taken the ship to be stationary, with Sally 
moving to the left past it. Nothing would have changed 
in our result. 
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Sample Problem ey 


Caught by surprise near a supernova, you race away 
from the explosion in your spaceship, hoping to outrun 
the high-speed material ejected toward you. Your 
Lorentz factor y relative to the inertial reference frame 
of the local stars is 22.4. 


(a) To reach a safe distance, you figure you need to 
cover 9.00 < 10!° m as measured in the reference frame 
of the local stars. How long will the flight take, as mea- 
sured in that frame? 


fei Just as we did in Chapter 2, we can find the 


time required to travel a certain distance at constant 
speed with the definition of speed v: 


distance 


speed = (37-19) 


time interval © 

From Fig. 37-6, we see that because your Lorentz factor 
y relative to the stars is 22.4 (large), your relative speed 
v is almost c—so close that we can approximate it as c. 
Then for speed v ~ c, we must be careful that the dis- 
tance and the time interval in Eq. 37-19 are measured in 
the same reference frame. 


Calculations: The given distance (9.00 X 10'°m) for 
the length of your travel path is measured in the reference 
frame of the stars, and the requested time interval Ar is to 
be measured in that same frame. Thus, we can write 


relative to stars 


( time interval _ distance relative to stars 
é 


Then substituting the given distance, we find that 


( time interval )- 


9.00 X 10'°m 
299 792 458 m/s 


= 3.00 x 10°s = 9.51y. 


relative to stars 


(Answer) 


(b) How long does that trip take according to you (in 
your reference frame)? 


1. We now want the time interval measured in a differ- 
ent reference frame—namely, yours. Thus, we need 
to transform the data given in the reference frame 
of the stars to your frame. 

2. The given path length of 9.00 x 10'° m, measured 
in the reference frame of the stars, is a proper 
length Lo, because the two ends of the path are at 
rest in that frame. As observed from your reference 
frame, the stars’ reference frame and those two 
ends of the path race past you at a relative speed of 
voc. 

3. You measure a contracted length Lo/y for the path, 
not the proper length Lp. 


Calculations: We can now rewrite Eq. 37-19 as 


Loly 


( time interval _ distance relative to you _ 
c C 


relative to you 


Substituting known data, we find 


( time interval _ (9.00 x 106 m)/22.4 
relative to you 299 792 458 m/s 


= 1.340 x 10’s = 0.425 y. (Answer) 


In part (a) we found that the flight takes 9.51 y in the 
reference frame of the stars. However, here we find 
that it takes only 0.425 y in your frame, due to the rela- 
tive motion and the resulting contracted length of the 
path. 
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FIG. 37-9 ‘Two inertial reference 
frames: frame S’ has velocity V rela- 
tive to frame S. 


Figure 37-9 shows inertial reference frame S’ moving with speed v relative to 
frame S,in the common positive direction of their horizontal axes (marked x and 
x’). An observer in S reports spacetime coordinates x, y, z, for an event, and an 
observer in S’ reports x’, y’, z’,¢t’ for the same event. How are these sets of num- 
bers related? 

We claim at once (although it requires proof) that the y and z coordinates, 
which are perpendicular to the motion, are not affected by the motion; that 1s, y = 
y’ and z = z’. Our interest then reduces to the relation between x and x’ and that 
between ¢ and ¢’. 


The Galilean Transformation Equations 


Prior to Einstein’s publication of his special theory of relativity, the four coor- 
dinates of interest were assumed to be related by the Galilean transformation 


37-7 | The Lorentz Transformation PyleKR) 


equations: 


x'=x-— vt (Galilean transformation equations; 


oe approximately valid at low speeds). (37-20) 
(These equations are written with the assumption that tf = t’ = 0 when the origins 
of S and S’ coincide.) You can verify the first equation with Fig. 37-9. The second 
equation effectively claims that time passes at the same rate for observers in both 
reference frames. That would have been so obviously true to a scientist prior to 
Einstein that it would not even have been mentioned. When speed v is small 
compared to c, Eqs. 37-20 generally work well. 


The Lorentz Transformation Equations 


We state without proof that the correct transformation equations, which remain 
valid for all speeds up to the speed of light, can be derived from the postulates of 
relativity. The results, called the Lorentz transformation equations* or sometimes 
(more loosely) just the Lorentz transformations, are 


x' = y(x — vt), 

Vs oi Me (Lorentz transformation equations; (37-21) 
Basia valid at all physically possible speeds). 

t' = y(t — vxic’) 


(The equations are written with the assumption that t = t’ = 0 when the origins 
of S and S’ coincide.) Note that the spatial values x and the temporal values f are 
bound together in the first and last equations. This entanglement of space and 
time was a prime message of Einstein’s theory, a message that was long rejected 
by many of his contemporaries. 

It is a formal requirement of relativistic equations that they should reduce to 
familiar classical equations if we let c approach infinity. That is, if the speed of light 
were infinitely great, all finite speeds would be “low” and classical equations would 
never fail. If we let c > ~ in Eqs. 37-21, y — 1 and these equations reduce — as we 
expect —to the Galilean equations (Eqs. 37-20). You should check this. 

Equations 37-21 are written in a form that is useful if we are given x and t and 
wish to find x’ and t’. We may wish to go the other way, however. In that case we 
simply solve Eqs. 37-21 for x and f, obtaining 


x= y(' + vt) and t= y@ + vx'lc’), (37-22) 


Comparison shows that, starting from either Eqs. 37-21 or Eqs. 37-22, you can find 
the other set by interchanging primed and unprimed quantities and reversing the 
sign of the relative velocity v. 

Equations 37-21 and 37-22 relate the coordinates of a single event as seen by 
two observers. Sometimes we want to know not the coordinates of a single event 
but the differences between coordinates for a pair of events. That is, if we label 
our events | and 2, we may want to relate 


Ax=xX,—x, and At=t-h, 
as measured by an observer in S, and 
Ax' =x,—x, and Aft’ =f, —- ft}, 
as measured by an observer in S”. 


* You may wonder why we do not call these the Einstein transformation equations (and why not the 
Einstein factor for y). H. A. Lorentz actually derived these equations before Einstein did, but as the 
great Dutch physicist graciously conceded, he did not take the further bold step of interpreting these 
equations as describing the true nature of space and time. It is this interpretation, first made by 
Einstein, that is at the heart of relativity. 
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TABLE 37-2 


The Lorentz Transformation Equations for Pairs of Events 


1. Ax = y(Ax’ + v At’) 1’. Ax’ = y(Ax — v At) 
2. At= y(Ar' + v Ax'/c’) 2'. At’ = y(At — v Ax/c?) 
1 ] 


Frame S’ moves at velocity v relative to frame S. 


Table 37-2 displays the Lorentz equations in difference form, suitable for 
analyzing pairs of events. The equations in the table were derived by simply 
substituting differences (such as Ax and Ax’) for the four variables in Eqs. 37-21 
and 37-22. 

Be careful: When substituting values for these differences, you must be con- 
sistent and not mix the values for the first event with those for the second event. 
Also, if, say, Ax is a negative quantity, you must be certain to include the minus 
sign in a substitution. 


Ya HECKPOINT 2 In Fig. 37-9, frame S’ has velocity 0.90c relative to frame S. 


An observer in frame S’ measures two events as occurring at the following spacetime 
coordinates: event Yellow at (5.0 m, 20 ns) and event Green at (—2.0 m, 45 ns). An ob- 
server in frame S wants to find the temporal separation Atcy = tg — ty between the 
events. (a) Which equation in Table 37-2 should be used? (b) Should +0.90c or —0.90c 
be substituted for v in the parentheses on the equation’s right side and in the Lorentz 
factor y? What value should be substituted into the (c) first and (d) second term in the 
parentheses? 
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Here we use the equations of Table 37-2 to affirm some of the conclusions that we 
reached earlier by arguments based directly on the postulates. 


Simultaneity 
Consider Eq. 2 of Table 37-2, 





VAX 

At= y (a0 es ) (37-23) 
C 

If two events occur at different places in reference frame S’ of Fig. 37-9, then Ax’ 

in this equation is not zero. It follows that even if the events are simultaneous in 

S’ (thus At’ = 0), they will not be simultaneous in frame S. (This is in accord with 

our conclusion in Section 37-4.) The time interval between the events in S will be 


v Ax’ 
2 





At=y 


(simultaneous events in S’). 
C 


Time Dilation 





Suppose now that two events occur at the same place in S’ (thus Ax’ = 0) but at 
different times (thus Ar’ # 0). Equation 37-23 then reduces to 


At= yAt' (events in same place in S’). (37-24) 


This confirms time dilation between frames S and S’. Moreover, because the two 
events occur at the same place in S’, the time interval At’ between them can be 
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measured with a single clock, located at that place. Under these conditions, the 
measured interval is a proper time interval, and we can label it Af) as we have 
previously labeled proper times. Thus, with that label Eq. 37-24 becomes 


At= y Al (time dilation), 


which is exactly Eq. 37-9, the time dilation equation. 


Length Contraction 


Consider Eq. 1’ of Table 37-2, 
Ax’ = y(Ax — vAt). (37-25) 
If a rod lies parallel to the x and x’ axes of Fig. 37-9 and is at rest in reference 
frame S’, an observer in S’ can measure its length at leisure. One way to do so is 
by subtracting the coordinates of the end points of the rod. The value of Ax’ that 
is obtained will be the proper length Lp of the rod because the measurements are 
made in a frame where the rod 1s at rest. 
Suppose the rod is moving in frame S. This means that Ax can be identified as 
the length L of the rod in frame S only if the coordinates of the rod’s end points 


are measured simultaneously — that is, if At = 0. If we put Ax’ = Lo, Ax = L, and 
At = 0in Eq. 37-25, we find 


i 
CC (length contraction), (37-26) 
ay 


which is exactly Eq. 37-13, the length contraction equation. 


Sample Problem Perea 


An Earth starship has been sent to check an Earth out- 
post on the planet P1407, whose moon houses a battle 
group of the often hostile Reptulians. As the ship fol- S 
lows a straight-line course first past the planet and then 
past the moon, it detects a high-energy microwave burst 
at the Reptulian moon base and then, 1.10s later, an 


S! 





Moon 


(burst) Planet 
explosion at the Earth outpost, which is 4.00 x 10° m (explosion) 
from the Reptulian base as measured from the ship’s FIG. 37-10 A planet and its moon in reference frame S’ 
reference frame. The Reptulians have obviously move rightward with speed v relative to a starship in refer- 


attacked the Earth outpost, and so the starship begins to ence frame S. 


prepare for a confrontation with them. 
Starship frame: Before we get to the transformation, 


we need to carefully choose our notation. We begin with 
a sketch of the situation as shown in Fig. 37-10. There, 
we have chosen the ship’s frame S to be stationary and 
the planet—moon frame S’ to be moving with positive 
velocity (rightward). (This is an arbitrary choice; we 


could, instead, have chosen the planet—moon frame to 
fet be stationary. Then we would redraw V in Fig. 37-10 as 


(a) The speed of the ship relative to the planet and its 
moon is 0.980c. What are the distance and time interval 
between the burst and the explosion as measured in the 
planet—moon inertial frame (and thus according to the 
occupants of the stations)? 


1. This problem involves measurements made from being attached to the S frame and indicating leftward 
two reference frames, the planet—moon frame and motion; v would then be a negative quantity. The results 
the starship frame. would be the same.) Let subscripts e and b represent 


the explosion and burst, respectively. Then the given 


2. This problem involves two events: the burst and the : 
data, all in the unprimed (starship) reference frame, are 


explosion. 


3. We need to transform the given data about the time Ax = x, — X, = +4.00 x 108 m 
and distance between the two events as measured in pe At=1t,-t= +1105. 
the starship frame to the corresponding data as 
measured in the planet—moon frame. Here, Ax is a positive quantity because in Fig. 37-10, the 
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coordinate x, for the explosion is greater than the coor- 
dinate x, for the burst; At is also a positive quantity be- 
cause the time ¢, of the explosion is greater (later) than 
the time 4, of the burst. 


Planet-moon frame: We seek Ax’ and At', which we 
shall get by transforming the given S-frame data to the 
planet—moon frame S’. Because we are considering a 
pair of events, we choose transformation equations 
from Table 37-2 — namely, Eqs. 1’ and 2’: 





Ax’ = y(Ax — v At) (37-27) 
and At=y (a ee = ) (37-28) 
Here, v = +0.980c and the Lorentz factor is 
: - a 50252 


: V1 — (vile? V1 — (+ 0.980e/c)? 


Equation 37-27 then becomes 


Ax’ = (5.0252)[4.00 x 10®°m — (+0.980c)(1.10 s)] 
= 3.86 X 10° m, 


and Eq. 37-28 becomes 


(Answer) 


2 


At’ = (5.0252) (a.109 el eee) oS sce 


= —1.04s. (Answer) 


(b) What is the meaning of the minus sign in the value 
for At'? 


Reasoning: We must be consistent with the notation we 


set up in part (a). Recall how we originally defined the 
time interval between burst and explosion: At = 
t. — t} = +1.10s. To be consistent with that choice of 
notation, our definition of At’ must be ¢, — ¢,; thus, we 
have found that 


Ar = th —t, = -1.04s. 


The minus sign here tells us that ¢, > ¢.; that is, in the 
planet—moon reference frame, the burst occurred 1.04 s 
after the explosion, not 1.10 s before the explosion as de- 
tected in the ship frame. 


(c) Did the burst cause the explosion, or vice versa? 


cSt The sequence of events measured in the 


planet—moon reference frame is the reverse of that 
measured in the ship frame. In either situation, if there 
is a causal relationship between the two events, 
information must travel from the location of one event 
to the location of the other to cause it. 


Checking the speed: Let us check the required speed 
of the information. In the ship frame, this speed is 


— Ax — 4.00 x 108m 


info = = 3.64 x 108 
Minfo ~ Ay TOs nS 


but that speed is impossible because it exceeds c. In the 
planet—moon frame, the speed comes out to be 3.70 
10° m/s, also impossible. Therefore, neither event could 
possibly have caused the other event; that is, they are 
unrelated events. Thus, the starship should not confront 
the Reptulians. 


37-9 | The Relativity of Velocities 


Here we wish to use the Lorentz transformation equations to compare the veloci- 
ties that two observers in different inertial reference frames S and S’ would mea- 
sure for the same moving particle. Let S’ move with velocity v relative to S. 

Suppose that the particle, moving with constant velocity parallel to the x and 
x’ axes in Fig. 37-11, sends out two signals as it moves. Each observer measures 
the space interval and the time interval between these two events. These four 
measurements are related by Eqs. 1 and 2 of Table 37-2, 





Par soa | and 
u'as measured from S' 


Ee 
uas measured from S$ 


/ 


Xx x 


FIG. 37-11 Reference frame S’ 
moves with velocity V relative to 
frame S. A particle has velocity 7’ 
relative to reference frame S’ and 
velocity w relative to reference 
frame S. 


Ax = y(Ax’ + vAt') 


Ay 
a= y(ar + = | 
Cc 





If we divide the first of these equations by the second, we find 


Ax Ax’ + v At’ 


At At) + v Ax'/c2’ 


Dividing the numerator and denominator of the right side by At’, we find 


Ax Ax’'/At' + v 


At 1+ v(Ax/AL ic?’ 
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However, in the differential limit, Ax/At is u, the velocity of the particle as mea- 
sured in S, and Ax’/At' is wu’, the velocity of the particle as measured in S’. Then 
we have, finally, 

u'+y 


Lis ferer ects (relativistic velocity transformation) (37-29) 
ron eevic 


as the relativistic velocity transformation equation. This equation reduces to the 
classical, or Galilean, velocity transformation equation, 


u=u' t+yv (classical velocity transformation), (37-30) 


when we apply the formal test of letting c ~~. In other words, Eq. 37-29 is 
correct for all physically possible speeds, but Eq. 37-30 is approximately correct 
for speeds much less than c. 
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In Section 17-9 we discussed the Doppler effect (a shift in detected frequency) 
for sound waves traveling in air. For such waves, the Doppler effect depends on 
two velocities —namely, the velocities of the source and detector with respect to 
the air. Air is the medium that transmits the waves. 

That is not the situation with light waves, for they (and other electromagnetic 
waves) require no medium, being able to travel even through vacuum. The 
Doppler effect for light waves depends on only one velocity, the relative velocity 
Vv between source and detector, as measured from the reference frame of either. 
Let f) represent the proper frequency of the source — that is, the frequency that is 
measured by an observer in the rest frame of the source. Let f represent the fre- 
quency detected by an observer moving with velocity V relative to that rest frame. 
Then, when the direction of V is directly away from the source, 


LT 
i+ B 





f=h (source and detector separating), (37-31) 
where B = v/c. When the direction of V is directly toward the source, we must 
change the signs in front of both B symbols in Eq. 37-31. 


Low-Speed Doppler Effect 


For low speeds (8 < 1), Eq. 37-31 can be expanded in a power series in B and 
approximated as 


f=fi- pt 5B?) (source and detector separating, B <1). (37-32) 


The corresponding low-speed equation for the Doppler effect with sound waves 
(or any waves except light waves) has the same first two terms but a different 
coefficient in the third term. Thus, the relativistic effect for low-speed light 
sources and detectors shows up only with the B’ term. 

A police radar unit employs the Doppler effect with microwaves to measure 
the speed v of a car. A source in the radar unit emits a microwave beam at a 
certain (proper) frequency fp along the road. A car that is moving toward the unit 
intercepts that beam but at a frequency that is shifted upward by the Doppler 
effect due to the car’s motion toward the radar unit. The car reflects the beam 
back toward the radar unit. Because the car is moving toward the radar unit, the 
detector in the unit intercepts a reflected beam that is further shifted up in fre- 
quency. The unit compares that detected frequency with f, and computes the 
speed v of the car. 
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Astronomical Doppler Effect 


In astronomical observations of stars, galaxies, and other sources of light, we 
can determine how fast the sources are moving, either directly away from us or 
directly toward us, by measuring the Doppler shift of the light that reaches us. If a 
certain star were at rest relative to us, we would detect light from it with a certain 
proper frequency fo. However, if the star is moving either directly away from us 
or directly toward us, the light we detect has a frequency f that is shifted from fy 
by the Doppler effect. This Doppler shift is due only to the radial motion of the 
Star (its motion directly toward us or away from us), and the speed we can deter- 
mine by measuring this Doppler shift is only the radial speed v of the star —that 
is, only the radial component of the star’s velocity relative to us. 

Suppose a star (or any other light source) moves away from us with a radial 
speed v that is low enough (f is small enough) for us to neglect the B* term in 


Eq. 37-32. Then we have 
f= fol — B). (37-33) 


Because astronomical measurements involving light are usually done in wave- 
lengths rather than frequencies, let us replace f with c/A and fy with c/Aj, where A 
is the measured wavelength and Ap is the proper wavelength (the wavelength 
associated with f,). We then have 


C 6 
a (1 — B), 
or A= Ag(1 — B)~. (37-34) 


Because we assume f is small, we can expand (1 — £)7! in a power series. 
Doing so and retaining only the first power of B, we have 
A= Ao(1 aE B), 
A-Ad 
or B=—. (37-35) 
Ao 


Replacing B with v/c and A — Ag with IAAI leads to 
[AAI 


v= X C (radial speed of light source, v < c). (37-36) 
0 





The difference Ad is the wavelength Doppler shift of the light source. We enclose 
it with an absolute sign so that we always have a magnitude of the shift. 

Equation 37-36 is an approximation that can be applied only when v < c. 
Under that condition, Eq. 37-36 can be applied whether the light source is 
moving toward or away from us. If it is moving away from us, then A is longer than 
Xo, AA is positive, and the Doppler shift is called a red shift. (The term red does 
not mean the detected light is red or even visible. It merely serves as a memory 
device because red is at the Jong wavelength end of the visible spectrum. Thus A is 
longer than Ay.) If the light source is moving toward us, then A is shorter than Ap, 
AX is negative, and the Doppler shift is called a blue shift. 


CHECKPOINT 3 The figure shows a source that emits light of proper fre- 
quency fy while moving directly toward the right with speed c/4 as measured from reference 
frame S. The figure also shows a light de- 
tector, which measures a frequency f > fp 
for the emitted light. (a) Is the detector 
moving toward the left or the right? (b) Is 
the speed of the detector as measured 
from reference frame S more than c/4, 
less than c/4, or equal to c/4? 


Source 
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Transverse Doppler Effect 


So far, we have discussed the Doppler effect, here and in Chapter 17, only for 
situations in which the source and the detector move either directly toward or 
directly away from each other. Figure 37-12 shows a different arrangement, in 
which a source S moves past a detector D. When S reaches point P, the velocity of 
S is perpendicular to the line joining P and D, and at that instant S is moving 
neither toward nor away from D. If the source is emitting sound waves OF ies velocity 7 past a detector at D. 
quency fo, D detects that frequency (with no Doppler effect) when it intercepts The special theory of relativity pre- 
the waves that were emitted at point P. However, if the source is emitting light dicts a transverse Doppler effect as 
waves, there is still a Doppler effect, called the transverse Doppler effect. In this sit- the source passes through point P, 

uation, the detected frequency of the light emitted when the source is at point Pis__ where the direction of travel is per- 


: pendicular to the line extending 
f=foV1— B’ (transverse Doppler effect). (37-37) through D. Classical theory predicts 
no such effect. 





FIG. 37-12 A light source S travels 


For low speeds (B < 1), Eq. 37-37 can be expanded in a power series in 6B and 
approximated as 


f=fa - +B?) (low speeds). (37-38) 


Here the first term is what we would expect for sound waves, and again the 
relativistic effect for low-speed light sources and detectors appears with the B7 term. 

In principle, a police radar unit can determine the speed of a car even when 
the path of the radar beam is perpendicular (transverse) to the path of the car. 
However, Eq. 37-38 tells us that because B is small even for a fast car, the rela- 
tivistic term 87/2 in the transverse Doppler effect is extremely small. Thus, f ~ fo 
and the radar unit computes a speed of zero. For this reason, police officers 
always try to direct the radar beam along the car’s path to get a Doppler shift that 
gives the car’s actual speed. Any deviation from that alignment works in favor of 
the motorist because it reduces the measured speed. 

The transverse Doppler effect is really another test of time dilation. If we 
rewrite Eq. 37-37 in terms of the period T of oscillation of the emitted light wave 
instead of the frequency, we have, because T = 1/f, 


fo T 
Sh 
I-B 
in which 7) (= 1/fo) is the proper period of the source. As comparison with 


Eq. 37-9 shows, Eq. 37-39 is simply the time dilation formula because a period is 
a time interval. 


T= (37-39) 


The NAVSTAR Navigation System 


Each NAVSTAR satellite in the Global Positioning System (GPS) continuously 
signals its location by broadcasting radio signals at a set frequency controlled by 
precise atomic clocks. When the signal is sensed by a GPS detector on, say, a 
commercial aircraft, the frequency has been Doppler shifted because of the 
relative motion between the satellite and the detector. By detecting the signals 
from several NAVSTAR satellites simultaneously, the detector can determine the 
direction to any one of them and the direction of the satellite velocity. From the 
Doppler shift of the signal, the detector then determines the speed of the aircraft. 

Although the relativistic contribution to the Doppler shift is extremely slight 
(roughly 4.5 X 107 !° of the shift is due to the relativity of this chapter), engineers 
must take the contribution into account to keep the NAVSTAR system accurate. 
They must also take into account the effects of Einstein’s general theory of relativity 
because the gravitational acceleration at the altitude of a satellite is different from 
that at the altitude of a ground-based detector. Einstein’s special and general theo- 
ries of relativity were considered bizarre for a long time after they were published. 
Now they are indispensable in global positioning and long-range navigation. 
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Figure 37-13a shows curves of intensity versus wave- 
length for light reaching us from interstellar gas on two 
opposite sides of galaxy M87 (Fig. 37-13b). One curve 
peaks at 499.8 nm, the other at 501.6 nm. The gas orbits 
the core of the galaxy at a radius r = 100 light-years, 
moving toward us on one side of the core and moving 
away from us on the opposite side. 


(a) Which curve corresponds to the gas moving toward 
us? What is the speed of the gas relative to us (and rela- 
tive to the galaxy’s core)? 


CB 


1. If the gas were not moving, the light from it would 
be detected at a certain wavelength. 


2. The motion of the gas changes the detected wave- 
length via the Doppler effect, increasing the wave- 
length for the gas moving away from us and decreas- 
ing it for the gas moving toward us. 


Thus, the curve peaking at 501.6 nm corresponds to mo- 
tion away from us, and that peaking at 499.8 nm corre- 
sponds to motion toward us. 


Calculations: Let us assume that the increase and the 
decrease in wavelength due to the motion of the gas are 
equal in magnitude. Then the unshifted wavelength, 
which we shall take as the proper wavelength A», must 
be the average of the two shifted wavelengths: 


501.6 nm + 499.8 nm 
a 


The Doppler shift AA of the light from the gas moving 
away from us is then 
AA = IA — Aol = 501.6 nm — 500.7 nm 
= (.90 nm. 


Substituting this and A, = 500.7 nm into Eq. 37-36, we 
find that the speed of the gas is 


= 500.7 nm. 


Seen een oO Op UES ane 
Ag 500.7 nm 
= 5.39 x 10° m/s. (Answer) 


(b) The gas orbits the core of the galaxy because the 
gas experiences a gravitational force due to the mass M 
of the core. What is that mass in multiples of the Sun’s 
mass M, (= 1.99 x 10°° kg)? 


BT 


1. From Eq. 13-1, the magnitude F of the gravitational 
force on an orbiting gas element of mass m at orbital 
Hee 
radius r is GMm 


F=——. 





r 


Intensity 





499.8 501.6 | @) 
Wavelength (nm) 


(a) 
FIG. 37-13 (a) Plots of intensity versus wavelength for light 
emitted by gas on opposite sides of galaxy M87 and detected 
on Earth. (b) The central region of M87. The circles indicate 
the locations of the gas whose intensity is given in (a). The 
core of M87 is halfway between the circles. (Courtesy NASA) 


2. If the gas element orbits the galaxy core in a circle, 
then the element must have a centripetal accelera- 
tion of magnitude a = v’/r, directed toward the core. 


3. Newton’s second law, written for a radial axis ex- 


tending from the core to the gas element, tells us 
that F = ma. 


Calculations: Putting these three ideas together, we have 
GMm Ve 


=m—. 
r- r 





Solving this for M and substituting known data, we find 


vr 


M =—— 
G 


(5.39 X 105 m/s)?(100 ly)(9.46 X 10! m/ly) 
6.67 X 10°! N-m?2/kg? 


= 4.12 x 10° kg = (2.1 X 10°)Mg. (Answer) 


This result tells us that a mass equivalent to two billion 
suns has been compacted into the core of the galaxy, 
strongly suggesting that a supermassive black hole occu- 
pies the core. 


The monster of M87: The M87 black hole is about 
1000 times larger than the supermassive black hole ly- 
ing at the center of our Milky Way galaxy (Sample 
Problem 13-7) and thus is indeed a monster. It rotates 
about an axis, and as material (stars and dust) fall into 
it, the material generates strong electromagnetic forces 
that shoot electrons away from the black hole, outward 
along the rotation axis and out of M87. The ejection is 
so severe that the electrons move at nearly the speed of 
light. The image that opens this chapter shows the jet 
that is angled somewhat in our direction; we cannot see 
the jet in the opposite direction. 
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37-11 | A New Look at Momentum 


Suppose that a number of observers, each in a different inertial reference frame, 
watch an isolated collision between two particles. In classical mechanics, we have 
seen that—even though the observers measure different velocities for the col- 
liding particles—they all find that the law of conservation of momentum holds. 
That is, they find that the total momentum of the system of particles after the 
collision is the same as it was before the collision. 

How is this situation affected by relativity? We find that if we continue to 
define the momentum 7p of a particle as mV, the product of its mass and its velocity, 
total momentum is not conserved for the observers in different inertial frames. We 
have two choices: (1) Give up the law of conservation of momentum or (2) see 
whether we can refine our definition of momentum in some new way so that the 
law of conservation of momentum still holds. The correct choice is the second one. 

Consider a particle moving with constant speed v in the positive direction of 
an x axis. Classically, its momentum has magnitude 


x 

DT =m ae (classical momentum), (37-40) 
in which Ax is the distance it travels in time At. To find a relativistic expression for 
momentum, we start with the new definition 


Ax 
= ae 
Es Aty 


Here, as before, Ax is the distance traveled by a moving particle as viewed by an 
observer watching that particle. However, Afy is the time required to travel that 
distance, measured not by the observer watching the moving particle but by 
an observer moving with the particle. The particle is at rest with respect to this 
second observer; thus that measured time is a proper time. 

Using the time dilation formula, At = y Af) (Eq. 37-9), we can then write 


Ax Ax At Ax 


eI a IN 





However, since Ax/At is just the particle velocity v, we have 
p= ymyv (momentum). (37-41) 


Note that this differs from the classical definition of Eq. 37-40 only by the 
Lorentz factor y. However, that difference is important: Unlike classical momen- 
tum, relativistic momentum approaches an infinite value as v approaches c. 

We can generalize the definition of Eq. 37-41 to vector form as 


P= ymV (momentum). (37-42) 


This equation gives the correct definition of momentum for all physically possible 
speeds. For a speed much less than c, it reduces to the classical definition of 
momentum (p = mv). 


37-12 | A New Look at Energy 
Mass Energy 


The science of chemistry was initially developed with the assumption that in 
chemical reactions, energy and mass are conserved separately. In 1905, Einstein 
showed that as a consequence of his theory of special relativity, mass can be con- 
sidered to be another form of energy. Thus, the law of conservation of energy is 
really the law of conservation of mass-energy. 





jer) Chapter 37 | Relativity 


In a chemical reaction (a process in which atoms or molecules interact), the 
amount of mass that is transferred into other forms of energy (or vice versa) is 
such a tiny fraction of the total mass involved that there is no hope of measuring 
the mass change with even the best laboratory balances. Mass and energy truly 
seem to be separately conserved. However, in a nuclear reaction (in which nuclei 
or fundamental particles interact), the energy released is often about a million 
times greater than in a chemical reaction, and the change in mass can easily 
be measured. Taking mass—energy transfers into account in nuclear reactions 
became routine long ago. 

An object’s mass m and the equivalent energy Fy are related by 


Ep = mce?, (37-43) 


which, without the subscript 0, 1s the best-known science equation of all time. This 
energy that is associated with the mass of an object is called mass energy or rest 
energy. The second name suggests that EF, is an energy that the object has even 
when it is at rest, simply because it has mass. (If you continue your study of 
physics beyond this book, you will see more refined discussions of the relation 
between mass and energy. You might even encounter disagreements about just 
what that relation is and means.) 

Table 37-3 shows the (approximate) mass energy, or rest energy, of a few 
objects. The mass energy of, say, a U.S. penny is enormous; the equivalent amount 
of electrical energy would cost well over a million dollars. On the other hand, 
the entire annual U.S. electrical energy production corresponds to a mass of only 
a few hundred kilograms of matter (stones, burritos, or anything else). 

In practice, SI units are rarely used with Eq. 37-43 because they are too large 
to be convenient. Masses are usually measured in atomic mass units, where 


1 u = 1.660 538 86 X 10-7’ kg, (37-44) 
and energies are usually measured in electron-volts or multiples of it, where 

1 eV = 1.602 176 462 x 10°" J. (37-45) 
In the units of Eqs. 37-44 and 37-45, the multiplying constant c’ has the values 


c? = 9.314 940 13 X 108 eV/u = 9.314 940 13 X 105 keV/u 
= 931.494 013 MeV/u. (37-46) 


Total Energy 


Equation 37-43 gives, for any object, the mass energy Eg that is associated with 
the object’s mass m, regardless of whether the object is at rest or moving. If the 
object is moving, it has additional energy in the form of kinetic energy K. If we 
assume that the object’s potential energy is zero, then its total energy EF is the sum 
of its mass energy and its kinetic energy: 


E=E,+K=mce?+Kk. (37-47) 


Ay Se) 


The Energy Equivalents of a Few Objects 


Object Mass (kg) Energy Equivalent 

Electron ~911 x 1077! ~ 8.19 x 10-4 J (= 511 keV) 
Proton = 67 x 10e le 0 la I (~ 938 MeV) 
Uranium atom = 3.95 X 105° 3.55 10e I (= 225 GeV) 
Dust particle led ~1x10*J (=~ 2 kcal) 


US. penny ol 10s =O 8 10 (~ 78 GW-h) 
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Although we shall not prove it, the total energy E can also be written as 
EB yng, (37-48) 


where y is the Lorentz factor for the object’s motion. 

Since Chapter 7, we have discussed many examples involving changes in the 
total energy of a particle or a system of particles. However, we did not include 
mass energy in the discussions because the changes in mass energy were either 
zero or small enough to be neglected. The law of conservation of total energy still 
applies when changes in mass energy are significant. Thus, regardless of what 
happens to the mass energy, the following statement from Section 8-8 is still true: 
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For example, if the total mass energy of two interacting particles in an isolated 
system decreases, some other type of energy in the system must increase because 
the total energy cannot change. 

In a system undergoing a chemical or nuclear reaction, a change in the total 
mass energy of the system due to the reaction is often given as a Q value. The 
QO value for a reaction is obtained from the relation 


system’s initial | / system’s final A 
total mass energy/ \ total mass energy Q 


OT Fo ai Fog an Q. (37-49) 


Using Eq. 37-43 (Ey = mc’), we can rewrite this in terms of the initial total mass 
M; and the final total mass M;as 


M;c? = Myc? + Q 
or Q = Mc? — Myc? = —AM ec’, (37-50) 


where the change in mass due to the reaction is AM = M,; — M,. 

If a reaction results in the transfer of energy from mass energy to, say, kinetic 
energy of the reaction products, the system’s total mass energy E, (and total 
mass M) decreases and Q is positive. If, instead, a reaction requires that energy 
be transferred to mass energy, the system’s total mass energy E, (and its total 
mass M ) increases and Q is negative. 

For example, suppose two hydrogen nuclei undergo a fusion reaction in 
which they join together to form a single nucleus and release two particles in the 
process. The total mass energy (and total mass) of the resultant single nucleus 
and two released particles is less than the total mass energy (and total mass) of 
the initial hydrogen nuclei. Thus, the Q of the fusion reaction is positive, and 
energy is said to be released (transferred from mass energy) by the reaction. 
This release is important to you because the fusion of hydrogen nuclei in the Sun 
is one part of the process that results in sunshine on Earth and makes life here 
possible. 


Kinetic Energy 


In Chapter 7 we defined the kinetic energy K of an object of mass m moving at 
speed v well below c to be 


K = 3mv’. (37-51) 


However, this classical equation is only an approximation that is good enough 
when the speed is well below the speed of light. 

Let us now find an expression for kinetic energy that is correct for all physi- 
cally possible speeds, including speeds close to c. Solving Eq. 37-47 for K and then 
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FIG. 37-74 The relativistic 

(Eq. 37-52) and classical (Eq. 37-51) 
equations for the kinetic energy of an 
electron, plotted as a function of v/c, 
where v is the speed of the electron 
and c is the speed of light. Note that 
the two curves blend together at 
low speeds and diverge widely at 
high speeds. Experimental data (at 
the X marks) show that at high 
speeds the relativistic curve agrees 
with experiment but the classical 
curve does not. 





FIG. 37-15 


A useful memory dia- 
eram for the relativistic relations 
among the total energy EF, the rest 
energy or mass energy mc’, the 
kinetic energy K, and the momen- 
tum magnitude p. 


substituting for £ from Eq. 37-48 lead to 


K = E — mc? = ymc? — mc? 
=mc*(y—1) (kinetic energy), (37-52) 
where y (= 1/V1 — (v/c)*) is the Lorentz factor for the object’s motion. 

Figure 37-14 shows plots of the kinetic energy of an electron as calculated with 
the correct definition (Eq. 37-52) and the classical approximation (Eq. 37-51), both as 
functions of v/c. Note that on the left side of the graph the two plots coincide; this is 
the part of the graph— at lower speeds— where we have calculated kinetic energies 
so far in this book. This part of the graph tells us that we have been justified in calcu- 
lating kinetic energy with the classical expression of Eq. 37-51. However, on the night 
side of the graph—at speeds near c—the two plots differ significantly. As v/c ap- 
proaches 1.0, the plot for the classical definition of kinetic energy increases only mod- 
erately while the plot for the correct definition of kinetic energy increases dramati- 
cally, approaching an infinite value as v/c approaches 1.0. Thus, when an object’s 
speed v is near c, we must use Eq. 37-52 to calculate its kinetic energy. 

Figure 37-14 also tells us something about the work we must do on an object 
to increase its speed by, say, 1%. The required work W is equal to the resulting 
change AK in the object’s kinetic energy. If the change is to occur on the low- 
speed, left side of Fig. 37-14, the required work might be modest. However, if the 
change is to occur on the high-speed, right side of Fig. 37-14, the required work 
could be enormous because the kinetic energy K increases so rapidly there with 
an increase in speed v. To increase an object’s speed to c would require, in princi- 
ple, an infinite amount of energy; thus, doing so is impossible. 

The kinetic energies of electrons, protons, and other particles are often stated 
with the unit electron-volt or one of its multiples used as an adjective. For example, 
an electron with a kinetic energy of 20 MeV may be described as a 20 MeV electron. 


Momentum and Kinetic Energy 


In classical mechanics, the momentum p of a particle is mv and its kinetic energy 
Kis smv?. If we eliminate v between these two expressions, we find a direct rela- 
tion between momentum and kinetic energy: 


p*? =2Km (37-53) 


We can find a similar connection in relativity by eliminating v between the 
relativistic definition of momentum (Eq. 37-41) and the relativistic definition of 
kinetic energy (Eq. 37-52). Doing so leads, after some algebra, to 


(classical). 


(pc) = K* + 2Kmc’. (37-54) 


With the aid of Eq. 37-47, we can transform Eq. 37-54 into a relation between the 

momentum p and the total energy E of a particle: 
FE? = (pc) + (mce’y. (37-55) 

The right triangle of Fig. 37-15 can help you keep these useful relations in mind. 


You can also show that, in that triangle, 
sin@=B and cos 6@=1/y. (37-56) 


With Eq. 37-55 we can see that the product pc must have the same unit as 
energy E; thus, we can express the unit of momentum p as an energy unit divided 
by c, usually as MeV/c or GeV/c in fundamental particle physics. 


CHECKPOINT 4 Are (a) the kinetic energy and (b) the total energy of a 
1 GeV electron more than, less than, or equal to those of a 1 GeV proton? 


Sample Problem 
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(a) What is the total energy EF of a 2.53 MeV electron? 





_KEY IDEA iota Eq. 37-47, the total energy E is the 
sum of the electron’s mass energy (or rest energy) mc? 
and its kinetic energy: 


E=mce* + K. (37-57) 


Calculations: The adjective “2.53 MeV” in the problem 
statement means that the electron’s kinetic energy is 
2.53 MeV. To evaluate the electron’s mass energy mc’, 
we substitute the electron’s mass m from Appendix B, 
obtaining 


mc? = (9.109 X 1073! kg)(299 792 458 m/s)? 
= 8.187 x 107"J. 


Then dividing this result by 1.602 x 10° J/MeV gives 
us 0.511 MeV as the electron’s mass energy (confirming 


the value in Table 37-3). Equation 37-57 then yields 
E =0.511 MeV + 2.53 MeV = 3.04 MeV. (Answer) 


(b) What is the magnitude p of the electron’s momen- 
tum, in the unit MeV/c? 


csi We can find p from the total energy FE and 


the mass energy mc? via Eq. 37-55, 


Be (pe) + ne. )e. 


Calculations: Solving for pc gives us 


pe = | Fe2 — (mc?) 


= \(3.04 MeV)? — (0.511 MeV)? = 3.00 MeV. 





Finally, dividing both sides by c we find 


p = 3.00 MeV/c. (Answer) 


Sample Problem Ee 


The most energetic proton ever detected in the cosmic 
rays coming to Earth from space had an astounding ki- 
netic energy of 3.0 X 107” eV (enough energy to warm a 
teaspoon of water by a few degrees). 


(a) What were the proton’s Lorentz factor y and speed 
v (both relative to the ground-based detector)? 





ey ee (1) The proton’s Lorentz factor y relates its 
total energy E to its mass energy mc? via Eq. 37-48 (E = 
ymc’). (2) The proton’s total energy is the sum of its 
mass energy mc? and its (given) kinetic energy K. 


Calculations: Putting these ideas together we have 
E mG ik K 


es ee 
mc? mc? mc? 





(37-58) 


We can calculate the proton’s mass energy mc? from its 
mass given in Appendix B, as we did for the electron in 
Sample Problem 37-7a. We find that mc? is 938 MeV (as 
listed in Table 37-3). Substituting this and the given ki- 
netic energy into Eq. 37-58, we obtain 


3.0 X 10% eV 
938 X 10° eV 
= 3.198 x 10! = 3.2 x 104. 


y=1+ 
(Answer) 


This computed value for y is so large that we cannot 
use the definition of y (Eq. 37-8) to find v. Try it; your 
calculator will tell you that B is effectively equal to 1 
and thus that v is effectively equal to c. Actually, v is al- 
most c, but we want a more accurate answer, which we 
can obtain by first solving Eq. 37-8 for 1 — B. To begin 


we write 
1 1 1 
i eee ee eee 
Vi-pe VA- p+ Bp) v2 —- 8) 
where we have used the fact that B is so close to unity 


that 1 + Bis very close to 2. The velocity we seek is con- 
tained in the 1 — B term. Solving for 1 — B then yields 


| 1 


~ B= aye ~ (23.198 x 10") 
= 49° < 10r = 5 « 107. 
Thus, g=1-5x 10-4 


and, since v = fc, 
v = 0.999 999 999 999 999 999 999 995c. (Answer) 


(b) Suppose that the proton travels along a diameter 
(9.8 X 104 ly) of the Milky Way galaxy. Approximately 
how long does the proton take to travel that diameter as 
measured from the common reference frame of Earth 
and the Galaxy? 


Reasoning: We just saw that this ultrarelativistic proton 1s 
traveling at a speed barely less than c. By the definition of 
light-year, light takes 1 y to travel a distance of 1 ly, and so 
light should take 9.8 x 10* y to travel 9.8 x 104 ly, and this 
proton should take almost the same time. Thus, from our 
Earth—Milky Way reference frame, the proton’s trip takes 


At = 9.8 x 10‘ y. (Answer) 


(c) How long does the trip take as measured in the ref- 
erence frame of the proton? 
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1. This problem involves measurements made from 
two (inertial) reference frames: one is the Earth— 
Milky Way frame and the other is attached to the 
proton. 


2. This problem also involves two events: the first is 
when the proton passes one end of the diameter 
along the Galaxy, and the second is when it passes 
the opposite end. 


3. The time interval between those two events as mea- 
sured in the proton’s reference frame is the proper 
time interval Af) because the events occur at the same 
location in that frame— namely, at the proton itself. 


4. Wecan find the proper time interval Az from the time 
interval At measured in the Earth—Milky Way frame 
by using Eq. 37-9 (At = y At) for time dilation. 


Calculation: Solving Eq. 37-9 for At) and substituting y 
from (a) and At from (b), we find 
At 9.8 x 10° y 


y 3.198 x 104 
3.06 X 10-7 y = 9.7s. 


Ato = 


(Answer) 


In our frame, the trip takes 98 000 y. In the proton’s 
frame, it takes 9.7s! As promised at the start of this 
chapter, relative motion can alter the rate at which time 
passes, and we have here an extreme example. 





REVIEW & SUMMARY 


The Postulates Einstcin’s special theory of relativity is 
based on two postulates: 


1. The laws of physics are the same for observers in all 
inertial reference frames. No one frame is preferred over 
any other. 


2. The speed of light in vacuum has the same value c in all 
directions and in all inertial reference frames. 


The speed of light c in vacuum Is an ultimate speed that can- 
not be exceeded by any entity carrying energy or information. 


Coordinates of an Event Three space coordinates and 
one time coordinate specify an event. One task of special rela- 
tivity is to relate these coordinates as assigned by two ob- 
servers who are in uniform motion with respect to each other. 


Simultaneous Events If two observers are in relative 
motion, they will not, in general, agree as to whether two 
events are simultaneous. If one of the observers finds two 
events at different locations to be simultaneous, the other will 
not, and conversely. Simultaneity is not an absolute concept 
but a relative one, depending on the motion of the observer. 
The relativity of simultaneity is a direct consequence of the 
finite ultimate speed c. 


Time Dilation If two successive events occur at the same 
place in an inertial reference frame, the time interval Ah 
between them, measured on a single clock where they occur, 
is the proper time between the events. Observers in frames 
moving relative to that frame will measure a larger value for 
this interval. For an observer moving with relative speed v, the 
measured time interval is 


FO pe net te De a Ail 
V1 — (vic? = V1 - B? 


= y At (37-7 to 37-9) 


(time dilation). 


Here B = vic is the speed parameter and y = 1/\1 — B? is the 
Lorentz factor. An important result of time dilation is that 
moving clocks run slow as measured by an observer at rest. 


Length Contraction The length Ly of an object mea- 
sured by an observer in an inertial reference frame in which 
the object is at rest is called its proper length. Observers in 
frames moving relative to that frame and parallel to that length 
will measure a shorter length. For an observer moving with rel- 
ative speed v, the measured length is 
Wee ee 
L= Lo Wee B? oa . 7, 


(37-13) 


(length contraction). 


The Lorentz Transformation The Lorentz transforma- 
tion equations relate the spacetime coordinates of a single 
event as seen by observers in two inertial frames, S and S’, 
where S’ is moving relative to S with velocity v in the positive 
x and x’ direction. The four coordinates are related by 


x’ = y(x — vt), 

a ne (37-21) 
oon 

t’ = y(t — vxic’) 


Relativity of Velocities When a particle is moving with 
speed uw’ in the positive x’ direction in an inertial reference 
frame S’ that itself is moving with speed v parallel to the x 
direction of a second inertial frame S, the speed u of the parti- 
cle as measured in S is 


u’t+yv 


Se 37-29 
14+ u'v/c? ( ) 


u= (relativistic velocity). 


Relativistic Doppler Effect If a source emitting light 
waves of frequency fy moves directly away from a detector 
with relative radial speed v (and speed parameter B = v/c), 
the frequency f measured by the detector is 


s [1-8 
I= fo Tiectyes 


If the source moves directly toward the detector, the signs in 
Eq. 37-31 are reversed. 





(37-31) 


For astronomical observations, the Doppler effect is mea- 
sured in wavelengths. For speeds much less than c, Eq. 37-31 
leads to 
_ IAaAl 


Ao 





v ey (37-36) 


where AA (= A — Ag) is the Doppler shift in wavelength due 
to the motion. 


Transverse Doppler Effect If the relative motion of the 
light source is perpendicular to a line joining the source and 
detector, the Doppler frequency formula 1s 


f=fvi— Bp. 


This transverse Doppler effect is due to time dilation. 


(37-37) 


Momentum and Energy The following definitions of 
linear momentum 7, kinetic energy K, and total energy EF for 
a particle of mass m are valid at any physically possible speed: 





1 Figure 37-16 shows two clocks in 
stationary frame S (they are synchro- 
nized in that frame) and one clock in 
moving frame S$’. Clocks C, and C; read 
zero when they pass each other. When 
clocks C; and C, pass each other, (a) 





which clock has the smaller reading and C Cy 
(b) ae clock measures a proper FIG. 37-16 
time ¢ Question 1. 


2 Figure 37-17 shows’ two 
clocks in stationary frame S’ 
(they are synchronized in that 
frame) and one clock in moving 
frame S. Clocks C, and C; read 
zero when they pass each other. 
When clocks C; and C pass each 
other, (a) which clock has the 
smaller reading and (b) which 
clock measures a proper time? 





3 The plane of clocks and mea- 
suring rods in Fig. 37-18 is like that ee 
in Fig. 37-3. The clocks along the x Bt 
axis are separated (center to cen- : : 
ter) by 1 light-second, as are the 
clocks along the y axis, and all the 
clocks are synchronized via the 
procedure described in Section 
37-3. When the initial synchroniz- 2 
ing signal of t= 0 from the origin FIG.37-18 Question 3. 
reaches (a) clock A, (b) clock B, 

and (c) clock C, what initial time is then set on those clocks? 
An event occurs at clock A when it reads 10s. (d) How long 
does the signal of that event take to travel to an observer sta- 
tioned at the origin? (e) What time does that observer assign 
to the event? 


4 Sam leaves Venus in a spaceship headed to Mars and 





Questions F4ier5°, 


p= ymv (momentum), (37-42) 
E=mc*+ K=-ymc?  (totalenergy), (37-47, 37-48) 
K = mc?(y-— 1) (kinetic energy). (37-52) 


Here y is the Lorentz factor for the particle’s motion, and mc? 
is the mass energy, or rest energy, associated with the mass of 
the particle. These equations lead to the relationships 


(pc) = K? + 2Kmc’, (37-54) 


and B2= (pc) ne.) (37-55) 


When a system of particles undergoes a chemical or 
nuclear reaction, the Q of the reaction is the negative of the 


change in the system’s total mass energy: 
Q = Mic? — M;c? = —AM ec’, (37-50) 


where MM; is the system’s total mass before the reaction and M; 
is its total mass after the reaction. 


QUESTIONS 


passes Sally, who is on Earth, with a relative speed of 0.5c. 
(a) Each measures the Venus—Mars voyage time. Who mea- 
sures a proper time: Sam, Sally, or neither? (b) On the way, 
Sam sends a pulse of light to Mars. Each measures the travel 
time of the pulse. Who measures 
a proper time? 


5 A rod is to move at constant 
speed v along the x axis of refer- 
ence frame S, with the rod’s 
length parallel to that axis. An 
observer in frame S is to measure 
the length L of the rod. Which of 
the curves in Fig. 37-19 best gives 





length L (vertical axis of the 

0 O02 0.4 0.6 0.8 
graph) versus speed parameter B? B 
6 Figure 37-20 shows a ship (at- FIG. 37-19 


tached to reference frame S’) 
passing us (standing in reference 
frame S$). A proton is fired at nearly the speed of light along 
the length of the ship, from the front to the rear. (a) Is the spa- 
tial separation Ax’ between the point at which the proton is 
fired and the point at which it hits the ship’s rear wall a posi- 
tive or negative quantity? (b) Is the temporal separation A?’ 
between those events a positive or negative quantity? 


Questions 5 and 7. 








FIG. 37-20 Question 6 and Problem 64. 


7 Reference frame S’ is to pass reference frame S at speed v 
along the common direction of the x’ and x axes, as in Fig. 
37-9. An observer who rides along with frame S’ is to count off 
25 s on his wristwatch. The corresponding time interval At is to 
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be measured by an observer in frame S. Which of the curves in 
Fig. 37-19 best gives At (vertical axis of the graph) versus 
speed parameter B? 


8 While on board a starship, you intercept signals from four 
shuttle craft that are moving either directly toward or directly 
away from you. The signals have the same proper frequency fo. 
The speed and direction (both relative to you) of the shuttle 
craft are (a) 0.3c toward, (b) 0.6c toward, (c) 0.3c away, and 
(d) 0.6c away. Rank the shuttle craft according to the fre- 
quency you receive, greatest first. 


9 Figure 37-21 shows one of four star cruisers that are in a 
race. As each cruiser passes the starting line, a shuttle craft 
leaves the cruiser and races toward the finish line. You, 
judging the race, are stationary relative to the starting and 
finish lines. The speeds v, of the cruisers relative to you and 
the speeds v, of the shuttle craft relative to their respective 
starships are, in that order, (1) 0.70c, 0.40c; (2) 0.40c, 0.70c; 





Starting line Finish line 


FIG. 37-21 Question 9. 


(3) 0.20c, 0.90c; (4) 0.50c, 0.60c. (a) Without written calcula- 
tion, rank the shuttle craft according to their speeds relative to 
you, greatest first. (b) Still without written calculation, rank 
the shuttle craft according to the distances their pilots mea- 
sure from the starting line to the finish line, greatest first. 
(c) Each starship sends a signal to its shuttle craft at a certain 
frequency fo as measured on board the starship. Again without 
written calculation, rank the shuttle craft according to the 
frequencies they detect, greatest first. 


10 The rest energy and total energy, respectively, of three 
particles, expressed in terms of a basic amount A are (1) A, 
2A; (2) A, 3A; (3) 3A, 4A. Without writ- 
ten calculation, rank the particles accord- 
ing to their (a) mass, (b) kinetic energy, 
(c) Lorentz factor, and (d) speed, great- 
est first. 


14 Figure 37-22 shows the triangle of 
Fig. 37-15 for six particles; the slanted 
lines 2 and 4 have the same length. Rank 
the particles according to (a) mass, (b) 
momentum magnitude, and (c) Lorentz 
factor, greatest first. (d) Identify which 
two particles have the same total energy. 
(e) Rank the three lowest-mass particles 
according to kinetic energy, greatest first. 





FIG. 37-22 
Question 11. 
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sec. 37-5 The Relativity of Time 

*4 The mean lifetime of stationary muons is measured to be 
2.2000 ps. The mean lifetime of high-speed muons in a burst of 
cosmic rays observed from Earth is measured to be 16.000 wus. 
To five significant figures, what is the speed parameter 6 of 
these cosmic-ray muons relative to Earth? 


*2 Toeight significant figures, what is the speed parameter B 
if the Lorentz factor y is (a) 1.010 0000, (b) 10.000 000, 
(c) 100.000 00, and (d) 1000.000 0? 


e®3 An unstable high-energy particle enters a detector and 
leaves a track of length 1.05 mm before it decays. Its speed rel- 
ative to the detector was 0.992c. What is its proper lifetime? 
That is, how long would the particle have lasted before decay 
had it been at rest with respect to ie 
the detector? !Lw. a 


*e4 Reference frame S’ is to 
pass reference frame S at speed v 
along the common direction of 
the x’ and x axes, as in Fig. 37-9. 
An observer who rides along 
with frame S’ is to count off a 
certain time interval on his wrist- 
watch. The corresponding time 
interval At is to be measured by 


At (s) 


B 
FIG. 37-23 Problem 4. 





0 Sera 0.8 
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an observer in frame S. Figure 37-23 gives At versus speed pa- 
rameter 6 for a range of values for B. The vertical axis scale is 
set by At, = 14.0 s. What is interval Atif v = 0.98c? 


°*5 The premise of the Planet of the Apes movies and book 
is that hibernating astronauts travel far into Earth’s future, to 
a time when human civilization has been replaced by an ape 
civilization. Considering only special relativity, determine how 
far into Earth’s future the astronauts would travel if they slept 
for 120 y while traveling relative to Earth with a speed of 
0.9990c, first outward from Earth and then back again. 


*°6 (Come) back to the future. Suppose that a father is 
20.00 y older than his daughter. He wants to travel outward 
from Earth for 2.000 y and then back to Earth for another 
2.000 y (both intervals as he measures them) such that he is 
then 20.00 y younger than his daughter. What constant speed 
parameter B (relative to Earth) is required for the trip? 


°e7 You wish to make a round trip from Earth in a space- 
ship, traveling at constant speed in a straight line for exactly 
6 months (as you measure the time interval) and then return- 
ing at the same constant speed. You wish further, on your re- 
turn, to find Earth as it will be exactly 1000 years in the future. 
(a) To eight significant figures, at what speed parameter 6 
must you travel? (b) Does it matter whether you travel in a 
straight line on your journey? 


sec. 37-6 The Relativity of Length 

«8 A meter stick in frame S’ makes an angle of 30° with the 
x’ axis. If that frame moves parallel to the x axis of frame S 
with speed 0.90c relative to frame S, what is the length of the 
stick as measured from S$? 


e9 A rod lies parallel to the x axis of reference frame S, 
moving along this axis at a speed of 0.630c. Its rest length is 
1.70 m. What will be its measured length in frame S? 


10 Anelectron of B = 0.999 987 moves along the axis of an 
evacuated tube that has a length of 3.00 m as measured by a 
laboratory observer S at rest relative to the tube. An observer 
S' at rest relative to the electron, however, would see this tube 
moving with speed v (= Bc). What length would observer S' 
measure for the tube? 


°11_ A spaceship of rest length 130m races past a timing 
station at a speed of 0.740c. (a) What is the length of the 
spaceship as measured by the timing station? (b) What time 
interval will the station clock record between the passage of 
the front and back ends of the ship? Ss™ 


ee{2 A rod is to move at con- ie 
stant speed v along the x axis of 

reference frame S, with the rod’s 
length parallel to that axis. An ob- 
server in frame S is to measure the 
length L of the rod. Figure 37-24 
gives length L versus speed para- 


L (m) 


meter $ for a range of values for B. 0 | 0.4 aa 0.8 


The vertical axis scale is set by L, B 
= 1.00 m. What is L if v = 0.95c? 


°e73 The center of our Milky 

Way galaxy is about 23 000 ly away. (a) To eight significant fig- 
ures, at what constant speed parameter would you need to 
travel exactly 23 000 ly (measured in the Galaxy frame) in ex- 
actly 30 y (measured in your frame)? (b) Measured in your 
frame and in light-years, what length of the Galaxy would pass 
by you during the trip? € 


FIG. 37-24 Problem 12. 


ee44 The length of a spaceship is measured to be exactly 
half its rest length. (a) To three significant figures, what is the 
speed parameter f of the spaceship relative to the observer’s 
frame? (b) By what factor do the spaceship’s clocks run slow 
relative to clocks in the observer’s frame? 


ee15 A space traveler takes off from Earth and moves at 
speed 0.9900c toward the star Vega, which is 26.00 ly distant. 
How much time will have elapsed by Earth clocks (a) when 
the traveler reaches Vega and (b) when Earth observers re- 
ceive word from the traveler that she has arrived? (c) How 
much older will Earth observers calculate the traveler to be 
(measured from her frame) when she reaches Vega than she 
was when she started the trip? 


sec. 37-8 Some Consequences of the Lorentz Equations 
®16 Inertial frame S’ moves at a speed of 0.60c with respect 
to frame S (Fig. 37-9). Further, x =x' =O at t=? =0. 
Two events are recorded. In frame S, event 1 occurs at the 
origin at ¢ = 0 and event 2 occurs on the x axis at x = 3.0km 
at ¢ = 4.0 ws. According to observer S’, what is the time of 
(a) event 1 and (b) event 2? (c) Do the two observers see the 
two events in the same sequence or the reverse sequence? 


77 An experimenter arranges to trigger two flashbulbs 
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simultaneously, producing a big flash located at the origin 
of his reference frame and a small flash at x = 30.0 km. An 
observer moving at a speed of 0.250c in the positive direction 
of x also views the flashes. (a) What is the time interval 
between them according to her? (b) Which flash does she say 
occurs first? 


e183 Observer S reports that an event occurred on the x axis 
of his reference frame at x = 3.00 < 10° m at time ¢ = 2.505. 
Observer S’ and her frame are moving in the positive direc- 
tion of the x axis at a speed of 0.400c. Further, x = x’ = 0 at 
t = t' = 0. What are the (a) spatial and (b) temporal coor- 
dinate of the event according to S$’? If S’ were, instead, 
moving in the negative direction of the x axis, what would 
be the (c) spatial and (d) temporal coordinate of the event 
according to S$’? 


19 In Fig. 37-9, the origins of the two frames coincide at t = 
t’ = 0 and the relative speed is 0.950c. Two micrometeorites 
collide at coordinates x = 100 km and t = 200 ps according to 
an observer in frame S. What are the (a) spatial and (b) tem- 
poral coordinate of the collision according to an observer in 
frame S’? ssm www 


*¢2Q Bullwinkle in reference frame S’ passes you in refer- 
ence frame S along the common direction of the x’ and x axes, 
as in Fig. 37-9. He carries three meter sticks: meter stick 1 1s 
parallel to the x’ axis, meter stick 2 is parallel to the y’ axis, 
and meter stick 3 is parallel to the z’ axis. On his wristwatch he 
counts off 15.0s, which takes 30.0s according to you. Two 
events occur during his passage. According to you, event 1 
occurs at x, = 33.0m and ¢, = 22.0 ns, and event 2 occurs at 
X, = 53.0m and t, = 62.0ns. According to your measure- 
ments, what is the length of (a) meter stick 1, (b) meter stick 2, 
and (c) meter stick 3? According to Bullwinkle, what are 
(d) the spatial separation and (e) the temporal separation 
between events 1 and 2, and (f) which event occurs first? 


«2% Aclock moves along an x axis at a speed of 0.600c and 
reads zero as it passes the origin. (a) Calculate the clock’s 
Lorentz factor. (b) What time does the clock read as it passes 
x = 180m? tlw 


ee22 As in Fig. 37-9, refer- 
ence frame S’ passes reference 
frame S with a certain velocity. 
Events 1 and 2 are to have a 
certain temporal separation At’ 
according to the S’ observer. 
However, their spatial separa- 
tion Ax’ according to that 
observer has not been set yet. 
Figure 37-25 gives their tempo- 
ral separation At according to 
the S observer as a function of 
Ax’ for a range of Ax’ values. The vertical axis scale is set by 
At, = 6.00 ys. What is Ar’? 


ee23 In Fig. 37-9, observer S detects two flashes of light. 
A big flash occurs at x, = 1200 m and, 5.00 ps later, a small 
flash occurs at x, = 480 m. As detected by observer 5’, the two 
flashes occur at a single coordinate x’. (a) What is the speed 
parameter of S’, and (b) is S’ moving in the positive or nega- 
tive direction of the x axis? To S’, (c) which flash occurs first 
and (d) what is the time interval between the flashes? 





0 900 400 
A (a) 


FIG. 37-25 Problem 22. 
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e224 In Fig. 37-9, observer S detects two flashes of light. 
A big flash occurs at x; = 1200 m and, slightly later, a small 
flash occurs at x, = 480m. The time interval between the 
flashes is At = t, — t,. What is the smallest value of At for 
which observer S’ will determine that the two flashes occur at 
the same x’ coordinate? 


2°25 Relativistic reversal of events. Figures 37-26a and b 
show the (usual) situation in which a primed reference frame 
passes an unprimed reference frame, in the common posi- 
tive direction of the x and x’ axes, at a constant relative 
velocity of magnitude v. We are at rest in the unprimed frame; 
Bullwinkle, an astute student of relativity in spite of his car- 
toon upbringing, is at rest in the primed frame. The figures also 
indicate events A and B that occur at the following spacetime 
coordinates as measured in our unprimed frame and in 
Bullwinkle’s primed frame: 


Event Unprimed Primed 
A (x4; ta) an Os) 
B (Xp, te) (Xp, te) 


In our frame, event A occurs before event B, with temporal 
separation At = tg — t, = 1.00 us and spatial separation Ax = 
Xp — xX, = 400m. Let A?’ be the temporal separation of the 
events according to Bullwinkle. (a) Find an expression for At’ 
in terms of the speed parameter B (= v/c) and the given data. 
Graph A?’ versus B for the following two ranges of B: 


(b) Oto 0.01 
(c) 0.1 tol 


(v is low, from 0 to 0.01c) 
(v is high, from 0.1c to the limit c) 


(d) At what value of B is At’ = 0? For what range of B is the 
sequence of events A and B according to Bullwinkle (e) the 
same as ours and (f) the reverse of ours? (g) Can event A 
cause event B, or vice versa? Explain. 





XA XB 
x! 
eB 
x 
XA XB 
(a) Event A (b) Event B 


FIG. 37-26 Problems 25, 26, 62, and 63. 


*e26 For the passing reference frames in Fig. 37-26, events A 
and B occur at the following spacetime coordinates: according 
to the unprimed frame, (x,, t4) and (xg, tg); according to 
the primed frame, (x44, t/,) and (xz, tz). In the unprimed frame, 
At = tg — t4 = 1.00 ws and Ax = xg — x, = 400 m. (a) Find an 
expression for Ax’ in terms of the speed parameter 8 and the 
given data. Graph Ax’ versus 8 for two ranges of B: (b) 0 to 
0.01 and (c) 0.1 to 1. (d) At what value of 6 is Ax’ minimum, 
and (e) what is that minimum? 


sec. 37-9 The Relativity of Velocities 

*27 Galaxy A is reported to be receding from us with a 
speed of 0.35c. Galaxy B, located in precisely the opposite 
direction, 1s also found to be receding from us at this same speed. 
What multiple of c gives the recessional speed an observer on 
Galaxy A would find for (a) our galaxy and (b) Galaxy B? 


°28 Stellar system Q; moves away from us at a speed of 
0.800c. Stellar system Q>, which lies in the same direction in 
space but is closer to us, moves away from us at speed 0.400c. 
What multiple of c gives the speed of Q, as measured by an 
observer in the reference frame of O,? 


°29 <A particle moves along the x’ axis of frame S’ with 
velocity 0.40c. Frame S’ moves with velocity 0.60c with respect 
to frame S. What is the velocity of the particle with respect to 
frame S? SSM 


*30 In Fig. 37-11, frame S’ moves relative to frame S with 
velocity 0.62ci while a particle moves parallel to the com- 
mon x and x’ axes. An observer attached to frame S$’ measures 
the particle’s velocity to be 0.47ci. In terms of c, what is the 
particle’s velocity as measured by an observer attached to 
frame S according to the (a) relativistic and (b) classical veloc- 
ity transformation? Suppose, instead, that the S’ measure 
of the particle’s velocity is —0.47ci. What velocity does the 
observer in S now measure according to the (c) relativistic and 
(d) classical velocity transformation? 


e°3% An armada of spaceships that is 1.00 ly long (in its 
rest frame) moves with speed 0.800c relative to a ground 
station in frame S. A messenger travels from the rear of 
the armada to the front with a speed of 0.950c relative to S. 
How long does the trip take as measured (a) in the messen- 
ger’s rest frame, (b) in the armada’s rest frame, and (c) by an 
observer in frame S? @& 


e°32 In Fig. 37-27a, particle P is to move parallel to the x 
and x’ axes of reference frames S and S’, at a certain velocity 
relative to frame S. Frame S’ is to move parallel to the x axis 
of frame S at velocity v. Figure 37-27b gives the velocity u’ of 
the particle relative to frame S’ for a range of values for v. The 
vertical axis scale is set by uj, = 0.800c. What value will u’ have 
if (a) v = 0.90c and (b) v > c? 
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FIG. 37-27 Problem 32. 


#33 A spaceship whose rest length is 350 m has a speed of 
0.82c with respect to a certain reference frame. A micromete- 
orite, also with a speed of 0.82c in this frame, passes the space- 
ship on an antiparallel track. How long does it take this object 
to pass the ship as measured on the ship? ssm iLw www 


sec. 37-10 Doppler Effect for Light 

°34 Certain wavelengths in the light from a galaxy in the 
constellation Virgo are observed to be 0.4% longer than the 
corresponding light from Earth sources. (a) What is the radial 
speed of this galaxy with respect to Earth? (b) Is the galaxy 
approaching or receding from Earth? 


°35 Assuming that Eq. 37-36 holds, find how fast you would 


have to go through a red light to have it appear green. Take 
620 nm as the wavelength of red light and 540 nm as the wave- 
length of green light. 


e36 Figure 37-28 is a graph of intensity versus wavelength 
for light reaching Earth from galaxy NGC 7319, which is 
about 3 X 10° light-years away. The most intense light is emit- 
ted by the oxygen in NGC 7319. In a laboratory that emission 
is at wavelength A = 513 nm, but in the light from NGC 7319 
it has been shifted to 525 nm due to the Doppler effect (all the 
emissions from NGC 7319 have been shifted). (a) What is the 
radial speed of NGC 7319 relative to Earth? (b) Is the relative 
motion toward or away from our planet? 
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FIG. 37-28 Problem 36. 
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°37 A spaceship, moving away from Earth at a speed of 
0.900c, reports back by transmitting at a frequency (measured 
in the spaceship frame) of 100 MHz. To what frequency must 
Earth receivers be tuned to receive the report? SSM 


33 A sodium light source moves in a horizontal circle at a 
constant speed of 0.100c while emitting light at the proper 
wavelength of Ay = 589.00 nm. Wavelength A is measured for 
that light by a detector fixed at the center of the circle. What is 
the wavelength shift A — Ap? 


e@39 Aspaceship is moving away from Earth at speed 0.20c. 
A source on the rear of the ship emits light at wavelength 
450 nm according to someone on the ship. What (a) wave- 
length and (b) color (blue, green, yellow, or red) are detected 
by someone on Earth watching the ship? SSM 


sec. 37-12 A New Look at Energy 

*4Q What is the minimum energy that is required to break 
a nucleus of ’C (of mass 11.996 71 u) into three nuclei of “He 
(of mass 4.001 51 u each)? 


*44 How much work must be done to increase the speed of 
an electron (a) from 0.18c to 0.19c and (b) from 0.98c to 0.99c? 
Note that the speed increase is 0.01c in both cases. 


42 Inthe reaction p + °F ~ a + 1°O,the masses are 
m(p) = 1.007825 u, m(a) = 4.002603 u, 
m(F) = 18.998405 u, m(O) = 15.994915 u. 

Calculate the Q of the reaction from these data. 


e43 The mass of an electron is 9.109 381 88 X 1073! kg. To 
six significant figures, find (a) y and (b) 6 for an electron with 
kinetic energy K = 100.000 MeV. ssm www 


*44 How much work must be done to increase the speed of 
an electron from rest to (a) 0.500c, (b) 0.990c, and (c) 0.9990c? 


e¢45 What must be the momentum of a particle with mass 


Problems f 1@b¥: 


m so that the total energy of the particle is 3.00 times its rest 
energy? !Lw 


ee44 The mass of an electron is 9.109 381 88 x 10 *' kg. 
To eight significant figures, find the following for the given 
electron kinetic energy: (a) y and (b) B for K = 1.000 000 0 
keV, (c) y and (d) 6 for K = 1.000 000 0 MeV, and (e) y and 
(f) Bfor K = 1.000 000 0 GeV. 


ee47 As you read this page (on paper or monitor screen), 
a cosmic ray proton passes along the left-right width of the 
page with relative speed v and a total energy of 14.24 nJ. 
According to your measurements, that left—rght width is 
21.0 cm. (a) What is the width according to the proton’s refer- 
ence frame? How much time did the passage take according 
to (b) your frame and (c) the proton’s frame? €} 


ee48 (a) The energy released in the explosion of 1.00 mol of 
TNT is 3.40 MJ. The molar mass of TNT is 0.227 kg/mol. What 
weight of TNT is needed for an explosive release of 1.80 X 
10'* J? (b) Can you carry that weight in a backpack, or is 
a truck or train required? (c) Suppose that in an explosion of a 
fission bomb, 0.080% of the fissionable mass is converted to 
released energy. What weight of fissionable material is needed 
for an explosive release of 1.80 X 10'* J? (d) Can you carry 
that weight in a backpack, or is a truck or train required? 


ee49 A certain particle of mass m has momentum of magni- 
tude mc. What are (a) B,(b) y, and (c) the ratio K/E,? 


e@5Q What is 6 for a particle with (a) K = 2.00) and 
(b) E = 2.00E,? 


e@541 Quasars are thought to be the nuclei of active galaxies 
in the early stages of their formation. A typical quasar radiates 
energy at the rate of 10*! W. At what rate is the mass of this 
quasar being reduced to supply this energy? Express your 
answer in solar mass units per year, where one solar mass unit 
(1 smu = 2.0 X 10°° kg) is the mass of our Sun. 


ee52 (a) If misa particle’s mass, p is its momentum magni- 
tude, and K is its kinetic energy, show that 


(Opa 
Nie ara aaa wee 
2Kc? 


(b) For low particle speeds, show that the right side of the equation 
reduces to m. (c) If a particle has K = 55.0 MeV when p = 121 
MeV/c, what is the ratio m/m, of its mass to the electron mass? 


e@53 A 5.00-grain aspirin tablet has a mass of 320 mg. For how 
many kilometers would the energy equivalent of this mass power 
an automobile? Assume 12.75 km/L and a heat of combustion of 
3.65 X 10’ J/L for the gasoline used in the automobile. SSM 


ee54 To four significant figures, find the following when the ki- 
netic energy is 10.00 MeV: (a) y and (b) 6 for an electron (2 = 
0.510 998 MeV), (c) yand (d) 6 for a proton (Ey = 938.272 MeV), 
and (e) yand (f) B for an a particle (Ey = 3727.40 MeV). 


e@55 In Section 28-6, we showed that a particle of charge q 
and mass m will move in a circle of radius r = mv/|q|B when its 
velocity V is perpendicular to a uniform magnetic field B.We also 
found that the period T of the motion is independent of speed v. 
These two results are approximately correct if v < c. For relativis- 
tic speeds, we must use the correct equation for the radius: 


yy = YMMV 
iqiBgiB’ 
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(a) Using this equation and the definition of period (J = 27r/v), 
find the correct expression for the period. (b) Is T independent 
of v? If a 10.0 MeV electron moves in a circular path in a uni- 
form magnetic field of magnitude 2.20 T, what are (c) the radius 
according to Chapter 28, (d) the correct radius, (e) the period ac- 
cording to Chapter 28, and (f) the correct period? 


®@56 The mass of a muon is 207 times the electron mass; the 
average lifetime of muons at rest is 2.20 us. In a certain experi- 
ment, muons moving through a laboratory are measured to 
have an average lifetime of 6.90 us. For the moving muons, 
what are (a) 6, (b) K,and (c) p (inMeV/c)? @ 


“#37 In a high-energy collision between a cosmic-ray 
particle and a particle near the top of Earth’s atmosphere, 
120 km above sea level, a pion is created. The pion has a total 
energy E of 1.35 X 10° MeV and is traveling vertically down- 
ward. In the pion’s rest frame, the pion decays 35.0 ns after its 
creation. At what altitude above sea level, as measured from 
Earth’s reference frame, does the decay occur? The rest 
energy of a pion is 139.6 MeV. 


e®53 Apply the binomial theorem (Appendix E) to the last part 
of Eq. 37-52 for the kinetic energy of a particle. (a) Retain the first 
two terms of the expansion to show the kinetic energy in the form 





K = (first term) + (second term). 


The first term is the classical expression for kinetic energy. 
The second term is the first-order correction to the classical ex- 
pression. Assume the particle is an electron. If its speed v is c/20, 
what is the value of (b) the classical expression and (c) the first- 
order correction? If the electron’s speed is 0.80c, what is the 
value of (d) the classical expression and (e) the first-order cor- 
rection? (f) At what speed parameter B does the first-order 
correction become 10% or greater of the classical expression? 


Sen Bo 





An alpha particle with kinetic energy 7.70 MeV col- 
lides with an '*N nucleus at rest, and the two transform into an 
‘7O nucleus and a proton. The proton is emitted at 90° to the 
direction of the incident alpha particle and has a kinetic 
energy of 4.44 MeV. The masses of the various particles are 
alpha particle, 4.00260 u; N, 14.00307 u; proton, 1.007825 u; 
and '’O, 16.99914 u. In MeV, what are (a) the kinetic energy of 
the oxygen nucleus and (b) the Q of the reaction? (Hint: The 
speeds of the particles are much less than c.) 


Additional Problems 

60 In Fig. 37-29a, particle P is to move parallel to the x and 
x' axes of reference frames S and S’, at a certain velocity rela- 
tive to frame S. Frame S’ is to move parallel to the x axis 
of frame S at velocity v. Figure 37-295 gives the velocity w’ 
of the particle relative to frame S’ for a range of values for v. 
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FIG. 37-29 Problem 60. 


The vertical axis scale is set by uj, = —0.800c. What value will 
u' have if (a) v = 0.80c and (b) v > c? 


6% Superluminal jets. Figure 37-30a shows the path taken by 
a knot in a jet of ionized gas that has been expelled from a 
galaxy. The knot travels at constant velocity V at angle 6 from 
the direction of Earth. The knot occasionally emits a burst of 
light, which is eventually detected on Earth. Two bursts are 
indicated in Fig. 37-30a, separated by time t as measured in 
a stationary frame near the bursts. The bursts are shown in 
Fig. 37-30b as if they were photographed on the same piece of 
film, first when light from burst 1 arrived on Earth and then 
later when light from burst 2 arrived. The apparent distance 
Dypp traveled by the knot between the two bursts is the dis- 
tance across an Earth-observer’s view of the knot’s path. The 
apparent time 7,,, between the bursts is the difference in 
the arrival times of the light from them. The apparent speed of 
the knot is then V,,,, = Dapp/Tapp- In terms of v, t, and 0, what 
are (a) D,, and (b) T,,,? (c) Evaluate V,,,, for v = 0.980c 
and @ = 30.0°. When superluminal (faster than light) jets were 
first observed, they seemed to defy special relativity — at least 
until the correct geometry (Fig. 37-30a) was understood. @ 
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FIG. 37-30 Problem 61. 


62 Temporal separation between two events. Events A and B 
occur with the following spacetime coordinates in the refer- 
ence frames of Fig. 37-26: according to the unprimed frame, (x4, 
t,) and (xg, tg); according to the primed frame, (x‘, t/;) 
and (xp, tz). In the unprimed frame, At = tg — t, = 1.00 us and 
Ax = Xg — X,4 = 240 m. (a) Find an expression for At’ in terms of 
the speed parameter B and the given data. Graph Ar’ versus B 
for the following two ranges of B: (b) 0 to 0.01 and (c) 0.1 to 1. 
(d) At what value of B is At’ minimum and (e) what is that mini- 
mum? (f) Can one of these events cause the other? Explain. 


63 Spatial separation between two events. For the passing 
reference frames of Fig. 37-26, events A and B occur with the 
following spacetime coordinates: according to the unprimed 


frame, (x4, t4) and (xz, tg); according to the primed frame, 
(x), t',) and (xz, tg). In the unprimed frame, At = tg — ty = 
1.00 ps and Ax = xg — x4 = 240 m. (a) Find an expression for 
Ax' in terms of the speed parameter B and the given data. 
Graph Ax’ versus B for two ranges of B: (b) 0 to 0.01 and 
(c) 0.1 to 1. (d) At what value of Bis Ax’ = 0? 


64 Figure 37-20 shows a ship (attached to reference frame S") 
passing us (standing in reference frame S$) with velocity 
Vv = 0.950ci. A proton is fired at speed 0.980c relative to the ship 
from the front of the ship to the rear. The proper length of the ship 
is 760 m. What is the temporal separation between the time the 
proton is fired and the time it hits the rear wall of the ship accord- 
ing to (a) a passenger in the ship and (b) us? Suppose that, in- 
stead, the proton is fired from the rear to the front. What then is 
the temporal separation between the time it is fired and the time it 
hits the front wall according to (c) the passenger and (d) us? 


65 The car-in-the-garage problem. Carman has just pur- 
chased the world’s longest stretch limo, which has a proper 
length of L, = 30.5 m. In Fig. 37-31a, it is shown parked in 
front of a garage with a proper length of L, = 6.00 m. The 
garage has a front door (shown open) and a back door (shown 
closed). The limo is obviously longer than the garage. Still, 
Garageman, who owns the garage and knows something 
about relativistic length contraction, makes a bet with Carman 
that the limo can fit in the garage with both doors closed. 
Carman, who dropped his physics course before reaching spe- 
cial relativity, says such a thing, even in principle, is impossible. 

To analyze Garageman’s scheme, an x, axis 1s attached to 
the limo, with x, = 0 at the rear bumper, and an x, axis is 
attached to the garage, with x, = 0 at the (now open) front door. 
Then Carman is to drive the limo directly toward the front door 
at a velocity of 0.9980c (which is, of course, both technically and 
financially impossible). Carman is stationary in the x, reference 
frame; Garageman is stationary in the x, reference frame. 

There are two events to consider. Event 1: When the rear 
bumper clears the front door, the front door is closed. Let the time 
of this event be zero to both Carman and Garageman: ty, = 4 = 
0. The event occurs at x, = x, = 0. Figure 37-31b shows event 1 ac- 
cording to the x, reference frame. Event 2: When the front 
bumper reaches the back door, that door opens. Figure 37-31c 
shows event 2 according to the x, reference frame. 

According to Garageman, (a) what is the length of the 
limo, and what are the spacetime coordinates (b) x,» and (Cc) t 
of event 2? (d) For how long is the limo temporarily “trapped” 
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FIG. 37-31 Problem 65. 
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inside the garage with both doors shut? Now consider the situ- 
ation from the x, reference frame, in which the garage comes 
racing past the limo at a velocity of —0.9980c. According to 
Carman, (ec) what is the length of the passing garage, what are 
the spacetime coordinates (f) x. and (g) t. of event 2, (h) is 
the limo ever in the garage with both doors shut, and (i) which 
event occurs first? (j) Sketch events 1 and 2 as seen by 
Carman. (k) Are the events causally related; that is, does one 
of them cause the other? (1) Finally, who wins the bet? 


66 Reference frame S’ passes reference frame S with a certain 
velocity as in Fig. 37-9. Events 1 and 2 are to have a certain spatial 
separation Ax’ according to the S’ observer. However, their tem- 
poral separation Ar’ according to 
that observer has not been set 
yet. Figure 37-32 gives their spa- 
tial separation Ax according to 
the S observer as a function of Ar’ 
for a range of A?’ values. The ver- 
tical axis scale is set by Ax, = 10.0 
m. What is Ax’? 


67 Another approach to ve- 0 
locity transformations. In Fig. 
37-33, reference frames B and C 
move past reference frame A in 
the common direction of their x 


Ax, 


Ax (m) 
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FIG. 37-32 Problem 66. 
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axes. Represent the x compo- 
nents of the velocities of one ’ ’ ‘ 
frame relative to another with a . y 
two-letter subscript. For exam- 
ple, v4z is the x component of = *'S: #75" Problems 67, 
the velocity of A relative to B. 68, and 69. 
Similarly, represent the corresponding speed parameters with 


two-letter subscripts. For example, 84, (= v,g/c) is the speed 
parameter corresponding to v,4g (a) Show that 


ee Bas + Bac 
A& 1+ BasBsc 


Let M4, represent the ratio (1 — Byug)/(1 + Bag), and let Mgc 
and M ,- represent similar ratios. (b) Show that the relation 


Mac = MasMac 
is true by deriving the equation of part (a) from it. 


68 Continuation of Problem 67. Use the result of part (b) in 
Problem 67 for the motion along a single axis in the following 
situation. Frame A in Fig. 37-33 is attached to a particle that 
moves with velocity +0.500c past frame B, which moves past 
frame C with a velocity of +0.500c. What are (a) Mac, (b) Bac, 
and (c) the velocity of the particle relative to frame C? 


69 Continuation of Problem 67. Let reference frame C in Fig. 
37-33 move past reference frame D (not shown). (a) Show that 


Map = MasMpgcM cp. 


(b) Now put this general result to work: Three particles move 
parallel to a single axis on which an observer is stationed. Let 
plus and minus signs indicate the directions of motion along 
that axis. Particle A moves past particle B at Bag = +0.20. 
Particle B moves past particle C at Bac = —0.40. Particle C 
moves past observer D at Bcp = +0.60. What is the velocity of 
particle A relative to observer D? (The solution technique 
here is much faster than using Eq. 37-29.) 
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70 The total energy of a proton passing through a labora- 
tory apparatus is 10.611 nJ. What is its speed parameter $B? 
Use the proton mass given in Appendix B under “Best Value,” 
not the commonly remembered rounded number. 


71 If we intercept an electron having total energy 1533 MeV 
that came from Vega, which is 26 ly from us, how far in light- 
years was the trip in the rest frame of the electron? SSM 


72 A pion is created in the higher reaches of Earth’s atmo- 
sphere when an incoming high-energy cosmic-ray particle 
collides with an atomic nucleus. A pion so formed descends 
toward Earth with a speed of 0.99c. In a reference frame 
in which they are at rest, pions decay with an average life of 
26 ns. As measured in a frame fixed with respect to Earth, 
how far (on the average) will such a pion move through the 
atmosphere before it decays? 


73 What is the momentum in MeV/c of an electron with a 
kinetic energy of 2.00 MeV? SsM 


74 Find the speed parameter of a particle that takes 2.0 y 
longer than light to travel a distance of 6.0 ly. 


75 How much work is needed to accelerate a proton from 
a speed of 0.9850c to a speed of 0.9860c? SSM 


76 An airplane whose rest length is 40.0m is moving at 
uniform velocity with respect to Earth, at a speed of 630 m/s. 
(a) By what fraction of its rest length is it shortened to an 
observer on Earth? (b) How long would it take, according to 
Earth clocks, for the airplane’s clock to fall behind by 1.00 ps? 
(Use special relativity in your calculations.) 


77 Tocircle Earth in low orbit, a satellite must have a speed 
of about 2.7 x 104 km/h. Suppose that two such satellites orbit 
Earth in opposite directions. (a) What is their relative speed 
as they pass, according to the classical Galilean velocity trans- 
formation equation? (b) What fractional error do you make 
in (a) by not using the (correct) relativistic transformation 
equation? SSM 


78 Aradar transmitter 7 is fixed to a reference frame S’ that 
is moving to the right with speed v relative to reference frame 
S (Fig. 37-34). A mechanical timer (essentially a clock) in 
frame S’, having a period 7) (measured in S’), causes transmit- 
ter J to emit timed radar pulses, which travel at the speed 
of light and are received by R, a receiver fixed in frame S. 
(a) What is the period 7 of the timer as detected by observer 
A, who is fixed in frame S? (b) Show that at receiver R the 
time interval between pulses arriving from Tis not 7 or 7, but 
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(c) Explain why receiver R and observer A, who are in the 
same reference frame, measure a different period for the 
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FIG. 27-34 Problem 78. 


transmitter. (Hint: A clock and a radar pulse are not the same 
thing.) 

79 A particle with mass m has speed c/2 relative to inertial 
frame S. The particle collides with an identical particle at rest 
relative to frame S. Relative to S, what is the speed of a frame 
S’ in which the total momentum of these particles is zero? 
This frame is called the center of momentum frame. 


80 An elementary particle produced in a laboratory experi- 
ment travels 0.230 mm through the lab at a relative speed of 
0.960c before it decays (becomes another particle). (a) What is 
the proper lifetime of the particle? (b) What is the distance 
the particle travels as measured from its rest frame? 


81 What are (a) K, (b) E, and (c) p (in GeV/c) for a proton 
moving at speed 0.990c? What are (d) K, (e) E, and (f) p 
(in MeV/c) for an electron moving at speed 0.990c? 


82 In the red shift of radiation from a distant galaxy, a cer- 
tain radiation, known to have a wavelength of 434 nm when 
observed in the laboratory, has a wavelength of 462 nm. 
(a) What is the radial speed of the galaxy relative to Earth? 
(b) Is the galaxy approaching or receding from Earth? 


83 (a) What potential difference would accelerate an 
electron to speed c according to classical physics? (b) With 
this potential difference, what speed would the electron 
actually attain? 


84 The radius of Earth is 6370 km, and its orbital speed 
about the Sun is 30 km/s. Suppose Earth moves past an 
observer at this speed. To the observer, by how much does 
Earth’s diameter contract along the direction of motion? 


85 A spaceship at rest in a certain reference frame S is given 
a speed increment of 0.50c. Relative to its new rest frame, it is 
then given a further 0.50c increment. This process is continued 
until its speed with respect to its original frame S exceeds 
0.999c. How many increments does this process require? 


86 A Foron cruiser moving directly toward a Reptulian 
scout ship fires a decoy toward the scout ship. Relative to the 
scout ship, the speed of the decoy is 0.980c and the speed of 
the Foron cruiser is 0.900c. What is the speed of the decoy 
relative to the cruiser? 


87 One cosmic-ray particle approaches Earth along Earth’s 
north-south axis with a speed of 0.80c toward the geographic 
north pole, and another approaches with a speed of 0.60c 
toward the geographic south pole (Fig. 

37-35). What is the relative speed of ap- oe 
proach of one particle with respect to 


the other? —1> 


Geographic 
88 (a) How much energy isreleasedin north pole 
the explosion of a fission bomb contain- ey) 
ing 3.0 kg of fissionable material? Assume hs 
that 0.10% of the mass is converted to re- Po ae 
leased energy. (b) What mass of TNT ‘ 
would have to explode to provide the 
same energy release? Assume that each 
mole of TNT liberates 3.4 MJ of energy 
on exploding. The molecular mass of 0.60¢ 
TNT is 0.227 kg/mol. (c) For the same 
mass of explosive, what is the ratio of the 
energy released in a nuclear explosion 
to that released ina TNT explosion? 
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The Carbon Monoxide Man 
is a haunting stick figure that 
was formed with multiple 
carbon monoxide molecules. 
The figure, effectively a work 
of art, was fashioned ina 
laboratory by moving the 
molecules into place, one by 
one, over a platinum surface. 
The result is far too small to 
be resolved in any optical 


microscope. 


The answers are in this chapter. 
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38-1 WHAT IS PHYSICS? 





One primary focus of physics is Einstein’s theory of relativity, which took us into a 
world far beyond that of ordinary experience—the world of objects moving at speeds 
close to the speed of light. Among other surprises, Einstein’s theory predicts that the 
rate at which a clock runs depends on how fast the clock is moving relative to the ob- 
server: the faster the motion, the slower the clock rate. This and other predictions of 
the theory have passed every experimental test devised thus far, and relativity theory 
has led us to a deeper and more satisfying view of the nature of space and time. 

Now you are about to explore a second world that is outside ordinary experi- 
ence—the subatomic world. You will encounter a new set of surprises that, 
though they may sometimes seem bizarre, have led physicists step by step to a 
deeper view of reality. 

Quantum physics, as our new subject is called, answers such questions as: 
Why do the stars shine? Why do the elements exhibit the order that is so appar- 
ent in the periodic table? How do transistors and other microelectronic devices 
work’? Why does copper conduct electricity but glass does not? Because quantum 
physics accounts for all of chemistry, including biochemistry, we need to under- 
stand it if we are to understand life itself. 

Some of the predictions of quantum physics seem strange even to the phys- 
icists and philosophers who study its foundations. Still, experiment after experi- 
ment has proved the theory correct, and many have exposed even stranger aspects 
of the theory. The quantum world is an amusement park full of wonderful rides that 
are guaranteed to shake up the commonsense world view you have developed 
since childhood. We begin our exploration of that quantum park with the photon. 
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Quantum physics (which is also known as quantum mechanics and quantum the- 
ory) is largely the study of the microscopic world. In that world, many quantities 
are found only in certain minimum (elementary) amounts, or integer multiples of 
those elementary amounts; these quantities are then said to be quantized. The 
elementary amount that is associated with such a quantity is called the quantum 
of that quantity (quanta is the plural). 

In a loose sense, U.S. currency is quantized because the coin of least value is the 
penny, or $0.01 coin, and the values of all other coins and bills are restricted to inte- 
ger multiples of that least amount. In other words, the currency quantum is $0.01, 
and all greater amounts of currency are of the form n($0.01), where n is always a 
positive integer. For example, you cannot hand someone $0.755 = 75.5($0.01). 

In 1905, Einstein proposed that electromagnetic radiation (or simply light) is 
quantized and exists in elementary amounts (quanta) that we now call photons. 
This proposal should seem strange to you because we have just spent several 
chapters discussing the classical idea that light is a sinusoidal wave, with a wave- 
length A, a frequency f, and a speed c such that 


{ep (38-1) 


Furthermore, in Chapter 33 we discussed the classical light wave as being an 
interdependent combination of electric and magnetic fields, each oscillating at 
frequency f. How can this wave of oscillating fields consist of an elementary 
amount of something — the light quantum? What is a photon? 

The concept of a light quantum, or a photon, turns out to be far more subtle 
and mysterious than Einstein imagined. Indeed, it is still very poorly understood. 
In this book, we shall discuss only some of the basic aspects of the photon con- 
cept, somewhat along the lines of Einstein’s proposal. 
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According to that proposal, the quantum of a light wave of frequency f has 

the enensy 
E=hf (photon energy). (38-2) 

Here h is the Planck constant, the constant we first met in Eq. 32-23, and which 
has the value 

His GOs One I <s) — 4 Se ENS! (38-3) 
The smallest amount of energy a light wave of frequency f can have is hf, the 
energy of a single photon. If the wave has more energy, its total energy must be 
an integer multiple of hf, just as the currency in our previous example must be an 
integer multiple of $0.01. The light cannot have an energy of, say, 0.6hf or 75.5hf. 

Einstein further proposed that when light is absorbed or emitted by an object 
(matter), the absorption or emission event occurs in the atoms of the object. 
When light of frequency fis absorbed by an atom, the energy Af of one photon is 
transferred from the light to the atom. In this absorption event, the photon van- 
ishes and the atom is said to absorb it. When light of frequency fis emitted by an 
atom, an amount of energy Af is transferred from the atom to the light. In this 
emission event, a photon suddenly appears and the atom is said to emit it. Thus, 
we can have photon absorption and photon emission by atoms in an object. 

For an object consisting of many atoms, there can be many photon absorp- 
tions (such as with sunglasses) or photon emissions (such as with lamps). 
However, each absorption or emission event still involves the transfer of an 
amount of energy equal to that of a single photon of the light. 

When we discussed the absorption or emission of light in previous chapters, 
our examples involved so much light that we had no need of quantum physics, 
and we got by with classical physics. However, in the late 20th century, technology 
became advanced enough that single-photon experiments could be conducted 
and put to practical use. Since then quantum physics has become part of standard 
engineering practice, especially in optical engineering. 


CHECKPOINT 1 Rank the following radiations according to their associated 
photon energies, greatest first: (a) yellow light from a sodium vapor lamp, (b) a gamma 
ray emitted by a radioactive nucleus, (c) a radio wave emitted by the antenna of a com- 
mercial radio station, (d) a microwave beam emitted by airport traffic control radar. 


Sample Problem eae 


A sodium vapor lamp is placed at the center of a large 
sphere that absorbs all the light reaching it. The rate at 
which the lamp emits energy is 100 W; assume that the 
emission is entirely at a wavelength of 590 nm. At what 
rate are photons absorbed by the sphere? 





KEY IDEAS Bate light is emitted and absorbed as pho- 
tons. We assume that all the light emitted by the lamp 
reaches (and thus is absorbed by) the sphere. So, the rate 
R at which photons are absorbed by the sphere is equal to 
the rate R,,,i, at which photons are emitted by the lamp. 


Calculations: That rate is 
rate ofenergyemission —— Punit 


emit ~ 


energy per emitted photon E 


Into this we can substitute from Eq. 38-2 (FE = hf), 
Einstein’s proposal about the energy & of each quan- 
tum of light (which we here call a photon in modern 
language): 

be emit 

hf — 
Using Eq. 38-1 (f = c/A) to substitute for f and then en- 
tering known data, we obtain 


a aan 
he 


(100 W)(590 X 10-9 m) 
(6.63 X 10-34 J-s)(2.998 x 108 m/s) 


2.97 X 107° photons/s. (Answer) 


R= Pesos — 


R 


Quartz 


window 
Vacuum 





Incident 


light 


FIG. 38-1 An apparatus used to 
study the photoelectric effect. 

The incident light shines on target T, 
ejecting electrons, which are col- 
lected by collector cup C. The 
electrons move in the circuit in a 
direction opposite the conventional 
current arrows. The batteries and the 
variable resistor are used to produce 
and adjust the electric potential dif- 
ference between T and C. 
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If you direct a beam of light of short enough wavelength onto a clean metal 
surface, the light will cause electrons to leave that surface (the light will eject the 
electrons from the surface). This photoelectric effect is used in many devices, 
including TV cameras, camcorders, and night vision viewers. Einstein supported 
his photon concept by using it to explain this effect, which simply cannot be 
understood without quantum physics. 

Let us analyze two basic photoelectric experiments, each using the apparatus 
of Fig. 38-1, in which light of frequency f is directed onto target T and ejects 
electrons from it. A potential difference V is maintained between target T and 
collector cup C to sweep up these electrons, said to be photoelectrons. This col- 
lection produces a photoelectric current i that is measured with meter A. 


First Photoelectric Experiment 


We adjust the potential difference V by moving the sliding contact in Fig. 38-1 so 
that collector C is slightly negative with respect to target T. This potential dif- 
ference acts to slow down the ejected electrons. We then vary V until it reaches 
a certain value, called the stopping potential V,,,,, at which point the reading of 
meter A has just dropped to zero. When V = V,,,,, the most energetic ejected 
electrons are turned back just before reaching the collector. Then K,,,,, the 
kinetic energy of these most energetic electrons, is 


Konax a OVatons (38-4) 


where e is the elementary charge. 

Measurements show that for light of a given frequency, K,,,, does not depend 
on the intensity of the light source. Whether the source is dazzling bright or so fee- 
ble that you can scarcely detect it (or has some intermediate brightness), the 
maximum kinetic energy of the ejected electrons always has the same value. 

This experimental result is a puzzle for classical physics. Classically, the inci- 
dent light is a sinusoidally oscillating electromagnetic wave. An electron in the 
target should oscillate sinusoidally due to the oscillating electric force on it from 
the wave’s electric field. If the amplitude of the electron’s oscillation is great 
enough, the electron should break free of the target’s surface — that 1s, be ejected 
from the target. Thus, if we increase the amplitude of the wave and its oscillating 
electric field, the electron should get a more energetic “kick” as it is being ejected. 
However, that is not what happens. For a given frequency, intense light beams and 
feeble light beams give exactly the same maximum kick to ejected electrons. 

The actual result follows naturally if we think in terms of photons. Now the 
energy that can be transferred from the incident light to an electron in the target 
is that of a single photon. Increasing the light intensity increases the number of 
photons in the light, but the photon energy, given by Eq. 38-2 (£ = Af), is 
unchanged because the frequency is unchanged. Thus, the energy transferred to 
the kinetic energy of an electron is also unchanged. 


Second Photoelectric Experiment 


Now we vary the frequency f of the incident light and measure the associated 
stopping potential V,..,. Figure 38-2 is a plot of V..., versus f. Note that the photo- 
electric effect does not occur if the frequency is below a certain cutoff frequency 
fo or, equivalently, if the wavelength is greater than the corresponding cutoff 
wavelength A, = c/fp. This is so no matter how intense the incident light ts. 

This is another puzzle for classical physics. If you view light as an electro- 
magnetic wave, you must expect that no matter how low the frequency, electrons 
can always be ejected by light if you supply them with enough energy— that is, 
if you use a light source that is bright enough. That is not what happens. For light 
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below the cutoff frequency fo, the photoelectric effect does not occur, no matter 
how bright the light source. 

The existence of a cutoff frequency is, however, just what we should expect 
if the energy is transferred via photons. The electrons within the target are held 
there by electric forces. (If they weren’t, they would drip out of the target due to 
the gravitational force on them.) To just escape from the target, an electron must 
pick up a certain minimum energy ®, where © is a property of the target material 
called its work function. If the energy /f transferred to an electron by a photon 
exceeds the work function of the material (if hf > ®), the electron can escape 
the target. If the energy transferred does not exceed the work function (that is, 
if hf < ®), the electron cannot escape. This is what Fig. 38-2 shows. 


The Photoelectric Equation 


Einstein summed up the results of such photoelectric experiments in the equation 
hf = Kiwnax + ® (photoelectric equation). (38-5) 


‘This is a statement of the conservation of energy for a single photon absorption 
by a target with work function ®. Energy equal to the photon’s energy Hf is 
transferred to a single electron in the material of the target. If the electron is to es- 
cape from the target, it must pick up energy at least equal to ®. Any addi- 
tional energy (Af — ®) that the electron acquires from the photon appears as kinetic 
energy K of the electron. In the most favorable circumstance, the electron can 
escape through the surface without losing any of this kinetic energy in the process; 
it then appears outside the target with the maximum possible kinetic energy Kjnax- 

Let us rewrite Eq. 38-5 by substituting for K,,,, from Eq. 38-4 (Kyax = eV stop): 
After a little rearranging we get 


V ston = (“) 7 _ ae (38-6) 
e e 
The ratios h/e and @/e are constants, and so we would expect a plot of the mea- 
sured stopping potential V,,,, versus the frequency f of the light to be a straight 
line, as it is in Fig. 38-2. Further, the slope of that straight line should be h/e. As a 
check, we measure ab and bc in Fig. 38-2 and write 


he ab _ 2.35 V — 0.72 V 
eee, CLA x10" = 72 x0 ez 
=41x10' Vss. 


Multiplying this result by the elementary charge e, we find 
b= GAICX WOE V 5 )6x< 10 C= 6:6. 10° Js, 


which agrees with values measured by many other methods. 
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FIG. 38-2 The stopping 
potential V,,,, as a function 

of the frequency fof the inci- 
dent light for a sodium target 
T in the apparatus of Fig, 38-1. ty 7 | 
(Data reported by R.A. ee 3 i019 
Millikan in 1916.) Frequency of incident light f(10!* Hz) 
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An aside: An explanation of the photoelectric effect certainly requires quan- 
tum physics. For many years, Einstein’s explanation was also a compelling argu- 
ment for the existence of photons. However, in 1969 an alternative explanation 
for the effect was found that used quantum physics but did not need the concept 
of photons. Light is in fact quantized as photons, but Einstein’s explanation of the 
photoelectric effect is not the best argument for that fact. 


CHECKPOINT 2 


The figure shows data like those of Fig. 38-2 for targets of 


cesium, potassium, sodium, and lithium. The plots are parallel. (a) Rank the targets 
according to their work functions, greatest first. (b) Rank the plots according to the 
value of / they yield, greatest first. 





5.2 5.4 5.6 5.8 6.0 6.2 
f 10" Hz) 


Sample Problem ee 


A potassium foil is a distance r=3.5m from an 
isotropic light source that emits energy at the rate P = 
1.5 W. The work function ® of potassium is 2.2 eV. 
Suppose that the energy transported by the incident 
light were transferred to the target foil continuously 
and smoothly (that is, if classical physics prevailed in- 
stead of quantum physics). How long would it take for 
the foil to absorb enough energy to eject an electron? 
Assume that the foil totally absorbs all the energy 
reaching it and that the to-be-ejected electron collects 
energy from a circular patch of the foil whose radius is 
5.0 X 107! m, about that of a typical atom. 


CB 


1. The time interval At required for the patch to ab- 
sorb energy AF depends on the rate P,,, at which 
the energy is absorbed: 


AE 


At = 
Eats 





2. If the electron is to be ejected from the foil, the 
smallest amount of energy AEF it must gain from the 
light is equal to the work function ® of potassium. 
Thus, 

@p 


At = 
Ibe 





3. Because the patch is totally absorbing, the rate of 
absorption P,,, is equal to the rate P,,, at which en- 
ergy arrives at the patch; that is, 


P 


At = 
Fs 





4, With Eq. 33-23 [1 = (power/area),y.], we can relate 


the energy arrival rate P,,, to the intensity J of the 
light at the patch and the area A of the patch: 


P,,, = IA. 
Then = 
IA 


5. Because the light source is isotropic, the light inten- 
sity I at distance r from the source depends on the 
rate Pemit at which energy is emitted by the source, 
according to Eq. 33-27: 


Ee 


emit 
2 e 


4ar 


Calculations: Putting these ideas together yields 

Anr?® 

o oe 
The detection area A is 77(5.0 X 10-4 m)* = 7.85 x 10774 


m’, and the work function ® is 2.2 eV = 3.5 X 10°? J. 
Substituting these and other data, we find that 


— 4n(3.5 m)?2(3.5 X 107193) 
(1.5 W)(7.85 X 1072! m?) 
= 4580s ~ 1.3h. 


At = 


At 


(Answer) 


Thus, classical physics tells us that we would have to 
wait more than an hour after turning on the light source 
for a photoelectron to be ejected. The actual waiting 
time is less than 10~’s. Apparently, then, an electron 
does not gradually absorb energy from the light arriving 
at the patch containing the electron. Rather, either the 
electron does not absorb any energy at all or it absorbs 
a quantum of energy instantaneously, by absorbing a 
photon from the light. 


Sample Problem 
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Find the work function ® of sodium from Fig. 38-2. 





iaMimeatied! We can find the work function ® from the 
cutoff frequency f, (which we can measure on the 
plot). The reasoning is this: At the cutoff frequency, 
the kinetic energy K,,,, in Eq. 38-5 is zero. Thus, all 
the energy /f that 1s transferred from a photon to an 
electron goes into the electron’s escape, which re- 


Calculations: From that last idea, Eq. 38-5 then gives 
us, with f = fo, 


hfy=0+ =. 


In Fig. 38-2, the cutoff frequency fp is the frequency at 
which the plotted line intercepts the horizontal fre- 
quency axis, about 5.5 x 10'* Hz. We then have 


® = hf, = (6.63 X 10-34 J-s)(5.5 x 104 Hz) 


quires an energy of ®. 
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In 1916, Einstein extended his concept of light quanta (photons) by proposing 
that a quantum of light has linear momentum. For a photon with energy Af, the 
magnitude of that momentum is 


(38-7) 


a (photon momentum), 


C Xr 


where we have substituted for f from Eq. 38-1 (f = c/A). Thus, when a photon 
interacts with matter, energy and momentum are transferred, as if there were 
a collision between the photon and matter in the classical sense (as in Chapter 9). 

In 1923, Arthur Compton at Washington University in St. Louis carried out 
an experiment that supported the view that both momentum and energy are 
transferred via photons. He arranged for a beam of x rays of wavelength A to be 
directed onto a target made of carbon, as shown in Fig. 38-3. An x ray is a form 
of electromagnetic radiation, at high frequency and thus small wavelength. 
Compton measured the wavelengths and intensities of the x rays that were 
scattered in various directions from his carbon target. 

Figure 38-4 shows his results. Although there is only a single wavelength (A = 
71.1 pm) in the incident x-ray beam, we see that the scattered x rays contain a 
range of wavelengths with two prominent intensity peaks. One peak is centered 
about the incident wavelength A, the other about a wavelength A’ that is longer 
than A by an amount AA, which is called the Compton shift. The value of the 
Compton shift varies with the angle at which the scattered x rays are detected. 

Figure 38-4 1s still another puzzle for classical physics. Classically, the incident 
x-ray beam is a sinusoidally oscillating electromagnetic wave. An electron in the 
carbon target should oscillate sinusoidally due to the oscillating electric force on 
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FIG. 38-4 Compton’s results for four values of the scattering angle @. Note that the 
Compton shift AA increases as the scattering angle increases. 
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FIG. 38-3 Compton’s apparatus. 

A beam of x rays of wavelength 

A = 71.1 pm is directed onto a 
carbon target T. The x rays scattered 
from the target are observed at 
various angles ¢ to the direction of 
the incident beam. The detector 
measures both the intensity of the 
scattered x rays and their wave- 
length. 


Intensity 





Wavelength (pm) 


sh@leS) Chapter 38 | Photons and Matter Waves 






Electron 


Before 





oo 


Vv 


After 


FIG. 38-5 Anxray of wavelength A 
interacts with a stationary electron. 
The x ray is scattered at angle , 
with an increased wavelength A’. The 
electron moves off with speed v at 
angle 0. 


it from the wave’s electric field. Further, the electron should oscillate at the same 
frequency as the wave and should send out waves at this same frequency, as if it 
were a tiny transmitting antenna. Thus, the x rays scattered by the electron should 
have the same frequency, and the same wavelength, as the x rays in the incident 
beam — but they don’t. 

Compton interpreted the scattering of x rays from carbon in terms of energy 
and momentum transfers, via photons, between the incident x-ray beam and 
loosely bound electrons in the carbon target. Let us see, first conceptually and 
then quantitatively, how this quantum physics interpretation leads to an under- 
standing of Compton’s results. 

Suppose a single photon (of energy E = hf ) is associated with the interaction 
between the incident x-ray beam and a stationary electron. In general, the direc- 
tion of travel of the x ray will change (the x ray is scattered), and the electron will 
recoil, which means that the electron has obtained some kinetic energy. Energy is 
conserved in this isolated interaction. Thus, the energy of the scattered photon 
(E’ = hf’) must be less than that of the incident photon. The scattered x rays 
must then have a lower frequency f’ and thus a longer wavelength A’ than the 
incident x rays, just as Compton’s experimental results in Fig. 38-4 show. 

For the quantitative part, we first apply the law of conservation of energy. 
Figure 38-5 suggests a “collision” between an x ray and an initially stationary free 
electron in the target. As a result of the collision, an x ray of wavelength A’ moves 
off at an angle ¢ and the electron moves off at an angle 6, as shown. Conservation 
of energy then gives us 


hf = hf’ + K, 


in which Af is the energy of the incident x-ray photon, hf’ is the energy of the 
scattered x-ray photon, and K 1s the kinetic energy of the recoiling electron. 
Because the electron may recoil with a speed comparable to that of light, we must 
use the relativistic expression of Eq. 37-52, 


RSG (yee ly), 


for the electron’s kinetic energy. Here m is the electron’s mass and y is the 
Lorentz factor 


1 
V1 — (vic? 
Substituting for K in the conservation of energy equation yields 
hf = hf' + mc*(y — 1). 


Substituting c/A for f and c/X' for f’ then leads to the new energy conservation 
equation 


eas 


h h 
= . : 
1 sin Coy =e Ay) (38-8) 





Next we apply the law of conservation of momentum to the x-ray—electron 
collision of Fig. 38-5. From Eq. 38-7 (p = h/A), the magnitude of the momentum 
of the incident photon is h/A, and that of the scattered photon is h/A’. From Eq. 
37-41, the magnitude for the recoiling electron’s momentum is p = ymv. Because 
we have a two-dimensional situation, we write separate equations for the con- 
servation of momentum along the x and y axes, obtaining 


h h 
7 yp 8 b+ ymvcos@ — (xaxis) (38-9) 
a, 
and 0 = ms sind — ymvsin@ — (yaxis). (38-10) 
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We want to find AA (= A’ — A), the Compton shift of the scattered x rays. Of 
the five collision variables (A, A’, v, ¢, and 6) that appear in Eqs. 38-8, 38-9, and 
38-10, we choose to eliminate v and 6, which deal only with the recoiling electron. 
Carrying out the algebra (it is somewhat complicated) leads to an equation for 
the Compton shift as a function of the scattering angle ¢: 


h 
AA = —— (1 -— cos 4) (Compton shift). (38-11) 
IVC 


Equation 38-11 agrees exactly with Compton’s experimental results. 

The quantity h/mc in Eq. 38-11 is a constant called the Compton wavelength. 
Its value depends on the mass m of the particle from which the x rays scatter. 
Here that particle is a loosely bound electron, and thus we would substitute the 
mass of an electron for m to evaluate the Compton wavelength for Compton scat- 
tering from an electron. 


A Loose End 


The peak at the incident wavelength A (= 71.1 pm) in Fig. 38-4 still needs to be 
explained. This peak arises not from interactions between x rays and the very 
loosely bound electrons in the target but from interactions between x rays and 
the electrons that are tightly bound to the carbon atoms making up the target. 
Effectively, each of these latter collisions occurs between an incident x ray and an 
entire carbon atom. If we substitute for m in Eq. 38-11 the mass of a carbon atom 
(which is about 22 000 times that of an electron), we see that AA becomes about 
22 000 times smaller than the Compton shift for an electron—too small to detect. 
Thus, the x rays scattered in these collisions have the same wavelength as the 
incident x rays. 


CHECKPOINT 3 Compare Compton scattering for x rays (A ~ 20 pm) and 
visible light (A ~ 500 nm) at a particular angle of scattering. Which has the greater (a) 
Compton shift, (b) fractional wavelength shift, (c) fractional energy loss, and (d) energy 
imparted to the electron? 


Sample Problem Eze 


X rays of wavelength A = 22 pm (photon energy = 56 
keV) are scattered from a carbon target, and the scat- 
tered rays are detected at 85° to the incident beam. 


(b) What percentage of the initial x-ray photon energy 
is transferred to an electron in such scattering? 


eZ We need to find the fractional energy loss (let 


us call it frac) for photons that scatter from the electrons: 
B= fe 
initial energy E | 


(a) What is the Compton shift of the scattered rays? 





[adware The Compton shift is the wavelength change 
of the x rays due to scattering from loosely bound electrons f 
in a target. Further, that shift depends on the angle at which 

the scattered x rays are detected, according to Eq. 38-11. 


_ energyloss  _ 


Calculations: From Eq. 38-2 (EF = hf), we can substi- 


Calculation: Substituting 85° for that angle and 9.11 x tute for the initial energy E and the detected energy E’ 


10 -*' kg for the electron mass (because the scattering is 
from electrons) in Eq. 38-11 gives us 


h 
AA =—(1- 
INC ( sd $) 


(6.63 X 10~**J-s)(1 — cos 85°) 
(9.11 X 10-3! kg)(3.00 X 108 m/s) 
2 ie xen Opt 


(Answer) 


of the x rays in terms of frequencies. Then, from Eq. 38-1 
(f =c/A), we can substitute for those frequencies in 
terms of the wavelengths. We find 





ie hp hip Ch eine =X 
Ce ——— 3 
hf clA Xr! 
AX 
2 —————; 38-12 
A+ AA ( ) 
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Substitution of data yields 


aod 
frac = bee 


wavelength A of the incident x rays (see Eq. 38-11), the 
fractional photon energy loss of the x rays does depend 


22 pm + 2.21 pm = 0.091, or 9.1%. (Answer) on A, increasing as the wavelength of the incident radia- 


tion decreases, as indicated by Eq. 38-12. 


Although the Compton shift AA is independent of the 
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FIG. 38-6 Light is directed onto 
screen B, which contains two parallel 
slits. Light emerging from these slits 
spreads out by diffraction. The two 
diffracted waves overlap at screen C 
and form a pattern of interference 
fringes. A small photon detector D 

in the plane of screen C generates a 
sharp click for each photon that it 
absorbs. 





| Light as a Probability Wave 


A fundamental mystery in physics is how light can be a wave (which spreads out 
over a region) in classical physics but be emitted and absorbed as photons (which 
originate and vanish at points) in quantum physics. The double-slit experiment of 
Section 35-4 lies at the heart of this mystery. Let us discuss three versions of that 
experiment. 


The Standard Version 


Figure 38-6 is a sketch of the original experiment carried out by Thomas Young in 
1801 (see also Fig. 35-8). Light shines on screen B, which contains two narrow 
parallel slits. The light waves emerging from the two slits spread out by dif- 
fraction and overlap on screen C where, by interference, they form a pattern of 
alternating intensity maxima and minima. In Section 35-4 we took the existence 
of these interference fringes as compelling evidence for the wave nature of light. 

Let us place a tiny photon detector D at one point in the plane of screen C. 
Let the detector be a photoelectric device that clicks when it absorbs a photon. 
We would find that the detector produces a series of clicks, randomly spaced 
in time, each click signaling the transfer of energy from the light wave to the 
screen via a photon absorption. 

If we moved the detector very slowly up or down as indicated by the black 
arrow in Fig. 38-6, we would find that the click rate increases and decreases, pass- 
ing through alternate maxima and minima that correspond exactly to the maxima 
and minima of the interference fringes. 

The point of this thought experiment 1s as follows. We cannot predict when a 
photon will be detected at any particular point on screen C; photons are detected 
at individual points at random times. We can, however, predict that the relative 
probability that a single photon will be detected at a particular point in a speci- 
fied time interval is proportional to the light intensity at that point. 

We know from Eq. 33-26 (J = E2,,/cup) in Section 33-5 that the intensity J of 
a light wave at any point is proportional to the square of E,,, the amplitude of the 
oscillating electric field vector of the wave at that point. Thus, 
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We now have a probabilistic description of a light wave, hence another way to 
view light. It is not only an electromagnetic wave but also a probability wave. That is, 
to every point in a light wave we can attach a numerical probability (per unit time in- 
terval) that a photon can be detected in any small volume centered on that point. 


The Single-Photon Version 


A single-photon version of the double-slit experiment was first carried out by 
G. I. Taylor in 1909 and has been repeated many times since. It differs from the 
standard version in that the light source in the Taylor experiment is so extremely 
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feeble that it emits only one photon at a time, at random intervals. Astonishingly, 
interference fringes still build up on screen C if the experiment runs long enough 
(several months for Taylor’s early experiment). 

What explanation can we offer for the result of this single-photon double-slit 
experiment? Before we can even consider the result, we are compelled to ask 
questions like these: If the photons move through the apparatus one at a time, 
through which of the two slits in screen B does a given photon pass? How does a 
given photon even “know” that there is another slit present so that interference is 
a possibility? Can a single photon somehow pass through both slits and interfere 
with itself? 

Bear in mind that the only thing we can know about photons is when light 
interacts with matter —we have no way of detecting them without an interaction 
with matter, such as with a detector or a screen. Thus, in the experiment of Fig. 
38-6, all we can know is that photons originate at the light source and vanish at 
the screen. Between source and screen, we cannot know what the photon is or 
does. However, because an interference pattern eventually builds up on the 
screen, we can speculate that each photon travels from source to screen as a wave 
that fills up the space between source and screen and then vanishes in a photon 
absorption at some point on the screen, with a transfer of energy and momentum 
to the screen at that point. 

We cannot predict where this transfer will occur (where a photon will be 
detected) for any given photon originating at the source. However, we can pre- 
dict the probability that a transfer will occur at any given point on the screen. 
Transfers will tend to occur (and thus photons will tend to be absorbed) in the 
regions of the bright fringes in the interference pattern that builds up on 
the screen. Transfers will tend not to occur (and thus photons will tend not to be 
absorbed) in the regions of the dark fringes in the built-up pattern. Thus, we can 
say that the wave traveling from the source to the screen is a probability wave, 
which produces a pattern of “probability fringes” on the screen. 


The Single-Photon, Wide-Angle Version 


In the past, physicists tried to explain the single-photon double-slit experiment in 
terms of small packets of classical light waves that are individually sent toward the 
shits. They would define these small packets as photons. However, modern 
experiments invalidate this explanation and definition. Figure 38-7 shows the arrange- 
ment of one of these experiments, reported in 1992 by Ming Lai and Jean-Claude 
Diels of the University of New Mexico. Source S contains molecules that emit photons 
at well separated times. Mirrors M, and M, are positioned to reflect light that the 
source emits along two distinct paths, 1 and 2, that are separated by an angle 6, which 1s 
close to 180°. This arrangement differs from the standard two-slit experiment, in which 
the angle between the paths of the light reaching two slits is very small. Pa 

After reflection from mirrors M, and Mb, the light waves traveling along ’ 
paths 1 and 2 meet at beam splitter B. (A beam splitter is an optical device that - i 
transmits half the light incident upon it and reflects the other half.) On the right 
side of the beam splitter in Fig. 38-7, the light wave traveling along path 2 and 
reflected by B combines with the light wave traveling along path 1 and transmit- 
ted by B. These two waves then interfere with each other as they arrive at detec- 
tor D (a photomultiplier tube that can detect individual photons). 

The output of the detector is a randomly spaced series of electronic pulses, 
one for each detected photon. In the experiment, the beam splitter is moved seiesaiee eh RCI a GH ID ar: 
slowly in a horizontal direction (in the reported experiment, a distance of only ,, being recombined by beam split- 
about 50 wm maximum), and the detector output is recorded on a chart recorder. ter B. (After Ming Lai and Jean- 
Moving the beam splitter changes the lengths of paths 1 and 2, producing a phase = CJaude Diels, Journal of the Optical 
shift between the light waves arriving at detector D. Interference maxima and Society of America B,9, 2290-2294, 
minima appear in the detector’s output signal. December 1992.) 







FIG. 38-7 The light from a single 
photon emission in source S travels 
over two widely separated paths and 
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This experiment is difficult to understand in traditional terms. For example, 
when a molecule in the source emits a single photon, does that photon travel 
along path 1 or path 2 in Fig. 38-7 (or along any other path)? Or can it move in 
both directions at once? To answer, we assume that when a molecule emits a pho- 
ton, a probability wave radiates in all directions from it. The experiment samples 
this wave in two of those directions, chosen to be nearly opposite each other. 

We see that we can interpret all three versions of the double-slit experiment 
if we assume that (1) light is generated in the source as photons, (2) light is 
absorbed in the detector as photons, and (3) light travels between source and 
detector as a probability wave. 
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In 1924, French physicist Louis de Broglie made the following appeal to sym- 
metry: A beam of light is a wave, but it transfers energy and momentum to matter 
only at points, via photons. Why can’t a beam of particles have the same proper- 
ties? That is, why can’t we think of a moving electron—or any other particle —as 
a matter wave that transfers energy and momentum to other matter at points? 

In particular, de Broglie suggested that Eq. 38-7 (p = h/A) might apply not only 
to photons but also to electrons. We used that equation in Section 38-4 to assign a 
momentum p to a photon of light with wavelength A. We now use it, in the form 


h 
A= = (de Broglie wavelength), (38-13) 


to assign a wavelength A to a particle with momentum of magnitude p. The 
wavelength calculated from Eq. 38-13 is called the de Broglie wavelength of the 
moving particle. De Broglie’s prediction of the existence of matter waves was first 
verified experimentally in 1927, by C. J. Davisson and L. H. Germer of the Bell 
Telephone Laboratories and by George P. Thomson of the University of 
Aberdeen in Scotland. 

Figure 38-8 shows photographic proof of matter waves in a more recent 
experiment. In the experiment, an interference pattern was built up when elec- 
trons were sent, one by one, through a double-slit apparatus. The apparatus was 
like the ones we have previously used to demonstrate optical interference, except 
that the viewing screen was similar to a conventional television screen. When an 
electron hit the screen, it caused a flash of light whose position was recorded. 

The first several electrons (top two photos) revealed nothing interesting and 
seemingly hit the screen at random points. However, after many thousands of 
electrons were sent through the apparatus, a pattern appeared on the screen, 
revealing fringes where many electrons had hit the screen and fringes where few 
had hit the screen. The pattern is exactly what we would expect for wave inter- 
ference. Thus, each electron passed through the apparatus as a matter wave —the 
portion of the matter wave that traveled through one slit interfered with the 
portion that traveled through the other slit. That interference then determined 
the probability that the electron would materialize at a given point on the screen, 
hitting the screen there. Many electrons materialized in regions corresponding to 
bright fringes in optical interference, and few electrons materialized in regions 
corresponding to dark fringes. 

Similar interference has been demonstrated with protons, neutrons, and var- 
ious atoms. In 1994, it was demonstrated with iodine molecules I,, which are not 
only 500 000 times more massive than electrons but far more complex. In 1999, 
it was demonstrated with the even more complex fullerenes (or buckyballs) C¢ 
and Cy. (Fullerenes are molecules of carbon atoms that are arranged in a struc- 
ture resembling a soccer ball, 60 carbon atoms in Cgg and 70 carbon atoms in C7.) 
Apparently, such small objects as electrons, protons, atoms, and molecules travel 
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FIG. 38-8 Photographs showing the buildup of an interfer- 
ence pattern by a beam of electrons in a two-slit interfer- 
ence experiment like that of Fig. 38-6. Matter waves, like 
light waves, are probability waves. The approximate num- 
bers of electrons involved are (a) 7, (b) 100, (c) 3000, 

(d) 20 000, and (e) 70 000. (Courtesy A. Tonomura, J. Endo, 
T. Matsuda, and T. Kawasaki/Advanced Research 
Laboratory, Hitachi, Ltd., Kokubinju, Tokyo, H. Ezawa, 
Department of Physics, Gakushuin University, Mejtro, 
Tokyo.) 





as matter waves. However, as we consider larger and more complex objects, there 
must come a point at which we are no longer justified in considering the wave 
nature of an object. At that point, we are back in our familiar nonquantum 
world, with the physics of earlier chapters of this book. In short, an electron is a 
matter wave and can undergo interference with itself, but a cat is not a matter 
wave and cannot undergo interference with itself (which must be a relief to cats). 

The wave nature of particles and atoms is now taken for granted in many 
scientific and engineering fields. For example, electron diffraction and neutron 
diffraction are used to study the atomic structures of solids and liquids, and elec- 
tron diffraction is used to study the atomic features of surfaces on solids. 

Figure 38-9a shows an arrangement that can be used to demonstrate the scatter- 
ing of either x rays or electrons by crystals. A beam of one or the other is directed 
onto a target consisting of a layer of tiny aluminum crystals. The x rays have a certain 
wavelength A. The electrons are given enough energy so that their de Broglie wave- 
length is the same wavelength A. The scatter of x rays or electrons by the crystals 
produces a circular interference pattern on a photographic film. Figure 38-95 shows 
the pattern for the scatter of x rays, and Fig. 38-9c shows the pattern for the scatter of 
electrons. The patterns are the same— both x rays and electrons are waves. 


Waves and Particles 


Figures 38-8 and 38-9 are convincing evidence of the wave nature of matter, but 
we have countless experiments that suggest its particle nature. Figure 38-10, for 
example, shows the tracks of particles (rather than waves) revealed in a bubble 
chamber. When a charged particle passes through the liquid hydrogen that fills 
such a chamber, the particle causes the liquid to vaporize along the particle’s 
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: (a) An experimental arrangement used to 
demonstrate, by diffraction techniques, the wave-like char- 
acter of the incident beam. Photographs of the diffraction 
patterns when the incident beam is (b) an x-ray beam (light 
wave) and (c) an electron beam (matter wave). Note that 
the two patterns are geometrically identical to each other. 


(Photo (b) Cameca, Inc. Photo (c) from PSSC film “Matter crystals) 
Waves,” courtesy Education Development Center, Newton, 
Massachusetts. ) 


(d) 





A bubble-chamber im- 
age showing where two electrons 
(paths color coded green) and one 
positron (red) moved after a gamma 
ray entered the chamber. (Lawrence 
Berkeley Laboratory/Science Photo 
Library/Photo Researchers) 
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path. A series of bubbles thus marks the path, which is usually curved due to a 
magnetic field set up perpendicular to the plane of the chamber. 

In Fig. 38-10, a gamma ray left no track when it entered at the top because 
the ray is electrically neutral. However, it collided with one of the hydrogen 
atoms, kicking an electron out of that atom; the curved path taken by the 
electron to the bottom of the photograph has been color coded green. 
Simultaneous with the collision, the gamma ray transformed into an elec- 
tron and a positron that then moved in tight spirals (color coded green for 
the electron and red for the positron) as they gradually lost energy in re- 
peated collisions with hydrogen atoms. Surely these tracks are evidence of 
the particle nature of the electron and positron, but is there any evidence 
of waves in Fig. 38-10? 

To simplify the situation, let us turn off the magnetic field so that the strings 
of bubbles will be straight. We can view each bubble as a detection point for the 
electron. Matter waves traveling between detection points such as J and F in 
Fig. 38-11 will explore all possible paths, a few of which are shown. 

In general, for every path connecting J and F (except the straight-line 
path), there will be a neighboring path such that matter waves following 
the two paths cancel each other by interference. This is not true, however, 
for the straight-line path joining / and F; in this case, matter waves travers- 
ing all neighboring paths reinforce the wave following the direct path. You can 
think of the bubbles that form the track as a series of detection points at which 
the matter wave undergoes constructive interference. 





FIG. 38 A few of the many paths that connect port oes 

two Oattcle detection points / and F. Only matter Pea 5 ele Res oer 5 S. 
waves that follow paths close to the straight line ap eeleN 
between these points interfere constructively. For  / \, eee ‘ 
all other paths, the waves following any pair of iy. ie yf 
neighboring paths interfere destructively.Thus,a -—----~ e 


matter wave leaves a straight track. 


CHECKPOINT 4 
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For an electron and a proton that have the same (a) kinetic en- 


ergy, (b) momentum, or (c) speed, which particle has the shorter de Broglie wavelength? 


Sample Problem EE 


What is the de Broglie wavelength of an electron with a 
kinetic energy of 120 eV? 








eailadadtee: (1) We can find the electron’s de Broglie 
wavelength A from Eq. 38-13 (A = h/p) if we first find 
the magnitude of its momentum p. (2) We find p from 
the given kinetic energy K of the electron. That kinetic 
energy is much less than the rest energy of an electron 
(0.511 MeV, from Table 37-3). Thus, we can get by with 
the classical approximations for momentum p (= mv) 
and kinetic energy K (= ;mv’). 


Calculations: In order to use the de Broglie relation, 
we first solve the kinetic energy equation for v and then 
substitute into the momentum equation, finding 


p = \2mK 
= ¥(2)(9.11 X 1077! kg)(120 eV)(1.60 x 107” J/eV 
g 


= S90 lex0m— ke~m/s. 


From Eq. 38-13 then 


h 
A=— 
P 

6.63 xX 10-4 J-s 


5.91 X 10 kg-mis 
1.12 x 107! m = 112 pm. 


(Answer) 


This wavelength associated with the electron 1s about 
the size of a typical atom. If we increase the electron’s 
kinetic energy, the wavelength becomes even smaller. 
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A simple traveling wave of any kind, be it a wave on a string, a sound wave, or a 
light wave, is described in terms of some quantity that varies in a wave-like fash- 
ion. For light waves, for example, this quantity is E Ciniec 1) tnexelectrie- field 
component of the wave. Its observed value at any point depends on the location 
of that point and on the time at which the observation is made. 

What varying quantity should we use to describe a matter wave? We should 
expect this quantity, which we call the wave function V(x, y, z, t), to be more com- 
plicated than the corresponding quantity for a light wave because a matter wave, 
in addition to energy and momentum, transports mass and (often) electric 
charge. It turns out that VY, the uppercase Greek letter psi, usually represents a 
function that is complex in the mathematical sense; that is, we can always write its 
values in the form a + ib,in which a and b are real numbers and i* = —1. 

In all the situations you will meet here, the space and time variables can be 
grouped separately and V can be written in the form 


VQ, V, 2 UE Vac os 


where w (= 27f) is the angular frequency of the matter wave. Note that w, the 
lowercase Greek letter psi, represents only the space-dependent part of the com- 
plete, time-dependent wave function V. We shall deal almost exclusively with w. 
Two questions arise: What is meant by the wave function? How do we find it? 

What does the wave function mean? It has to do with the fact that a matter wave, 
like a ight wave, is a probability wave. Suppose that a matter wave reaches a particle 
detector that is small; then the probability that a particle will be detected in a speci- 
fied time interval is proportional to |wl?, where | is the absolute value of the wave 
function at the location of the detector. Although ysis usually a complex quantity, | yl? 
is always both real and positive. It is, then, |ysl?, which we call the probability density, 
and not y, that has physical meaning. Speaking Sy the pes is this: 


(38-14) 
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Because ysis usually a complex quantity, we find the square of its absolute value 
by multiplying w& by w*, the complex conjugate of ws. (To find y* we replace the 
imaginary number iin w with —i, wherever it occurs.) 

How do we find the wave function? Sound waves and waves on strings are 
described by the equations of Newtonian mechanics. Light waves are described 
by Maxwell’s equations. Matter waves are described by Schrodinger’s equation, 
advanced in 1926 by Austrian physicist Erwin Schrédinger. 

Many of the situations that we shall discuss involve a particle traveling in the 
x direction through a region in which forces acting on the particle cause it to have 
a potential energy U(x). In this special case, Schrodinger’s equation reduces to 

d7us Sa-’m 


dx? * h? 


(Schrédinger’s equation, 
one-dimensional motion), 








[E — U(x)|u = 0 (38-15) 


in which E is the total mechanical energy (potential energy plus kinetic energy) 
of the moving particle. (We do not consider mass energy in this nonrelativistic 
equation.) We cannot derive Schrédinger’s equation from more basic principles; 
it is the basic principle. 

If U(x) in Eq. 38-15 is zero, that equation describes a free particle — that 1s, a 
moving particle on which no net force acts. The particle’s total energy in this case 
is all kinetic, and thus F in Eq. 38-15 is smv?. That equation then becomes 


d* 4 Siar7m = w= 0. 











dx? h? 2 


which we can recast as 





d7us ( py 
+ (27+ ] w= 0. 
(ix "hh ay 


To obtain this equation, we replaced mv with the momentum p and regrouped terms. 
From Eq. 38-13 (A = h/p) we recognize p/h in the equation above as 1/A, 
where A is the de Broglie wavelength of the moving particle. We further recognize 
27/X as the angular wave number k, which we defined in Eq. 16-5. With these 
substitutions, the equation above becomes 
d’p 


me + k**=0 — (Schrédinger’s equation, free particle). (38-16) 


The most general solution of Eq. 38-16 is 
Wx) = Ae + Be (38-17) 


in which A and B are arbitrary constants. You can show that this equation is 
indeed a solution of Eq. 38-16 by substituting w(x) and its second derivative into 
that equation and noting that an identity results. 

If we combine Eqs. 38-14 and 38-17, we find, for the time-dependent wave 
function V of a free particle traveling in the x direction, 


Cpe (Ae pestle mes 
AG Cea) (38-18) 


e 


lity Density |isI 





Pasi 


In Section 16-5 we saw that any function F of the form F(kx + wt) represents a 
traveling wave. This applies to exponential functions like those in Eq. 38-18 as 
well as to the sinusoidal functions we have used to describe waves on strings. In 


fact, these two representations of functions are related by 
e®=cos@+ising and e '’=cos6-— isin 8, 


where 61s any angle. 
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The first term on the right in Eq. 38-18 thus represents a wave traveling in 
the positive direction of x and the second term represents a wave traveling in 
the negative direction of x. However, we have assumed that the free particle we 
are considering travels only in the positive direction of x. To reduce the general 
solution (Eq. 38-18) to our case of interest, we choose the arbitrary constant B in 
Eqs. 38-18 and 38-17 to be zero. At the same time, we relabel the constant A as . 
Equation 38-17 then becomes 


Wx) = Wy e™. (38-19) 


To calculate the probability density, we take the square of the absolute value of 
w(x). We get 


ls? = ley e*2 = (WP )le*?. 
Now, because 

jeikx[2 = (elk) (gike)* — pik pmike — pikx-ike — 90 = 1, 
we get 


vl? = (POY = We (a constant). 


Figure 38-12 is a plot of the probability density |yl* versus x for a free particle — 
a straight line parallel to the x axis from —* to +, We see that the probability 
density lil? is the same for all values of x, which means that the particle has equal 
probabilities of being anywhere along the x axis. There is no distinguishing 
feature by which we can predict a most likely position for the particle. That is, all 
positions are equally likely. 

We’ll see what this means in the next section. 
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Our inability to predict the position of a free particle, as indicated by Fig. 38-12, is 
our first example of Heisenberg’s uncertainty principle, proposed in 1927 by 
German physicist Werner Heisenberg. It states that measured values cannot be 
assigned to the position 7 and the momentum 7p of a particle simultaneously with 
unlimited precision. 

For the components of 7 and jp, Heisenberg’s principle gives the following 
limits in terms of 4 = h/27 (called “h-bar’’): 


Ax: Ap, = h 
Bye to (Heisenberg’s uncertainty principle). (38-20) 
Ne AD 2h 


Here Ax and Ap, represent the intrinsic uncertainties in the measurements of the 
x components of 7 and p, with parallel meanings for the y and z terms. Even with 
the best measuring instruments that technology could ever provide, each product 
of a position uncertainty and a momentum uncertainty in Eq. 38-20 will be 
greater than f; it can never be less. 

The particle whose probability density is plotted in Fig. 38-12 is a free par- 
ticle; that is, no force acts on it, and so its momentum p must be constant. We 
implied — without making a point of it—that we can determine p with absolute 
precision; in other words, we assumed that Ap, = Ap, = Ap, = 0 in Eq. 38-20. 
That assumption then requires Ax — ©, Ay >, and Az ~~. With such infi- 
nitely great uncertainties, the position of the particle is completely unspecified. 

Do not think that the particle really has a sharply defined position that 1s, for 
some reason, hidden from us. If its momentum can be specified with absolute 
precision, the words “position of the particle” simply lose all meaning. The parti- 
cle in Fig. 38-12 can be found with equal probability anywhere along the x axis. 


Probability 
density |y(x)[? 





) 


FIG. 38-12 A plot of the probability 
density ll? for a free particle moving 
in the positive x direction. Since Il? 
has the same constant value for all 
values of x, the particle has the same 
probability of detection at all points 
along its path. 
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Sample Problem Era 


Assume that an electron is moving along an x axis and 
that you measure its speed to be 2.05 X 10° m/s, which 
can be known with a precision of 0.50%. What is the mini- 
mum uncertainty (as allowed by the uncertainty principle 
in quantum theory) with which you can simultaneously 
measure the position of the electron along the x axis? 





‘iaitsie! The minimum uncertainty allowed by 
quantum theory is given by Heisenberg’s uncertainty 
principle in Eq. 38-20. We need only consider compo- 
nents along the x axis because we have motion only 
along that axis and want the uncertainty Ax in location 
along that axis. Since we want the minimum allowed un- 
certainty, we use the equality instead of the inequality in 
the x-axis part of Eq. 38-20, writing Ax- Ap, = h. 


Calculations: To evaluate the uncertainty Ap, in the 
momentum, we must first evaluate the momentum com- 
ponent p,. Because the electron’s speed v, 1s much less 
than the speed of light c, we can evaluate p, with the 
classical expression for momentum instead of using a 


relativistic expression. We find 


Py = mv, = (9.11 X 107! kg)(2.05 X 10° m/s) 
= 1.87 Xx 10°“ kg-m/s. 
The uncertainty in the speed is given as 0.50% of the 
measured speed. Because p, depends directly on speed, 
the uncertainty Ap, in the momentum must be 0.50% of 
the momentum: 
Ap, = (0.0050)p, 
= (0.0050)(1.87 X 10774 kg- m/s) 
= 9.35 X 1077’ kg-m/s. 
Then the uncertainty principle gives us 
— hk | (6.63 X 10-*% J-s)\/27 
AP, 9.35 X 10°?’ kg-m/s 
=113 x10 'm=11nm, (Answer) 


Ax 


which is about 100 atomic diameters. Given your measure- 
ment of the electron’s speed, it makes no sense to try to pin 
down the electron’s position to any greater precision. 
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Suppose you slide a puck over frictionless ice toward an ice-covered hill (Fig. 
38-13). As the puck climbs the hill, kinetic energy K is transformed into gravita- 
tional potential energy U. If the puck reaches the top, its potential energy is 
U,,. Thus, the puck can pass over the top only if its initial mechanical energy E > Uj. 
Otherwise, the puck eventually stops its climb up the left side of the hill and slides 
back to the left. For instance, if U, = 20 J and E = 10 J, you cannot expect the puck 
to pass over the hill. We say that the hill acts as a potential energy barrier (or, for 
short, a potential barrier) and that, in this case, the barrier has a height of U, = 20 J. 

Figure 38-14 shows a potential barrier for a nonrelativistic electron travel- 
ing along an idealized wire of negligible thickness. The electron, with mechanical 
energy E£, approaches a region (the barrier) in which the electric potential V, is neg- 
ative. Because it is negatively charged, the electron will have a positive potential en- 
ergy U,(= qV,) in that region (Fig. 38-15). If F > U,, we expect the electron to pass 
through the barrier region and come out to the right of x = L in Fig. 38-14. Nothing 
surprising there. If E < U;,, we expect the electron to be unable to pass through the 
barrier region. Instead, it should end up traveling leftward, much as the puck would 
slide back down the hill in Fig. 38-13 if the puck has F < U,. 

However, something astounding can happen to the electron when E < U,. 
Because it is a matter wave, the electron has a finite probability of leaking (or, 


Up V=0 V,<0 V=0 


rian. i 7 


L 
x=0 #=L 
FIG. 38-14 The elements of an ideal- 
ized thin wire in which an electron (the 
dot) approaches a negative electric po- 
tential V; in the region x = Otox = L. 


FIG. 38-13 A puck slides over frictionless ice 
toward a hill. The puck’s gravitational potential 
at the top of the hill will be U;. 


better, tunneling) through the barrier and materializing on the other side, moving 
rightward with energy E as though nothing (strange or otherwise) had happened 
inthe regionofO0 Sx <= L. 

The wave function w(x) describing the electron can be found by solving 
Schrédinger’s equation (Eq. 38-15) separately for the three regions in Fig. 38-14: 
(1) to the left of the barrier, (2) within the barrier, and (3) to the right of the bar- 
rier. The arbitrary constants that appear in the solutions can then be chosen so 
that the values of W(x) and its derivative with respect to x join smoothly (no 
jumps, no kinks) at x = 0 and at x = L. Squaring the absolute value of w(x) then 
yields the probability density. 

Figure 38-16 shows a plot of the result. The oscillating curve to the left of the 
barrier (for x < 0) is a combination of the incident matter wave and the reflected 
matter wave (which has a smaller amplitude than the incident wave). The oscilla- 
tions occur because these two waves, traveling in opposite directions, interfere 
with each other, setting up a standing wave pattern. 

Within the barrier (for 0 < x < L) the probability density decreases exponentially 
with x. However, if L is small, the probability density is not quite zero at x = L. 

To the right of the barrier (for x > L), the probability density plot describes a 
transmitted (through the barrier) wave with low but constant amplitude. Thus, 
the electron can be detected in this region but with a relatively small probability. 
(Compare this part of the figure with Fig. 38-12 for a free particle.) 

We can assign a transmission coefficient 7 to the incident matter wave and the bar- 
rier. This coefficient gives the probability with which an approaching electron will be 
transmitted through the barrier—that 1s, that tunneling will occur. As an example, if 
T = 0.020, then of every 1000 electrons fired at the barrier, 20 (on average) will tunnel 
through it and 980 will be reflected. The transmission coefficient Tis approximately 


T = ebb, (38-21) 
8ar2m(U, — E 
in which b= ye (38-22) 


and e is the exponential function. Because of the exponential form of Eq. 38-21, 
the value of Tis very sensitive to the three variables on which it depends: particle 
mass m, barrier thickness L, and energy difference U, — E. (Because we do not 
include relativistic effects here, E does not include mass energy.) 

Barrier tunneling finds many applications in technology, including the tunnel 
diode, in which a flow of electrons produced by tunneling can be rapidly turned 
on or off by controlling the barrier height. The 1973 Nobel Prize in physics was 
shared by three “tunnelers,’ Leo Esaki (for tunneling in semiconductors), Ivar 
Giaever (for tunneling in superconductors), and Brian Josephson (for the 
Josephson junction, a rapid quantum switching device based on tunneling). 
The 1986 Nobel Prize was awarded to Gerd Binnig and Heinrich Rohrer for de- 
velopment of the scanning tunneling microscope. 


CHECKPOINT 5 Is the wavelength of the transmitted wave in Fig. 38-16 
larger than, smaller than, or the same as that of the incident wave? 


The Scanning Tunneling Microscope (STM) 


The size of details that can be seen in an optical microscope is limited by the wave- 
length of the light the microscope uses (about 300 nm for ultraviolet light). The size 
of details that can be seen in the image that opens this chapter is far smaller and thus 
requires much smaller wavelengths. The waves used are electron matter waves, but 
they do not scatter from the surface being examined the way waves do in an optical 
microscope. Instead, the images we see are created by electrons tunneling through 
potential barriers at the tip of a scanning tunneling microscope (STM). 
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FIG. 38-15 Anenergy diagram 
containing two plots for the situation 
of Fig. 38-13: (1) The electron’s me- 
chanical energy F 1s plotted when the 
electron is at any coordinate x < 0. 
(2) The electron’s electric potential 
energy Us plotted as a function of 
the electron’s position x, assuming 
that the electron can reach any value 
of x. The nonzero part of the plot 
(the potential barrier) has height U, 
and thickness L. 
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FIG. 38-16 A plot of the probability 
density | yl? of the electron matter 
wave for the situation of Fig. 38-15. 
The value of ||? is nonzero to the 
right of the potential barrier. 
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FIG. 38-17 The essence of a scan- 
ning tunneling microscope (STM). 
Three quartz rods are used to scan a 
sharply pointed conducting tip 
across the surface of interest and to 
maintain a constant separation be- 
tween tip and surface. The tip thus 
moves up and down to match the 
contours of the surface, and a record 
of its movement is a map like that in 
the opening image of this chapter. 


Figure 38-17 shows the heart of the scanning tunneling microscope. A fine 
metallic tip, mounted at the intersection of three mutually perpendicular quartz 
rods, is placed close to the surface to be examined. A small potential difference, 
perhaps only 10 mV, is applied between tip and surface. 

Crystalline quartz has an interesting property called piezoelectricity: When an 
electric potential difference is applied across a sample of crystalline quartz, the di- 
mensions of the sample change slightly. This property is used to change the length 
of each of the three rods in Fig. 38-17, smoothly and by tiny amounts, so that the 
tip can be scanned back and forth over the surface (in the x and y directions) and 
also lowered or raised with respect to the surface (in the z direction). 

The space between the surface and the tip forms a potential energy barrier, 
much like that plotted in Fig. 38-15. If the tip is close enough to the surface, 
electrons from the sample can tunnel through this barrier from the surface to the 
tip, forming a tunneling current. 

In operation, an electronic feedback arrangement adjusts the vertical position 
of the tip to keep the tunneling current constant as the tip is scanned over the sur- 
face. This means that the tip—surface separation also remains constant during the 
scan. The output of the device is a video display of the varying vertical position of 
the tip, hence of the surface contour, as a function of the tip position in the xy plane. 

An STM not only can provide an image of a static surface, it can also be used 
to manipulate atoms and molecules on a surface, such as was done in forming 
The Carbon Monoxide Man in this chapter’s opening image. In a process known 
as lateral manipulation, the STM probe is initially brought down near, say, a car- 
bon monoxide molecule, close enough that the molecule is attracted to the probe 
without actually touching it. The probe is then moved across the background sur- 
face (such as platinum), dragging the molecule with it until the molecule is in the 
desired location. Then the probe is backed up away from the molecule, weaken- 
ing and then eliminating the attractive force on the molecule. Although the work 
requires very fine control, a design can eventually be formed. 


Sample Problem Eee 


Suppose that the electron in Fig. 38-15, having a total 
energy FE of 5.1 eV, approaches a barrier of height U, = 
6.8 eV and thickness L = 750 pm. 


(a) What is the approximate probability that the elec- 
tron will be transmitted through the barrier, to appear 
(and be detectable) on the other side of the barrier? 


cee The probability we seek is the transmission 


coefficient T as given by Eq. 38-21 (T ~ e- 7°"), where 


b = | 8a?m(U, — E) 
h 


Calculations: The numerator of the fraction under the 
square-root sign 1s 


(877)(9.11 X 10°! kg)(6.8 eV — 5.1 eV) 
x (1.60 K 107! J/eV) = 1.956 X 10-4’ J - kg. 


1.956 X 10-7 J-kg 
Thus, b = “JE = 6.67 x 10° mt 
= (6.63 X 10-*J-s)? = 


The (dimensionless) quantity 2bL is then 
2bL = (2)(6.67 X 10? m~“')(750 x 10~” m) = 10.0 


and, from Eq. 38-21, the transmission coefficient is 


T =e 2L — e 100 — 45 x 107° (Answer) 


Thus, of every million electrons that strike the barrier, 
about 45 will tunnel through it. 


(b) What is the approximate probability that a proton 
with the same total energy of 5.1 eV will be transmitted 
through the barrier, to appear (and be detectable) on 
the other side of the barrier? 


Reasoning: The transmission coefficient T (and thus 
the probability of transmission) depends on the mass of 
the particle. Indeed, because mass m is one of the fac- 
tors in the exponent of e in the equation for T, the prob- 
ability of transmission is very sensitive to the mass of 
the particle. This time, the mass is that of a proton 
(1.67 X 10-*’ kg), which is significantly greater than that of 
the electron in (a). By substituting the proton’s mass for 
the mass in (a) and then continuing as we did there, we 
find that T ~ 10~'®*. Thus, although the probability that 
the proton will be transmitted is not exactly zero, it 1s 
barely more than zero. For even more massive particles 
with the same total energy of 5.1 eV, the probability of 
transmission is exponentially lower. 


Questions | 1 @¥.7/ 
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Light Quanta—Photons An electromagnetic wave 
(light) is quantized, and its quanta are called photons. For a 
light wave of frequency f and wavelength A, the energy EF and 
momentum magnitude p of a photon are 


E=hf (photon energy) (38-2) 
h h 
and p= = ay (photon momentum). (38-7) 


Photoelectric Effect When light of high enough fre- 
quency falls on a clean metal surface, electrons are emitted 
from the surface by photon—electron interactions within the 
metal. The governing relation 1s 


i crostitieD (38-5) 


in which Af is the photon energy, K,,,, 1s the kinetic energy of 
the most energetic emitted electrons, and ® is the work func- 
tion of the target material—that is, the minimum energy an 
electron must have if it is to emerge from the surface of the 
target. If hfis less than ®, electrons are not emitted. 


Compton Shift When x rays are scattered by loosely 
bound electrons in a target, some of the scattered x rays have 
a longer wavelength than do the incident x rays. This 
Compton shift (in wavelength) is given by 


h 
AA = a (1 — cos @), (38-11) 


in which @ is the angle at which the x rays are scattered. 


Light Waves and Photons When light interacts with 
matter, energy and momentum are transferred via photons. 
When light is in transit, however, we interpret the light wave 
as a probability wave, in which the probability (per unit time) 
that a photon can be detected is proportional to E2,, where E,, 
is the amplitude of the oscillating electric field of the light 
wave at the detector. 


Matter Waves A moving particle such as an electron or a 
proton can be described as a matter wave; its wavelength 
(called the de Broglie wavelength) is given by A = h/p, where 
p is the magnitude of the particle’s momentum. 


QUESTIONS 


The Wave Function A matter wave is described by its 
wave function V(x, y, z, t), which can be separated into a 
space-dependent part W(x, y, z) and a time-dependent part 
e' For a particle of mass m moving in the x direction with 
constant total energy E through a region in which its potential 
energy is U(x), &(x) can be found by solving the simplified 
Schrodinger equation: 


d* " Sa?m 
ane h? 








[E — U(x)|e = 0. (38-15) 
A matter wave, like a light wave, is a probability wave in the 
sense that if a particle detector is inserted into the wave, the 
probability that the detector will register a particle during any 
specified time interval is proportional to ll’, a quantity called 
the probability density. 

For a free particle —that is, a particle for which U(x) = 
O—moving in the x direction, ||? has a constant value for all 
positions along the x axis. 


Heisenberg’s Uncertainty Principle The probabilistic 
nature of quantum physics places an important limitation on 
detecting a particle’s position and momentum. That is, it is not 
possible to measure the position 7 and the momentum fp of a 
particle simultaneously with unlimited precision. The uncer- 
tainties in the components of these quantities are given by 


AXiiS7. 221 
Ay: Ap, =h 
Naa penis 


(38-20) 


Barrier Tunneling According to classical physics, an inci- 
dent particle will be reflected from a potential energy barrier 
whose height is greater than the particle’s kinetic energy. 
According to quantum physics, however, the particle has a 
finite probability of tunneling through such a barrier. The 
probability that a given particle of mass m and energy F will 
tunnel through a barrier of height U; and thickness L is given 
by the transmission coefficient T: 


aren (38-21) 
[8 2m (U, = Ee 
where b= Sra) (38-22) 





1 According to the figure for Checkpoint 2, is the maximum 
kinetic energy of the ejected electrons greater for a target 
made of sodium or of potassium for a given frequency of inci- 
dent light? V 


2 Photoelectric effect: Figure 
38-18 gives the stopping voltage 
V versus the wavelength A of 


light for three different materi- 1 

als. Rank the materials accord- : A 
ing to their work function, : 
greatest first. FIG. 38-18 Question 2. 


3 A metal plate is illuminated with light of a certain fre- 
quency. Which of the following determine whether or not elec- 
trons are ejected: (a) the intensity of the light, (b) how long 
the plate is exposed to the light, (c) the thermal conductivity 
of the plate, (d) the area of the plate, (e) the material of which 
the plate is made? 


4 Inthe photoelectric effect (for a given target and a given fre- 
quency of the incident light), which of these quantities, if any, de- 
pend on the intensity of the incident light beam: (a) the maximum 
kinetic energy of the electrons, (b) the maximum photoelectric 
current, (c) the stopping potential, (d) the cutoff frequency? 
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5 Photon A has twice the energy of photon B. (a) Is the 
momentum of A less than, equal to, or greater than that of B? (b) 
Is the wavelength of A less than, equal to, or greater than that of B? 


6 Figure 38-19 shows an electron moving through several re- 
gions where uniform electric potentials V have been set up. 
Rank the three regions according to the de Broglie wave- 
length of the electron there, greatest first. 


V, =-100 V 





FIG. 38-19 Question 6. 


7 (a) If you double the kinetic energy of a nonrelativistic parti- 
cle, how does its de Broglie wavelength change? (b) What if you 


double the speed of the particle? Ag 


8 Compton scattering. Figure 38- 
20 gives the Compton shift AA ver- 
sus scattering angle ¢ for three dif- 
ferent stationary target particles. 
Rank the particles according to 
their mass, greatest first. 


9 In a Compton-shift experi- 
ment, light (in the x-ray range) is 
scattered in the forward direction, at @ 

= 0 in Fig. 38-3. What fraction of the * 
light’s energy does the electron acquire? 


10 LetK be the kinetic energy that a sta- 
tionary free electron gains when a photon 
scatters from it. We can plot K versus the 
angle at which the photon scatters; see 


FIG. 38-20 Question 8. 





curve 1 in Fig. 38-21. If we switch the target * ! 180° ? 


to be a stationary free proton, does the end 
point of the graph shift (a) upward as sug- 
gested by curve 2, (b) downward as sug- 
gested by curve 3, or (c) remain the same? 


FIG. 38-21 
Question 10. 


11 The following nonrelativistic particles all have the same 
kinetic energy. Rank them in order of their de Broglie wave- 
lengths, greatest first: electron, alpha particle, neutron. 





12 Figure 38-22 shows an electron moving (a) opposite an 
electric field, (b) in the same direction as an electric field, (c) in 
the same direction as a magnetic field, (d) perpendicular to a 
magnetic field. For each situation, is the de Broglie wavelength 
of the electron increasing, decreasing, or remaining the same? 


e—> @ ~~ I 
Ce 
E E B B 


(a) (Dd) (c) (d) 
FIG. 38-22 Question 12. 


13 The table gives relative values for three situations for the 
barrier tunneling experiment of Figs. 38-14 and 38-15. Rank 
the situations according to the probability of the electron tun- 
neling through the barrier, greatest first. 


Electron Barrier Barrier 
Energy Height Thickness 
(a) E SE L 
(b) E 17E Li 
(c) E oe ae 


14 For three experiments, Fig. 
38-23 gives the transmission co- 
efficient T for electron tunneling 
through a potential barrier, plot- 
ted versus barrier thickness L. 
The de Broglie wavelengths of 
the electrons are identical in the | 


three experiments. The only dif- 


ference in the physical setups is 
FIG. 38-23 Question 14. 


T 


the barrier heights U,. Rank the 
three experiments according to 
U,, greatest first. 


15 At the left in Fig. 38-16, why are the minima in the values 
of | wl? greater than zero? 


16 Anelectron and a proton have the same Kinetic energy. 
Which has the greater de Broglie wavelength? 





PROBLEMS 


& Tutoring problem available (at instructor's discretion) in WileyPLUS and WebAssign 


SSM Worked-out solution available in Student Solutions Manual 


@ — eee Number of dots indicates level of problem difficulty 


WWW Worked-out solution is at 





inter Sea lOtio neat http://www.wiley.com/college/halliday 


“88 Additional information available in The Flying Circus of Physics and at flyingcircusofphysics.com 


Click here to view all step-by-step 


sec. 38-2 The Photon, the Quantum of Light 

7 At what rate does the Sun emit photons? For simplicity, 
assume that the Sun’s entire emission at the rate of 3.9 x 
107° W is at the single wavelength of 550 nm. 


e2 A helium—neon laser emits red light at wavelength A = 633 
nm in a beam of diameter 3.5 mm and at an energy-emission rate 
of 5.0 mW. A detector in the beam’s path totally absorbs the beam. 
At what rate per unit area does the detector absorb photons? 


SO etease as 
®3 The meter was once defined as 1 650 763.73 wavelengths 

of the orange light emitted by a source containing krypton-86 
atoms. What is the photon energy of that light? 


°4 The yellow-colored light from a highway sodium lamp 
is brightest at a wavelength of 589 nm. What is the photon 
energy for light at that wavelength? 


®5 Monochromatic light (that is, light of a single wave- 
length) is to be absorbed by a sheet of photographic film and 


thus recorded on the film. Photon absorption will occur if the 
photon energy equals or exceeds 0.6 eV, the smallest amount 
of energy needed to dissociate an AgBr molecule in the film. 
(a) What is the greatest wavelength of light that can be 
recorded by the film? (b) In what region of the electromag- 
netic spectrum is this wavelength located? 


¢6 How fast must an electron move to have a kinetic energy 
equal to the photon energy of sodium light at wavelength 
590 nm? 


ee7 Anultraviolet lamp emits light of wavelength 400 nm at 

the rate of 400 W. An infrared lamp emits light of wavelength 

700 nm, also at the rate of 400 W. (a) Which lamp emits pho- 

tons at the greater rate and (b) what is that greater rate? 
SSM WWW 


ee8 A Satellite in Earth orbit maintains a panel of solar cells 
of area 2.60 m? perpendicular to the direction of the Sun’s 
light rays. The intensity of the light at the panel is 1.39 kW/m7?. 
(a) At what rate does solar energy arrive at the panel? (b) At 
what rate are solar photons absorbed by the panel? Assume 
that the solar radiation is monochromatic, with a wavelength 
of 550 nm, and that all the solar radiation striking the panel is 
absorbed. (c) How long would it take for a “mole of photons” 
to be absorbed by the panel? 


ee9 A special kind of lightbulb emits monochromatic light 
of wavelength 630 nm. Electrical energy is supplied to it at the 
rate of 60 W, and the bulb is 93% efficient at converting that 
energy to light energy. How many photons are emitted by the 
bulb during its lifetime of 730 h? 


®®1Q Under ideal conditions, a visual sensation can occur in 
the human visual system if light of wavelength 550 nm is 
absorbed by the eye’s retina at a rate as low as 100 photons 
per second. What is the corresponding rate at which energy 
is absorbed by the retina? 


e717 A 100W sodium lamp (A = 589 nm) radiates energy 
uniformly in all directions. (a) At what rate are photons emit- 
ted by the lamp? (b) At what distance from the lamp will a 
totally absorbing screen absorb photons at the rate of 1.00 pho- 
ton/cm?-s? (c) What is the photon flux (photons per unit area 
per unit time) on a small screen 2.00 m from the lamp? €) 


ee12 A light detector has an ab- 
sorbing area of 2.00 X 107° m? 
and absorbs 50% of the incident 
light, which is at wavelength 600 
nm. The detector faces an 
isotropic source, 12.0 m from the 
source. The energy F emitted by 
the source versus time ¢ is given in 
Fig, 38-24 (£, = 7.2 nJ,t,=2.0s).At 
what rate are photons absorbed 
by the detector? 


ee73 A light detector (your eye) has an area of 2.00 x 10~° 
m? and absorbs 80% of the incident light, which is at wave- 
length 500 nm. The detector faces an isotropic source, 3.00 m 
from the source. If the detector absorbs photons at the rate of 
exactly 4.000 s~', at what power does the emitter emit light? 


E (aJ) 


i 





0 t (s) 
FIG. 38-24 Problem 12. 


ee|4 The beam emerging from a 1.5 W argon laser (A = 
515 nm) has a diameter d of 3.0 mm. The beam is focused by a 
lens system with an effective focal length f, of 2.5 mm. The 
focused beam strikes a totally absorbing screen, where it 


Problems } 1e¥A% 


forms a circular diffraction pattern whose central disk has a 
radius R given by 1.22 f,A/d. It can be shown that 84% of the 
incident energy ends up within this central disk. At what 
rate are photons absorbed by the screen in the central disk of 
the diffraction pattern? 


sec. 38-3 The Photoelectric Effect 

15 The work function of tungsten is 4.50 eV. Calculate the 
speed of the fastest electrons ejected from a tungsten surface 
when light whose photon energy is 5.80 eV shines on the 
surface. 


¢16 You wish to pick an element for a photocell that will 
operate via the photoelectric effect with visible light. Which 
of the following are suitable (work functions are in parenthe- 
ses): tantalum (4.2 eV), tungsten (4.5 eV), aluminum (4.2 eV), 
barium (2.5 eV), lithium (2.3 eV)? 


e17 Light strikes a sodium surface, causing photoelectric 
emission. The stopping potential for the ejected electrons is 
5.0 V, and the work function of sodium is 2.2 eV. What is the 
wavelength of the incident light? 55™ 


e718 Find the maximum kinetic energy of electrons ejected 
from a certain material if the material’s work function is 2.3 eV 
and the frequency of the incident radiation is 3.0 x 10° Hz. 


ee19 The stopping potential for electrons emitted from 
a surface illuminated by light of wavelength 491 nm is 0.710 V. 
When the incident wavelength is changed to a new value, the 
stopping potential is 1.43 V. (a) What is this new wavelength? 
(b) What is the work function for the surface? 


e@20 The wavelength associated with the cutoff frequency 
for silver is 325 nm. Find the maximum kinetic energy of 
electrons ejected from a silver surface by ultraviolet light of 
wavelength 254 nm. 


ee241 Light of wavelength 200 nm shines on an aluminum 
surface; 4.20 eV is required to eject an electron. What is the 
kinetic energy of (a) the fastest and (b) the slowest ejected 
electrons? (c) What is the stopping potential for this situa- 
tion? (d) What is the cutoff wavelength for aluminum? SS™ 


ee22 An orbiting satellite can become charged by the pho- 
toelectric effect when sunlight ejects electrons from its outer 
surface. Satellites must be designed to minimize such charg- 
ing. Suppose a satellite is coated with platinum, a metal with a 
very large work function (® = 5.32 eV). Find the longest 
wavelength of incident sunlight that can eject an electron 
from the platinum. 


ee23 (a) If the work function for a certain metal is 1.8 eV, 
what is the stopping potential for electrons ejected from the 
metal when light of wavelength 400 nm shines on the metal? 
(b) What is the maximum speed of the ejected electrons? 


ee24 Suppose the fractional efficiency of a cesium surface 
(with work function 1.80 eV) is 1.0 x 10~'; that is, on average 
one electron is ejected for every 10° photons that reach the sur- 
face. What would be the current of electrons ejected from such a 
surface if it were illuminated with 600 nm light from a 2.00 mW 
laser and all the ejected electrons took part in the charge flow? 


ee25 X rays with a wavelength of 71 pm are directed onto a 
gold foil and eject tightly bound electrons from the gold atoms. 
The ejected electrons then move in circular paths of radius r in 
a region of uniform magnetic field B. For the fastest of the 
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ejected electrons, the product Br is equal to 1.88 X 1074 T- m. 
Find (a) the maximum kinetic energy of those electrons and 
(b) the work done in removing them from the gold atoms. 


®@26 Ina photoelectric experiment using a sodium surface, 
you find a stopping potential of 1.85 V for a wavelength of 
300 nm and a stopping potential of 0.820 V for a wavelength 
of 400 nm. From these data find (a) a value for the Planck con- 
stant, (b) the work function ® for sodium, and (c) the cutoff 
wavelength A, for sodium. 


sec. 38-4 Photons Have Momentum 

«27 What (a) frequency, (b) photon energy, and (c) photon 
momentum magnitude (in keV/c) are associated with x rays 
having wavelength 35.0 pm? 


*28 (a) In MeV/c, what is the magnitude of the momentum 
associated with a photon having an energy equal to the elec- 
tron rest energy? What are the (b) wavelength and (c) fre- 
quency of the corresponding radiation? 


°29 Light of wavelength 2.40 pm is directed onto a target 
containing free electrons. (a) Find the wavelength of light 
scattered at 30.0° from the incident direction. (b) Do the same 
for a scattering angle of 120°. SSM 


®e30 X rays of wavelength 0.0100 nm are directed in the 
positive direction of an x axis onto a target containing loosely 
bound electrons. For Compton scattering from one of those 
electrons, at an angle of 180°, what are (a) the Compton shift, 
(b) the corresponding change in photon energy, (c) the kinetic 
energy of the recoiling electron, and (d) the angle between the 
positive direction of the x axis and the electron’s direction of 
motion? 


ee31 Calculate the percentage change in photon energy 
during a collision like that in Fig. 38-5 for @ = 90° and for 
radiation in (a) the microwave range, with A = 3.0 cm; (b) the 
visible range, with A = 500 nm; (c) the x-ray range, with A = 
25 pm; and (d) the gamma-ray range, with a gamma photon 
energy of 1.0 MeV. (ec) What are your conclusions about the 
feasibility of detecting the Compton shift in these various 
regions of the electromagnetic spectrum, judging solely by 
the criterion of energy loss in a single photon-electron en- 
counter? 


°e32 Gamma rays of photon energy 0.511 MeV are 
directed onto an aluminum target and are scattered in various 
directions by loosely bound electrons there. (a) What is the 
wavelength of the incident gamma rays? (b) What is the wave- 
length of gamma rays scattered at 90.0° to the incident beam? 
(c) What is the photon energy of the rays scattered in this 
direction? 


®@33 Calculate the Compton wavelength for (a) an electron 
and (b) a proton. What is the photon energy for an electro- 
magnetic wave with a wavelength equal to the Compton 
wavelength of (c) the electron and (d) the proton? 


®@34 Show that when a photon of energy £ is scattered from 
a free electron at rest, the maximum kinetic energy of the 
recoiling electron is given by 
E2 
KS) = ae 
os women ta daGoNe. 


e@35 What are (a) the Compton shift AA, (b) the fractional 


Compton shift AA/A, and (c) the change AE in photon energy 
for light of wavelength A = 590 nm scattering from a free, 
initially stationary electron if the scattering is at 90° to the 
direction of the incident beam? What are (d) AA, (e) AA/A, and 
(f) AE for 90° scattering for photon energy 50.0 keV (x-ray 
range)? 


¢°36 What is the maximum kinetic energy of electrons 
knocked out of a thin copper foil by Compton scattering of an 
incident beam of 17.5 keV x rays? Assume the work function 


is negligible. GB 
°e3/ What percentage increase in wavelength leads to a 75% 
loss of photon energy in a photon—free electron collision? 


¢e38 A photon undergoes Compton scattering off a station- 
ary free electron. The photon scatters at 90.0° from its initial 
direction; its initial wavelength is 3.00 x 107” m. What is the 
electron’s kinetic energy? 


®e39 Consider a collision between an x-ray photon of initial 
energy 50.0 keV and an electron at rest, in which the photon is 
scattered backward and the electron is knocked forward. 
(a) What is the energy of the back-scattered photon? (b) What 
is the kinetic energy of the electron? 


2e4Q What is the maximum wavelength shift for a Compton 
collision between a photon and a free proton? 


ee44 Through what angle must a 200 keV photon be scat- 
tered by a free electron so that the photon loses 10% of its 
energy? 


sec. 38-6 Electrons and Matter Waves 
e42 Calculate the de Broglie wavelength of (a) a 1.00 keV 
electron, (b) a 1.00 keV photon, and (c) a 1.00 keV neutron. 


e43 Jn an old-fashioned television set, electrons are acceler- 
ated through a potential difference of 25.0 kV. What is the 
de Broglie wavelength of such electrons? (Relativity is not 
needed.) SSM 


ee44 A stream of protons, each with a speed of 0.9900c, are 
directed into a two-slit experiment where the slit separation is 
4.00 x 10°’ m. A two-slit interference pattern is built up on 
the viewing screen. What is the angle between the center of 
the pattern and the second minimum (to either side of the 
center)? 


e@45 What is the wavelength of (a) a photon with energy 
1.00 eV, (b) an electron with energy 1.00 eV, (c) a photon of 
energy 1.00 GeV, and (d) an electron with energy 1.00 GeV? 


ee46 An electron and a photon each have a wavelength of 
0.20 nm. What is the momentum (in kg: m/s) of the (a) elec- 
tron and (b) photon? What is the energy (in eV) of the (c) 
electron and (d) photon? 


ee47 Singly charged sodium ions are accelerated through a 
potential difference of 300 V. (a) What is the momentum 
acquired by such an ion? (b) What is its de Broglie wave- 
length? ssm www 


°e48 ‘The existence of the atomic nucleus was discovered in 
1911 by Ernest Rutherford, who properly interpreted some 
experiments in which a beam of alpha particles was scattered 
from a metal foil of atoms such as gold. (a) If the alpha par- 
ticles had a kinetic energy of 7.5 MeV, what was their de 
Broglie wavelength? (b) Explain whether the wave nature of 


the incident alpha particles should have been taken into 
account in interpreting these experiments. The mass of an 
alpha particle is 4.00 u (atomic mass units), and its distance of 
closest approach to the nuclear center in these experiments 
was about 30 fm. (The wave nature of matter was not postu- 
lated until more than a decade after these crucial experiments 
were first performed.) 


e@49 The wavelength of the yellow spectral emission line of 
sodium is 590 nm. At what kinetic energy would an electron 
have that wavelength as its de Broglie wavelength? SSM 


©e50 Electrons accelerated to an energy of 50 GeV have a 
de Broglie wavelength A small enough for them to probe the 
structure within a target nucleus by scattering from the struc- 
ture. Assume that the energy is so large that the extreme rela- 
tivistic relation p = E/c between momentum magnitude p and 
energy E applies. (In this extreme situation, the kinetic energy 
of an electron is much greater than its rest energy.) (a) What is 
A? (b) If the target nucleus has radius R = 5.0 fm, what is the 
ratio R/A? 


ee51 A nonrelativistic particle is moving three times as fast 
as an electron. The ratio of the de Broglie wavelength of the 
particle to that of the electron is 1.813 X 10~*. By calculating 
its mass, identify the particle. 


ee52 What are (a) the energy of a photon corresponding to 
wavelength 1.00 nm, (b) the kinetic energy of an electron with 
de Broglie wavelength 1.00 nm, (c) the energy of a photon 
corresponding to wavelength 1.00 fm, and (d) the kinetic 
energy of an electron with de Broglie wavelength 1.00 fm? 


®e53 The highest achievable resolving power of a micro- 
scope is limited only by the wavelength used; that is, the 
smallest item that can be distinguished has dimensions about 
equal to the wavelength. Suppose one wishes to “see” inside 
an atom. Assuming the atom to have a diameter of 100 pm, 
this means that one must be able to resolve a width of, say, 
10 pm. (a) If an electron microscope is used, what minimum 
electron energy is required? (b) If a light microscope is used, 
what minimum photon energy is required? (c) Which micro- 
scope seems more practical? Why? 


2054 What accelerating voltage would be required for the 
electrons of an electron microscope if the microscope is to 
have the same resolving power as could be obtained using 
100 keV gamma rays? (See Problem 53 and assume classical 
physics holds.) 


eee55 If the de Broglie wavelength of a proton is 100 fm, 
(a) what is the speed of the proton and (b) through what 
electric potential would the proton have to be accelerated to 
acquire this speed? 


sec. 38-7 Schrédinger’s Equation 

2°56 (a) Write the wave function w(x) displayed in Eq. 38-19 
in the form (x) = a + ib, where a and b are real quantities. 
(Assume that % is real.) (b) Write the time-dependent wave 
function W(x, ¢) that corresponds to w(x) written in this form. 


¢e57 Show that Eq. 38-17 is indeed a solution of Eq. 38-16 
by substituting w(x) and its second derivative into Eq. 38-16 
and noting that an identity results. 


®°58 (a) Letn =a + ib be a complex number, where a and 
b are real (positive or negative) numbers. Show that the prod- 
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uct nn* is always a positive real number. (b) Let m = c + id be 
another complex number. Show that Imm = In| Imi. 


ee59 Show that the angular wave number k for a nonrela- 
tivistic free particle of mass m can be written as 


277 V2mK 


k= i 


in which K is the particle’s kinetic energy. SSM 


®®60 Suppose we put A = 0 in Eq. 38-17 and relabeled B as 
W%. (a) What would the resulting wave function then describe? 
(b) How, if at all, would Fig. 38-12 be altered? 


e671 The function (x) displayed in Eq. 38-19 describes a 
free particle, for which we assumed that U(x)=0 in 
Schr6édinger’s equation (Eq. 38-15). Assume now that U(x) = 
U,) = aconstant in that equation. Show that Eq. 38-19 is still a 
solution of Schrédinger’s equation, with 


k= TE — U) 


h 


now giving the angular wave number k of the particle. SSM 


e¢62 In Eq. 38-18 keep both terms, putting A = B = y%&. The 
equation then describes the superposition of two matter 
waves of equal amplitude, traveling in opposite directions. 
(Recall that this is the condition for a standing wave.) 
(a) Show that I'V(x, t)I* is then given by 


IP (x, Pr = 2Wé[1 + cos 2kx]. 


(b) Plot this function, and demonstrate that it describes the 
square of the amplitude of a standing matter wave. (c) Show 
that the nodes of this standing wave are located at 


x = (Qn + 1)GA), where m = 0,1,2,3,... 


and X is the de Broglie wavelength of the particle. (d) Write a simi- 
lar expression for the most probable locations of the particle. 


sec. 38-8 Heisenberg’s Uncertainty Principle 

63 The uncertainty in the position of an electron along an x 
axis 1S given as 50 pm, which is about equal to the radius of a hy- 
drogen atom. What is the least uncertainty in any simultaneous 
measurement of the momentum component p, of this electron? 


ee64 You will find in Chapter 39 that electrons cannot move 
in definite orbits within atoms, like the planets in our solar 
system. To see why, let us try to “observe” such an orbiting elec- 
tron by using a light microscope to measure the electron’s pre- 
sumed orbital position with a precision of, say, 10 pm (a typical 
atom has a radius of about 100 pm). The wavelength of the light 
used in the microscope must then be about 10 pm. (a) What 
would be the photon energy of this light? (b) How much energy 
would such a photon impart to an electron in a head-on colli- 
sion? (c) What do these results tell you about the possibility of 
“viewing” an atomic electron at two or more points along its 
presumed orbital path? (Hint: The outer electrons of atoms are 
bound to the atom by energies of only a few electron-volts. ) 


ee65 Figure 38-12 shows a case in which the momentum 
component p, of a particle is fixed so that Ap, = 0; then, from 
Heisenberg’s uncertainty principle (Eq. 38-20), the position x 
of the particle is completely unknown. From the same prin- 
ciple it follows that the opposite is also true; that is, if the 
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position of a particle is exactly known (Ax = 0), the uncer- 
tainty in its momentum 1s infinite. 

Consider an intermediate case, in which the position of a 
particle is measured, not to infinite precision, but to within 
a distance of A/27, where A is the particle’s de Broglie wave- 
length. Show that the uncertainty in the (simultaneously mea- 
sured) momentum component is then equal to the component 
itself; that is, Ap, = p. Under these circumstances, would a 
measured momentum of zero surprise you? What about a 
measured momentum of 0.5p? Of 2p? Of 12p? 


sec. 38-9 Barrier Tunneling 

#e6& (a) Suppose a beam of 5.0 eV protons strikes a poten- 
tial energy barrier of height 6.0 eV and thickness 0.70 nm, at 
a rate equivalent to a current of 1000 A. How long would 
you have to wait—on average—for one proton to be trans- 
mitted? (b) How long would you have to wait if the beam 
consisted of electrons rather than protons? € 


Problem 38-7. What percentage change in the transmission 
coefficient T occurs for a 1.0% change in (a) the barrier 
height, (b) the barrier thickness, and (c) the kinetic energy of 
the incident electron? ssm www 


ee68 Consider a potential energy barrier like that of Fig. 
38-15 but whose height U, is 6.0 eV and whose thickness L is 
0.70 nm. What is the energy of an incident electron whose 
transmission coefficient 1s 0.0010? 


769 A 3.0 MeV proton is incident on a potential energy 
barrier of thickness 10 fm and height 10 MeV. What are (a) 
the transmission coefficient 7, (b) the kinetic energy K, the 
proton will have on the other side of the barrier if it tunnels 
through the barrier, and (c) the kinetic energy K, it will have 
if it reflects from the barrier? A 3.0 MeV deuteron (the same 
charge but twice the mass as a proton) is incident on the same 
barrier. What are (d) 7, (e) K,, and (f) K,? 


Additional Problems 
70 In about 1916, R. A. Millikan found the following stopping- 
potential data for lithium in his photoelectric experiments: 


Wavelength(nm) 433.9 4047 365.0 312.5 253.5 
Stopping 
potential (V) 0.55 0-73 1.09 1.67 LF 


Use these data to make a plot like Fig. 38-2 (which is for 
sodium) and then use the plot to find (a) the Planck constant 
and (b) the work function for lithium. 


7% Derive Eq. 38-11, the equation for the Compton shift, 
from Eqs. 38-8, 38-9, and 38-10 by eliminating v and 90. 


72 Neutrons in thermal equilibrium with matter have an 
average kinetic energy of (3/2)kKT, where k is the Boltzmann 
constant and 7, which may be taken to be 300 K, is the tem- 
perature of the environment of the neutrons. (a) What is the 
average kinetic energy of such a neutron? (b) What is the 
corresponding de Broglie wavelength? 


73 Consider a balloon filled with helium gas at room tem- 
perature and atmospheric pressure. Calculate (a) the average 
de Broglie wavelength of the helium atoms and (b) the aver- 
age distance between atoms under these conditions. The 
average kinetic energy of an atom is equal to (3/2)kT, where k 


is the Boltzmann constant. (c) Can the atoms be treated as 
particles under these conditions? Explain. 


74 (a) The smallest amount of energy needed to eject an 
electron from metallic sodium is 2.28 eV. Does sodium show 
a photoelectric effect for red light, with A = 680 nm? (b) What 
is the cutoff wavelength for photoelectric emission from 
sodium? (c) To what color does that wavelength correspond? 


75 A spectral emission line is electromagnetic radiation that is 
emitted in a wavelength range narrow enough to be taken as a 
single wavelength. One such emission line that is important in 
astronomy has a wavelength of 21 cm. What is the photon en- 
ergy in the electromagnetic wave at that wavelength? 


76 Using the classical equations for momentum and kinetic 
energy, show that an electron’s de Broglie wavelength in nan- 
ometers can be written as A = 1.226/V K, in which K is the 
electron’s kinetic energy in electron-volts. 


77 A bullet of mass 40 g travels at 1000 m/s. Although the 
bullet is clearly too large to be treated as a matter wave, deter- 
mine what Eq. 38-13 predicts for the de Broglie wavelength of 
the bullet at that speed. 


78 Figure 38-12 shows that because of Heisenberg’s uncer- 
tainty principle, it is not possible to assign an x coordinate to 
the position of the electron. (a) Can you assign a y or a Z 
coordinate? (Hint: The momentum of the electron has no y or 
z component.) (b) Describe the extent of the matter wave in 
three dimensions. 


79 Imagine playing baseball in a universe (not ours!) where 
the Planck constant is 0.60 J-s. What would be the uncertainty 
in the position of a 0.50 kg baseball that is moving at 20 m/s 
along an axis if the uncertainty in the speed is 1.0m/s? SSM 





80 <A 1500 kg car moving at 20 m/s approaches a hill that is 
24 m high and 30 m long. Although the car and hill are clearly too 
large to be treated as matter waves, determine what Eq. 38-21 
predicts for the transmission coefficient of the car, as if it could 
tunnel through the hill as a matter wave. Treat the hill as a poten- 
tial energy barrier where the potential energy 1s gravitational. 


81 Show that Iw? =|Wl?, with w and WV related as in Eq. 
38-14. That is, show that the probability density does not de- 
pend on the time variable. 


82 Show that AE/E, the fractional loss of energy of a photon 
during a collision with a particle of mass m, 1s given by 


AE hf’ 


apr oe oF eSo) 





where E is the energy of the incident photon, f’ 1s the frequency 
of the scattered photon, and dis defined as in Fig. 38-5. 





83 Show, by analyzing a collision between a photon and a 
free electron (using relativistic mechanics), that it is impossi- 
ble for a photon to transfer all its energy to a free electron 
(and thus for the photon to vanish). 


84 An electron of mass m and speed v “collides” with a 
gamma-ray photon of initial energy fj, as measured in the 
laboratory frame. The photon is scattered in the electron’s 
direction of travel. Verify that the energy of the scattered 
photon, as measured in the laboratory frame, is 


2hfy =a 
lt pea ee Y 
fa mc? 1 — vie 





Courtesy International Business Machines Corporation, Almaden Research Center, CA 


More About 
Matter Waves 


When this image from a scanning tunneling microscope was published 


by researchers at IBM's Almaden Research Center in California, it 
stunned many scientists and engineers. The image shows 48 iron atoms 
that the researchers “dragged” into place to form a circle 14._nm in 
diameter on a specially prepared copper surface. The arrangement is 
called a quantum corral because, as with a ranch corral that fences in 
livestock, this barrier of iron atoms can fence in something. 


The ripples are a hint of that something. 








The answer is in this chapter. 
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39-1 WHAT IS PHYSICS? 





One of the long-standing goals of physics has been to understand the nature of 
atoms. Early in the 20th century nobody knew how the electrons in an atom are 
arranged, what their motions are, how atoms emit or absorb light, or even why 
atoms are stable. Without this knowledge it was not possible to understand how 
atoms combine to form molecules or stack up to form solids. As a consequence, 
the foundations of chemistry—including biochemistry, which underlies the 
nature of life 1tself—were more or less a mystery. 

In 1926, all these questions and many others were answered with the devel- 
opment of quantum physics. Its basic premise is that moving electrons, protons, 
and particles of any kind are best viewed as matter waves, whose motions are 
governed by Schrédinger’s equation. Although quantum theory also applies to 
massive particles, there is no point in treating baseballs, automobiles, planets, 
and such objects with quantum theory. For such massive, slow-moving objects, 
Newtonian physics and quantum physics yield the same answers. 

Before we can apply quantum physics to the problem of atomic structure, 
we need to develop some insights by applying quantum ideas in a few simpler sit- 
uations. Some of these situations may seem simplistic and unreal, but they allow 
us to discuss the basic principles of the quantum physics of atoms without having 
to deal with the often overwhelming complexity of atoms. Besides, with the 
advances in nanotechnology, situations that were previously found only in text- 
books are now being produced in laboratories and put to use in modern electron- 
ics and materials science applications. We are on the threshold of being able to 
use the quantum corrals described in the chapter opening, as well as another type 
of construction called quantum dots, to create “designer atoms” whose properties 
can be manipulated in the laboratory. For both natural atoms and these artificial 
ones, the starting point in our discussion is the wave nature of an electron. 


39-2 | String Waves and Matter Waves 


In Chapter 16 we saw that waves of two kinds can be set up on a stretched string. 
If the string is so long that we can take it to be infinitely long, we can set up a trav- 
eling wave of essentially any frequency. However, if the stretched string has only 
a finite length, perhaps because it is rigidly clamped at both ends, we can set up 
only standing waves on it; further, these standing waves can have only discrete 
frequencies. In other words, confining the wave to a finite region of space leads to 
quantization of the motion— to the existence of discrete states for the wave, each 
state with a sharply defined frequency. 

This observation applies to waves of all kinds, including matter waves. 
For matter waves, however, it is more convenient to deal with the energy FE of the 
associated particle than with the frequency f of the wave. In all that follows we 
shall focus on the matter wave associated with an electron, but the results apply 
to any confined matter wave. 

Consider the matter wave associated with an electron moving in the posi- 
tive x direction and subject to no net force—a so-called free particle. The energy 
of such an electron can have any reasonable value, just as a wave traveling along 
a stretched string of infinite length can have any reasonable frequency. 

Consider next the matter wave associated with an atomic electron, perhaps 
the valence (least tightly bound) electron in a sodium atom. Such an electron— 
held within the atom by the attractive Coulomb force between it and the posi- 
tively charged nucleus —is not a free particle. It can exist only in a set of discrete 
states, each having a discrete energy EF. This sounds much like the discrete states 
and quantized frequencies that are available to a stretched string of finite length. 
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For matter waves, then, as for all other kinds of waves, we may state a confine- Vo-0 V=0 Vo 


ment principle: 
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One-Dimensional Traps 


Here we examine the matter wave associated with a nonrelativistic electron 
confined to a limited region of space. We do so by analogy with standing waves on 
a string of finite length, stretched along an x axis and confined between rigid 
supports. Because the supports are rigid, the two ends of the string are nodes, or 
points at which the string is always at rest. There may be other nodes along the 
string, but these two must always be present, as Fig. 16-23 shows. 

The states, or discrete standing wave patterns in which the string can oscil- 
late, are those for which the length L of the string is equal to an integer number 
of half-wavelengths. That is, the string can occupy only states for which 

L= = fOr = Wy 293% tens (39-1) 
Fach value of n identifies a state of the oscillating string; using the language of 
quantum physics, we can call the integer n a quantum number. 

For each state of the string permitted by Eq. 39-1, the transverse displace- 
ment of the string at any position x along the string is given by 


Yp(X) = A sin( 2 x forn = Ee Sy ey (39-2) 


in which the quantum number n identifies the oscillation pattern and A depends 
on the time at which you inspect the string. (Equation 39-2 is a short version of 
Eq. 16-60.) We see that for all values of n and for all times, there is a point of zero 
displacement (a node) at x = 0 and at x = L, as there must be. Figure 16-22 shows 
time exposures of such a stretched string for n = 2,3, and 4. 

Now let us turn our attention to matter waves. Our first problem is to physi- 
cally confine an electron that is moving along the x axis so that it remains within 
a finite segment of that axis. Figure 39-1 shows a conceivable one-dimensional 
electron trap. It consists of two semi-infinitely long cylinders, each of which has an 
electric potential approaching —%; between them is a hollow cylinder of length L, 
which has an electric potential of zero. We put a single electron into this central 
cylinder to trap it. 

The trap of Fig. 39-1 is easy to analyze but is not very practical. Single 
electrons can, however, be trapped in the laboratory with traps that are more 
complex in design but similar in concept. At the University of Washington, for 
example, a single electron has been held in a trap for months on end, permitting 
scientists to make extremely precise measurements of its properties. 


Finding the Quantized Energies 


Figure 39-2 shows the potential energy of the electron as a function of its position 
along the x axis of the idealized trap of Fig. 39-1. When the electron is in the 
central cylinder, its potential energy U (= —eV) is zero because there the poten- 
tial V is zero. If the electron could get outside this region, its potential energy 
would be positive and of infinite magnitude because there V — —~. We call the 
potential energy pattern of Fig. 39-2 an infinitely deep potential energy well or, 





x=Q w= i 


FIG. 39-1 The elements of an ideal- 
ized “trap” designed to confine an 
electron to the central cylinder. 

We take the semi-infinitely long end 
cylinders to be at an infinitely great 
negative potential and the central 
cylinder to be at zero potential. 





x 


0 i, 


FIG. 39-2. The electric potential en- 
ergy U(x) of an electron confined to 
the central cylinder of the idealized 
trap of Fig. 39-1. We see that U = 0 
for0<x< Land U—oforx <0 
anda a. 
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FIG. 39-3 Several of the allowed 
energies given by Eq. 39-4 for an 
electron confined to the infinite well 
of Fig. 39-2. Here width L = 100 pm. 
Such a plot is called an energy-level 
diagram. 





for short, an infinite potential well. It is a “well” because an electron placed in 
the central cylinder of Fig. 39-1 cannot escape from it. As the electron approaches 
either end of the cylinder, a force of essentially infinite magnitude reverses the 
electron’s motion, thus trapping it. Because the electron can move along only 
a single axis, this trap can be called a one-dimensional infinite potential well. 

Just like the standing wave in a length of stretched string, the matter wave 
describing the confined electron must have nodes at x = 0 and x = L. Moreover, 
Eq. 39-1 applies to such a matter wave if we interpret A in that equation as the 
de Broglie wavelength associated with the moving electron. 

The de Broglie wavelength A is defined in Eq. 38-13 as A = h/p, where p is the 
magnitude of the electron’s momentum. Because the electron is nonrelativistic, 
this momentum magnitude p is related to the electron’s kinetic energy K by 
p = \V2mK, where m is the mass of the electron. For an electron moving within 
the central cylinder of Fig. 39-1, where U = 0, the total (mechanical) energy F is 
equal to the kinetic energy. Hence, we can write the de Broglie wavelength of this 
electron as 


h h 
A=—= (39-3) 
Pp 2nE 
If we substitute Eq. 39-3 into Eq. 39-1 and solve for the energy E, we find that F 
depends on vn according to 





h? 
Beg ffesiee ake a L 
ae (= =n forn = 1) 2530nae (39-4) 


The positive integer n here is the quantum number of the electron’s quantum 
state in the trap. 

Equation 39-4 tells us something important: Because the electron is confined 
to the trap, it can have only the energies given by the equation. It cannot have 
an energy that is, say, halfway between the values for n = 1 and n = 2. Why this 
restriction? Because an electron is a matter wave. Were it, instead, a particle as 
assumed in classical physics, it could have any value of energy while it is confined 
to the trap. 

Figure 39-3 is a graph showing the lowest five allowed energy values for an 
electron in an infinite well with L = 100 pm (about the size of a typical atom). 
The values are called energy levels, and they are drawn in Fig. 39-3 as levels, or 
steps, on a ladder, in an energy-level diagram. Energy is plotted vertically; nothing 
is plotted horizontally. 

The quantum state with the lowest possible energy level FE, allowed by 
Eq. 39-4, with quantum number vn = 1, is called the ground state of the electron. 
The electron tends to be in this lowest energy state. All the quantum states with 
greater energies (corresponding to quantum numbers 1 = 2 or greater) are called 
excited states of the electron. The state with energy level F,, for quantum number 
n = 2,18 called the first excited state because it is the first of the excited states as 
we move up the energy-level diagram. Similarly, the state with energy level F3 1s 
called the second excited state. 





Energy Changes 


A trapped electron tends to have the lowest allowed energy and thus to be in its 
ground state. It can be changed to an excited state (in which it has greater energy) 
only if an external source provides the additional energy that is required for the 
change. Let E£),,, be the initial energy of the electron and Fj, be the greater 
energy in a state that is higher on its energy-level diagram. Then the amount of 
energy that is required for the electron’s change of state is 


WE Frign Aa leo (39-5) 
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FIG. 39-4 (a) Excitation of a trapped electron from the 
energy level of 1ts ground state to the level of its third ex- 
cited state. (b)—(d) Three of four possible ways the elec- 
tron can de-excite to return to the energy level of its 

(a) (b) (c) (d) ground state. (Which way is not shown?) 





An electron that receives such energy is said to make a quantum jump 
(or transition), or to be excited from the lower-energy state to the higher-energy 
state. Figure 39-4a represents a quantum jump from the ground state (with 
energy level F,) to the third excited state (with energy level F,). As shown, the 
jump must be from one energy level to another, but it can bypass one or more 
intermediate energy levels. 

One way an electron can gain energy to make a quantum jump up to a 
greater energy level is to absorb a photon. However, this absorption and quan- 
tum jump can occur only if the See condition is met: 



































Thus, excitation by the absorption of light requires that 
iim AE = nigh ~< ae (C256) 


When an electron reaches an excited state, it does not stay there but quickly 
de-excites by decreasing its energy. Figures 39-45 to d represent some of the possi- 
ble quantum jumps down from the energy level of the third excited state. The 
electron can reach its ground-state level either with one direct quantum jump 
(Fig. 39-45) or with shorter jumps via intermediate levels (Figs. 39-4c and d). 

One way in which an electron can decrease its energy is by emitting a pho- 
ton, but only if the following condition is met: 


m Ifa confined Secor emits a ohotene , the en energy hf of that photon must equal a 
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Thus, Eq. 39-6 applies to both the absorption and the emission of light by 
a confined electron. That is, the absorbed or emitted light can have only certain 
values of Af and thus only certain values of frequency f and wavelength A. 

Aside: Although Eq. 39-6 and what we have discussed about photon absorp- 
tion and emission can be applied to physical (real) electron traps, they actually 
cannot be applied to one-dimensional (unreal) electron traps. The reason 
involves the need to conserve angular momentum in a photon absorption or 
emission process. In this book, we shall neglect that need and use Eq. 39-6 even 
for one-dimensional traps. 


CHECKPOINT 1 Rank the following pairs of quantum states for an electron 
confined to an infinite well according to the energy differences between the states, 
greatest first:(a)n = 3ton = 1,(b)n =5ton =4,(c)n = 4ton =3. 


Sample Problem Ea 


An electron is confined to a one-dimensional, infinitely | (a) What is the smallest amount of energy the electron 
deep potential energy well of width L = 100 pm. can have? 
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quantum number 7 a positive integer. 


Lowest energy level: Here, the collection of constants 


in front of n? in Eq. 39-4 is evaluated as 


2 (6.63 X 10-34 J-s) 


8mL?2 — (8)(9.11 X 1073! kg)(100 x 10~-? my? 


= 6.031 x 10~** J. 


The smallest amount of energy the electron can have cor- 
responds to the lowest quantum number, which isn = 1 
for the ground state of the electron. Thus, Eqs. 39-4 and 


39-7 give us 





Sm L? 
= 6.03 x 10-8 J = 37.7 eV. 


2 
E,= ( : )re = (6.031 x 10-18 J)(12) 


(b) How much energy must be transferred to the electron 
if it is to make a quantum jump from its ground state to 


its second excited state? 





quired change in its energy is, from Eq. 39-5, 


AF, = E, = FE). 


Upward jump: The energies E; and E, depend on the 
quantum number n, according to Eq. 39-4. Therefore, 
substituting that equation into Eq. 39-8 for energies EF; 


and £, and using Eq. 39-7 lead to 





se (is) 07~ (he) 


h2 
ene) 
= (6.031 x 10-18 J)(8) 


= 4.83 x 10°" J = 301 eV. 





(c) If the electron gains the energy for the jump from en- 
ergy level E; to energy level £3 by absorbing light, what 


light wavelength is required? 





Otherwise, a photon cannot be absorbed. 


Daiichi! Confinement of the electron (a matter 
wave) to the well leads to quantization of its energy. 
Because the well is infinitely deep, the allowed energies 
are given by Eq. 39-4 (E, = (h*7/8mL7)n’), with the 


usald ceaae First a caution: Note that, from Fig. 39-3, the 
second excited state corresponds to the third energy 
level, with quantum number n = 3. Then if the electron is 
to jump from the n = 1 level to the n = 3 level, the re- 


iahlianeace (1) If light is to transfer energy to the elec- 
tron, the transfer must be by photon absorption. (2) The 
photon’s energy must equal the energy difference AE be- 
tween the initial energy level of the electron and 
a higher level, according to Eq. 39-6 (hf= AE). 


Wavelength: Substituting c/A for f, we can rewrite 
Eq. 39-6 as Pe 

A = ——. ~ 

= Te (39-9) 
For the energy difference AE3, we found in (b), this 
equation gives us 





i he 
AE;3, 
(6.63 X 10°-** J-s)(2.998 x 10° m/s) 
7 4.83 x 10-179 
= 412 x 10°? m. (Answer) 


(d) Once the electron has been excited to the second 
excited state, what wavelengths of light can it emit by 
de-excitation? 


ey 1c: 


1. The electron tends to de-excite, rather than remain in an 
excited state, until it reaches the ground state (n = 1). 


2. If the electron is to de-excite, it must lose just 
enough energy to jump to a lower energy level. 


3. If it is to lose energy by emitting light, then the loss 
of energy must be by emission of a photon. 


Downward jumps: Starting in the second excited state 
(at the 7 = 3 level), the electron can reach the ground state 
(n = 1) by either making a quantum jump directly to the 
ground-state energy level (Fig. 39-5a) or by making two 
separate jumps by way of the n = 2 level (Figs. 39-55 and c). 

The direct jump involves the same energy differ- 
ence AF, we found in (c). Then the wavelength is the 
same as we calculated in (c)—except now the wave- 
length 1s for light that is emitted, not absorbed. Thus, the 
electron can jump directly to the ground state by emit- 
ting light of wavelength 


A = 4.12 X 107? m. (Answer) 


Following the procedure of part (b), you can show 
that the energy differences for the jumps of Figs. 39-5b 
and c are 


AEy = 3.016X10-'7J and AE, = 1.809 X 107173. 


E E 





FIG. 39-5 De-excitation from the second excited state to the 
ground state either directly (a) or via the first excited state (b,c). 
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From Eq. 39-9, we then find that the wavelength of the light and the wavelength of the light emitted in the second of 
emitted in the first of these jumps (from n=3 to these jumps (from = 2 ton = 1)is 


n = 2)is 
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If we solve Schrédinger’s equation for an electron trapped in a one-dimensional 
infinite potential well of width L, we find that the wave functions for the electron 
are given by 


P(x) = A sin( 2 x fOr, 23, 4 oe (39-10) 


for 0 = x = L (the wave function is zero outside that range). We shall soon evalu- 
ate the amplitude constant A in this equation. 

Note that the wave functions y,,(x) have the same form as the displacement 
functions y,(x) for a standing wave on a string stretched between rigid supports 
(see Eq. 39-2). We can picture an electron trapped in a one-dimensional well 
between infinite-potential walls as being a standing matter wave. 


Probability of Detection 


The wave function w(x) cannot be detected or directly measured in any way — 
we cannot simply look inside the well to see the wave the way we can see, say, 
a wave in a bathtub of water. All we can do is insert a probe of some kind to try to 
detect the electron. At the instant of detection, the electron would materialize at 
the point of detection, at some position along the x axis within the well. 

If we repeated this detection procedure at many positions throughout the 
well, we would find that the probability of detecting the electron is related to the 
probe’s position x in the well. In fact, they are related by the probability density 
w;(x). Recall from Section 38-7 that in general the probability that a particle can 
be detected in a specified infinitesimal volume centered on a specified point is 
proportional to |y7|. Here, with the electron trapped in a one-dimensional well, 
we are concerned only with detection of the electron along the x axis. Thus, the 
probability density W7(x) here is a probability per unit length along the x axis. 
(We can omit the absolute value sign here because y,,(x) in Eq. 39-10 is a real 
quantity, not a complex one.) The probability p(x) that an electron can be 
detected at position x within the well is 


probability density w2(x) 
at position x 


of detection in width dx 


probability p(x) 
centered on position x ( 


(width dx), 
or p(x) = W2(x) dx. (39-11) 


From Eq. 39-10, we see that the probability density w(x) for the trapped 
electron is 


ih) Ae sine( 2 x) Ole = le ee (39-12) 


for the range 0 =x <= L (the probability density is zero outside that range). 
Figure 39-6 shows i?(x) for n = 1, 2,3, and 15 for an electron in an infinite well 
whose width L is 100 pm. 


A = 6.60 X 107? m, (Answer) TK =Ael O'S 10? mm, (Answer) 





EL 
Vi 
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0 50 100 
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nm=2 
V5 
°O 50 100 
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FIG. 39-6 The probability density 
ys? (x) for four states of an electron 
trapped in a one-dimensional infinite 
well; their quantum numbers are n = 
1,2,3,and 15. The electron is most 
likely to be found where w(x) is 
greatest and least likely to be found 
where i?(x) is least. 
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To find the probability that the electron can be detected in any finite section 
of the well—say, between point x, and point x,— we must integrate p(x) between 
those points. Thus, from Eqs. 39-11 and 39-12, 


robability of detection %2 
\ )- | P(x) 


between x, and x, 
= | A? sin? (= x] dx. (69713) 


If classical physics prevailed, we would expect the trapped electron to be 
detectable with equal probabilities in all parts of the well. From Fig. 39-6 we see 
that it is not. For example, inspection of that figure or of Eq. 39-12 shows that for 
the state with n = 2, the electron is most likely to be detected near x = 25 pm and 
x = 75 pm. It can be detected with near-zero probability near x = 0, x = 50 pm, 
and x = 100 pm. 

The case of n = 15 in Fig. 39-6 suggests that as n increases, the probability of 
detection becomes more and more uniform across the well. This result is an 
instance of a pelcta) Pee called the correspondence principle: 


» At large enough quantum numb manumbers the predictions of. quantum eee merge aeaeanern 














“smoothly ¥ with those of classical physics. peed te eset emer rants 








This principle, first advanced by Danish Tan Niels Bohr, holds for all quan- 
tum predictions. 


CHECKPOINT 2 The figure shows three infinite po- 
tential wells of widths L,2L, and 3L; each contains an electron 
in the state for which n = 10. Rank the wells according to (a) the 
number of maxima for the probability density of the electron 
and (b) the energy of the electron, greatest first. 





Normalization 





The product 2(x) dx gives the probability that an electron in an infinite well can 
be detected in the interval of the x axis that lies between x and x + dx. We know 
that the electron must be somewhere in the infinite well; so it must be true that 


+c 
| W(x) dx = 1 (normalization equation), (39-14) 


because the probability 1 corresponds to certainty. Although the integral is taken 
over the entire x axis, only the region from x = 0 to x = L makes any contribu- 
tion to the probability. Graphically, the integral in Eq. 39-14 represents the area 
under each of the plots of Fig. 39-6. 

In Sample Problem 39-2 we shall see that if we substitute W2(x) from 
Eq. 39-12 into Eq. 39-14, it is possible to assign a specific value to the amplitude 
constant A that appears in Eq. 39-12; namely, A = V2/L. This process of using 
Eq. 39-14 to evaluate the amplitude of a wave function is called normalizing the 
wave function. The process applies to all one-dimensional wave functions. 





Substituting n = 1 in Eq. 39-4 defines the state of lowest energy for an electron in 
an infinite potential well, the ground state. That is the state the confined electron 
will occupy unless energy is supplied to it to raise it to an excited state. 

The question arises: Why can’t we include n = 0 among the possibilities listed 
for n in Eq. 39-4? Putting n = 0 in this equation would indeed yield a ground- 
state energy of zero. However, putting n = 0 in Eq. 39-12 would also yield 
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w?(x) = O for all x, which we can interpret only to mean that there is no electron 
in the well. We know that there is;so n = 01s not a possible quantum number. 

It is an important conclusion of quantum physics that confined systems 
cannot exist in states with zero energy. They must always have a certain minimum 


energy called the zero-point energy. 


We can make the zero-point energy as small as we like by making the infinite well 
wider — that is, by increasing L in Eq. 39-4 for n = 1. In the limit as L — ~™, the zero- 
point energy £, approaches zero. In this limit, however, with an infinitely wide well, the 
electron is a free particle, no longer confined in the x direction. Also, because the energy 
of a free particle is not quantized, that energy can have any value, including zero. Only a 
confined particle must have a finite zero-point energy and can never be at rest. 


CHECKPOINT 3 


Each of the following particles is confined to an infinite 


well, and all four wells have the same width: (a) an electron, (b) a proton, (c) a 
deuteron, and (d) an alpha particle. Rank their zero-point energies, greatest first. The 


particles are listed in order of increasing mass. 


Sample Problem eed | 


Evaluate the amplitude constant A in Eq. 39-10 for an 
infinite potential well extending from x = Otox = L. 





(enables) The wave functions of Eq. 39-10 must sat- 
isfy the normalization requirement of Eq. 39-14, which 
states that the probability that the electron can be de- 
tected somewhere along the x axis is 1. 


Calculations: Substituting Eq. 39-10 into Eq. 39-14 and 
taking the constant A outside the integral yield 


£ 
a | sne( x) ane =k 


We have changed the limits of the integral from —° and 
+c to 0 and L because the wave function is zero outside 
these new limits (so there’s no need to integrate out there). 

We can simplify the indicated integration by changing 
the variable from x to the dimensionless variable y, where 


(39-15) 


yaad, (39-16) 
hence dx = a dy. 
NT 


When we change the variable, we must also change the in- 
tegration limits (again). Equation 39-16 tells us that 
y = 0 when x = 0 and that y = nz when x = L; thus 0 and 
nv are our new limits. With all these substitutions, Eq. 39- 
15 becomes 


L aw 
A? =| (sin? y) dy =]. 


We can use integral 11 in Appendix E to evaluate the in- 
tegral, obtaining the equation 











Ask.| » qpusit Qype ; 
NGI Zz 4 0 
Evaluating at the limits yields 
oe ee 
nr 2 
2 
thus A= J (Answer) (39-17) 


This result tells us that the dimension for A’, and thus 
for w2(x), is an inverse length. This is appropriate be- 
cause the probability density of Eq. 39-12 is a probabil- 
ity per unit length. 


Sample Problem Eze 


A ground-state electron is trapped in the one-dimensional 
infinite potential well of Fig. 39-2, with width L = 100 pm. 


(a) What is the probability that the electron can be de- 
tected in the left one-third of the well (x, = 0 tox, = L/3)? 





KEY IDEAS (1) If we probe the left one-third of the 
well, there is no guarantee that we will detect the elec- 
tron. However, we can calculate the probability of de- 


tecting it with the integral of Eq. 39-13. (2) The 
probability very much depends on which state the elec- 
tron is in—that is, the value of quantum number n. 


Calculations: Because here the electron is in the 
ground state, we set m = 1 in Eq. 39-13. We also set the 
limits of integration as the positions x, = 0 and x, = L/3 
and, from Sample Problem 39-2, set the amplitude con- 
stant A as V2/L. We then see that 
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probability of detection)  [*° 2. ,fia 

( in left one-third — | in a (2 x] ae 
We could find this probability by substituting 100 x 
10~'* m for L and then using a graphing calculator or a 
computer math package to evaluate the integral. Instead, 
we shall follow the steps of Sample Problem 39-2. From 


Thus, we have 


—— of detection 


in left one-third }= OO ESNet) 


That is, if we repeatedly probe the left one-third of the 
well, then on average we can detect the electron with 
20% of the probes. 


Lieb ob ES) ool vba coh etual oly Quilsch stint veballols2 77 (b) What is the probability that the electron can be de- 


tected in the middle one-third of the well (between x, = 


on L 


From the first of these equations, we find the new limits 
of integration to be y, = 0 for x, = 0 and y, = w/3 for 


X, = L/3.We then must evaluate 
2 L m3 
probability = (2) (+) (sin’ y) dy. probability of detection in the entire well is 1. Thus, the prob- 
ie ability of detection in the middle one-third of the well is 


Using integral 11 in Appendix E, we then find ( 


Reasoning: We now know that the probability of detection 
in the left one-third of the well is 0.20. By symmetry, the 
probability of detection in the right one-third of the well is 
also 0.20. Because the electron is certainly in the well, the 


probability of detection 


probability = 2 (2 = suzy)" =O0 in middle one-third 
ON = 0.60. 


= be 20 02) 


(Answer) 
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A potential energy well of infinite depth is an idealization. Figure 39-7 shows 
a realizable potential energy well—one in which the potential energy of an elec- 
tron outside the well is not infinitely great but has a finite positive value Up, called 
the well depth. The analogy between waves on a stretched string and matter 
waves fails us for wells of finite depth because we can no longer be sure that 
matter wave nodes exist at x = 0 and at x = L. (As we shall see, they don’t.) 

To find the wave functions describing the quantum states of an electron in 
the finite well of Fig. 39-7, we must resort to Schrédinger’s equation, the basic 
equation of quantum physics. From Section 38-7 recall that, for motion in one 
dimension, we use Schrédinger’s equation in the form of Eq. 38-15: 


d*y 81m 
— 
dx? h? 





FIG. 39-7 A finite potential energy 
well. The depth of the well is U, and 
its width is L. As in the infinite po- 
tential well of Fig. 39-2, the motion of 
the trapped electron is restricted to 
the x direction. 








[E — U(x) |v = 0. (39-18) 
Rather than attempting to solve this equation for the finite well, we simply state 
the results for particular numerical values of Up) and L. Figure 39-8 shows three 
results as graphs of ys2(x), the probability density, for a well with U) = 450 eV and 
L = 100 pm. 

The probability density w2(x) for each graph in Fig. 39-8 satisfies Eq. 39-14, 
the normalization equation; so we know that the areas under all three probability 
density plots are numerically equal to 1. 

If you compare Fig. 39-8 for a finite well with Fig. 39-6 for an infinite well, you 
will see one striking difference: For a finite well, the electron matter wave 
penetrates the walls of the well—into a region in which Newtonian mechanics 
says the electron cannot exist. This penetration should not be surprising because 
we saw in Section 38-9 that an electron can tunnel through a potential energy 
barrier. “Leaking” into the walls of a finite potential energy well is a similar 


FIG. 39-8 The first three probability densities w(x) for an electron confined to a finite poten- 
tial well of depth Up = 450 eV and width L = 100 pm. The only quantum states the electron can 
have in this well are those that have quantum numbers n = 1,2,3,and 4. 





29-5 | An Electron ina Finite Well [7 4/8\°2' 


phenomenon. From the plots of * in Fig. 39-8, we see that the leakage is greater 
for greater values of quantum number n. 

Because a matter wave does leak into the walls of a finite well, the wave- 
length A for any given quantum state is greater when the electron is trapped in 


a finite well than when it is trapped in an infinite well. Equation 39-3 (A =. 


h/N2mE) then tells us that the energy £ for an electron in any given state is less in 
the finite well than in the infinite well. 

That fact allows us to approximate the energy-level diagram for an electron 
trapped in a finite well. As an example, we can approximate the diagram for the 
finite well of Fig. 39-8, which has width L = 100 pm and depth Uy = 450 eV. The 
energy-level diagram for an infinite well of that width is shown in Fig. 39-3. First 
we remove the portion of Fig. 39-3 above 450 eV. Then we shift the remaining 
four energy levels down, shifting the level for n = 4 the most because the wave 
leakage into the walls is greatest for n = 4. The result is approximately the 
energy-level diagram for the finite well. The actual diagram is Fig. 39-9. 

In that figure, an electron with an energy greater than Uy (= 450 eV) has 
too much energy to be trapped in the finite well. Thus, it is not confined, and its 
energy is not quantized; that is, its energy is not restricted to certain values. To 
reach this nonquantized portion of the energy-level diagram and thus to be free, 
a trapped electron must somehow obtain enough energy to have a mechanical 
energy of 450 eV or greater. 


_7 Nonquantized 
450 — Top of well 

a til alain was EO ie aie he 10/268 
be 
o 
cS 
eS fe eV 

* Fy =106eV 





FIG. 39-9 ‘The energy-level diagram 
corresponding to the probability densi- 
ties of Fig. 39-8. If an electron 1s trapped 
in the finite potential well, it can have 
only the energies corresponding ton = 
1,2,3, and 4. Ifit has an energy of 450 eV 
or greater, it is not trapped and its en- 
ergy is not quantized. 


Sample Problem Ezy 


Suppose a finite well with Up) = 450 eV and L = 100 pm 
confines a single electron in its ground state. 


(a) What wavelength of light is needed to barely free 
the electron from the potential well if the electron ab- 
sorbs a single photon from the light? 


KEY IDEAS 


(b) Can the ground-state electron absorb light with 
A = 2.00 nm? If so, what then 1s the electron’s energy? 





1. In (a) we found that light of 2.94 nm will just barely 





Siaidseaeel) For the electron to escape from the poten- 2 
tial well, it must receive enough energy to put it into the 
nonquantized energy region of Fig. 39-9. Thus, it must ton (hf = held). 
end up with an energy of at least Up (= 450 eV). 

Barely escaping: The electron is initially in its ground 
state, with an energy of E, = 27 eV. Thus, to barely be- 
come free, it must receive an energy of 


free the electron from the potential well. 


. We are now considering light with a shorter wave- 
length of 2.00 nm and thus a greater energy per pho- 


3. Hence, the electron can absorb a photon of this light. 
The energy transfer will not only free the electron 
but will also provide it with more kinetic energy. 
Further, because the electron is then no longer 


trapped, its energy is not quantized and thus there is 


U, — Ey = 450 eV — 27 eV = 423 eV. 


If it receives this energy from light, then it must absorb 
a photon with that much energy. From Eq. 39-6 (hf = 
Enigh — Ejow), With c/A substituted for f, we can then write 


no restriction on its kinetic energy. 


More than escaping: The energy transferred to the 
electron is the photon energy: 


he c (6.63 X 10~**J-s)(3.00 x 10° m/s) 
Pe par 2.00 X 10-9 m 
from which we find = 995 x 107!7J = 622 eV. 
h 
A= Peat From (a), the energy required to just barely free the 
0 Fy 


(423 eV)(1.60 X 10~'? J/eV) 


= 2.94 X 107? m = 2.94 nm. (Answer) 


Thus, if A = 2.94 nm, the electron just barely escapes. 


electron from the potential well is Up — E, (= 423 eV). 
The remainder of the 622 eV goes to kinetic energy. 
Thus, the kinetic energy of the freed electron is 


K > hy > (Cpe i) 


= 622 eV — 423 eV = 199 eV. (Answer) 


eS) Chapter 39 | More About Matter Waves 





FiG. 39-10 “Twosamples of powdered 
cadmium selenide, a semiconductor, dif- 
fering only in the size of their granules. 
Each granule serves as an electron trap. 
The lower sample has the larger granules 
and consequently the smaller spacing be- 
tween energy levels and the lower pho- 
ton energy threshold for the absorption 
of light. Light not absorbed is scattered, 
causing the sample to scatter light of 
greater wavelength and appear red. The 
upper sample, because of its smaller 
granules, and consequently its larger 
level spacing and its larger energy 
threshold for absorption, appears yellow. 
(From Scientific American, January 
1993, page 122. Reproduced with permis- 
sion of Michael Steigerwald, Bell 
Labs—Lucent Technologies) 


FIG. 39-11 A quantum dot, or 
“artificial atom.” (a) A central semi- 
conducting layer forms a potential 
energy well in which electrons are 
trapped. The lower insulating layer is 
thin enough to allow electrons to be 
added to or removed from the cen- 
tral layer by barrier tunneling if an 
appropriate voltage is applied be- 
tween the leads. (b) A photograph of 
an actual quantum dot. The central 
purple band is the electron confine- 
ment region. (From Scientific 
American, September 1995, page 67. 
Image reproduced with permission of 
H. Temkin, Texas Tech University) 
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Here we discuss three types of artificial electron traps. 


Nanocrystallites 


Perhaps the most direct way to construct a potential energy well in the laboratory is to 
prepare a sample of a semiconducting material in the form of a powder whose gran- 
ules are small—in the nanometer range —and of uniform size. Each such granule— 
each nanocrystallite — acts as a potential well for the electrons trapped within it. 
Equation 39-4 (E = (h?/8mL7)n’) shows that we can increase the energy- 
level values of an electron trapped in an infinite well by reducing the width L of 
the well. This would also shift the photon energies that the well can absorb to 
higher values and thus shift the corresponding wavelengths to shorter values. 
These general results are also true for a well formed by a nanocrystallite. 
A given nanocrystallite can absorb photons with an energy above a certain 
threshold energy EF, (= Af,;) and thus wavelengths below a corresponding thresh- 
old wavelength ; a 


A. = = ; 39-19 
a a ae 


Light with any wavelength longer than A, is scattered by the nanocrystallite 
instead of being absorbed. The color we attribute to the nanocrystallite is then 
determined by the wavelength composition of the scattered light we intercept. 

If we reduce the size of the nanocrystallite, the value of E, is increased, the 
value of A, is decreased, and the light that is scattered to us changes in its wave- 
length composition. Thus, the color we attribute to the nanocrystallite changes. 
As an example, Fig. 39-10 shows two samples of the semiconductor cadmium 
selenide, each consisting of a powder of nanocrystallites of uniform size. The 
lower sample scatters light at the red end of the spectrum. The upper sample 
differs from the lower sample only in that the upper sample is composed of 
smaller nanocrystallites. For this reason its threshold energy E, is greater and, 
from Eq. 39-19, its threshold wavelength A, 1s shorter, in the green range of visible 
light. Thus, the sample now scatters both red and yellow. Because the yellow 
component happens to be brighter, the sample’s color is now dominated by the 
yellow. The striking contrast in color between the two samples is compelling 
evidence of the quantization of the energies of trapped electrons and the depen- 
dence of these energies on the size of the electron trap. 


ts 


The highly developed techniques used to fabricate computer chips can be used to 
construct, atom by atom, individual potential energy wells that behave, in many 
respects, like artificial atoms. These quantum dots, as they are usually called, have 
promising applications in electron optics and computer technology. 


Quantum Do 
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In one such arrangement, a “sandwich” is fabricated in which a thin layer of 
a semiconducting material, shown in purple in Fig. 39-11a, is deposited between 
two insulating layers, one of which is much thinner than the other. Metal end 
caps with conducting leads are added at both ends. The materials are chosen to 
ensure that the potential energy of an electron in the central layer is less than it is 
in the two insulating layers, causing the central layer to act as a potential energy 
well. Figure 39-115 is a photograph of an actual quantum dot; the well in which 
individual electrons can be trapped 1s the purple region. 

The lower (but not the upper) insulating layer in Fig. 39-11a is thin enough to 
permit electrons to tunnel through it if an appropriate potential difference is 
applied between the leads. In this way the number of electrons confined to the 
well can be controlled. The arrangement does indeed behave like an artificial 
atom with the property that the number of electrons it contains can be con- 
trolled. Quantum dots can be constructed in two-dimensional arrays that could 
well form the basis for computing systems of great speed and storage capacity. 


rrals 





Quant 


When a scanning tunneling microscope (described in Section 38-9) is in opera- 
tion, its tip exerts a small force on isolated atoms that may be located on an 
otherwise smooth surface. By careful manipulation of the position of the tip, such 
isolated atoms can be “dragged” across the surface and deposited at another 
location. Using this technique, scientists at IBM’s Almaden Research Center 
moved iron atoms across a carefully prepared copper surface, forming the atoms 
into a circle (Fig. 39-12), which they named a quantum corral. The result is 
shown in the photograph that opens this chapter. Each iron atom in the circle 
is nestled in a hollow in the copper surface, equidistant from three nearest- 
neighbor copper atoms. The corral was fabricated at a low temperature (about 
4 K) to minimize the tendency of the iron atoms to move randomly about on the 
surface because of their thermal energy. 

The ripples within the corral are due to matter waves associated with elec- 
trons that can move over the copper surface but are largely trapped in the poten- 
tial well of the corral. The dimensions of the ripples are in excellent agreement 
with the predictions of quantum theory. 


FIG. 39-42 A quantum corral during four 
stages of construction. Note the appearance 
of ripples caused by electrons trapped in the 
corral when it is almost complete. (Courtesy 
of International Business Machines 
Corporation, Almaden Research Center) 
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(0) 


(d) 
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In the next section, we shall discuss the hydrogen atom as being a three- 
dimensional finite potential well. As a warm-up for the hydrogen atom, let us 
extend our discussion of infinite potential wells to two and three dimensions. 


Rectangular Corral 





. Figure 39-13 shows the rectangular area to which an electron can be confined by 


FiG. 39-13 Arectangularcorral— the two-dimensional version of Fig. 39-2—a two-dimensional infinite potential 
a two-dimensional version of the well of widths L, and L, that forms a rectangular corral. The corral might be on 
infinite potential well of Fig.39-2— —_ the surface of a body that somehow prevents the electron from moving parallel 
with widths L, and L,. to the z axis and thus from leaving the surface. You have to imagine infinite 


potential energy functions (like U(x) in Fig. 39-2) along each side of the corral, 
keeping the electron within the corral. 

Solution of Schrédinger’s equation for the rectangular corral of Fig. 39-13 
shows that, for the electron to be trapped, its matter wave must fit into each of the 
two widths separately, just as the matter wave of a trapped electron must fit into 
a one-dimensional infinite well. This means the wave is separately quantized 
in width L, and in width L,. Let n, be the quantum number for which the 
matter wave fits into width L,, and let n, be the quantum number for which the 
matter wave fits into width L,. As with a one-dimensional potential well, 
these quantum numbers can be only positive integers. 

The energy of the electron depends on both quantum numbers and is the 
sum of the energy the electron would have if it were confined along the x axis 
alone and the energy it would have if it were confined along the y axis alone. 
From Eq. 39-4, we can write this sum as 


h2 ( h2 h2 ( n2 nz 
Enxny = 24 2-7 (ey S| (39-20 
a Gor Mm Vembe 8m V2? oa 


Excitation of the electron by photon absorption and de-excitation of the 
electron by photon emission have the same requirements as for one-dimensional 
traps. The only major difference for the two-dimensional corral is that the energy 
of any given state depends on two quantum numbers (n, and n,) instead of just 
one (n). In general, different states (with different pairs of values for n, and n,) 
have different energies. However, in some situations, different states can have the 
same energy. Such states (and their energy levels) are said to be degenerate. 
Degenerate states cannot occur in a one-dimensional well. 











Rectangular Box 


An electron can also be trapped in a three-dimensional infinite potential well — 
a box. If the box is rectangular as in Fig. 39-14, then Schrédinger’s equation shows 
us that we can write the energy of the electron as 


Evans = (3+ oS) 39-21 
nx,nynz Qn L2 1? L? . ( ' ) 











Here n, is a third quantum number, for fitting the matter wave into width L,. 
FIG. 39-14 A rectangular box— 


a three-dimensional version of the 
infinite potential well of Fig. 39-2 — 
with widths L,, L,,and L,. 


Sample Problem | 39-5 | 


An electron is trapped in a square corral that is a two- (a) Find the energies of the lowest five possible energy 
dimensional infinite potential well (Fig. 39-13) with levels for this trapped electron, and construct the corre- 
widths L, = L,. sponding energy-level diagram. 


CHECKPOINT 4 In the notation of Eq. 39-20, is Eoo, E10, Eo, or E,; the 
ground-state energy of an electron in a (two-dimensional) rectangular corral? 


Cai Because the electron is trapped in a two-di- 


mensional well that is rectangular, the electron’s energy 
depends on two quantum numbers, n, and n,, according 
to Eq. 39-20. 


Energy levels: Because the well here is square, we can let 
the widths be L, = L, = L.Then Eq. 39-20 simplifies to 
2 


E 


nx,ny —_ ee (e222) 


The lowest energy states correspond to low values of 
the quantum numbers n, and n,, which are the positive 
integers 1,2,...,%. Substituting those integers for n, and 
ny, in Eq. 39-22, starting with the lowest value 1, we can 
obtain the energy values as listed in Table 39-1. There we 
can see that several of the pairs of quantum numbers 
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Energy Levels 





"In multiples of h?/8mL?. 


such pair is associated with degenerate energy levels. 
Note also that, perhaps surprisingly, the (4, 1) and (1, 4) 


states have less energy than the (3, 3) state. 

From Table 39-1 (carefully keeping track of degen- 
erate levels), we can construct the energy-level diagram 
of Fig. 39-15. 


(b) As a multiple of h?/8mL7, what is the energy differ- 
ence between the ground state and the third excited 
state of the electron? 


(71,, Ny) give the same energy. For example, the (1, 2) and 
(2, 1) states both have an energy of 5(h7/8mL7). Each 


Energy difference: From Fig. 39-15, we see that the 
ground state is the (1, 1) state, with an energy of 
2(h?/8mL7). We also see that the third excited state (the 
third state up from the ground state in the energy-level 
diagram) is the degenerate (1,3) and (3, 1) states, with 
an energy of 10(h7/8mL7). Thus, the difference AE be- 
tween these two states is 


h2 h2 \- ( 2 
a 0 me 2( 8mL? ) ~ \ 8m? | 


(Answer) 


E (fh? /8mL?) 











FIG. 39-15 Energy-level diagram for 
an electron trapped in a square corral. 
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We now move from artificial and fictitious electron traps to natural ones—atoms. 
In this chapter we focus on the simplest example, a hydrogen atom. This atom 
consists of a single electron electrically bound to a proton, which is the only 
constituent of the atom’s nucleus at the atom’s center. Here we do not consider 
anything about the nucleus. Rather, we simply use the fact that the negatively 
charged electron is attracted by the Coulomb force to the positively charged 
proton. Because the proton mass is much greater than the electron mass, we 
assume that the proton is fixed in place and that the electron is confined to being 
near the proton. That 1s, the electron is trapped. 

We have now discussed at length that confinement of an electron means that 
the electron’s energy F is quantized and thus so is any change AF in its energy. 
In this section we want to calculate the quantized energies of the electron in a 
hydrogen atom. Before we apply the wave approach we used in infinite and finite 
potential wells, however, let’s explore the hydrogen atom at the dawn of quantum 
physics, when physicists first discovered that atoms are quantized systems. 

By the early 1900s, scientists understood that matter came in tiny pieces 
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Nucleus 


—Circular orbit 


* Flectron 


(a) 





FIG. 39-16 (a) Circular orbit of an 
electron in the Bohr model of the hy- 
drogen atom. (6) The Coulomb force 
F on the electron is directed radially 
inward toward the nucleus. 


called atoms and that an atom of hydrogen contained positive charge +e at its 
center and negative charge —e (an electron) outside that center. However, no one 
understood why the electrical attraction between the electron and the positive 
charge did not simply cause the two to collapse together. 

One clue came from the fact that a hydrogen atom cannot emit and absorb 
all wavelengths of visible light. Rather, it can emit and absorb only four particular 
wavelengths from the visible range. By guesswork, Johann Balmer devised a 
formula that gave those wavelengths: 

1 R( 1 1 ae 

5 Rar — G2) orn = 3,4,5, and 6, (39-23) 
where R is a constant. However, neither Balmer nor anyone else knew why the 
visible emission and absorption by a hydrogen atom are limited to the four wave- 
lengths given by this formula. Why doesn’t a hydrogen atom emit and absorb 
light at any visible wavelength? 

No one knew until 1913, when Bohr saw Balmer’s equation and quickly 
realized that he could derive it if he made several bold (completely unjustified) 
assumptions: (1) The electron in a hydrogen atom orbits the nucleus in a circle 
much like Earth orbits the Sun (Fig. 39-16a). (2) The magnitude of the angular 
momentum L of the electron in its orbit is restricted to the values 


L=nh, forn=1,2,3,..., (39-24) 


where hf (h-bar) is h/27 and n is a quantum number. Let’s see the results. 


The Orbital Radius Is Quantized in the Bohr Model 


Let’s examine the orbital motion of the electron in the Bohr model. The force 
holding the electron in an orbit of radius r is the Coulomb force. From Eq. 21-1, 
we know that the magnitude of this force is 


Iqy!lq 
F=f, 
r 


with k = 1/47re,. Here gq; is the charge —e of the electron and q> is the charge +e 
of the nucleus (the proton). The electron’s acceleration is the centripetal acceler- 
ation, with a magnitude given by a = v’/r, where v is the electron’s speed. Both 
force F and acceleration @ are radially inward (the negative direction on a radial 
axis), toward the nucleus (Fig. 39-165). Thus, we can write Newton’s second law 
(F = ma) for a radial axis as 


1 pe 2 
: — mn( - ) (39-25) 


Amey r? r 











where mm is the electron mass. 

We next introduce quantization by using Bohr’s assumption expressed 1n Eq. 39- 
24. From Eq. 11-19, the magnitude ¢ of the angular momentum of a particle of mass 
m and speed v moving in a circle of radius ris € = rmv sin ¢, where ¢ (the angle be- 
tween 7 and V) is 90°. Replacing L in Eq. 39-24 with rmv sin 90° gives us 


rmv = nh, 
h 
or y= (39-26) 
rm 


Substituting this equation into Eq. 39-25, replacing h with h/27, and rearranging, 
we find ie 
ae 


Z 


no orn — 1. oe en (39-27) 
7me 


We can rewrite this as 
Pane. Torn — i238. (39-28) 
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where a = —, = 5.291772 X 107" m = 52.92 pm. (39-29) 
me 
These last three equations tell us that, in the Bohr model of the hydrogen atom, 
the electron’s orbital radius 7 is quantized and the smallest possible orbital radius 
(for n = 1) is a, which is now called the Bohr radius. According to the Bohr 
model, the electron cannot get any closer to the nucleus than orbital radius a, and 
that is why the attraction between electron and nucleus does not simply collapse 
them together. 


Orbital Energy Is Quantized 


Let’s next find the energy of the hydrogen atom according to the Bohr model. 
The electron has kinetic energy K = smv?, and the electron—nucleus system has 
electric potential energy U = q,q,/4meor (Eq. 24-43). Again, let g, be the elec- 
tron’s charge ~e and q, be the nuclear charge +e. Then the mechanical energy is 


HE=kK+U 





il 2 
=! my? + (- £) (39-30) 


Ate) 1 
Solving Eq. 39-25 for mv? and substituting the result in Eq. 39-30 lead to 
1 2 
E=- a (39-31) 


STE) Fr 





Next, replacing r with its equivalent from Eq. 39-27, we have 


ail 
p= me 


s 8exh2 n2’ 





forn = 1,2,3,..., (39-32) 


where the subscript n on F signals that we have now quantized the energy. 
Evaluating the constants in Eq. 39-32 gives us 


2.180 X 10-18 J 13.61 eV 
yh ce Re Nal eed ey M23" es 4030133) 


n? n? 
This equation tells us that the energy E,, of the hydrogen atom is quantized; that is, 
E,, 1s restricted by its dependence on the quantum number n. Because the nucleus is 
assumed to be fixed in place and only the electron has motion, we can assign the en- 


ergy values of Eq. 39-33 either to the atom as a whole or to the electron alone. 





Energy Changes 


The energy of a hydrogen atom (or, equivalently, of its electron) changes when 
the atom emits or absorbs light. As we have seen several times since Eq. 39-6, 
emission and absorption involve a quantum of light according to 


hf = AE os Pps — Prva. (39-34) 


Let’s make three changes to Eq. 39-34. On the left side, we substitute c/A 
for f. On the right side, we use Eq. 39-32 twice to replace the energy terms. Then, 
with a simple rearrangement, we have 








| me?* ( 1 1 
— = — —__ | ——_  — —— ], 39-35 
r 8eqhrc \ Niign Ai ( ) 
We can rewrite this as 
1 1 1 
— = R( oe ) (39-36) 
A Now Nhigh 
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in which 
R = —_ — 1.997373 x 107m (39-37) 
8ephrc 
is now known as the Rydberg constant. 

Compare Eq. 39-36 from the Bohr model with Eq. 39-23 from Balmer’s 
work. In Eq. 39-36, if we replace n,.,, with 2 and then restrict Nyig, to be 3, 4,5, and 
6, we have Balmer’s equation. This match was a triumph for Bohr and ushered in 
the quantum physics of atoms. The triumph was short-lived, however, because 
even though the Bohr model gives the correct emission and absorption wave- 
lengths for the hydrogen atom, the model is not correct because the electron does 
not orbit the nucleus like a planet orbiting the Sun. Indeed, researchers found 
little success in extending the Bohr model to atoms more complicated than 
hydrogen. The reason for this lack of success is that an electron trapped in any 
atom is a matter wave confined to a potential well, and to find the resulting quan- 
tized energy values we must apply Schrédinger’s equation to the electron. 


39-9 | Schrédinger’s Equation and the Hydrogen Atom 


The potential well of a hydrogen atom depends on the electrical potential energy 
function 





U(r) = ——. (39-38) 


Because this well is three-dimensional, it is more complex than our previous one- 
and two-dimensional wells. Because this well is finite, it is more complex than 
the three-dimensional well of Fig. 39-14. Moreover, it does not have sharply 
defined walls. Rather, its walls vary in depth with radial distance r. Figure 39-17 is 
probably the best we can do in drawing the hydrogen potential well, but even that 
drawing takes much effort to interpret. 


Energy Levels and Spectra of the Hydrogen Atom 


Although we shall not do so here, we can apply Schrédinger’s equation for an 
electron trapped in the potential well given by Eq. 39-38. In doing so, we would 
find that the energy values are quantized and that, amazingly, those values are 
given by Eq. 39-33 just as for the (incorrect) Bohr model. Thus, changes AF in 
energy due to emission or absorption of light are given by Eq. 39-34, and the wave- 
lengths corresponding to AF are given by Eq. 39-36. Let’s explore these results. 
Figure 39-18 shows the energy levels corresponding to various values of n in 
Eq. 39-33. The lowest level, for n = 1, is the ground state of hydrogen. Higher 
levels correspond to excited states, just as we saw for our simpler potential traps. 
Note several differences, however. (1) The energy levels now have negative 
values rather than the positive values we previously chose in, for instance, Figs. 


FIG. 39-17 The potential U (eV) 


energy U of a hydrogen 600 400 900 | 200 


0 400 600 





atom as a function of the 
separation r between the 
electron and the central 
proton. The plot is shown 
twice (on the left and on the 
right) to suggest the three- 
dimensional spherically 
symmetric trap in which the 
electron is confined. 


r (pm) r (pm) 
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39-3 and 39-9. (2) The levels now become progressively closer as we 
move to higher levels. (3) The energy for the greatest value of n— 
namely, n = ©—1is now E£., = 0. For any energy greater than E., = 0, 
the electron and proton are not bound together (there is no hydro- 
gen atom), and the & > 0 region in Fig. 39-18 is like the nonquan- 
tized region for the finite well of Fig. 39-9. 

A hydrogen atom can jump between quantized energy levels by 
emitting or absorbing light at the wavelengths given by Eq. 39-36. 
Any such wavelength is often called a line because of the way it is 
detected with a spectroscope; thus, a hydrogen atom has absorption 
lines and emission lines. A collection of such lines, such as in those in 
the visible range, is called a spectrum of the hydrogen atom. 

The lines for hydrogen are said to be grouped into series, ac- 
cording to the level at which upward jumps start and downward 
jumps end. For example, the emission and absorption lines for all 
possible jumps up from the n = 1 level and down to the n = 1 level 
are said to be in the Lyman series, named after the person who first 
studied those lines. Further, we can say that the Lyman series has a 
home-base level of n = 1. Similarly, the Balmer series has a home-base 


Energy (eV) 


level of n = 2, and the Paschen series has a home-base level of n = 3. 14.0 Lyman series 
FIG. 39-18 A plot of Eq. 39-33, 
showing a few of the energy levels of 
the hydrogen atom. The transitions 
are grouped into series, each labeled 
with the name of a person. 


Some of the downward quantum jumps for these three series are shown in 
Fig. 39-18. Four lines in the Balmer series are in the visible range and are the ones 
Balmer studied. They are represented in Fig. 39-18 with arrows corresponding to 
their colors. The shortest of those arrows represents the shortest jump in the 
series, from the n = 3 level to the n = 2 level. Thus, that jump involves the small- 
est change in the electron’s energy and the smallest amount of emitted photon 
energy for the series. The emitted light is red. The next jump in the series, from 
n = 4 to n = 2, is longer, the photon energy is greater, the wavelength of the 
emitted light is shorter, and the light is green. The third, fourth, and fifth arrows 
represent longer jumps and shorter wavelengths. For the fifth jump, the emitted 
light is in the ultraviolet range and thus is not visible. 

The series limit of a series is the line produced by the jump between the 
home-base level and the highest energy level, which is the level with quantum 
number n = ~, Thus, the series limit is the shortest wavelength in the series. 
Figure 39-19 is a photograph of the Balmer emission lines taken with a spectro- 
scope (as in Figs. 36-24 and 36-25). The series limit for the series is marked with a 
small triangle. 

If a jump 1s upward into the nonquantized portion of Fig. 39-18, the electron’s 
energy is no longer given by Eq. 39-33 because the electron is no longer trapped 
in the atom. That is, the hydrogen atom has been ionized, meaning that the 
electron has been removed to a distance so great that the Coulomb force on it 
from the nucleus is negligible. The atom can be ionized if it absorbs any wave- 
length greater than the series limit. The free electron then has only kinetic energy 
K (= smv?, assuming a nonrelativistic situation). 


FIG. 39-19 The spectrum of emission lines for 
the Balmer series of the hydrogen atom (wave- 
lengths in nanometers). Whereas Fig. 39-18 
shows four transitions in this series, along with 
the series limit, this figure shows about a dozen 
lines of the series; note how they are progres- 
sively closer toward the series limit, which 1s 
marked with a triangle. (From W. Finkelburg, 
Structure of Matter, Springer-Verlag, 1964. 
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Quantum Num 





bers for the Hydrogen Atom 


Although the energies of the hydrogen atom states can be described by the single 
quantum number n, the wave functions describing these states require three 
quantum numbers, corresponding to the three dimensions in which the electron 
can move. The three quantum numbers, along with their names and the values 
that they may have, are shown in Table 39-2. 

Each set of quantum numbers (n, €, m-,) identifies the wave function of a particu- 
lar quantum state. The quantum number n, called the principal quantum number, ap- 
pears in Eq. 39-33 for the energy of the state. The orbital quantum number ¢ is a mea- 
sure of the magnitude of the angular momentum associated with the quantum state. 
The orbital magnetic quantum number 77; is related to the orientation in space of this 
angular momentum vector. The restrictions on the values of the quantum numbers 
for the hydrogen atom, as listed in Table 39-2, are not arbitrary but come out of the so- 
lution to Schrédinger’s equation. Note that for the ground state (n = 1), the restric- 
tions require that € = O and m, = 0. That is, the hydrogen atom in its ground state has 
zero angular momentum, which 1s not predicted by Eq. 39-24 in the Bohr model. 


fe HECKPOINT 5 (a) A group of quantum states of the hydrogen atom has 
n = 5. How many values of are possible for states in this group? (b) A subgroup of 
hydrogen atom states in the n = 5 group has € = 3. How many values of m, are possi- 
ble for states in this subgroup? 


The Wave Function of the Hydrogen Atom’s Ground State 
The wave function for the ground state of the hydrogen atom, as obtained by solving 
the three-dimensional Schrédinger equation and normalizing the result, is 


=a 


W(r) = ae e (ground state), (39-39) 
where a is the Bohr radius (Eq. 39-29). This radius is loosely taken to be the effec- 
tive radius of a hydrogen atom and turns out to be a convenient unit of length for 
other situations involving atomic dimensions. 

As with other wave functions, (7) in Eq. 39-39 does not have physical mean- 
ing but w?(r) does, being the probability density—the probability per unit vol- 
ume—that the electron can be detected. Specifically, w?(r) dV is the probability 
that the electron can be detected in any given (infinitesimal) volume element dV 
located at radius r from the center of the atom: 


probability of detection volume probability 
in volume dV = density w?(r) (volume dV). (39-40) 
at radius r at radius r 


Because y*(r) here depends only on r, it makes sense to choose, as a volume 
element dV, the volume between two concentric spherical shells whose radii are r 
andr + dr. That 1s, we take the volume element dV to be 


dV = (4nr?) dr, (39-41) 


in which 47r? is the surface area of the inner shell and dr is the radial distance 


TABLE 39-2 


Quantum Numbers for the Hydrogen Atom 


Symbol Name Allowed Values 
n Principal quantum number AS erect 
£ Orbital quantum number Opie ee i ak 


Me Orbital magnetic quantum number ges ees 1G) op gee (Cae leat 
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between the two shells. Then, combining Eqs. 39-39, 39-40, and 39-41 gives us 


probability of detection 
in volume dV 
at radius r 


A 
= W(r)dV =—,e “Yr dr. (39-42) 
a: 


Describing the probability of detecting an electron is easier if we work with a 
radial probability density P(r) instead of a volume probability density w*(r). This 
P(r) is a linear probability density such that 


radial probability with volume probability 
density P(r) : = density w?(r) (volume dV) 
— width dr 
at radius r at radius r 
or P(r) dr = W(r) dv. (39-43) 


Substituting for y?(r) dV from Eq. 39-42, we obtain 


4 
P ett ara 
(r) 3 r-e 


(radial probability density, hydrogen atom ground state). (39-44) 


Figure 39-20 is a plot of Eq. 39-44. The area under the plot is unity; that 1s, 
| P(r) dr = 1. 
0) 


This equation states that in a hydrogen atom, the electron must be somewhere in 
the space surrounding the nucleus. 

The triangular marker on the horizontal axis of Fig. 39-20 is located one Bohr radius 
from the origin. The graph tells us that in the ground state of the hydrogen atom, the 
electron is most likely to be found at about this distance from the center of the atom. 

Figure 39-20 conflicts sharply with the popular view that electrons in atoms 
follow well-defined orbits like planets moving around the Sun. This popular view, 
however familiar, is incorrect. Figure 39-20 shows us all that we can ever know 
about the location of the electron in the ground state of the hydrogen atom. The 
appropriate question is not “When will the electron arrive at such-and-such 
a point?” but “What are the odds that the electron will be detected in a small 
volume centered on such-and-such a point?” Figure 39-21, which we call a dot 
plot, suggests the probabilistic nature of the wave function and provides a useful 
mental model of the hydrogen atom in its ground state. Think of the atom in this 
state as a fuzzy ball with no sharply defined boundary and no hint of orbits. 

It is not easy for a beginner to envision subatomic particles in this probabilistic 
way. The difficulty is our natural impulse to regard an electron as something like a 
tiny jelly bean, located at certain places at certain times and following a well-defined 
path. Electrons and other subatomic particles simply do not behave in this way. 

The energy of the ground state, found by putting n = 1 in Eq. 39-33, is 
E, = —13.60 eV. The wave function of Eq. 39-39 results if you solve Schrédinger’s 
equation with this value of the energy. Actually, you can find a solution 
of Schrédinger’s equation for any value of the energy—say, E = —11.6 eV or 
—14.3 eV. This may suggest that the energies of the hydrogen atom states are not 
quantized — but we know that they are. 

The puzzle was solved when physicists realized that such solutions of 
Schrédinger’s equation are not physically acceptable because they yield increas- 
ingly large values as r — ~. These “wave functions” tell us that the electron is 
more likely to be found very far from the nucleus rather than closer to it, which 
makes no sense. We get rid of these unwanted solutions by imposing what is 
called a boundary condition, in which we agree to accept only solutions of 
Schrédinger’s equation for which y(r) 0 as r— ©; that is, we agree to deal 
only with confined electrons. With this restriction, the solutions of Schrddinger’s 
equation form a discrete set, with quantized energies given by Eq. 39-33. 


(39-45) 


P (7) (10 pm) 
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FIG. 39-20 A plot of the radial 
probability density P(r) for the 
ground state of the hydrogen atom. 
The triangular marker is located at 
one Bohr radius from the origin, and 
the origin represents the center of 
the atom. 





FIG. 39-21 A “dot plot” showing 
the volume probability density 
w?(r)—not the radial probability 
density P(r) —for the ground state of 
the hydrogen atom. The density of 
dots drops exponentially with in- 
creasing distance from the nucleus, 
which is represented here by a red 
spot. Such dot plots provide a mental 
image of the “electron cloud” of an 
atom. 
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Sample Problem za 


(a) What is the wavelength of light for the least ener- 
getic photon emitted in the Lyman series of the hydro- 
gen atom spectrum lines? 


Cauca (1) For any series, the transition that pro- 


duces the least energetic photon is the transition be- 
tween the home-base level that defines the series and 
the level immediately above it. (2) For the Lyman series, 
the home-base level is at n = 1 (Fig. 39-18). Thus, the 
transition that produces the least energetic photon 
is the transition from the n = 2 level to the n = 1 level. 


Calculations: From Eq. 39-33 the energy difference is 
1 | 
AE = EL, = EB, = — (13.60 eV) (+ —_ +) = 10.20 eV. 
Then from Eq. 39-6 (AE = hf), with c/A replacing f, we 
have 
y= he _ (6.63 X 10 ~*4 J-s)(3.00 x 10° m/s) 
AE (10.20 eV)(1.60 X 107"? J/eV) 


= 1.22 x 10°7m = 122 nm. (Answer) 


Light with this wavelength is in the ultraviolet range. 


(b) What is the wavelength of the series limit for the 
Lyman series? 


cry The series limit corresponds to a jump be- 


tween the home-base level (n = 1 for the Lyman series) 
and the level at the limit n = ~. 


Calculations: Now that we have identified the values 
of n for the transition, we could proceed as in (a) to find 
the corresponding wavelength .. Instead, let’s use a 
more direct procedure. From Eq. 39-36, we find 


1 1 1 
baat) 
r te Neigh 


1 1 
= 1.097 373 x 107 m = 4). 


{2 002 








which yields 
A = 9.11, X 1078 m = 91.1 nim. 


Light with this wavelength is also in the ultraviolet range. 


(Answer) 


Sample Problem fecae 


Show that the radial probability density for the ground 
state of the hydrogen atom has a maximum at r = a. 


Fee (1) The radial probability density for a 


ground-state hydrogen atom is given by Eq. 39-44, 
4 
P =e ~2rla 
(r) pre 


(2) To find the maximum (or minimum) of any function, 
we must differentiate the function and set the result 
equal to zero. 


Calculation: If we differentiate P(r) with respect to r, 
using derivative 7 of Appendix E and the chain rule for 


differentiating products, we get 


dP 4 = 4 
Sine oe r2 rune e2rla ee — or e 2rla 
dr a a a 
2 
oe or e 2Ha — Sr e2ra 
3 4 
a a 


= —r(a — re 2", 
= r(a 1) 


If we set the right side equal to zero, we obtain an equa- 
tion that is true if r = a. In other words, dP/dr is equal to 
zero when r = a. (Note that we also have dP/dr = 0 at 
r = Oand at r = ~. However, these conditions correspond 
to a minimum in P(r), as you can see in Fig. 39-20.) 


Sample Problem czy 


It can be shown that the probability p(r) that the elec- 
tron in the ground state of the hydrogen atom will be 
detected inside a sphere of radius r is given by 


Dr) =e le yt xe) 


in which x, a dimensionless quantity, is equal to r/a. Find 
r for p(r) = 0.90. 


coi There is no guarantee of detecting the elec- 


tron at any particular radial distance r from the center 
of the hydrogen atom. However, with the given func- 
tion, we can calculate the probability that the electron 
will be detected somewhere within a sphere of radius r. 


Calculation: We seek the radius of a sphere for which 
p(r) = 0.90. Substituting that value in the expression for 
p(r), we have 


0.90 = 1 — e-(1 + 2x + 2x2) 
or NO ees Gi 2x 


We must find the value of x that satisfies this equality. It is 
not possible to solve explicitly for x, but an equation 
solver on a calculator yields x = 2.66. This means that the 
radius of a sphere within which the electron will be de- 
tected 90% of the time is 2.66a. Mark this position on the 
horizontal axis of Fig. 39-20—is it a reasonable answer? 
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Hydrogen Atom States with n = 2 


According to the requirements of Table 39-2, there are four states of the hy- 
drogen atom with nm = 2; their quantum numbers are listed in Table 39-3. 
Consider first the state with n = 2 and ¢ = m, = 0; its probability density is 
represented by the dot plot of Fig. 39-22. Note that this plot, like the plot for 
the ground state shown in Fig. 39-21, is spherically symmetric. That is, in a 
spherical coordinate system like that defined in Fig. 39-23, the probability den- 
sity is a function of the radial coordinate r only and is independent of the an- 
gular coordinates @ and @. 

It turns out that all quantum states with € = 0 have spherically symmetric 
wave functions. This is reasonable because the quantum number ¢ is a measure 
of the angular momentum associated with a given state. If € = 0, the angular 
momentum is also zero, which requires that the probability density representing 
the state have no preferred axis of symmetry. 

Dot plots of ys for the three states with n = 2 and ¢ = 1 are shown in 
Fig. 39-24. The probability densities for the states with mp, = +1andm, = —1are 
identical. Although these plots are symmetric about the z axis, they are not spher- 
ically symmetric. That is, the probability densities for these three states are func- 
tions of both r and the angular coordinate 6. 

Here is a puzzle: What is there about the hydrogen atom that establishes the 
axis of symmetry that is so obvious in Fig. 39-24? The answer: absolutely nothing. 

The solution to this puzzle comes about when we realize that all three states 
shown in Fig. 39-24 have the same energy. Recall that the energy of a state, given 
by Eq. 39-33, depends only on the principal quantum number n and is indepen- 
dent of € and m,. In fact, for an isolated hydrogen atom there is no way to differ- 
entiate experimentally among the three states of Fig. 39-24. 

If we add the volume probability densities for the three states for which 
n= 2 and ¢ = 1, the combined probability density turns out to be spherically 
symmetrical, with no unique axis. One can, then, think of the electron as spending 
one-third of its time in each of the three states of Fig. 39-24, and one can think of 
the weighted sum of the three independent wave functions as defining a spheri- 
cally symmetric subshell specified by the quantum numbers n = 2, € = 1. The 
individual states will display their separate existence only if we place the hydro- 
gen atom in an external electric or magnetic field. The three states of the n = 2, 
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FIG. 39-22 A dot plot showing the 
volume probability density 7(r) for 
the hydrogen atom in the quantum 
state withn = 2, € = 0,andm, = 0. 
The plot has spherical symmetry 
about the central nucleus. The gap in 
the dot density pattern marks a spheri- 
cal surface over which w7(r) = 0. 
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FIG. 39-23 The relationship 
between the coordinates x, y, and z tl 4 
Mp = me = +1 


of the rectangular coordinate system 
and the coordinates r, 0, and ¢ of the 
spherical coordinate system. The 
latter are more appropriate for ana- 
lyzing situations involving spherical 
symmetry, such as the hydrogen 
atom. 


(a) 


(0) 


FIG. 39-24 Dot plots of the volume probability density 

w(r, 0) for the hydrogen atom in states with n = 2 and ¢ = 1. 
(a) Plot for m, = 0.(b) Plot form, = +1 andm, = —1.Both 
plots show that the probability density is symmetric about the 
Z axis. 
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FIG. 39-25 A dot plot of the radial 
probability density P(r) for the hy- 
drogen atom in a quantum state with 
a relatively large principal quantum 
number —namely, n = 45—and an- 
gular momentum quantum number 
{ =n — 1 = 44.The dots lie close to 
the xy plane, the ring of dots suggest- 
ing a classical electron orbit. 


€ = 1 subshell will then have different energies, and the field direction will estab- 
lish the necessary symmetry axis. 

The n = 2, € =0 state, whose volume probability density is shown in 
Fig. 39-22, also has the same energy as each of the three states of Fig. 39-24. We 
can view all four states whose quantum numbers are listed in Table 39-3 as form- 
ing a spherically symmetric shell specified by the single quantum number n. 
The importance of shells and subshells will become evident in Chapter 40, where 
we discuss atoms having more than one electron. 

To round out our picture of the hydrogen atom, we display in Fig. 39-25 a dot 
plot of the radial probability density for a hydrogen atom state with a relatively 
high quantum number (n = 45) and the highest orbital quantum number that 
the restrictions of Table 39-2 permit (€ = n — 1 = 44). The probability density 
forms a ring that is symmetrical about the z axis and lies very close to the xy 
plane. The mean radius of the ring is n2a, where a is the Bohr radius. This mean ra- 
dius is more than 2000 times the effective radius of the hydrogen atom in its 
ground state. 

Figure 39-25 suggests the electron orbit of classical physics — it resem- 
bles the circular orbit of a planet around a star. Thus, we have another illus- 
tration of Bohr’s correspondence principle—namely, that at large quantum 
numbers the predictions of quantum mechanics merge smoothly with those of 
classical physics. Imagine what a dot plot like that of Figure 39-25 would look 
like for really large values of n and €—say,n = 1000 and € = 999. 
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The Confinement Principle The confinement principle 
applies to waves of all kinds, including waves on a string 
and the matter waves of quantum physics. It states that con- 
finement leads to quantization— that is, to the existence of dis- 
crete states with certain energies. States with intermediate val- 
ues of energy are disallowed. 


An Electron in an Infinite Potential Well An infinite 
potential well is a device for confining an electron. From the 
confinement principle we expect that the matter wave repre- 
senting a trapped electron can exist only in a set of discrete 
states. For a one-dimensional infinite potential well, the ener- 
gies associated with these quantum States are 


hh 
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in which L is the width of the well and 7 is a quantum number. 
If the electron is to change from one state to another, its 


energy must change by the amount 
AE Fah a Eto (39-5) 


where Epis is the higher energy and Ej, is the lower energy. 
If the change is done by photon absorption or emission, the 


energy of the photon must be 
hf = AE = Fnign — Etow- (39-6) 


The wave functions associated with the quantum states 
are 


s(x) = A sin 2 x) forn =1,2,3,.... (39-10) 


The probability density w2(x) for an allowed state has the 


physical meaning that w2(x) dx is the probability that the 
electron will be detected in the interval between x and x + dx. 
For an electron in an infinite well, the probability densities are 


w(x) = A? sne( x forn =1,2,3,.... (39-12) 


At high quantum numbers n, the electron tends toward 
classical behavior in that it tends to occupy all parts of the well 
with equal probability. This fact leads to the correspondence 
principle: At large enough quantum numbers, the predictions of 
quantum physics merge smoothly with those of classical physics. 


Normalization and Zero-Point Energy The amplitude 
A’ in Eq. 39-12 can be found from the normalizing equation, 


+ 00 
| y2(x) dx = 1, (39-14) 
which asserts that the electron must be somewhere within the 
well because the probability 1 implies certainty. 

From Eq. 39-4 we see that the lowest permitted energy 
for the electron is not zero but the energy that corresponds to 
n = 1. This lowest energy is called the zero-point energy of the 
electron—well system. 


An Electron in a Finite Potential Well A finite poten- 
tial well is one for which the potential energy of an electron 
inside the well is less than that for one outside the well by a fi- 
nite amount U>. The wave function for an electron trapped in 
such a well extends into the walls of the well. 


Two- and Three-Dimensional Electron Traps The 
quantized energies for an electron trapped in a two-dimen- 


sional infinite potential well that forms a rectangular corral are 
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(39-20) 


where 71, is a quantum number for which the electron’s matter 
wave fits in well width L, and n, is a quantum number for 
which the electron’s matter wave fits in well width L,. Simi- 
larly, the energies for an electron trapped in a three-dimen- 
sional infinite potential well that forms a rectangular box are 
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Lanne = (39-21) 
Here n, is a third quantum number, one for which the matter 
wave fits in well width L,. 


The Hydrogen Atom Both the (incorrect) Bohr model 
of the hydrogen atom and the (correct) application of Schro6- 
dinger’s equation to this atom give the quantized energy 
levels of the atom as 





me? 1 13.60 eV 
a or nr 
0 (39-32, 39-33) 
Orn — 12a. 


From this we find that if the atom makes a transition 
between any two energy levels as a result of having emitted or 
absorbed light, the wavelength of the light is given by 








(39-36) 
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where 
R= ail = 097-3735 10" (39-37) 
8ephrc 
is the Rydberg constant. 


The radial probability density P(r) for a state of the 
hydrogen atom is defined so that P(r) dr is the probability that 
the electron will be detected somewhere in the space between 
two concentric shells of radii r and r + dr centered on the 
atom’s nucleus. For the hydrogen atom’s ground state, 

oe 
P(r) = a faCmae. (39-44) 
in which a, the Bohr radius, is a length unit equal to 52.92 pm. 
Figure 39-20 is a plot of P(r) for the ground state. 

Figures 39-22 and 39-24 represent the volume probability 
densities (not the radial probability densities) for the four 
hydrogen atom states with n = 2. The plot of Fig. 39-22 (n = 2, 
€ = 0, my = 0) is spherically symmetric. The plots of Fig. 39-24 
(n = 2,€ =1,m,=0,+1,—1) are symmetric about the z 
axis but, when added together, are also spherically symmetric. 

All four states with n = 2 have the same energy and 
may be usefully regarded as constituting a shell, identified as 
the n = 2 shell. The three states of Fig. 39-24, taken together, 
may be regarded as constituting then = 2, € = 1 subshell. It is 
not possible to separate the four n = 2 states experimentally 
unless the hydrogen atom is placed in an electric or magnetic 
field, which permits the establishment of a definite symmetry 
axis. 





QUESTIONS 


7 An electron is trapped in a one-dimensional infinite po- 
tential well in a state with n = 17. How many points of (a) 
zero probability and (b) maximum probability does its matter 
wave have? 


2 Figure 39-26 shows three infinite potential wells, each on 
an x axis. Without written calculation, determine the wave 
function wfor a ground-state electron trapped in each well. 





x x 


-L/2 +L/2 


0 2L 
(a) (dD) 2) 
FIG. 39-26 Question 2. 
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3 Three electrons are trapped in three different one- 
dimensional infinite potential wells of widths (a) 50 pm, 
(b) 200 pm, and (c) 100 pm. Rank the electrons according to 
their ground-state energies, greatest first. 


4 If you double the width of a one-dimensional infinite 
potential well, (a) is the energy of the ground state of the 
trapped electron multiplied by 4, 2, Ss 7 or some other num- 
ber? (b) Are the energies of the higher energy states multi- 
plied by this factor or by some other factor, depending on 
their quantum number? 


5 If you wanted to use the idealized trap of Fig. 39-1 to trap 
a positron, would you need to change (a) the geometry of the trap, 
(b) the electric potential of the central cylinder, or (c) the electric 
potentials of the two semi-infinite end cylinders? (A positron has 
the same mass as an electron but is positively charged.) 


6 Anelectron is trapped in a finite potential well that is deep 
enough to allow the electron to exist in a state with 
n = 4. How many points of (a) zero probability and (b) maxi- 
mum probability does its matter wave have within the well? 


7 A proton and an electron are trapped in identical one- 
dimensional infinite potential wells; each particle is in its 
ground state. At the center of the wells, is the probability 
density for the proton greater than, less than, or equal to that 
of the electron? 


8 Is the ground-state energy 
of a proton trapped in a one- 
dimensional infinite potential 





pyc ee 


well greater than, less than, or * ¢ me 
equal to that of an electron 

trapped in the same potential (a) 3 Z 

well? (b) s) a 

9 Table 39-4 lists the quantum (c) 4 3 —4 
numbers for five proposed (d) 5 5 0 
hydrogen atom states. Which of (e) 5 3 a 


them are not possible? 
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10 You want to modify the finite potential well of Fig. 39-7 
to allow its trapped electron to exist in more than four quan- 
tum states. Could you do so by making the well (a) wider or 
narrower, (b) deeper or shallower? 


71 From a visual inspection of Fig. 39-8, rank the quantum 
numbers of the three quantum states according to the de 
Broglie wavelength of the electron, greatest first. 


72 An electron, trapped in a finite potential energy well 
such as that of Fig. 39-7, is in its state of lowest energy. Are (a) 
its de Broglie wavelength, (b) the magnitude of its momen- 
tum, and (c) its energy greater than, the same as, or less than 
they would be if the potential well were infinite, as in Fig. 
39-2? 


13 An electron that is trapped in a one-dimensional infinite 
potential well of width L is excited from the ground state to 
the first excited state. Does the excitation increase, decrease, 
or have no effect on the probability of detecting the electron 
in a small length of the x axis (a) at the center of the well and 
(b) near one of the well walls? 


14 Figure 39-27 indicates the lowest energy levels (in elec- 
tron-volts) for five situations in which an electron is trapped in 
a one-dimensional infinite potential well. In wells B, C, D, 
and EF, the electron is in the ground state. We shall excite the 


electron in well A to the fourth excited state (at 25 eV). The 
electron can then de-excite to the ground state by emitting 
one or more photons, corresponding to one long jump or sev- 
eral short jumps. Which photon emission energies of this de- 
excitation match a photon absorption energy (from the ground 
state) of the other four electrons? Give the n values. 


Energy (eV) 





A B C D E 
FIG. 39-27 Question 14. 


15 A hydrogen atom is in the third excited state. To what 
state (give the quantum number 7) should it jump to (a) emit 
light with the longest possible wavelength, (b) emit light with 
the shortest possible wavelength, and (c) absorb light with the 
longest possible wavelength? 


PROBLEMS 


& Tutoring problem available (at instructor's discretion) in WileyPLUS and WebAssign 


SSM Worked-out solution available in Student Solutions Manual 


2 — eee Number of dots indicates level of problem difficulty 


WWW) Worked-out solution is at 





http://www.wiley.com/college/halliday 





Interactive solution is at 


“88 Additional information available in The Flying Circus of Physics and at flyingcircusofphysics.com 


Click here to view all step-by-step solutions 


sec. 39-3. Energies of a Trapped Electron 

*7 The ground-state energy of an electron trapped in a one- 
dimensional infinite potential well is 2.6eV. What will this 
quantity be if the width of the potential well is doubled? 


*2 Anelectron, trapped in a one-dimensional infinite poten- 
tial well 250 pm wide, is in its ground state. How much energy 
must it absorb if it is to jump up to the state with n = 4? 


*3 What must be the width of a one-dimensional infinite 
potential well if an electron trapped in it in the n = 3 state is 
to have an energy of 4.7 eV? 


°4 A proton is confined to a one-dimensional infinite poten- 
tial well 100 pm wide. What is its ground-state energy? 


*5 Consider an atomic nucleus to be equivalent to a one- 
dimensional infinite potential well with L = 1.4 x 107“ m, 
a typical nuclear diameter. What would be the ground-state 
energy of an electron if it were trapped in such a potential 
well? (Note: Nuclei do not contain electrons.) 


*6 What is the ground-state energy of (a) an electron and 
(b) a proton if each is trapped in a one-dimensional infinite 
potential well that is 200 pm wide? 


*7 An electron in a one-dimensional infinite potential well 
of length L has ground-state energy F,. The length is changed 
to L’ so that the new ground-state energy is EF; = 0.500F;. 
What is the ratio L'/L? 


ee8 An electron is trapped in a one-dimensional infinite po- 
tential well. For what (a) higher quantum number and (b) 
lower quantum number is the corresponding energy differ- 
ence equal to the energy difference AF, between the levels 
n = 4 and n = 3? (c) Show that no pair of adjacent levels has 
an energy difference equal to 2A E43. 


ee9 An electron is trapped in a one-dimensional infinite po- 
tential well. For what (a) higher quantum number and (b) 
lower quantum number is the corresponding energy differ- 
ence equal to the energy of the n = 5 level? (c) Show that no 
pair of adjacent levels has an energy difference equal to the 
energy of then = 6 level. 


ee710 An electron is trapped in a one-dimensional infinite 
well of width 250 pm and is in its ground state. What are the 
(a) longest, (b) second longest, and (c) third longest wave- 
lengths of light that can excite the electron from the ground 
state via a single photon absorption? € 


ee71 Suppose that an electron trapped in a one-dimensional 
infinite well of width 250 pm is excited from its first excited 
state to its third excited state. (a) What energy must be 
transferred to the electron for this quantum jump? The elec- 
tron then de-excites back to its ground state by emitting 
light. In the various possible ways it can do this, what are the 
(b) shortest, (c) second shortest, (d) longest, and (e) second 
longest wavelengths that can be emitted? (f) Show the various 


possible ways on an energy-level diagram. If light of wave- 
length 29.4 nm happens to be emitted, what are the (g) longest 
and (h) shortest wavelength that can be emitted afterwards? 


ee42 An electron is trapped in a one-dimensional infinite 
well and is in its first excited state. Figure 39-28 indicates the five 
longest wavelengths of light that the electron could absorb in 
transitions from this initial state via a single photon absorption: 
A, = 80.78 nm, A, = 33.66 nm, A, = 19.23 nm, A, = 12.62 nm, and 
A, = 8.98 nm. What is the width of the potential well? @ 
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FIG. 39-28 Problem 12. 


sec. 39-4 Wave Functions of a Trapped Electron 

*e13 An electron is trapped in a one-dimensional infinite 
potential well that is 100 pm wide; the electron is in its ground 
state. What is the probability that you can detect the electron 
in an interval of width Ax = 5.0 pm centered at x = (a) 25 
pm, (b) 50 pm, and (c) 90 pm? (Hint: The interval Ax is so 
narrow that you can take the probability density to be constant 
within it.) ssm www 


e214 A particle is confined to the one-dimensional infinite 
potential well of Fig. 39-2. If the particle is in its ground state, 
what is its probability of detection between (a) x =0 and 
x =0.25L, (b) x = 0.75L and x = L, and (c) x = 0.25L and 
= 5, 


¢@75 A one-dimensional infinite well of length 200 pm con- 
tains an electron in its third excited state. We position an elec- 
tron-detector probe of width 2.00 pm so that it is centered on 
a point of maximum probability density. (a) What is the prob- 
ability of detection by the probe? (b) If we insert the probe as 
described 1000 times, how many times should we expect the 
electron to materialize on the end of the probe (and thus be 
detected)? 


e716 Anelectron is in a certain energy state in a one-dimen- 
sional, infinite potential well from x = 0 to x = L = 200 pm. 
The electron’s probability density is zero at x = 0.300L, and 
x = 0.400Z; it is not zero at intermediate values of x. The elec- 
tron then jumps to the next lower energy level by emitting 
light. What is the change in the electron’s energy? 


sec. 39-5 An Electron in a Finite Well 

e717 Anelectronin then = 2 state in the finite potential well 
of Fig. 39-7 absorbs 400 eV of energy from an external source. 
Using the energy-level diagram of Fig. 39-9, determine the 
electron’s kinetic energy after this absorption, assuming that 
the electron moves to a position for which x > L. 


e178 Figure 39-9 gives the energy levels for an electron 
trapped in a finite potential energy well 450 eV deep. If the 
electron is in the n = 3 state, what is its kinetic energy? 


2¢19 (a) Show that for the region x >UL in the finite 
potential well of Fig. 39-7, yx) = De** is a solution of 
Schrédinger’s equation in its one-dimensional form, where D 
is a constant and k is positive. (b) On what basis do we find 
this mathematically acceptable solution to be physically unac- 
ceptable? 


ee20 Figure 39-29a shows a thin tube in which a finite poten- 
tial trap has been set up where V, = 0 V. An electron is shown 


Problems | ¥/1/@h? 


traveling rightward toward the trap, in a region with a voltage 
of V, = —9.00 V, where it has a kinetic energy of 2.00 eV. When 
the electron enters the trap region, it can become trapped if it 
gets rid of enough energy by emitting a photon. The energy lev- 
els of the electron within the trap are FE, = 1.0, £, = 2.0, and 
E; = 4.0 eV, and the nonquantized region begins at EF, = 9.0eV 
as shown in the energy-level diagram of Fig. 39-29b. What is the 
smallest energy (eV) such a photon can have? 


Nonquantized— 


Energy 





© 


(a) (D) 
FIG. 39-29 Problem 20. 


ee2{ Figure 39-30a shows the energy-level diagram for a fi- 
nite, one-dimensional energy well that contains an electron. 
The nonquantized region begins at FE, = 450.0 eV. Figure 39- 
30b gives the absorption spectrum of the electron when it is in 
the ground state—it can absorb at the indicated wavelengths: 
A, = 14.588 nm and A, = 4.8437 nm and for any wavelength 
less than A, = 2.9108 nm. What is the energy of the first 
excited state? 


a Nonquantized 


Energy 





(a) (dD) 
FIG. 39-30 Problem 21. 


sec. 39-7 Two- and Three-Dimensional Electron Traps 
e22 Anelectron is contained in the rectangular corral of Fig. 
39-13, with widths L, = 800 pm and L, = 1600 pm. What is the 
electron’s ground-state energy? 


®23 An electron is contained in the rectangular box of Fig. 
39-14, with widths L, = 800 pm, L, = 1600 pm, and L, = 390 
pm. What is the electron’s ground-state energy? 


ee24 A rectangular corral of widths L,= L and Ly, = 2L 
contains an electron. What multiple of h?/8mL7, where m is the 
electron mass, gives (a) the energy of the electron’s ground 
state, (b) the energy of its first excited state, (c) the energy of 
its lowest degenerate states, and (d) the difference between 
the energies of its second and third excited states? 


ee25 An electron (mass m) is contained in a rectangular 
corral of widths L, = L and L, = 2L. (a) How many different 
frequencies of light could the electron emit or absorb if it 
makes a transition between a pair of the lowest five energy 
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levels? What multiple of h/8mL?’ gives the (b) lowest, (c) sec- 
ond lowest, (d) third lowest, (e) highest, (f) second highest, 
and (g) third highest frequency? ssm www 


e¢26 A cubical box of widths L, = L, = L, = L contains an 
electron. What multiple of h?/8mL7, where m is the electron 
mass, is (a) the energy of the electron’s ground state, (b) the 
energy of its second excited state, and (c) the difference 
between the energies of its second and third excited states? 
How many degenerate states have the energy of (d) the first 
excited state and (e) the fifth excited state? €} 


ee27 An electron (mass m) is contained in a cubical box of 
widths L, = L, = L,. (a) How many different frequencies of 
light could the electron emit or absorb if it makes a transition 
between a pair of the lowest five energy levels? What multiple 
of h/8mL? gives the (b) lowest, (c) second lowest, (d) third 
lowest, (e) highest, (f) second highest, and (g) third highest 
frequency? 


ee28 Figure 39-31 shows a two-di- 
mensional, infinite-potential well lying 
in an xy plane that contains an electron. 
We probe for the electron along a line 
that bisects L, and find three points at 
which the detection probability is maxi- 
mum. Those points are separated by 2.00 
nm. Then we probe along a line that bi- 
sects L, and find five points at which the 
detection probability is maximum. Those 
points are separated by 3.00 nm. What is 
the energy of the electron? 


J 


PIG, 39-31 
Problem 28. 
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°@29 The two-dimensional, infinite cor- 

ral of Fig. 39-32 is square, with edge length 
L = 150 pm. A square probe is centered 
at xy coordinates (0.200L, 0.800L) and i 
has an x width of 5.00 pm and a y width of FIG. 39-32 
5.00 pm. What is the probability of detec- Problem 29. 


tion if the electron is in the F,3 energy state? 


ee@3() An electron is in the ground state in a two-dimen- 
sional, square, infinite potential well with edge lengths L. We 
will probe for it in a square of area 400 pm‘? that is centered at 
x = L/8 and y = L/8.The probability of detection turns out to 
be 0.0450. What is edge length L? 


sec. 39-9 Schrédinger’s Equation 

and the Hydrogen Atom 

31 For the hydrogen atom in its ground state, calculate 
(a) the probability density #?(r) and (b) the radial probability 
density P(r) for r = a, where ais the Bohr radius. 


#32 Calculate the radial probability density P(r) for the 
hydrogen atom in its ground state at (a) r = 0, (b) r = a, and 
(c) r = 2a, where ais the Bohr radius. 


33 A neutron with a kinetic energy of 6.0 eV collides with 
a stationary hydrogen atom in its ground state. Explain why 
the collision must be elastic—that is, why kinetic energy must 
be conserved. (Hint: Show that the hydrogen atom cannot be 
excited as aresult of the collision.) SSM 


#34 (a) What is the energy E of the hydrogen-atom electron 
whose probability density is represented by the dot plot of 
Fig. 39-22? (b) What minimum energy is needed to remove 
this electron from the atom? 





#35 What are the (a) energy, (b) magnitude of the momen- 
tum, and (c) wavelength of the photon emitted when a hydro- 
gen atom undergoes a transition from a state with n = 3 toa 
state with n = 1? 


36 An atom (not a hydrogen atom) absorbs a photon 
whose associated frequency is 6.2 X 10‘ Hz. By what amount 
does the energy of the atom increase? 


37 What is the ratio of the shortest wavelength of the Balmer 
series to the shortest wavelength of the Lyman series? SSM 


°38 Anatom (not a hydrogen atom) absorbs a photon whose 
associated wavelength is 375 nm and then immediately emits 
a photon whose associated wavelength is 580 nm. How much 
net energy is absorbed by the atom in this process? 


¢@39 How much work must be done to pull apart the electron 
and the proton that make up the hydrogen atom if the atom is 
initially in (a) its ground state and (b) the state with n = 2? 


ee4Q A hydrogen atom is excited from its ground state to the 
state with n = 4. (a) How much energy must be absorbed by 
the atom? Consider the photon energies that can be emitted 
by the atom as it de-excites to the ground state in the several 
possible ways. (b) How many different energies are possible; 
what are the (c) highest, (d) second highest, (e) third highest, 
(f) lowest, (g) second lowest, and (h) third lowest energies? 


ee44 What is the probability that in the ground state of the 
hydrogen atom, the electron will be found at a radius greater 
than the Bohr radius? (Hint: See Sample Problem 39-8.) 


ee42 Light of wavelength 121.6 nm is emitted by a hydrogen 
atom. What are the (a) higher quantum number and (b) lower 
quantum number of the transition producing this emission? 
(c) What is the name of the series that includes the transition? 


ee43 Schrédinger’s equation for states of the hydrogen 
atom for which the orbital quantum number f is zero 1s 


a 2a) ale 8ar*m 
dr h? 





iS = 0. 
a [E — U(r) 
Verify that Eq. 39-39, which describes the ground state of the 
hydrogen atom, is a solution of this equation. ssm www 


«44 What are the (a) wavelength range and (b) frequency 
range of the Lyman series? What are the (c) wavelength range 
and (d) frequency range of the Balmer series? 


«45 Inthe ground state of the hydrogen atom, the electron 
has a total energy of —13.6 eV. What are (a) its kinetic energy 
and (b) its potential energy if the electron is one Bohr radius 
from the central nucleus? 


ee44 A hydrogen atom, initially at rest in the n = 4 quan- 
tum state, undergoes a transition to the ground state, emitting 


a photon in the process. What is the speed of the recoiling 
hydrogen atom? 


ee47 Verify that Eq. 39-44, the radial probability density for 
the ground state of the hydrogen atom, is normalized. That 1s, 
verify that 


[po ar = 1 


is true. SSM 


«e748 A hydrogen atom in a state having a binding energy 
(the energy required to remove an electron) of 0.85 eV makes 


a transition to a state with an excitation energy (the difference 
between the energy of the state and that of the ground state) 
of 10.2 eV. (a) What is the energy of the photon emitted as 
a result of the transition? What are the (b) higher quantum 
number and (c) lower quantum number of the transition 
producing this emission? 


©e49 The wave functions for the three states with the dot 
plots shown in Fig. 39-24, which have n = 2, € = 1, and m, = 
0Q,+1,and —1l,are 


Woio(r, 0) = (1/4V277)(a~3”)(rla)e~"4 cos 8, 
oy a4(7, 0) = (1/8V2)(a-3?)(rla)e~"4(sin d)et’®, 
Wo -1(7, 9) = (1/8V 77)(a~3”)(ria)e-""4(sin @)e7'#, 


in which the subscripts on yr, 0) give the values of the quan- 
tum numbers n, €, m, and the angles 6 and @ are defined in 
Fig. 39-23. Note that the first wave function is real but the 
others, which involve the imaginary number i, are complex. 
Find the radial probability density P(r) for (a) Yd) and (b) y144 
(same as for y;_,). (c) Show that each P(r) is consistent with the 
corresponding dot plot in Fig. 39-24. (d) Add the radial probabil- 
ity densities for 19, Ya; 41, and y%,_, and then show that the sum 
is spherically symmetric, depending only onr. SSM 


#@50 Calculate the probability that the electron in the 
hydrogen atom, in its ground state, will be found between 
spherical shells whose radii are a and 2a, where a is the Bohr 
radius. (Hint: See Sample Problem 39-8.) 


e571 What is the probability that an electron in the ground 
state of the hydrogen atom will be found between two spher1- 
cal shells whose radii are r and r + Ar, (a) if r = 0.500a and 
Ar = 0.010a and (b) if r = 1.00a and Ar = 0.01a, where a is 
the Bohr radius? (Hint: Ar is small enough to permit the radial 
probability density to be taken to be constant between r and 
Pa Nre} 


ee52 Light of wavelength 102.6 nm is emitted by a hydrogen 
atom. What are the (a) higher quantum number and (b) lower 
quantum number of the transition producing this emission? 
(c) What is the name of the series that includes the transition? 


e@53 For what value of the principal quantum number n 
would the effective radius, as shown in a probability density 
dot plot for the hydrogen atom, be 1.0 mm? Assume that ¢ has 
its maximum value of n — 1. (Hint: See Fig. 39-25.) 


e@e54 The wave function for the hydrogen-atom quantum 
state represented by the dot plot shown in Fig. 39-22, which 
hasn = 2and¢ = m,; = 0,is 


it r 
a Aaae (2 _ ~ )e-1e 


in which a is the Bohr radius and the subscript on y(r) gives 
the values of the quantum numbers n, ¢, my. (a) Plot o9(7) 
and show that your plot is consistent with the dot plot of 
Fig. 39-22. (b) Show analytically that ys4,9(r) has a maximum at 
r = 4a. (c) Find the radial probability density P99(r) for this 
state. (d) Show that 





| Pooo(r) dr = 1 
0 


and thus that the expression above for the wave function 
Uoo9(7) has been properly normalized. 


Problems 


eee55 In Sample Problem 39-7 we showed that the radial 
probability density for the ground state of the hydrogen atom 
is a maximum when r = a, where a is the Bohr radius. Show 
that the average value of r, defined as 


| P(r) r dr, 


has the value 1.5a. In this expression for r,,y,, each value of 
P(r) is weighted with the value of r at which it occurs. Note 
that the average value of 7 is greater than the value of r for 
which P(r) is a maximum. 


Additional Problems 

56 An electron is confined to a narrow evacuated tube of 
length 3.0 m; the tube functions as a one-dimensional infinite 
potential well. (a) What is the energy difference between the 
electron’s ground state and its first excited state? (b) At what 
quantum number n would the energy difference between ad- 
jacent energy levels be 1.0 eV—which is measurable, unlike 
the result of (a)? At that quantum number, (c) what multiple 
of the electron’s rest energy would give the electron’s total 
energy and (d) would the electron be relativistic? 


57 As Fig. 39-8 suggests, the probability density for the 
region x > L in the finite potential well of Fig. 39-7 drops off 
exponentially according to ?(x) = Ce~?**, where C is a con- 
stant. (a) Show that the wave function w(x) that may be found 
from this equation is a solution of Schrédinger’s equation in 
its one-dimensional form. (b) Find an expression for k for this 
to be true. SSM 


58 As Fig. 39-8 suggests, the probability density for an 
electron in the region 0 < x < L for the finite potential well of 
Fig. 39-7 is sinusoidal, being given by w(x) = B sin? kx, in 
which B is a constant. (a) Show that the wave function (x) 
that may be found from this equation is a solution of 
Schrédinger’s equation in its one-dimensional form. (b) Find 
an expression for k that makes this true. 


59 (a) For a given value of the principal quantum number n, 
how many values of the orbital quantum number f are possi- 
ble? (b) For a given value of £, how many values of the orbital 
magnetic quantum number my, are possible? (c) For a given 
value of n, how many values of m, are possible? 


60 Let AF,,; be the energy difference between two adja- 
cent energy levels for an electron trapped in a one-dimen- 
sional infinite potential well. Let F be the energy of either of 
the two levels. (a) Show that the ratio AE,4;/E approaches 
the value 2/n at large values of the quantum number n. As 
n — , does (b) AF,4;, (c) E, or (d) AE,q/E approach zero? 
(e) What do these results mean in terms of the correspon- 
dence principle? 


671 An electron is trapped in a one-dimensional infinite po- 
tential well. Show that the energy difference AF between its 
quantum levels n andn + 2 is (h7/2mL7)(n + 1). 


62 Verify that the combined value of the constants appear- 
ing in Eq. 39-32 is 13.6 eV. 


63 (a) Show that the terms in Schrédinger’s equation (Eq. 
39-18) have the same dimensions. (b) What is the common SI 
unit for each of these terms? 


64 Repeat Sample Problem 39-6 for the Balmer series of the 
hydrogen atom. 








Soon after lasers were 
invented in the 1960s, they 
became novel sources of light 
in research laboratories. 
Today, lasers are ubiquitous 
and are found in such diverse 
applications as voice and 
data transmission, surveying, 
welding, and grocery-store 
price scanning. The photo- 
graph shows a patient being 
prepared for LASIK (laser as- 
sisted in situ keratomileusis), 
in which part of the woman's 
cornea will be reshaped via 
etching by an ultraviolet 
laser beam in order to cor- 
rect her vision. Light from a 
laser and light from any 


other source are both due to 


emissions by atoms. 





The answer is in this chapter. 
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40-1 WHAT IS PHYSICS? 





In this chapter we continue with a primary goal of physics—discovering and 
understanding the properties of atoms. About 100 years ago, researchers strug- 
gled to find experiments that would prove the existence of atoms. Now we take 
their existence for granted and even have photographs (scanning tunneling 
microscope images) of atoms. We can drag them around on surfaces, such as to 
make the quantum corral shown in the opening photograph of Chapter 39. We 
can even hold an individual atom indefinitely in a trap (Fig. 40-1) so as to study its 
properties when it is completely isolated from other atoms. 


40-2 | Some Properties of Atoms 


You may think the details of atomic physics are remote from your daily life. 
However, consider how the following properties of atoms—so basic that we 
rarely think about them— affect the way we live in our world. 


Atoms are stable. Essentially all the atoms that form our tangible world have 
existed without change for billions of years. What would the world be like if 
atoms continually changed into other forms, perhaps every few weeks or 
every few years? 


Atoms combine with each other. They stick together to form stable molecules 
and stack up to form rigid solids. An atom is mostly empty space, but you can 
stand on a floor—made up of atoms— without falling through it. 


These basic properties of atoms can be explained by quantum physics, as can the 
three less apparent properties that follow. 


Atoms Are Put Together Systematically 


Figure 40-2 shows an example of a repetitive property of the elements as a 
function of their position in the periodic table (Appendix G). The figure is a plot 
of the ionization energy of the elements; the energy required to remove the most 
loosely bound electron from a neutral atom is plotted as a function of the 
position in the periodic table of the element to which the atom belongs. The 
remarkable similarities in the chemical and physical properties of the elements in 
each vertical column of the periodic table are evidence enough that the atoms are 
constructed according to systematic rules. 


FIG. 40-2 A plot of the ionization 
energies of the elements as a func- 
tion of atomic number, showing the 
periodic repetition of properties 
through the six complete horizontal 
periods of the periodic table. The 
number of elements in each of these : | 
periods is indicated. 0 10 20 30 40 


Ionization energy (eV) 


é 
BD 


| Some Properties of Atoms | ()ii%: 





FIG. 40-7 The blue dot is a photo- 
graph of the light emitted from a sin- 
gle barium ion held for a long time in 
a trap at the University of 
Washington. Special techniques 
caused the ion to emit light over and 
over again as it underwent transitions 
between the same pair of energy lev- 
els. The dot represents the cumulative 
emission of many photons. (Courtesy 
Warren Nagourney) 
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FIG. 40-3 A classical model show- 
ing a particle of mass m and 

charge —e moving with speed v ina 
circle of radius r. The moving particle 
has an angular momentum L given 
by 7 X p, where pis its linear mo- 
mentum m¥.The particle’s motion is 
equivalent to a current loop that has 
an associated magnetic moment pz 
that is directed opposite L. 


The elements are arranged in the periodic table in six complete horizontal 
periods (and a seventh incomplete period): except for the first, each period starts 
at the left with a highly reactive alkali metal (lithium, sodium, potassium, and so 
on) and ends at the right with a chemically inert noble gas (neon, argon, krypton, 
and so on). Quantum physics accounts for the chemical properties of these ele- 
ments. The numbers of elements in the six periods are 


2 OnOeOalow an dese, 


Quantum physics predicts these numbers. 








Atoms Emit and Ab 





We have already seen that atoms can exist only in discrete quantum states, each 
state having a certain energy. An atom can make a transition from one state to 
another by emitting light (to jump to a lower energy level F,,,,) or by absorbing 
light (to jump to a higher energy level Fj;.,). As we first discussed in Section 39-3, 
the light is emitted or absorbed as a photon with energy 


hf t Tion Tete (40-1) 


Thus, the problem of finding the frequencies of light emitted or absorbed by an 
atom reduces to the problem of finding the energies of the quantum states of that 
atom. Quantum physics allows us—in principle at least—to calculate these energies. 


gular Momentum and Magnetism 





Figure 40-3 shows a negatively charged particle moving in a circular orbit around 
a fixed center. As we discussed in Section 32-7, the orbiting particle has both an 
angular momentum L and I (because its path is equivalent to a tiny current loop) a 
magnetic dipole moment yp. As Fig. 40-3 shows, vectors Landz yw are both perpen- 
dicular to the plane of the orbit but, because the charge is negative, they point in 
opposite directions. 

The model of Fig. 40-3 is strictly classical and does not accurately represent 
an electron in an atom. In quantum physics, the rigid orbit model has been 
replaced by the probability density model, best visualized as a dot plot. In quan- 
tum physics, however, it is still true that in general, each quantum state of an elec- 
tron in an atom involves an angular momentum L anda magnetic dipole moment 
ui. that have opposite directions (those vector quantities are said to be coupled). 


The Einstein—de Haas Experiment 


In 1915, well before the discovery of quantum physics, Albert Einstein and Dutch 
physicist W. J. de Haas carried out a clever experiment designed to show that the 
angular momentum and magnetic moment of individual atoms are coupled. 

Einstein and de Haas suspended an iron cylinder from a thin fiber, as shown 
in Fig. 40-4. A solenoid was placed around the cylinder but not touching it. 
Initially, the magnetic dipole moments w of the atoms of the cylinder point in 
random directions, and so their external magnetic effects cancel (Fig. 40-4a). 
However, when a current is switched on in the solenoid (Fig. 40- 4h) so that a 
magnetic field B is set up parallel to the long axis of the cylinder, the magnetic 
dipole moments of the atoms of the cylinder reorient themselves, lining up with 
that field. If the angular momentum L of each atom is coupled to its magnetic 
moment yp, then this alignment of the atomic magnetic moments must cause an 
alignment of the atomic angular momenta opposite the magnetic field. 

No external torques initially act on the cylinder; thus, its angular momentum 
must remain at its initial zero value. However, when B is turned on and the atomic 
angular momenta line up antiparallel to B , they tend to give a net angular momen- 
tum Tee, to the cylinder as a whole (directed downward in Fig. 40-45). To maintain 
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FIG. 40-4 The Einstein—de Haas experimental setup. (a) Initially, O ‘ fs _O oO ® 
the magnetic field in the iron cylinder is zero and the magnetic dipole O pees gf O —~Iron—— © ® 
moment vectors p of its atoms are randomly oriented. The atomic . NS cylinder we = 
angular momentum vectors (not shown) are directed opposite the 7 , —~ Solenoid — : 
magnetic dipole moment vectors and thus are also randomly oriented. e Pe a | es 
(b) When a magnetic field Bisset up along the cylinder’s axis, the mag- 5 © 2 
netic dipole moment vectors line up parallel to B,which means thatthe 0 O © ® 
angular momentum vectors line up opposite B. Because the cylinder is O O © @ 
initially isolated from external torques, its angular momentum is con- . S 2 ° 
served and the cylinder as a whole must begin to rotate as shown. (a) (d) 


zero angular momentum, the cylinder begins to rotate around its central axis to pro- 
duce an angular momentum ea in the opposite direction (upward in Fig. 40-45). 
Were it not for the fiber, the cylinder would continue to rotate for as long as the 
magnetic field is present. However, the twisting of the fiber quickly produces a torque 
that momentarily stops the cylinder’s rotation and then rotates the cylinder in the op- 
posite direction as the twisting is undone. Thereafter, the fiber will twist and untwist as 
the cylinder oscillates about its initial orientation in angular stmple harmonic motion. 
Observation of the cylinder’s rotation verified that the angular momentum and 
the magnetic dipole moment of an atom are coupled in opposite directions. 
Moreover, it dramatically demonstrated that the angular momenta associated with 
quantum states of atoms can result in visible rotation of an object of everyday size. 





0-3 | Electron Spin 


As we discussed in Section 32-7, whether an electron is trapped in an atom or is 
free, it has an intrinsic spin angular momentum 5S, often called simply spin. 
(Recall that intrinsic means that S is a basic characteristic of an electron, like 
its mass and electric charge.) As we shall discuss in the next section, the magni- 
mee of S is quantized and depends on a spin quantum number s, which is always 
+ for electrons (and for protons and neutrons). In addition, the component of Ss 
menenred along any axis is quantized and depends on a spin magnetic quantum 
number ™,, which can have only the value +3 or —3. 

The existence of electron spin was postulated on an empirical basis by two 
Dutch graduate students, George Uhlenbeck and Samuel Goudsmit, from their 
studies of atomic spectra. The quantum physics basis for electron spin was 
provided a few years later, by British physicist P. A. M. Dirac, who developed (in 
1929) a relativistic quantum theory of the electron. 

It is tempting to account for electron spin by thinking of the electron as a tiny 
sphere spinning about an axis. However, that classical model, like the classical 
model of orbits, does not hold up. In quantum physics, spin angular momentum is 
best thought of as a measurable intrinsic property of the electron; you simply 
can’t visualize it with a classical model. 

In Section 39-9, we briefly discussed the quantum numbers generated by 
applying Schrédinger’s equation to the electron in a hydrogen atom (Table 
39-2). We can now extend the list of quantum numbers by including s and m,, as 
shown in Table 40-1. This set of five quantum numbers completely specify the 
quantum state of an electron in a hydrogen atom or any other atom. All states 
with the same value of n form a shell. By counting the allowed values of € and m, 
and then doubling the number to account for the two allowed values of m,, you 
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Electron States for an Atom 





Quantum Number Symbol Allowed Values Related to 
Principal n 12, 835. Distance from the nucleus 
Orbital £ Osis wena) Orbital angular momentum 
Orbital magnetic Me Qiecis le see fe ea Orbital angular momentum 


(z component) 


Spin 5 Spin angular momentum 


Jf ie 
Nile 


Spin magnetic Mm, Spin angular momentum 


(z component) 


can verify that a shell defined by quantum number n has 2n’ states. All states with 
the same value of n and € form a subshell and have the same energy. You can 
verify that a subshell defined by quantum number ¢ has 2(2¢ + 1) states. 


40-4 | Angular Momenta and Magnetic 
Dipole Moments 


Every quantum state of an electron in an atom has an associated orbital angular 
momentum and a corresponding orbital magnetic dipole moment. Every elec- 
tron, whether trapped in an atom or free, has a spin angular momentum and a 
corresponding spin magnetic dipole moment. We discuss these quantities sepa- 
rately first, and then in combination. 





Orbital Angular Momentum and Magnetism 





The magnitude L of the orbital angular momentum L of an electron in an atom is 
quantized; that is, it can have only certain values. These values are 


L = Ve(e + 1h, (40-2) 


in which € is the orbital quantum number and & 1s h/277. According to Table 40-1, 
€ must be either zero or a positive integer no greater than n — 1. For a state with 
n = 3,for example, only € = 2, € = 1,and € = O are permitted. 

As we discussed in Section 32-7, a magnetic dipole is associated with the orbital 
angular momentum L of an electron in an atom. This magnetic dipole has an orbital 
magnetic dipole moment /,,,,, which is related to the angular momentum by Eq. 32-28: 


Gia ene (40-3) 
2m 


The minus sign in this relation means that [Z,,, is directed opposite L. Because 
the magnitude of L is quantized (Eq. 40-2), the magnitude of 1, must also be 


quantized and given by 
Hor = — VECE + 1h (40-4) 
m 


Neither 4,4 nor L can be measured in any way. However, we can measure 
the components of those two vectors along a given axis. Let us imagine that the 
atom is located in a magnetic field B; assume that a z axis extends in the direction 
of the field lines at the atom’s location. Then we can measure the z components 
of Zo.» and L along that axis. 

The components p1,,,, of the orbital magnetic dipole moment are quantized 
and given by 


Morb,z — ~ Mee. (40-5) 
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Here m, is the orbital magnetic quantum number of Table 40-1 and pp is the 
Bohr magneton: 
eh eh 


sas = ——- = 9974 x 10° J/T (Bohr magneton), (40-6) 
4am 2m 





Mp 


where m is the electron mass. 
The components L, of the angular momentum are also quantized, and they 
are given by 





Ly Ti men. (40-7) 
Figure 40-5 shows the five quantized components L, of the orbital angular 
momentum for an electron with € = 2, as well as the associated orientations of the =2 
angular momentum L. However, do not take the figure literally because we cannot de- L=N6h 


tect L in any way. Thus, drawing it in a figure like Fig. 40-5 is merely a visual aide.We gig. 40-5 The allowed values of te 
can extend that visual aide by saying that L makes a certain angle 6 with the z axis, for an electronina quantum state 


such that with € = 2. For every orbital angular 
cos @ = —. (40-8) momentum vector L in the figure, 
# there is a vector pointing in the op- 


posite direction, representing the 
magnitude and direction of the or- 
bital magnetic dipole moment /Zy,. 


We can call @ the semi-classical angle between vector L and the z axis because @is a 
classical measure of something that quantum theory tells us cannot be measured. 





Spin Angular Momentum and Spin Magnetic Dipole Mom 





The magnitude S of the spin angular momentum S of any electron, whether free 
or trapped, has the single value given by 


S = Vs(s + 1)h 
= V4) + 1h = 0.8668, (40-9) 


where s (= 5) is the spin quantum number of the electron. 

As we discussed in Section 32-7, an electron has an intrinsic magnetic 
dipole that is associated with its spin angular momentum S, whether the elec- 
tron is confined to an atom or free. This magnetic dipole has a spin magnetic dipole 
moment j,, which is related to the spin angular momentum Ss byequs222: 

ers 
[= =) (40-10) 
m 
The minus sign in this relation means that 4, is directed opposite S. Because the 
magnitude of S is quantized (Eq. 40-9), the magnitude of 7, must also be quan- 


tized and given by 
ly = —\s(s + Lh, (40-11) 


Neither S nor #, can be measured in any way. However, we can measure 
their components along any given axis—call it the z axis. The components S, of 
the spin angular momentum are quantized and given by 


S, = mA, (40-12) 


where m, is the spin magnetic quantum number of Table 40-1. That quantum 
number can have only two values: m, = +5 (the electron is said to be spin up) 


and m, = —4 (the electron is said to be spin down). 
The components w,, of the spin magnetic dipole moment are also quantized, 
and they are given by 
sz = —2M spp. (40-13) 


Figure 40-6 shows the two quantized components S, of the spin angular momen- 
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FIG. 40-6 The allowed values of S, 
and py, for an electron. 





FIG. 49-7 A classical model show- 
ing the total angular momentum 
vector J and the effective magnetic 
moment vector [Wer 
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FIG. 40-8 Apparatus used by Stern 
and Gerlach. 






tum for an electron and the associated orientations of vector S. It also shows the 
quantized components p,, of the spin magnetic dipole moment and the associ- 
ated orientations of 4,. 


Orbital and Spin Angular Momenta Combined 


For an atom containing more than one electron, we define a total angular 
momentum J, which is the vector sum of the angular momenta of the individual 
electrons— both their orbital and their spin angular momenta. Each element in 
the periodic table is defined by the number of protons in the nucleus of an atom 
of the element. This number of protons is defined as being the atomic number (or 
charge number) Z of the element. Because an electrically neutral atom contains 
equal numbers of protons and electrons, Z is also the number of electrons in the 
neutral atom, and we use this fact to indicate a J value for a neutral atom: 


J=(L,+0,4+ 0, +--+ +L,)+(S,+ 8+ 8,+ +--+ 8). (40-14) 


Similarly, the total magnetic dipole moment of a multielectron atom is the 
vector sum of the magnetic dipole moments (both orbital and spin) of its individ- 
ual electrons. However, because of the factor 2 in Eq. 40-13, the resultant 
magnetic dipole moment for the atom does not have the direction of vector —J; 
instead, it makes a certain angle with that vector. The effective magnetic dipole 
moment j.,, for the atom is the component of the vector sum of the individual 
magnetic dipole moments in the direction of ~J (Fig. 40-7). In typical atoms the 
orbital angular momenta and the spin angular momenta of most of the electrons 
sum vectorially to zero. Then J and bere OL those atoms are due to a relatively 
small number of electrons, often only a single valence electron. 


CHECKPOINT 1 An electron is in a quantum state for which the magnitude 
of the electron’s orbital angular momentum L is 2V¥3k. How many projections of the 
electron’s orbital magnetic dipole moment on a z axis are allowed? 
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In 1922, Otto Stern and Walther Gerlach at the University of Hamburg in 
Germany showed experimentally that the magnetic moment of silver atoms is 
quantized. In the Stern—Gerlach experiment, as it is now known, silver is vapor- 
ized in an oven, and some of the atoms in that vapor escape through a narrow slit 
in the oven wall and pass into an evacuated tube. Some of those escaping atoms 
then pass through a second narrow slit, to form a narrow beam of atoms (Fig. 
40-8). (The atoms are said to be collimated— made into a beam —and the second 
slit is called a collimator.) The beam passes between the poles of an electromag- 
net and then lands on a glass detector plate where it forms a silver deposit. 

When the electromagnet is off, the silver deposit is a narrow spot. However, when 
the electromagnet is turned on, the silver deposit should be spread vertically. The rea- 
son is that silver atoms are magnetic dipoles, and so vertical magnetic forces act on 
them as they pass through the vertical magnetic field of the electromagnet; these 
forces deflect them slightly up or down. Thus, by analyzing the silver deposit on the 
plate, we can determine what deflections the atoms underwent in the magnetic field. 
When Stern and Gerlach analyzed the pattern of silver on their detector plate, they 
found a surprise. However, before we discuss that surprise and its quantum implica- 
tions, let us discuss the magnetic deflecting force acting on the silver atoms. 


The Magnetic Deflecting Force on a Silver Atom 


We have not previously discussed the type of magnetic force that deflects the 
silver atoms in a Stern—Gerlach experiment. It is not the magnetic deflecting 


40-5 | The Stern—Gerlach Experiment | tty, 


force that acts on a moving charged particle, as given by Eq. 28-2 (F = qv x By 
The reason is simple: A silver atom is electrically neutral (its net charge q is zero), 
and thus this type of magnetic force is also zero. 

The type of magnetic force we seek is due to an interaction between the 
magnetic field B of the electromagnet and the magnetic dipole of the individual silver 
atom. We can derive an expression for the force in this interaction by starting with the 
potential energy U of the dipole in the magnetic field. Equation 28-38 tells us that 


U=-2-B, (40-15) 


where pz is the magnetic dipole moment of a silver atom. In Fig. 40-8, the positive 
direction of the z axis and the direction of B are vertically upward. Thus, we can 
write Eq. 40-15 in terms of the component yw, of the atom’s magnetic dipole 
moment along the direction of B: 





U=—-yp,B. (40-16) 
Then, using Eq. 8-22 (F = —dU/dx) for the z axis shown in Fig. 40-8, we obtain 
dU dB 
= —-—=4, 40-17 


This is what we sought—an equation for the magnetic force that deflects a silver 
atom as the atom passes through a magnetic field. 

The term dB/dz in Eq. 40-17 is the gradient of the magnetic field along the z 
axis. If the magnetic field does not change along the z axis (as in a uniform 
magnetic field or no magnetic field), then dB/dz = 0 and a silver atom is not 
deflected as it moves between the magnet’s poles. In the Stern—Gerlach experi- 
ment, the poles are designed to maximize the gradient dB/dz, so as to vertically 
deflect the silver atoms passing between the poles as much as possible, so that 
their deflections show up in the deposit on the glass plate. 

According to classical physics, the components yw, of silver atoms passing 
through the magnetic field in Fig. 40-8 should range in value from — p (the dipole 
moment p is directed straight down the z axis) to + (g is directed straight up 
the z axis). Thus, from Eq. 40-17, there should be a range of forces on the atoms, 
and therefore a range of deflections of the atoms, from a greatest downward 
deflection to a greatest upward deflection. This means that we should expect the 
atoms to land along a vertical line on the glass plate, but they don’t. 


The Experimental Surprise 


What Stern and Gerlach found was that the atoms formed two distinct spots on 
the glass plate, one spot above the point where they would have landed with no 
deflection and the other spot just as far below that point. The spots were initially 
too faint to be seen, but they became visible when Stern happened to breathe on 
the glass plate after smoking a cheap cigar. Sulfur in his breath (from the cigar) 
combined with the silver to produce a noticeably black silver sulfide. 

This two-spot result can be seen in the plots of Fig. 40-9, which shows the out- 
come of a more recent version of the Stern—Gerlach experiment. In that version, 
a beam of cesium atoms (magnetic dipoles like the silver atoms in the original F'G. 40-9 Results of a modern repe- 
Stern—Gerlach experiment) was sent through a magnetic field with a large verti- ##1on of the Stern—Gerlach experi- 
cal gradient dB/dz. The field could be turned on and off, and a detector could be = ™ent. With the electromagnet turned 

off, there is only a single beam; with 
moved up and down through the beam. hai ee pple 

When the field was turned off, the beam was, of course, undeflected and the ve ee 

— original beam splits into two sub- 
detector recorded the central-peak pattern shown in Fig. 40-9. When the field was. ams The two subbeams corre- 
turned on, the original beam was split vertically by the magnetic field into two spond to parallel and antiparallel 
smaller beams, one beam higher than the previously undeflected beam and the alignment of the magnetic moments 
other beam lower. As the detector moved vertically up through these two smaller — of cesium atoms with the external 
beams, it recorded the two-peak pattern shown in Fig. 40-9. magnetic field. 





Magnet off —~_ | ' 






Magnet on 






Beam intensity 






Beam detector position 
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he Results 





In the original Stern—Gerlach experiment, two spots of silver were formed on the 
glass plate, not a vertical line of silver. This means that the component yz, along B (and 
along z) could not have any value between —y and + as classical physics predicts. 
Instead, jz, is restricted to only two values, one for each spot on the glass. Thus, the 
original Stern—Gerlach experiment showed that jz, is quantized, implying (correctly) 
that w@ is also. Moreover, because the angular momentum L of an atom is associated 
with j, that angular momentum and its component L, are also quantized. 

With modern quantum theory, we can add to the explanation of the two-spot 
result in the Stern—Gerlach experiment. We now know that a silver atom consists 
of many electrons, each with a spin magnetic moment and an orbital magnetic 
moment. We also know that all those moments vectorially cancel out except for a 
single electron, and the orbital dipole moment of that electron is zero. Thus, the 
combined dipole moment p of a silver atom is the spin magnetic dipole moment 
of that single electron. According to Eq. 40-13, this means that yw, can have only 
two components along the z axis in Fig. 40-8. One component is for quantum 
number m, = +43 (the single electron is spin up), and the other component is for 
quantum number m, = —} (the single electron is spin down). Substituting into 
Eq. 40-13 gives us 


Ms. 2G ie =—ppz and p= 2 ie = + Mp. (40-18) 


Then substituting these expressions for jz, in Eq. 40-17, we find that the force compo- 
nent fF, deflecting the silver atoms as they pass through the magnetic field can have 
only the two values 


dB dB 
= -9( 2) and + o( 2), 


which result in the two spots of silver on the glass. 


Sample Problem ee 


In the Stern—Gerlach experiment of Fig. 40-8, a beam of FE. j3(dB/dz) 
silver atoms passes through a magnetic field gradient can er <_<” 
dB/dz of magnitude 1.4 T/mm that is set up along the z 
axis. This region has a length w of 3.5 cm in the direction 
of the original beam. The speed of the atoms is 750 m/s. 
By what distance d have the atoms been deflected when 
they leave the region of the field gradient? The mass M 
of a silver atom is 1.8 X 10~-* kg. 


(40-19) 


Because this acceleration is constant, we can use 
Eq. 2-15 (from Table 2-1) to write the deflection d paral- 
lel to the z axis as 


( a ; 


d = vo,t + 5a,t? = Ot + 4 t?. (40-20) 


Because the deflecting force on the atom acts per- 
pendicular to the atom’s original direction of travel, the 
component v of the atom’s velocity along the original di- 
rection of travel is not changed by the force. Thus, the 
atom requires time ¢t = w/v to travel through length w in 
that direction. Substituting w/v for tinto Eq. 40-20, we find 


rat ( [3(dB/dz) (=) _ pp(dB/dz)w? 
M Vv 2Myv? 


= (9.27 x 10-* J/T)(1.4 X 103 Tim) 
(3.5 X 1072 m/ 
(2)(1.8 X 10-5 kg)(750 m/s)? 
= 7.85 X 10°? m = 0.08 mm. (Answer) 





pal benaeeal (1) The deflection of a silver atom in the 
beam is due to an interaction between the magnetic di- 
pole of the atom and the magnetic field, because of the 
gradient dB/dz. The deflecting force is directed along 
the field gradient (along the z axis) and is given by 
Eqs. 40-19. Let us consider only deflection in the posi- 
tive direction of z; thus, we shall use F, = up(dB/dz) 
from Eqs. 40-19. 

(2) We assume the field gradient dB/dz has the same 
value throughout the region through which the silver 
atoms travel. Thus, force component F, is constant in that 
region, and from Newton’s second law, the acceleration a, 


of an atom along the z axis due to F, is also constant. 


Calculations: Putting these ideas together, we write the 
acceleration as 


The separation between the two subbeams is twice this, 
or 0.16 mm. This separation is not large but is easily 
measured. 
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As we discussed briefly in Section 32-7, a proton has a spin magnetic dipole 
moment p that is associated with the proton’s intrinsic spin angular momentum 
5. The two vectors are said to be coupled together and, because the proton is pos- 
itively charged, they are in the same direction. Suppose a proton is located in a 
magnctic field B that is directed along the positive direction of a z axis. Then 
has two possible quantized components along that axis: the component can 
be +, if the vector is in the direction of B (Fig. 40-10a) or —p, if it is opposite 
the direction of B (Fig. 40-105). 

From Eq. 28-38 (U(@) = — Zi B), recall that a potential energy is associated 
with the orientation of any magnetic dipole moment p located in an external 
magnetic field B. Thus, energy is associated with the two orientations shown in 
Figs. 40-10a and b. The orientation in Fig. 40-10a is the lower-energy state and is 
called the spin-up state because the proton’s spin component S, (not shown) is 
also aligned with B. The orientation in Fig. 40-10b (the spin- down state) is the 
higher-energy state (w,B). Thus, the energy difference between these two states is 


AE = p,B — (—p,B) = 2p,B. (40-21) 


If we place a sample of water in a magnetic field B, the protons in the hydro- 
gen portions of each water molecule tend to be in the lower-energy state. (We 
shall not consider the oxygen portions.) Any one of these protons can jump to the 
higher-energy state by absorbing a photon with an energy hf equal to AE. That is, 
the proton can jump by absorbing a photon of energy 


hf = 2B 


Such absorption is called magnetic resonance or, as originally, nuclear magnetic 
resonance (NMR), and the consequent reversal of the spin component S, is 
called spin-flipping. 

In practice, the photons required for magnetic resonance have an associated 
frequency in the radio-frequency (RF) range and are provided by a small coil 
wrapped around the sample undergoing resonance. An electromagnetic oscilla- 
tor called an RF source drives a sinusoidal current in the coil at frequency f. The 
electromagnetic (EM) field set up within the coil and sample also oscillates at 
frequency f. If f mects the requirement of Eq. 40-22, the oscillating EM field can 
transfer a quantum of energy to a proton in the sample via a photon absorption, 
spin-flipping the proton. 

The magnetic field magnitude B that appears in Eq. 40-22 is actually the mag- 
nitude of the net magnetic field B at the site where a given proton undergoes 
spin-flipping. That net field is the vector sum of the external field Bact set up by the 
magnetic resonance equipment (primarily a large magnet) and the internal field 
But set up by the magnetic dipole moments of the atoms and nuclei near the 
given proton. For practical reasons we do not discuss here, magnetic resonance is 
usually detected by sweeping the magnitude B,,, through a range of values while 
the frequency fof the RF source is kept at a predetermined value and the energy 
of the RF source is monitored. A graph of the energy loss of the RF source versus 
Bex, Shows a resonance peak when B,,, Sweeps through the value at which spin- 
flipping occurs. Such a graph is called a nuclear magnetic resonance spectrum, or 
NMR spectrum. 

Figure 40-11 shows the NMR spectrum of ethanol, which is a molecule 
consisting of three groups of atoms: CH3, CH, and OH. Protons in each group 
can undergo magnetic resonance, but each group has its own unique magnetic- 
resonance value of B.,, because the groups lie in different internal fields B., due 
to their arrangement within the CH;CH,OH molecule. Thus, the resonance peaks 
in the spectrum of Fig. 40-11 form a unique NMR signature by which ethanol can 
be indentified. 


(40-22) 
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FIG. 40-10 The z component of 
for a proton in the (a) lower-energy 
(spin-up) and (b) higher-energy 
(spin-down) state. (c) An energy- 
level diagram for the states, showing 
the upward quantum jump the pro- 
ton makes when its spin flips from up 
to down. 
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FIG. 40-11. A nuclear magnetic 
resonance spectrum for ethanol, 
CH3CH,OH. The spectral lines 
represent the absorption of energy 
associated with spin-flips of protons. 
The three groups of lines correspond, 
as indicated, to protons in the OH 
group, the CH, group, and the CH; 
group of the ethanol molecule. Note 
that the two protons in the CH, 
group occupy four different local en- 
vironments. The entire horizontal 
axis covers less than 1074 T, 
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Because many substances have unique NMR signatures, magnetic resonance 1s 


used to identify unknown substances, such as in forensic work of a criminal 
investigation. Additionally, a procedure called magnetic resonance imaging (MRI) has 
been applied to medical diagnostics with great success. The protons in the various tis- 
sues of the human body are situated in many different internal magnetic environments. 
When the body, or part of it, is immersed in a strong external magnetic field, these envi- 
ronmental differences can be detected by spin-flip techniques and translated by com- 
puter processing into an image resembling those produced by x rays. Figure 40-12 
gives an example of a related application. 


FIG. 40-12 A 70-million-year-old fossil egg from a hadrosaur (a duck-billed herbivore) 
was placed in an MRI scanner to examine the egg’s interior. Because the interior con- 
tained shell fragments embedded in a matrix rather than calcified bone, the egg must 
have been fresh when it was originally buried. (© A P/Wide World Photos) 


Sample Problem ery 


Calculations: Substituting B = B,.,, = 1.80 T into Eq. 
40-22, we find 
— 2u.B — (2)(1.41 X 10-25 J/T)(1.80 T) 

h 6.660 10-45 
= 7.66 X 10’ Hz = 76.6 MHz. 





In an NMR experiment, a drop of water is suspended in 
a uniform external magnetic field Boe: Assume the inter- 
nal field Be is negligible. The magnitude of py, for a pro- 
ton in the hydrogen atoms of the water molecules is 7 
1.41 x 10°7°J/T. Magnetic resonance occurs when 
Bex, = 1.80 T. What is the frequency f of the RF source 
causing the protons to spin-flip, and what wavelength A 
is associated with a photon absorbed in the spin-flipping? 


(Answer) 


This is the frequency associated with the photons ab- 
sorbed in the spin-flipping; it is also the frequency of 
the RF source and thus of the oscillating electromag- 








deel lisesi (1) When a proton is located in an external 
magnetic field Bas it has a potential energy because it is 
a magnetic dipole. (2) This potential energy is restricted 
to two values, with a difference of 2y,B. (3) If the pro- 
ton is to jump between these two energies (spin-flip), 
the photon energy /f must be equal to the energy differ- 
ence 2y,B, according to Eq. 40-22. 


netic fields set up by that source. The wavelength as- 
sociated with a photon absorbed in the spin-flipping 
is 

et BOO 10 iis 


A =—= 
f 7.66 X 10’ Hz 


This is in the wavelength range for FM radio. 


= 3.92m. (Answer) 
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In Chapter 39 we considered a variety of electron traps, from fictional one- 
dimensional traps to the real three-dimensional trap of a hydrogen atom. In all 
those examples, we trapped only one electron. However, when we discuss traps 
containing two or more electrons (as we shall in the next two sections), we must 
consider a principle that governs any particle whose spin quantum number s is 
not zero or an integer. This principle applies not only to electrons but also to pro- 
tons and neutrons, all of which have s = . The principle is known as the Pauli 
exclusion principle after Wolfgang Pauli, who formulated it in 1925. For electrons, 
it states that 





































































































































































































As we shall discuss in Section 40-9, this principle means that no two electrons 
in an atom can have the same four values for the quantum numbers 1, €, m1, and 
m,. All electrons have the same quantum number s = i Thus, any two electrons 
in an atom must differ in at least one of these other quantum numbers. Were this 
not true, atoms would collapse, and thus you and the world could not exist. 


40-8 | Multiple Electrons in Rectangular Traps | 4 (/”4*) 


40-8 | Multiple Electrons in Rectangular Traps 


To prepare for our discussion of multiple electrons in atoms, let us discuss two 
electrons confined to the rectangular traps of Chapter 39. We shall again use the 
quantum numbers we found for those traps when only one electron was confined. 
However, here we shall also include the spin angular momenta of the two elec- 
trons. To do this, we assume that the traps are located in a uniform magnetic field. 
Then according to Eq. 40-12 (S, = m,f), an electron can be either spin up with 
m, = 5 or spin down with m, = —3. (We assume that the field is very weak so that 
we can neglect the potential energies of the electrons due to it.) 

As we confine the two electrons to one of the traps, we must keep the Pauli 
exclusion principle in mind; that is, the electrons cannot have the same set of val- 
ues for their quantum numbers. 


1. One-dimensional trap. In the one-dimensional trap of Fig. 39-2, fitting an elec- 
tron wave to the trap’s width L requires the single quantum number n. There- 
fore, any electron confined to the trap must have a certain value of n, and its 
quantum number m, can be either +4 or —3. The two electrons could have 
different values of n, or they could have the same value of n if one of them is 
spin up and the other is spin down. 


‘a 


Rectangular corral. In the rectangular corral of Fig. 39-13, fitting an electron 
wave to the corral’s widths L, and L, requires the two quantum numbers n, 
and n,. Thus, any electron confined to the trap must have certain values for 
those two quantum numbers, and its quantum number m, can be either +4 or 
—3;so now there are three quantum numbers. According to the Pauli exclusion 
principle, two electrons confined to the trap must have different values for at 
least one of those three quantum numbers. 


3. Rectangular box. In the rectangular box of Fig. 39-14, fitting an electron wave 
to the box’s widths L,, L,, and L, requires the three quantum numbers n,, n,, 
and n,. Thus, any electron confined to the trap must have certain values for 
these three quantum numbers, and its quantum number m, can be either +3 or 
—3; so now there are four quantum numbers. According to the Pauli exclusion 
principle, two electrons confined to the trap must have different values for at 
least one of those four quantum numbers. 


Suppose we add more than two electrons, one by one, to a rectangular trap 
in the preceding list. The first electrons naturally go into the lowest possible 
energy level—they are said to occupy that level. However, eventually the Pauli 
exclusion principle disallows any more electrons from occupying that lowest 
energy level, and the next electron must occupy the next higher level. When an 
energy level cannot be occupied by more electrons because of the Pauli exclusion 
principle, we say that level is full or fully occupied. In contrast, a level that is not 
occupied by any electrons is empty or unoccupied. For intermediate situations, 
the level is partially occupied. The electron configuration of a system of trapped 
electrons is a listing or drawing either of the energy levels the electrons occupy or 
of the set of the quantum numbers of the electrons. 


Finding the Total Energy 


We shall later want to find the energy of a system of two or more electrons con- 
fined to a rectangular trap. That is, we shall want to find the total energy for any 
configuration of the trapped electrons. 

For simplicity, we shall assume that the electrons do not electrically interact 
with one another; that is, we shall neglect the electric potential energies of pairs 
of electrons. In that case, we can calculate the total energy for any electron 
configuration by calculating the energy of each electron as we did in Chapter 39, 
and then summing those energies. (In Sample Problem 40-3 we do so for seven 
electrons confined to a rectangular corral.) 
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A good way to organize the energy values of a given system of electrons is 


with an energy-level diagram for the system, just as we did for a single electron in 
the traps of Chapter 39. The lowest level, with energy E,,, corresponds to the 
ground state of the system. The next higher level, with energy E;., corresponds to 
the first excited state of the system. The next level, with energy E,,, corresponds 
to the second excited state of the system, and so on. 


Sample Problem Cry 


Seven electrons are confined to the square corral of 











. 10 | seveeeeneesens Fig 1, Ey « 
Sample Problem 39-5, where the corral is a two-dimen- Bods 
sional infinite potential well with widths L, = L, = L 3 Ey. 
(Fig. 39-13). Assume that the electrons do not electri- 7 
cally interact with one another. 

E E 

(a) What is the electron configuration for the ground 2 aia Nee ae: 
state of the system of seven electrons? 
One-electron diagram: We can determine the electron 4 —| Ail 


configuration of the system by placing the seven elec- 
trons in the corral one by one, to build up the system. 
Because we assume the electrons do not electrically in- 
teract with one another, we can use the energy-level dia- 
gram for a single trapped electron in order to Keep track 
of how we place the seven electrons in the corral. That 
one-electron energy-level diagram is given in Fig. 39-15 
and partially reproduced here as Fig. 40-13a. Recall that 
the levels are labeled as E,,,,,, for their associated energy. 
For example, the lowest level is for energy /,,, where 
quantum number n, is 1 and quantum number n, is 1. 





Pauli principle: The trapped electrons must obey the 
Pauli exclusion principle; that is, no two electrons can 
have the same set of values for their quantum numbers n,, 
ny, and m,. The first electron goes into energy level E,, 
and can have m, = 5 orm, = — ;. We arbitrarily choose 
the latter and draw a down arrow (to represent spin 
down) on the £,; level in Fig. 40-13a. The second electron 
also goes into the £,, level but must have m, = +5 so that 
one of its quantum numbers differs from those of the first 
electron. We represent this second electron with an up ar- 
row (for spin up) on the E, , level in Fig. 40-135. 


Electrons, one by one: The level for energy E;, is 
fully occupied, and thus the third electron cannot have 
that energy. Therefore, the third electron goes into the 
next higher level, which is for the equal energies EF}, 
and FE,» (the level is degenerate). This third electron can FIG. 40-13 (a) Energy-level diagram for one electron in a 
have quantum numbers n, and n, of either 1 and 2 or 2 square corral of widths L. (Energy FE isin multiples of 


and 1, respectively. It can also have a quantum number h?/8mL?.) A spin-down electron occupies the lowest level. 
m, of either +; or —>. Let us arbitrarily assign it the Oy ie eS (ORS sPin dow rn ners p uu) ec upy 
® z e the lowest level of the one-electron energy-level diagram. 


sa = Sl 
Guanuuen numbers n, = 2,ny = l,andm, = —>. We then (c) A third electron occupies the next energy level. (d) The 
represent it with a down arrow on the level for £;, and system’s ground-state configuration, for all seven electrons. 





E>, in Fig. 40-13c. (e) Three transitions to consider as possibly taking the seven- 
You can show that the next three electrons can also electron system to its first excited state. ( f) The system’s 
go into the level for energies F,, and F, 5, provided that energy-level diagram, for the lowest three total energies of the 


no set of three quantum numbers is completely dupli- system (in multiples of h?/8mL7’). 


cated. That level then contains four electrons, with 
quantum numbers (71,,7,,™m,) of 


(e 1,—5), (2, ile +3), ip 2,—5), (le ee +3), 


and the level is fully occupied. Thus, the seventh elec- 
tron goes into the next higher level, which is the E> 
level. Let us arbitrarily assume this electron is spin 
down, with m, = —4. 

Figure 40-13d shows all seven electrons on a one- 
electron energy-level diagram. We now have seven elec- 
trons in the corral, and they are in the configuration 
with the lowest energy that satisfies the Pauli exclusion 
principle. Thus, the ground-state configuration of the sys- 
tem is that shown in Fig. 40-13d and listed in Table 40-2. 


(b) What is the total energy of the seven-electron sys- 
tem in its ground state, as a multiple of h?/8mL?? 





_ KEY IDEA Bytmreed energy E,, of the system in its 
ground state is the sum of the energies of the individual 
electrons in the system’s ground-state configuration. 


Ground-state energy: The energy of cach electron can 
be read from Table 39-1, which is partially reproduced 
in Table 40-2, or from Fig. 40-13d. Because there are two 
electrons in the first (lowest) level, four in the second 
level, and one in the third level, we have 


h? h? h? 
E,, = 2 spar 415 + 1(8 
. (2 &mL- ( 8m L? ( 8m L? 


=" (Answer) 
Sg Seals ‘ nswer 














(c) How much energy must be transferred to the sys- 
tem for it to jump to its first excited state, and what is 
the energy of that state? 





KEY IDEAS 


1. Ifthe system is to be excited, one of the seven elec- 
trons must make a quantum jump up the one-elec- 
tron energy-level diagram of Fig. 40-13d. 


2. If that jump is to occur, the energy change AF of the 
electron (and thus of the system) must be AE = 
Fnign — Ftow (Eq. 39-5), where Ej, is the energy of 
the level where the jump begins and Epis, is the en- 
ergy of the level where the jump ends. 


3. The Pauli exclusion principle must still apply; in par- 
ticular, an electron cannot jump to a level that is 
fully occupied. 


First-excited-state energy: Let us consider the three 
jumps shown in Fig. 40-13e; all are allowed by the Pauli 
exclusion principle because they are jumps to either 
empty or partially occupied states. In one of those possi- 
ble jumps, an electron jumps from the £,, level to the 
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partially occupied E,, level. The change in the energy is 


h? h? h? 
as oe 8mL2 8mL2 8mL2 








(We shall assume that the spin orientation of the elec- 
tron making the jump can change as needed.) 

In another of the possible jumps in Fig. 40-13e, an 
electron jumps from the degenerate level of £,, and 
FE. to the partially occupied E,, level. The change in 
the energy 1s 

h? h? h? 
TN) Te yee IO Oe ete Oem 
SE: 8mL? 8mL? 

In the third possible jump in Fig. 40-13e, the elec- 
tron in the E,, level jumps to the unoccupied, degener- 
ate level of E, 3 and F;,.The change in energy is 

h? h? he 


AE = E,.— E,, = 10 —8 =) 
ae SmL? SmL? SmL? 








Of these three possible jumps, the one requiring the 
least energy change AE is the last one. We could con- 
sider even more possible jumps, but none would require 
less energy. Thus, for the system to jump from its ground 
state to its first excited state, the electron in the £,, 
level must jump to the unoccupied, degenerate level of 
FE, and £3 , and the required energy is 


h? 
8m L?2- 





AE =2 (Answer) 


The energy E;, of the first excited state of the system is 
then 











ye — Oe: + AE 
h? h? he 
Sy a = 34 mc 
8mL? ee Ay OS 


We can represent this energy and the energy £,, for the 
ground state of the system on an energy-level diagram 
for the system, as shown in Fig. 40-13f. 


TABLE 40-2 





Ground-State Configuration and Energies 


ny ny M, Energy* 

2 2 —3 8 

2 1 +5 5 

2 1 —; 5 

1 2 +3 5 

1 2 —5 5 

1 1 +5 2 

3 2 
Total 32 


*In multiples of h?/8mL?. 
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The four quantum numbers n, ¢, m,, and m, identify the quantum states of indi- 
vidual electrons in a multielectron atom. The wave functions for these states, 
however, are not the same as the wave functions for the corresponding states of 
the hydrogen atom because, in multielectron atoms, the potential energy associ- 
ated with a given electron is determined not only by the charge and position of 
the atom’s nucleus but also by the charges and positions of all the other electrons 
in the atom. Solutions of Schrédinger’s equation for multielectron atoms can be 
carried out numerically —in principle at least— using a computer. 

As we discussed in Sections 39-9 and 40-3, all states with the same values of 
the quantum numbers n and f form a subshell. For a given value of , there are 
2€ + 1 possible values of the magnetic quantum number mz, and, for each me, 
there are two possible values for the spin quantum number m,. Thus, there are 
2(2€ + 1) states in a subshell. It turns out that all states in a given subshell have 
the same energy, its value being determined primarily by the value of n and toa 
lesser extent by the value of £. 

For the purpose of labeling subshells, the values of f are represented by letters: 


€=0 1 2 3 4°55 
Sp adfegeh=,,. 


For example, the n = 3, € = 2 subshell would be labeled the 3d subshell. 

When we assign electrons to states in a multielectron atom, we must be guided by 
the Pauli exclusion principle of Section 40-7; that is, no two electrons in an atom can 
have the same set of the quantum numbers n, €, 7, and m,. If this important principle 
did not hold, all the electrons in any atom could jump to the atom’s lowest energy 
level, which would eliminate the chemistry of atoms and molecules, and thus also elim- 
inate biochemistry and us. Let us examine the atoms of a few elements to see how the 
Pauli exclusion principle operates in the building up of the periodic table. 


Neon 


The neon atom has 10 electrons. Only two of them fit into the lowest-energy 
subshell, the 1s subshell. These two electrons both have n = 1, f = 0,and m, = 0, 
but one has m, = +5 and the other has m, = —3. The 1s subshell contains 
2[2(0) + 1] = 2 states. Because this subshell then contains all the electrons per- 
mitted by the Pauli principle, it is said to be closed. 

Two of the remaining eight electrons fill the next lowest energy subshell, the 
2s subshell. The last six electrons just fill the 2p subshell which, with € = 1, holds 
2(2(1) + 1] = 6 states. 

In a closed subshell, all allowed z projections of the orbital angular momen- 
tum vector L are present and, as you can verify from Fig. 40-5, these projections 
cancel for the subshell as a whole; for every positive projection there is a corre- 
sponding negative projection of the same magnitude. Similarly, the z projections 
of the spin angular momenta also cancel. Thus, a closed subshell has no angular 
momentum and no magnetic moment of any kind. Furthermore, its probability 
density is spherically symmetric. Then neon with its three closed subshells (1s, 2s, 
and 2p) has no “loosely dangling electrons” to encourage chemical interaction 
with other atoms. Neon, like the other noble gases that form the right-hand col- 
umn of the periodic table, is almost chemically inert. 


Sodium 


Next after neon in the periodic table comes sodium, with 11 electrons. Ten of 
them form a closed neon-like core, which, as we have seen, has zero angular 
momentum. The remaining electron is largely outside this inert core, in the 3s 
subshell—the next lowest energy subshell. Because this valence electron of 
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sodium is in a state with ¢ = 0 (that is, an s state using the lettering system 
above), the sodium atom’s angular momentum and magnetic dipole moment 
must be due entirely to the spin of this single electron. 

Sodium readily combines with other atoms that have a “vacancy” into which 
sodium’s loosely bound valence electron can fit. Sodium, like the other alkali 
metals that form the left-hand column of the periodic table, is chemically active. 


Chiorine 


The chlorine atom, which has 17 electrons, has a closed 10-electron, neon-like 
core, with 7 electrons left over. Two of them fill the 3s subshell, leaving five to 
be assigned to the 3p subshell, which is the subshell next lowest in energy. This 
subshell, which has € = 1, can hold 2[2€(0) + 1] = 6 electrons, and so there is a 
vacancy, or a “hole,” in this subshell. 

Chlorine is receptive to interacting with other atoms that have a valence 
electron that might fill this hole. Sodium chloride (NaCl), for example, is a very 
stable compound. Chlorine, like the other halogens that form column VIIA of the 
periodic table, is chemically active. 


jron 


The arrangement of the 26 electrons of the iron atom can be represented as 
follows: 


See 25 20. She apd AS 


The subshells are listed in numerical order and, following convention, a superscript 
gives the number of electrons tn each subshell. From Table 40-1 we can see that an s 
subshell (€ = 0) can hold 2 electrons, a p subshell (€ = 1) can hold 6, and a d sub- 
shell (€ = 2) can hold 10. Thus, iron’s first 18 electrons form the five filled subshells 
that are marked off by the bracket, leaving 8 electrons to be accounted for. Six of the 
eight go into the 3d subshell, and the remaining two go into the 4s subshell. 

The reason the last two electrons do not also go into the 3d subshell (which 
can hold 10 electrons) is that the 3d° 4s* configuration results in a lower-energy 
state for the atom as a whole than would the 3d° configuration. An iron atom with 
8 electrons (rather than 6) in the 3d subshell would quickly make a transition to 
the 3d° 4s* configuration, emitting electromagnetic radiation in the process. The 
lesson here is that except for the simplest elements, the states may not be filled in 
what we might think of as their “logical” sequence. 
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When a solid target, such as solid copper or tungsten, is bombarded with elec- 
trons whose kinetic energies are in the kiloelectron-volt range, electromagnetic 
radiation called x rays is emitted. Our concern here 1s what these rays —— whose med- 
ical, dental, and industrial usefulness is so well known and widespread—can teach 
us about the atoms that absorb or emit them. Figure 40-14 shows the wavelength 
spectrum of the x rays produced when a beam of 35 KeV electrons falls on a molyb- 
denum target. We see a broad, continuous spectrum of radiation on which are su- 
perimposed two peaks of sharply defined wavelengths. The continuous spectrum 
and the peaks arise in different ways, which we next discuss separately. 






Continuous 
spectrum Kg, 
Avciin a 


30 40 50 60 70 80 90 
Wavelength (pm) 


Relative intensity 







FIG. 40-14 The distribution by 


The Continuous X-Ray Spectrum wavelength of the x rays produced 


: when 35 keV electrons strike a 
Here we examine the continuous x-ray spectrum of Fig. 40-14, ignoring for the molybdenum target. The sharp peaks 


time being the two prominent peaks that rise from it. Consider an electron of and the continuous spectrum 
initial kinetic energy Kg that collides (interacts) with one of the target atoms,asin from which they rise are produced by 
Fig. 40-15. The electron may lose an amount of energy AK, which will appear as different mechanisms. 
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Ko 
Incident hf (= AK) 
electron 
X-ray 


photon 


FIG. 40-15 Anelectron of kinetic en- 
ergy K, passing near an atom in the tar- 
get may generate an x-ray photon, the 
electron losing part of its energy in the 
process. The continuous x-ray spec- 
trum arises in this way. 


the energy of an x-ray photon that is radiated away from the site of the collision. 
(Very little energy is transferred to the recoiling atom because of the relatively 
large mass of the atom; here we neglect that transfer.) 

The scattered electron in Fig. 40-15, whose energy is now less than Ko, may 
have a second collision with a target atom, generating a second photon, with a 
different photon energy. This electron-scattering process can continue until the 
electron is approximately stationary. All the photons generated by these colli- 
sions form part of the continuous x-ray spectrum. 

A prominent feature of that spectrum in Fig. 40-14 is the sharply defined cut- 
off wavelength A,,;,, below which the continuous spectrum does not exist. This 
minimum wavelength corresponds to a collision in which an incident electron 
loses all its initial kinetic energy Ko in a single head-on collision with a target 
atom. Essentially all this energy appears as the energy of a single photon, whose 
associated wavelength —the minimum possible x-ray wavelength—is found from 





he 
a - as - Armin 
he 
or Amin = x (cutoff wavelength). (40-23) 
0 


The cutoff wavelength is totally independent of the target material. If we were to 
switch from a molybdenum target to a copper target, for example, all features of 
the x-ray spectrum of Fig. 40-14 would change except the cutoff wavelength. 


CHECKPOINT 2 _ Does thecutoff wavelength A,,;, of the continuous x-ray spectrum 
increase, decrease, or remain the same if you (a) increase the kinetic energy of the electrons 
that strike the x-ray target, (b) allow the electrons to strike a thin foil rather than a thick 
block of the target material, (c) change the target to an element of higher atomic number? 


Sample Problem gry 


A beam of 35.0 keV electrons strikes a molybdenum the greatest possible frequency and least possible wave- 
target, generating the x rays whose spectrum is shown in length. 


Fig. 40-14. What is the cutoff wavelength? 


Calculation: From Eq. 40-23, we have 


ean 215 8 
The cutoff wavelength A,,;, corresponds to Ne Ac se (4.14 x 107% eV-s)(3.00 x 10° m/s) 


an electron transferring (approximately) all of its en- 
ergy to an x-ray photon, thus producing a photon with 


Ko 35.0 X 102 eV 
3.55 X 107! m = 35.5 pm. (Answer) 


The Characteristic X-Ray Spectrum 


We now turn our attention to the two peaks of Fig. 40-14, labeled K, and Kg. 
These (and other peaks that appear at wavelengths beyond the range displayed 
in Fig. 40-14) form the characteristic x-ray spectrum of the target material. 

The peaks arise in a two-part process. (1) An energetic electron strikes an 
atom in the target and, while it is being scattered, the incident electron knocks 
out one of the atom’s deep-lying (low n value) electrons. If the deep-lying elec- 
tron is in the shell defined by n = 1 (called, for historical reasons, the K shell), 
there remains a vacancy, or hole, in this shell. (2) An electron in one of the shells 
with a higher energy jumps to the K shell, filling the hole in this shell. During this 
jump, the atom emits a characteristic x-ray photon. If the electron that fills the 
K-shell vacancy jumps from the shell with n = 2 (called the L shell), the emitted 
radiation is the K, line of Fig. 40-14; if it jumps from the shell with n = 3 (called 
the M shell), it produces the Kg line, and so on. The hole left in either the L or M 
shell will be filled by an electron from still farther out in the atom. 
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In studying x rays, it is more convenient to keep track of where a hole is 
created deep in the atom’s “electron cloud” than to record the changes in the 
quantum state of the electrons that jump to fill that hole. Figure 40-16 does 
exactly that; it is an energy-level diagram for molybdenum, the element to which 
Fig. 40-14 refers. The baseline (EF = 0) represents the neutral atom in its ground 
state. The level marked K (at E = 20 keV) represents the energy of the molyb- 
denum atom with a hole in its K shell, the level marked L (at E = 2.7 keV) 
represents the atom with a hole in its Z shell, and so on. 

The transitions marked K, and Kg in Fig. 40-16 are the ones that produce the two 
x-ray peaks in Fig, 40-14. The K, spectral line, for example, originates when an elec- 
tron from the L shell fills a hole in the K shell. To state this transition in terms of what 
the arrows in Fig. 40-16 show, a hole originally in the K shell moves to the L shell. 





90) K(n=1) 


Energy (keV) 
S 


Ordering the Elements 


In 1913, British physicist H. G. J. Moseley generated characteristic x rays for as 
many elements as he could find—he found 38—by using them as targets for 
electron bombardment in an evacuated tube of his own design. By means of a 
trolley manipulated by strings, Moseley was able to move the individual targets 
into the path of an electron beam. He measured the wavelengths of the emitted 
x rays by the crystal diffraction method described in Section 36-10. 0 Nine) 
Moseley then sought (and found) regularities in these spectra as he moved from gig. 40.16 A simplified energy- 
element to element in the periodic table. In particular, he noted that if, for a given —_Jevel diagram for a molybdenum 
spectral line such as K,, he plotted for each element the square root of the frequency f atom, showing the transitions (of 
against the position of the element in the periodic table, a straight line resulted. Figure holes rather than electrons) that give 
40-17 shows a portion of his extensive data. Moseley’s conclusion was this: rise to some of the characteristic 
x rays of that element. Each horizon- 
tal line represents the energy of the 
atom with a hole (a missing electron) 
in the shell indicated. 


Or 


We have here a proof that there is in the atom a fundamental quantity, which in- 
creases by regular steps as we pass from one element to the next. This quantity can 
only be the charge on the central nucleus. 


As a result of Moseley’s work, the characteristic x-ray spectrum became the uni- 
versally accepted signature of an element, permitting the solution of a number of 
periodic table puzzles. Prior to that time (1913), the positions of elements in the 
table were assigned in order of atomic mass, although it was necessary to invert 
this order for several pairs of elements because of compelling chemical evidence; 
Moseley showed that it is the nuclear charge (that is, atomic number Z) that is 
the real basis for ordering the elements. 

In 1913 the periodic table had several empty squares, and a surprising num- 
ber of claims for new elements had been advanced. The x-ray spectrum provided 
a conclusive test of such claims. The lanthanide elements, often called the rare earth 


NO 
wt 
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FIG. 40-17 A Moseley plot of the 
K,, line of the characteristic x-ray 
spectra of 21 elements. The fre- ‘ 
quency is calculated from the mea- a i0 50 30 40 50 
sured wavelength. Element number in periodic table 
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elements, had been sorted out only imperfectly because their similar chemical prop- 
erties made sorting difficult. Once Moseley’s work was reported, these elements were 
properly organized. 

It is not hard to see why the characteristic x-ray spectrum shows such im- 
pressive regularities from element to element whereas the optical spectrum in 
the visible and near-visible region does not: The key to the identity of an element 
is the charge on its nucleus. Gold, for example, is what it is because its atoms have 
a nuclear charge of +79e (that is, Z = 79). An atom with one more elementary 
charge on its nucleus is mercury; with one fewer, it is platinum. The K electrons, 
which play such a large role in the production of the x-ray spectrum, lie very close 
to the nucleus and are thus sensitive probes of its charge. The optical spectrum, 
on the other hand, involves transitions of the outermost electrons, which are 
heavily screened from the nucleus by the remaining electrons of the atom and 
thus are not sensitive probes of nuclear charge. 





for ti t 


Moseley’s experimental data, of which the Moseley plot of Fig. 40-17 is but a part, 
can be used directly to assign the elements to their proper places in the periodic 
table. This can be done even if no theoretical basis for Moseley’s results can be 
established. However, there is such a basis. 
According to Eqs. 39-32 and 39-33, the energy of the hydrogen atom is 
me* 1 13.60 eV 


Ek. = -—_-——--_ —_ = 
: 8eph? n? n° 


ounting 





ve Moseley Plo 





forn = 1,2,3,.... (40-24) 


Consider now one of the two innermost electrons in the K shell of a multi- 
electron atom. Because of the presence of the other K-shell electron, our electron 
“sees” an effective nuclear charge of approximately (Z — 1)e, where e is the 
elementary charge and Z is the atomic number of the element. The factor e* in 
Eq. 40-24 is the product of e*—the square of hydrogen’s nuclear charge —and 
(—e)*—the square of an electron’s charge. For a multielectron atom, we can 
approximate the effective energy of the atom by replacing the factor e* in 
Eq. 40-24 with (Z — 1)?e? x (—e)’, or e*(Z — 1)’. That gives us 


— (13.60 eV)(Z — 1)° 


2 


E, = (40-25) 


nN 


We saw that the K, x-ray photon (of energy Af ) arises when an electron makes a 
transition from the L shell (with n = 2 and energy E,) to the K shell (with n = 1 
and energy £,). Thus, using Eq. 40-25, we may write the energy change as 
AE = FE, = i 
60 Cs) (72), — (13.60 eV)(Z — 1)° 
ey Ce 
COD ev) (Za lh) =. 


Then the frequency fof the K, line is 
VO OPN CA a 
h (4.14 x 107 eV:s) 
(246 x 10 AZ) (7) (40-26) 


f 


Taking the square root of both sides yields 
iaez =e! (40-27) 


in which C is a constant (= 4.96 X 10’ Hz!”). Equation 40-27 is the equation of 
a straight line. It shows that if we plot the square root of the frequency of the K, 
x-ray spectral line against the atomic number Z, we should obtain a straight line. 
As Fig. 40-17 shows, that is exactly what Moseley found. 
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Sample Problem ey 


A cobalt target is bombarded with electrons, and the 
wavelengths of its characteristic x-ray spectrum are 
measured. There is also a second, fainter characteristic 
spectrum, which is due to an impurity in the cobalt. The 
wavelengths of the K, lines are 178.9 pm (cobalt) and 
143.5 pm (impurity), and the proton number for cobalt is 
Zco = 27. Determine the impurity using only these data. 





_KEY IDEA Bays wavelengths of the K, lines for both 
the cobalt (Co) and the impurity (X) fall on a K, 
Moseley plot, and Eq. 40-27 is the equation for that plot. 


Calculations: Substituting c/A for fin Eq. 40-27, we obtain 





Dividing the second equation by the first neatly elimi- 
nates C, yielding 


Aco Zyx aes 1 


Ax ZCo na 1 
Substituting the given data yields 
| 7S pine eZ cae 
143.5 pm js 


Solving for the unknown, we find that 
Zx = 30.0. (Answer) 
A glance at the periodic table identifies the impurity as 


has a smaller value of the K, line. 





| C 
Aco 
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In the early 1960s, quantum physics made one of its many contributions to tech- 
nology: the laser. Laser light, like the light from an ordinary lightbulb, is emitted 
when atoms make a transition from one quantum state to a lower one. However, 
in a laser, the transitions are coordinated, with these results: 


1. 


Laser light is highly monochromatic. Light from an ordinary incandescent 
lightbulb is spread over a continuous range of wavelengths and is certainly not 
monochromatic. The radiation from a fluorescent neon sign is monochromatic, 
true, to about 1 part in 10°, but the sharpness of definition of laser light can be 
many times greater, as much as 1 part in 10". 


. Laser light is highly coherent. Individual long waves (wave trains) for laser 


light can be several hundred kilometers long. When two separated beams 
that have traveled such distances over separate paths are recombined, they 
“remember” their common origin and are able to form a pattern of interfer- 
ence fringes. The corresponding coherence length for wave trains emitted by a 
lightbulb is typically less than a meter. 


. Laser light is highly directional. A laser beam spreads very little; it departs 


from strict parallelism only because of diffraction at the exit aperture of the 
laser. For example, a laser pulse used to measure the distance to the Moon 
generates a spot on the Moon’s surface with a diameter of only a few meters. 
Light from an ordinary bulb can be made into an approximately parallel beam 
by a lens, but the beam divergence is much greater than for laser light. Each 
point on a lightbulb’s filament forms its own separate beam, and the angular 
divergence of the overall composite beam is set by the size of the filament. 


. Laser light can be sharply focused. If two light beams transport the same 


amount of energy, the beam that can be focused to the smaller spot will 
have the greater intensity at that spot. For laser light, the focused spot can be 
so small that an intensity of 10'’ W/cm? is readily obtained. An oxyacetylene 
flame, by contrast, has an intensity of only about 10° W/cm’. 


Lasers Have Many Uses 


The smallest lasers, used for voice and data transmission over optical fibers, have 
as their active medium a semiconducting crystal about the size of a pinhead. 


C zinc. Note that with a larger value of Z than cobalt, zinc 
= CZ, — C and OZ aan 
Xx 





FIG. 40-18 A patient's head is 
scanned and mapped by (red) laser 
light in preparation for brain surgery. 
During the surgery, the laser-derived 
image of the head will be superim- 
posed on the model of the brain 
shown on the monitor, to guide the 
surgical team into the region shown 
in green on the model. 

(Sam Ogden/Photo Researchers) 


FIG. 40-19 The interaction of radia- 
tion and matter in the processes of 
(a) absorption, (b) spontaneous 
emission, and (c) stimulated emis- 
sion. An atom (matter) is repre- 
sented by the red dot; the atom is in 
either a lower quantum state with en- 
ergy E, or a higher quantum state 
with energy E,. In (a) the atom ab- 
sorbs a photon of energy hf from 

a passing light wave. In (b) it emits a 
light wave by emitting a photon of 
energy Hf. In (c) a passing light wave 
with photon energy Af causes the 
atom to emit a photon of the same 
energy, increasing the energy of the 
light wave. 
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Small as they are, such lasers can generate about 200 mW of power. The largest 
lasers, used for nuclear fusion research and for astronomical and military applica- 
tions, fill a large building. The largest such laser can generate brief pulses of laser light 
with a power level, during the pulse, of about 10'* W. This is a few hundred times 
greater than the total electrical power generating capacity of the United States. To 
avoid a brief national power blackout during a pulse, the energy required for each 
pulse is stored up at a steady rate during the relatively long interpulse interval. 

Among the many uses of lasers are reading bar codes, manufacturing and 
reading compact discs and DVDs, performing surgery of many kinds (see the 
opening photo of this chapter and Fig. 40-18), surveying, cutting cloth in the 
garment industry (several hundred layers at a time), welding auto bodies, and 
generating holograms. 
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Because the word “laser” is an acronym for “light amplification by the stimulated 
emission of radiation,” you should not be surprised that stimulated emission is 
the key to laser operation. Einstein introduced this concept in 1917. Although the 
world had to wait until 1960 to see an operating laser, the groundwork for its 
development was put in place decades earlier. 

Consider an isolated atom that can exist either in its state of lowest energy 
(its ground state), whose energy is Eo, or in a state of higher energy (an excited 
state), whose energy is F',. Here are three processes by which the atom can move 
from one of these states to the other: 


1. Absorption. Figure 40-19a shows the atom initially in its ground state. If 
the atom is placed in an electromagnetic field that is alternating at frequency f, 
the atom can absorb an amount of energy /f from that field and move to the 
higher-energy state. From the principle of conservation of energy we have 


hf = E, — Eo. (40-28) 
We call this process absorption. 


2. Spontaneous emission. In Fig. 40-19b the atom is in its excited state and no 
external radiation is present. After a time, the atom will move of its own 
accord to its ground state, emitting a photon of energy Af in the process. We 
call this process spontaneous emission— spontaneous because the event was 
not triggered by any outside influence. The light from the filament of an ordi- 
nary lightbulb is generated in this way. 
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Normally, the mean life of excited atoms before spontaneous emission 
occurs is about 107° s. However, for some excited states, this mean life is per- 
haps as much as 10° times longer. We call such long-lived states metastable; 
they play an important role in laser operation. 


3. Stimulated emission. In Fig. 40-19c the atom is again in its excited state, but 
this time radiation with a frequency given by Eq. 40-28 is present. A photon of 
energy Af can stimulate the atom to move to its ground state, during which 
process the atom emits an additional photon, whose energy is also hf. We call 
this process stimulated emission — stimulated because the event is triggered by 
the external photon. The emitted photon is in every way identical to the stimu- 
lating photon. Thus, the waves associated with the photons have the same 
energy, phase, polarization, and direction of travel. 


Figure 40-19c describes stimulated emission for a single atom. Suppose now 
that a sample contains a large number of atoms in thermal equilibrium at temper- 
ature 7. Before any radiation is directed at the sample, a number Np of these 
atoms are in their ground state with energy Ey) and a number JN, are in a state of 
higher energy £,. Ludwig Boltzmann showed that N, is given in terms of No by 


N, = Noe x BOAT, (40-29) 


in which k is Boltzmann’s constant. This equation seems reasonable. The quantity 
kT is the mean kinetic energy of an atom at temperature 7. The higher the 
temperature, the more atoms—on average—will have been “bumped up” by 
thermal agitation (that is, by atom—atom collisions) to the higher energy state F,. 
Also, because E,. > Eo, Eq. 40-29 requires that NM, < Np; that is, there will always 
be fewer atoms in the excited state than in the ground state. This is what we 
expect if the level populations Ny and N, are determined only by the action of 
thermal agitation. Figure 40-20a illustrates this situation. 

If we now flood the atoms of Fig. 40-20a with photons of energy E, — Eo, 
photons will disappear via absorption by ground-state atoms and photons will be 
generated largely via stimulated emission of excited-state atoms. Einstein 
showed that the probabilities per atom for these two processes are identical. 
Thus, because there are more atoms in the ground state, the net effect will be the 
absorption of photons. 

To produce laser light, we must have more photons emitted than absorbed; 
that is, we must have a situation in which stimulated emission dominates. The 
direct way to bring this about is to start with more atoms in the excited state than 
in the ground state, as in Fig. 40-20b. However, because such a population inver- 
sion is not consistent with thermal equilibrium, we must think up clever ways to 
set up and maintain one. 


Figure 40-21 shows a type of laser commonly found in student laboratories. It was 
developed in 1961 by Ali Javan and his coworkers. The glass discharge tube is 
filled with a 20 : 80 mixture of helium and neon gases, neon being the medium in 
which laser action occurs. 

Figure 40-22 shows simplified energy-level diagrams for the two types of 
atoms. An electric current passed through the helium—neon gas mixture serves — 
through collisions between helium atoms and electrons of the current—to raise 
many helium atoms to state £3, which is metastable. 

The energy of helium state FE; (20.61 eV) is very close to the energy of neon 
state E, (20.66 eV). Thus, when a metastable (£3) helium atom and a ground- 
state (Ey) neon atom collide, the excitation energy of the helium atom is often 
transferred to the neon atom, which then moves to state E,. In this manner, neon 
level E, in Fig. 40-22 can become more heavily populated than neon level F;. 
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FIG. 40-20 (a) The equilibrium dis- 
tribution of atoms between the 
ground state /, and excited state F,, 
accounted for by thermal agitation. 
(b) An inverted population, obtained 
by special methods. Such a population 
inversion is essential for laser action. 


Sinica RR ccc E 0 






(leaky) 





V. 


de 





FIG. 40-21 The elements of a he- 
ltum—neon gas laser. An applied po- 
tential V,, sends electrons through a 
discharge tube containing a mixture 
of helium gas and neon gas. 
Electrons collide with helium atoms, 
which then collide with neon atoms, 
which emit light along the length of 
the tube. The light passes through 
transparent windows W and reflects 
back and forth through the tube from 
mirrors M, and M, to cause more 
neon atom emissions. Some of the 
light leaks through mirror M, to form 
the laser beam. 
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FiG. 40-22 Five essential 
energy levels for helium 
and neon atoms in a he- 
lium—neon gas laser. Laser 
action occurs between lev- 
els E, and E, of neon when Co 
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This population inversion is relatively easy to set up because (1) initially there are 
essentially no neon atoms in state F), (2) the metastability of helium level 3 ensures a 
ready supply of neon atoms in level £,, and (3) neon atoms in level E; decay rapidly 
(through intermediate levels not shown) to the neon ground state E,. 

Suppose now that a single photon is spontaneously emitted as a neon atom 
transfers from state E, to state E,. Such a photon can trigger a stimulated emis- 
sion event, which, in turn, can trigger other stimulated emission events. Through 
such a chain reaction, a coherent beam of laser light, moving parallel to the tube 
axis, can build up rapidly. This light, of wavelength 632.8 nm (red), moves through 
the discharge tube many times by successive reflections from mirrors M, and M, 
shown in Fig. 40-21, accumulating additional stimulated emission photons with 
each passage. M, is totally reflecting, but M, is slightly “leaky” so that a small frac- 
tion of the laser light escapes to form a useful external beam. 


CHECKPOINT 3 _ The wavelength of light from laser A (a helium—neon gas 
laser) is 632.8 nm; that from laser B (a carbon dioxide gas laser) is 10.6 wm; that from laser 
C (a gallium arsenide semiconductor laser) is 840 nm. Rank these lasers according to the 
energy interval between the two quantum states responsible for laser action, greatest first. 


Sample Problem ere 


In the helium—neon laser of Fig. 40-21, laser action oc- ‘To find N,/No with Eq. 40-30, we need to find the energy 
curs between two excited states of the neon atom. separation FE’, — Ey) between the two states. (2) We can 
However, in many lasers, laser action (lasing) occurs be- obtain £, — Ey from the given wavelength of 550 nm for 
tween the ground state and an excited state, as sug- the lasing between those two states. 


gested in Fig. 40-20b. Calculation: The lasing wavelength gives us 


(a) Consider such a laser that emits at wavelength A = E, — Ey = hf = Ae 
550 nm. If a population inversion is not generated, what A 

is the ratio of the population of atoms in state E, to the 
population in the ground state Eo, with the atoms at 


room temperature? 


(6.63 X 10-34 J-s)(3.00 x 108 m/s) 
(550 X 10-° m)(1.60 X 10~!9 J/eV) 


= 2.26 eV. 
To solve Eq. 40-30, we also need the mean energy of 





laiabl nokeestien (1) The naturally occurring population ratio 
N,/No of the two states is due to thermal agitation of the 
gas atoms, according to Eq. 40-29, which we can write as 


N,/No = e7 Exn EDEL, (40-30) 


thermal agitation kT for an atom at room temperature 
(assumed to be 300 K), which is 


kT = (8.62 X 107-5 eV/K)(300 K) = 0.0259 eV, 


in which kis Boltzmann’s constant. 


Substituting the last two results into Eq. 40-30 gives 
us the population ratio at room temperature: 
N,/No = @7 226 2V)(0.0259 eV) 


a dl Sao elOiees. (Answer) 
This is an extremely small number. It is not unreason- 
able, however. Atoms with a mean thermal agitation en- 
ergy of only 0.0259 eV will not often impart an energy 
of 2.26 eV to another atom in a collision. 


(b) For the conditions of (a), at what temperature 
would the ratio N,./Np, be 1/2? 


Calculation: Now we want the temperature T such that 
thermal agitation has bumped enough neon atoms up to 
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the higher-energy state to give N,/No = 1/2. Substituting 
that ratio into Eq. 40-30, taking the natural logarithm of 
both sides, and solving for T yield 


as E, 7 Fo 2 iG eV 
k(In 2) (8.62 X 107° eV/K)(In 2) 
= 38 000 K. (Answer) 


This is much hotter than the surface of the Sun. It is 
clear that if we are to invert the populations of these 
two levels, some specific mechanism for bringing this 
about is needed—that is, we must “pump” the atoms. 
No temperature, however high, will naturally generate a 
population inversion by thermal agitation. 
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Some Properties of Atoms The energies of atoms are 
quantized; that is, the atoms have only certain specific values of 
energy associated with different quantum states. Atoms can 
make transitions between different quantum states by emitting 
or absorbing a photon; the frequency f associated with that light 


REN MY hf = Een Se (40-1) 


where Fie, 18 the higher energy and £,,,, is the lower energy of 
the pair of quantum states involved in the transition. Atoms also 
have quantized angular momenta and magnetic dipole moments. 


Angular Momenta and Magnetic Dipole Moments 
An electron trapped in an atom has an orbital angular mo- 
mentum L with a magnitude given by 


L = Ve(€ + Dh, (40-2) 


where ¢ is the orbital quantum number (which can have the 
values given by Table 40-1) and where the constant “h-bar” is 
h = h/27. The projection L, of L on an arbitrary Z axis 1S 
quantized and measurable and can have the values 


L, = meh, (40-7) 


where m, is the orbital magnetic quantum number (which can 
have the values given by Table 40-1). 

A magnetic dipole is associated with the angular momen- 
tum L of an electron in an atom. This magnetic dipole has an 
orbital magnetic dipole moment //,,,, that is directed opposite L: 

= mee! € 7 

Morb — Dine. LL; (40-3) 
where the minus sign indicates opposite directions. The pro- 
jection Mop, of the orbital magnetic dipole moment on the 
Z axis is quantized and measurable and can have the values 





Morb,z — ~ ep, (40-5) 
where /tp is the Bohr magneton: 
h 
up = ——— = 9.274 x 10 J/T. (40-6) 
4am 


An electron, whether trapped or free, has an intrinsic spin 
angular momentum (or just spin) S with a magnitude given by 


S = Vs(s + 1)h, (40-9) 


where s is the spin quantum number of the electron, which 
is always 4 The projection $, of S on an arbitrary z axis is 
quantized and measurable and can have the values 


S, = mA, (40-12) 


where m, is the spin magnetic quantum number of the elec- 
tron, which can be +3 or —5. 

An electron has an intrinsic magnetic dipole that is asso- 
ciated with its spin angular momentum S, whether the elec- 
tron is confined to an atom or free. This magnetic dipole has a 
spin magnetic dipole moment 1, that is directed opposite S: 


= 


i,=—-— S. (40-10) 


e 
m 
The projection y,, of the spin magnetic dipole moment pu, on 
an arbitrary z axis is quantized and measurable and can have 


the values ps, = —2mgbp. (40-13) 


Spin and Magnetic Resonance A proton has an intrin- 
sic spin angular momentum S and an associated spin mag- 
netic dipole moment y that is always in the same direction as 
S. If a proton is located in magnetic field B, the projection p, 
of @ on a z axis (defined to be along the direction of B) can 
have only two quantized orientations: parallel to B or antipar- 
allel to B. The energy difference between these orientations is 
2u,B.The energy required of a photon to spin-flip the proton 
between the two orientations is 


hf = 2p,B. (40-22) 


In general, B is the vector sum of an external field Bot set up by 
the magnetic-resonance equipment and an internal field B.. 
set up by the atoms and nuclei surrounding the proton. 
Detection of such spin-flips can lead to nuclear magnetic res- 
onance spectra by which specific substances can be identified. 


Pauli Exclusion Principle Electrons in atoms and other 
traps obey the Pauli exclusion principle, which requires that 
no two electrons in the same atom or any other type of trap can 
have the same set of quantum numbers. 


Building the Periodic Table The elements are listed in 
the periodic table in order of increasing atomic number Z; the 
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nuclear charge is Ze, and Z is both the number of protons in 
the nucleus and the number of electrons in the neutral atom. 

States with the same value of n form a shell, and those 
with the same values of both n and ¢ form a subshell. In closed 
Shells and subshells, which are those that contain the maxi- 
mum number of electrons, the angular momenta and the mag- 
netic moments of the individual electrons sum to zero. 


X Rays and the Numbering of the Elements A con- 
tinuous spectrum of x rays is emitted when high-energy elec- 
trons lose some of their energy in a collision with atomic nu- 
clei. The cutoff wavelength 4,,;, is the wavelength emitted 
when such electrons lose al their initial energy in a single such 


encounter and Is 


nin = rs (40-23) 
in which Kg is the initial kinetic energy of the electrons that 
strike the target. 

The characteristic x-ray spectrum arises when high-energy 
electrons eject electrons from deep within the atom; when a re- 
sulting “hole” is filled by an electron from farther out in the atom, 
a photon of the characteristic x-ray spectrum is generated. 


QUESTIONS 


1 Anelectron in a mercury atom is in the 3d subshell. Which 
of the following m, values are possible for it: —3, —1,0,1,2? 


2 Anatom of uranium has closed 6p and 7s subshells. Which 
subshell has the greater number of electrons? 


3 An atom of silver has closed 3d and 4d subshells. Which 
subshell has the greater number of electrons, or do they have 
the same number? 


4 An electron in an atom of gold is in a state with n = 4. 
Which of these values of € are possible for it: —3, 0, 2,3, 4, 5? 


5 How many (a) subshells and (b) electron states are in the 
n = 2 shell? How many (c) subshells and (d) electron states 


are in the n = 5 shell? ' 


6 Figure 40-23 shows three points at which 
a spin-up electron can be placed in a nonuni- 
form magnetic field (there is a gradient 
along the z axis). (a) Rank the three points 
according to the potential energy U of the 
electron’s intrinsic magnetic dipole moment 
Lis, Most positive first. (b) What is the direc- 
tion of the force on the electron due to the 
magnetic field if the spin-up electron is at 
point 2? 


my) 





FIG. 40-23 
Question 6. 


7? Label these statements as true or false: (a) One (and only 
one) of these subshells cannot exist: 2p, 4f, 3d, 1p. (b) The 
number of values of m, that are allowed depends only on ¢ 
and not on n. (c) There are four subshells with n = 4. (d) The 
smallest value of n for a given value of f is € + 1.(e) All states 
with € = O also have m, = 0. (f) There are n subshells for each 
value of n. 


8 From which atom of each of the following pairs is it easier 
to remove an electron: (a) krypton or bromine, (b) rubidium 
or cerium, (c) helium or hydrogen? 


In 1913, British physicist H. G. J. Moseley measured the 
frequencies of the characteristic x rays from a number of ele- 
ments. He noted that when the square root of the frequency is 
plotted against the position of the element in the periodic 
table, a straight line results, as in the Moseley plot of Fig. 
40-17. This allowed Moseley to conclude that the property 
that determines the position of an element in the periodic 
table is not its atomic mass but its atomic number Z— that is, 
the number of protons in its nucleus. 


Lasers and Laser Light Laser light arises by stimulated 
emission. That is, radiation of a frequency given by 


hf = E, — E, (40-28) 


can cause an atom to undergo a transition from an upper 
energy level (of energy E,.) to a lower energy level, with a pho- 
ton of frequency f being emitted. The stimulating photon and 
the emitted photon are identical in every respect and combine 
to form laser light. 

For the emission process to predominate, there must nor- 
mally be a population inversion; that is, there must be more 
atoms in the upper energy level than in the lower one. 





9 On which quantum numbers does the energy of an elec- 
tron depend in (a) a hydrogen atom and (b) a vanadium atom? 


10 The x-ray spectrum of Fig. 40-14 is for 35.0 keV electrons 
striking a molybdenum (Z = 42) target. If you substitute a 
silver (Z = 47) target for the molybdenum target, will (a) Amin: 
(b) the wavelength for the K, line, and (c) the wavelength for 
the K, line increase, decrease, or remain unchanged? 


11 Figure 40-22 shows partial energy-level diagrams for the 
helium and neon atoms that are involved in the operation of a 
helium—neon laser. It is said that a helium atom in state 
£, can collide with a neon atom in its ground state and raise 
the neon atom to state E,. The energy of helium state EF; 
(20.61 eV) is close to, but not exactly equal to, the energy of 
neon state E, (20.66 eV). How can the energy transfer take 
place if these energies are not exactly equal? 


12 Consider the elements krypton and rubidium. (a) Which 
is more suitable for use in a Stern—Gerlach experiment of the 
kind described in connection with Fig. 40-8? (b) Which, if 
either, would not work at all? 


13 The K, x-ray line for any element arises because of a 
transition between the K shell (m = 1) and the L shell (n = 2). 
Figure 40-14 shows this line (for a molybdenum target) 
occurring at a single wavelength. With higher resolution, how- 
ever, the line splits into several wavelength components 
because the L shell does not have a unique energy. (a) How 
many components does the K, line have? (b) Similarly, how 
many components does the Kg line have? 


14 Which (if any) of the following are essential for laser 
action to occur between two energy levels of an atom? 
(a) There are more atoms in the upper level than in the lower. 
(b) The upper level is metastable. (c) The lower level is 
metastable. (d) The lower level is the ground state of the atom. 
(e) The lasing medium is a gas. 


PROBLEMS 
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Tutoring problem available (at instructor's discretion) in WileyPLUS and WebAssign 
SSM Worked-out solution available in Student Solutions Manual WWW_ Worked-out solution is at 


® —¢@@ Number of dots indicates level of problem difficulty 






. bee: st oe aeavuse iN oulicell ce ir ee. 
Interactive solution is at : 3 i 


2885 Additional information available in The Flying Circus of Physics and at flyingcircusofphysics.com 


Click here to view all step-by-step solutions 


sec. 40-4 Angular Momenta and Magnetic Dipole 
Moments 

®? An electron in a multielectron atom has m, = +4. For 
this electron, what are (a) the value of €, (b) the smallest possi- 
ble value of 1, and (c) the number of possible values of m,? 


2 Inthe subshell € = 3, (a) what is the greatest (most posi- 
tive) m, value, (b) how many states are available with the 
ereatest my, value, and (c) what is the total number of states 
available in the subshell? 


3 (a) How many ¢ values are associated with n = 3? (b) 
How many m, values are associated with € = 1? 


¢4 How many electron states are in these subshells: (a) n = 
4¢€=3;(b)n =3,€ =1(c)n =4,¢ = 1;(d)n =2,€ = 0? 


#5 (a) What is the magnitude of the orbital angular momen- 
tum in a state with € = 3? (b) What is the magnitude of its 
largest projection on an imposed z axis? 


*6 How many electron states are there in the following 
shells: (a) n = 4,(b) n = 1,(c)n = 3,(d)n = 2? 


e7 Anelectron in a hydrogen atom is in a state with € = 5. 
What is the minimum possible value of the semiclassical angle 
betweened, anduos? 


8 How many electron states are there in a shell defined by 
the quantum number 1 = 5? 


ee9 I[f orbital angular momentum L is measured along, say, a 
z axis to obtain a value for L,, show that 


(Le FE Ce aaah 


is the most that can be said about the other two components 
of the orbital angular momentum. SSM 


*©{0 An electron is in a state with m = 3. What are (a) the 
number of possible values of ¢, (b) the number of possible val- 
ues of my, (c) the number of possible values of m,, (d) the 
number of states in the n = 3 shell, and (e) the number of sub- 
shells in the n = 3 shell? 


ee47 Anelectron is in a state with € = 3. (a) What multiple 
of A gives the magnitude of L? (b) What multiple of jg gives 
the magnitude of 4? (c) What is the largest possible value 
of m,, (d) what multiple of # gives the corresponding value of 
L,, and (e) what multiple of wg gives the corresponding 
value of forp7? (£) What is the value of the semiclassical angle 
@ between the directions of L, and L? What is the value of 
anele 6 for (g) the second largest possible value of m, and 
(h) the smallest (that is, most negative) possible value of m,? 
‘SSM WWW 


eee|2 A magnetic field is applied to a freely floating uni- 
form iron sphere with radius R = 2.00 mm. The sphere ini- 
tially had no net magnetic moment, but the field aligns 12% of 
the magnetic moments of the atoms (that is, 12% of the mag- 


netic moments of the loosely bound electrons in the sphere, 
with one such electron per atom). The magnetic moment of 
those aligned electrons is the sphere’s intrinsic magnetic mo- 
ment ,. What is the sphere’s resulting angular speed w? €% 


sec. 40-5 The Stern—Gerlach Experiment 

13 Calculate the (a) smaller and (b) larger value of the 
semiclassical angle between the electron spin angular 
momentum vector and the magnetic field in Sample Problem 
40-1. Bear in mind that the orbital angular momentum of the 
valence electron in the silver atom is zero. 


e{4 Assume that in the Stern—Gerlach experiment as 
described for neutral silver atoms, the magnetic field B has 
a magnitude of 0.50 T. (a) What is the energy difference 
between the magnetic moment orientations of the silver 
atoms in the two subbeams? (b) What is the frequency of the 
radiation that would induce a transition between these two 
states? (c) What is the wavelength of this radiation, and (d) to 
what part of the electromagnetic spectrum does it belong? 


15 What is the acceleration of a silver atom as it passes 
through the deflecting magnet in the Stern—Gerlach experi- 
ment of Sample Problem 40-1? ‘ssM 


e416 Suppose that a hydrogen atom in its ground state moves 
80 cm through and perpendicular to a vertical magnetic field 
that has a magnetic field gradient dB/dz = 1.6 X 10? T/m. 
(a) What is the magnitude of force exerted by the field gradi- 
ent on the atom due to the magnetic moment of the atom’s 
electron, which we take to be 1 Bohr magneton? (b) What is 
the vertical displacement of the atom in the 80 cm of travel if 
its speed is 1.2 X 10° m/s? 


sec. 40-6 Magnetic Resonance 

°47 What is the wavelength associated with a photon that 
will induce a transition of an electron spin from parallel to 
antiparallel orientation in a magnetic field of magnitude 
0.200 T? Assume that € = 0. 


°{8 A hydrogen atom in its ground state actually has two 
possible, closely spaced energy levels because the electron 
is in the magnetic field B of the proton (the nucleus). 
Accordingly, a potential energy is associated with the orienta- 
tion of the electron’s magnetic moment yp relative to B, and 
the electron is said to be either spin up (higher energy) or spin 
down (lower energy) in that field. If the electron is excited to 
the higher-energy level, it can de-excite by spin-flipping and 
emitting a photon. The wavelength associated with that 
photon is 21cm. (Such a process occurs extensively in the 
Milky Way galaxy, and reception of the 21 cm radiation by 
radio telescopes reveals where hydrogen gas lies between 
stars.) What is the effective magnitude of B as experienced by 
the electron in the ground-state hydrogen atom? 


79 In an NMR experiment, the RF source oscillates at 
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34 MHz and magnetic resonance of the hydrogen atoms in the 
sample being investigated occurs when the external field Bex, has 
magnitude 0.78 T. Assume that Be and Bes are in the same direc- 
tion and take the proton magnetic moment component jz, to be 
1.41 x 10° J/T. What is the magnitude of B,.,? 


sec. 40-8 Multiple Electrons in Rectangular Traps 
20 Figure 40-24 is an energy-level 
diagram for a fictitious one-dimen- 
sional, infinite potential well of (ol ee 
length L that contains one electron. il 


E (h?/8mL?) 


eee Tile 

The number of degenerate states of 
the levels are indicated: “non” means 
nondegenerate (which includes the 7| ~~~ Double 

. fe ey eee “Triple 
ground state), “double” means 2 
states, and “triple” means 3 states. We 4 Channa 
put a total of 11 electrons in the well. 
If the electrostatic forces between FIG. 40-24 
the electrons can be neglected, what Problem 20. 


multiple of h?/8mL’ gives the energy 
of the first excited state of the 11-electron system? @} 


21 Seven electrons are trapped in a one-dimensional infinite 
potential well of width L. What multiple of h?/8mL? gives the en- 
ergy of the ground state of this system? Assume that the elec- 
trons do not interact with one another, and do not neglect spin. 


°e22 A rectangular corral of widths L,=L and L,=2L 
contains seven electrons. What multiple of h?/8mL? gives the en- 
ergy of the ground state of this system? Assume that the elec- 
trons do not interact with one another, and do not neglect spin. 


®e23 For the situation of Problem 21, what multiple of 
h?/8mL’ gives the energy of (a) the first excited state, (b) the 
second excited state, and (c) the third excited state of the 
system of seven electrons? (d) Construct an energy-level dia- 
gram for the lowest four energy levels of the system. 


e@24 For Problem 22, what multiple of h?/8mL’ gives the 
energy of (a) the first excited state, (b) the second excited 
state, and (c) the third excited state of the system of seven 
electrons? (d) Construct an energy-level diagram for the low- 
est four energy levels of the system. 


2025 A cubical box of widths L, = L, = L,= L contains 
eight electrons. What multiple of h?/8mL? gives the energy of 
the ground state of this system? Assume that the electrons do 
not interact with one another, and do not neglect spin. SSM 


e@e26 For the situation of Problem 25, what multiple of 
h?/8mL? gives the energy of (a) the first excited state, (b) the 
second excited state, and (c) the third excited state of the sys- 
tem of eight electrons? (d) Construct an energy-level diagram 
for the lowest four energy levels of the system. 


sec. 40-9 Building the Periodic Table 

°27 Arecently named element is darmstadtium (Ds), which 
has 110 electrons. Assume that you can put the 110 electrons 
into the atomic shells one by one and can neglect any elec- 
tron—electron interaction. With the atom in ground state, what 
is the spectroscopic notation for the quantum number ¢ for 
the last electron? @% 


e28 Fora helium atom in its ground state, what are quantum 
numbers (n, €,m,, and m,) for the (a) spin-up electron and 
(b) spin-down electron? 


°29 Consider the elements selenium (Z = 34), bromine 
(Z = 35), and krypton (Z = 36). In their part of the periodic 
table, the subshells of the electronic states are filled in the 
sequence 


1s 2s 2p 3s 3p 3d 4s 4p --- 


What are (a) the highest occupied subshell for selenium and 
(b) the number of electrons in it, (c) the highest occupied sub- 
shell for bromine and (d) the number of electrons in it, and 
(e) the highest occupied subshell for krypton and (f) the num- 
ber of electrons in it? 


«30 Suppose two electrons in an atom have quantum num- 
bers n = 2 and € = 1. (a) How many states are possible for 
those two electrons? (Keep in mind that the electrons are 
indistinguishable.) (b) If the Pauli exclusion principle did not 
apply to the electrons, how many states would be possible? 


*3 Two of the three electrons in a lithium atom have quan- 
tum numbers (1, ¢,m,, m,) of (1, 0, 0,+3) and (1, 0, 0,-3). 
What quantum numbers are possible for the third electron if 
the atom is (a) in the ground state and (b) in the first excited 
state? SsmM www 


¢32 Show that the number of states with the same quantum 
number n is 2n?. 


sec. 40-10 XX Rays and the Ordering of the Elements 
33 Through what minimum potential difference must an 
electron in an x-ray tube be accelerated so that it can produce 
x rays with a wavelength of 0.100 nm? 


ee34 A 20 keV electron is brought to rest by colliding twice 
with target nuclei as in Fig. 40-15. (Assume the nuclei remain 
stationary.) The wavelength associated with the photon 
emitted in the second collision 1s 130 pm greater than that 
associated with the photon emitted in the first collision. 
(a) What is the kinetic energy of the electron after the first col- 
lision? What are (b) the wavelength A, and (c) the energy E, 
associated with the first photon? What are (d) A, and (e) E; 
associated with the second photon? 


ee35 X rays are produced in an x-ray tube by electrons ac- 
celerated through an electric potential difference of 50.0 kV. 
Let Ko be the kinetic energy of an electron at the end of the 
acceleration. The electron collides with a target nucleus (as- 
sume the nucleus remains stationary) and then has kinetic en- 
ergy K, = 0.500Ky. (a) What wavelength is associated with the 
photon that is emitted? The electron collides with another tar- 
get nucleus (assume it, too, remains stationary) and then has 
kinetic energy K, = 0.500K,. (b) What wavelength is associ- 
ated with the photon that is emitted? 


®@36 The wavelength of the K, line from iron is 193 pm. 
What is the energy difference between the two states of the 
iron atom that give rise to this transition? 


ee37 In Fig. 40-14, the x rays shown are produced when 35.0 
keV electrons strike a molybdenum (Z = 42) target. If the 
accelerating potential is maintained at this value but a silver 
(Z = 47) target is used instead, what values of (a) Amin, (b) 
the wavelength of the K, line, and (c) the wavelength of the 
Kg line result? The K, L, and M atomic x-ray levels for silver 
(compare Fig. 40-16) are 25.51, 3.56, and 0.53 keV. ssm www 


*e38 When electrons bombard a molybdenum target, they 


produce both contmuous and characteristic x rays as shown in Fig. 
A()-14. In that figure the kinetic energy of the incident electrons 1s 
35.0 keV. If the accelerating potential is increased to 50.0 keV, (a) 
what is the mean value of A,,,,, and (b) do the wavelengths of the 
K,,and K, lines increase, decrease, or remain the same? 


e@39 Show that a moving electron cannot spontaneously 
change into an x-ray photon in free space. A third body (atom 
or nucleus) must be present. Why is it needed? (Hint: 
Examine the conservation of energy and momentum.) 


ee40 From Fig. 40-14, calculate approximately the energy 
difference £, — Ey for molybdenum. Compare it with the 
value that may be obtained from Fig. 40-16. 


ee4% Calculate the ratio of the wavelength of the K, line for 
niobium (Nb) to that for gallium (Ga). Take needed data from 
the periodic table of Appendix G. SSM 


e¢42 Here are the K, wavelengths of a few elements: 


A (pm) Element 


Element A (pm) 
Ti es) Co 179 
V 250 Ni 166 
Cr 229 Ci 154 
Mn 210 Zn 143 
Fe 193 Ga 134 


Make a Moseley plot (like that in Fig. 40-17) from these data 
and verity that its slope agrees with the value given for C in 
Section 40-10. 


ee43 The binding energies of K-shell and L-shell electrons 
in copper are 8.979 and 0.951 keV, respectively. If a K, x ray 
from copper is incident on a sodium chloride crystal and gives 
a first-order Bragg reflection at an angle of 74.1° measured 
relative to parallel planes of sodium atoms, what is the spacing 
between these parallel planes? 


ee44 (a) From Eq. 40-26, what is the ratio of the photon 
energies due to K, transitions in two atoms whose atomic 
numbers are Z and Z'? (b) What is this ratio for uranium and 
aluminum? (c) For uranium and lithium? 


ee45 A tungsten (Z = 74) target is bombarded by electrons in 
an x-ray tube. The K, L, and M energy levels for tungsten (com- 
pare Fig. 40-16) have the energies 69.5, 11.3, and 2.30 keV, respec- 
tively. (a) What is the minimum value of the accelerating poten- 
tial that will permit the production of the characteristic K, and 
Kg lines of tungsten? (b) For this same accelerating potential, 
what is Amin? What are the (c) K,,and (d) Kg wavelengths? 


eee¢46 Determine the constant C in Eq. 40-27 to five signifi- 
cant figures by finding C in terms of the fundamental con- 
stants in Eq. 40-24 and then using data from Appendix B to 
evaluate those constants. Using this value of C in Eq. 40-27, 
determine the theoretical energy Eyneory of the K, photon for 
the low-mass elements listed in the following table. The table 
includes the value (eV) of the measured energy E,,, of the K, 
photon for each listed element. The percentage, deviation 
between Fy,.ory and E,,, can be calculated as 7 


theory 


Few 100 
: 


percentage deviation = 


exp 
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What is the percentage deviation for (a) Li, (b) Be, (c) B, 
(d) C, (e) N, (f) O,7 (g) FE (h) Ne, (i) Na, and (j) Mg? 


Li 54.3 O 524.9 


Be 108.5 F 676.8 
B 183.3 Ne 848.6 
C 277 Na 1041 
N 392.4 Mg 1254 


(There is actually more than one K, ray because of the split- 
ting of the L energy level, but that effect is negligible for the 
elements listed here.) 


sec. 40-12 How Lasers Work 

°47 A pulsed laser emits light at a wavelength of 694.4 nm. 
The pulse duration is 12 ps, and the energy per pulse is 0.150 J. 
(a) What is the length of the pulse? (b) How many photons 
are emitted in each pulse? 


e48 A laser emits at 424 nm in a single pulse that lasts 
0.500 ps. The power of the pulse is 2.80 MW. If we assume that the 
atoms contributing to the pulse underwent stimulated emission 
only once during the 0.500 jus, how many atoms contributed? ¢% 


«49 A hypothetical atom has energy levels uniformly sepa- 
rated by 1.2 eV. At a temperature of 2000 K, what is the ratio 
of the number of atoms in the 13th excited state to the number 
in the 11th excited state? SSM 


®50 For the conditions of Sample Problem 40-6a, how many 
moles of neon are needed to put 10 atoms tn the excited state 
at energy E,? 


e571 A helium—neon laser emits laser light at a wavelength 
of 632.8 nm and a power of 2.3 mW. At what rate are photons 
emitted by this device? 


¢52 A hypothetical atom has only two atomic energy levels, 
separated by 3.2 eV. Suppose that at a certain altitude in the 
atmosphere of a star there are 6.1 X 10'/cm? of these atoms 
in the higher-energy state and 2.5 X 10'°/cm? in the lower- 
energy state. What is the temperature of the star’s atmosphere 
at that altitude? 


e53 Assume that lasers are available whose wavelengths 
can be precisely “tuned” to anywhere in the visible range — 
that is, in the range 450 nm < A < 650 nm. If every television 
channel occupies a bandwidth of 10 MHz, how many channels 
can be accommodated within this wavelength range? 


«54 A population inversion for two energy levels is often 
described by assigning a negative Kelvin temperature to the 
system. What negative temperature would describe a system 
in which the population of the upper energy level exceeds that 
of the lower level by 10% and the energy difference between 
the two levels 1s 2.26 eV? 


e55 The active volume of a laser constructed of the semi- 
conductor GaAlAs is only 200 um? (smaller than a grain of 
sand), and yet the laser can continuously deliver 5.0 mW of 
power at a wavelength of 0.80 wm. At what rate does it gen- 
erate photons? 


56 A high-powered laser beam (A = 600 nm) with a beam 
diameter of 12 cm is aimed at the Moon, 3.8 10° km distant. 
The beam spreads only because of diffraction. The angular 
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location of the edge of the central diffraction disk (see Eq. 
36-12) is given by 
oe 224 
d 3 
where d is the diameter of the beam aperture. What is the 


diameter of the central diffraction disk on the Moon’s surface? 


ee57 Figure 40-25 shows the energy levels of two types of 
atoms. Atoms A are in one tube, and atoms B are in another 
tube. The energies (relative to a ground-state energy of zero) 
are indicated; the average lifetime of atoms in each level is 
also indicated. All the atoms are initially pumped to levels 
higher than the levels shown in the figure. The atoms then 
drop down through the levels, and many become “stuck” on 
certain levels, leading to population inversion and lasing. The 
light emitted by A illuminates B and can cause stimulated 
emission of B. What is the energy per photon of that stimu- 
lated emission of B? €& 


11.5 eV, 3 ms 
10.8 eV, 3 ms 
9.5 eV, 3 ms 
6.9 eV, 3 ms 7.8 eV, 3 Us 
6.1 eV, 3 Us 6:2 EV, 5 Us 
4.2 eV, 3 ms 5.4 eV, 3 ms 
3.9 eV, 3 Us 3.7 eV, 3 Ls 
0 ——s | () 
A B 


FIG. 40-25 Problem 57. 


crystal has 4.00 < 10’? Cr ions (which are the atoms that lase). 
The lasing transition is between the first excited state and the 
ground state, and the output is a light pulse lasting 2.00 ys. As 
the pulse begins, 60.0% of the Cr ions are in the first excited 
state and the rest are in the ground state. What is the average 
power emitted during the pulse? (Hint: Don’t just ignore the 
ground-state ions.) € 


ee59 The active medium in a particular laser that generates 
laser light at a wavelength of 694 nm is 6.00cm long and 
1.00 cm in diameter. (a) Treat the medium as an optical reso- 
nance cavity analogous to a closed organ pipe. How many 
standing-wave nodes are there along the laser axis? (b) By 
what amount Af would the beam frequency have to shift to 
increase this number by one? (c) Show that Af is just the 
inverse of the travel time of laser light for one round trip back 
and forth along the laser axis. (d) What is the corresponding 
fractional frequency shift Af/f? The appropriate index of 
refraction of the lasing medium (a ruby crystal) is 1.75. 


®e60 The mirrors in the laser of Fig. 40-21, which are sepa- 
rated by 8.0cm, form an optical cavity in which standing 
waves of laser light can be set up. Each standing wave has an 
integral number n of half wavelengths in the 8.0 cm length, 
where nv is large and the waves differ slightly in wavelength. 
Near A = 533 nm, how far apart in wavelength are the stand- 
ing waves? 


e671 A hypothetical atom has two energy levels, with a tran- 
sition wavelength between them of 580 nm. In a particular 
sample at 300K, 4.0 x 10° such atoms are in the state of 


lower energy. (a) How many atoms are in the upper state, 
assuming conditions of thermal equilibrium? (b) Suppose, 
instead, that 3.0 x 107° of these atoms are “pumped” into the 
upper state by an external process, with 1.0 x 10” atoms 
remaining in the lower state. What is the maximum energy 
that could be released by the atoms in a single laser pulse if 
each atom jumps once between those two states (either via 
absorption or via stimulated emission)? 


®®62 The beam from an argon laser (of wavelength 515 nm) has 
a diameter d of 3.00 mm and a continuous energy output rate of 
5.00 W. The beam is focused onto a diffuse surface by a lens whose 
focal length fis 3.50 cm. A diffraction pattern such as that of Fig. 
36-10 1s formed, the radius of the central disk being given by 


eX 

— d 
(see Eq. 36-12 and Sample Problem 36-4). The central disk can 
be shown to contain 84% of the incident power. (a) What is the 
radius of the central disk? (b) What is the average intensity 
(power per unit area) in the incident beam? (c) What is the aver- 
age intensity in the central disk? 


Additional Problems n=3,¢=1 \__ 


63 Excited sodium atoms emit two 
closely spaced spectrum lines called 
the sodium doublet (Fig. 40-26) with 
wavelengths 588.995 nm and 589.592 
nm. (a) What is the difference in 
energy between the two upper energy 
levels (n = 3, € = 1)? (b) This energy 
difference occurs because the elec- 
tron’s spin magnetic moment can be 
oriented either parallel or antiparallel 
to the internal magnetic field associ- 
ated with the electron’s orbital mo- 
tion. Use your result in (a) to find the magnitude of this inter- 
nal magnetic field. 





589.592 nm 
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FIG. 40-26 
Problem 63. 


64 Comet stimulated emission. When a comet approaches 
the Sun, the increased warmth evaporates water from the ice 
on the surface of the comet nucleus, producing a thin atmo- 
sphere of water vapor around the nucleus. Sunlight can then dis- 
sociate H,O molecules in the vapor to H atoms and OH mole- 
cules. The sunlight can also excite the OH molecules to higher 
energy levels, two of which are represented in Fig. 40-27. 

When the comet is still relatively far from the Sun, 
the sunlight causes equal excitation to the F, and £; levels 
(Fig. 40-27a). Hence, there is no population inversion between 
the two levels. However, as the comet approaches the Sun, the 
excitation to the E, level decreases and population inversion oc- 


Bo by 
Ey i 
Eo Ey 


(a) (Dd) 
FIG. 40-27 Problem 64. 


curs. The reason has to do with one of the many wavelengths — 
said to be Fraunhofer lines —that are missing in sunlight because, 
as the light travels outward through the Sun’s atmosphere, those 
particular wavelengths are absorbed by the atmosphere. 

As a comet approaches the Sun, the Doppler effect due 
to the comet’s speed relative to the Sun shifts the Fraunhofer 
lines in wavelength, apparently overlapping one of them with 
the wavelength required for excitation to the F, level in OH 
molecules. Population inversion then occurs in those mole- 
cules, and they radiate stimulated emission (Fig. 40-27b). For 
example, as comet Kouhoutek approached the Sun in 
December 1973 and January 1974, it radiated stimulated emis- 
sion at about 1666 MHz during mid-January. (a) What was the 
energy difference E, — EF, for that emission? (b) In what 
region of the electromagnetic spectrum was the emission? 


65 Can an incoming intercontinental ballistic missile be 
destroyed by an intense laser beam? A beam of intensity 
10° W/m? would probably burn into and destroy a nonspin- 
ning missile in 1s. (a) If the laser had 5.0 MW power, 3.0 wm 
wavelength, and a 4.0 m beam diameter (a very powerful laser 
indeed), would it destroy a missile at a distance of 3000 km? 
(b) If the wavelength could be changed, what maximum value 
would work? Use the equation for the central diffraction 
maximum given by Eq. 36-12 (sin 6 = 1.22A/d). SSM 


66 Martian CO), laser. Where 
sunlight shines on the atmo- 
sphere of Mars, carbon dioxide 
molecules at an altitude of 
about 75 km undergo natural 
laser action. The energy levels 
involved in the action are shown 
in Fig. 40-28; population 
inversion occurs between en- 
ergy levels EF, and £,. (a) What 
wavelength of sunlight excites 
the molecules in the lasing 
action? (b) At what wavelength does lasing occur? (c) In what 
region of the electromagnetic spectrum do the excitation and 
lasing wavelengths lie? 


Ey = 0.289 eV 


E, = 0.165 eV 


FIG. 40-28 Problem 66. 


E (h?/8mL") 
6&7 Figure 40-29 is an energy-level 


diagram for a fictitious one-dimen- 14| —-————_ Triple 
sional, infinite potential well of 

length LZ that contains one electron. LZ see Nom 
The number of degenerate states of Li] ameer “Diaple 
the levels are indicated: “non” means 





QO) Semen “Triple 
nondegenerate (which includes the . 
eround state) and “triple” means 3 Oi, mmemnees ii ple 
states. If we put a total of 22 electrons 3 - Ground 
in the well, what multiple of h?/8mL? Wie as oo 
gives the energy of the ground state of See 
Problem 67. 


the 22-electron system? Assume that 
the electrostatic forces between the electrons are negligible. € 


638 A molybdenum (Z = 42) target is bombarded with 35.0 
keV electrons and the x-ray spectrum of Fig. 40-14 results. The 
Kg and K, wavelengths are 63.0 and 71.0 pm, respectively. 
What photon energy corresponds to the (a) Kg and (b) K, 
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radiation? The two radiations are to be filtered through one of 
the substances in the following table such that the substance 
absorbs the Kg line more strongly than the K, line. A sub- 
stance will absorb radiation x; more strongly than it absorbs 
radiation x, if a photon of x, has enough energy to eject a K 
electron from an atom of the substance but a photon of x, does 
not. The table gives the ionization energy of the K electron in 
molybdenum and four other substances. Which substance in the 
table will serve (c) best and (d) second best as the filter? 


Ti Nb Mo ic Ru 


Z 40 40 42 43 44 
Ex(keV) 18.00 18.99 20.00 21.04 22.12 


69 Show that the cutoff wavelength (in picometers) in the con- 
tinuous x-ray spectrum from any target is given by Aji, = 
1240/V, where V is the potential difference (in kilovolts) through 
which the electrons are accelerated before they strike the target. 


70 By measuring the go-and-return time for a laser pulse to 
travel from an Earth-bound observatory to a reflector on the 
Moon, it is possible to measure the separation between these 
bodies. (a) What is the predicted value of this time? (b) The 
separation can be measured to a precision of about 15 cm. To 
what uncertainty in travel time does this correspond? (c) If 
the laser beam forms a spot on the Moon 3 km in diameter, 
what is the angular divergence of the beam? 


71 Lasers can be used to generate pulses of light whose du- 
rations are as short as 10 fs. (a) How many wavelengths of 
light (A = 500 nm) are contained in such a pulse? (b) In 


10 fs nese 





1s xX’ 
what is the missing quantity X (in years)? SSM 


72 (Acorrespondence principle problem.) Estimate (a) the 
quantum number ¢ for the orbital motion of Earth around the 
Sun and (b) the number of allowed orientations of the plane 
of Earth’s orbit. (c) Find 6,,,, the half-angle of the smallest 
cone that can be swept out by a perpendicular to Earth’s orbit 
as Earth revolves around the Sun. 


73 Suppose that the electron had no spin and that the Pauli 
exclusion principle still held. Which, if any, of the present 
noble gases would remain in that category? 


74 Show that if the 63 electrons in an atom of europium 
were assigned to shells according to the “logical” sequence of 
quantum numbers, this element would be chemically similar 
to sodium. 


75 Knowing that the minimum x-ray wavelength produced 
by 40.0 keV electrons striking a target is 31.1 pm, determine 
the Planck constant h. 


76 Showthath = 1.06 x 10°-*%J-s = 6.59 X 107 eVss. 


7? Anelectronin a multielectron atom is known to have the 
quantum number f = 3. What are its possible n, m,;, and m, 
quantum numbers? 





Solid-state physics and solid-state electronics have radically 
changed modern life. For example, early computers relied on bulky 
vacuum tubes and took up the space of a large room. Today, far 
more powertul computers rely on tiny transistors in integrated cir- 
cuits and take up the space of your lap (or even less). Seemingly, vac- 
uum tubes are a thing of the past; indeed, they are no longer taught 
to electrical engineering majors. However, many of today’s hard-rock 
guitar players insist on amplifiers using vacuum tubes, much like Jimi 


Hendrix used when he electrically reshaped rock in the late 1960s. 
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The answer is in this chapter. 
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In this chapter we focus on a goal of physics that has become enormously 
important in the last half-century. That goal 1s to answer the question: What are 
the mechanisms by which a material conducts, or does not conduct, electricity? 
The answers to that question are complex and still not well understood, largely 
because they involve the application of quantum physics— not to individual par- 
ticles and atoms as we have seen in the last several chapters but to a tremendous 
number of particles and atoms grouped together and interacting. In spite of the 
difficulty, engineers and scientists have made great strides in the quantum physics 
of materials science, which is why we now have computers, calculators, cell 
phones, and many other types of solid-state electronic devices. 

Our starting point in this chapter is to characterize the solids that can con- 
duct electricity and those that cannot. 
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We shall examine only crystalline solids— that is, solids whose atoms are arranged 
in a repetitive three-dimensional structure called a lattice. We shall not consider 
such solids as wood, plastic, glass, and rubber, whose atoms are not arranged in such 
repetitive patterns. Figure 41-1 shows the basic repetitive units (the unit cells) of the 
lattice structures of copper, our prototype of a metal, and silicon and diamond (car- 
bon), our prototypes of a semiconductor and an insulator, respectively. 

We can classify solids electrically according to three basic properties: 


1. Their resistivity p at room temperature, with the SI unit ohm-meter ((Q): m); 
resistivity is defined in Section 26-4. 


2. Their temperature coefficient of resistivity a, defined as a = (1/p)(dp/dT) in 
Eq. 26-17 and having the SI unit inverse kelvin (K~'). We can evaluate a for 
any solid by measuring p over a range of temperatures. 


o 


Their number density of charge carriers 1. This quantity, the number of charge 
carriers per unit volume, can be found from measurements of the Hall effect, 
as discussed in Section 28-4, and from other measurements. It has the SI unit 
inverse cubic meter (m7). 


From measurements of room-temperature resistivity alone, we discover that 
there are some materials—we call them insulators—that for all practical pur- 
poses do not conduct electricity at all. These are materials with very high resis- 
tivity. Diamond, an excellent example, has a resistivity greater than that of copper 
by the enormous factor of about 10”. 

We can then use measurements of p, a, and n to divide most noninsulators, at 
least at low temperatures, into two categories: metals and semiconductors. 


Semiconductors have a considerably greater resistivity p than metals. 


Semiconductors have a temperature coefficient of resistivity a that is both high 
and negative. That is, the resistivity of a semiconductor decreases with tem- 
perature, whereas that of a metal increases. 


Semiconductors have a considerably lower number density of charge carriers n 
than metals. 


Table 41-1 shows values of these quantities for copper, our prototype metal, and 
silicon, our prototype semiconductor. 

Now, with measurements of p, a, and n in hand, we have an experimental 
basis for refining our central question about the conduction of electricity in 
solids: What features make diamond an insulator, copper a metal, and silicon a 
semiconductor? Again, quantum physics provides the answers. 





(0) 


FIG. 41-1 (a) The unit cell for 
copper is a cube. There is one copper 
atom (darker) at each corner of the 
cube and one copper atom (lighter) 
at the center of each face of the cube. 
The arrangement ts called face- 
centered cubic. (b) The unit cell for 
either silicon or the carbon atoms in 
diamond is also a cube, the atoms 
being arranged in what is called a 
diamond lattice. There is one atom 
(darkest) at each corner of the cube 
and one atom (lightest) at the center 
of each cube face; in addition, four 
atoms (medium color) lie within the 
cube. Every atom is bonded to its 
four nearest neighbors by a two- 
electron covalent bond (only the 
four atoms within the cube show all 
four nearest neighbors). 











(a) 


Enery = 


e Flectron 


FIG. 41-2 (a) Two copper atoms 
separated by a large distance; their 
electron distributions are repre- 
sented by dot plots. (b) Each copper 
atom has 29 electrons distributed 
among a set of subshells. In the 
neutral atom in its ground state, all 
subshells up through the 3d level are 
filled, the 4s subshell contains one 
electron (it can hold two), and 
higher subshells are empty. For 
simplicity, the subshells are shown as 
being evenly spaced in energy. 





Gap 
Band 

FIG. 41-3 The band-gap pattern of 
energy levels for an idealized crys- 
talline solid. As the magnified view 
suggests, each band consists of a very 
large number of very closely spaced 
energy levels. (In many solids, adja- 
cent bands may overlap; for clarity, 
we have not shown this condition.) 
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TABLE 41-1 


Some Electrical Properties of Two Materials? 





Material 
Property Unit Copper Silicon 
Type of conductor Metal Semiconductor 
Resistivity, p QO-m 21 0r: Saale 
Temperature coefficient of resistivity, a Kk} +4 x 10° —70 x 10°? 
Number density of charge carriers, n ee 9 x 107 10" 


“All values are for room temperature. 
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The distance between adjacent copper atoms in solid copper is 260 pm. Figure 
41-2a shows two isolated copper atoms separated by a distance r that is much 
greater than that. As Fig. 41-2) shows, each of these isolated neutral atoms stacks 
up its 29 electrons in an array of discrete subshells as follows: 


lise252 2p? Sse43p° Ba As 


Here we use the shorthand notation of Section 40-9 to identify the subshells. 
Recall, for example, that the subshell with principal quantum number n = 3 
and orbital quantum number f = 1 is called the 3p subshell; 1t can hold up to 
2(2€ + 1) = 6 electrons; the number it actually contains is indicated by a nu- 
merical superscript. We see above that the first six subshells in copper are filled, 
but the (outermost) 4s subshell, which can hold two electrons, holds only one. 

If we bring the atoms of Fig. 41-2a closer together, their wave functions will start 
to overlap, beginning with those of the outermost electrons. When the wave func- 
tions of the two atoms overlap, we speak not of two independent atoms but of a 
single two-atom system; here the system contains 2 * 29 = 58 electrons. The 
Pauli exclusion principle also applies to this larger system and requires that each 
of these 58 electrons occupy a different quantum state. In fact, 58 quantum states 
are available because each energy level of the isolated atom splits into two levels 
for the two-atom system. 

If we bring up more atoms, we gradually assemble a lattice of solid copper. If our 
lattice contains, say, N atoms, then each level of an isolated copper atom must split into 
N levels in the solid. Thus, the individual energy levels of the solid form energy bands, 
adjacent bands being separated by an energy gap, with the gap representing a range of 
energies that no electron can possess. A typical band ranges over only a few electron- 
volts. Since N may be of the order of 10”, we see that the individual levels within a 
band are very close together indeed, and there are a vast number of levels. 

Figure 41-3 suggests the band-gap structure of the energy levels in a gener- 
alized crystalline solid. Note that bands of lower energy are narrower than those 
of higher energy. This occurs because electrons that occupy the lower energy 
bands spend most of their time deep within the atom’s electron cloud. The wave 
functions of these core electrons do not overlap as much as the wave functions of 
the outer electrons do. Hence the splitting of the lower energy levels (core elec- 
trons) is less than that of the higher energy levels (outer electrons). 


41-4 | Insulators 


A solid is said to be an electrical insulator if no current exists within it when we apply a 
potential difference across it. For a current to exist, the kinetic energy of the average 
electron must increase. In other words, some electrons in the solid must move to a 
higher energy level. However, as Fig. 41-4 shows, in an insulator the highest band con- 
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taining any electrons is fully occupied. Because the Pauli exclusion principle keeps elec- 
trons from moving to occupied levels, no electrons in the solid are allowed to move. 

Thus, the electrons in the filled band of an insulator have no place to go; they 
are in gridlock. It is as if a child tries to climb a ladder that already has a child 
standing on each rung; since there are no unoccupied rungs, no one can move. 

There are plenty of unoccupied levels (or vacant levels) in the band above 
the filled band in Fig. 41-4. However, if an electron is to occupy one of those 
levels, it must acquire enough energy to jump across the substantial energy gap 
FE, that separates the two bands. In diamond, this gap is so wide (the energy 
needed to cross it is 5.5 eV, about 140 times the average thermal energy of a free 
particle at room temperature) that essentially no electron can jump across it. 
Diamond is thus an electrical insulator, and a very good one. 


Sample Problem eee 


FIG. 41-4 The 
band-gap pattern for 
an insulator; filled 
levels are shown in 
red and empty levels 
in blue. 





Approximately what is the probability that, at room 
temperature (300 K), an electron at the top of the high- 
est filled band in diamond (an insulator) will jump the 
energy gap E, in Fig. 41-4? For diamond, E, is 5.5 eV. 


to E,. Then the probability P of the jump is approxi- 
mately equal to the ratio N,/N, of the number of elec- 
trons just above the energy gap to the number of elec- 
trons just below the gap. 


For diamond, the exponent in Eq. 41-1 1s 


Rave In Chapter 40 we used Eq. 40-29, is, Dav 


—-—& = — —______—________ = _ 93, 
Nill e-(Ex—EgykT. (41-1) kT (8.62 X 10° eV/K)(300 K) 
No The required probability is then 
to relate the population N, of atoms at energy level EF, 
to the population Np at energy level Ey, where the atoms ps Nx = e~(EgkT) = @-213 ~ 3 x 10-%, (Answer) 





are part of a system at temperature T (measured in No 
kelvins); k is the Boltzmann constant (8.62 x 10> 
eV/K). In this chapter we can use Eq. 41-1 to approxi- 
mate the probability P that an electron in an insulator 
will jump the energy gap E, in Fig. 41-4. 


This result tells us that approximately 3 electrons out of 
10” electrons would jump across the energy gap. Because 
any diamond stone has fewer than 10% electrons, we see 
that the probability of the jump is vanishingly small. No 


Calculations: We first set the energy difference E, — E, wonder diamond is such a good insulator. 
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The feature that defines a metal is that, as Fig. 41-5 shows, the highest occupied 
energy level falls somewhere near the middle of an energy band. If we apply a 
potential difference across a metal, a current can exist because there are plenty of 
vacant levels at nearby higher energies into which electrons (the charge carriers 
in a metal) can jump. Thus, a metal can conduct electricity because electrons in its 
highest occupied band can easily move into higher energy levels. 

In Section 26-6 we discussed the free-electron model of a metal, in which the 
conduction electrons are free to move throughout the volume of the sample 
like the molecules of a gas in a closed container. We used this model to derive an 
expression for the resistivity of a metal, assuming that the electrons follow the 
laws of Newtonian mechanics. Here we use that same model to explain the 
behavior of the conduction electrons in the partially filled band of Fig. 41-5. aan om 
However, we follow the laws of quantum physics by assuming the energies of Metal — 
these electrons to be quantized and the Pauli exclusion principle to hold. 

We assume too that the electric potential energy U of a conduction electron 
has the same constant value at all points within the lattice. Let’s set U = 0. Then 
the mechanical energy FE of the conduction electrons is entirely kinetic. 

The level at the bottom of the partially filled band of Fig. 41-5 corresponds to 
fi; = 0. The highest occupied level in this band at absolute zero (T = 0K) is 
called the Fermi level, and the energy corresponding to it is called the Fermi 
energy £;; for copper, Fp = 7.0 eV. 





FIG. 41-5 The band-gap pattern 
for a metal. The highest filled level, 
called the Fermi level, lies near the 
middle of a band. Since vacant levels 
are available within that band, elec- 
trons in the band can easily change 
levels, and conduction can 

take place. 
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The electron speed corresponding to the Fermi energy is called the Fermi 
speed vp. For copper the Fermi speed is 1.6 < 10° m/s. Thus, all motion does not 
cease at absolute zero; at that temperature —and solely because of the Pauli ex- 
clusion principle —the conduction electrons are stacked up in the partially filled 
band of Fig. 41-5 with energies that range from zero to the Fermi energy. 


How Many Conduction Electrons Are There? 


If we could bring individual atoms together to form a sample of a metal, we would find 
that the conduction electrons in the metal are the valence electrons of the atoms (the 
electrons in the outermost occupied shells of the atoms). A monovalent atom con- 
tributes one such electron to the conduction electrons in a metal; a bivalent atom con- 
tributes two such electrons. Thus, the total number of conduction electrons 1s 


number of conduction) a number of atoms \ / number of at 
electrons in sample in sample electrons per atom/ 
(41-2) 


(In this chapter, we shall write several equations largely in words because the 
symbols we have previously used for the quantities in them now represent other 
quantities.) The number density n of conduction electrons in a sample is the num- 
ber of conduction electrons per unit volume: 


number of conduction electrons in sample (41-3) 
eae Sa if 
sample volume V 
We can relate the number of atoms in a sample to various other properties of 
the sample and to the material making up the sample with the following: 


ae of es sample mass M,,,, _ sample mass M,.. 
in sample atomic mass (molar mass M)/N, 


material’s density)(sample volume V ) | 
ree, (AT 
(molar mass M)/Ny 


where the molar mass M is the mass of one mole of the material in the sample 
and N, is Avogadro’s number (6.02 X 107 mol™'). 


Sample Problem ey 


How many conduction electrons are in a cube of mag- Magnesium has a density of 1.738 g/cm? (= 1.738 x 10° 
nesium with a volume of 2.00 x 10~° m?? Magnesium kg/m?) and a molar mass of 24.312 g/mol (= 24.312 < 10 3 


atoms are bivalent. 





kg/mol) (see Appendix F). The numerator gives us 


(1.738 X 103 kg/m3)(2.00 X 10-6 m3) 
xX (6.02 X 10° atoms/mol) = 2.0926 x 107! ke/mol. 


1. Because magnesium atoms are bivalent, each mag- - number of atoms 2.0926 X 102! kg/mol 
nesium atom contributes two conduction electrons. , ( in sample = 24.312 X 10-3 kg/mol 
2. The cube’s number of conduction electrons is re- — 861 x 10” 
lated to its number of magnesium atoms by Eq. 41-2. 
3. We can find the number of atoms with Eq. 41-4 and Using this result and the fact that magnesium atoms are 
known data about the cube’s volume and magne- bivalent, we find that Eq. 41-2 yields 
sium’s properties. number of 
conduction electrons 
Calculations: We can write Eq. 41-4 as in sample 
oe _ (density)(sample volume V )Na = (8.61 x 10” atoms)( 2 stecirons 


in sample 


molar mass M 


= 1.72 x 10* electrons. (Answer) 


Conductivity Above Absolute Zero 





Our practical interest in the conduction of electricity in metals is at temperatures 
above absolute zero. What happens to the electron distribution of Fig. 41-5 at 
such higher temperatures? As we shall see, surprisingly little. 

Of the electrons in the partially filled band of Fig. 41-5, only those that 
are close to the Fermi energy find unoccupied levels above them, and only those 
electrons are free to be boosted to these higher levels by thermal agitation. Even 
at J = 1000 K, a temperature at which copper would glow brightly in a dark 
room, the distribution of electrons among the available levels does not differ 
much from the distribution at 7 = 0 K. 

Let us see why. The quantity k7, where k is the Boltzmann constant, is a con- 
venient measure of the energy that may be given to a conduction electron by the 
random thermal motions of the lattice. At T = 1000 K, we have kT = 0.086 eV. 
No electron can hope to have its energy changed by more than a few times this 
relatively small amount by thermal agitation alone; so at best only those few con- 
duction electrons whose energies are close to the Fermi energy are likely to jump 
to higher energy levels due to thermal agitation. Poetically stated, thermal agita- 
tion normally causes only ripples on the surface of the Fermi sea of electrons; the 
vast depths of that sea lie undisturbed. 


There? 


The ability of a metal to conduct electricity depends on how many quantum 
states are available to its electrons and what the energies of those states are. Thus, 
a question arises: What are the energies of the individual states in the partially 
filled band of Fig. 41-5? This question is too difficult to answer because we cannot 
possibly list the energies of so many states individually. We ask instead: How 
many states in a unit volume of a sample have energies in the energy range E to 
E + dE? We write this number as M(E) dE, where N(E) is called the density of 
states at energy E. The conventional unit for N(F) dE is states per cubic meter 
(states/m’, or simply m°), and the conventional unit for N(E) is states per cubic 
meter per electron-volt (m~° eV~!). 

We can find an expression for the density of states by counting the number of 
standing electron matter waves that can fit into a box the size of the metal sample 
we are considering. This is analogous to counting the number of standing waves 
of sound that can exist in a closed organ pipe. The differences are that our prob- 
lem is three-dimensional (the organ pipe problem is one-dimensional) and the 
waves are matter waves (the organ-pipe waves are sound waves). The result of 
such counting can be shown to be 


How Many Quantum States Are 





8V2am?! 


NOE) aaa is (41-5) 


(density of states, m~? J~‘), 


where m (= 9.109 X 10° *! kg) is the electron mass, h (= 6.626 X 107*4 J-s) is the 
Planck constant, F is the energy in joules at which N(£) is to be evaluated, and 
N(E) is in states per cubic meter per joule (m7? J~'). To modify this equation so 
that the value of F is in electron-volts and the value of N(£) is in states per cubic 
meter per electron-volt (m~° eV‘), multiply the right side of the equation by e*”, 
where e is the fundamental charge, 1.602 X 107” C. Figure 41-6 is a plot of sucha 
modified version of Eq. 41-5. Note that nothing in Eq. 41-5 or Fig. 41-6 involves 
the shape, temperature, or composition of the sample. 


WA HECKPOINT 1 (a) Is the spacing between adjacent energy levels at E = 

4 eV in copper larger than, the same as, or smaller than the spacing at E = 6 eV? (b) Is the 
spacing between adjacent energy levels at E = 4 eV in copper larger than, the same as, 
or smaller than the spacing for an identical volume of aluminum at that same energy? 
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No 


— 





NE) (1078 meV!) 


2 4 6 8 10 
Energy (eV) 
FIG. 41-6 The density of states 
N(E)—that is, the number of elec- 
tron energy levels per unit energy in- 
terval per unit volume — plotted as a 
function of electron energy. The den- 
sity of states function simply counts 
the available states; it says nothing 
about whether these states are occu- 
pied by electrons. 


Oo 
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Sample Problem ey 


(a) Using the data of Fig. 41-6, determine the number 
of states per electron-volt at 7eV in a metal sample 
with a volume V of 2 x 10°? m? 


(b) Next, determine the number of states N in the sam- 
ple within a small energy range AE of 0.003 eV centered 
aie eV, 


Calculation: From Eq. 41-5 and Fig. 41-6, we know that 
the density of states is a function of energy E. However, 
for an energy range AF that is small relative to E, we 
can approximate the density of states (and thus the 
number of states per electron-volt) to be constant. Thus, 
at an energy of 7 eV, we find the number of states N in 
the energy range AE of 0.003 eV as 


ees of states N _ {number of states|/ energy 
in range AF at 7 eV pereV at 7eV / \range AE 





_. Dae We can obtain the number of states per 
electron: volt at a given energy by using the density of 
states N(E) at that energy and the sample’s volume V. 


Calculations: At an energy of 7 eV, we write 


number of states\ _ / density of states \/ volume V 
pereVat7eV / \ ME)at7eV /\of sample /’ 


From Fig. 41-6, we see that at an energy EF of 7 eV, the 
density of states is about 1.8 x 1078 m7? eV. Thus, 


N = (3.6 X 10"? eV~1)(0.003 eV) 


=1.1x 10 =1 x 10". (Answer) 


en of ea or 
pereV at7eV 


= (1.8 10% m-? eV~!)\(2 x 10? m?) 
=3.6 x 10 ev 
=4X< 10" ev. 


(When you are asked for the number of states in a cer- 
tain energy range, first see if that range is small enough 


(Answer) to allow this type of approximation. ) 


The Occupancy Probability P(E) 


The ability of a metal to conduct electricity depends on the probability that avail- 
able vacant levels will actually be occupied. Thus, another question arises: If an 
energy level is available at energy E, what is the probability P(E) that it is 
actually occupied by an electron? At T = 0 K, we know that for all levels with 
energies below the Fermi energy, P(E) = 1, corresponding to a certainty that the 
level is occupied. We also know that, at T = 0 K, for all levels with energies above 
the Fermi energy, P(£) = 0, corresponding to a certainty that the level is not 
occupied. Figure 41-7a illustrates this situation. 

To find P(E) at temperatures above absolute zero, we must use a set of quantum 
counting rules called Fermi— Dirac statistics, named for the physicists who introduced 
them. Using these rules, it is possible to show that the occupancy probability P(£) is 


P(E) = (occupancy probability), (41-6) 


el(E- EPVkKT aaa 


in which Fy is the Fermi energy. Note that P(E) depends not on the energy E of 
the level but only on the difference E — Ey, which may be positive or negative. 

E (eV) To see whether Eq. 41-6 describes Fig. 41-7a, we substitute 7 = 0 K init. Then, 

(0) 

FIG, 41-7 ‘The occupancy probabil- 
ity P(E) is the probability that an en- 
ergy level will be occupied by an 
electron. (a) At T = 0 K, P(E) is 
unity for levels with energies E up to 
the Fermi energy F; and zero for lev- 
els with higher energies. (b) At T = 
1000 K,a few electrons whose ener- 
gies were slightly less than the Fermi 
energy at 7 = 0 K move up to states 
with energies slightly greater than the 
Fermi energy. The dot on the curve 
shows that, for E = Ep, P(E) = 0.5. 





For E < Ey, the exponential term in Eq. 41-6 is e~®, or zero;so P(E) = 1, in agree- 


ment with Fig. 41-7a. 


For E > E;, the exponential term is e* 
Fig. 41-7a. 


*: so P(E) = 0, again in agreement with 


Figure 41-75 is a plot of P(E) for T = 1000 K. It shows that, as stated above, 
changes in the distribution of electrons among the available states involve only 
States whose energies are near the Fermi energy Fy. Note that if E = Ep (no mat- 
ter what the temperature 7), the exponential term in Eq. 41-6 is e? = 1 and 
P(E) = 0.5. This leads us to a more useful definition of the Fermi energy: 
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Figures 41-7a and b are plotted for copper, which has a Fermi energy of 
7.0 eV. Thus, for copper both at T = 0 K and at T = 1000 K, a state at energy EF = 
7.0 eV has a probability of 0.5 of being occupied. 


Sample Problem ey 


(a) What is the probability that a quantum state whose (b) What is the probability of occupancy for a state that 
energy is 0.10 eV above the Fermi energy will be occu- is 0.10 eV below the Fermi energy? 


pied? Assume a sample temperature of 800 K. : 
Calculation: The Key Idea of part (a) applies here also 


except that now the state has an energy below the Fermi 
energy. Thus, the exponent in Eq. 41-6 has the same 
magnitude we found in part (a) but is negative; so Eq. 
41-6 now yields 





_KEY IDEA aa occupancy probability of any state in a 
metal can be found from Fermi-— Dirac statistics accord- 
ing to Eq. 41-6. 


Calculations: To apply Eq. 41-6, let us first calculate its 


1 
dimensionless exponent: P(E) = —345-——_ = 0.81 or 81%. (Answer) 
E-E, | 0.10 eV tee eons 
kT (8.62 x 107° eV/K)(800 K) os For states below the Fermi energy, we are often more 
Inserting this exponent into Eq. 41-6 yields interested in the probability that the state is not occu- 
pied. This probability is just 1 — P(E), or 19%. Note 
Pe) P= ae 0.19 or 19%. (Answer) that it is the same as the probability of occupancy in (a). 


How Many Occupied States Are There? 


Equation 41-5 and Fig. 41-6 tell us how the available states are distributed in 
energy. The occupancy probability of Eq. 41-6 gives us the probability that any 
given state will actually be occupied by an electron. To find N,(£), the density of 
occupied states, we must multiply each available state by the corresponding value 
of the occupancy probability; that is, 


density of occupied states : _ ( density of states \ / occupancy ene, 
N,(&) at energy £ N(E) at energy E P(E) at energy E 


or NE) = N(E) P(E) (density of occupied states). (41-7) 


Figure 41-8a is a plot of Eq. 41-7 for copper at T = 0K. It is found by mul- 
tiplying, at each energy, the value of the density of states function (Fig. 41-6) by the 
value of the occupancy probability for absolute zero (Fig. 41-7a). Figure 41-8), calcu- 
lated similarly, shows the density of occupied states for copper at T = 1000 K. 


FIG. 44-8 (a) The density of occupied states N,(E) for copper at absolute zero. The area 
under the curve is the number density of electrons n. Note that all states with energies up 
to the Fermi energy Ep = 7 eV are occupied, and all those with energies above the Fermi 
energy are vacant. (b) The same for copper at T = 1000 K. Note that only electrons with 
energies near the Fermi energy have been affected and redistributed. 


Sample Problem ere 


If the metal in Sample Problem 41-3 is copper, which for a narrow energy range around 7.0 eV (the Fermi en- 
has a Fermi energy of 7.0 eV, how many occupied states ergy for copper), the occupancy probability P(E) is 0.50. 
per eV lie in a narrow energy range around 7.0 eV? 





Calculations: From Fig. 41-6, we see that the density of 
nn TE states at 7eV is about 1.8 X 10°7m~* eV !. Thus, Eq. 
(1) The reasoning of Sample Problem 41-3a 41-7 tells us that the density of occupied states is 
applies here also, except that now we use the density of 
occupied states N,(£) as given by Eq. 41-7 (N,(£) = N(E) = NE) P(E) = (1.8 x 10% m™ eV™)(0.50) 
N(E) P(E)). (2) Because we want to evaluate quantities = 0.9 X 10% m-eVl. 





isadaied 


ae Chapter 41 | Conduction of Electricity in Solids 


Next, we rewrite the equation in Sample Problem 41-3a 


in terms of occupied states: 


Substituting for V,(£) and V gives us 


number of occupied 


( number of occupied _ density of occupied states per eV 
states per eV at 7eV states N,(E) at 7 eV at 7 eV 
= (0.9 x 10°7m-2eV-')(2 X 10°? m?) 
volume V 
x a mr = 18x 10%ev-! 
=2x 10% ev. (Answer) 


Conduction® = = 
band oe 


Valence 
band 











Semiconductor 


(a) 





2 | ee / Conduction 
band 


Valence 
band 


(0) 


FIG. 41-9 (a) The band-gap pattern 
for a semiconductor. It resembles 
that of an insulator (see Fig. 41-4) ex- 
cept that here the energy gap E, is 
much smaller; thus electrons, because 
of their thermal agitation, have some 
reasonable probability of being able 
to jump the gap. (b) Thermal agita- 
tion has caused a few electrons to 
jump the gap from the valence band 
to the conduction band, leaving an 
equal number of holes in the 

valence band. 





ergy 

Suppose we add up (via integration) the number of occupied states per unit vol- 
ume in Fig. 41-8a (for 7 = 0 K) at all energies between E = 0 and E = Ey. The 
result must equal n, the number of conduction electrons per unit volume for the 
metal. In equation form, we have 


EF 
n= | N(E) dE. 
0 


(Graphically, the integral here represents the area under the distribution curve of 
Fig. 41-8a.) Because P(£) = 1 for all energies below the Fermi energy when T = 0 
K, Eq. 41-7 tells us we can replace N,(£) in Eq. 41-8 with N(£) and then use Eq. 41- 
8 to find the Fermi energy Er. If we substitute Eq. 41-5 into Eq. 41-8, we find that 


(41-8) 








pn Seer hy pin ag — SX2am™* 2EP 
he 0 he 4 5 
in which m is the electron mass. Solving for E; now leads to 
2 ae 0.121? 
EY, = ma ppt) Bel e218 “it 
4 ( or! m m ( ) 


Thus, when we know n, the number of conduction electrons per unit volume for a 
metal, we can find the Fermi energy for that metal. 
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If you compare Fig. 41-9a with Fig. 41-4, you can see that the band structure of 
a semiconductor is like that of an insulator. The main difference is that the semi- 
conductor has a much smaller energy gap F,, between the top of the highest filled 
band (called the valence band) and the bottom of the vacant band just above it 
(called the conduction band). Thus, there is no doubt that silicon (LE, = 1.1 eV) is 
a semiconductor and diamond (£, = 5.5 eV) is an insulator. In silicon—but not 
in diamond—there is a real possibility that thermal agitation at room tempera- 
ture will cause electrons to jump the gap from valence to conduction band. 

In Table 41-1 we compared three basic electrical properties of copper, our proto- 
type metallic conductor, and silicon, our prototype semiconductor. Let us look again 
at that table, one row at a time, to see how a semiconductor differs from a metal. 


Number Density of Charge Carriers n 


The bottom row of Table 41-1 shows that copper has far more charge carriers 
per unit volume than silicon, by a factor of about 10'°. For copper, each atom con- 
tributes one electron, its single valence electron, to the conduction process. 
Charge carriers in silicon arise only because, at thermal equilibrium, thermal agi- 
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tation causes a certain (very small) number of valence-band electrons to jump 
the energy gap into the conduction band, leaving an equal number of unoccupied 
energy states, called holes, in the valence band. Figure 41-95 shows the situation. 

Both the electrons in the conduction band and the holes in the valence band 
serve as charge carriers. The holes do so by permitting a certain freedom of 
movement to the electrons remaining in the valence band, electrons that, in the 
absence of holes, would be gridlocked. If an electric field E is set up in a semicon- 
ductor, the electrons in the valence band, being negatively charged, tend to drift 
in the direction opposite E. This causes the positions of the holes to drift in the 
direction of E. In effect, the holes behave like moving particles of charge +e. 

It may help to think of a row of cars parked bumper to bumper, with the 
lead car at one car’s length from a barrier and the empty one-car-length distance 
being an available parking space. If the leading car moves forward to the barrier, 
it Opens up a parking space behind it. The second car can then move up to fill that 
space, allowing the third car to move up, and so on. The motions of the many cars 
toward the barrier are most simply analyzed by focusing attention on the drift of 
the single “hole” (parking space) away from the barrier. 

In semiconductors, conduction by holes 1s just as important as conduction by 
electrons. In thinking about hole conduction, we can assume that all unoccupied 
states in the valence band are occupied by particles of charge +e and that all 
electrons in the valence band have been removed, so that these positive charge 
carriers can move freely throughout the band. 


Resistivity p 


Recall from Chapter 26 that the resistivity p of a material is m/e*nt, where m is 
the electron mass, e is the fundamental charge, 1 is the number of charge carriers 
per unit volume, and ris the mean time between collisions of the charge carriers. 
‘Table 41-1 shows that, at room temperature, the resistivity of silicon is higher 
than that of copper by a factor of about 10'!. This vast difference can be 
accounted for by the vast difference in n. Other factors enter, but their effect on 
the resistivity is swamped by the enormous difference in n. 


tesistivity a 








Temperature 


Recall that a (see Eq. 26-17) is the fractional change in resistivity per unit change 
in temperature: 
_ 1 dp 


, 41-10 
5 aT (41-10) 


The resistivity of copper increases with temperature (that is, dp/dT > 0) because 
collisions of copper’s charge carriers occur more frequently at higher tempera- 
tures. Thus, a is positive for copper. 

The collision frequency also increases with temperature for silicon. However, 
the resistivity of silicon actually decreases with temperature (dp/dT < 0) because 
the number of charge carriers n (electrons in the conduction band and holes 
in the valence band) increases so rapidly with temperature. (More electrons jump 
the gap from the valence band to the conduction band.) Thus, the fractional 
change a is negative for silicon. 
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The usefulness of semiconductors in technology can be greatly improved by 
introducing a small number of suitable replacement atoms (called impurities) 
into the semiconductor lattice—a process called doping. Typically, only about 
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FIG. 41-10 (a) A flattened-out representation of the lattice structure of pure silicon. 
Each silicon ion is coupled to its four nearest neighbors by a two-electron covalent bond 
(represented by a pair of red dots between two parallel black lines). The electrons belong 
to the bond— not to the individual atoms—and form the valence band of the sample. 

(b) One silicon atom is replaced by a phosphorus atom (valence = 5). The “extra” electron 
is only loosely bound to its ion core and may easily be elevated to the conduction band, 
where it is free to wander through the volume of the lattice. (c) One silicon atom is 
replaced by an aluminum atom (valence = 3). There is now a hole in one of the covalent 
bonds and thus in the valence band of the sample. The hole can easily migrate through 
the lattice as electrons from neighboring bonds move in to fill it. Here the hole migrates 
rightward. 


1 silicon atom in 10’ is replaced by a dopant atom in the doped semiconductor. 
Essentially all modern semiconducting devices are based on doped material. 
Such materials are of two types, called n-type and p-type; we discuss each in turn. 





n-Type $ 


The electrons in an isolated silicon atom are arranged in subshells according to 
the scheme 


ae seee Os op 


in which, as usual, the superscripts (which add to 14, the atomic number of sili- 
con) represent the numbers of electrons in the specified subshells. 

Figure 41-10a is a flattened-out representation of a portion of the lattice of 
pure silicon in which the portion has been projected onto a plane; compare the 
figure with Fig. 41-1b, which represents the unit cell of the lattice in three 
dimensions. Each silicon atom contributes its pair of 3s electrons and its pair of 
3p electrons to form a rigid two-electron covalent bond with each of its four near- 
est neighbors. (A covalent bond is a link between two atoms in which the atoms 
share a pair of electrons.) The four atoms that lie within the unit cell in Fig. 41-15 
show these four bonds. 

The electrons that form the silicon—silicon bonds constitute the valence band 
of the silicon sample. If an electron is torn from one of these bonds so that it 
becomes free to wander throughout the lattice, we say that the electron has been 
raised from the valence band to the conduction band. The minimum energy 
required to do this is the gap energy E,. 

Because four of its electrons are involved in bonds, each silicon “atom” is 
actually an ion consisting of an inert neon-like electron cloud (containing 10 
electrons) surrounding a nucleus whose charge is +14e, where 14 is the atomic 
number of silicon. The net charge of each of these ions is thus +4e, and the ions 
are said to have a valence number of 4. 

In Fig. 41-105 the central silicon ion has been replaced by an atom of phos- 
phorus (valence = 5). Four of the valence electrons of the phosphorus form bonds 
with the four surrounding silicon ions. The fifth (“extra”) electron is only loosely 
bound to the phosphorus ion core. On an energy-band diagram, we usually say 
that such an electron occupies a localized energy state that lies within the energy 
gap, at an average energy interval FE, below the bottom of the conduction band; 
this is indicated in Fig. 41-1la. Because E, « E,, the energy required to excite 
electrons from these levels into the conduction band is much less than that 
required to excite silicon valence electrons into the conduction band. 

The phosphorus atom is called a donor atom because it readily donates an 
electron to the conduction band. In fact, at room temperature virtually all the 
electrons contributed by the donor atoms are in the conduction band. By adding 
donor atoms, it is possible to increase greatly the number of electrons in the con- 
duction band, by a factor very much larger than Fig. 41-11a suggests. 
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Semiconductors doped with donor atoms are called n-type semiconduc- 
tors; the n stands for negative, to imply that the negative charge carriers intro- 
duced into the conduction band greatly outnumber the positive charge carri- 
ers, which are the holes in the valence band. In n-type semiconductors, the 
electrons are called the majority carriers and the holes are called the minority 
carriers. 


1iconductors 
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Now consider Fig. 41-10c, in which one of the silicon atoms (valence = 4) has 
been replaced by an atom of aluminum (valence = 3). The aluminum atom can 
bond covalently with only three silicon atoms, and so there is now a “missing” 
electron (a hole) in one aluminum -silicon bond. With a small expenditure of en- 
ergy, an electron can be torn from a neighboring silicon—silicon bond to fill this 
hole, thereby creating a hole in that bond. Similarly, an electron from some other 
bond can be moved to fill the newly created hole. In this way, the hole can migrate 
through the lattice. 

The aluminum atom is called an acceptor atom because it readily accepts an 
electron from a neighboring bond —that is, from the valence band of silicon. As 
Fig. 41-115 suggests, this electron occupies a localized energy state that lies within 
the energy gap, at an average energy interval E, above the top of the valence 
band. Because this energy interval E, is small, valence electrons are easily 
bumped up to the acceptor level, leaving holes in the valence band. Thus, by 
adding acceptor atoms, it is possible to greatly increase the number of holes in the 
valence band, by a factor much larger than Fig. 41-116 suggests. In silicon at room 
temperature, virtually all the acceptor levels are occupied by electrons. 

Semiconductors doped with acceptor atoms are called p-type semiconduc- 
tors; the p stands for positive to imply that the holes introduced into the valence 
band, which behave like positive charge carriers, greatly outnumber the electrons 
in the conduction band. In p-type semiconductors, holes are the majority carriers 
and electrons are the minority carriers. 

Table 41-2 summarizes the properties of a typical n-type and a typical p-type 
semiconductor. Note particularly that the donor and acceptor ion cores, although 
they are charged, are not charge carriers because at normal temperatures they 
remain fixed in their lattice sites. 





Properties of Two Doped Semiconductors 


Type of Semiconductor 





Property n Pp 
Matrix material Silicon Silicon 
Matrix nuclear charge +14e +14e 
Matrix energy gap bev L2ey 
Dopant Phosphorus Aluminum 
Type of dopant Donor Acceptor 
Majority carriers Electrons Holes 
Minority carriers Holes Electrons 
Dopant energy gap Ey = 0.045 eV E,, = 0.067 eV 
Dopant valence 5 5 
Dopant nuclear charge TE hoe +13e 
Dopant net ion charge ane = 


nr type 





FIG. 41-11 (a) Ina doped n-type 
semiconductor, the energy levels of 
donor electrons lie a small interval 
FE), below the bottom of the 
conduction band. Because donor 
electrons can be easily excited to the 
conduction band, there are now 
many more electrons in that band. 
The valence band contains the same 
small number of holes as before the 
dopant was added. (b) In a doped p- 
type semiconductor, the acceptor 
levels lie a small energy interval E, 
above the top of the valence band. 
There are now many more holes in 
the valence band. The conduction 
band contains the same small 
number of electrons as before the 
dopant was added. The ratio of 
majority carriers to minority carriers 
in both (a) and (b) is very much 
greater than is suggested by these 
diagrams. 
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Sample Problem crs 


The number density ng of conduction electrons in pure 
silicon at room temperature is about 10'° m~>. Assume 
that, by doping the silicon lattice with phosphorus, we 
want to increase this number by a factor of a million 
(10°). What fraction of silicon atoms must we replace 
with phosphorus atoms? (Recall that at room tempera- 
ture, thermal agitation is so effective that essentially 
every phosphorus atom donates its “extra” electron to 
the conduction band.) 


Number of phospherus atoms: Because each phos- 
phorus atom contributes one conduction electron and 
because we want the total number density of conduc- 
tion electrons to be 10°, the number density of phos- 
phorus atoms /p must be given by 


10°N = No ate Np. 
Then Mp — Oo, a No on 10°75 
= 102) C0 eae 10-2 


This tells us that we must add 10” atoms of phosphorus 
per cubic meter of silicon. 


Fraction of silicon atoms: We can find the number 
density ns; of silicon atoms in pure silicon (before the 
doping) from Eq. 41-4, which we can write as 


io of atoms 
in sample 
_ (silicon density)(sample volume V ) 
(silicon molar mass M,;)/Na 


Dividing both sides by the sample volume V to get the 
number density of silicon atoms ng; on the left, we then 
have 


(silicon density)N, 
nrg = -— 
Si M,y 


Appendix F tells us that the density of silicon is 2.33 
g/cm? (= 2330 kg/m?) and the molar mass of silicon is 
28.1 g/mol (= 0.0281 kg/mol). Thus, we have 


‘ 0.0281 kg/mol 
= 5102" atoms/m — >< 10 2m - 


The fraction we seek is approximately 


22, 4 - 

ST re Ong es Ge nawen) 

ie 5 10m 0S 
If we replace only one silicon atom in five million with a 
phosphorus atom, the number of electrons in the con- 
duction band will be increased by a factor of a million. 

How can such a tiny admixture of phosphorus have 

what seems to be such a big effect? The answer is that, 
although the effect is very significant, it is not “big.” The 
number density of conduction electrons was 10'° m7> 
before doping and 10% m™>? after doping. For copper, 
however, the conduction-electron number density 
(given in Table 41-1) is about 107? m~°. Thus, even after 
doping, the number density of conduction electrons in 
silicon remains much less than that of a typical metal, 
such as copper, by a factor of about 10’. 
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A p-n junction (Fig. 41-12a) is a single semiconductor crystal that has been 
selectively doped so that one region is n-type material and the adjacent region is 
p-type material. Such junctions are at the heart of essentially all semiconductor 
devices. 

We assume, for simplicity, that the junction has been formed mechanically, by 
jamming together a bar of n-type semiconductor and a bar of p-type semiconduc- 
tor. Thus, the transition from one region to the other is perfectly sharp, occurring 
at a single junction plane. 

Let us discuss the motions of electrons and holes just after the n-type bar and 
the p-type bar, both electrically neutral, have been jammed together to form the 
junction. We first examine the majority carriers, which are electrons in the n-type 
material and holes in the p-type material. 


Motions of the Majority Carriers 


If you burst a helium-filled balloon, helium atoms will diffuse (spread) outward 
into the surrounding air. This happens because there are very few helium atoms 
in normal air. In more formal language, there is a helium density gradient at the 


balloon—air interface (the number density of helium atoms varies across the 
interface); the helium atoms move so as to reduce the gradient. 

In the same way, electrons on the n side of Fig. 41-12a that are close to the 
junction plane tend to diffuse across it (from right to left in the figure) and into 
the p side, where there are very few free electrons. Similarly, holes on the p side 
that are close to the junction plane tend to diffuse across that plane (from left to 
right) and into the n side, where there are very few holes. The motions of both 
the electrons and the holes contribute to a diffusion current /;-;, conventionally 
directed from left to right as indicated in Fig. 41-12d. 

Recall that the n-side is studded throughout with positively charged donor 
ions, fixed firmly in their lattice sites. Normally, the excess positive charge of 
each of these tons is compensated electrically by one of the conduction-band 
electrons. When an n-side electron diffuses across the junction plane, however, 
the diffusion “uncovers” one of these donor ions, thus introducing a fixed posi- 
tive charge near the junction plane on the n side. When the diffusing electron 
arrives on the p side, it quickly combines with an acceptor ion (which lacks one 
electron), thus introducing a fixed negative charge near the junction plane on 
the p side. 

In this way electrons diffusing through the junction plane from right to left in 
Fig. 41-12a result in a buildup of space charge on each side of the junction plane, 
as indicated in Fig. 41-12). Holes diffusing through the junction plane from left to 
right have exactly the same effect. (Take the time now to convince yourself of 
that.) The motions of both majority carriers—electrons and holes—contribute 
to the buildup of these two space charge regions, one positive and one negative. 
These two regions form a depletion zone, so named because it is relatively free of 
mobile charge carriers; its width is shown as dp in Fig. 41-12b. 

The buildup of space charge generates an associated contact potential differ- 
ence V, across the depletion zone, as Fig. 41-12c shows. This potential difference 
limits further diffusion of electrons and holes across the junction plane. Negative 
charges tend to avoid regions of low potential. Thus, an electron approaching 
the junction plane from the right in Fig. 41-12) is moving toward a region of low 
potential and would tend to turn back into the n side. Similarly, a positive charge 
(a hole) approaching the junction plane from the left is moving toward a region 
of high potential and would tend to turn back into the p side. 


Motions of the Minority Carriers 


As Fig. 41-11a shows, although the majority carriers in n-type material are elec- 
trons, there are a few holes. Likewise in p-type material (Fig. 41-11b), although 
the majority carriers are holes, there are also a few electrons. These few holes and 
electrons are the minority carriers in the corresponding materials. 

Although the potential difference V, in Fig. 41-12c acts as a barrier for the 
majority carriers, it is a downhill trip for the minority carriers, be they electrons 
on the p side or holes on the n side. Positive charges (holes) tend to seek regions 
of low potential; negative charges (electrons) tend to seek regions of high poten- 
tial. Thus, both types of minority carriers are swept across the junction plane by 
the contact potential difference and together constitute a drift current /,,;, across 
the junction plane from right to left, as Fig. 41-12d indicates. 

Thus, an isolated p-n junction is in an equilibrium state in which a contact 
potential difference Vp exists between its ends. At equilibrium, the average diffu- 
sion current Jj; that moves through the junction plane from the p side to the n 
side 1s ust balanced by an average drift current J,;;, that moves in the opposite 
direction. These two currents cancel because the net current through the junction 
plane must be zero; otherwise charge would be transferred without limit from 
one end of the junction to the other. 
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(d) 
FIG. 41-12 (a) A p-n junction. 
(b) Motions of the majority charge 
carriers across the junction plane 
uncover a space charge associated 
with uncompensated donor ions (to 
the right of the plane) and acceptor 
ions (to the left). (c) Associated with 
the space charge 1s a contact 
potential difference Vo across dp. 
(d) The diffusion of majority carriers 
(both electrons and holes) across the 
junction plane produces a diffusion 
current J 4;,;. (In a real p-n junction, 
the boundaries of the depletion zone 
would not be sharp, as shown here, 
and the contact potential curve (c) 
would be smooth, with no sharp 
corners. ) 
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FIG. 41-13 A current-voltage plot 
for a p-n junction, showing that the 
junction is highly conducting when 
forward-biased and essentially non- 
conducting when back-biased. 
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Junction rectifier 
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(¢) 
FIG. 41-14 A p-n junction con- 
nected as a junction rectifier. The ac- 
tion of the circuit in (b) is to pass the 
positive half of the input wave form 
(a) but to suppress the negative half. 
The average potential of the input 
wave form is zero; that of the output 
wave form (c) has a positive value Vo. 
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CHECKPOINT 2 Which of the following five currents across the junction 
plane of Fig. 41-12a must be zero? 


(a) the net current due to holes, both majority and minority carriers included 

(b) the net current due to electrons, both majority and minority carriers included 

(c) the net current due to both holes and electrons, both majority and minority carriers 
included 

(d) the net current due to majority carriers, both holes and electrons included 

(e) the net current due to minority carriers, both holes and electrons included 
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Look now at Fig. 41-13. It shows that, if we place a potential difference across a 
p-n junction in one direction (here labeled + and “Forward bias”), there will be 
a current through the junction. However, if we reverse the direction of the poten- 
tial difference, there will be approximately zero current through the junction. 

One application of this property is the junction rectifier, whose symbol is 
shown in Fig. 41-145; the arrowhead corresponds to the p-type end of the device 
and points in the allowed direction of conventional current. A sine wave input 
potential to the device (Fig. 41-14a) is transformed to a half-wave output poten- 
tial (Fig. 41-14c) by the junction rectifier; that is, the rectifier acts as essentially a 
closed switch (zero resistance) for one polarity of the input potential and as 
essentially an open switch (infinite resistance) for the other. 

The average value of the input voltage in Fig. 41-14a is zero, but that of the 
output voltage in Fig. 41-14c is not. Thus, a junction rectifier can be used as part of 
an apparatus to convert an alternating potential difference into a constant poten- 
tial difference, as for an electronic power supply. 

Figure 41-15 shows why a p-n junction operates as a junction rectifier. In Fig. 
41-15a, a battery is connected across the junction with its positive terminal con- 
nected at the p side. In this forward-bias connection, the p side becomes more 
positive and the n side becomes more negative, thus decreasing the height of 
the potential barrier Vp of Fig. 41-12c. More of the majority carriers can now sur- 
mount this smaller barrier; hence, the diffusion current [gi increases markedly. 

The minority carriers that form the drift current, however, sense no barrier; 
so the drift current /4,;, 1s not affected by the external battery. The nice current 
balance that existed at zero bias (see Fig. 41-12d) is thus upset, and, as shown in 
Fig. 41-15a, a large net forward current /; appears in the circuit. 

Another effect of forward bias is to narrow the depletion zone, as a compari- 
son of Figs. 41-126 and Fig. 41-15a shows. The depletion zone narrows because the 
reduced potential barrier associated with forward bias must be associated with 
a smaller space charge. Because the ions producing the space charge are fixed in 
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FIG. 44-15 (a) The forward-bias connection of a p-n junction, showing the narrowed 


depletion zone and the large forward current J;. (b) The back-bias connection, showing 
the widened depletion zone and the small back current Jp. 
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their lattice sites, a reduction in their number can come about only through a 
reduction in the width of the depletion zone. 

Because the depletion zone normally contains very few charge carriers, it 
is normally a region of high resistivity. However, when its width is substantially 
reduced by a forward bias, its resistance is also reduced substantially, as is consis- 
tent with the large forward current. 

Figure 41-155 shows the back-bias connection, in which the negative ter- 
minal of the battery is connected at the p-type end of the p-n junction. Now 
the applied emf increases the contact potential difference, the diffusion current 
decreases substantially while the drift current remains unchanged, and a rela- 
tively small back current /, results. The depletion zone widens, its high resistance 
being consistent with the small back current Jp. 
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Nowadays, we can hardly avoid the brightly colored “electronic” numbers that 
glow at us from cash registers and gasoline pumps, microwave ovens and alarm 
clocks, and we cannot seem to do without the invisible infrared beams that con- 
trol elevator doors and operate television sets via remote control. In nearly all 
cases this light is emitted from a p-n junction operating as a light-emitting diode 
(LED). How can a p-n junction generate light? 

Consider first a simple semiconductor. When an electron from the bottom of 
the conduction band falls into a hole at the top of the valence band, an energy 
E, equal to the gap width is released. In silicon, germanium, and many other 
semiconductors, this energy is largely transformed into thermal energy of the 
vibrating lattice, and as a result, no light 1s emitted. 

In some semiconductors, however, including gallium arsenide, the energy can 
be emitted as a photon of energy Af at wavelength 

Ne on CO naa AE 
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To emit enough light to be useful as an LED, the material must have a suitably 
large number of electron—hole transitions. This condition is not satisfied by a 
pure semiconductor because, at room temperature, there are simply not enough 
electron—hole pairs. As Fig. 41-11 suggests, doping will not help. In doped n-type 
material the number of conduction electrons is greatly increased, but there 
are not enough holes for them to combine with; in doped p-type material 
there are plenty of holes but not enough electrons to combine with them. Thus, 
neither a pure semiconductor nor a doped semiconductor can provide enough 
electron—hole transitions to serve as a practical LED. 

What we need is a semiconductor material with a very large number of elec- 
trons in the conduction band and a correspondingly large number of holes in the 
valence band. A device with this property can be fabricated by placing a strong 
forward bias on a heavily doped p-n junction, as in Fig. 41-16. In such an arrange- 
ment the current / through the device serves to inject electrons into the n-type 
material and to inject holes into the p-type material. If the doping is heavy 
enough and the current is great enough, the depletion zone can become very nar- 
row, perhaps only a few micrometers wide. The result is a great number density of 
electrons in the n-type material facing a correspondingly great number density of 
holes in the p-type material, across the narrow depletion zone. With such great 
number densities so near each other, many electron—hole combinations occur, 
causing light to be emitted from that zone. Figure 41-17 shows the construction of 
an actual LED. 

Commercial LEDs designed for the visible region are commonly based on 
gallium suitably doped with arsenic and phosphorus atoms. An arrangement in 
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FIG. 41-16 A forward-biased p-n 
junction, showing electrons being in- 
jected into the n-type material and 
holes into the p-type material. (Holes 
move in the conventional direction 
of the current /, equivalent to elec- 
trons moving in the opposite direc- 
tion.) Light is emitted from the nar- 
row depletion zone each time an 
electron and a hole combine across 
that zone. 
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FIG. 41-17 Cross section of an LED 
(the device has rotational symmetry 
about the central axis). The p-type 
material, which is thin enough to 
transmit light, is in the form of a cir- 
cular disk. A connection 1s made to 
the p-type material through a circu- 
lar metal ring that touches the disk at 
its periphery. The depletion zone be- 
tween the n-type material and the p- 
type material is not shown. 
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FIG. 44-18 A junction laser devel- 
oped at the AT&T Bell Laboratories. 
The cube at the right is a grain of salt. 
(Courtesy AT&T Archives and 
History Center, Warren, NJ) 


which 60% of the nongallium sites are occupied by arsenic ions and 40% by 
phosphorus ions results in a gap width FE, of about 1.8 eV, corresponding to red 
light. Other doping and transition-level arrangements make it possible to con- 
struct LEDs that emit light in essentially any desired region of the visible and 
near-visible spectra. 


The Photodiode 


Passing a current through a suitably arranged p-n junction can generate light. The 
reverse is also true; that is, shining light on a suitably arranged p-n junction can 
produce a current in a circuit that includes the junction. This is the basis for the 
photodiode. 

When you click your television remote control, an LED in the device sends 
out a coded sequence of pulses of infrared light. The receiving device in your 
television set is an elaboration of the simple (two-terminal) photodiode that 
not only detects the infrared signals but also amplifies them and transforms 
them into electrical signals that change the channel or adjust the volume, 
among other tasks. 


The Junction La 


In the arrangement of Fig. 41-16, there are many electrons in the conduction 
band of the n-type material and many holes in the valence band of the p-type 
material. Thus, there is a population inversion for the electrons; that is, there 
are more electrons in higher energy levels than in lower energy levels. As we 
discussed in Section 40-12, this is normally a necessary—but not a sufficient — 
condition for laser action. 

When a single electron moves from the conduction band to the valence band, 
it can release its energy as a photon. This photon can stimulate a second electron 
to fall into the valence band, producing a second photon by stimulated emission. 
In this way, if the current through the junction is great enough, a chain reaction of 
stimulated emission events can occur and laser light can be generated. To bring 
this about, opposite faces of the p-n junction crystal must be flat and parallel, so 
that light can be reflected back and forth within the crystal. (Recall that in the 
helium—neon laser of Fig. 40-21, a pair of mirrors served this purpose.) Thus, a 
p-n junction can act as a junction laser, its light output being highly coherent and 
much more sharply defined in wavelength than light from an LED. 

Junction lasers are built into compact disc (CD) players, where, by detecting 
reflections from the rotating disc, they are used to translate microscopic pits in 
the disc into sound. They are also much used in optical communication systems 
based on optical fibers. Figure 41-18 suggests their tiny scale. Junction lasers 
are usually designed to operate in the infrared region of the clectromagnetic 
spectrum because optical fibers have two “windows” in that region (at A = 1.31 
and 1.55 wm) for which the energy absorption per unit length of the fiber is a 
minimum. 
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Sample Problem Ree 


An LED is constructed from a p-n junction based on a valence band; then Eq. 41-11 holds. From this equation 


certain Ga-As-P semiconducting material whose energy 
gap 1s 1.9eV. What is the wavelength of the emitted r 


light? 


Calculation: We assume that the transitions are from 


_ he _ (6.63 X 10° J+s)(3.00 x 108 m/s) 
E (1.9 eV)(1.60 X 10-” J/eV) 


& 


= 6.5 X 10°’ m = 650 nm. (Answer) 


the bottom of the conduction band to the top of the Light of this wavelength is red. 
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A transistor is a three-terminal semiconducting device that can be used to amplify in- 
put signals. Figure 41-19 shows a generalized field-effect transistor (FET); in 
it, the flow of electrons from terminal S (the source) leftward through the shaded re- 
gion to terminal D (the drain) can be controlled by an electric field (hence field effect) 
set up within the device by a suitable electric potential applied to terminal G (the 
gate). Transistors are available in many types; we shall discuss only a particular 
FET called a MOSFET, or metal-oxide-semiconductor-field-effect transistor. The 
MOSFET has been described as the workhorse of the modern electronics industry. 

For many applications the MOSFET is operated in only two states: with the 
drain-to-source current Ip; ON (gate open) or with it OFF (gate closed). The first 
of these can represent a 1 and the other a 0 in the binary arithmetic on which digi- 
tal logic is based, and therefore MOSFETs can be used in digital logic circuits. 
Switching between the ON and OFF states can occur at high speed, so that bi- 
nary logic data can be moved through MOSFET-based circuits very rapidly. 
MOSFETs about 500 nm in length— about the same as the wavelength of yellow 
light — are routinely fabricated for use in electronic devices of all kinds. 

Figure 41-20 shows the basic structure of a MOSFET. A single crystal of sili- 
con or other semiconductor is lightly doped to form p-type material that serves as 
the substrate. Embedded in this substrate, by heavily “overdoping” with n-type 
dopants, are two “islands” of n-type material, forming the drain D and the source 
S. The drain and source are connected by a thin channel of n-type material, 
called the n channel. A thin insulating layer of silicon dioxide (hence the O in 
MOSFET) is deposited on the crystal and penetrated by two metallic terminals 
(hence the M) at D and S, so that electrical contact can be made with the drain 
and the source. A thin metallic layer—the gate G—1is deposited facing the n 
channel. Note that the gate makes no electrical contact with the transistor 
proper, being separated from it by the insulating oxide layer. 

Consider first that the source and p-type substrate are grounded (at zero 
potential) and the gate is “floating”; that is, the gate is not connected to an exter- 
nal source of emf. Let a potential Vp; be applied between the drain and the 
source, such that the drain is positive. Electrons will then flow through the n 
channel from source to drain, and the conventional current /ps, as shown in Fig. 
41-20, will be from drain to source through the n channel. 

Now let a potential Vg; be applied to the gate, making it negative with 
respect to the source. The negative gate sets up within the device an electric field 
(hence the “field effect”) that tends to repel electrons from the n channel down 
into the substrate. This electron movement widens the (naturally occurring) 
depletion zone between the n channel and the substrate, at the expense of the n 
channel. The reduced width of the 1 channel, coupled with a reduction in the 
number of charge carriers in that channel, increases the resistance of that channel 
and thus decreases the current /ps;. With the proper value of Vos, this current can 
be shut off completely; hence, by controlling V¢s, the MOSFET can be switched 
between its ON and OFF modes. 

Charge carriers do not flow through the substrate because it (1) is lightly 
doped, (2) is not a good conductor, and (3) is separated from the n channel and 
the two n-type islands by an insulating depletion zone, not specifically shown in 
Fig. 41-20. Such a depletion zone always exists at a boundary between n-type 
material and p-type material, as Fig. 41-12b shows. 

Computers and other electronic devices employ thousands (if not millions) 
of transistors and other electronic components, such as capacitors and resistors. 
These are not assembled as separate units but are crafted into a single semicon- 
ducting chip, forming an integrated circuit with millions of transistors and many 
other electronic components (Fig. 41-21). 


41-11 | The Transistor Paiieb, 


G 


[ DS 
—> 





~<i-O 
€ 

FIG. 41-19 A circuit containing a 
generalized field-effect transistor 
through which electrons flow from 
the source terminal S to the drain 
terminal D. (The conventional cur- 
rent [ps is in the opposite direction.) 
The magnitude of Jp, 1s controlled by 
the electric field set up within the 
FET by a potential applied to G, the 
gate terminal. 
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FIG. 41-20 A particular type of 
field-effect transistor known as a 
MOSFET. The magnitude of the 
drain-to-source conventional current 
Ips through the n channel is con- 
trolled by the potential difference 
Vos applied between the source $ 
and the gate G. A depletion zone 
that exists between the n-type mater- 


ial and the p-type substrate is not 
shown. 
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Amplifiers for Guitar Rock 


The mechanical oscillations that a player sets up on a string of an 
electric guitar induce electrical oscillations in a pickup coil posi- 
tioned just under the string. Those electrical oscillations must be 
amplified so that they can drive a speaker system, to produce 
sound for an audience to hear. When the electric guitar became 
popular in rock in the early 1960s, the amplifiers used tubes be- 
cause transistor amplifiers were not yet dependable. As rock 
moved into psychedelia and then into heavy metal, guitarists 
cranked up their amplifiers to the maximum in order to shake 
their audiences. Such high amplification by a tube amplifier intro- 
duces significant distortion in the final sound, and that distortion 
quickly became identified with the sound of rock. 

Transistor amplifiers do not produce the same type of distor- 
tion when driven hard—they are said to produce a “clean” sound. 
Thus, rock guitarists shun them even today because they do not 

a produce the “proper” sound of rock. Jimi Hendrix, who was the 
FIG. 41-21 An integrated circuit for first person to understand the electric guitar and its amplifier as a 
the Intel® Core™ 2 Duo processor combined musical instrument, once put it, “I really like my old Marshall tube 
os eyeneey etchant Cay) amps, because when . . . the volume is turned up all the way, there’s nothing [that] 
anuel) can beat them... .” 





REVIEW & SUMMARY 


Metals, Semiconductors, and Insulators Three elec- The number of atoms in a sample ts given by 
trical properties that can be used to distinguish among crys- 
; ne : : number of atoms sample mass M,,., 
talline solids are resistivity p, temperature coefficient of resis- ; rn 
tivity a, and number density of charge carriers 1. Solids can be peor gon mee: 
broadly divided into three categories: insulators (very high p), _ sample mass Man 
metals (low p, positive and low a, large n), and semiconductors - (molar mass M)/Na 
(high p, negative and high a, small 7). nidtenaleaw? ieauiale 
Energy Levels and Gaps in a Crystalline Solid An iso- _ ( density ae 7 (41-4) 
lated atom can exist in only a discrete set of energy levels. As (molarmass M/N, 
atoms come together to form a solid, the levels of the individual 
atoms merge to form the discrete energy bands of the solid. The number density 7 of the conduction electrons is 
These energy bands are separated by energy gaps, each of which number of conduction electrons in sample 
corresponds to a range of energies that no electron may possess. SS Se  « 4IS) 
sample volume V 

Any energy band is made up of an enormous number of 
very closely spaced levels. The Pauli exclusion principle as- The density of states function N(E) is the number of 
serts that only one electron may occupy each of these levels. available energy levels per unit volume of the sample and per 


; i unit energy interval and is given b 
Insulators In an insulator, the highest band containing elec- By y 


trons is completely filled and is separated from the vacant band 8V2 4m? 


above it by an energy gap so large that electrons can essentially N(E) = i a He (density of statessm™°J~'), (41-5) 
never become thermally agitated enough to jump across the gap. 
where m (= 9.109 X 1072! kg) is the electron mass, h (= 6.626 X 

Metals Ina metal, the highest band that contains any elec- 10-* J-s) is the Planck constant, and E is the energy in joules at 
trons is only partially filled. The energy of the highest filled which N(E) is to be evaluated. To modify the equation so that 
level at a temperature of 0 K is called the Fermi energy £; for the value of E is in eV and the value of M(E) is in m= eV", 
the metal; for copper, Er = 7.0 eV. multiply the right side by e?” (where e = 1.602 x 107" C). 

The electrons in the partially filled band are the conduc- The occupancy probability P(E), the probability that a 
tion electrons and their number is given available state will be occupied by an electron, is 

number of conduction number of atoms = 

( electrons in sample 7 ( in sample ; a) ee ES (eco erobe Oat) 


number of valence ne) The density of occupied states V,(E) is given by the prod- 
electrons per atom /’ ) uct of the two quantities in Eqs. (41-5) and (41-6): 


N(E) = N(E) P(E) (density of occupied states). (41-7) 


The Fermi energy for a metal can be found by integrating 
N,(£) for T = 0 from E = Oto E = Ey. The result is 


3 2/3, 42 0.121h? 
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Semiconductors The band structure of a semiconductor is 
like that of an insulator except that the gap width E, is much 
smaller in the semiconductor. For silicon (a semiconductor) at 
room temperature, thermal agitation raises a few electrons to the 
conduction band, leaving an equal number of holes in the va- 
lence band. Both electrons and holes serve as charge carriers. 

The number of electrons in the conduction band of sili- 
con can be increased greatly by doping with small amounts of 
phosphorus, thus forming n-type material. The number of 
holes in the valence band can be greatly increased by doping 
with aluminum, thus forming p-type material. 


The p-n Junction A p-n junction is a single semiconduct- 
ing crystal with one end doped to form p-type material and 
the other end doped to form n-type material, the two types 
meeting at a junction plane. At thermal equilibrium, the fol- 
lowing occurs at that plane: 


The majority carriers (electrons on the n side and holes on 


QUESTIONS 


Questions Pamimen) 


the p side) diffuse across the junction plane, producing a 
diffusion current J i¢;. 


The minority carriers (holes on the n side and electrons on 
the p side) are swept across the junction plane, forming 
a drift current /;,:;,. These two currents are equal in mag- 
nitude, making the net current zero. 


A depletion zone, consisting largely of charged donor and 
acceptor ions, forms across the junction plane. 


A contact potential difference V.) develops across the deple- 
tion zone. 


Applications of the p-n Junction When a potential dif- 
ference is applied across a p-n junction, the device conducts 
electricity more readily for one polarity of the applied poten- 
tial difference than for the other. Thus, a p-n junction can 
serve as a junction rectifier. 

When a p-n junction is forward biased, it can emit light, 
hence can serve as a light-emitting diode (LED). The wave- 
length of the emitted light is given by 

eee 

fms is 

A strongly forward-biased p-n junction with parallel end faces 

can operate as a junction laser, emitting light of a sharply 
defined wavelength. 


(41-11) 





1 The occupancy probability at a certain energy F;, in the 
valence band of a metal is 0.60 when the temperature is 300 K. 
Is E, above or below the Fermi energy? 


2 Figure 41-22 shows three la- 
beled levels in a band and also 
the Fermi level for the material. fae _ __ 
The temperature is 0 kK. Rank gig, 41-22 Question2. 
the three levels according to 

the probability of occupation, greatest first if the temperature 
is (a) 0 K and (b) 1000 K. (c) At the latter temperature, rank 
the levels according to the density of states N(E) there, great- 
est first. 





3 If the temperature of a piece of a metal is increased, does 
the probability of occupancy 0.1 eV above the Fermi level 
increase, decrease, or remain the same? 


4 Figure 41-1a shows 14 atoms that represent the unit cell of 
copper. However, because each of these atoms is shared with 
one or more adjoining unit cells, only a fraction of each atom 
belongs to the unit cell shown. What is the number of atoms 
per unit cell for copper? (To answer, count up the fractional 
atoms belonging to a single unit cell.) 


5 Figure 41-15 shows 18 atoms that represent the unit cell of 
silicon. Fourteen of these atoms, however, are shared with one 
or more adjoining unit cells. What is the number of atoms per 
unit cell for silicon? (See Question 4.) 


6 In a silicon lattice, where should you look if you want 
to find (a) a conduction electron, (b) a valence electron, and 
(c) an electron associated with the 2p subshell of the isolated 
silicon atom? 


7 Is the drift speed vz of the conduction electrons in a 
current-carrying copper wire about equal to, much greater 
than, or much less than the Fermi speed vz for copper? 


8 Anisolated atom of germanium has 32 electrons, arranged 
in subshells according to this scheme: 


162425 2p OS op ad as 
P 


This element has the same crystal structure as silicon and, like 
silicon, is a Semiconductor. Which of these electrons form the 
valence band of crystalline germanium? 


9 Onwhich of the following does the interval between adjacent 
energy levels in the highest occupied band of a metal depend: (a) 
the material of which the sample is made, (b) the size of the sam- 
ple, (c) the position of the level in the band, (d) the temperature 
of the sample, (e) the Fermi energy of the metal? 


10 In the biased p-n junctions shown in Fig. 41-15, there 1s 
an electric field E in each of the two depletion zones, associ- 
ated with the potential difference that exists across that zone. 
(a) Is E directed from left to right or from right to left? (b) Is 
its magnitude greater for forward bias or for back bias? 


11 The energy gaps E, for the semiconductors silicon and 
germanium are, respectively, 1.12 and 0.67 eV. Which of the 
following statements, if any, are true? (a) Both substances 
have the same number density of charge carriers at room tem- 
perature. (b) At room temperature, germanium has a greater 
number density of charge carriers than silicon. (c) Both sub- 
stances have a greater number density of conduction electrons 
than holes. (d) For each substance, the number density of 
electrons equals that of holes. 
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© Tutoring problem available (at instructor's discretion) in WileyPLUS and WebAssign 
WWW Worked-out solution is at 
@ —@ee Number of dots indicates level of problem difficulty [LW 


SS Additional information available in The Flying Circus of Physics and at flyingcircusofphysics.com 


Click here to view all step-by-step solutions 


SSM Worked-out solution available in Student Solutions Manual 
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sec. 41-5 Metals 
° What is the probability that a state 0.0620 eV above 


the Fermi energy will be occupied at (a) T = 0 K and (b) T = 
320K? ssm 


e2 What is the number density of conduction electrons in 
gold, which is a monovalent metal? Use the molar mass and 
density provided in Appendix F. 


°3 (a) Show that Eq. 41-5 can be written as N(E) = CE?”. 
(b) Evaluate C in terms of meters and electron-volts. (c) 
Calculate N(£) for FE = 5.00 eV. 


e4 Use Eq. 41-9 to verify 7.0 eV as copper’s Fermi energy. 


¢5 Copper, a monovalent metal, has molar mass 63.54 g/mol 
and density 8.96 g/cm*. What is the number density n of con- 
duction electrons in copper? 


6 A state 63 meV above the Fermi level has a probability 
of occupancy of 0.090. What is the probability of occupancy 
for a state 63 meV below the Fermi level? 


e7 Show that Eq. 41-9 can be written as Ep = An?”, where 
the constant A has the value 3.65 X 107!? m?- eV. 


°8 Calculate the density of states N(£) for a metal at energy 
E = 8.0 eV and show that your result is consistent with the 
curve of Fig. 41-6. 


ee9 The Fermi energy for copper is 7.00 eV. For copper at 
1000 K, (a) find the energy of the energy level whose probabil- 
ity of being occupied by an electron is 0.900. For this energy, 
evaluate (b) the density of states N(E) and (c) the density of 
occupied states N,(F). €& 


°@70 Assume that the total volume of a metal sample is the 
sum of the volume occupied by the metal ions making up the 
lattice and the (separate) volume occupied by the conduction 
electrons. The density and molar mass of sodium (a metal) are 
971 kg/m? and 23.0 g/mol, respectively; assume the radius of 
the Na* ion is 98.0 pm. (a) What percent of the volume of 
a sample of metallic sodium is occupied by its conduction 
electrons? (b) Carry out the same calculation for copper, 
which has density, molar mass, and ionic radius of 8960 kg/m’, 
63.5 g/mol, and 135 pm, respectively. (c) For which of these 
metals do you think the conduction electrons behave more 
like a free-electron gas? 


ee11 In Eq. 41-6 let E — Ep = AE = 1.00 eV. (a) At what 
temperature does the result of using this equation differ by 
1.0% from the result of using the classical Boltzmann equa- 
tion P(E) = e4*" (which is Eq. 41-1 with two changes in 
notation)? (b) At what temperature do the results from these 
two equations differ by 10%? ssm www 


e¢42 What is the Fermi energy of gold (a monovalent metal 
with molar mass 197 g/mol and density 19.3 g/cm*)? & 


ee73 The Fermi energy for silver is 5.5 eV. At T = 0°C, what 
are the probabilities that states with the following energies are 
occupied: (a) 4.4 eV, (b) 5.4 eV, (c) 5.5 eV, (d) 5.6 eV, and 
(ec) 6.4eV? (f) At what temperature is the probability 0.16 
that a state with energy E = 5.6 eV is occupied? 


ee74 What is the probability that an electron will jump 
across the energy gap E, in a diamond that has a mass equal to 
the mass of Earth? Use the result of Sample Problem 41-1 
and the molar mass of carbon in Appendix F; assume that in 
diamond there is one valence electron per carbon atom. 


ee15 Calculate N,(£), the density of occupied states, for cop- 
per at J = 1000 K for an energy E of (a) 4.00 eV, (b) 6.75 eV, (c) 
7.00 eV, (d) 7.25 eV, and (e) 9.00 eV. Compare your results with 
the graph of Fig. 41-85. The Fermi energy for copper is 7.00 eV. 


ee16 Show that the probability P(£) that an energy level 
having energy F is not occupied is 


1 
EE = oAEIKT 4 1” 


where AE = E — Eg. 


ee77 Silver is amonovalent metal. Calculate (a) the number 
density of conduction electrons, (b) the Fermi energy, (c) the 
Fermi speed, and (d) the de Broglie wavelength correspond- 
ing to this electron speed. See Appendix F for the needed data 
on silver. ssm:.www 


e°18 At T= 300K, how far above the Fermi energy 1s a 
state for which the probability of occupation by a conduction 
electron is 0.10? 


ee79 The Fermi energy of aluminum is 11.6 eV; its density 
and molar mass are 2.70 g/cm? and 27.0 g/mol, respectively. 
From these data, determine the number of conduction elec- 
trons per atom. 


20 Calculate the number density (number per unit vol- 
ume) for (a) molecules of oxygen gas at 0.0°C and 1.0 atm 
pressure and (b) conduction electrons in copper. (c) What is 
the ratio of the latter to the former? What is the average 
distance between (d) the oxygen molecules and (e) the con- 
duction electrons, assuming this distance is the edge length 
of a cube with a volume equal to the available volume per 
particle (molecule or electron)? 


ee21 Show that, at 7 = 0K, the average energy E,,, of the 
conduction electrons in a metal is equal to Ep. (Hint: By defi- 
nition of average, Ey, = (1/n) f E N.(E) dE, where n is the 
number density of charge carriers.) 


ee22 A sample of a certain metal has a volume of 4.0 x 
10~° m*. The metal has a density of 9.0 g/cm? and a molar mass 
of 60 g/mol. The atoms are bivalent. How many conduction 
electrons (or valence electrons) are in the sample? @ 


e#23 Use the result of Problem 21 to calculate the total 
translational kinetic energy of the conduction electrons in 
1.00 cm? of copper at T = 0K. 


¢24 What is the number of occupied states in the energy 
range of 0.0300 eV that is centered at a height of 6.10 eV in 
the valence band if the sample volume is 5.00 x 107° m°, the 
Fermi level is 5.00 eV, and the temperature is 1500 K? &} 


e025 Zincis a bivalent metal. Calculate (a) the number den- 
sity of conduction electrons, (b) the Fermi energy, (c) the 
Fermi speed, and (d) the de Broglie wavelength correspond- 
ing to this electron speed. See Appendix F for the needed data 
on zinc. 


ee26 Accertain material has a molar mass of 20.0 g/mol, a 
Fermi energy of 5.00 eV, and 2 valence electrons per atom. 
What is the density (g/cm’)? @ 


ee27 At 1000 K, the fraction of the conduction electrons in a 
metal that have energies greater than the Fermi energy is 
equal to the area under the curve of Fig. 41-8b beyond Fy 
divided by the area under the entire curve. It is difficult to find 
these areas by direct integration. However, an approximation 
to this fraction at any temperature T is 


3kT 
ie 





frac = 


Note that frac = 0 for T = 0 K, just as we would expect. What 
is this fraction for copper at (a) 300 K and (b) 1000 K? For 
copper, Ep = 7.0 eV. (c) Check your answers by numerical 
integration using Eq. 41-7. 


e°28 At what temperature do 1.30% of the conduction elec- 
trons in lithium (a metal) have energies greater than the 
Fermi energy Ey, which is 4.70 eV? (See Problem 27.) 


e°29 (a) Using the result of Problem 21 and 7.00 eV for 
copper’s Fermi energy, determine how much energy would be 
released by the conduction electrons in a copper coin with 
mass 3.10 g if we could suddenly turn off the Pauli exclusion 
principle. (b) For how long would this amount of energy light 
a 100 W lamp? (Note: There is no way to turn off the Pauli 
principle!) 


°ee30 A certain metal has 1.70 x 10% conduction electrons 
per cubic meter. A certain sample of that metal has a volume 
of 6.00 x 10 © m? and a temperature of 200 K. How many occu- 
pied states are in the energy range of 3.20 xX 10~°J that is cen- 
tered on the energy 4.00 x 107° J? (Caution: Avoid round-off 
in the exponential.) € 


sec. 41-6 Semiconductors 

®31 (a) What maximum light wavelength will excite an elec- 
tron in the valence band of diamond to the conduction band? 
The energy gap is 5.50 eV. (b) In what part of the electromag- 
netic spectrum does this wavelength lie? SSM 


e¢32 In a simplified model of an undoped semiconductor, 
the actual distribution of energy states may be replaced by 
one in which there are N, states in the valence band, all these 
states having the same energy E,, and N, states in the conduc- 
tion band, all these states having the same energy E,. The 
number of electrons in the conduction band equals the 
number of holes in the valence band. (a) Show that this last 
condition implies that 


Problems | #/¥\7e%) 


ee ee ee ee 
exp AE eli i exp(AE,/kT) + 17 


in which 
NE i Hh. a Ee and AE, = Hees, ae EF). 


(b) If the Fermi level is in the gap between the two bands and 
its distance from each band 1s large relative to kT, then the 
exponentials dominate in the denominators. Under these con- 
ditions, show that 


_ (E+ &) , kT InN) 


E 
: *) 2 


and that, if N,, ~ N,., the Fermi level for the undoped semicon- 
ductor is close to the gap’s center. 


®@33 The occupancy probability function (Eq. 41-6) can be 
applied to semiconductors as well as to metals. In semiconduc- 
tors the Fermi energy is close to the midpoint of the gap 
between the valence band and the conduction band. For ger- 
manium, the gap width is 0.67 eV. What is the probability that 
(a) a state at the bottom of the conduction band is occupied 
and (b) a state at the top of the valence band is not occupied? 
Assume that 7 = 290 K. (Note: In a pure semiconductor, the 
Fermi energy lies symmetrically between the population of 
conduction electrons and the population of holes and thus is 
at the center of the gap. There need not be an available state at 
the location of the Fermi energy.) 


ee34 The compound gallium arsenide is a commonly used 
semiconductor, having an energy gap E, of 1.43 eV. Its crystal 
structure is like that of silicon, except that half the silicon 
atoms are replaced by gallium atoms and half by arsenic 
atoms. Draw a flattened-out sketch of the gallium arsenide lat- 
tice, following the pattern of Fig. 41-10a. What is the net 
charge of the (a) gallium and (b) arsenic ion core? (c) How 
many electrons per bond are there? (Hint: Consult the peri- 
odic table in Appendix G.) 


sec. 41-7 Doped Semiconductors 
ee¢35 Doping changes the 
Fermi energy of a semiconduc- 

tor. Consider silicon, with a gap r 





of 1.11 eV between the top of 
the valence band and the bot- {il ey 
tom of the conduction band. At 
300 K the Fermi level of the 
pure material is nearly at the 
mid-point of the gap. Suppose 
that silicon is doped with 
donor atoms, each of which has 
a state 0.15 eV below the bot- 
tom of the silicon conduction band, and suppose further that 
doping raises the Fermi level to 0.11 eV below the bottom of 
that band (Fig. 41-23). For (a) pure and (b) doped silicon, cal- 
culate the probability that a state at the bottom of the silicon 
conduction band is occupied. (c) Calculate the probability 
that a state in the doped material is occupied. 


Fermi TS Donor 
level level 





FIG. 41-23 Problem 35. 


®e36 Pure silicon at room temperature has an electron num- 
ber density in the conduction band of about 5 X 10° m~? and 
an equal density of holes in the valence band. Suppose that 
one of every 10’ silicon atoms is replaced by a phosphorus 
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atom. (a) Which type will the doped semiconductor be, n or p? 
(b) What charge carrier number density will the phosphorus 
add? (c) What is the ratio of the charge carrier number density 
(electrons in the conduction band and holes in the valence 
band) in the doped silicon to that in pure silicon? 


®@37 What mass of phosphorus is needed to dope 1.0 g of 
silicon to the extent described in Sample Problem 41-6? 
ssM WWW 


e®38 A silicon sample is doped with atoms having donor 
states 0.110 eV below the bottom of the conduction band. 
(The energy gap in silicon is 1.11 eV.) If each of these donor 
states is occupied with a probability of 5.00 x 10° at T= 
300 K, (a) is the Fermi level above or below the top of the sili- 
con valence band and (b) how far above or below? (c) What 
then is the probability that a state at the bottom of the silicon 
conduction band is occupied? 


sec. 41-9 The Junction Rectifier 

#39 When a photon enters the depletion zone of a p-n junc- 
tion, the photon can scatter from the valence electrons there, 
transferring part of its energy to each electron, which then 
jumps to the conduction band. Thus, the photon creates elec- 
tron-hole pairs. For this reason, the junctions are often used as 
light detectors, especially in the x-ray and gamma-ray regions 
of the electromagnetic spectrum. Suppose a single 662 keV 
gamma-ray photon transfers its energy to electrons in multi- 
ple scattering events inside a semiconductor with an energy 
gap of 1.1 eV, until all the energy is transferred. Assuming that 
each electron jumps the gap from the top of the valence band 
to the bottom of the conduction band, find the number of 
electron—hole pairs created by the process. SSM 


*40 For an ideal p-n junction rectifier with a sharp boundary 
between its two semiconducting sides, the current J is related 
to the potential difference V across the rectifier by 


T= Tess —_ De 


where Jy, which depends on the materials but not on / or V, is 
called the reverse saturation current. The potential difference 
V is positive if the rectifier is forward-biased and negative if it 
is back-biased. (a) Verify that this expression predicts the 
behavior of a junction rectifier by graphing J versus V from 
—0.12 V to +0.12 V. Take T = 300 K and Jp = 5.0 nA. (b) For 
the same temperature, calculate the ratio of the current for 
a 0.50 V forward bias to the current for a 0.50 V back bias. 


sec. 41-10 The Light-Emitting Diode (LED) 

°41 Ina particular crystal, the highest occupied band is full. 
The crystal is transparent to light of wavelengths longer than 
295 nm but opaque at shorter wavelengths. Calculate, in elec- 
tron-volts, the gap between the highest occupied band and the 
next higher (empty) band for this material. 


*42 A potassium chloride crystal has an energy band gap of 
7.6 eV above the topmost occupied band, which is full. Is this 
crystal opaque or transparent to light of wavelength 140 nm? 


sec. 41-11 The Transistor 
°43 <A certain computer chip that is about the size of a 


postage stamp (2.54 cm X 2.22 cm) contains about 3.5 million 
transistors. If the transistors are square, what must be their 
maximum dimension? (Note: Devices other than transistors 
are also on the chip, and there must be room for the intercon- 
nections among the circuit elements. Transistors smaller than 
0.7 wm are now commonly and inexpensively fabricated.) 


°44 A silicon-based MOSFET has a square gate 0.50 wm on 
edge. The insulating silicon oxide layer that separates the gate 
from the p-type substrate is 0.20 um thick and has a dielectric 
constant of 4.5. (a) What is the equivalent gate—substrate 
capacitance (treating the gate as one plate and the substrate 
as the other plate)? (b) Approximately how many elementary 
charges e appear in the gate when there is a gate-source 
potential difference of 1.0 V? 


Additional Problems 

45 (a) Find the angle 6 between adjacent nearest-neighbor 
bonds in the silicon lattice. Recall that each silicon atom ts 
bonded to four of its nearest neighbors. The four neighbors 
form a regular tetrahedron—a pyramid whose sides and base 
are equilateral triangles. (b) Find the bond length, given that 
the atoms at the corners of the tetrahedron are 388 pm apart. 


46 Silver melts at 961°C. At the melting point, what fraction 
of the conduction electrons are in states with energies greater 
than the Fermi energy of 5.5 eV? (See Problem 27.) 


47 (a) Show that the density of states at the Fermi energy is 
given by 
(4)(3"3)(ar23)\mn"? 
h? 
= (4.11 x 10% meV )n'4, 


N( Eg) = 


in which n is the number density of conduction electrons. 
(b) Calculate N(E,) for copper, which is a monovalent metal 
with molar mass 63.54 g/mol and density 8.96 g/cm’. (c) Verify 
your calculation with the curve of Fig. 41-6, recalling that Ey = 
PUY foncopper. 


48 Calculate dp/dT at room temperature for (a) copper and 
(b) silicon, using data from Table 41-1. 


49 (a) Show that the slope dP/dE of Eq. 41-6 at E = Ex 
is —1/4kT. (b) Show that the tangent line to the curve of 
Fig. 41-7b at EF = Ef intercepts the horizontal axis at FE = 
Ep+2kT. SSM 


80 Show that P(E), the occupancy probability in Eq. 41-6, 
is symmetrical about the value of the Fermi energy; that is, 
show that 


P(Ep + AE) + P(Ep — AE) = 1. 


21 At what pressure, in atmospheres, would the number of 
molecules per unit volume in an ideal gas be equal to the num- 
ber density of the conduction electrons in copper, with both 
gas and copper at temperature T = 300 K? 


92 Verify the numerical factor 0.121 in Eq. 41-9. 


53 The Fermi energy of copper is 7.0 eV. Verify that the 
corresponding Fermi speed is 1600 km/s. 


Nuclear Physics 
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Most people are well aware of the danger of nuclear radiation from 


radioactive building materials, nuclear plants, and (especially) nuclear 
weapons. However, most people are not aware that radiation Is a 
concern in long airplane trips, not so much for the passengers as for the 
crew. Indeed, some flights are of more concern than others, and the 
total flight time per year of crew members on those flights is restricted 


by airline companies. 


The answer is in this chapter. 
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FIG. 42-7 An arrangement (top 
view) used in Rutherford’s labora- 
tory in 1911-1913 to study the scat- 
tering of a particles by thin metal 
foils. The detector can be rotated to 
various values of the scattering angle 
d. The alpha source was radon gas, a 
decay product of radium. With this 
simple “tabletop” apparatus, the 
atomic nucleus was discovered. 
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FiG. 42-2 The dots are alpha- 
particle scattering data for a gold 
foil, obtained by Geiger and 
Marsden using the apparatus of Fig. 
42-1.The solid curve is the 
theoretical prediction, based on the 
assumption that the atom has a 
small, massive, positively charged 
nucleus. Note that the vertical scale is 
logarithmic, covering six orders of 
magnitude. The data have been 
adjusted to fit the theoretical curve at 
the experimental point that is 
enclosed in a circle. 
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42-1 WHAT IS PHYSICS? 





Thus far in our exploration of the quantum amusement park, we have examined 
electrons trapped within various potential wells, including atoms, but we have 
largely neglected what lies at the center of an atom—the nucleus. For the last 
90 years, a principal goal of physics has been to work out the quantum physics of 
nuclei, and, for almost as long, a principal goal of some types of engineering has 
been to apply that quantum physics with applications ranging from radiation 
therapy in the war on cancer to detectors of radon gas in basements. 

Before we get to such applications and the quantum physics of nuclei, let’s 
first discuss how physicists discovered that an atom has a nucleus. As obvious as 
that fact is today, it initially came as an incredible surprise. 


42-2 | Discovering the Nucleus 


In the first years of the 20th century, not much was known about the structure of 
atoms beyond the fact that they contain electrons. The electron had been discov- 
ered (by J. J. Thomson) in 1897, and its mass was unknown in those early days. 
Thus, it was not possible even to say how many negatively charged electrons a 
given atom contained. Scientists reasoned that because atoms were electrically 
neutral, they must also contain some positive charge, but nobody knew what form 
this compensating positive charge took. 

In 1911 Ernest Rutherford proposed that the positive charge of the atom 
is densely concentrated at the center of the atom, forming its nucleus, and that, 
furthermore, the nucleus is responsible for most of the mass of the atom. 
Rutherford’s proposal was no mere conjecture but was based firmly on the 
results of an experiment suggested by him and carried out by his collaborators, 
Hans Geiger (of Geiger counter fame) and Ernest Marsden, a 20-year-old 
student who had not yet earned his bachelor’s degree. 

In Rutherford’s day it was known that certain elements, called radioactive, 
transform into other elements spontaneously, emitting particles in the process. 
One such element is radon, which emits alpha (q@) particles that have an energy of 
about 5.5 MeV. We now know that these particles are helium nuclei. 

Rutherford’s idea was to direct energetic alpha particles at a thin target foil 
and measure the extent to which they were deflected as they passed through the 
foil. Alpha particles, which are about 7300 times more massive than electrons, 
have a charge of +2e. 

Figure 42-1 shows the experimental arrangement of Geiger and Marsden. 
Their alpha source was a thin-walled glass tube of radon gas. The experiment 
involves counting the number of alpha particles that are deflected through vari- 
ous scattering angles ¢. 

Figure 42-2 shows their results. Note especially that the vertical scale is log- 
arithmic. We see that most of the particles are scattered through rather small 
angles, but—and this was the big surprise—a very small fraction of them are 
scattered through very large angles, approaching 180°. In Rutherford’s words: “It 
was quite the most incredible event that ever happened to me in my life. It was 
almost as incredible as if you had fired a 15-inch shell at a piece of tissue paper 
and it [the shell] came back and hit you.” 

Why was Rutherford so surprised? At the time of these experiments, most 
physicists believed in the so-called plum pudding model of the atom, which had 
been advanced by J. J. Thomson. In this view the positive charge of the atom was 
thought to be spread out through the entire volume of the atom. The electrons 
(the “plums”) were thought to vibrate about fixed points within this sphere of 
positive charge (the “pudding’’). 
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©1G. 42-3 The angle through which an incident alpha particle is scattered depends on 
how close the particle’s path lies to an atomic nucleus. Large deflections result only from 
very close encounters. 


Incident @& particles 







Target 
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The maximum deflecting force that could act on an alpha particle as it passed 
through such a large positive sphere of charge would be far too small to deflect the 
alpha particle by even as much as 1°. (The expected deflection has been compared 
to what you would observe if you fired a bullet through a sack of snowballs.) The 
electrons in the atom would also have very little effect on the massive, energetic 
alpha particle. They would, in fact, be themselves strongly deflected, much as a 
swarm of gnats would be brushed aside by a stone thrown through them. 

Rutherford saw that, to deflect the alpha particle backward, there must be a 
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large force; this force could be provided if the positive charge, instead of being a —~ < 
spread throughout the atom, were concentrated tightly at its center. Then the eS 
incoming alpha particle could get very close to the positive charge without pene- x 
trating 1t; such a close encounter would result in a large deflecting force. a 4 
Figure 42-3 shows possible paths taken by typical alpha particles as they pass x 


through the atoms of the target foil. As we see, most are either undeflected or 
only slightly deflected, but a few (those whose incoming paths pass, by chance, 
very close to a nucleus) are deflected through large angles. From an analysis of 
the data, Rutherford concluded that the radius of the nucleus must be smaller 
than the radius of an atom by a factor of about 10%. In other words, the atom is 
mostly empty space. 


Sample Problem re 


Atom 
-Nucleus 


A 5.30 MeV alpha particle happens, by chance, to be 
headed directly toward the nucleus of an atom of gold, 
which contains 79 protons. How close does the alpha 
particle get to the center of the nucleus before coming 
momentarily to rest and reversing its motion? Neglect 
the recoil of the relatively massive nucleus. 





im! Throughout this process, the total mechani- 
cal energy F of the system of alpha particle and gold 
nucleus is conserved. In particular, the system’s initial 
mechanical energy F;, before the particle and nucleus 
interact, is equal to its mechanical energy E; when the 
alpha particle momentarily stops. The initial energy £; is 
just the kinetic energy K, of the incoming alpha parti- 
cle. The final energy Ey is just the electric potential 
energy U of the system (the kinetic energy is then zero). 
We can find U with Eq. 24-43 (U = q\q2/47€9r). 


Caiculations: Let d be the center-to-center distance be- 
tween the alpha particle and the gold nucleus when the 
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alpha particle is at its stopping point. Then we can write 
the conservation of energy £; = E,y as 


1 daWdau 
4 Tre, d : 


in which g, (= 2e) is the charge of the alpha particle (2 
protons) and ga, (= 79e) is the charge of the gold nu- 
cleus (79 protons). 
Substituting for the charges and solving for d yield 

(2e)(79e) 

Ate kK, 
(2 x 79)(1.60 x 107” C)/ 
Ame, (5.30 MeV)(1.60 X 107% J/MeV) 


A279 Nee ait 


oo 


a= 


(Answer) 


This is a small distance by atomic standards but not by 
nuclear standards. It is, in fact, considerably larger than 
the sum of the radii of the gold nucleus and the alpha 
particle. Thus, this alpha particle reverses its motion 
without ever actually “touching” the gold nucleus. 


Table 42-1 shows some properties of a few atomic nuclei. When we are interested 
primarily in their properties as specific nuclear species (rather than as parts of 
atoms), we call these particles nuclides. 
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Some Properties of Selected Nuclides 





Mass? Binding Energy 

Nuclide Z N A Stability? (u) Spinté (MeV/nucleon) 
pe 1 0 1 99.985 % 1.007 825 ; — 
ae) 3 4 7 92.5% 7.016 004 5 5.60 
iP 15 16 31 100% 30.973 762 ; 8.48 
SaKer 36 «6 48—ts«84 57.0% 83.911 507 0 8.72 
20ST 50 70 120 32.4% 119.902 197 0 8.51 
DIGd) 364-593) s7 15.7% 156.923 957 5 8.21 
M7Au = 79 «118: 197 100% 196.966 552 5 7.91 
HN 89 138 227 21.8 y 227.027 747 ; 7.65 
ZR 94 145 239 24100y 239.052 157 ; 7.56 


“For stable nuclides, the isotopic abundance is given; this is the fraction of atoms of this type found 
in a typical sample of the element. For radioactive nuclides, the half-life is given. 


’Following standard practice, the reported mass is that of the neutral atom, not that of the bare nucleus. 
‘Spin angular momentum in units of fi. 


Some Nuclear Terminology 


Nuclei are made up of protons and neutrons. The number of protons in a nucleus 
(called the atomic number or proton number of the nucleus) is represented by 
the symbol Z; the number of neutrons (the neutron number) is represented by 
the symbol N. The total number of neutrons and protons in a nucleus is called its 
mass number A; thus 

A=Z+N. (42-1) 


Neutrons and protons, when considered collectively, are called nucleons. 

We represent nuclides with symbols such as those displayed in the first col- 
umn of Table 42-1. Consider '’’Au, for example. The superscript 197 is the mass 
number A. The chemical symbol Au tells us that this element is gold, whose 
atomic number is 79. From Eq. 42-1, the neutron number of this nuclide is 
Oe oon Ls 

Nuclides with the same atomic number Z but different neutron numbers NV 
are called isotopes of one another. The element gold has 32 isotopes, ranging 
from ‘Au to **Au. Only one of them ('”’Au) is stable; the remaining 31 are 
radioactive. Such radionuclides undergo decay (or disintegration) by emitting a 
particle and thereby transforming to a different nuclide. 


Organizing the Nuclides 


The neutral atoms of all isotopes of an element (all with the same Z) have the 
same number of electrons and the same chemical properties, and they fit into 
the same box in the periodic table of the elements. The nuclear properties of the 
isotopes of a given element, however, are very different from one isotope to 
another. Thus, the periodic table is of limited use to the nuclear physicist, the 
nuclear chemist, or the nuclear engineer. 

We organize the nuclides on a nuclidic chart like that in Fig. 42-4, in which a 
nuclide is represented by plotting its proton number against its neutron number. 
The stable nuclides in this figure are represented by the green, the radionuclides 
by the beige. As you can see, the radionuclides tend to lie on either side of—and 
at the upper end of—a well-defined band of stable nuclides. Note too that light 
stable nuclides tend to lie close to the line N = Z, which means that they have 
about the same numbers of neutrons and protons. Heavier nuclides, how- 
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Fig aed) Aqplovorthoknown Freep 
nuclides. The green shading ct Ah 
identifies the band of stable 

nuclides, the beige shading the 100 
radionuclides. Low-mass, stable 
nuclides have essentially equal 
numbers of neutrons and 

protons, but more massive nu- 80F 
clides have an increasing excess 
of neutrons. The figure shows 
that there are no stable nuclides 
with Z > 83 (bismuth). 
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ever, tend to have many more neutrons than protons. As an example, we saw that 
'97Au has 118 neutrons and only 79 protons, a neutron excess of 39. 

Nuclidic charts are available as wall charts, in which each small box on the 
chart is filled with data about the nuclide it represents. Figure 42-5 shows a sec- 
tion of such a chart, centered on /’’Au. Relative abundances (usually, as found on 
Earth) are shown for stable nuclides, and half-lives (a measure of decay rate) are 
shown for radionuclides. The sloping line points out a line of isobars— nuclides of 
the same mass number, A = 198 in this case. 

As of early 2007, nuclides with atomic numbers as high as Z = 118 (A = 294) 
had been found in laboratory experiments (no elements with Z greater than 
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FIG. 42-5 An enlarged 
and detailed section of the 
nuclidic chart of Fig. 42-4, 
centered on '”’Au. Green 
squares represent stable 
nuclides, for which relative 
isotopic abundances are 
given. Beige squaresrepre- 77 
sent radionuclides, for 
which half-lives are given. 
Isobaric lines of constant 
mass number A slope as 


shown by the example line 
for A = 198. 
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92 occur naturally). Although large nuclides generally should be highly unstable and 
last only a very brief time, certain supermassive nuclides are relatively stable, with 
fairly long lifetimes. These stable supermassive nuclides and other predicted ones 
form an island of stability at high values of Z and N on a nuclidic chart like Fig. 42-4. 


CHECKPOINT 1 Based on Fig. 42-4, which of the following nuclides do you 
conclude are not likely to be detected: °*Fe (Z = 26), As (Z = 33), /°Nd (Z = 60), 
1PT u (Z = 71),?Pb (Z = 82)? 





Nuclear Rad 


A convenient unit for measuring distances on the scale of nuclei is the femtome- 
ter (= 10°} m). This unit is often called the fermi; the two names share the same 
abbreviation. Thus, 


1 femtometer = 1 fermi = 1 fm = 107° m. (42-2) 


We can learn about the size and structure of nuclei by bombarding them with 
a beam of high-energy electrons and observing how the nuclei deflect the inci- 
dent electrons. The electrons must be energetic enough (at least 200 MeV) to 
have de Broglie wavelengths that are smaller than the nuclear structures they are 
to probe. 

The nucleus, like the atom, is not a solid object with a well-defined surface. 
Furthermore, although most nuclides are spherical, some are notably ellipsoidal. 
Nevertheless, electron-scattering experiments (as well as experiments of other 
kinds) allow us to assign to each nuclide an effective radius given by 


r= nA’, (42-3) 


in which A is the mass number and rp ~ 1.2 fm. We see that the volume of a 
nucleus, which is proportional to r>, is directly proportional to the mass number 
A and is independent of the separate values of Z and N. 

Equation 42-3 does not apply to halo nuclides, which are neutron-rich 
nuclides that were first produced in laboratories in the 1980s. These nuclides are 
larger than predicted by Eq. 42-3, because some of the neutrons form a halo 
around a spherical core of the protons and the rest of the neutrons. Lithium iso- 
topes give an example. When a neutron is added to *Li to form ”Li, neither of 
which are halo nuclides, the effective radius increases by about 4%. However, 
when two neutrons are added to ’Li to form the neutron-rich isotope '!Li (the 
largest of the lithium isotopes), they do not join that existing nucleus but instead 
form a halo around it, increasing the effective radius by about 30%. Apparently 
this halo configuration involves less energy than a core containing all 11 nucle- 
ons. (In this chapter we shall generally assume that Eq. 42-3 applies.) 





Atomic masses are now measured to great precision, but usually nuclear masses 
are not directly measurable because stripping off all the electrons from an atom 
is difficult. As we briefly discussed in Section 37-12, atomic masses are often 
reported in atomic mass units, a system in which the atomic mass of neutral °C is 
defined to be exactly 12 u. 

Precise atomic masses are available in tables on the Web and are usually 
provided in homework problems. However, sometimes we need only an approxi- 
mation of the mass of either a nucleus alone or a neutral atom. The mass number 
A of a nuclide gives such an approximate mass in atomic mass units. For example, 
the approximate mass of both the nucleus and the neutral atom for '°7Au is 197 u, 
which is close to the actual atomic mass of 196.966 552 u. 
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AS we saw In Section 37-12, 
1 u = 1.660 538 86 X 1077’ kg. (42-4) 


We also saw that if the total mass of the participants in a nuclear reaction changes 
by an amount Am, there is an energy release or absorption given by Eq. 37-50 
(OQ = —Am-c’). As we shall now see, nuclear energies are often reported in multi- 
ples of 1 MeV. Thus, a convenient conversion between mass units and energy 
units 1s provided by Eq. 37-46: 


c? = 931.494 013 MeV/u. (42-5) 


Scientists and engineers working with atomic masses often prefer to report 
the mass of an atom by means of the atom’s mass excess A, defined as 


A=M—A (mass excess), (42-6) 


where M is the actual mass of the atom in atomic mass units and A is the mass 
number for that atom’s nucleus. 





Nuclear Binding Energies 


The mass M of a nucleus is /ess than the total mass 2 m of its individual protons 
and neutrons. That means that the mass energy Mc? of a nucleus is Jess than the 
total mass energy =(mc7) of its individual protons and neutrons. The difference 
between these two energies is called the binding energy of the nucleus: 


AE we = >=(mc?) — Mc? (binding energy). (42-7) 


Caution: Binding energy is not an energy that resides in the nucleus. Rather, 
it is a difference in mass energy between a nucleus and its individual nucleons: If 
we were able to separate a nucleus into its nucleons, we would have to transfer a 
total energy equal to AF, to those particles during the separating process. 
Although we cannot actually tear apart a nucleus in this way, the nuclear binding 
energy is still a convenient measure of how well a nucleus is held together. 

A better measure is the binding energy per nucleon AF,,.,,, which is the ratio 
of the binding energy AF, of a nucleus to the number A of nucleons in that 
nucleus: 


AE 
AFben = I (binding energy per nucleon). (42-8) 


We can think of the binding energy per nucleon as the average energy needed to 
separate a nucleus into its individual nucleons. 

Figure 42-6 is a plot of the binding energy per nucleon AF},,, versus mass 
number A for a large number of nuclei. Those high on the plot are very tightly 
bound; that is, we would have to supply a great amount of energy per nucleon to 
break apart one of those nuclei. The nuclei that are lower on the plot, at the left 
and right sides, are less tightly bound, and less energy per nucleon would be 
required to break them apart. 

These simple statements about Fig. 42-6 have profound consequences. The 
nucleons in a nucleus on the right side of the plot would be more tightly bound if 
that nucleus were to split into two nuclei that lie near the top of the plot. Such a 
process, called fission, occurs naturally with large (high mass number A) nuclei 
such as uranium, which can undergo fission spontaneously (that is, without an 
external cause or source of energy). The process can also occur in nuclear 
weapons, in which many uranium or plutonium nuclei are made to fission all at 
once, to create an explosion. 

The nucleons in any pair of nuclei on the left side of the plot would be more 
tightly bound if the pair were to combine to form a single nucleus that lies near 
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FIG. 42-7 Energy levels for the 
nuclide *®Al, deduced from nuclear 
reaction experiments. 
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FIG. 42-6 The binding energy per nucleon for some representative nuclides. The nickel 
nuclide “Ni has the highest binding energy per nucleon (about 8.794 60 MeV/nucleon) of 
any known stable nuclide. Note that the alpha particle (*He) has a higher binding energy 
per nucleon than its neighbors in the periodic table and thus is also particularly stable. 


the top of the plot. Such a process, called fusion, occurs naturally in stars. Were 
this not true, the Sun would not shine and thus life could not exist on Earth. 


Nuclear Energy Levels 


The energy of nuclei, like that of atoms, is quantized. That is, nuclei can exist only 
in discrete quantum states, each with a well-defined energy. Figure 42-7 shows 
some of these energy levels for Al, a typical low-mass nuclide. Note that the 
energy scale is in millions of electron-volts, rather than the electron-volts used for 
atoms. When a nucleus makes a transition from one level to a level of lower 
energy, the emitted photon is typically in the gamma-ray region of the electro- 
magnetic spectrum. 


Nuclear Spin and Magnetism 


Many nuclides have an intrinsic nuclear angular momentum, or spin, and an asso- 
ciated intrinsic nuclear magnetic moment. Although nuclear angular momenta 
are roughly of the same magnitude as the angular momenta of atomic electrons, 
nuclear magnetic moments are much smaller than typical atomic magnetic 
moments. 


The Nuclear Force 


The force that controls the motions of atomic electrons is the familiar electro- 
magnetic force. To bind the nucleus together, however, there must be a strong 
attractive nuclear force of a totally different kind, strong enough to overcome the 
repulsive force between the (positively charged) nuclear protons and to bind 
both protons and neutrons into the tiny nuclear volume. The nuclear force must 
also be of short range because its influence does not extend very far beyond the 
nuclear “surface.” 

The present view is that the nuclear force that binds neutrons and protons in 
the nucleus is not a fundamental force of nature but is a secondary, or “spillover,” 
effect of the strong force that binds quarks together to form neutrons and 
protons. In much the same way, the attractive force between certain neutral 
molecules is a spillover effect of the Coulomb electric force that acts within each 
molecule to bind it together. 
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Sample Problem ere 


We can think of all nuclides as made up of a neutron— 
proton mixture that we can call nuclear matter. What is 
the density of nuclear matter? 





Uaialileki@s We can find the (average) density p of a 
nucleus by dividing its total mass by its volume. 


Calculations: Let m represent the mass of a nucleon 
(cither a proton or a neutron, because those particles 
have about the same mass). Then the mass of a nucleus 
containing A nucleons is Am. Next, we assume the 
nucleus is spherical with radius r. Then its volume is 
Sar, and we can write the density of the nucleus as 
Am 
a es 


3 Tr 





The radius r is given by Eq. 42-3 (r = 7, A"), where 
ro is 1.2fm (= 1.2 X 10° m). Substituting for r then 
leads to 


Am m 
(ea ||! ae 
titi A 3 ar 





Note that A has canceled out; thus, this equation for 
density p applies to any nucleus that can be treated as 
spherical with a radius given by Eq. 42-3. Using 1.67 X 
10°’ kg for the mass m of a nucleon, we then have 
eiloe< 10" ke ig ; 
=o aye 
(Answer) 


This is about 2 X 10 times the density of water. 


Sample Problem rzy 


What is the binding energy per nucleon for !7°Sn? 





1. We can find the binding energy per nucleon AF,,, if 
we first find the binding energy AF, and then divide 
by the number of nucleons A in the nucleus, accord- 
ing to Eq. 42-8 (AF, = AE,./A). 


2. We can find AF), by finding the difference between 
the mass energy Mc? of the nucleus and the total 
mass energy >(mc’) of the individual nucleons that 
make up the nucleus, according to Eq. 42-7 (AE,,. = 
Sme- j= Me"). 


Calculations: From Table 42-1, we see that a !2°Sn nu- 
cleus consists of 50 protons (Z = 50) and 70 neutrons 
(N =A — Z = 120 — 50 = 70). Thus, we need to imag- 
ine a '*°Sn nucleus being separated into its 50 protons 
and 70 neutrons, 


(2°Sn nucleus) — 50 peer + 70 ( separate ) 
protons neutrons 


(42-9) 


and then compute the resulting change in mass energy. 

For that computation, we need the masses of a !?°Sn 
nucleus, a proton, and a neutron. However, because the 
mass of a neutral atom (nucleus plus electrons) is much 
easier to measure than the mass of a bare nucleus, calcu- 
lations of binding energies are traditionally done with 
atomic masses. Thus, let’s modify Eq. 42-9 so that it has a 
neutral '°Sn atom on the left side. To do that, we 
include 50 electrons on the left side (to match the 50 


protons in the °Sn nucleus). We must also add 50 elec- 
trons on the right side to balance Eq. 42-9. Those 50 
electrons can be combined with the 50 protons, to form 
50 neutral hydrogen atoms. We then have 


120 separate separate 42-10 
ane ae 2 — oe {Separate | ( ) 


In Table 42-1, the mass M,, of a Sn atom is 
119.902 197 u and the mass my of a hydrogen atom is 
1.007 825 u; the mass m, of a neutron is 1.008 665 u. 
Thus, Eq. 42-7 yields 
AF, = =(mc?) — Mc? 
= 50(myc?) + 70(m,c?) — Mg,c? 
= 50(1.007 825 u)c? + 70(1.008 665 u)c? 
— (119.902 197 u)c? 

= (1.095 603 u)c? 

= (1.095 603 u)(931.494 013 MeV/u) 

= 1020.5 MeV, 


where Eq. 42-5 (c* = 931.494 013 MeV/u) provides an 
easy unit conversion. Note that using atomic masses 
instead of nuclear masses does not affect the result 
because the mass of the 50 electrons in the !?°Sn atom 
subtracts out from the mass of the electrons in the 
50 hydrogen atoms. 

Now Eq. 42-8 gives us the binding energy per nu- 
cleon as 


_ AE, — 1020.5 MeV 
AB een = A 120 
= 8.50 MeV/nucleon. (Answer) 
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42-4 | Radioactive Decay 


As Fig. 42-4 shows, most of the nuclides that have been identified are radioactive. A 
radioactive nuclide spontaneously emits a particle, transforming itself in the process 
into a different nuclide, occupying a different square on the nuclidic chart. 

Radioactive decay provided the first evidence that the laws that govern the 
subatomic world are statistical. Consider, for example, a 1 mg sample of uranium 
metal. It contains 2.5 x 108 atoms of the very long-lived radionuclide ~*°U. The 
nuclei of these particular atoms have existed without decaying since they were 
created—well before the formation of our solar system. During any given sec- 
ond, only about 12 of the nuclei in our sample will happen to decay by emitting 
an alpha pate tanslounine themselves into nuclei of “Th. However, 
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Although we cannot predict which nuclei in a sample will decay, we can say that if 
a sample contains N radioactive nuclei, then the rate (= —dN/dt) at which nuclei will 
decay is proportional to N: _ dN 


dt 


in which A, the disintegration constant (or decay constant) has a characteristic 
value for every radionuclide. Its SI unit is the inverse second (s7!). 
To find N as a function of time f¢, we first rearrange Eq. 42-11 as 
dN 


Tr = —) at. (42-12) 


= AN, (42-11) 


and then integrate both sides, obtaining 


N dN t 
aN af a 
Ny, tg 


or In N — InN) = —A(t — fo). (42-13) 


Here No is the number of radioactive nuclei in the sample at some arbitrary initial 
time fp. Setting fg = 0 and rearranging Eq. 42-13 give us 
N 
ln ——— = — Ar. AA 
0 (42-14) 
Taking the exponential of both sides (the exponential function is the antifunction of 
the natural logarithm) leads to N 
No 


ea 


or N = Noe (radioactive decay), (42-15) 


in which No is the number of radioactive nuclei in the sample at t = 0 and N 1s 
the number remaining at any subsequent time ¢. Note that lightbulbs (for one 
example) follow no such exponential decay law. If we life-test 1000 bulbs, we 
expect that they will all “decay” (that is, burn out) at more or less the same time. 
The decay of radionuclides follows quite a different law. 

We are often more interested in the decay rate R (= —dN/dt) than in N itself. 
Differentiating Eq. 42-15, we find 

dN 


R= ~~ = aNe™ 
dt 0€ 


or R= Ren" (radioactive decay), (42- 16) 


an alternative form of the law of radioactive decay (Eq. 42-15). Here Ro is the 
decay rate at time ¢ = 0 and R is the rate at any subsequent time ¢. We can now 
rewrite Eq. 42-11 in terms of the decay rate R of the sample as 


R=)N, (42-17) 


where R and the number of radioactive nuclei N that have not yet undergone 
decay must be evaluated at the same instant. 

The total decay rate RK of a sample of one or more radionuclides is called the 
activity of that sample. The SI unit for activity is the becquerel, named for Henri 
Becquerel, the discoverer of radioactivity: 


1 becquerel = 1 Bg = 1 decay per second. 
An older unit, the curie, is still in common use: 
1 curie = 1 Ci = 3.7 X 10” Ba. 


Here is an example using these units: “The activity of spent reactor fuel rod #5658 
on January 15, 2004, was 3.5 X 10° Bg (= 9.5 X 10* Ci).” Thus, on that day 3.5 x 
10+ radioactive nuclei in the rod decayed each second. The identities of the ra- 
dionuclides in the fuel rod, their disintegration constants A, and the types of 
radiation they emit have no bearing on this measure of activity. 

Often a radioactive sample will be placed near a detector that, for reasons of 
geometry or detector inefficiency, does not record all the disintegrations that 
occur in the sample. The reading of the detector under these circumstances 1s pro- 
portional to (and smaller than) the true activity of the sample. Such proportional 
activity measurements are reported not in becquerel units but simply in counts 
per unit time. 

There are two common time measures of how long any given type of 
radionuclides lasts. One measure is the half-life 7;,. of a radionuclide, which is the 
time at which both N and R have been reduced to one-half their initial values. 
The other measure is the mean life 7, which is the time at which both N and R 
have been reduced to e ! of their initial values. 

To relate 7T;,. to the disintegration constant A, we put R = Ro in Eq. 42-16 
and substitute 7), for t. We obtain 


LRy = Roe, 
Taking the natural logarithm of both sides and solving for 7;,2, we find 


In 2 


Lin = d 


Similarly, to relate 7 to A, we put R = e7'R, in Eq. 42-16, substitute 7 for t, and 
solve for 7, finding 


1 
T=—. 


A 


We summarize these results with the following: 


In 2 
hu <a =z In 2, (42-18) 


CHECKPOINT 2 The nuclide ''I is radioactive, with a half-life of 8.04 days. At 
noon on January 1, the activity of a certain sample is 600 Bq. Using the concept of half- 
life, without written calculation, determine whether the activity at noon on January 24 
will be a little less than 200 Bag, a little more than 200 Ba, a little less than 75 Bq, or a 
little more than 75 Bq. 
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Sample Problem rz 





The table that follows shows some measurements of the 
decay rate of a sample of '*I, a radionuclide often used 
medically as a tracer to measure the rate at which 
iodine is absorbed by the thyroid gland. 


Time R Time R 
(min) (counts/s) (min) (counts/s) 
4 B92 2 32 10.9 
36 161.4 164 4.56 
68 65.5 196 1.86 
100 26.8 218 1.00 





Find the disintegration constant A and the half-life 7), 
for this radionuclide. 





ae. The disintegration constant A determines 
ine exponential rate at which the decay rate R decreases 
with time ¢ (as indicated by Eq. 42-16, R = Roe”). 
Therefore, we should be able to determine A by plotting 
the measurements of R against the measurement times ¢. 
However, obtaining A from a plot of R versus f¢ is difficult 
because R decreases exponentially with t, according to 
Eq. 42-16. A neat solution is to transform Eq. 42-16 into a 
linear function of t, so that we can easily find A. To do so, 
we take the natural logarithms of both sides of Eq. 42-16. 


Calculations: We obtain 
In R = In(Roe “’) = In Ry + In(e~™’) 
= In Ry — At. (42-19) 


Because Eq. 42-19 is of the form y = b + mx, with b and 
m constants, it is a linear equation giving the quantity 


In R (Rin counts/s) 





0 50 100 150 200 
Time (min) 


FIG. 42-8 A semilogarithmic plot of the decay of a sample of 
281 based on the data in the table. 


In R as a function of t. Thus, if we plot In R (instead of R) 
versus f, we should get a straight line. Further, the slope 
of the line should be equal to —A. 

Figure 42-8 shows a plot of In R versus time ¢ for the 
given measurements. The slope of the straight line that 
fits through the plotted points is 


Oe="6,2 
= ——__—_—__ = —-(), 3) : ai 
slope 995 min — 0 0.0276 min 
Thus, —A = —0.0276 min! 
or A = 0.0276 min"! =~ 1.7h7!. — (Answer) 


The time for the decay rate R to decrease by 1/2 is 
related to the disintegration constant A via Eq. 42-18 
(Ty. = (In 2)/A). From that equation, we find 


In 2 7 In 2 


Tin ME eccain eeeeee 
Be r 0.0276 min7! 


= 25 min. (Answer) 


Sample Problem ee 


A 2.71 g sample of KCI] from the chemistry stockroom 1s 
found to be radioactive, and it is decaying at a constant 
rate of 4490 Bq. The decays are traced to the element 
potassium and in particular to the isotope “°K, which 
constitutes 1.17% of normal potassium. Calculate the 
half-life of this nuclide. 





1. Because the activity R of the sample is apparently 
constant, we cannot find the half-life 7),. by plotting 
In RK versus time t as we did in Sample Problem 42-4. 
(We would just get a horizontal plot.) However, we 
can use the following ideas. 


2. We can relate the half-life 7,,. to the disintegration 
constant A via Eq. 42-18 (7). = (In 2)/A). 


3. We can then relate A to the given activity R of 


4490 Bq by means of Eq. 42-17 (R = AN), where N is 
the number of “°K nuclei (and thus atoms) in the 
sample. 


Calculations: Combining Eqs. 42-18 and 42-17 yields 
NIn2 
R 


We know that N in this equation is 1.17% of the total 
number Nx of potassium atoms in the sample. We also 
know that Nx must equal the number Nx of molecules 
in the sample. We can obtain Nx from the molar mass 
Mxc, of KCl (the mass of one mole of KCl) and the 
given mass M,,,, of the sample by combining Eqs. 19-2 
(n = N/N,) and 19-3 (n = Myan/M) to write 





Le (42-20) 





number of — _ Mem 
A= 


42-21 
in sample Na, ) 


Nxca = ( 


KCl 


where Na is Avogadro’s number (6.02 x 10” mol™!). 
From Appendix F, we see that the molar mass of potas- 
sium is 39.102 g/mol and the molar mass of chlorine is 
35.453 g/mol; thus, the molar mass of KCl is 74.555 
e/mol. Equation 42-21 then gives us 


Eee OU 


= = 2.188 x 102 
aS 74.555 g/mol : 


as the number of KCl molecules in the sample. Thus, the 
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Substituting this value for N and the given activity of 
4490 Bq (= 4490 s~!) for R into Eq. 42-20 leads to 


(2.560 X 102) In 2 
4490 s“! 


= 3.95 X 10's = 1.25 X 10°y. 


Lin = 


(Answer) 


This half-life of ““K turns out to have the same 
order of magnitude as the age of the universe. Thus, the 


activity of “°K in the stockroom sample decreases very 
slowly, too slowly for us to detect during a few days of 
observation or even an entire lifetime. A portion of the 
potassium in our bodies consists of this radioisotope, 
which means that we are all slightly radioactive. 


total number Ny, of potassium atoms is also 2.188 X 
10”, and the number of “°K in the sample must be 


N = 0.0117N, = (0.0117)(2.188 X 1072) 
= 2,560 X 107, 
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When a nucleus undergoes alpha decay, it transforms to a different nuclide by 
emitting an alpha particle (a helium nucleus, ‘He). For example, when uranium 
28L) undergoes alpha decay, it transforms to thorium 7Th: 


238) — Th + 4He. (42-22) 


This alpha decay of *°U can occur spontaneously (without an external 
source of energy) because the total mass of the decay products 7**Th and “He is 
less than the mass of the original 7°U. Thus, the total mass energy of the decay 
products 1s less than the mass energy of the original nuclide. As defined by Eq. 
37-50 (OQ = —AM c’), in such a process the difference between the initial mass 
energy and the total final mass energy is called the Q of the process. 

For a nuclear decay, we say that the difference in mass energy is the decay’s 
disintegration energy Q. The Q for the decay in Eq. 42-22 is 4.25 MeV —that 
amount of energy is said to be released by the alpha decay of *°U, with the 
energy transferred from mass energy to the kinetic energy of the two products. 

The half-life of *°U for this decay process is 4.5 X 10’ y. Why so long? If °U can 
decay in this way, why doesn’t every *%U nuclide in a sample of **U atoms simply de- 
cay at once? To answer the questions, we must examine the process of alpha decay. 

We choose a model in which the alpha particle is imagined to exist (already 
formed) inside the nucleus before it escapes from the nucleus. Figure 42-9 shows 
the approximate potential energy U(r) of the system consisting of the alpha parti- 


30 






20 


= Q'=6:8l MeV 











= 10 -Q.= 4.25 MeV. 
FIG. 42-9 A potential energy function for the emission of an alpha ez — 
particle by **U. The horizontal black line marked Q = 4.25 MeV 56 | 
shows the disintegration energy for the process. The thick gray por- 2 0 ” = u 


tion of this line represents separations r that are classically forbidden 
to the alpha particle. The alpha particle is represented by a dot, both 
inside this potential energy barrier (at the left) and outside it (at the 
right), after the particle has tunneled through. The horizontal black 
line marked Q’ = 6.81 MeV shows the disintegration energy for the 
alpha decay of 7°U. (Both isotopes have the same potential energy 
function because they have the same nuclear charge.) 


Separation (fm) 
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Two Alpha Emitters Compared 





Radionuclide O Half-Life 
soa) 4.25 MeV 4.5 X10°y 
saa) 6.81 MeV 9.1 min 


cle and the residual ***Th nucleus, as a function of their separation r. This energy 
is a combination of (1) the potential energy associated with the (attractive) 
strong nuclear force that acts in the nuclear interior and (2) a Coulomb potential 
associated with the (repulsive) electric force that acts between the two particles 
before and after the decay has occurred. 

The horizontal black line marked Q = 4.25 MeV shows the disintegration 
energy for the process. If we assume that this represents the total energy of the 
alpha particle during the decay process, then the part of the U(r) curve above this 
line constitutes a potential energy barrier like that in Fig. 38-15. This barrier can- 
not be surmounted. If the alpha particle were able to be at some separation r 
within the barrier, its potential energy U would exceed its total energy E. This 
would mean, classically, that its kinetic energy K (which equals E — U) would be 
negative, an impossible situation. 

We can see now why the alpha particle is not immediately emitted from the 
*25() nucleus. That nucleus is surrounded by an impressive potential barrier, occu- 
pying—1if you think of it in three dimensions—the volume lying between two 
spherical shells (of radii about 8 and 60 fm). This argument is so convincing that 
we now change our last question and ask: Since the particle seems permanently 
trapped inside the nucleus by the barrier, how can the **U nucleus ever emit an 
alpha particle? The answer is that, as you learned in Section 38-9, there is a finite 
probability that a particle can tunnel through an energy barrier that is classically 
insurmountable. In fact, alpha decay occurs as a result of barrier tunneling. 

The very long half-life of 7°°U tells us that the barrier is apparently not very 
“leaky.” The alpha particle, presumed to be rattling back and forth within the 
nucleus, must arrive at the inner surface of the barrier about 10°* times before it 
succeeds in tunneling through the barrier. This is about 10”! times per second for 
about 4 X 10” years (the age of Earth)! We, of course, are waiting on the outside, 
able to count only the alpha particles that do manage to escape. 

We can test this explanation of alpha decay by examining other alpha emit- 
ters. For an extreme contrast, consider the alpha decay of another uranium iso- 
tope, *°U, which has a disintegration energy Q’ of 6.81 MeV, about 60% higher 
than that of *°°U. (The value of Q’ is also shown as a horizontal black line in Fig. 
42-9.) Recall from Section 38-9 that the transmission coefficient of a barrier is 
very sensitive to small changes in the total energy of the particle seeking to pene- 
trate it. Thus, we expect alpha decay to occur more readily for this nuclide than 
for *°U. Indeed it does. As Table 42-2 shows, its half-life is only 9.1 min! An 
increase in Q by a factor of only 1.6 produces a decrease in half-life (that is, in the 
effectiveness of the barrier) by a factor of 3 X 10'*. This is sensitivity indeed. 


Sample Problem eeza 


We are given the following atomic masses: (a) Calculate the energy released during the alpha de- 
[7 238.05079u ‘He 4.002 60u AY Ol ckabeidlocay PiOccssas 


24Th 234.043 63u '!H 
237Pa 237.051 21 u 


1.007 83 u 238[] — 24Th + 4He. 


Note, incidentally, how nuclear charge is conserved in 


Here Pa is the symbol for the element protactintum this equation: The atomic numbers of thorium (90) and 


(Z = 91). 


helium (2) add up to the atomic number of uranium 


(92). The number of nucleons is also conserved: 238 = 
234 + 4. 





integration energy Q, which we can calculate from the 
change in mass AM due to the **°U decay. 


Calculation: To do this, we use Eq. 37-50, 
QO = Mic? — Mc’, (42-23) 


where the initial mass M, is that of *%U and the final 
mass M; is the sum of the **Th and *He masses. As in 
Sample Problem 42-3, we must do this calculation for 
neutral atoms—that is, with atomic masses. Using the 
atomic masses given in the problem statement, Eq. 
42-23 becomes 


O = (238.050 79 u)c? — (234.043 63 u + 4.002 60 u)c? 
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Note that using atomic masses instead of nuclear 
masses does not affect the result because the total mass 
of the electrons in the products subtracts out from the 
mass of the nucleons + electrons in the original ?*°U. 


(b) Show that #°U cannot spontaneously emit a pro- 
ton; that is, protons do not leak out of the nucleus in 
spite of the proton—proton repulsion within the nucleus. 


Solution: If this happened, the decay process would be 
238[J —> 237Ppag + IP. 


(You should verify that both nuclear charge and the 
number of nucleons are conserved in this process.) Using 
the same Key Idea as in part (a) and proceeding as we did 
there, we would find that the mass of the two decay prod- 
ucts (= 237.051 21 u + 1.007 83 u) would exceed the mass 
of *U by Am = 0.008 25 u, with disintegration energy 


Q = —7.68 MeV. The minus sign indicates that we must add 
7.68 MeV to a ***U nucleus before it will emit a proton; it 
will certainly not do so spontaneously. 


= (0.004 56 u)c? = (0.004 56 u)(931.494 013 MeV/u) 


= 4.25 MeV. (Answer) 
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A nucleus that decays spontaneously by emitting an electron or a positron (a 
positively charged particle with the mass of an electron) is said to undergo beta 
decay. Like alpha decay, this is a spontaneous process, with a definite disintegra- 
tion energy and half-life. Again like alpha decay, beta decay is a statistical 
process, governed by Eqs. 42-15 and 42-16. In beta-minus (B") decay, an electron 
is emitted by a nucleus, as in the decay 


[Pas Se, ts (ay — 14d), (42-24) 
In beta-plus (B*) decay, a positron is emitted by a nucleus, as in the decay 
SC ONO! a Ci — ei). (42-25) 


The symbol v represents a neutrino, a neutral particle which has a very small mass, 
that is emitted from the nucleus along with the electron or positron during the de- 
cay process. Neutrinos interact only very weakly with matter and—for that rea- 
son— are so extremely difficult to detect that their presence long went unnoticed.* 

Both charge and nucleon number are conserved in the above two processes. 
In the decay of Eq. 42-24, for example, we can write for charge conservation 


(4-15¢) = lee) a (=e) 2 (0) 


because *’P has 15 protons, **S has 16 protons, and the neutrino v has zero charge. 
Similarly, for nucleon conservation, we can write 


(32) = (32) + (0) + (0), 


because **P and **S each have 32 nucleons and neither the electron nor the 
neutrino is a nucleon. 

It may seem surprising that nuclei can emit electrons, positrons, and neutri- 
nos, since we have said that nuclei are made up of neutrons and protons only. 


*Beta decay also includes electron capture, in which a nucleus decays by absorbing one of its atomic 
electrons, emitting a neutrino in the process. We do not consider that process here. Also, the neutral 
particle emitted in the decay process of Eq. 42-24 is actually an antineutrino, a distinction we shall 
not make in this introductory treatment. 


Relative number 
of positrons 





0 0.2 0.4 0.6 

Kinetic energy (MeV) 
FIG. 42-10 The distribution of the 
kinetic energies of positrons emitted 
in the beta decay of “Cu. The 
maximum kinetic energy of the 
distribution (K,,,,) is 0.653 MeV. In 
all Cu decay events, this energy is 
shared between the positron and the 
neutrino, in varying proportions. 
The most probable energy for an 
emitted positron is about 0.15 MeV. 
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FIG. 42-11 A burst of neutrinos 


from the supernova SN 1987A, which 
occurred at (relative) time 0, stands 
out from the usual background of 
neutrinos. (For neutrinos, 10 is 

a “burst.”) The particles were de- 
tected by an elaborate detector 
housed deep in a mine in Japan. 
The supernova was visible only in 
the Southern Hemisphere; so the 
neutrinos had to penetrate Earth 

(a trifling barrier for them) to reach 
the detector. 
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However, we saw earlier that atoms emit photons, and we certainly do not say 
that atoms “contain” photons. We say that the photons are created during the 
emission process. 

It is the same with the electrons, positrons, and neutrinos emitted from nuclei 
during beta decay. They are created during the emission process. For beta-minus 
decay, a neutron transforms into a proton within the nucleus according to 


inp Fe” Fy (42-26) 
For beta-plus decay, a proton transforms into a neutron via 
pS ide” +" p (42-27) 


Both of these beta-decay processes provide evidence that—as was pointed 
out—neutrons and protons are not truly fundamental particles. These processes 
show why the mass number A of a nuclide undergoing beta decay does not 
change; one of its constituent nucleons simply changes its character according to 
Eq. 42-26 or 42-27. 

In both alpha decay and beta decay, the same amount of energy is released 
in every individual decay of a particular radionuclide. In the alpha decay of a 
particular radionuclide, every emitted alpha particle has the same sharply defined 
kinetic energy. However, in the beta-minus decay of Eq. 42-26 with electron emis- 
sion, the disintegration energy Q is shared—1in varying proportions — between 
the emitted electron and neutrino. Sometimes the electron gets nearly all the 
energy, sometimes the neutrino does. In every case, however, the sum of the elec- 
tron’s energy and the neutrino’s energy gives the same value Q. A similar sharing 
of energy, with a sum equal to Q, occurs in beta-plus decay (Eq. 42-27). 

Thus, in beta decay the energy of the emitted electrons or positrons may 
range from zero up to a certain maximum K,,,,. Figure 42-10 shows the distri- 
bution of positron energies for the beta decay of ®'Cu (see Eq. 42-25). The maxi- 
mum positron energy K,,,, Must equal the disintegration energy Q because the 
neutrino has approximately zero energy when the positron has K,yax: 


QO = Koox- (42-28) 


The Neutrino 


Wolfgang Pauli first suggested the existence of neutrinos in 1930. His neutrino 
hypothesis not only permitted an understanding of the energy distribution of 
electrons or positrons in beta decay but also solved another early beta-decay 
puzzle involving “missing” angular momentum. 

The neutrino is a truly elusive particle; the mean free path of an energetic 
neutrino in water has been calculated as no less than several thousand light- 
years. At the same time, neutrinos left over from the big bang that presumably 
marked the creation of the universe are the most abundant particles of physics. 
Billions of them pass through our bodies every second, leaving no trace. 

In spite of their elusive character, neutrinos have been detected in the lab- 
oratory. This was first done in 1953 by F. Reines and C. L. Cowan, using neutrinos 
generated in a high-power nuclear reactor. (In 1995, Reines received a Nobel 
Prize for this work.) In spite of the difficulties of detection, experimental neu- 
trino physics is now a well-developed branch of experimental physics, with avid 
practitioners at laboratories throughout the world. 

The Sun emits neutrinos copiously from the nuclear furnace at its core, and at 
night these messengers from the center of the Sun come up at us from below, 
Earth being almost totally transparent to them. In February 1987, light from an 
exploding star in the Large Magellanic Cloud (a nearby galaxy) reached Earth 
after having traveled for 170 000 years. Enormous numbers of neutrinos were 
generated in this explosion, and about 10 of them were picked up by a sensitive 
neutrino detector in Japan; Fig. 42-11 shows a record of their passage. 
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oactivity and the Nuclidic Chart 





FIG. 42-12 A portion of the valley 
of the nuclides, showing only the nu- 
clides of low mass. Deuterium, tri- 
tium, and helium lie at the near end 
of the plot, with helium at the high 
point. The valley stretches away from 
us, with the plot stopping at about Z 
= 22 and N = 35. Nuclides with large 
values of A, which would be plotted 
much beyond the valley, can decay 
into the valley by repeated alpha 
emissions and by fission (splitting of 
a nuclide). 


We can increase the amount of information obtainable from the nuclidic chart 
of Fig. 42-4 by including a third axis showing the mass excess A expressed in the 
unit MeV/c’. The inclusion of such an axis gives Fig. 42-12, which reveals the 
degree of nuclear stability of the nuclides. For the low-mass nuclides, we find a 
“valley of the nuclides,” with the stability band of Fig. 42-4 running along its 
bottom. Nuclides on the proton-rich side of the valley decay into it by emitting 
positrons, and those on the neutron-rich side do so by emitting electrons. 


CHECKPOINT 3 **U decays to Th by the emission of an alpha particle. 
There follows a chain of further radioactive decays, either by alpha decay or by beta 
decay. Eventually a stable nuclide is reached and, after that, no further radioactive 
decay is possible. Which of the following stable nuclides is the end product of the 7*°U 
radioactive decay chain: “°Pb, 7°’Pb, °8Pb, or 2°°Pb? (Hint: You can decide by consider- 


ing the changes in mass number A for the two types of decay.) 


Sample Problem | 





Calculate the disintegration energy Q for the beta de- 
cay of **P, as described by Eq. 42-24. The needed atomic 
masses are 31.973 91 u for **P and 31.972 07 u for *°S. 





_KEY IDEA Hayne disintegration energy QO for the beta 
decay is the amount by which the mass energy is 
changed by the decay. 


Calculations: Q is given by Eq. 37-50 (Q = —AM c?). 
However, we must be careful to distinguish between 
nuclear masses (which we do not know) and atomic 
masses (which we do know). Let the boldface symbols 
mp and mg represent the nuclear masses of **P and *2S, 


and let the italic symbols mp and ms represent their 
atomic masses. Then we can write the change in mass 
for the decay of Eq. 42-24 as 


Am = (iM, aig mM.) — Mbp, 


in which m, is the mass of the electron. If we add and 
subtract 15m, on the right side of this equation, we 
obtain 


Am = (mg + 16m,) — (mp + 15m,). 


The quantities in parentheses are the atomic masses of 
5 aad! °7P=s0 


Am = ms — Mp. 
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We thus see that if we subtract only the atomic masses, the 
mass of the emitted electron is automatically taken into ac- 
count. (This procedure will not work for positron emission.) 

The disintegration energy for the °*P decay is then 


Experimentally, this calculated quantity proves to be 
equal to K,,,,, the maximum energy the emitted elec- 
trons can have. Although 1.71 MeV is released every 
time a **P nucleus decays, in essentially every case the 


O = —Am c? 


= —(31.972 07 u — 31.973 91 u)(931.494 013 MeV/u) 


= 1.71 MeV. 


electron carries away less energy than this. The neu- 
trino gets all the rest, carrying it stealthily out of the 


(Answer) laboratory. 





FIG. 42-13 A fragment of the 

Dead Sea scrolls and the caves from 
which the scrolls were recovered. 
Top photo: (George Rockwin/Bruce 
Coleman, Inc.) Insert: (R. Perry/Corbis 


Sygma) 
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If you know the half-life of a given radionuclide, you can in principle use the 
decay of that radionuclide as a clock to measure time intervals. The decay of very 
long-lived nuclides, for example, can be used to measure the age of rocks—that 
is, the time that has elapsed since they were formed. Such measurements for 
rocks from Earth and the Moon, and for meteorites, yield a consistent maximum 
age of about 4.5 < 10? y for these bodies. 

The radionuclide “°K, for example, decays to *°Ar, a stable isotope of the 
noble gas argon. The half-life for this decay is 1.25 x 10’ y.A measurement of 
the ratio of “°K to *°Ar, as found in the rock in question, can be used to calcu- 
late the age of that rock. Other long-lived decays, such as that of 7°°U to 7°’Pb 
(involving a number of intermediate stages of unstable nuclei), can be used to 
verify this calculation. 

For measuring shorter time intervals, in the range of historical interest, radio- 
carbon dating has proved invaluable. The radionuclide 'C (with T\,. = 5730 y) is 
produced at a constant rate in the upper atmosphere as atmospheric nitrogen 
is bombarded by cosmic rays. This radiocarbon mixes with the carbon that is 
normally present in the atmosphere (as CO,) so that there is about one atom of 
C for every 10'° atoms of ordinary stable °C. Through biological activity such 
as photosynthesis and breathing, the atoms of atmospheric carbon trade places 
randomly, one atom at a time, with the atoms of carbon in every living thing, 
including broccoli, mushrooms, penguins, and humans. Eventually an exchange 
equilibrium is reached at which the carbon atoms of every living thing contain 
a fixed small fraction of the radioactive nuclide '*C. 

This equilibrium persists as long as the organism is alive. When the organism 
dies, the exchange with the atmosphere stops and the amount of radiocarbon 
trapped in the organism, since it is no longer being replenished, dwindles away 
with a half-life of 5730 y. By measuring the amount of radiocarbon per gram of 
organic matter, it is possible to measure the time that has elapsed since the 
organism died. Charcoal from ancient campfires, the Dead Sea scrolls (Fig. 
42-13), and many prehistoric artifacts have been dated in this way. The age of the 
scrolls was determined by radiocarbon dating a sample of the cloth used to plug 
the jars in which the scrolls were sealed. 





Sample Problem 


Mass spectrometric analysis of potassium and argon 
atoms in a Moon rock sample shows that the ratio of the 
number of (stable) ““Ar atoms present to the number of 
(radioactive) *K atoms is 10.3. Assume that all the 
argon atoms were produced by the decay of potassium 
atoms, with a half-life of 1.25 < 10’ y. (We neglect here 
several complications about the decay of potassium 
atoms.) How old is the rock? 





Gall eaeeas (1) If No potassium atoms were present at 
the time the rock was formed by solidification from a 
molten form, the number of potassium atoms remaining 
at the time of analysis is, from Eq. 42-15, 


Nx = Noe, (42-29) 


in which ¢ is the age of the rock. (2) For every potassium 
atom that decays, an argon atom is produced. Thus, the 
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number of argon atoms present at the time of the analysis is — Tip in + Na,/Nx) 


Nar = No — Nx. (42-30) In 2 


25 x 107 eS) 
Calculations: We cannot measure N>; so let’s eliminate _ (1.25 x 10" y)[InG@. + 10.3)] 





it from Eqs. 42-29 and 42-30. We find, after some alge- In 2 
bra, that = aye (Answer) 
At = In (1 ai Nae.) (42-31) Lesser ages may be found for other lunar or terrestrial rock 
Nx samples, but no substantially greater ones. Thus, the oldest 
in which N,,/Nx can be measured. Solving for ¢ and us- rocks were formed soon after the solar system formed, and 
ing Eq. 42-18 to replace A with (In 2)/7},, yield the solar system must be about 4 billion years old. 
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The effect of radiation such as gamma rays, electrons, and alpha particles on 
living tissue (particularly our own) is a matter of public interest. Such radiation is 
found in nature in cosmic rays (from astronomical sources) and in the emissions 
by radioactive elements in Earth’s crust. Radiation associated with some human 
activities, such as using x rays and radionuclides in medicine and in industry, also 
contributes. 

Our task here is not to explore the various sources of radiation but simply 
to describe the units in which the properties and effects of such radiations are 
expressed. We have already discussed the activity of a radioactive source. There 
are two remaining quantities of interest. 


1. Absorbed Dose. This is a measure of the radiation dose (as energy per unit 
mass) actually absorbed by a specific object, such as a patient’s hand or chest. 
Its SI unit is the gray (Gy). An older unit, the rad (from radiation absorbed 
dose) is still in common use. The terms are defined and related as follows: 


1 Gy = 1 J/kg = 100 rad. (42-32) 


A typical dose-related statement is: “A whole-body, short-term gamma-ray 
dose of 3 Gy (= 300 rad) will cause death in 50% of the population exposed to 
it.” Thankfully, our present average absorbed dose per year, from sources of 
both natural and human origin, is only about 2 mGy (= 0.2 rad). 


2. Dose Equivalent. Although different types of radiation (gamma rays and 
neutrons, say) may deliver the same amount of energy to the body, they do not 
have the same biological effect. The dose equivalent allows us to express 
the biological effect by multiplying the absorbed dose (in grays or rads) by a 
numerical RBE factor (from relative biological effectiveness). For x rays and 
electrons, for example, RBE = 1; for slow neutrons, RBE = 5; for alpha parti- 
cles, RBE = 10; and so on. Personnel-monitoring devices such as film badges 
register the dose equivalent. 

The SI unit of dose equivalent is the sievert (Sv). An earlier unit, the rem, 
is still in common use. Their relationship is 


1 Sv = 100 rem. (42-33) 


An example of the correct use of these terms is: “The recommendation of 
the National Council on Radiation Protection is that no individual who is 
(nonoccupationally) exposed to radiation should receive a dose equivalent 
greater than 5 mSv (= 0.5 rem) in any one year.” This includes radiation of all 
kinds; of course the appropriate RBE factor must be used for each kind. 


Cosmic rays consist primarily of protons ejected from the Sun. We are largely 
protected from this stream of high-speed protons by Earth’s atmosphere and 
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magnetic field. However, anyone flying at high altitude has less overhead atmo- 
sphere to stop the protons and thus intercepts more of them. Also, anyone flying 
at high latitude is located where Earth’s magnetic field redirects the incoming 
solar protons (see Section 28-6). Thus, anyone flying at both high altitude and 
high latitude is at increased exposure to the solar protons. 

Passengers who infrequently fly are probably not at risk, not even if they are 
in flight when a large influx of solar protons hits Earth. However, passengers who 
frequently fly a polar route (high-latitude flight path) between, say, Los Angeles 
and London are at greater risk because of the exposure over many flights. An air 
crew member would be at even greater risk were the allowed number of flight hours 
per year not restricted by the airline companies. For example, a crew member can be 
exposed to about 0.006 mSv per flight hour. If the crew member accumulates 900 
flight hours per year (a reasonable workload), the net exposure would be 5.4 mSv 
per year, which exceeds the safety limit of 5 mSv we just discussed. 

You might think that the worst radiation risk was on Concorde flights 
because, when that type of airplane was still flying, its supersonic speed required 
it to fly much higher than all other (slower) airplanes. In fact, the risk was less on 
Concorde flights because the flight times were so much shorter. 


Sample Problem gry 


We have seen that a gamma-ray dose of 3 Gy is lethal to 
half the people exposed to it. If the equivalent energy were 
absorbed as heat, what is the rise in body temperature? 





“Sink nena (1) We can relate an absorbed energy Q 
and the resulting temperature increase AT with Eq. 
18-14 (Q = cm AT). In that equation, m is the mass of 
the material absorbing the energy and c is the specific 
heat of that material (not the speed of light). (2) An 
absorbed dose of 3 Gy corresponds to an absorbed 
energy per unit mass of 3 J/Kg. 


Calculation: Let us assume that c, the specific heat of 
the human body, is the same as that of water, 4180 
J/kg -K.Then we find that 

3 J/kg 


Qim . 
= = ———— =72 X 10° *K ~ 0.7 mK. 
c 4180 J/ke-K 7 
(Answer) 





AT 


Obviously the damage done by ionizing radiation has 
nothing to do with thermal heating. The harmful effects 
arise because the radiation damages DNA and thus in- 
terferes with the normal functioning of tissues. 
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Nuclei are more complicated than atoms. For atoms, the basic force law 
(Coulomb’s law) is simple in form and there is a natural force center, the nucleus. 
For nuclei, the force law is complicated and cannot, in fact, be written down 
explicitly in full detail. Furthermore, the nucleus—a jumble of protons and neu- 
trons— has no natural force center to simplify the calculations. 

In the absence of a comprehensive nuclear theory, we turn to the construc- 
tion of nuclear models. A nuclear model is simply a way of looking at the nucleus 
that gives a physical insight into as wide a range of its properties as possible. The 
usefulness of a model is tested by its ability to provide predictions that can be 
verified experimentally in the laboratory. 

Two models of the nucleus have proved useful. Although based on assump- 
tions that seem flatly to exclude each other, each accounts very well for a selected 
group of nuclear properties. After describing them separately, we shall see how 
these two models may be combined to form a single coherent picture of the 
atomic nucleus. 


The Collective Mode! 


In the collective model, formulated by Niels Bohr, the nucleons, moving around 
within the nucleus at random, are imagined to interact strongly with each other, 


like the molecules in a drop of liquid. A given nucleon collides frequently with 
other nucleons in the nuclear interior, its mean free path as it moves about being 
substantially less than the nuclear radius. 

The collective model permits us to correlate many facts about nuclear masses 
and binding energies; it is useful (as you will see later) in explaining nuclear 
fission. It is also useful for understanding a large class of nuclear reactions. 

Consider, for example, a generalized nuclear reaction of the form 


X+a-7>C-Ytb. (42-34) 


We imagine that projectile a enters target nucleus _X, forming a compound nucleus C 
and conveying to it a certain amount of excitation energy. The projectile, perhaps a 
neutron, is at once caught up by the random motions that characterize the nuclear 
interior. It quickly loses its identity —so to speak —and the excitation energy it car- 
ried into the nucleus is quickly shared with all the other nucleons in C. 

The quasi-stable state represented by C in Eq. 42-34 may have a mean life of 
10~'’s before it decays to Y and b. By nuclear standards, this is a very long time, 
being about one million times longer than the time required for a nucleon with 
a few million electron-volts of energy to travel across a nucleus. 

The central feature of this compound-nucleus concept is that the formation 
of the compound nucleus and its eventual decay are totally independent events. 
At the time of its decay, the compound nucleus has “forgotten” how it was 
formed. Hence, its mode of decay is not influenced by its mode of formation. As 
an example, Fig. 42-14 shows three possible ways in which the compound nucleus 
“°Ne might be formed and three in which it might decay. Any of the three forma- 
tion modes can lead to any of the three decay modes. 


The Independent Particle Model 


In the collective model, we assume that the nucleons move around at random and 
bump into one another frequently. The independent particle model, however, is 
based on just the opposite assumption—namely, that each nucleon remains in a 
well-defined quantum state within the nucleus and makes hardly any collisions at 
all! The nucleus, unlike the atom, has no fixed center of charge; we assume in this 
model that each nucleon moves in a potential well that is determined by the 
smeared-out (time-averaged) motions of all the other nucleons. 

A nucleon in a nucleus, like an electron in an atom, has a set of quantum num- 
bers that defines its state of motion. Also, nucleons obey the Pauli exclusion princi- 
ple, just as electrons do; that 1s, no two nucleons in a nucleus may occupy the same 
quantum state at the same time. In this regard, the neutrons and the protons are 
treated separately, each particle type with its own set of quantum states. 

The fact that nucleons obey the Pauli exclusion principle helps us to under- 
stand the relative stability of nucleon states. If two nucleons within the nucleus 
are to collide, the energy of each of them after the collision must correspond to 
the energy of an unoccupied state. If no such state is available, the collision simply 
cannot occur. Thus, any given nucleon experiencing repeated “frustrated collision 
opportunities” will maintain its state of motion long enough to give meaning to 
the statement that it exists in a quantum state with a well-defined energy. 

In the atomic realm, the repetitions of physical and chemical properties that 
we find in the periodic table are associated with a property of atomic electrons — 
namely, they arrange themselves in shells that have a special stability when fully 
occupied. We can take the atomic numbers of the noble gases, 


Z, VOL VS, OO, D4 80.0%. . 


as magic electron numbers that mark the completion (or closure) of such shells. 
Nuclei also show such closed-shell effects, associated with certain magic 
nucleon numbers: 
Day So? Vee? SSO So D6 ef 
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FIG. 42-14 The formation 
modes and the decay modes of the 
compound nucleus “’Ne. 
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Any nuclide whose proton number Z or neutron number WN has one of these values 
turns out to have a special stability that may be made apparent in a variety of ways. 

Examples of “magic” nuclides are *O (Z = 8), Ca (Z = 20, N = 20),”Mo (N = 
50), and “Pb (Z = 82, N = 126). Both “Ca and 7°’Pb are said to be “doubly magic” 
because they contain both filled shells of protons and filled shells of neutrons. 

The magic number 2 shows up in the exceptional stability of the alpha parti- 
cle (*He), which, with Z = N = 2, is doubly magic. For example, on the binding 
energy curve of Fig. 42-6, the binding energy per nucleon for this nuclide stands 
well above those of its periodic-table neighbors hydrogen, lithium, and beryllium. 
The neutrons and protons making up the alpha particle are so tightly bound to 
one another, in fact, that it is impossible to add another proton or neutron to it; 
there is no stable nuclide with A = 5. 

The central idea of a closed shell is that a single particle outside a closed 
shell can be relatively easily removed, but considerably more energy must be 
expended to remove a particle from the shell itself. The sodium atom, for exam- 
ple, has one (valence) electron outside a closed electron shell. Only about 5 eV is 
required to strip the valence electron away from a sodium atom; however, to 
remove a second electron (which must be plucked out of a closed shell) requires 
22 eV. As a nuclear case, consider ''Sb (Z = 51), which contains a single proton 
outside a closed shell of 50 protons. To remove this lone proton requires 5.8 MeV; 
to remove a second proton, however, requires an energy of 11 MeV. There is 
much additional experimental evidence that the nucleons in a nucleus form 
closed shells and that these shells exhibit stable properties. 

We have seen that quantum theory can account beautifully for the magic 
electron numbers — that is, for the populations of the subshells into which atomic 
electrons are grouped. It turns out that, under certain assumptions, quantum 
theory can account equally well for the magic nucleon numbers! The 1963 Nobel 
Prize in physics was, in fact, awarded to Maria Mayer and Hans Jensen “for their 
discoveries concerning nuclear shell structure.” 





A Combined Model 





Consider a nucleus in which a small number of neutrons (or protons) exist out- 
side a core of closed shells that contains magic numbers of neutrons or protons. 
The outside nucleons occupy quantized states in a potential well established by 
the central core, thus preserving the central feature of the independent-particle 
model. These outside nucleons also interact with the core, deforming it and set- 
ting up “tidal wave” motions of rotation or vibration within it. These collective 
motions of the core preserve the central feature of the collective model. Such a 
model of nuclear structure thus succeeds in combining the seemingly irreconcil- 
able points of view of the collective and independent-particle models. It has been 
remarkably successful in explaining observed nuclear properties. 
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Consider the neutron capture reaction 


MAG +n—>MAg—> Ag+ y, (42-35) 


in which a compound nucleus (1!°Ag) is formed. Figure 
42-15 shows the relative rate at which such events take 
place, plotted against the energy of the incoming neu- 
tron. Find the mean lifetime of this compound nucleus 
by using the uncertainty principle in the form 


NE ST = (42-36) 
Here AF is a measure of the uncertainty with which the 


energy of a state can be defined. The quantity Af is a 
measure of the time available to measure this energy. In 


fact, here Aris just ¢,,,, the average life of the compound 
nucleus before it decays to its ground state. 


Reasoning: We see that the relative reaction rate peaks 
sharply at a neutron energy of about 5.2 eV. This sug- 
gests that we are dealing with a single excited energy 
level of the compound nucleus ''°Ag, When the available 
energy (of the incoming neutron) just matches the en- 
ergy of this level above the '°Ag ground state, we have 
“resonance” and the reaction of Eq. 42-35 really “goes.” 

However, the resonance peak is not infinitely sharp but 
has an approximate half-width (AF in the figure) of about 
0.20 eV. We can account for this resonance-peak width by 


Relative rate 





45 4.7 49 5.1 5.3 55 5.7 59 


Neutron energy (eV) 
FIG. 42-15 A plot of the relative number of reaction events 
of the type described by Eq. 42-35 as a function of the energy 
of the incident neutron. The half-width AE of the resonance 
peak is about 0.20 eV. 
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saying that the excited level is not sharply defined in energy 
but has an energy uncertainty AF of about 0.20 eV. 


Calculation: Substituting that uncertainty into Eq. 
42-36 gives us 
fh (4.14 X 10-9 eV-s)/2m 
AE 0.20 eV 
~~ 3.X 107s. 


This is several hundred times greater than the time a 
0.20 eV neutron takes to cross the diameter of a Ag 
nucleus. Therefore, the neutron is spending this time of 
3 X 10°} sas part of the nucleus. 


(Answer) 
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The Nuclides Approximately 2000 nuclides are known to 
exist. Each is characterized by an atomic number Z (the num- 
ber of protons), a neutron number N, and a mass number A 
(the total number of nucleons— protons and neutrons). Thus, 
A = Z + N.Nuclides with the same atomic number but differ- 
ent neutron numbers are isotopes of one another. Nuclei have 
a mean radius r given by 

p SPAT sg (42-3) 
where ry ~ 1.2 fm. 
Mass and Binding Energy Atomic masses are often re- 
ported in terms of mass excess 


A=M-A _ (mass excess), (42-6) 


where M is the actual mass of an atom in atomic mass units 
and A is the mass number for that atom’s nucleus. The binding 


energy of a nucleus is the difference 
AEne = =(mc’) — Mc?  (bindingenergy), | (42-7) 


where =(mc7’) is the total mass energy of the individual pro- 

tons and neutrons. The binding energy per nucleon is 

AEF oe 
A 





AE ben = (binding energy per nucleon). (42-8) 
Mass—Energy Exchanges The energy equivalent of one 
mass unit (u) is 931.494 013 MeV. The binding energy curve 
shows that middle-mass nuclides are the most stable and that 
energy can be released both by fission of high-mass nuclei and 
by fusion of low-mass nuclei. 


The Nuclear Force Nuclei are held together by an attrac- 
tive force acting among the nucleons, part of the strong force 
acting between the quarks that make up the nucleons. 


Radioactive Decay Most known nuclides are radioactive; 
they spontaneously decay at a rate R (= —dN/dt) that is 
proportional to the number N of radioactive atoms pre- 
sent, the proportionality constant being the disintegration 
constant A. This leads to the law of exponential decay: 


N= Noe” ™, R=AN= Roe~™ 
(radioactive decay). (42-15, 42-17, 42-16) 
The half-life 7. = (In 2)/A of a radioactive nuclide is the time 


required for the decay rate R (or the number NV) in a sample 
to drop to half its initial value. 


Alpha Decay Some nuclides decay by emitting an alpha 
particle (a helium nucleus, *He). Such decay is inhibited by a 
potential energy barrier that cannot be penetrated according 
to classical physics but is subject to tunneling according to 
quantum physics. The barrier penetrability, and thus the half- 
life for alpha decay, 1s very sensitive to the energy of the emit- 
ted alpha particle. 


Beta Decay In beta decay either an electron or a positron 
is emitted by a nucleus, along with a neutrino. The emitted 
particles share the available disintegration energy. The elec- 
trons and positrons emitted in beta decay have a con- 
tinuous spectrum of energies from near zero up to a limit 
I racic Q=—Am Ga) 


Radioactive Dating Naturally occurring radioactive nu- 
clides provide a means for estimating the dates of historic and 
prehistoric events. For example, the ages of organic materials 
can often be found by measuring their '*C content; rock sam- 
ples can be dated using the radioactive isotope “°K. 


Radiation Dosage Three units are used to describe expo- 
sure to ionizing radiation. The becquerel (1 Bq = 1 decay per 
second) measures the activity of a source. The amount of 
energy actually absorbed is measured in grays, with 1 Gy cor- 
responding to 1 J/kg. The estimated biological effect of the 
absorbed energy is measured in sieverts; a dose equivalent of 
1 Sv causes the same biological effect regardless of the radi- 
ation type by which it was acquired. 


Nuclear Models The collective model of nuclear structure 
assumes that nucleons collide constantly with one another and 
that relatively long-lived compound nuclei are formed when a 
projectile is captured. The formation and eventual decay of 
a compound nucleus are totally independent events. 

The independent particle model of nuclear structure as- 
sumes that each nucleon moves, essentially without collisions, in 
a quantized state within the nucleus. The model predicts nucleon 
levels and magic nucleon numbers (2, 8, 20, 28, 50, 82, and 126) 
associated with closed shells of nucleons; nuclides with any of 
these numbers of neutrons or protons are particularly stable. 

The combined model, in which extra nucleons occupy 
quantized states outside a central core of closed shells, is 
highly successful in predicting many nuclear properties. 
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QUESTIONS 





1 Suppose the alpha particle of Sample Problem 42-1 is re- 
placed with a proton of the same initial kinetic energy and 
also headed directly toward the nucleus of the gold atom.(a) 
Will the distance from the center of the nucleus at which the 
proton stops be greater than, less than, or the same as that of 
the alpha particle? (b) If, instead, we switch the target to a nu- 
cleus with a larger value of Z, is the stopping distance of the 
alpha particle greater than, less than, or the same as with the 
gold target? 


2 Acertain nuclide is said to be particularly stable. Does its 
binding energy per nucleon lie slightly above or slightly below 
the binding energy curve of Fig. 42-6? 


3 The nuclide *“Pu (Z = 94) is an alpha-emitter. Into which 
of the following nuclides does it decay: “°Np (Z = 93), “°U 
(Z = 92),*48Cm (Z = 96), or 4Am (Z = 95)? 


4 Figure 42-16 shows the 
curve for the binding energy 
per nucleon AF},,, versus mass 3 
number A. Three isotopes are 
indicated. Rank them according 
to the energy required to re- 
move a nucleon from the iso- 
tope, greatest first. 


Av Te 2 


A 
FIG. 42-16 Question 4. 


5 The radionuclide !*Ir decays by emitting an electron. (a) 
Into which square in Fig. 42-5 is it transformed? (b) Do fur- 
ther decays then occur? 


6 Is the mass excess of an alpha particle (use a straightedge on 
Fig. 42-12) greater than or less than the particle’s total binding 
energy (use the binding energy per nucleon from Fig. 42-6)? 


7 Att=0,a sample of radionuclide A has the same decay 
rate as a sample of radionuclide B A 

has at t = 30 min. The disintegration 
constants are A, and Az, with A, < 
Ap. Will the two samples ever have 
(simultaneously) the same decay 
rate? (Hint: Sketch a graph of their 
activities. ) 


8 Figure 42-17 is a plot of mass 
number A versus charge number Z. 
The location of a certain nucleus is 


FIG. 42-17 
Question 8. 





represented by a dot. Which of the arrows extending from the 
dot would best represent the transition were the nucleus to 
undergo (a) a B” decay and (b) an a decay? 

9 Att=0,a sample of radionuclide A has twice the decay 
rate as a sample of radionuclide B. The disintegration con- 
stants are A, and Az, with A, > Ag. Will the two samples ever 
have (simultaneously) the same decay rate? 


10 Figure 42-18 gives 
the activities of three 
radioactive samples 
versus time. Rank the 
samples according to 
their (a) half-life and 
(b) disintegration con- 
stant, greatest first. 
(Hint: For (a), use a 
straightedge on the 
graph.) 

71 At t= 0 we begin to observe two identical radioactive 
nuclei that have a half-life of 5 min. At t = 1 min, one of the 
nuclei decays. Does that event increase or decrease the chance 
that the second nucleus will decay in the next 4 min, or is there 
no effect on the second nucleus? 





FIG. 42-18 Question 10. 


12 Ifthe mass of a radioactive sample is doubled, do (a) the 
activity of the sample and (b) the disintegration constant of 
the sample increase, decrease, or remain the same? 


13 The magic nucleon numbers for nuclei are given in 
Section 42-9 as 2, 8, 20, 28, 50, 82, and 126. Are nuclides magic 
(that is, especially stable) when (a) only the mass number A, 
(b) only the atomic number Z, (c) only the neutron number N, 
or (d) either Z or N (or both) is equal to one of these 
numbers? Pick all correct phrases. 


14 The radionuclide “Sc has a half-life of 57.0 min. At t = 0, 
the counting rate of a sample of it is 6000 counts/min above 
the general background activity, which is 30 counts/min. 
Without computation, determine whether the counting rate of 
the sample will be about equal to the background rate in 3 h, 
7h, 10h, or a time much longer than 10 h. 


15 (a) Which of the following nuclides are magic: '7?Sn, 
132Sn, Cd, 8Au, 28Pb? (b) Which, if any, are doubly 
magic? 


PROBLEMS 





eS Tutoring problem available (at instructor's discretion) in WileyPLUS and WebAssign 
SSM Worked-out solution available in Student Solutions Manual Www Worked-out solution is at aR . -RUTRARERRT 

. EA A .com/college/halliday - 
@ —@@@ Number of dots indicates level of problem difficulty ILW Interactive solution is at v Aue oe ¥ 


ae Additional information available in The Flying Circus of Physics and at flyingcircusofphysics.com 
Click here to view all step-by-step solutions 


sec. 42-2 Discovering the Nucleus e2 Calculate the distance of closest approach for a head-on 


°1 A ‘Li nucleus with a kinetic energy of 3.00 MeV is sent collision between a 5.30 MeV alpha particle and the nucleus 
toward a *’Th nucleus. What is the least center-to-center sep- of a copper atom. 


aration between the two nuclei, assuming that the (more mas- 


sive) *’Th nucleus does not move? ee@3 When an alpha particle collides elastically with a nu- 


cleus, the nucleus recoils. Suppose a 5.00 MeV alpha particle 
has a head-on elastic collision with a gold nucleus that is ini- 
tially at rest. What is the kinetic energy of (a) the recoiling 
nucleus and (b) the rebounding alpha particle? 


ee4& A projectile alpha particle is headed directly toward a 
target aluminum nucleus. Both objects are assumed to be 
spheres. What energy is required of the alpha particle if it is to 
momentarily stop just as its “surface” touches the “surface” of 
the aluminum nucleus? Assume that the target nucleus re- 
mains stationary. €& 


e@5 A Li nucleus with an initial kinetic energy of 10.2 MeV 
is shot directly at the center of a Ds nucleus. At what distance 
between the center of the Li nucleus and the center of the Ds 
nucleus does the Li nucleus momentarily stop? Assume that 
the target does not move. 


sec. 42-3 Some Nuclear Properties 

*6 What is the mass excess A, of 'H (whose actual mass is 
1.007 825 u) in (a) atomic mass units and (b) MeV/c*? What 
is the mass excess A, of a neutron (actual mass is 1.008 665 u) 
in (c) atomic mass units and (d) MeV/c?? What is the mass 
excess Ajo of ’°Sn (actual mass is 119.902 197 u) in (e) atomic 
mass units and (f) MeV/c”? 


®7 The nuclide '*C contains (a) how many protons and (b) 
how many neutrons? 


*S The electric potential energy of a uniform sphere of 
charge qg and radius r is given by 
3q 
207regr 


2 





(a) Does the energy represent a tendency for the sphere to 
bind together or blow apart? The nuclide 7*’Pu is spherical 
with radius 6.64 fm. For this nuclide, what are (b) the electric 
potential energy U according to the equation, (c) the electric 
potential energy per proton, and (d) the electric potential en- 
ergy per nucleon? The binding energy per nucleon is 7.56 
MeV. (e) Why is the nuclide bound so well when the answers 
to (c) and (d) are large and positive? 

«9 A neutron star 1s a stellar object whose density is about that 
of nuclear matter, as calculated in Sample Problem 42-2. 
Suppose that the Sun were to collapse and become such a star 
without losing any of its present mass. What would be its radius? 





e710 The strong neutron excess (defined as N — Z) of high- 
mass nuclei is illustrated by noting that most high-mass nuclides 
could never fission into two stable nuclei without neutrons being 
left over. For example, consider the spontaneous fission of a °U 
nucleus into two stable daughter nuclei with atomic numbers 39 
and 53. From Appendix F, determine the name of the (a) first 
and (b) second daughter nucleus. From Fig. 42-4, approximately 
how many neutrons are in the (c) first and (d) second? (e) 
Approximately how many neutrons are left over? 


*47 What is the nuclear mass density p,, of (a) the fairly low- 
mass nuclide >°Mn and (b) the fairly high-mass nuclide 7°°Bi? 
(c) Compare the two answers, with an explanation. What is the 
nuclear charge density p, of (d) Mn and (e) *’Bi? (f) Com- 
pare the two answers, with an explanation. 


#72 (a) Show that the mass M of an atom is given approxi- 


mately by M,,,, = Am,, where A is the mass number and m, is 


the proton mass. For (b) 'H, (c) *!P, (d) !°Sn, (e) !°’Au, and 





Problems | i/4sh°/ 


(f) 7°Pu, use the mass values given in Table 42-1 to find the 
percentage deviation between M,,,, and M: 
M 


M,o» — 
00! 


percentage deviation = ; 


(g) Is a value of M,,,, accurate enough to be used in a calcula- 
tion of a nuclear binding energy? 


43 Nuclear radii may be measured by scattering high- 
energy electrons from nuclei. (a) What is the de Broglie 
wavelength for 200 MeV electrons? (b) Are these electrons 
suitable probes for this purpose? SSM 


«e474 A penny has a mass of 3.0 g. Calculate the energy that 
would be required to separate all the neutrons and protons in 
this coin from one another. For simplicity, assume that the 
penny is made entirely of *Cu atoms (of mass 62.929 60 u). 
The masses of the proton-plus-electron and the neutron are 
1.007 83 u and 1.008 66 u, respectively. 


ee75 A periodic table might list the average atomic mass of 
magnesium as being 24.312 u. That average value is the result 
of weighting the atomic masses of the magnesium isotopes 
according to their natural abundances on Earth. The three 1so- 
topes and their masses are *4Mg (23.985 04 u), >Mg (24.985 84 
u), and *°Mg (25.982 59 u). The natural abundance of **Mg is 
78.99% by mass (that is, 78.99% of the mass of a naturally 
occurring sample of magnesium is due to the presence of 
4M), What is the abundance of (a) Mg and (b) *°Mg? 


ee76 Ana particle (*He nucleus) is to be taken apart in the 
following steps. Give the energy (work) required for each 
step: (a) remove a proton, (b) remove a neutron, and (c) sepa- 
rate the remaining proton and neutron. For an a particle, what 
are (d) the total binding energy and (ec) the binding energy per 
nucleon? (f) Does either match an answer to (a), (b), or (c)? 
Here are some atomic masses and the neutron mass. @%) 


‘He 4.002 60u "7H 2.01410u 
-H = 3.016 05 u "H 1.007 83 u 
n 1.008 67 u 


e677 Verify the binding energy per nucleon given in Table 
42-1 for *°Pu. The mass of the atom is 239.052 16 u. SSM 


°e18 What is the binding energy per nucleon of “Bh? The 
mass of the atom is 262.1231 u. 


? (a) Show that the total binding energy F,,, of a given 
nuclide is a ere eee 

where Aj is the mass excess of 'H, A, is the mass excess of a neu- 
tron, and A is the mass excess of the given nuclide. (b) Using this 
method, calculate the binding energy per nucleon for '”’Au. 
Compare your result with the value listed in Table 42-1. The 
needed mass excesses, rounded to three significant figures, are 
Ay = +7.29 MeV, A, = +8.07 MeV, and Ajo, = —31.2 MeV. 
Note the economy of calculation that results when mass ex- 
cesses are used in place of the actual masses. ssm www 





e@20 What is the binding energy per nucleon of the ruther- 
259 


fordium isotope 724Rf ? Here are some atomic masses and the 
neutron mass. 
aoa Bek 259.105 63 u 
n 1.008 665 u 


"H 1.007 825 u 
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ee21 (a) Show that the energy associated with the strong 
force between nucleons in a nucleus is proportional to A, the 
mass number of the nucleus in question. (b) Show that the 
energy associated with the Coulomb force between protons in 
a nucleus is proportional to Z(Z — 1). (c) Show that, as we 
move to larger and larger nuclei (see Fig. 42-4), the impor- 
tance of the Coulomb force increases more rapidly than does 
that of the strong force. 


e¢22 What is the binding energy per nucleon of the eu- 
ropium isotope 8?Eu? Here are some atomic masses and the 
neutron mass. €) 


@-Eu 151.921 742 u “Ey 007 $25 0 


n 1.008 665 u 


°®23 Because the neutron has no charge, its mass must be 
found in some way other than by using a mass spectrometer. 
When a neutron and a proton meet (assume both to be 
almost stationary), they combine and form a deuteron, emit- 
ting a gamma ray whose energy is 2.2233 MeV. The masses 
of the proton and the deuteron are 1.007276 467u and 
2.013 553 212 u, respectively. Find the mass of the neutron 
from these data. 

ee24 What is the binding energy per nucleon of the ameri- 
cium isotope {4Am? Here are some atomic masses and the 
neutron mass. 


s'Am 244.064 279 u "'H = 1.007 825 u 


n 1.008 665 u 


sec. 42-4 Radioactive Decay 

°25 Consider an initially pure 3.4 g sample of °’Ga, an iso- 
tope that has a half-life of 78 h. (a) What is its initial decay 
rate? (b) What is its decay rate 48 h later? 


26 The half-life of a particular radioactive isotope is 6.5 h. 
If there are initially 48 10” atoms of this isotope, how many 
remain at the end of 26 h? 


°27 <A radioactive isotope of mercury, '’7Hg, decays to gold, 
7 Au, with a disintegration constant of 0.0108 h7'. (a) Calculate 
the half-life of the ’’Hg. What fraction of a sample will remain at 
the end of (b) three half-lives and (c) 10.0 days? ssm www 


#28 When aboveground nuclear tests were conducted, the ex- 
plosions shot radioactive dust into the upper atmosphere. 
Global air circulations then spread the dust worldwide before it 
settled out on ground and water. One such test was conducted in 
October 1976. What fraction of the Sr produced by that explo- 
sion still existed in October 2006? The half-life of Sr is 29 y. 


®29 A radioactive nuclide has a half-life of 30.0 y. What frac- 
tion of an initially pure sample of this nuclide will remain 
undecayed at the end of (a) 60.0 y and (b) 90.0 y? 


30 The half-life of a radioactive isotope is 140d. How 
many days would it take for the decay rate of a sample of this 
isotope to fall to one-fourth of its initial value? 


®31 Cancer cells are more vulnerable to x and gamma radia- 
tion than are healthy cells. In the past, the standard source for 
radiation therapy was radioactive Co, which decays, with a 
half-life of 5.27 y, into an excited nuclear state of °°Ni. That 
nickel isotope then immediately emits two gamma-ray pho- 
tons, each with an approximate energy of 1.2 MeV. How many 
radioactive Co nuclei are present in a 6000 Ci source of the 


type used in hospitals? (Energetic particles from linear accel- 
erators are now used in radiation therapy.) 


*32 The plutonium isotope **’Pu is produced as a by-product in 
nuclear reactors and hence is accumulating in our environment. It 
is radioactive, decaying with a half-life of 2.41 x 10*y. (a) How 
many nuclei of Pu constitute a chemically lethal dose of 2.00 mg? 
(b) What is the decay rate of this amount? 


ee33 A radioactive sample intended for irradiation of a hos- 
pital patient is prepared at a nearby laboratory. The sample 
has a half-life of 83.61 h. What should its initial activity be if its 
activity is to be 7.4 x 10° Bq when it is used to irradiate the 
patient 24 h later? 


e®34 The radioactive nuclide Tc can be injected into a 
patient’s bloodstream in order to monitor the blood flow, mea- 
sure the blood volume, or find a tumor, among other goals. 
The nuclide is produced in a hospital by a “cow” containing 
"Mo, a radioactive nuclide that decays to °’Tc with a half-life 
of 67 h. Once a day, the cow is “milked” for its Tc, which is 
produced in an excited state by the Mo; the ” Tc de-excites 
to its lowest energy state by emitting a gamma-ray photon, 
which is recorded by detectors placed around the patient. The 
de-excitation has a half-life of 6.0 h. (a) By what process does 
"Mo decay to Tc? (b) If a patient is injected with an 8.2 x 
10’ Bq sample of Tc, how many gamma-ray photons are 
initially produced within the patient each second? (c) If the 
emission rate of gamma-ray photons from a small tumor that 
has collected Tc is 38 per second at a certain time, how many 
excited-state ”’Tc are located in the tumor at that time? 


ee35 After long effort, in 1902 Marie and Pierre Curie suc- 
ceeded in separating from uranium ore the first substantial 
quantity of radium, one decigram of pure RaCl,. The radium 
was the radioactive isotope *°Ra, which has a half-life of 
1600 y. (a) How many radium nuclei had the Curies isolated? 
(b) What was the decay rate of their sample, in disintegrations 
persecond? SSM 


®e36 Figure 42-19 shows the decay of parents in a radioactive 
sample. The axes are scaled by N, = 2.00 X 10° and ¢, = 10.0s. 
What is the activity of the sample att = 27.0s? @ 


FIG. 42-19 Problem36. 0 





e@37 In 1992, Swiss police arrested two men who were at- 
tempting to smuggle osmium out of Eastern Europe for a 
clandestine sale. However, by error, the smugglers had picked 
up °’Cs. Reportedly, each smuggler was carrying a 1.0 g sam- 
ple of '°’Cs in a pocket! In (a) bequerels and (b) curies, what 
was the activity of each sample? The isotope ’’Cs has a half- 
life of 30.2 y. (The activities of radioisotopes commonly used 
in hospitals range up to a few millicuries. ) 


e©38 What is the activity of a 20 ng sample of “Kr, which 
has a half-life of 1.84 s? 


®®39 A 1.00 g sample of samarium emits alpha particles at a 
rate of 120 particles/s. The responsible isotope is '47Sm, whose 
natural abundance in bulk samarium is 15.0%. Calculate the 
half-life for the decay process. 


e490 A dose of 8.60 wCi of a radioactive isotope is injected 
into a patient. The isotope has a half-life of 3.0 h. How many of 
the isotope parents are injected? 


ee41 The radionuclide “Cu has a half-life of 12.7 h. If a sam- 
ple contains 5.50 g of initially pure “Cu at t = 0, how much of 
it will decay between ¢ = 14.0 hand t = 16.0 h? 


ee42 A source contains two phosphorus radionuclides, *°P (Tp 
= 143d) and *P (71. = 25.3 d). Initially, 10.0% of the decays 
come from *P. How long must one wait until 90.0% do so? 


e@¢43 A certain radionuclide is being manufactured in a 
cyclotron at a constant rate R. It is also decaying with disinte- 
eration constant A. Assume that the production process has 
been going on for a time that is much longer than the half-life 
of the radionuclide. (a) Show that the number of radioactive 
nuclei present after such time remains constant and is given 
by N = R/X. (b) Now show that this result holds no matter 
how many radioactive nuclei were present initially. The nu- 
clide is said to be in secular equilibrium with its source; in this 
state its decay rate is just equal to its production rate. SSM 


ee44 Plutonium isotope **’Pu decays by alpha decay with a 
half-life of 24 100 y. How many milligrams of helium are pro- 
duced by an initially pure 12.0 g sample of *°Pu at the end of 
20 000 y? (Consider only the helium produced directly by the 
plutonium and not by any by-products of the decay process.) 


45 The radionuclide °°Mn has a half-life of 2.58 h and is 
produced in a cyclotron by bombarding a manganese target 
with deuterons. The target contains only the stable manganese 
isotope Mn, and the manganese —deuteron reaction that pro- 
duces *°Mn is 


>°Mn + d— Mn + p. 


If the bombardment lasts much longer than the half-life of 
°°Mn, the activity of the °°Mn produced in the target reaches a 
final value of 8.88 x 10'° Bq. (a) At what rate is °°Mn being 
produced? (b) How many °°Mn nuclei are then in the target? 
(c) What is their total mass? 


ee44 Calculate the mass of a sample of (initially pure) “K 
that has an initial decay rate of 1.70 x 10° disintegrations/s. 
The isotope has a half-life of 1.28 x 10? y. 


e647 The air in some caves includes a significant amount of 
radon gas, which can lead to lung cancer if breathed over 
a prolonged time. In British caves, the air in the cave with 
the greatest amount of the gas has an activity per volume of 
1.55 X 10° Bq/m?. Suppose that you spend two full days 
exploring (and sleeping in) that cave. Approximately how 
many *’Rn atoms would you take in and out of your lungs 
during your two-day stay? The radionuclide 7*Rn in radon gas 
has a half-life of 3.82 days. You need to estimate your lung 
capacity and average breathing rate. 


sec. 42-5 Alpha Decay 
48 How much energy is released when a **°U nucleus 
decays by emitting (a) an alpha particle and (b) a sequence of 
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neutron, proton, neutron, proton? (c) Convince yourself both 
by reasoned argument and by direct calculation that the dif- 
ference between these two numbers is just the total binding 
energy of the alpha particle. (d) Find that binding energy. 
Some needed atomic and particle masses are 


3517 - 238.050 79 u “oti © 234043 G3 iu 


23%J 237.048 73 u “He 4.002 60 u 
36Pa 236.048 91 u mit 1.007 83 u 
a7 Pay (235 04544% n 1.008 66 u 


e49 Generally, more massive nuclides tend to be more un- 
stable to alpha decay. For example, the most stable isotope of 
uranium, ~°U, has an alpha decay half-life of 4.5 x 10’ y. The 
most stable isotope of plutonium is “Pu with an 8.0 X 107 y half- 
life, and for curium we have **Cm and 3.4 X 10° y. When half of 
an original sample of **U has decayed, what fraction of the origi- 
nal sample of (a) plutonium and (b) curium is left? SSM 


ee5Q Under certain rare circumstances, a nucleus can decay 
by emitting a particle more massive than an alpha particle. 
Consider the decays 


223Rq > 20pph + HC and 223Ra — 2Rn + 4He. 


Calculate the Q value for the (a) first and (b) second decay 
and determine that both are energetically possible. (c) The 
Coulomb barrier height for alpha-particle emission is 30.0 
MeV. What is the barrier height for '4C emission? The needed 
atomic masses are 


2° RA 223.018 50 0 MC 14.003 24 u 
20Pbh 208.981 07 u *He 4.002 60u 
“Rn 219.009 48 u 
ee54 A *8U nucleus emits a 4.196 MeV alpha particle. Cal- 


culate the disintegration energy Q for this process, taking the 
recoil energy of the residual 7**Th nucleus into account. 


other combinations of nucleons because the alpha particle has 
such a stable, tightly bound structure. To confirm this state- 
ment, calculate the disintegration energies for these hypothet- 
ical decay processes and discuss the meaning of your findings: 
(Par See a hicy mab) eee eee Ee. 

(Cy eS eh lle. 


The needed atomic masses are 


22Th 232.0381 u 7He 3.0160 u 
231Th 231.0363 u *He 4.0026 u 
230Th 230.0331 u He 5.0122 u 


351}. 235.0429 u 


sec, 42-6 Beta Decay 

e53 A free neutron decays according to Eq. 42-26. If the 
neutron—hydrogen atom mass difference is 840 wu, what is 
the maximum kinetic energy K,,,, possible for the electron 
produced in a neutron decay? 


*54 An electron is emitted from a middle-mass nuclide 
(A = 150, say) with a kinetic energy of 1.0 MeV. (a) What is 
its de Broglie wavelength? (b) Calculate the radius of the: 
emitting nucleus. (c) Can such an electron be confined as a 
standing wave in a “box” of such dimensions? (d) Can you use 
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these numbers to disprove the (abandoned) argument that 
electrons actually exist in nuclei? 


55 The cesium isotope ’Cs is present in the fallout from 
aboveground detonations of nuclear bombs. Because it decays 
with a slow (30.2 y) half-life into °’Ba, releasing considerable en- 
ergy in the process, it is of environmental concern. The atomic 
masses of the Cs and Ba are 136.9071 and 136.9058 u, respec- 
tively; calculate the total energy released in such a decay. SSM 


®56 Some radionuclides decay by capturing one of their 
own atomic electrons, a K-shell electron, say. An example is 


ay) eee oe 7 ae VY, Tip = 331d. 


Show that the disintegration energy Q for this process is given 
by 
OR en) Ca a 


where my and my, are the atomic masses of “’V and *’Ti, re- 
spectively, and Ex is the binding energy of the vanadium 
K-shell electron. (Hint: Put my and my, as the corresponding 
nuclear masses and proceed as in Sample Problem 42-7.) 


¢@57 The radionuclide '!C decays according to 


NMWC>"Bt+et+ yp, i= 203 min. 


The maximum energy of the emitted positrons is 0.960 MeV. 
(a) Show that the disintegration energy Q for this process is 
given by 
Q = (mc — mg — 2m,)c’, 

where mc and mg are the atomic masses of 'C and !!B, re- 
spectively, and m, is the mass of a positron. (b) Given the 
mass values mc = 11.011 424 u, mg = 11.009 305 u, and m, = 
0.000 548 6 u, calculate Q and compare it with the maximum 
energy of the emitted positron given above. (Hint: Let mc and 
my, be the nuclear masses and proceed as in Sample Problem 
42-7 for beta decay. Note that beta-plus decay is an exception 
to the general rule that if atomic masses are used in nuclear 
decay calculations, the mass of the emitted electron is auto- 
matically taken care of.) 


¢e58 Two radioactive materials that alpha decay, *’U and 
*32Th, and one that beta decays, “°K, are sufficiently abundant 
in granite to contribute significantly to the heating of Earth 
through the decay energy produced. The alpha-decay isotopes 
give rise to decay chains that stop when stable lead isotopes are 
formed. The isotope “K has a single beta decay. (Assume this is 
the only possible decay of that isotope.) Here is the information: 





Stable 
Decay __ Half-Life End Q Hi 
Parent Mode (y) Point (MeV) (ppm) 
ol) a 4.47 x 10° EOP Sey, 4 
aoa a ae a0 eb 42.7 is 
oUK B 1.28 x 10°? Os ES 4 


In the table Q is the total energy released in the decay of one 
parent nucleus to the final stable end point and f is the 
abundance of the isotope in kilograms per kilogram of 
granite; ppm means parts per million. (a) Show that these 
materials produce energy as heat at the rate of 1.0 X 10°? W 
for each kilogram of granite. (b) Assuming that there is 2.7 X 
10” kg of granite in a 20-km-thick spherical shell at the 


surface of Earth, estimate the power of this decay process 
over all of Earth. Compare this power with the total solar 
power intercepted by Earth, 1.7 x 10!” W. 


eee59 The radionuclide *’*P decays to **S as described by Eq. 
42-24. In a particular decay event, a 1.71 MeV electron is emit- 
ted, the maximum possible value. What is the kinetic energy 
of the recoiling **S atom in this event? (Hint: For the elec- 
tron it is necessary to use the relativistic expressions for 
kinetic energy and linear momentum. The **S atom is non- 
relativistic.) ssm www 


sec.42-7 Radioactive Dating 

¢60 A 5.00 g charcoal sample from an ancient fire pit has a 
4C activity of 63.0 disintegrations/min. A living tree has a '4C 
activity of 15.3 disintegrations/min per 1.00 g. The half-life of 
SC is 5730 y. How old is the charcoal sample? 


61 The isotope *8U decays to Pb with a half-life of 
4.47 X 10° y. Although the decay occurs in many individual 
steps, the first step has by far the longest half-life; therefore, 
one can often consider the decay to go directly to lead. That is, 


238] — 20Pbh + various decay products. 


A rock is found to contain 4.20 mg of **°U and 2.135 mg of 
206Pb, Assume that the rock contained no lead at formation, so 
all the lead now present arose from the decay of uranium. 
How many atoms of (a) *°U and (b) 2°%Pb does the rock now 
contain? (c) How many atoms of *°U did the rock contain at 
formation? (d) What is the age of the rock? 


ee62 A particular rock is thought to be 260 million years 
old. If it contains 3.70 mg of *8U, how much *°Pb should it 
contain? See Problem 61. 


ee63 A rock recovered from far underground is found to 
contain 0.86 mg of 7°8U, 0.15 mg of 7°Pb, and 1.6 mg of “Ar. 
How much “K will it likely contain? Assume that “°K decays 
to only “Ar with a half-life of 1.25 x 10° y. Also assume that 
38) has a half-life of 4.47 x 10” y. 


eee64 The isotope “K can decay to either “Ca or “Ar; 
assume both decays have a half-life of 1.26 X 10° y. The ratio 
of the Ca produced to the Ar produced is 8.54/1 = 8.54. A 
sample originally had only “°K. It now has equal amounts of 
“°K and *°Ar; that is, the ratio of K to Ar is 1/1 = 1. How old is 
the sample? (Hint: Work this like other radioactive-dating 
problems, except that this decay has two products.) @% 


sec. 42-8 Measuring Radiation Dosage 


65 An organic sample of mass 4.00 kg absorbs 2.00 mJ via 
slow neutron radiation (RBE = 5). What is the dose equiva- 
lent (mSv)? 


*66 A radiation detector records 8700 counts in 1.00 min. 
Assuming that the detector records all decays, what is the ac- 
tivity of the radiation source in (a) becquerels and (b) curies? 


e67 The nuclide 'Au, with a half-life of 2.70d, is used 
in cancer therapy. What mass of this nuclide is required to 
produce an activity of 250 Ci? SSM 


®®68 A 75 kg person receives a whole-body radiation dose 
of 2.4 x 1074 Gy, delivered by alpha particles for which the 
RBE factor is 12. Calculate (a) the absorbed energy in joules 
and the dose equivalent in (b) sieverts and (c) rem. 


e¢69 An 85 kg worker at a breeder reactor plant acciden- 


tally ingests 2.5 mg of 7°’Pu dust. This isotope has a half-life of 
24 100 y, decaying by alpha decay. The energy of the emitted 
alpha particles is 5.2 MeV, with an RBE factor of 13. Assume 
that the plutonium resides in the worker’s body for 12 h and 
that 95% of the emitted alpha particles are stopped within the 
body. Calculate (a) the number of plutonium atoms ingested, 
(b) the number that decay during the 12h, (c) the energy 
absorbed by the body, (d) the resulting physical dose in grays, 
and (e) the dose equivalent in sieverts. 


sec. 42-9 Nuclear Models 

°7Q In the following list of nuclides, identify (a) those with 
filled nucleon shells, (b) those with one nucleon outside 
a filled shell, and (c) those with one vacancy in an otherwise 
filled shell: 8C, 80, “K, Ti, Ni, Zr, ?*Mo, 12!Sb, !3Nd, 
Sm.’ Tleand Pb: 


e771 An intermediate nucleus in a particular nuclear reaction 
decays within 10~~ s of its formation. (a) What is the uncertainty 
AF in our knowledge of this intermediate state? (b) Can this state 
be called a compound nucleus? (See Sample Problem 42-10.) 


e72 A typical kinetic energy for a nucleon in a middle-mass 
nucleus may be taken as 5.00 MeV. To what effective nuclear 
temperature does this correspond, based on the assumptions 
of the collective model of nuclear structure? 


®e/3 Consider the three formation processes shown for the 
compound nucleus 7°Ne in Fig. 42-14. Here are some of the 
masses: 


*°Ne 19.992 44 u 
MF 18.998 40 u 
OQ 15.994 91 u 


a 4.002 60u 
p 1.00783u 


What energy must (a) the alpha particle, (b) the proton, and 
(c) the y-ray photon have to provide 25.0 MeV of excitation 
energy to the compound nucleus? SSM 


Additional Problems 

74 At the end of World War II, Dutch authorities arrested 
Dutch artist Hans van Meegeren for treason because, during 
the war, he had sold a masterpiece painting to the Nazi 
Hermann Goering. The painting, Christ and His Disciples at 
Emmaus by Dutch master Johannes Vermeer (1632-1675), 
had been discovered in 1937 by van Meegeren, after it had 
been lost for almost 300 years. Soon after the discovery, art 
experts proclaimed that Emmaus was possibly the best 
Vermeer ever seen. Selling such a Dutch national treasure to 
the enemy was unthinkable treason. 

However, shortly after being imprisoned, van Meegeren 
suddenly announced that he, not Vermeer, had painted Em- 
maus. He explained that he had carefully mimicked Vermeer’s 
style, using a 300-year-old canvas and Vermeer’s choice of 
pigments; he had then signed Vermeer’s name to the work 
and baked the painting to give it an authentically old look. 

Was van Meegeren lying to avoid a conviction of treason, 
hoping to be convicted of only the lesser crime of fraud? To 
art experts, Emmaus certainly looked like a Vermeer but, at 
the time of van Meegeren’s trial in 1947, there was no scientific 
way to answer the question. However, in 1968 Bernard Keisch 
of Carnegie-Mellon University was able to answer the ques- 
tion with newly developed techniques of radioactive analysis. 

Specifically, he analyzed a small sample of white lead- 
bearing pigment removed from Emmaus. This pigment is 
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refined from lead ore, in which the lead is produced by a long 
radioactive decay series that starts with unstable *°U and 
ends with stable 7°°Pb. To follow the spirit of Keisch’s analysis, 
focus on the following abbreviated portion of that decay 
series, in which intermediate, relatively short-lived radionu- 
clides have been omitted: 

230Th —— 226Ra ——> 210 Ph ——> 206 Pp. 

754 ky 1.60 ky 22.6 ky 

The longer and more important half-lives in this portion of the 
decay series are indicated. 


(a) Show that in a sample of lead ore, the rate at which 
the number of *!°Pb nuclei changes is given by 


AN 10 
dt 


where N59 and N> are the numbers of *!°Pb nuclei and *°Ra 
nuclei in the sample and A149 and Az.% are the corresponding 
disintegration constants. 

Because the decay series has been active for billions of 
years and because the half-life of *!°Pb is much less than that 
of 7°Ra, the nuclides *°Ra and 7!°Pb are in equilibrium; that 
is, the numbers of these nuclides (and thus their concentra- 
tions) in the sample do not change. (b) What is the ratio 
Roy 6/Ro19 Of the activities of these nuclides in the sample of 
lead ore? (c) What is the ratio Ny6/N219 of their numbers? 

When lead pigment is refined from the ore, most of the 
Ra is eliminated. Assume that only 1.00% remains. Just 
after the pigment is produced, what are the ratios (d) Ro6/Ro9 
and (€) No96/N219? 

Keisch realized that with time the ratio R5¢/R5,) of the 
pigment would gradually change from the value in freshly 
refined pigment back to the value in the ore, as equilibrium 
between the *!°Pb and the remaining *°Ra is established in 
the pigment. If Emmaus were painted by Vermeer and the 
sample of pigment taken from it were 300 years old when 
examined in 1968, the ratio would be close to the answer of 
(b). If Emmaus were painted by van Meegeren in the 1930s 
and the sample were only about 30 years old, the ratio would 
be close to the answer of (d). Keisch found a ratio of 0.09. 
(£) Is Emmaus a Vermeer? 





= A226 N26 7 Ar19 No10; 


73 One of the dangers of radioactive fallout from a nuclear 
bomb is its Sr, which decays with a 29 year half-life. Because 
it has chemical properties much like those of calcium, the 
strontium, if ingested by a cow, becomes concentrated in 
the cow’s milk. Some of the Sr ends up in the bones of who- 
ever drinks the milk. The energetic electrons emitted in the 
beta decay of Sr damage the bone marrow and thus impair 
the production of red blood cells. A 1 megaton bomb produces 
approximately 400 g of ’°Sr. If the fallout spreads uniformly 
over a 2000km?’ area, what ground area would hold an 
amount of radioactivity equal to the “allowed” limit for one 
person, which is 74 000 counts/s? SSM 


76 Because of the 1986 explosion and fire in a reactor at the 
Chernobyl nuclear power plant in northern Ukraine, part of 
Ukraine is contaminated with '’Cs, which undergoes beta- 
minus decay with a half-life of 30.2 y. In 1996, the total activity 
of this contamination over an area of 2.6 X 10° km? was esti- 
mated to be 1 X 10 Bq. Assume that the °’Cs is uniformly 
spread over that area and that the beta-decay electrons travel 
either directly upward or directly downward. How many beta- 
decay electrons would you intercept were you to lie on the 
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ground in that area for 1h (a) in 1996 and (b) today? (You 
need to estimate your cross-sectional area that intercepts 
those electrons. ) 


77 The radionuclide **P (T,,. = 14.28 d) is often used as a 
tracer to follow the course of biochemical reactions involving 
phosphorus. (a) If the counting rate in a particular experi- 
mental setup is initially 3050 counts/s, how much time will the 
rate take to fall to 170 counts/s? (b) A solution containing *?P 
is fed to the root system of an experimental tomato plant, and 
the **P activity in a leaf is measured 3.48 days later. By what 
factor must this reading be multiplied to correct for the decay 
that has occurred since the experiment began? 


78 In a certain rock, the ratio of lead atoms to uranium 
atoms is 0.300. Assume that uranium has a half-life of 4.47 x 10° 
y and that the rock had no lead atoms when it formed. How old 
is the rock? & 


79 Figure 42-20 shows part 4 
of the decay scheme of *’Np 
on a plot of mass number A 
versus proton number Z; five 
lines that represent either al- 
pha decay or beta-minus de- 
cay connect dots that repre- 
sent isotopes. What is the 
isotope at the end of the five 
decays (as marked with a 
question mark in Fig. 42-20)? 


80 Radioactive element 
AA can decay to either ele- 
ment BB or element CC. The 
decay depends on chance, but the ratio of the resulting number of 
BB atoms to the resulting number of CC atoms 1s always 2/1. The 
decay has a half-life of 8.00 days. We start with a sample of pure 
AA. How long must we wait until the number of CC atoms is 1.50 
times the number of AA atoms? 





FIG, 42-20 Problem 79. 


81 A typical chest x-ray radiation dose is 250 pSv, delivered 
by x rays with an RBE factor of 0.85. Assuming that the mass 
of the exposed tissue is one-half the patient’s mass of 88 kg, 
calculate the energy absorbed in joules. 


82 A radium source contains 1.00 mg of 7°Ra, which decays 
with a half-life of 1600 y to produce Rn, a noble gas. This 
radon isotope in turn decays by alpha emission with a half-life 
of 3.82 d. If this process continues for a time much longer than 
the half-life of 7”*Rn, the 7’Rn decay rate reaches a limiting 
value that matches the rate at which Rn is being produced, 
which is approximately constant because of the relatively long 
half-life of 7°Ra. For the source under this limiting condition, 
what are (a) the activity of ?”°Ra, (b) the activity of 7’Rn, and 
(c) the total mass of ?7Rn? 


83 Because a nucleon is confined to a nucleus, we can take 
the uncertainty in its position to be approximately the nuclear 
radius r. Use the uncertainty principle to determine the uncer- 
tainty Ap in the linear momentum of the nucleon. Using the 
approximation p ~ Ap and the fact that the nucleon is non- 
relativistic, calculate the kinetic energy of the nucleon in a 
nucleus with A = 100. 


84 Assume that a gold nucleus has a radius of 6.23 fm and 
an alpha particle has a radius of 1.80 fm. What energy must 
an incident alpha particle have in order to “touch” the gold 
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nucleus according to the type of calculation in Sample 
Problem 42-1? 


85 How many years are needed to reduce the activity of “C to 
0.020 of its original activity? The half-life of “C is 5730 y. SSM 


86 After a brief neutron irradiation of silver, two isotopes 
are present: '°Ag (T\,. = 2.42 min) with an initial decay rate 
of 3.1 X 10°/s, and "°Ag (T,, = 24.68) with an initial decay 
rate of 4.1 x 10°/s. Make a semilog plot similar to Fig. 42-8 
showing the total combined decay rate of the two isotopes as a 
function of time from ¢ = 0 until ¢ = 10 min. We used Fig. 42-8 
to illustrate the extraction of the half-life for simple (one iso- 
tope) decays. Given only your plot of total decay rate for the 
two-isotope system here, suggest a way to analyze it in order 
to find the half-lives of both isotopes. 


87 A certain stable nuclide, after absorbing a neutron, emits 
an electron, and the new nuclide splits spontaneously into two 
alpha particles. Identify the nuclide. SS™ 


88 High-mass radionuclides, which may be either alpha or 
beta emitters, belong to one of four decay chains, depending on 
whether their mass number A is of the form 4n, 4n + 1,4n + 2, 
or 4n + 3, where nis a positive integer. (a) Justify this statement 
and show that if a nuclide belongs to one of these families, all its 
decay products belong to the same family. Classify the following 
nuclides as to family: (b) *°U, (c) 7°U, (d) °U, (e) Pu, (f) 
eS Pune) mi) Oma) Ch and |)- em: 


89 Consider a **U nucleus to be made up of an alpha parti- 
cle (*He) and a residual nucleus (74Th). Plot the electrostatic 
potential energy U(r), where r is the distance between these 
particles. Cover the approximate range 10 fm <r < 100 fm 
and compare your plot with that of Fig. 42-9. 


90 From data presented in the first few paragraphs of 
Section 42-4, find (a) the disintegration constant A and (b) the 
half-life of 7°U. 


91 Make a nuclidic chart similar to Fig. 42-5 for the 25 
nuclides 118-122Te. 117-121gp, 116-1209, 115-119Th and 114-118Cq. 
Draw in and label (a) all isobaric (constant A) lines and (b) all 
lines of constant neutron excess, defined as N — Z. 


92 Locate the nuclides displayed in Table 42-1 on the nuclidic 
chart of Fig. 42-4. Verify that they lie in the stability zone. 


93 Ifthe unit for atomic mass were defined so that the mass 
of 'H were exactly 1.000 000 u, what would be the mass of (a) 
’C (actual mass 12.000000u) and (b) *°U (actual mass 
238.050 785 wu)? 


94 Using a nuclidic chart, write the symbols for (a) all stable 
isotopes with Z = 60, (b) all radioactive nuclides with N = 60, 
and (c) all nuclides with A = 60. 


95 The radius of a spherical nucleus is measured, by elec- 
tron-scattering methods, to be 3.6 fm. What is the likely mass 
number of the nucleus? 


96 Characteristic nuclear time is a useful but loosely defined 
quantity, taken to be the time required for a nucleon with a 
few million electron-volts of kinetic energy to travel a dis- 
tance equal to the diameter of a middle-mass nuclide. What is 
the order of magnitude of this quantity? Consider 5 MeV 
neutrons traversing a nuclear diameter of '’7Au; use Eq. 42-3. 


97 Find the disintegration energy Q for the decay of ”V by 
K-electron capture (see Problem 56). The needed data are 
my = 48.948 52 u, my, = 48.947 87 u, and Ex = 5.47 keV. 


Energy trom the 
Nucleus 





This image has transfixed the world since World War II. When Robert 
Oppenheimer, the head of the scientific team that developed the 


atomic bomb, witnessed the first atomic explosion, he quoted from a 


sacred Hindu text: “Now | am become Death, the destroyer of worlds.” 





Courtesy U.S. Department of Energy 


The answer is in this chapter. 
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43-1 WHAT IS PHYSICS? 





Now that we have discussed some of the properties of nuclei, let’s turn to a cen- 
tral concern of physics and certain types of engineering: Can we get useful energy 
from nuclear sources, as people have done for thousands of years from atomic 
sources by burning materials like wood and coal? 

As you already know, the answer is yes, but there are major differences 
between the two energy sources. When we get energy from wood and coal by 
burning them, we are tinkering with atoms of carbon and oxygen, rearranging 
their outer electrons into more stable combinations. When we get energy from 
uranium in a nuclear reactor, we are again burning a fuel, but now we are tin- 
kering with the uranium nucleus, rearranging its nucleons into more stable com- 
binations. 

Electrons are held in atoms by the electromagnetic Coulomb force, and it 
takes only a few electron-volts to pull one of them out. On the other hand, 
nucleons are held in nuclei by the strong force, and it takes a few million electron- 
volts to pull one of them out. This factor of a few million is reflected in the fact 
that we can extract a few million times more energy from a kilogram of uranium 
than we can from a kilogram of coal. 

In both atomic and nuclear burning, the release of energy is accompanied by 
a decrease in mass, according to the equation OQ = —Am c*. The central differ- 
ence between burning uranium and burning coal is that, in the former case, a 
much larger fraction of the available mass (again, by a factor of a few million) is 
consumed. 

The different processes that can be used for atomic or nuclear burning pro- 
vide different levels of power, or rates at which the energy is delivered. In the 
nuclear case, we can burn a kilogram of uranium explosively in a bomb or slowly 
in a power reactor. In the atomic case, we might consider exploding a stick of 
dynamite or digesting a jelly doughnut. 

‘Table 43-1 shows how much energy can be extracted from 1 kg of matter by 
doing various things to it. Instead of reporting the energy directly, the table shows 
how long the extracted energy could operate a 100 W lightbulb. Only processes 
in the first three rows of the table have actually been carried out; the remaining 
three represent theoretical limits that may not be attainable in practice. The 
bottom row, the total mutual annihilation of matter and antimatter, is an ultimate 
energy production goal. In that process, all the mass energy is transferred to other 
forms of energy. 

The comparisons of Table 43-1 are computed on a per-unit-mass basis. Kilo- 
gram for kilogram, you get several million times more energy from uranium than 
you do from coal or from falling water. On the other hand, there is a lot of coal 
in Earth’s crust, and water is easily backed up behind a dam. 


ge =) 


Energy Released by 1 kg of Matter 


Form of Matter Process Time” 
Water A 50 m waterfall 5s 
Coal Burning Sh 
Enriched UO, Fission in a reactor 690 y 
zeal) Complete fission 3 Oey 
Hot deuterium gas Complete fusion ay 
Matter and antimatter Complete annihilation 3 x 10’ y 


“This column shows the time interval for which the generated energy could 
power a 100 W lightbulb. 


43-2 | Nuclear Fission: The Basic Process | 4 1ivJ/ 


43-2 | Nuclear Fission: The Basic Process 





In 1932 English physicist James Chadwick discovered the neutron. A few years 
later Enrico Fermi in Rome found that when various elements are bombarded by 
neutrons, new radioactive elements are produced. Fermi had predicted that the 
neutron, being uncharged, would be a useful nuclear projectile; unlike the proton 
or the alpha particle, it experiences no repulsive Coulomb force when it nears 
a nuclear surface. Even thermal neutrons, which are slowly moving neutrons 
in thermal equilibrium with the surrounding matter at room temperature, with a 
kinetic energy of only about 0.04 eV, are useful projectiles in nuclear studies. 

In the late 1930s physicist Lise Meitner and chemists Otto Hahn and Fritz 
Strassmann, working in Berlin and following up on the work of Fermi and his 
co-workers, bombarded solutions of uranium salts with such thermal neutrons. 
They found that after the bombardment a number of new radionuclides were 
present. In 1939 one of the radionuclides produced in this way was positively 
identified, by repeated tests, as barium. But how, Hahn and Strassmann won- 
dered, could this middle-mass element (Z = 56) be produced by bombarding 
uranium (Z = 92) with neutrons? 

The puzzle was solved within a few weeks by Meitner and her nephew Otto 
Frisch. They suggested the mechanism by which a uranium nucleus, having absorbed 
a thermal neutron, could split, with the release of energy, into two roughly equal 
parts, one of which might well be barium. Frisch named the process fission. 

Meitner’s central role in the discovery of fission was not fully recognized until 
recent historical research brought it to light. She did not share in the Nobel Prize in 
chemistry that was awarded to Otto Hahn in 1944. However, Meitner was honored 
by having an element named after her: meitnerium (symbol Mt, Z = 109). 


A Closer Look at Fission 


Figure 43-1 shows the distribution by mass number of the fragments produced 
when *°U is bombarded with thermal neutrons. The most probable mass num- 
bers, occurring in about 7% of the events, are centered around A ~ 95 and A ~ 
140. Curiously, the “double-peaked” character of Fig. 43-1 is still not understood. 

In a typical *°U fission event, a *°U nucleus absorbs a thermal neutron, 
producing a compound nucleus *°U in a highly excited state. It is this nucleus 
that actually undergoes fission, splitting into two fragments. These fragments — 
between them—rapidly emit two neutrons, leaving (in a typical case) Xe 
(Z = 54) and “Sr (Z = 38) as fission fragments. Thus, the stepwise fission equa- 
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FIG. 43-1 The distrib- 
ution by mass number 
of the fragments that 0.01 
are found when many 
fission events of *°U 
are examined. Note 
0.001 
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logarithmic. Fragment mass number A 
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tion for this event is 
239UT + n > OU > 9X e + “Sr + 2n. (43-1) 


Note that during the formation and fission of the compound nucleus, there is 
conservation of the number of protons and of the number of neutrons involved 
in the process (and thus conservation of their total number and the net charge). 

In Eq. 43-1, the fragments °Xe and “Sr are both highly unstable, under- 
going beta decay (with the conversion of a neutron to a proton and the emission 
of an electron and a neutrino) until each reaches a stable end product. For xenon, 
the decay chain is 


0K e —» M0C, —» MOR, —> 140 4 > 140Ce 


Tip 14s Stable 









(43-2) 
a aH 58 
For strontium, it is 
Mo, 5 %4y >» 47 
Tip Tous 19 min Stable (43-3) 


L 38 59 40 


As we should expect from Section 42-6, the mass numbers (140 and 94) of the 
fragments remain unchanged during these beta-decay processes and the atomic 
numbers (initially 54 and 38) increase by unity at each step. 

Inspection of the stability band on the nuclidic chart of Fig. 42-4 shows why 
the fission fragments are unstable. The nuclide *°°U, which is the fissioning 
nucleus in the reaction of Eq. 43-1, has 92 protons and 236 — 92, or 144, neutrons, 
for a neutron/proton ratio of about 1.6. The primary fragments formed imme- 
diately after the fission reaction have about this same neutron/proton ratio. 
However, stable nuclides in the middle-mass region have smaller neutron/proton 
ratios, in the range of 1.3 to 1.4. The primary fragments are thus neutron rich 
(they have too many neutrons) and will eject a few neutrons, two in the case of 
the reaction of Eq. 43-1. The fragments that remain are still too neutron rich to be 
stable. Beta decay offers a mechanism for getting rid of the excess neutrons — 
namely, by changing them into protons within the nucleus. 

We can estimate the energy released by the fission of a high-mass nuclide by 
examining the total binding energy per nucleon AF,,, before and after the 
fission. The idea is that fission can occur because the total mass energy will 
decrease; that is, AF,., will increase so that the products of the fission are more 
tightly bound. Thus, the energy Q released by the fission is 


_ total final _ initial 
= Pie - aa 2 rey): CZ 


For our estimate, let us assume that fission transforms an initial high-mass nucleus 
to two middle-mass nuclei with the same number of nucleons. Then we have 


Oe final \ (final number | __/ initial \ / initial nee (43-5) 

AFnen/ \ of nucleons AE pen of nucleons / 
From Fig. 42-6, we see that for a high-mass nuclide (A ~ 240), the binding energy 
per nucleon is about 7.6 MeV/nucleon. For middle-mass nuclides (A ~ 120), it 


is about 8.5 MeV/nucleon. Thus, the energy released by fission of a high-mass 
nuclide to two middle-mass nuclides is 


MeV l 
Q= (35 ee Jee nuclei) (120 masters | 
nucleon nucleus 
MeV 
es (7 ee 


Jes nucleons) ~ 200 MeV. (43-6) 
nucleon 


fc MECKPOINT 1 A generic fission event is 


23917 +n —2>Xt+ Y + 2n. 
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Which of the following pairs cannot represent X and Y: (a) '4'Xe and *Sr; (b) *°’Cs 


and *Rb; (c) Nd and ”Ge; (d) In and !"Ru? 


Sample Problem exer 


Find the disintegration energy Q for the fission event of 
Eq. 43-1, taking into account the decay of the fission 
fragments as displayed in Eqs. 43-2 and 43-3. Some 
needed atomic and particle masses are 


31) -235.0439u “°Ce 139.9054 u 
n 100866u “Zr 93.9063 u 





oral lesen (1) The disintegration energy Q is the en- 
ergy transferred from mass energy to kinetic energy of 
the decay products. (2) OQ = —Am c’, where Am is the 
change in mass. 


Calculations: Because we are to include the decay of 
the fission fragments, we combine Eas. 43-1, 43-2, and 


43-3 to write the overall transformation as 
EOL) oe Giese agate teil (43-7) 


Only the single neutron appears here because the initi- 
ating neutron on the left side of Eq. 43-1 cancels one of 
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the two neutrons on the right of that equation. The mass 
difference for the reaction of Eq. 43-7 1s 


Am = (139.9054 u + 93.9063 u + 1.008 66 u) 
— (235.0439 u) 
—0.223 54 u, 


and the corresponding disintegration energy is 


O = —Amc?* = —(—0.223 54 u)(931.494 013 MeV/u) 
= 208 MeV, (Answer) 


which is in good agreement with our estimate of Eq. 43-6. 

If the fission event takes place in a bulk solid, most 
of this disintegration energy, which first goes into k1- 
netic energy of the decay products, appears eventually 
as an increase in the internal energy of that body, re- 
vealing itself as a rise in temperature. Five or six percent 
or so of the disintegration energy, however, is associated 
with neutrinos that are emitted during the beta decay of 
the primary fission fragments. This energy is carried out 
of the system and is lost. 


Soon after the discovery of fission, Niels Bohr and John Wheeler used the col- 
lective model of the nucleus (Section 42-9), based on the analogy between a 
nucleus and a charged liquid drop, to explain the main nuclear features. Figure 
43-2 suggests how the fission process proceeds from this point of view. When a 
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FiG. 43-2 The stages of 

a typical fission process, 
according to the collective 
model of Bohr and 
Wheeler. (d) (e) (f) 
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Distortion parameter r (fm) 

FIG. 43-3 The potential energy at 
various stages in the fission process, 
as predicted from the collective 
model of Bohr and Wheeler. The Q 
of the reaction (about 200 MeV) 
and the fission barrier height E;, are 
both indicated. 


gece 


high-mass nucleus—let us say *°U—absorbs a slow (thermal) neutron, as in 
Fig. 43-2a, that neutron falls into the potential well associated with the strong 
forces that act in the nuclear interior. The neutron’s potential energy is then 
transformed into internal excitation energy of the nucleus, as Fig. 43-2b suggests. 
The amount of excitation energy that a slow neutron carries into a nucleus is 
equal to the binding energy £, of the neutron in that nucleus, which is the change 
in mass energy of the neutron—nucleus system due to the neutron’s capture. 

Figures 43-2c and d show that the nucleus, behaving like an energetically 
oscillating charged liquid drop, will sooner or later develop a short “neck” and 
will begin to separate into two charged “globs.” If the electric repulsion between 
these two globs forces them far enough apart to break the neck, the two frag- 
ments, each still carrying some residual excitation energy, will fly apart (Figs. 
43-2e and f). Fission has occurred. 

This model gave a good qualitative picture of the fission process. What 
remained to be seen, however, was whether it could answer a hard question: Why 
are some high-mass nuclides (*°U and 7*°Pu, say) readily fissionable by thermal 
neutrons when other, equally massive nuclides (**U and “Am, say) are not? 

Bohr and Wheeler were able to answer this question. Figure 43-3 shows a 
graph of the potential energy of the fissioning nucleus at various stages, derived 
from their model for the fission process. This energy is plotted against the distor- 
tion parameter r, which is a rough measure of the extent to which the oscillating 
nucleus departs from a spherical shape. Figure 43-2d suggests how this parameter 
is defined just before fission occurs. When the fragments are far apart, this pa- 
rameter is simply the distance between their centers. 

The energy difference between the initial state (r = 0) and the final state 
(r=) of the fissioning nucleus—that is, the disintegration energy Q—is 
labeled in Fig. 43-3. The central feature of that figure, however, is that the poten- 
tial energy curve passes through a maximum at a certain value of r. Thus, there is 
a potential barrier of height E;, that must be surmounted (or tunneled through) 
before fission can occur. This reminds us of alpha decay (Fig. 42-9), which is also 
a process that is inhibited by a potential barrier. 

We see then that fission will occur only if the absorbed neutron provides 
an excitation energy FE, great enough to overcome the barrier. This energy E, 
need not be quite as great as the barrier height E, because of the possibility of 
quantum-physics tunneling. 

Table 43-2 shows, for four high-mass nuclides, this test of whether capture 
of a thermal neutron can cause fissioning. For each nuclide, the table shows 
both the barrier height F,, of the nucleus that is formed by the neutron capture 
and the excitation energy £, due to the capture. The values of FE; are calculated 
from the theory of Bohr and Wheeler. The values of £, are calculated from the 
change in mass energy due to the neutron capture. 

For an example of the calculation of F,, we can go to the first line in the 
table, which represents the neutron capture process 


233TJ + pn @ 26U. 


The masses involved are 235.043 922 u for *°U, 1.008665 u for the neutron, 
and 236.045 562u for *°U. It is easy to show that, because of the neutron 


Test of the Fissionability of Four Nuclides 

Target Nuclide Nuclide Being Fissioned iE (vie V) E, (MeV) Fission by Thermal Neutrons? 
Za) =O 6.5 a2 Yes 

O16) Ay) 4.8 Sa No 

Pl za aah 6.4 4.8 Yes 


243 Am 244 Am 


5 5.8 No 


capture, the mass decreases by 7.025 x 10~° u. Thus, energy is transferred from mass 
energy to excitation energy E,. Multiplying the change in mass by c? (= 931.494 013 
MeV/u) gives us E,, = 6.5 MeV, which is listed on the first line of the table. 

The first and third results in Table 43-2 are historically profound because they 
are the reasons the two atomic bombs used in World War II contained **°U (first 
bomb) and **’Pu (second bomb). That is, for °U and *°Pu, E,, > E,. This means that 
fission by absorption of a thermal neutron is predicted to occur for these nuclides. 
For the other two nuclides in Table 43-2 (°U and *“Am), we have E, < E,; thus, 
there is not enough energy from a thermal neutron for the excited nucleus to sur- 
mount the barrier or to tunnel through it effectively. Instead of fissioning, the nu- 
cleus gets rid of its excitation energy by emitting a gamma-ray photon. 

The nuclides *°U and **°Am can be made to fission, however, if they absorb 
a substantially energetic (rather than a thermal) neutron. A *°U nucleus, for 
example, might fission if it happens to absorb a neutron of at least 1.3 MeV ina 
so-called fast fission process (“fast” because the neutron is fast). 

The two atomic bombs used in World War II depended on the ability of 
thermal neutrons to cause many high-mass nuclides in the cores of the bombs to 
fission nearly all at once, so that the fissioning would result in an explosive and 
devastating output of energy. The first bomb used 7*U because enough of it had 
been refined from uranium ore to make that bomb and a test bomb. (The ore 
consists mainly of 7°°U, which, as we have seen, is not caused to fission by thermal 
neutrons.) The second bomb used **’Pu, based only on theoretical calculations 
as summarized in Table 43-2, because not enough additional *°U was available 
when the second bomb was ordered. 


43-4} The Nuclear Reactor 


For large-scale energy release due to fission, one fission event must trigger others, 
so that the process spreads throughout the nuclear fuel like flame through a log. 
The fact that more neutrons are produced in fission than are consumed raises 
the possibility of just such a chain reaction, with each neutron that is produced 
potentially triggering another fission. The reaction can be either rapid (as in a 
nuclear bomb) or controlled (as in a nuclear reactor). 

Suppose that we wish to design a reactor based on the fission of *°U by 
thermal neutrons. Natural uranium contains 0.7% of this isotope, the remaining 
99.3% being *°U, which is not fissionable by thermal neutrons. Let us give our- 
selves an edge by artificially enriching the uranium fuel so that it contains 
perhaps 3% **°U. Three difficulties still stand in the way of a working reactor. 


1. The Neutron Leakage Problem. Some of the neutrons produced by fission 
will leak out of the reactor and so not be part of the chain reaction. Leakage is a 
surface effect; 1ts magnitude is proportional to the square of a typical reactor di- 
mension (the surface area of a cube of edge length a is 6a”). Neutron production, 
however, occurs throughout the volume of the fuel and is thus proportional to the 
cube of a typical dimension (the volume of the same cube is a°). We can make the 
fraction of neutrons lost by leakage as small as we wish by making the reactor core 
large enough, thereby reducing the surface-to-volume ratio (= 6/a for a cube). 


2. The Neutron Energy Problem. ‘The neutrons produced by fission are fast, 
with kinetic energies of about 2 MeV. However, fission is induced most effec- 
tively by thermal neutrons. The fast neutrons can be slowed down by mixing 
the uranium fuel with a substance—called a moderator— that has two prop- 
erties: It is effective in slowing down neutrons via elastic collisions, and it does 
not remove neutrons from the core by absorbing them so that they do not result in 
fission. Most power reactors in North America use water as a moderator; the hy- 
drogen nuclei (protons) in the water are the effective component. We saw in 
Chapter 9 that if a moving particle has a head-on elastic collision with a stationary 
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Reactor unit 3 at Chernobyl (near 
Kiev). This unit was shut down in 2000, 
years after the 1986 fire and explosion 
that occurred in reactor unit 4, which 
released volatile radionuclides into 
the air. (QA P/Wide World Photos) 





A decommissioned nuclear reactor 
vessel, in blue shrink-wrap, is being 
readied for shipment to a burial site 
at the Hanford Nuclear Reservation 
near Richland, Washington. 

(QA P/Wide World Photos) 


FIG. 43-4 Neutron bookkeeping in 
a reactor. A generation of 1000 ther- 
mal neutrons interacts with the “*U 
fuel, the 78U matrix, and the moder- 
ator. They produce 1370 neutrons by 
fission, but 370 of these are lost by 
nonfission capture or by leakage, 
meaning that 1000 thermal neutrons 
are left to form the next generation. 
The figure is drawn for a reactor run- 
ning at a steady power level. 
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particle, the moving particle loses all its kinetic energy if the two particles have the 
same mass. Thus, protons form an effective moderator because they have approxi- 
mately the same mass as the fast neutrons whose speed we wish to reduce. 


3. The Neutron Capture Problem. As the fast (2 MeV) neutrons generated by 
fission are slowed down in the moderator to thermal energies (about 0.04 eV), 
they must pass through a critical energy interval (from 1 to 100 eV) in which 
they are particularly susceptible to nonfission capture by *°U nuclei. Such 
resonance capture, which results in the emission of a gamma ray, removes the 
neutron from the fission chain. To minimize such nonfission capture, the ura- 
nium fuel and the moderator are not intimately mixed but rather are placed 
in different regions of the reactor volume. 

In a typical reactor, the uranium fuel 1s in the form of uranium oxide 
pellets, which are inserted end to end into long, hollow metal tubes. The liquid 
moderator surrounds bundles of these fuel rods, forming the reactor core. This 
geometric arrangement increases the probability that a fast neutron, produced 
in a fuel rod, will find itself in the moderator when it passes through the critical 
energy interval. Once the neutron has reached thermal energies, it may szill 
be captured in ways that do not result in fission (called thermal capture). How- 
ever, it is much more likely that the thermal neutron will wander back into a 
fuel rod and produce a fission event. 


Figure 43-4 shows the neutron balance in a typical power reactor operating at 
constant power. Let us trace a sample of 1000 thermal neutrons through one com- 
plete cycle, or generation, in the reactor core. They produce 1330 neutrons by fission 
in the **U fuel and 40 neutrons by fast fission in *°U, which gives 370 neutrons more 
than the original 1000, all of them fast. When the reactor is operating at a steady 
power level, exactly the same number of neutrons (370) is then lost by leakage from 
the core and by nonfission capture, leaving 1000 thermal neutrons to start the next 
generation. In this cycle, of course, each of the 370 neutrons produced by fission 
events represents a deposit of energy in the reactor core, heating up the core. 

The multiplication factor k—an important reactor parameter—is the ratio 
of the number of neutrons present at the conclusion of a particular generation 
to the number present at the beginning of that generation. In Fig. 43-4, the 
multiplication factor is 1000/1000, or exactly unity. For k = 1, the operation of 
the reactor is said to be exactly critical, which is what we wish it to be for steady- 
power operation. Reactors are actually designed so that they are inherently 
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FIG. 43-5 A simplified layout of 
a nuclear power plant, based on a | 
pressurized-water reactor. Many Reactor a 
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supercritical (k > 1); the multiplication factor is then adjusted to critical opera- 
tion (k = 1) by inserting control rods into the reactor core. These rods, containing 
a material such as cadmium that absorbs neutrons readily, can be inserted farther 
to reduce the operating power level and withdrawn to increase the power level 
or to compensate for the tendency of reactors to go subcritical as (neutron- 
absorbing) fission products build up in the core during continued operation. 

If you pulled out one of the control rods rapidly, how fast would the reactor 
power level increase? This response time is controlled by the fascinating circum- 
stance that a small fraction of the neutrons generated by fission do not escape 
promptly from the newly formed fission fragments but are emitted from these frag- 
ments later, as the fragments decay by beta emission. Of the 370 “new” neutrons 
produced in Fig. 43-4, for example, perhaps 16 are delayed, being emitted from frag- 
ments following beta decays whose half-lives range from 0.2 to 55 s. These delayed 
neutrons are few in number, but they serve the essential purpose of slowing the re- 
actor response time to match practical mechanical reaction times. 






| Steam (low pressure) 


=~ Coolant in 


= Coolant out 


Figure 43-5 shows the broad outlines of an electrical power plant based on 106 | | 


a pressurized-water reactor (PWR), a type in common use in North America. In 
such a reactor, water is used both as the moderator and as the heat transfer 
medium. In the primary loop, water is circulated through the reactor vessel and 
transfers energy at high temperature and pressure (possibly 600 K and 150 atm) 


Thermal power (W) 
2. 


from the hot reactor core to the steam generator, which is part of the secondary 10° 
loop. In the steam generator, evaporation provides high-pressure steam to oper- 
ate the turbine that drives the electric generator. To complete the secondary 10” 
loop, low-pressure steam from the turbine is cooled and condensed to water and 


forced back into the steam generator by a pump. To give some idea of scale, a 1 
typical reactor vessel for a 1000 MW (electric) plant may be 12 m high and weigh 
4 MN. Water flows through the primary loop at a rate of about 1 ML/min. 

An unavoidable feature of reactor operation is the accumulation of radio- 
active wastes, including both fission products and heavy transuranic nuclides such 
as plutonium and americium. One measure of their radioactivity is the rate at 
which they release energy in thermal form. Figure 43-6 shows the thermal power 


reactor operation are stored on site, immersed in water; permanent secure stor- logarithmic. 


102 





oe 
Years 





10° 


FIG. 43-6 The thermal power 
released by the radioactive wastes 
from one year’s operation of a typi- 
cal large nuclear power plant, shown 
as a function of time. The curve is the 


superposition of the effects of many 
generated by such wastes from one year’s operation of a typical large nuclear — ;adionuclides, with a wide variety of 


plant. Note that both scales are logarithmic. Most “spent” fuel rods from power _ half-lives. Note that both scales are 
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age facilities for reactor waste have yet to be completed. Much weapons-derived 
radioactive waste accumulated during World War II and in subsequent years is 
also still in on-site storage. Radioactive waste and contaminated components do 
not just disappear—they will remain a concern long into the future. 


Sample Problem Eee 


A large electric generating station 1s powered by a 
pressurized-water nuclear reactor. The thermal power 
produced in the reactor core is 3400 MW, and 1100 MW 
of electricity is generated by the station. The fuel charge 
is 8.60 X 10* kg of uranium, in the form of uranium ox- 
ide, distributed among 5.70 X 10% fuel rods. The ura- 
nium is enriched to 3.0% **U. 


(a) What is the station’s efficiency? 


cSt The efficiency for this power plant or any 


other energy device is given by this: Efficiency is the ra- 
tio of the output power (rate at which useful energy is 
provided) to the input power (rate at which energy 
must be supplied). 


Calculation: Here the efficiency (eff) is 
useful output 1100 MW (electric) 

- energy input ~ 3400 MW (thermal) 

= 0.32, or 32%. 


ec 


(Answer) 


The efficiency —as for all power plants—is controlled 
by the second law of thermodynamics. To run this plant, 
energy at the rate of 3400 MW — 1100 MW, or 2300 
MW, must be discharged as thermal energy to the envi- 
ronment. 


(b) At what rate R do fission events occur in the reactor 
core? 





KEY IDEAS (1) The fission events provide the input 
power P of 3400 MW (= 3.4 X 10? J/s). (2) From Eq. 43-6, 
the energy Q released by each event is about 200 MeV. 


Calculation: For steady-state operation (P is constant), 
we find 
pee ( 3.4 x 10° J/s )( 1 MeV ) 
OQ 200 MeV/fission / \ 1.60 x 1078 J 
= 1.06 X 10” fissions/s 


= 1.1 X 10” fissions/s. (Answer) 


(c) At what rate (in kilograms per day) is the *°U fuel 
disappearing? Assume conditions at start-up. 


35.) disappears due to two processes: (1) 


the fission process with the rate calculated in part (b) 


and (2) the nonfission capture of neutrons at about one- 
fourth that rate. 


Calculations: The total rate at which 7>U disappears is 
(1 + 0.25)(1.06 X 10” atoms/s) = 1.33 X 107° atoms/s. 


We next need the mass of each **U atom. We cannot use 
the molar mass for uranium listed in Appendix F because 
that molar mass is for *°U, the most common uranium iso- 
tope. Instead, we shall assume that the mass of each **>U 
atom in atomic mass units is equal to the mass number A. 
Thus, the mass of each *°U atom is 235 u ( = 3.90 x 10> 
kg). Then the rate at which the *°U fuel disappears is 
dM 


Tae (1.33 X 107? atoms/s)(3.90 X 107% kg/atom) 


= 5.19 X 10° kg/s = 4.5 kg/d. (Answer) 


(d) At this rate of fuel consumption, how long would the 
fuel supply of 7°U last? 


Calculation: At start-up, we know that the total mass 
of 7U is 3.0% of the 8.60 X 104 kg of uranium oxide. 
So, the time T required to consume this total mass of 
35) at the steady rate of 4.5 kg/d is 


p= £0-030)(8.60 x 10‘ kg) 


Seed = 570d. (Answer) 


In practice, the fuel rods must be replaced (usually in 
batches) before their **°U content is entirely consumed. 


(ec) At what rate is mass being converted to other forms 
of energy by the fission of 7°U in the reactor core? 


KEY IDEA The conversion of mass energy to other 


forms of energy is linked only to the fissioning that pro- 
duces the input power (3400 MW) and not to the nonfis- 
sion capture of neutrons (although both these processes 
affect the rate at which *°U is consumed). 


Calculation: From Einstein’s relation E = mc?, we can 


write 
dm _ dE/dt 3.4 x 10° W 


dtc (3.00 X 10° mis)? 
= 3.8 x 10 °kg/s = 3.3 g/d. (Answer) 





We see that the mass conversion rate is about the mass 
of one common coin per day, considerably less than the 
fuel consumption rate calculated in (c). 
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On December 2, 1942, when their reactor first became operational (Fig. 43-7), 
Enrico Fermi and his associates had every right to assume that they had put into 
operation the first fission reactor that had ever existed on this planet. About 
30 years later it was discovered that, if they did in fact think that, they were wrong. 

Some two billion years ago, in a uranium deposit recently mined in Gabon, West 
Africa, a natural fission reactor apparently went into operation and ran for perhaps 
several hundred thousand years before shutting down. We can test whether this could 
actually have happened by considering two questions: 


1. Was There Enough Fuel? ‘The fuel for a uranium-based fission reactor must 
be the easily fissionable isotope *°U, which, as noted earlier, constitutes only 
0.72% of natural uranium. This isotopic ratio has been measured for terrestrial 
samples, in Moon rocks, and in meteorites; in all cases the abundance values 
are the same. The clue to the discovery in West Africa was that the uranium 
in that deposit was deficient in 7*°U, some samples having abundances as low 
as 0.44%. Investigation led to the speculation that this deficit in °U could be 
accounted for if, at some earlier time, the *°U was partially consumed by the 
operation of a natural fission reactor. 

The serious problem remains that, with an isotopic abundance of only 
0.72%, a reactor can be assembled (as Fermi and his team learned) only after 
thoughtful design and with scrupulous attention to detail. There seems no 
chance that a nuclear reactor could go critical “naturally.” 

However, things were different in the distant past. Both **U and *°°U 
are radioactive, with half-lives of 7.04 x 10° y and 44.7 x 10° y, respectively. 
Thus, the half-life of the readily fissionable **°U is about 6.4 times shorter than 
that of *°U. Because **°U decays faster, there was more of it, relative to **°U, 
in the past. Two billion years ago, in fact, this abundance was not 0.72%, as 
it is now, but 3.8%. This abundance happens to be just about the abundance 
to which natural uranium is artificially enriched to serve as fuel in modern 
power reactors. 

With this readily fissionable fuel available, the presence of a natural reac- 
tor (provided certain other conditions are met) is less surprising. The fuel 
was there. Two billion years ago, incidentally, the highest order of life-form 
to have evolved was the blue-green alga. 


2. What Is the Evidence? The mere depletion of 7°U in an ore deposit does 
not prove the existence of a natural fission reactor. One looks for more con- 
vincing evidence. 

If there was a reactor, there must now be fission products. Of the 30 or 
so elements whose stable isotopes are produced in a reactor, some must 
still remain. Study of their isotopic abundances could provide the evidence 
we need. 


FIG, 43-7 A painting of the first nuclear reactor, as- 
sembled during World War IJ on a squash court at the 
University of Chicago by a team headed by Enrico 
Fermi. This reactor, which went critical on December 2, 
1942, was built of lumps of uranium embedded in 
blocks of graphite. It served as a prototype for later re- 
actors whose purpose was to manufacture plutonium 
for the construction of nuclear weapons. 

(Gary Sheehan, Birth of the Atomic Age, 1957. 
Reproduced courtesy Chicago Historical Society) 
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FIG. 43-8 The distribution by mass 
number of the isotopes of 
neodymium as they occur in (a) nat- 
ural terrestrial deposits of the ores of 
this element and (b) the spent fuel of 
a power reactor. (c) The distribution 
(after several corrections) found for 
neodymium from the uranium mine 
in Gabon, West Africa. Note that (b) 
and (c) are virtually identical and are 
quite different from (a). 
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Of the several elements investigated, the case of neodymium is spectacularly 
convincing. Figure 43-8a shows the isotopic abundances of the seven stable 
neodymium isotopes as they are normally found in nature. Figure 43-8b shows 
these abundances as they appear among the ultimate stable fission products of 
the fission of **°U. The clear differences are not surprising, considering the totally 
different origins of the two sets of isotopes. Note particularly that *Nd, the dom- 
inant isotope in the natural element, is absent from the fission products. 

The big question is: What do the neodymium isotopes found in the uranium 
ore body in West Africa look like? If a natural reactor operated there, we would 
expect to find isotopes from both sources (that is, natural isotopes as well as fis- 
sion-produced isotopes). Figure 43-8c shows the abundances after dual-source 
and other corrections have been made to the data. Comparison of Figs. 43-85 and 
c indicates that there was indeed a natural fission reactor at work. 


The failure of the fission products of the West African natural reactor to migrate far 
from their region of production over about 2 billion years may support the idea of 
long-term storage of radioactive waste in suitably chosen geological environments. 


Sample Problem Ezy 


The ratio of *°U to **8U in natural uranium deposits 
today is 0.0072. What was this ratio 2.0 X 10’ y ago? 
The half-lives of the two isotopes are 7.04 X 10° y and 
44.7 X 10° y, respectively. 





_KEVIDEA Biuicernite N./Ng of °U to *°U at time t = 
was not equal to 0.0072 (the ratio today, at time ¢ = 
2.0 X 10’ y), because those two isotopes have been 
decaying at different rates. 


Calculations: Let N;(0) and N,(0) be the numbers of 
the isotopes in a sample of uranium at t = 0, and let 
N;(t) and N,(t) be the numbers of the isotopes at some 
later time ¢. Then, for each isotope, we can use Eq. 42-15, 
N = Nee *‘, to write the number at time fin terms of the 
number at time ¢ = 0: 


Ns(t) = N5(O)e~*s’ and Ng(t) = N(O)e™s', 


in which A; and Ag, are the corresponding disintegration 
constants. Dividing gives 


Ns(t) = NSO) -(a5—ag)t 
N3(¢) N,(0) . 


Because we want the ratio N;(0)/Ng(0), we rearrange 
this to 


NSO) _ NSC cag ag 


Ns(0) —Ng(t) 48) 


The disintegration constants are related to the half- 
lives by Eq. 42-18, Ty. = (in 2)/A, which yields 


In 2 


As = ———— = 9.85 X 10 yy! 
5 "7.04 X 108 y — 
In 2 | 
d = ————_ = |, ~*~ = 10 =i 
an Ag 44.7 X 108y edo) le. y 


The exponent in Eq. 43-8 is then 


(As = Agi = (9.85 = 155) x 10-8 212 x 10° y) 
= 1.66. 


Equation 43-8 then yields 


N5(0) _ Ns) as—agye = 21.66 
7. ess)" = (0,0072)(e!%) 


0.0379 ~ 3.8%. (Answer) 
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The binding energy curve of Fig. 42-6 shows that energy can be released if two 
light nuclei combine to form a single larger nucleus, a process called nuclear 
fusion. That process is hindered by the Coulomb repulsion that acts to prevent 
the two positively charged particles from getting close enough to be within range 
of their attractive nuclear forces and thus “fusing.” The height of this Coulomb 
barrier depends on the charges and the radii of the two interacting nuclei. We 
show in Sample Problem 43-4 that, for two protons (Z = 1), the barrier height is 
400 keV. For more highly charged particles, of course, the barrier is correspond- 
ingly higher. 

‘To generate useful amounts of energy, nuclear fusion must occur in bulk matter. 
The best hope for bringing this about is to raise the temperature of the material until 
the particles have enough energy —due to their thermal motions alone —to pene- 
trate the Coulomb barrier. We call this process thermonuclear fusion. 

In thermonuclear studies, temperatures are reported in terms of the kinetic 
energy K of interacting particles via the relation 


K =kT, (43-9) 


in which K is the kinetic energy corresponding to the most probable speed of the 
interacting particles, k is the Boltzmann constant, and the temperature T is in 
kelvins. Thus, rather than saying, “The temperature at the center of the Sun is 
1.5 X 10’ K,” it is more common to say, “The temperature at the center of the Sun 
is 3 kev.” 

Room temperature corresponds to K ~ 0.03 eV; a particle with only this 
amount of energy could not hope to overcome a barrier as high as, say, 400 keV. 
Even at the center of the Sun, where kT = 1.3 keV, the outlook for thermonu- 
clear fusion does not seem promising at first glance. Yet we know that thermo- 
nuclear fusion not only occurs in the core of the Sun but is the dominant feature 
of that body and of all other stars. 

The puzzle is solved when we realize two facts: (1) The energy calculated 
with Eq. 43-9 is that of the particles with the most probable speed, as defined 
in Section 19-7; there is a long tail of particles with much higher speeds and, 
correspondingly, much higher energies. (2) The barrier heights that we have cal- 
culated represent the peaks of the barriers. Barrier tunneling can occur at ener- 
gies considerably below those peaks, as we saw with alpha decay in Section 42-5. 

Figure 43-9 sums things up. The curve marked n(K ) in this figure is a Maxwell 
distribution curve for the protons in the Sun’s core, drawn to correspond to the 
Sun’s central temperature. This curve differs from the Maxwell distribution curve 
given in Fig. 19-7 in that here the curve is drawn in terms of energy and not of a , 
speed. Specifically, for any kinetic energy K, the expression n(K) dK gives the 9 1 2 3 4 5 6 7 
probability that a proton will have a kinetic energy lying between the values K pet ener yy 
and K + dK. The value of kT in the core of the Sun is indicated by the vertical *!G.43-9 The curve marked n(K) 


line in the figure; note that many of the Sun’s core protons have energies greater _ gives the number density per unit en- 
than this value. ergy for protons at the center of the 
Sun. The curve marked p(K ) gives the 
probability of barrier penetration 
(and hence fusion) for proton—proton 
collisions at the Sun’s core tempera- 





The curve marked p(K ) in Fig. 43-9 is the probability of barrier penetration 
by two colliding protons. The two curves in Fig. 43-9 suggest that there is a partic- 
ular proton energy at which proton—proton fusion events occur at a maximum 
rate. At energies much above this value, the barrier is transparent enough but too prouneie rh icalGnetmar ce he 
few protons have these energies, and so the fusion reaction cannot be sustained. value of kT at this temperature. Note 
At energies much below this value, plenty of protons have these energies but the that the two curves are drawn to 
Coulomb barrier is too formidable. (separate) arbitrary vertical scales. 


CHECKPOINT 2 Which of these potential fusion reactions will not result in 
the net release of energy: (a) °Li + °Li, (b) *He + *He, (c) °C + C, (d) °Ne + Ne, 
(e) °Cl + *Cl, and (f) 4N + *°Cl? (Hint: Consult the curve of Fig. 42-6.) 
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Assume a proton is a sphere of radius K ~ 1 fm. Two pro- This yields, with known values, 


tons are fired at each other with the same kinetic energy K. 2 


e 

(a) What must K be if the particles are brought to rest l67re R 

by their mutual Coulomb repulsion when they are just 7 (LGU SOs ©): 

“touching” each other? We can take this value of K asa 7 (167)(8.85 X 107! F/m)(1 X 107! m) 
representative measure of the height of the Coulomb BR pe eu eo WOO 
barrier. 


(b) At what temperature would a proton in a gas of protons 
eT have the average kinetic energy calculated in (a) and thus 
usatleane The mechanical energy FE of the two-pro- have energy equal to the height of the Coulomb barrier? 
ton system is conserved as the protons move toward 
each other and momentarily stop. In particular, the 
initial mechanical energy E; is equal to the mechanical 








ieiiemen! If we treat the proton gas as an ideal gas, 





energy E;, when they stop. The initial energy £; consists then from Eq. 19-24, the average energy of the protons 
only of the total kinetic energy 2K of the two protons. IS = SkT, where k is the Boltzmann constant. 
When the protons stop, energy F; consists only of the 

electric potential energy U of the system, as given by Calculation: Solving that equation for T and using the 
Eq. 24-43 (U = qiqz/4 797). result of (a) yield 

Calculations: Here the distance r between the protons _ 2Kavg — (2)(5.75 X 10°“ J) 

when they stop is their center-to-center distance 2R, a) (3)(1.38 x 10°77 J/K) 

and their charges g, and g, are both e. Then we can ~ 3X 10° K. (Answer) 


write the conservation of energy £; = E; as 
The temperature of the core of the Sun is only about 


_ 1.5 X 10’ K; thus fusion in the Sun’s core must involve 
Ame, 2R protons whose energies are far above the average energy. 


| e? 





2K 
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The Sun radiates energy at the rate of 3.9 x 1076 W and has been doing so for 
several billion years. Where does all this energy come from? Chemical burning is 
ruled out; if the Sun had been made of coal and oxygen —1in the right proportions 
for combustion —it would have lasted for only about 1000 y. Another possibility 
is that the Sun is slowly shrinking, under the action of its own gravitational forces. 
By transferring gravitational potential energy to thermal energy, the Sun might 
maintain its temperature and continue to radiate. Calculation shows, however, that 
this mechanism also fails; it produces a solar lifetime that is too short by a factor of at 
least 500. That leaves only thermonuclear fusion. The Sun, as you will see, burns not 
coal but hydrogen, and in a nuclear furnace, not an atomic or chemical one. 

The fusion reaction in the Sun is a multistep process in which hydrogen is 
burned to form helium, hydrogen being the “fuel” and helium the “ashes.” Figure 
43-10 shows the proton-—proton (p-p) cycle by which this occurs. 

The p-p cycle starts with the collision of two protons (‘H + 'H) to form a 
deuteron (7H), with the simultaneous creation of a positron (e*) and a neutrino 
(v). The positron very quickly encounters a free electron (e ) in the Sun, and 
both particles annihilate (see Section 21-6), their mass energy appearing as two 
gamma-ray photons (7). 

A pair of such events is shown in the top row of Fig. 43-10. These events are ac- 
tually extremely rare. In fact, only once in about 10*° proton—proton collisions is a 
deuteron formed; in the vast majority of cases, the two protons simply rebound 
elastically from each other. It is the slowness of this “bottleneck” process that regu- 
lates the rate of energy production and keeps the Sun from exploding. In spite of 
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FIG. 43-10 The proton—proton mechanism 
that accounts for energy production in the Sun. 
In this process, protons fuse to form an alpha 
particle (*He), with a net energy release of 26.7 
MeV for each event. 





this slowness, there are so very many protons in the huge and dense volume of the 
Sun’s core that deuterium is produced in just this way at the rate of 10'* kg/s. 

Once a deuteron has been produced, it quickly collides with another proton and 
forms a “He nucleus, as the middle row of Fig. 43-10 shows. Two such *He nuclei may 
eventually (within 10° y; there is plenty of time) find each other, forming an alpha 
particle (*He) and two protons, as the bottom row in the figure shows. 

Overall, we see from Fig. 43-10 that the p-p cycle amounts to the combination 
of four protons and two electrons to form an alpha particle, two neutrinos, and 
six gamma-ray photons. That is, 


Atty 326 tee le) cept: (43-10) 
Let us now add two electrons to each side of Eq. 43-10, obtaining 
(ACH pete= iC Hea De cpr Oy) (43-11) 


The quantities in the two sets of parentheses then represent atoms (not bare 
nuclei) of hydrogen and of helium. That allows us to compute the energy release 
in the overall reaction of Eq. 43-10 (and Eq. 43-11) as 


Q = —Amc? 
= —[4.002 603 u — (4)(1.007 825 u)][931.5 MeV/u] 
= 26.7 MeV, 


in which 4.002 603 u is the mass of a helium atom and 1.007 825 u is the mass of a hy- 
drogen atom. Neutrinos have a negligibly small mass, and gamma-ray photons have 
no mass; thus, they do not enter into the calculation of the disintegration energy. 

This same value of Q follows (as it must) from adding up the Q values for the 
separate steps of the proton—proton cycle in Fig. 43-10. Thus, 


Q = (2)(0.42 MeV) + (2)(1.02 MeV) + (2)(5.49 MeV) + 12.86 MeV 
= 26.7 MeV. 


About 0.5 MeV of this energy is carried out of the Sun by the two neutrinos indi- 
cated in Eqs. 43-10 and 43-11; the rest (= 26.2 MeV) is deposited in the core of 
the Sun as thermal energy. That thermal energy is then gradually transported to 
the Sun’s surface, where it is radiated away from the Sun as electromagnetic 
waves, including visible light. 

The burning of hydrogen in the Sun’s core is alchemy on a grand scale in the 
sense that one element is turned into another. The medieval alchemists, however, 
were more interested in changing lead into gold than in changing hydrogen into 
helium. In a sense, they were on the right track, except that their furnaces were 
not hot enough. Instead of being at a temperature of, say, 600 K, the ovens should 
have been at least as hot as 10° K. 

Hydrogen burning has been going on in the Sun for about 5 x 10’ y, and 
calculations show that there is enough hydrogen left to keep the Sun going for 
about the same length of time into the future. In 5 billion years, however, the 
Sun’s core, which by that time will be largely helium, will begin to cool and the 
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FIG. 43-11 (a) The star known as Sanduleak, as it appeared until 1987. (b) We then began to intercept light from the star’s super- 
nova, designated SN1987a; the explosion was 100 million times brighter than our Sun and could be seen with the unaided eye. 
The explosion took place 155 000 light-years away and thus actually occurred 155 000 years ago. (Courtesy Anglo Australian 


Telescope Board) 


Sun will start to collapse under its own gravity. This will raise the core temperature and 
cause the outer envelope to expand, turning the Sun into what is called a red giant. 

If the core temperature increases to about 10° K again, energy can be produced 
through fusion once more—this time by burning helium to make carbon. As a star 
evolves further and becomes still hotter, other elements can be formed by other fu- 
sion reactions. However, elements more massive than those near the peak of the 
binding energy curve of Fig. 42-6 cannot be produced by further fusion processes. 

Elements with mass numbers beyond the peak of that curve are thought to 
be formed by neutron capture during cataclysmic stellar explosions that we call 
supernovas (Fig. 43-11). In such an event the outer shell of the star is blown out- 
ward into space, where it mixes with—and becomes part of—the tenuous 
medium that fills the space between the stars. It is from this medium, continually 
enriched by debris from stellar explosions, that new stars form, by condensation 
under the influence of the gravitational force. 

The abundance on Earth of elements heavier than hydrogen and helium 
suggests that our solar system has condensed out of interstellar material that 
contained the remnants of such explosions. Thus, all the elements around us— 
including those in our own bodies—were manufactured in the interiors of stars that 
no longer exist. As one scientist put it: “In truth, we are the children of the stars.” 


Sample Problem 





At what rate dm/dt is hydrogen being consumed in the 
core of the Sun by the p-p cycle of Fig. 43-10? 


rei The rate dE/dt at which energy is produced 


by hydrogen (proton) consumption within the Sun is 
equal to the rate P at which energy is radiated by the Sun: 


dE 
pS, 
dt 
Calculations: To bring the mass consumption rate 
dm/dt into the power equation, we can rewrite it as 
_ dE — dE dm AE dm 


~ dt dm dt Am dt’ 


where AF is the energy produced when protons of mass 


Am are consumed. From our discussion in this section, 
we know that 26.2 MeV (= 4.20 x 107! J) of thermal 
energy 1s produced when four protons are consumed. 
That is, AE = 4.20 X 10°" J for a mass consumption of 
Am = 4(1.67 X 10°*’ kg). Substituting these data into 
Eq. 43-12 and using the power P of the Sun given in 
Appendix C, we find that 


dm Am ae 4(1.67 X 1077’ kg) 
dp he S490 S10 oI 
= 6.2 X 10" kg/s. (Answer) 


(3.90 x 1026 W) 


Thus, a huge amount of hydrogen is consumed by the Sun 
every second. However, you need not worry too much 
about the Sun running out of hydrogen, because its mass 
of 2 x 10°’ kg will keep it burning for a long, long time. 
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The first thermonuclear reaction on Earth occurred at Eniwetok Atoll on 
November 1, 1952, when the United States exploded a fusion device, generating 
an energy release equivalent to 10 million tons of TNT. The high temperatures 
and densities needed to initiate the reaction were provided by using a fission 
bomb as a trigger. 

A sustained and controllable source of fusion power—a fusion reactor as 
part of, say, an electric generating plant—is considerably more difficult to 
achieve. That goal is nonetheless being pursued vigorously in many countries 
around the world, because many people look to the fusion reactor as the power 
source of the future, at least for the generation of electricity. 

The p-p scheme displayed in Fig. 43-10 is not suitable for an Earth-bound fusion 
reactor because it is hopelessly slow. The process succeeds in the Sun only because 
of the enormous density of protons in the center of the Sun. The most attractive re- 
actions for terrestrial use appear to be two deuteron—deuteron (d-d) reactions, 


ani Ele ee MO Sera 27 Mey): (43-13) 

*H+7H>°H+'H (QO = +4.03 MeV), (43-14) 
and the deuteron -triton (d-t) reaction* 

7H+°H—>‘*He +n (Q = 4+17.59MeV). (43-15) 


Deuterium, the source of deuterons for these reactions, has an isotopic abun- 
dance of only 1 part in 6700 but is available in unlimited quantities as a com- 
ponent of seawater. Proponents of power from the nucleus have described our 
ultimate power choice—after we have burned up all our fossil fuels—as either 
“burning rocks” (fission of uranium extracted from ores) or “burning water” 
(fusion of deuterium extracted from water). 

There are three requirements for a successful thermonuclear reactor: 


1. A High Particle Density n. The number density of interacting particles (the 
number of, say, deuterons per unit volume) must be great enough to ensure 
that the d-d collision rate is high enough. At the high temperatures required, 
the deutertum would be completely ionized, forming an electrically neutral 
plasma (ionized gas) of deuterons and electrons. 


2. A High Plasma Temperature T: The plasma must be hot. Otherwise the col- 
liding deuterons will not be energetic enough to penetrate the Coulomb bar- 
rier that tends to keep them apart. A plasma ion temperature of 35 keV, corre- 
sponding to 4 x 10® K, has been achieved in the laboratory. This is about 30 
times higher than the Sun’s central temperature. 


3. A Long Confinement Time tr. A major problem is containing the hot plasma 
long enough to maintain it at a density and a temperature sufficiently high to 
ensure the fusion of enough of the fuel. Because it is clear that no solid con- 
tainer can withstand the high temperatures that are necessary, clever confining 
techniques are called for; we shall shortly discuss two of them. 


It can be shown that, for the successful operation of a thermonuclear reactor 
using the d-t reaction, it is necessary to have 


fin OP Sime (43-16) 


This condition, known as Lawson’s criterion, tells us that we have a choice 
between confining a lot of particles for a short time or fewer particles for a longer 
time. Beyond meeting this criterion, it is still necessary that the plasma tempera- 
ture be high enough. 


*The nucleus of the hydrogen isotope 7H (tritium) is called the triton. It is a radionuclide with a 
half-life of 12.3 y. 
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FIG. 43-12 The Tokamak Fusion 
Test Reactor at Princeton University. 
(Courtesy Princeton University 
Physics Laboratory) 


rae) 


FIG. 43-13 The small spheres on the 
quarter are deuterium —tritium fuel 
pellets, designed to be used in a laser 
fusion chamber. (Courtesy Los 
Alamos National Laboratory, New 
Mexico) 








Two approaches to controlled nuclear power generation are currently under 
study. Although neither approach has yet been successful, both are being pursued 
because of their promise and because of the potential importance of controlled 
fusion to solving the world’s energy problems. 


Magnetic Confinement 


One avenue to controlled fusion is to contain the fusing material in a very strong 
magnetic field—hence the name magnetic confinement. In one version of this 
approach, a suitably shaped magnetic field is used to confine the hot plasma in an 
evacuated doughnut-shaped chamber called a tokamak (the name is an abbrevia- 
tion consisting of parts of three Russian words). The magnetic forces acting on 
the charged particles that make up the hot plasma Keep the plasma from touch- 
ing the walls of the chamber. Figure 43-12 shows such a device at the Plasma 
Physics Laboratory of Princeton University. 

The plasma is heated by inducing a current in it and by bombarding it with an 
externally accelerated beam of particles. The first goal of this approach is to 
achieve breakeven, which occurs when the Lawson criterion is met or exceeded. 
The ultimate goal is ignition, which corresponds to a self-sustaining thermonu- 
clear reaction and a net generation of energy. As of 2007, ignition has not been 
achieved, either in tokamaks or in other magnetic confinement devices. 





A second approach, called inertial confinement, involves “zapping” a solid fuel 
pellet from all sides with intense laser beams, evaporating some material from the 
surface of the pellet. This boiled-off material causes an inward-moving shock 
wave that compresses the core of the pellet, increasing both its particle density 
and its temperature. The process is called inertial confinement because (a) the 
fuel is confined to the pellet and (b) the particles do not escape from the heated 
pellet during the very short zapping interval because of their inertia (their mass). 

Laser fusion, using the inertial confinement approach, is being investigated 
in many laboratories in the United States and elsewhere. At the Lawrence 
Livermore Laboratory, for example, deuterium -—tritium fuel pellets, each smaller 
than a grain of sand (Fig. 43-13), are to be zapped by 10 synchronized high-power 
laser pulses symmetrically arranged around the pellet. The laser pulses are 
designed to deliver, in total, some 200 kJ of energy to each fuel pellet in less than 
a nanosecond. This is a delivered power of about 2 X 10'4 W during the pulse, 
which is roughly 100 times the total installed (sustained) electrical power gener- 
ating capacity of the world! 

In an operating thermonuclear reactor of the laser-fusion type, fuel pellets 
are to be exploded—like miniature hydrogen bombs —at a rate of perhaps 10 to 
100 per second. The feasibility of laser fusion as the basis of a thermonuclear 
power reactor has not been demonstrated as of 2007, but research is continuing at 
a Vigorous pace. 


Sample Problem Per 


Suppose a fuel pellet in a laser fusion device contains equal 
numbers of deuterium and trittum atoms (and no other 





_KEY IDEA Booae system consisting of only one type of 


material). The density d = 200 kg/m? of the pellet is in- particle, we can write the (mass) density of the system in 
creased by a factor of 10° by the action of the laser pulses. terms of the particle masses and number density: 


(a) How many particles per unit volume (both Paar = 


deuterons and tritons) does the pellet contain in its 
compressed state? The molar mass M, of deuterium 
atoms is 2.0 X 10°-* kg/mol, and the molar mass M, of 
tritium atoms is 3.0 X 10° kg/mol. 


kg/m? 


number density, \ { particle mass, 
i" ke - (43-17) 


Let n be the total number of particles per unit volume 
in the compressed pellet. Then the number of deu- 
terium atoms per unit volume is n/2, and the number of 
tritium atoms per unit volume is also n/2. 


Calculations: We can extend Eq. 43-17 to the system 
consisting of the two types of particles by writing the 
density d* of the compressed pellet as the sum of the in- 
dividual densities: 


cae (43-18) 


n 
d* =m, + 
Ng 7 


Z 
where mg and m, are the masses of a deuterium atom 
and a tritium atom, respectively. We can replace those 
masses with the given molar masses by substituting 


M. M 
N and Wh = Ne 





Mma = 


where N, is Avogadro’s number. After making those re- 
placements and substituting 1000d for the compressed 
density d*, we solve Eq. 43-18 for n to obtain 


REVIEW & SUMMARY 
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_ 2000dNa 
M, + M,’ 
which gives us 


(2000) (200 kg/m3)(6.02 x 1023 mol-!) 
2.0 X 10°? kg/mol + 3.0 X 107° kg/mol 


A Socios tiles: (Answer) 


(b) According to Lawson’s criterion, how long must the 
pellet maintain this particle density if breakeven opera- 
tion is to take place? 


corey If breakeven operation is to occur, the 


compressed density must be maintained for a time pe- 
riod 7 given by Eq. 43-16 (nt > 107° s/m?). 


Calculation: We can now write 
102° s/m°? 


= SEE 
48x Ome 
(The plasma temperature must also be suitably high.) 


T =10°%s. (Answer) 





Energy from the Nucleus Nuclear processes are about 
a million times more effective, per unit mass, than chemical 
processes in transforming mass into other forms of energy. 


Nuclear Fission Equation 43-1 shows a fission of 7°°U in- 
duced by thermal neutrons bombarding *°U. Equations 43-2 
and 43-3 show the beta-decay chains of the primary fragments. 
The energy released in such a fission event is 0 ~ 200 MeV. 

Fission can be understood in terms of the collective 
model, in which a nucleus is likened to a charged liquid drop 
carrying a certain excitation energy. A potential barrier must 
be tunneled through if fission is to occur. Fissionability de- 
pends on the relationship between the barrier height F,, and 
the excitation energy F,. 

The neutrons released during fission make possible a fis- 
sion chain reaction. Figure 43-4 shows the neutron balance for 
one cycle of a typical reactor. Figure 43-5 suggests the layout 
of a complete nuclear power plant. 


Nuclear Fusion The release of energy by the fusion of two 


QUESTIONS 


light nuclei is inhibited by their mutual Coulomb barrier. 
Fusion can occur in bulk matter only if the temperature is 
high enough (that is, if the particle energy is high enough) for 
appreciable barrier tunneling to occur. 

The Sun’s energy arises mainly from the thermonuclear 
burning of hydrogen to form helium by the proton-proton 
cycle outlined in Fig. 43-10. Elements up to A ~ 56 (the peak 
of the binding energy curve) can be built up by other fusion 
processes once the hydrogen fuel supply of a star has been 
exhausted. 


Controlled Fusion Controlled thermonuclear fusion for 
energy generation has not yet been achieved. The d-d and d-t 
reactions are the most promising mechanisms. A successful 
fusion reactor must satisfy Lawson’s criterion, 


nt > 107° s/m?, (43-16) 


and must have a suitably high plasma temperature T. 
In a tokamak the plasma is confined by a magnetic field. 
In laser fusion inertial confinement is used. 





“For the fission reaction 
ese a x OW se Dia, 


rank the following possibilities for X (or Y ), most likely first: 
S2Nd, MT, 18In, } Pd, Mo. (Hint: See Fig. 43-1.) 


2 To make the newly discovered, very large elements of the 
periodic table, researchers shoot a medium-size nucleus at a 


large nucleus. Sometimes a projectile nucleus and a target nu- 
cleus fuse to form one of the very large elements. In such a fu- 
sion, is the mass of the product greater than or less than the 
sum of the masses of the projectile and target nuclei? 


3 If we split a nucleus into two smaller nuclei, with a release 
of energy, has the average binding energy per nucleon in- 
creased or decreased? 
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4 Ifa fusion process requires an absorption of energy, does 
the average binding energy per nucleon increase or decrease? 


2 In the fission process 
SU +n — 1Sn + FO + 3n, 


what number goes in (a) the elevated box (the superscript) 
and (b) the descended box (the value of Z)? 


6 Do the initial fragments formed by fission have more 
protons than neutrons, more neutrons than protons, or about 
the same number of each? 














7 Suppose a *°U nucleus “swallows” a neutron and then 
decays not by fission but by beta decay, emitting an electron 
and a neutrino. Which nuclide remains after this decay: **’Pu, 
SN 5 3°NIp or 238P a? 


& Pick the most likely member of each pair to be one of 
the initial fragments formed by a fission event: (a) *Sr or Ru, 
(b) “°Gd or °F, (c) /°Nd or /°Lu. (Hint: See Fig. 42-4.) 
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¥ A nuclear reactor is operating at a certain power level, 
with its multiplication factor k adjusted to unity. If the control 
rods are used to reduce the power output of the reactor to 
25% of its former value, is the multiplication factor now a 
little less than unity, substantially less than unity, or still equal 
to unity? 


10 Which of these elements is not “cooked up” by thermo- 
nuclear fusion processes in stellar interiors: carbon, silicon, 
chromium, bromine? 


11  Lawson’s criterion for the d-t reaction (Eq. 43-16) is 
nt > 10” s/m?. For the d-d reaction, do you expect the number 
on the right-hand side to be the same, smaller, or larger? 


12 About 2% of the energy generated in the Sun’s core by 
the p-p reaction is carried out of the Sun by neutrinos. Is the 
energy associated with this neutrino flux equal to, greater 
than, or less than the energy radiated from the Sun’s surface 
as electromagnetic radiation? 


Tutoring problem available (at instructor's discretion) in WileyPLUS and WebAssign 


SSM Worked-out solution available in Student Solutions Manual 


@ —e@e@ Number of dots indicates level of problem difficulty 


WWW Worked-out solution is at 





oe http://www.wiley.com/college/halliday 
Interactive solution is at ve etek Neil ee ERENT 


oa ae Additional information available in The Flying Circus of Physics and at flyingcircusofphysics.com 


Click here to view all step-by-step solutions 


sec. 43-3 A Model for Nuclear Fission 

7 Calculate the disintegration energy Q for the fission of 
“Cr into two equal fragments. The masses you will need are 
51.940 51 u for *Cr and 25.982 59 u for *°Mg. €& 


°2 The fission properties of the plutonium isotope **’Pu are 
very similar to those of **°U. The average energy released per 
fission is 180 MeV. How much energy, in MeV, is released if all 
the atoms in 1.00 kg of pure *’Pu undergo fission? 


¢3 At what rate must *°U nuclei undergo fission by neutron 
bombardment to generate energy at the rate of 1.0 W? 
Assume that QO = 200 MeV. 


°e4 (a)—(d) Complete the following table, which refers to the 
generalized fission reaction **>U + n— X + Y + bn. 


xX Y b 


140% (a) 1 
1397 (b) 2 
(c) IO 2 
141Cg 2Rb ( d) 


5 (a) How many atoms are contained in 1.0kg of pure 
351J? (b) How much energy, in joules, is released by the 
complete fissioning of 1.0 kg of *°U? Assume Q = 200 MeV. 
(c) For how long would this energy light a 100 W lamp? 


*6 Calculate the energy released in the fission reaction 
PO) ae Th = Os: a RD ae 20. 


Here are some atomic and particle masses. @ 


2391]: 235.043 92 u BRb 92.921 57 u 
MICs 140.919 63 u n 1.008 66 u 


°7 The isotope *°U decays by alpha emission with a half-life 
of 7.0 X 108 y. It also decays (rarely) by spontaneous fission, 
and if the alpha decay did not occur, its half-life due to sponta- 
neous fission alone would be 3.0 X 10"” y. (a) At what rate do 
spontaneous fission decays occur in 1.0 g of **°U? (b) How 
many *°U alpha-decay events are there for every sponta- 
neous fission event? 


°8 The nuclide **Np requires 4.2 MeV for fission. To remove 
a neutron from this nuclide requires an energy expenditure of 
5.0 MeV. Is ?’Np fissionable by thermal neutrons? 


e9 A thermal neutron (with approximately zero kinetic en- 
ergy) is absorbed by a **U nucleus. How much energy is trans- 
ferred from mass energy to the resulting oscillation of the nu- 
cleus? Here are some atomic masses and the neutron mass. ¢) 


2 23MOAST23 1 = 238050 7820 
TJ 239.054287u ~“"U 240.056 585 u 
n 1.008 664 u 


®10 (a) Calculate the disintegration energy Q for the fission 
of Mo into two equal parts. The masses you will need are 
97.905 41 u for Mo and 48.950 02 u for Sc. (b) If Q turns 
out to be positive, discuss why this process does not occur 
spontaneously. 


17 During the Cold War, the Premier of the Soviet Union 
threatened the United States with 2.0 megaton *’Pu war- 
heads. (Each would have yielded the equivalent of an explo- 
sion of 2.0 megatons of TNT, where 1 megaton of TNT 


releases 2.6 X 10°85 MeV.) If the plutonium that actually fis- 
sioned had been 8.00% of the total mass of the plutonium in 
such a warhead, what was that total mass? 


ee42 A *°U nucleus undergoes fission and breaks into two 
middle-mass fragments, '4°Xe and ”Sr. (a) By what percentage 
does the surface area of the fission products differ from that of 
the original **°U nucleus? (b) By what percentage does the 
volume change? (c) By what percentage does the electric po- 
tential energy change? The electric potential energy of a uni- 
formly charged sphere of radius r and charge Q is given by 


2 
y-3(2.) 
5 \ 4ieor 


e173 Ina particular fission event in which **°U is fissioned 
by slow neutrons, no neutron is emitted and one of the pri- 
mary fission fragments is Ge. (a) What is the other fragment? 
The disintegration energy is Q = 170 MeV. How much of this 
energy goes to (b) the ’Ge fragment and (c) the other frag- 
ment? Just after the fission, what is the speed of (d) the ®Ge 
fragment and (e) the other fragment? ssm www 





e@14 Inan atomic bomb, energy release is due to the uncon- 
trolled fission of plutonium, Pu (or 7°U). The bomb’s rating 
is the magnitude of the released energy, specified in terms of 
the mass of TNT required to produce the same energy release. 
One megaton of TNT releases 2.6 < 1078 MeV of energy. (a) 
Calculate the rating, in tons of TNT, of an atomic bomb 
containing 95.0 kg of °’Pu, of which 2.5 kg actually undergoes 
fission. (See Problem 2.) (b) Why is the other 92.5 kg of 7°Pu 
needed if it does not fission? 


e145 A 66 kiloton atomic bomb is fueled with pure **°U 
(Fig. 43-14), 4.0% of which actually undergoes fission. (a) 
What is the mass of the uranium in the bomb? (It is not 66 
kilotons—that is the amount of released energy specified in 
terms of the mass of TNT required to produce the same 
amount of energy.) (b) How many primary fission fragments 
are produced? (c) How many fission neutrons generated are 
released to the environment? (On average, each fission pro- 
duces 2.5 neutrons.) SSM 





FIG. 43-14 Problem 15. A “button” of 7*°U ready to be recast 
and machined for a warhead. (Courtesy Martin Marietta 
Energy Systems/ U.S. Department of Energy) 
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e®16 Consider the fission of 7*°U by fast neutrons. In one fis- 
sion event, no neutrons are emitted and the final stable end 
products, after the beta decay of the primary fission fragments, 
are Ce and Ru. (a) What is the total of the beta-decay 
events in the two beta-decay chains? (b) Calculate Q for this 
fission process. The relevant atomic and particle masses are 


238[J 238.050 79 u 140Ce 139.905 43 u 
n 1.008 66 u "Ru 98.905 94 u 


e°17 Assume that immediately after the fission of 7*°U ac- 
cording to Eq. 43-1, the resulting ‘Xe and “Sr nuclei are just 
touching at their surfaces. (a) Assuming the nuclei to be spher- 
ical, calculate the electric potential energy associated with the 
repulsion between the two fragments. (Hint: Use Eq. 42-3 to 
calculate the radii of the fragments.) (b) Compare this energy 
with the energy released in a typical fission event. 


sec. 43-4 The Nuclear Reactor 

°48 A 200 MW fission reactor consumes half its fuel in 
3.00 y. How much 7°U did it contain initially? Assume that all 
the energy generated arises from the fission of **°U and that 
this nuclide is consumed only by the fission process. 


e@79 The thermal energy generated when radiation from 
radionuclides is absorbed in matter can serve as the basis for 
a small power source for use in satellites, remote weather sta- 
tions, and other isolated locations. Such radionuclides are 
manufactured in abundance in nuclear reactors and may 
be separated chemically from the spent fuel. One suitable 
radionuclide is *°Pu (7, = 87.7 y), which is an alpha emitter 
with QO = 5.50 MeV. At what rate is thermal energy generated 
in 1.00 kg of this material? 


e@20 (See Problem 19.) Among the many fission products 
that may be extracted chemically from the spent fuel of a 
nuclear reactor is "Sr (Tj). = 29 y). This isotope is produced 
in typical large reactors at the rate of about 18 kg/y. By its 
radioactivity, the isotope generates thermal energy at the rate 
of 0.93 W/g. (a) Calculate the effective disintegration energy 
QO. associated with the decay of a *’Sr nucleus. (This energy 
QO.s¢ includes contributions from the decay of the Sr daughter 
products in its decay chain but not from neutrinos, which 
escape totally from the sample.) (b) It is desired to construct a 
power source generating 150 W (electric) to use in operating 
electronic equipment in an underwater acoustic beacon. If the 
power source is based on the thermal energy generated by “’Sr 
and if the efficiency of the thermal—electric conversion 
process is 5.0%, how much Sr is needed? 


ee21 The neutron generation time ¢,,, in a reactor is the 
average time needed for a fast neutron emitted in one fission 
event to be slowed to thermal energies by the moderator and 
then initiate another fission event. Suppose the power output 
of a reactor at time ¢ = 0 is Py. Show that the power output a 
time ¢ later is P(t), where P(t) = P)ksen and k is the multipli- 
cation factor. For constant power output, k = 1. 


eeZ2 A reactor operates at 400 MW with a neutron genera- 
tion time (see Problem 21) of 30.0 ms. If its power increases 
for 5.00 min with a multiplication factor of 1.0003, what is the 
power output at the end of the 5.00 min? 


ee23 (a) A neutron of mass m, and kinetic energy K makes 
a head-on elastic collision with a stationary atom of mass m. 
Show that the fractional kinetic energy loss of the neutron is 
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given by 
AK  4m,m 
K Cir sa Tie 


Find AK/K for each of the following acting as the stationary 
atom: (b) hydrogen, (c) deuterium, (d) carbon, and (e) lead. 
(f) If K = 1.00 MeV initially, how many such head-on colli- 
sions would it take to reduce the neutron’s kinetic energy to a 
thermal value (0.025 eV) if the stationary atoms it collides 
with are deuterium, a commonly used moderator? (In actual 
moderators, most collisions are not head-on.) SSM 


ee24 The neutron generation time ¢,., (see Problem 21) in 
a particular reactor is 1.0 ms. If the reactor is operating at a 
power level of 500 MW, about how many free neutrons are 
present in the reactor at any moment? 


ee25 The neutron generation time (see Problem 21) of a 
particular reactor is 1.3 ms. The reactor is generating energy at 
the rate of 1200.0 MW. To perform certain maintenance 
checks, the power level must temporarily be reduced to 350.00 
MW. It is desired that the transition to the reduced power 
level take 2.6000 s. To what (constant) value should the multi- 
plication factor be set to effect the transition in the desired 


sec. 43-5 A Natural Nuclear Reactor 
°26 How long ago was the ratio *°U/*U in natural ura- 
nium deposits equal to 0.15? 


e27 The natural fission reactor discussed in Section 43-5 is 
estimated to have generated 15 gigawatt-years of energy dur- 
ing its lifetime. (a) If the reactor lasted for 200 000 y, at what 
average power level did it operate? (b) How many kilograms 
of 2°U did it consume during its lifetime? 


ee28 Some uranium samples from the natural reactor site 
described in Section 43-5 were found to be slightly enriched 
in ?°U, rather than depleted. Account for this in terms of 
neutron absorption by the abundant isotope *°°U and the sub- 
sequent beta and alpha decay of its products. 


®@29 The uranium ore mined today contains only 0.72% of 
fissionable 7°°U, too little to make reactor fuel for thermal- 
neutron fission. For this reason, the mined ore must be 
enriched with 7°U. Both 7°U (Ty. = 7.0 X 108 y) and 78U 
(Ty. = 4.5 X 10’ y) are radioactive. How far back in time 
would natural uranium ore have been a practical reactor fuel, 
with a °*U/*8U ratio of 3.0%? SSM 


sec. 43-6 Thermonuclear Fusion: The Basic Process 
®30 Verify that the fusion of 1.0kg of deuterium by the 
reaction 


2H + 2H >3He +n (O = +3.27 MeV) 


could keep a 100 W lamp burning for 2.5 X 10* y. 


#31 Calculate the height of the Coulomb barrier for the 
head-on collision of two deuterons. Take the effective radius 
of a deuteron to be 2.1 fm. SSM 


ee32 In Fig. 43-9, the equation for n(K), the number density 
per unit energy for particles, is 


=KikT 


n(K) = 1.13n e 


K} Li 
(KL 


where nis the total particle number density. At the center of 


the Sun, the temperature is 1.50 x 10’K and the average 
proton energy K,,,. is 1.94 keV. Find the ratio of the proton 
number density at 5.00 keV to the number density at the aver- 
age proton energy. 


e°33 Calculate the Coulomb barrier height for two ’Li 
nuclei that are fired at each other with the same initial kinetic 
energy K. (Hint: Use Eq. 42-3 to calculate the radii of the 
nuclei.) 


e@34 For overcoming the Coulomb barrier for fusion, meth- 
ods other than heating the fusible material have been 
suggested. For example, if you were to use two particle accel- 
erators to accelerate two beams of deuterons directly toward 
each other so as to collide head-on, (a) what voltage would 
each accelerator require in order for the colliding deuterons 
to overcome the Coulomb barrier? (b) Why do you suppose 
this method is not presently used? 


sec. 43-7 Thermonuclear Fusion in the Sun 

and Other Stars 

°35 The Sun has a mass of 2.0 X 10°” kg and radiates energy 
at the rate of 3.9 x 10° W. (a) At what rate does the Sun 
transfer its mass to other forms of energy? (b) What fraction 
of its original mass has the Sun lost in this way since it began 
to burn hydrogen, about 4.5 X 10° y ago? 


36 We have seen that Q for the overall proton—proton 
fusion cycle is 26.7 MeV. How can you relate this number to 
the Q values for the reactions that make up this cycle, as 
displayed in Fig. 43-10? 


¢37 Show that the energy released when three alpha parti- 
cles fuse to form '’C is 7.27 MeV. The atomic mass of “He is 
4.0026 u, and that of !7C is 12.0000 u. © 


®38 Whatis the Q of the following fusion process? 
*H, + 'H, — *He, + photon 


Here are some atomic masses. & 


a 204 A020 4H, 1.007 825u 
7He, 3.016029 u 


39 Assume that the protons in a hot ball of protons each 
have a kinetic energy equal to kT, where k is the Boltzman 
constant and T is the absolute temperature. If T= 1 x 10’ K, 
what (approximately) is the least separation any two protons 
can have? 


ee40Q Verify the three Q values reported for the reactions 
given in Fig. 43-10. The needed atomic and particle masses are 
TH 1.007 825 0 “He 4.002 603 u 
*“H 2.014102 u e= 0.000 548 6u 
-He 3.016029 u 


(Hint: Distinguish carefully between atomic and nuclear 
masses, and take the positrons properly into account.) 


e441 (a) Calculate the rate at which the Sun generates 
neutrinos. Assume that energy production is entirely by the 
proton—proton fusion cycle. (b) At what rate do solar neutri- 
nos reach Earth? 


°e42 Calculate and compare the energy released by (a) the 
fusion of 1.0 kg of hydrogen deep within the Sun and (b) the 
fission of 1.0 kg of *°U in a fission reactor. 


®e®43 Coal burns according to the reaction C + O, > COs. 
The heat of combustion is 3.3 X 10’ J/kg of atomic carbon 
consumed. (a) Express this in terms of energy per carbon 
atom. (b) Express it in terms of energy per kilogram of the 
initial reactants, carbon and oxygen. (c) Suppose that the Sun 
(mass = 2.0 X 10°°kg) were made of carbon and oxygen in 
combustible proportions and that it continued to radiate 
energy at its present rate of 3.9 X 10° W. How long would the 
Sun last? ssm www 


*®44 Jn certain stars the carbon cycle is more effective than 
the proton—proton cycle in generating energy. This carbon 
cycle is 


2C + IH > BN + y, QO, = 1.95 MeV, 
BN>BC+ert+yn OQ,=1.19, 

BC +1H-¥N + y, QO; = 7.55, 

MN + TH > bO + y, QO, = 7.30, 
bBO—>EN+et + »p, Oa hyo 

SN + 1H > 2C + 4He, Op = OUSaL 


(a) Show that this cycle is exactly equivalent in its overall 
effects to the proton—proton cycle of Fig. 43-10. (b) Verify that 
the two cycles, as expected, have the same Q value. 


¢e45 A star converts all its hydrogen to helium, achieving a 
100% helium composition. Next it converts the helium to car- 
bon via the triple-alpha process, 


“He + *He + “He — PC + 7.27 MeV. 


The mass of the star is 4.6 X 10°” kg, and it generates energy at 
the rate of 5.3 X 10°° W. How long will it take to convert all 
the helium to carbon at this rate? @% 


#46 Assume that the core of the Sun has one-eighth of the 
Sun’s mass and is compressed within a sphere whose radius 
is one-fourth of the solar radius. Assume further that the 
composition of the core is 35% hydrogen by mass and that 
essentially all the Sun’s energy is generated there. If the Sun 
continues to burn hydrogen at the rate calculated in Sample 
Problem 43-5, how long will it be before the hydrogen is 
entirely consumed? The Sun’s mass is 2.0 x 10° kg. 


ee47 Figure 43-15 shows an 
early proposal for a hydrogen 
bomb. The fusion fuel is deu- 
terium, *H. The high tempera- 
ture and = particle density 
needed for fusion are provided 
by an atomic bomb “trigger” 
that involves a *°U or *’Pu fis- 
sion fuel arranged to impress an imploding, compressive 
shock wave on the deuterium. The fusion reaction is 


5°H — *He + *He + !H + 2n. 


235UJ or 


ae 239Py 





2H 


FIG. 43-15 Problem 47. 


(a) Calculate Q for the fusion reaction. For needed atomic 
masses, see Problem 40. (b) Calculate the rating (see Problem 
14) of the fusion part of the bomb if it contains 500 kg of 
deuterium, 30.0% of which undergoes fusion. 


sec. 43-8 Controlled Thermonuclear Fusion 


e483 Verify the Q values reported in Eqs. 43-13, 43-14, and 
43-15. The needed masses are 


Problems | 14/7 


*He 4.002 603 u 
1.008 665 u 


'H_ =1.007 825 u 
*H 2.014102 u n 
-H «3.016049 u 


ee49 Roughly 0.0150% of the mass of ordinary water is due 
to “heavy water,” in which one of the two hydrogens in an 
H,O molecule is replaced with deuterium, 7H. How much 
average fusion power could be obtained if we “burned” all the 
7H in 1.00 liter of water in 1.00 day by somehow causing the 
deuterium to fuse via the reaction*H + 7H — *He + n? 


Additional Problems 

50 Inthe deuteron-—triton fusion reaction of Eq. 43-15, what 
is the kinetic energy of (a) the alpha particle and (b) the neu- 
tron? Neglect the relatively small kinetic energies of the two 
combining particles. 


51 At the center of the Sun, the density is 1.5 X 10° kg/m° 
and the composition is essentially 35% hydrogen by mass and 
65% helium by mass. (a) What is the density of protons there? 
(b) What is the ratio of this density to the density of particles 
in an ideal gas at standard temperature (0°C) and pressure 
GlOi-x 10° Pa}? 


52 Theeffective Q for the proton—proton cycle of Fig. 43-10 is 
26.2 MeV. (a) Express this as energy per kilogram of hydrogen 
consumed. (b) The power of the Sun is 3.9 x 10*° W. If its en- 
ergy derives from the proton—proton cycle, at what rate is it los- 
ing hydrogen? (c) At what rate is it losing mass? (d) Account for 
the difference in the results for (b) and (c). (e) The mass of the 
Sun is 2.0 X 10°’ kg. If it loses mass at the constant rate calcu- 
lated in (c), how long will it take to lose 0.10% of its mass? 


53 Many fear that nuclear power reactor technology will 
increase the likelihood of nuclear war because reactors can be 
used not only to produce electrical energy but also, as a by- 
product through neutron capture with inexpensive ***U, to 
make **’Pu, which is a “fuel” for nuclear bombs. What simple 
series of reactions involving neutron capture and beta decay 
would yield this plutonium isotope? 


54 Expressions for the Maxwell speed distribution for mole- 
cules in a gas are given in Chapter 19. (a) Show that the most 
probable energy is given by 


K, = 5kT. 


Verify this result with the energy distribution curve of Fig. 43-9, 
for which T = 1.5 X 107K. (b) Show that the most probable 


speed is given by 
2kT 
va i 


Find its value for protons at T = 1.5 X 10’ K. (c) Show that 
the energy corresponding to the most probable speed (which 1s 
not the same as the most probable energy) is 


K,, KT. 
Locate this quantity on the curve of Fig. 43-9. 


Ge 


55 Verify that, as stated in Section 43-2, neutrons in equilib- 
rium with matter at room temperature, 300 K, have an aver- 
age kinetic energy of about 0.04 eV. 


56 Verify that, as reported in Table 43-1, fissioning of the 
*3>UJ in 1.0 kg of UO, (enriched so that **U is 3.0% of the 
total uranium) could keep a 100 W lamp burning for 690 y. 


Quarks, Leptons, 
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Courtesy WMAP Science Team/NASA 





This color-coded image is effectively a photograph of the universe 


when it was only 379 000 y old, which was about 13.7 X 10’ y ago. How Can such a 
This is what you would have seen then as you looked away in all di- | 
r f 
rections (the view has been condensed to this oval). Patches of photog aph si 
light from collections of atoms stretch across the “sky,” but galax- the early universe 
ies, stars, and planets have not yet formed. be taken ? 


The answer is in this chapter. 
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Physicists often refer to the theories of relativity and quantum physics as “mod- 
ern physics,” to distinguish them from the theories of Newtonian mechanics 
and Maxwellian electromagnetism, which are lumped together as “classical 
physics.” As the years go by, the word “modern” seems less and less appropriate 
for theories whose foundations were laid down in the opening years of the 
20th century. Nevertheless, the label hangs on. 

In this closing chapter we consider two lines of investigation that are truly 
“modern” but at the same time have the most ancient of roots. They center 
around two deceptively simple questions: 


What is the universe made of ? 
How did the universe come to be the way it is? 


Progress in answering these questions has been rapid in the last few decades. 

Many new insights are based on experiments carried out with large particle accel- 
erators. However, as they bang particles together at higher and higher energies using 
larger and larger accelerators, physicists come to realize that no conceivable Earth- 
bound accelerator can generate particles with energies great enough to test the ulti- 
mate theories of physics. There has been only one source of particles with these ener- 
gies, and that was the universe itself within the first millisecond of its existence. 

In this chapter you will encounter a host of new terms and a veritable flood 
of particles with names that you should not try to remember. If you are temporar- 
ily bewildered, you are sharing the bewilderment of the physicists who lived 
through these developments and who at times saw nothing but increasing com- 
plexity with little hope of understanding. If you stick with it, however, you will 
come to share the excitement physicists felt as marvelous new accelerators poured 
out new results, as the theorists put forth ideas each more daring than the last, and 
as Clarity finally sprang from obscurity. The main message of this book is that, al- 
though we know a lot about the physics of the world, grand mysteries remain. 
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In the 1930s, there were many scientists who thought that the problem of the ulti- 
mate structure of matter was well on the way to being solved. The atom could be 
understood in terms of only three particles—the electron, the proton, and the 
neutron. Quantum physics accounted well for the structure of the atom and for 
radioactive alpha decay. The neutrino had been postulated and, although not yet 
observed, had been incorporated by Enrico Fermi into a successful theory of beta 
decay. There was hope that quantum theory applied to protons and neutrons 
would soon account for the structure of the nucleus. What else was there? 

The euphoria did not last. The end of that same decade saw the beginning of 
a period of discovery of new particles that continues to this day. The new particles 
have names and symbols such as muon (2), pion (7), kaon (K), and sigma (=). All 
the new particles are unstable; that is, they spontaneously transform into other 
types of particles according to the same functions of time that apply to unstable 
nuclei. Thus, if No particles of any one type are present in a sample at time ¢ = 0, 
the number N of those particles present at some later time fis given by Eq. 42-15, 


N=Noe™, (44-1) 
the rate of decay A, from an initial value of Ko, is given by Eq. 42-16, 
R=Re™, (44-2) 
and the half-life 7),., decay constant A, and mean life 7 are related by Eq. 42-18, 
In 2 


Lip = ek = T In Le (44-3) 


(a) 


(a) The detector in Brookhaven 
National Laboratory’s relativistic 
heavy ion collider (RHIC) is a 
gigantic and complex engineering 
marvel that is designed to detect 
particles at extreme energies. (b) 
Large as it is, the detector is still 
smaller than the collider itself, which 
hes under the circle shown at the top 
of the photograph. The collider is a 
circular accelerator with a 
circumference of 3.9 km. (Courtesy 
Brookhaven National Laboratory) 
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(0) 


The half-lives of the new particles range from about 10~° s to 107’ s. Indeed, 
some of the particles last so briefly that they cannot be detected directly but can 
only be inferred from indirect evidence. 

These new particles are commonly produced in head-on collisions between 
protons or electrons accelerated to high energies in accelerators at places like 
Brookhaven National Laboratory (on Long Island, New York), Fermilab (near 
Chicago), CERN (near Geneva, Switzerland), SLAC (at Stanford University in 
California), and DESY (near Hamburg, Germany). They are discovered with 
particle detectors that have grown in sophistication until they rival the size and 
complexity of entire accelerators of only a few decades ago. 

Today there are several hundred known particles. Naming them has strained 
the resources of the Greek alphabet, and most are known only by an assigned 
number in a periodically issued compilation. To make sense of this array of par- 
ticles, we look for simple physical criteria by which we can place the particles in 
categories. The result is known as the Standard Model of particles. Although 
this model is continuously challenged by theorists, it remains our best scheme of 
understanding all the particles discovered to date. 

To explore the Standard Model, we make the following three rough cuts 
among the known particles: fermion or boson, hadron or lepton, particle or 
antiparticle? Let’s now look at the categories one by one. 


Fermion or Boson? 


All particles have an intrinsic angular momentum called spin, as we discussed for 
electrons, protons, and neutrons in Section 32-7. Generalizing the notation of that 
section, we can write the component of spin Sin any direction (assume the com- 
ponent to be along a z axis) as 


S.= mah form, = s,s —1,...,—s, (44-4) 


in which f is h/27, m, 1s the spin magnetic quantum number, and s is the spin 
quantum number. This last can have either positive half-integer values (5, 5, . . .) 
or nonnegative integer values (0, 1,2, . . .). For example, an electron has the value 
s= 7 Hence the spin of an electron (measured along any direction, such as the 


z direction) can have the values 
S,= 3h 
or S. = —sh 


(spin up) 


(spin down). 
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Confusingly, the term spin is used in two ways: It properly means a particle’s 
intrinsic angular momentum S,, but it is often used loosely to mean the particle’s 
spin quantum number s. In the latter case, for example, an electron is said to be 
a spin-+ particle. 

Particles with half-integer spin quantum numbers (like electrons) are called 
fermions, after Fermi, who (simultaneously with Paul Dirac) discovered the sta- 
tistical laws that govern their behavior. Like electrons, protons and neutrons also 
have s = } and are fermions. 

Particles with zero or integer spin quantum numbers are called bosons, 
after Indian physicist Satyendra Nath Bose, who (simultaneously with Albert 
Einstein) discovered the governing statistical laws for those particles. Photons, 
which have s = 1, are bosons; you will soon meet other particles in this class. 

This may seem a trivial way to classify particles, but it is very important for 
this reason: 
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We saw how important the Pauli exclusion principle is when we “built up” the 
atoms by assigning (spin-3) electrons to individual quantum states. Using that 
principle led to a full accounting of the structure and properties of atoms of 
different types and of solids such as metals and semiconductors. 

Because bosons do not obey the Pauli principle, those particles tend to pile 
up in the quantum state of lowest energy. In 1995 a group in Boulder, Colorado, 
succeeded in producing a condensate of about 2000 rubidium-87 atoms—they 
are bosons—in a single quantum state of approximately zero energy. 

For this to happen, the rubidium has to be a vapor with a temperature so low 
and a density so great that the de Broglie wavelengths of the individual atoms are 
sreater than the average separation between the atoms. When this condition is 
met, the wave functions of the individual atoms overlap and the entire assembly 
becomes a single quantum system (one big atom) called a Bose-Einstein con- 
densate. Figure 44-1 shows that, as the temperature of the rubidium vapor is 
lowered to about 1.70 X 10°’ K, the atoms do indeed “collapse” into a single 
sharply defined state corresponding to approximately zero speed. 


FiG. 44-1 Three plots of the particle 
speed distribution in a vapor of rubid- 
ium-87 atoms. The temperature of the 
vapor Is successively reduced from plot 
(a) to plot (c). Plot (c) shows a sharp 
peak centered around zero speed; that 
is, all the atoms are in the same quan- 
tum state. The achievement of such a 
Bose — Einstein condensate, often 
called the Holy Grail of atomic 
physics, was finally recorded in 1995, 
(Courtesy Michael Mathews) (a) (b) (c) 
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Hadron or Lepton? 





We can also classify particles in terms of the four fundamental forces that act on 
them. The gravitational force acts on all particles, but its effects at the level of 
subatomic particles are so weak that we need not consider that force (at least not 
in today’s research). The electromagnetic force acts on all electrically charged par- 
ticles; its effects are well known, and we can take them into account when we 
need to; we largely ignore this force in this chapter. 

We are left with the strong force, which is the force that binds nucleons 
together, and the weak force, which is involved in beta decay and similar 
processes. The weak force acts on all particles, the strong force only on some. 

We can, then, roughly classify particles on the basis of whether the strong 
force acts on them. Particles on which the strong force acts are called hadrons. 
Particles on which the strong force does not act, leaving the weak force as the 
dominant force, are called leptons. Protons, neutrons, and pions are hadrons; 
electrons and neutrinos are leptons. 

We can make a further distinction among the hadrons because some of them 
are bosons (we call them mesons); the pion is an example. The other hadrons are 
fermions (we call them baryons); the proton is an example. 


Particle or Antiparticle? 


In 1928 Dirac predicted that the electron e” should have a positively charged 
counterpart of the same mass and spin. The counterpart, the positron e*, was dis- 
covered in cosmic radiation in 1932 by Carl Anderson. Physicists then gradually 
realized that every particle has a corresponding antiparticle. The members of 
such pairs have the same mass and spin but opposite signs of electric charge 
(if they are charged) and opposite signs of quantum numbers that we have not 
yet discussed. 

At first, particle was used to refer to the common particles such as electrons, 
protons, and neutrons, and antiparticle referred to their rarely detected counter- 
parts. Later, for the less common particles, the assignment of particle and anti- 
particle was made so as to be consistent with certain conservation laws that we 
shall discuss later in this chapter. (Confusingly, both particles and antiparticles 
are sometimes called particles when no distinction is needed.) We often, but not 
always, represent an antiparticle by putting a bar over the symbol for the particle. 
‘Thus, p is the symbol for the proton, and p (pronounced “‘p bar’’) is the symbol for 
the antiproton. 

When a particle meets its antiparticle, the two can annihilate each other. That 
is, the particle and antiparticle disappear and their combined energies reappear 
in other forms. For an electron annihilating with a positron, this energy reappears 
as two gamma-ray photons: 


oe Ce ay avy) (44-5) 


If the electron and positron are stationary when they annihilate, their total 
energy is their total mass energy, and that energy is then shared equally by the 
two photons. To conserve momentum and because photons cannot be stationary, 
the photons fly off in opposite directions. 

Large numbers of antihydrogen atoms (each with an antiproton and positron 
instead of a proton and electron in a hydrogen atom) are now being manufac- 
tured and studied at CERN. The Standard Model predicts that a transition in an 
antihydrogen atom (say, between the first excited state and the ground state) is 
identical to the same transition in a hydrogen atom. Thus, any difference in the 
transitions would clearly signal that the Standard Model is erroneous; no differ- 
ence has yet been spotted. 

An assembly of antiparticles, such as an antihydrogen atom, is often called 
antimatter to distinguish it from an assembly of common particles (matter). (The 


terms can easily be confusing when the word “matter” is used to describe any- 
thing that has mass.) We can speculate that future scientists and engineers may 
construct objects of antimatter. However, no evidence suggests that nature has 
already done this on an astronomical scale because all stars and galaxies appear 
to consist largely of matter and not antimatter. This is a perplexing observation 
because it means that when the universe began, some feature biased the con- 
ditions toward matter and away from antimatter. (For example, electrons are 
common but positrons are not.) This bias is still not well understood. 
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Before pressing on with the task of classifying the particles, let us step aside for 
a moment and capture some of the spirit of particle research by analyzing a typi- 
cal particle event—namely, that shown in the bubble-chamber photograph of 
Fig. 44-2a. 

The tracks in this figure consist of bubbles formed along the paths of electri- 
cally charged particles as they move through a chamber filled with liquid hydro- 
gen. We can identify the particle that makes a particular track by— among other 
means— measuring the relative spacing between the bubbles. The chamber lies 
in a uniform magnetic field that deflects the tracks of positively charged particles 
counterclockwise and the tracks of negatively charged particles clockwise. By 
measuring the radius of curvature of a track, we can calculate the momentum of 
the particle that made it. Table 44-1 shows some properties of the particles and 
antiparticles that participated in the event of Fig. 44-2a, including those that did 
not make tracks. Following common practice, we express the masses of the parti- 
cles listed in Table 44-1—and in all other tables in this chapter—in the unit 
MeV/c’. The reason for this notation is that the rest energy of a particle is needed 
more often than its mass. Thus, the mass of a proton is shown in Table 44-1 to be 
938.3 MeV/c’. To find the proton’s rest energy, multiply this mass by c’ to obtain 
938.3 MeV. 

The general tools used for the analysis of photographs like Fig. 44-2a are the 
laws of conservation of energy, linear momentum, angular momentum, and elec- 
tric charge, along with other conservation laws that we have not yet discussed. 
Figure 44-2a is actually one of a stereo pair of photographs so that, in practice, 
these analyses are carried out in three dimensions. 

The event of Fig. 44-2a is triggered by an energetic antiproton (p) that, 
generated in an accelerator at the Lawrence Berkeley Laboratory, enters the 
chamber from the left. There are three separate subevents; one occurs at point 1 
in Fig. 44-25, the second occurs at point 2, and the third occurs out of the frame of 
the Neue: Let's examine cach: 


1. Proton—Antiproton Annihilation. At point 1 in Fig. 44-25, the initiating an- 
tiproton (blue track) slams into a proton of the liquid hydrogen in the cham- 


uy 


The Particles or Antiparticles Involved in the Event of Fig. 44-2 
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FIG. 44-2 (a) A bubble-chamber 
photograph of a series of events initi- 
ated by an antiproton that enters the 
chamber from the left. (6) The tracks 
redrawn and labeled for clarity. The 
dots at points 1 and 2 indicate the 
sites of specific secondary events that 
are described in the text. The tracks 
are curved because a magnetic field 
present in the chamber exerts a de- 
flecting force on each moving 
charged particle. (Courtesy 
Lawrence Berkeley Laboratory) 


Mass Spin Quantum Mean Life 
Particle Symbol Charge g (MeV/c?) Number s Identity (s) Antiparticle 
Neutrino y 0 =x 107 t Lepton Stable D 
Electron ce sal O75 5 Lepton Stable cr 
Muon ee —1 165.7 5 Lepton 2210 [es 
Pion aa +1 139.6 0 Meson OC ee Te 
Proton p ale 938.3 - Baryon Stable p 


Was Chapter 44 | Quarks, Leptons, and the Big Bang 


ber, and the result is mutual annihilation. We can tell that annihilation oc- 
curred while the incoming antiproton was in flight because most of the 
particles generated in the encounter move in the forward direction— that 1s, 
toward the right in Fig. 44-2. From the principle of conservation of linear 
momentum, the incoming antiproton must have had a forward momentum 
when it underwent annihilation. 

The total energy involved in the collision of the antiproton and the proton 
is the sum of the antiproton’s kinetic energy and the two (identical) rest en- 
ergies of those two particles (2 x 938.3 MeV, or 1876.6 MeV). This is enough 
energy to create a number of lighter particles and give them kinetic energy. 
In this case, the annihilation produces four positive pions (red tracks in Fig. 
44-2b) and four negative pions (green tracks). (For simplicity, we assume that 
no gamma-ray photons, which would leave no tracks because they lack electric 
charge, are produced.) Thus we conclude that the annihilation process is 


pao 47 4, (44-6) 


We see from Table 44-1 that the positive pions (7) are particles and the nega- 
tive pions (7) are antiparticles. The reaction of Eq. 44-6 is a strong interaction 
(it involves the strong force) because all the particles involved are hadrons. 

Let us check whether electric charge is conserved in the reaction. To do so, 
we can write the electric charge of a particle as ge, in which gq is a charge 
quantum number. Then determining whether electric charge is conserved in 
a process amounts to determining whether the initial net charge quantum 
number is equal to the final net charge quantum number. In the process of 
Eq. 44-6, the initial net charge number is 1 + (—1), or 0, and the final net 
charge number is 4(1) + 4(—1), or 0. Thus, charge is conserved. 

For the energy balance, note from above that the energy available from 
the p-p annihilation process is at least the sum of the proton and antiproton 
rest energies, 1876.6 MeV. The rest energy of a pion is 139.6 MeV, which means 
the rest energies of the eight pions amount to 8 X 139.6 MeV, or 1116.8 MeV. 
This leaves at least about 760 MeV to distribute among the eight pions as 
kinetic energy. Thus, the requirement of energy conservation is easily met. 


2. Pion Decay. Pions are unstable particles and decay with a mean lifetime of 
2.6 X 10-*s. At point 2 in Fig. 44-2b, one of the positive pions comes to rest in 
the chamber and decays spontaneously into an antimuon mu (purple track) 
and a neutrino v: 


mt >t +p. (44-7) 


The neutrino, being uncharged, leaves no track. Both the antimuon and the 
neutrino are leptons; that 1s, they are particles on which the strong force does 
not act. Thus, the decay process of Eq. 44-7, which is governed by the weak 
force, is described as a weak interaction. From Table 44-1, the rest energy of an 
antimuon is 105.7 MeV and the rest energy of a neutrino 1s approximately 0. 
Thus, an energy of 139.6 MeV — 105.7 MeV, or 33.9 MeV, is available to share 
between the antimuon and the neutrino as kinetic energy. 

Let us check whether spin angular momentum is conserved in the process 
of Eq. 44-7. This amounts to determining whether the net component S, of 
spin angular momentum along some arbitrary z axis can be conserved by the 
process. The spin quantum numbers s of the particles in the process are 0 for 
the pion w* and 5 for both the antimuon + and the neutrino v. Thus, for 7*, 
the component S, must be Of, and for * and p, it can be either +ih or —sh. 

The net component S, is conserved by the process of Eq. 44-7 if there is 
any way in which the initial S, (= Oh) can be equal to the final net S,. We see 
that if one of the products, either w* or v, has S, = +5h and the other has 
Ss, = —>h, then their final net value is Oh. Thus, because S, can be conserved, 
the decay process of Eq. 44-7 can occur. 
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From Eq. 44-7, we also see that the net charge is conserved by the process: 
before the process the net charge quantum number is +1, and after the 
process itis +1 + 0 = +1. 


3. Muon Decay. Muons (whether pw” or pw") are also unstable, decaying with 
a mean life of 2.2 x 10°-°s. Although the decay products are not shown in 
Fig. 44-2b, the antimuon produced in the reaction of Eq. 44-7 comes to rest 
and decays spontaneously according to 


i 36" -p +P. (44-8) 


The rest energy of the antimuon is 105.7 MeV, and that of the positron is only 
0.511 MeV, leaving 105.2 MeV to be shared as kinetic energy among the three 
particles produced in the decay process of Eq. 44-8. 

You may wonder: Why two neutrinos in Eq. 44-8? Why not just one, as in 
the pion decay in Eq. 44-7? One answer is that the spin quantum numbers of the 
antimuon, the positron, and the neutrino are each x; with only one neutrino, 
the net component S, of spin angular momentum could not be conserved in the 
antimuon decay of Eq. 44-8. In Section 44-4 we shall discuss another reason. 


Sample Problem Eee 


A stationary positive pion can decay according to 
Tig Wao cule We 


What is the kinetic energy of the antimuon p*? What is 
the kinetic energy of the neutrino? 


KEY IDEA The pion decay process must conserve both 


total energy and total linear momentum. 


Energy conservation: Let us first write the conserva- 
tion of total energy (rest energy mc? plus kinetic energy 
K) for the decay process as 


ince” + Kee madi oak Kos 


Because the pion was stationary, its kinetic energy K,, is 
zero. Then, using the masses listed for m,, m,, and m,, in 
Table 44-1, we find 


= Bia —— 2 
IS, Sa MC iG 


= 139.6 MeV — 105.7 MeV — 0 


= 33.9 MeV, (44-9) 


where we have approximated m.,, as zero. 


Momentum conservation: We cannot solve Eq. 44-9 
for either K,, or K, separately, and so let us next apply 
the principle of conservation of linear momentum to 
the decay process. Because the pion is stationary when 
it decays, that principle requires that the muon and neu- 
trino move in opposite directions after the decay. 
Assume that their motion is along an axis. Then, for 
components along that axis, we can write the conserva- 
tion of linear momentum for the decay as 


Par= Put Pv 


which, with p, = 0, gives us 


Die = =P: (44-10) 


Relating p and K: We want to relate these momenta p,, 
and —p, to the kinetic energies K,, and K, so that we can 
solve for the kinetic energies. Because we have no reason 
to believe that classical physics can be applied to the mo- 
tion of the muon and neutrino, we use Eq. 37-54, the mo- 
mentum—kinetic energy relation from special relativity: 


Gpc)? = Ke + 2kme-. (44-11) 
From Eq. 44-10, we know that 
(pyc)’ = (pe). (44-12) 


Substituting from Eq. 44-11 for each side of Eq. 44-12 
yields 

Kite ne = Ke 2K mm," 
Approximating the neutrino mass to be m,, = 0, substi- 


tuting K, = 33.9 MeV — K, from Eq. 44-9, and then 
solving for K,,, we find 


oe (33.9 MeV)? 
m@e(2)( 33.9 MeV +-110,0°) 
(33.9 MeV)? 
~ (2)(33.9 MeV + 105.7 MeV) 
= 4.12 MeV. (Answer) 


The kinetic energy of the neutrino is then, from Eq. 44-9, 


KP= 33.9 Mev. = K, = 38:9 MeV = 4.12 Mev 


= 29.8 MeV. (Answer) 


We see that, although the magnitudes of the momenta 
of the two recoiling particles are the same, the neutrino 
gets the larger share (88% ) of the kinetic energy. 
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Sample Problem gry 


Stationary protons in a bubble chamber are bombarded Calculation: For the given reaction, we find 
aa negative pions, and the following reaction Q = (m,c? + myc?) — (mc? + msc?) 
= (139.6 MeV + 938.3 MeV) 
Ti aa 1D ae eae — (493.7 MeV + 1189.4 MeV) 
The rest energies of these particles are = —605 MeV. (Answer) 
T- 139.6 MeV K- 493.7 MeV The minus sign means that the reaction 1s endothermic; 


that is, the incoming pion (7) must have a kinetic en- 

p 938.3 MeV 2” 1189.4 MeV ergy greater than a certain threshold value if the reac- 

What is the Q of the reaction? tion is to occur. The threshold energy is greater than 
605 MeV because linear momentum must be conserved, 
which means that the kaon (K~) and the sigma (=*) not 
only must be created but also must be given some ki- 
netic energy. A relativistic calculation whose details are 
om ( initial total _ ( final total ) beyond our scope shows that the threshold energy for 

mass energy mass energy the reaction is 907 MeV. 





Siti The QO of a reaction is 


44-4 | The Leptons 


In this and the next section, we discuss some of the particles of one of our classification 
schemes: lepton or hadron. We begin with the leptons, those particles on which the 
strong force does not act. So far, we have encountered the familiar electron and the 
neutrino that accompanies it in beta decay. The muon, whose decay is described in Eq. 
44-8, is another member of this family. Physicists gradually learned that the neutrino 
that appears in Eq. 44-7, associated with the production of a muon, is not the same par- 
ticle as the neutrino produced in beta decay, associated with the appearance of an elec- 
tron. We call the former the muon neutrino (symbol v,) and the latter the electron 
neutrino (symbol v.) when it is necessary to distinguish between them. 

These two types of neutrino are Known to be different particles because, tf 
a beam of muon neutrinos (produced from pion decay as in Eq. 44-7) strikes a solid 
target, only muons—and never electrons—are produced. On the other hand, if 
electron neutrinos (produced by the beta decay of fission products in a nuclear re- 
actor) strike a solid target, only electrons —and never muons— are produced. 

Another lepton, the tau, was discovered at SLAC in 1975; its discoverer, 
Martin Perl, shared the 1995 Nobel Prize in physics. The tau has its own associ- 
ated neutrino, different still from the other two. Table 44-2 lists all the leptons 
(both particles and antiparticles); all have a spin quantum number s of . 


p01 


The Leptons‘ 


Mass 
Family Particle Symbol (MeV/c?) Charge q Antiparticle 
Flect Electron eo Osi = oa 
ectron 
Electron neutrino” Ve Oe: 0 De 
Muon fe 105.7 = pe 
Muon ’ E = 
Muon neutrino’ Vy, ea alan 0 Dy 
1 Tau ie La ei = 
a Tau neutrino? V, Zea! 0 D, 


“All leptons have spin quantum numbers of 5 and are thus fermions. 
>The neutrino masses have not been well determined. 


There are reasons for dividing the leptons into three families, each consisting 
of a particle (electron, muon, or tau), its associated neutrino, and the correspond- 
ing antiparticles. Furthermore, there are reasons to believe that there are only the 
three families of leptons shown in Table 44-2. Leptons have no internal structure 
and no measurable dimensions; they are believed to be truly pointlike fundamental 
particles when they interact with other particles or with electromagnetic waves. 


The Conservation of Lepton Number 


According to experiment, particle interactions involving leptons obey a conser- 
vation law for a quantum number called the lepton number L. Each (normal) 
particle in Table 44-2 is assigned L = +1, and each antiparticle is assigned L = 
—1. All other particles, which are not leptons, are assigned L = 0. Also according 
to experiment, 















































































































































Thus, there are actually three lepton numbers L,, L,, L,,and the net of each must 
remain unchanged during any particle interaction. This experimental fact is 
called the law of conservation of lepton number. 

We can ulustrate this law by reconsidering the antimuon decay process 
shown in Eq. 44-8, which we now write more fully as 


a > ear te Dy (44-13) 


Consider this first in terms of the muon family of leptons. The * is an antiparti- 
cle (see Table 44-2) and thus has the muon lepton number L, = —1. The two 
particles e* and », do not belong to the muon family and thus have L,, = 0. This 
leaves v, on the right which, being an antiparticle, also has the muon lepton 
number L., = —1. Thus, both sides of Eq. 44-13 have the same net muon lepton 
number—namely, L, = —1; if they did not, the w* would not decay by this 
process. 

No members of the electron family appear on the left in Eq. 44-13; so there 
the net electron lepton number must be L, = 0. On the right side of Eq. 44-13, the 
positron, being an antiparticle (again see Table 44-2), has the electron lepton num- 
ber L, = —1. The electron neutrino v,, being a particle, has the electron number 
L, = +1.Thus, the net electron lepton number for these two particles on the right in 
Eq. 44-13 is also zero; the electron lepton number is also conserved in the process. 

Because no members of the tau family appear on either side of Eq. 44-13, we 
must have L, = 0 on each side. Thus, each of the lepton quantum numbers L,,, L., 
and L, remains unchanged during the decay process of Eq. 44-13, their constant 
values being —1, 0, and 0, respectively. This example is but one illustration of the 
conservation of lepton number; this law holds for all particle interactions. 


CHECKPOINT 1 (a) The z* meson decays by the process 7* — yw* + v. To 
what lepton family does the neutrino v belong? (b) Is this neutrino a particle or an 
antiparticle? (c) What is its lepton number? 


44-5 | The Hadrons 


We are now ready to consider hadrons (baryons and mesons), those particles 
whose interactions are governed by the strong force. We start by adding another 
conservation law to our list: conservation of baryon number. 

To develop this conservation law, let us consider the proton decay process 


Ser (44-14) 


44.5 | The Hadrons | 4)7a7aré 
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This process never happens. We should be glad that it does not because otherwise 
all protons in the universe would gradually change into positrons, with disastrous 
consequences for us. Yet this decay process does not violate the conservation 
laws involving energy, linear momentum, or lepton number. 

We account for the apparent stability of the proton—and for the absence of 
many other processes that might otherwise occur—by introducing a new quan- 
tum number, the baryon number B, and a new conservation law, the conservation 


of paryou number: 














































































































In the process of Eq. 44-14, the proton has a nee number of B = +1 and 
the positron and neutrino both have a baryon number of B = 0. Thus, the process 
does not conserve baryon number and cannot occur. 


Yc HECKPOINT 2 ~~ This mode of decay for a neutron is not observed: 


Dayey Oran henis 


Which of the following conservation laws does this process violate: (a) energy, (b) angular 
momentum, (c) linear momentum, (d) charge, (e) lepton number, (f) baryon number? 
The masses are m, = 939.6 MeV/c*,m, = 938.3 MeV/c’, and m, = 0.511 MeV/c’. 


Sample Problem | 44-3 | 


Determine whether a stationary proton can decay ac- 
cording to the scheme 
Die gr aa 


Properties of the proton and the 7” pion are listed in 
Table 44-1. The 7” pion has zero charge, zero spin, and a 
mass energy of 135.0 MeV. 





Uaseileteial) We need to see whether the proposed decay 
violates any of the conservation laws we have discussed. 


Electric charge: We see that the net charge quantum 
number is initially +1 and finally 0 + 1, or +1. Thus, 
charge 1s conserved by the decay. Lepton number is also 
conserved, because none of the three particles is a 
lepton and thus each lepton number is zero. 


Linear momentum: Because the proton is stationary, 
with zero linear momentum, the two pions must merely 
move in opposite directions with equal magnitudes of 
linear momentum (so that their total linear momentum 
is also zero) to conserve linear momentum. The fact that 
linear momentum can be conserved means that the 
process does not violate the conservation of linear 
momentum. 


Energy: Is there energy for the decay? Because the 
proton is stationary, that question amounts to asking 
whether the proton’s mass energy is sufficient to pro- 


duce the mass energies and kinetic energies of the pi- 
ons. To answer, we evaluate the Q of the decay: 


ie — total _ ( final total 


mass energy mass energy 
= mc” = (mgc* + mc*) 
= 938.3 MeV — (135.0 MeV + 139.6 MeV) 
= 663.7 MeV. 


The fact that Q is positive indicates that the initial mass 
energy exceeds the final mass energy. Thus, the proton 
does have enough mass energy to create the pair of 
pions. 


spin: Is spin angular momentum conserved by the 
decay? This amounts to determining whether the net 
component S, of spin angular momentum along some 
arbitrary z axis can be conserved by the decay. The spin 
quantum numbers s of the particles in the process are 
\ for the proton and 0 for both pions. Thus, for the 
proton the component S, can be either + wh or —sh and 
for each pion it is Oh. We see that there is no way that S, 
can be conserved. Hence, spin angular momentum is not 
conserved, and the proposed decay of the proton 
cannot occur. 


Saryon number: The decay also violates the conserva- 
tion of baryon number: The proton has a baryon num- 
ber of B = +1, and both pions have a baryon number of 
B = 0. Thus, nonconservation of baryon number is an- 
other reason the proposed decay cannot occur. 


44-6 | Still Another Conservation Law | 1/74": 


Sample Problem grey 


A particle called xi-minus and having the symbol =~ 
decays as follows: 


Bm —>A° 4+ 77. 


The A° particle (called lambda-zero) and the 7 particle 
are both unstable. The following decay processes occur 
in cascade until only relatively stable products remain: 


KY pear Tite fe ale, 


ee a Vere 


(a) Isthe &” particle a lepton or a hadron? If the latter, 
is ita baryon or a meson? 


ceo (1) Only three families of leptons exist 


(Table 44-2) and none include the S~ particle. Thus, the 
= must be a hadron. (2) To answer the second question 
we need to determine the baryon number of the 57 
particle. If it is +1 or —1, then the &™ is a baryon. If, in- 


stead, it is 0, then the &~ is a meson. 


Baryon number: To sce, let us write the overall decay 
scheme, from the initial &~ to the final relatively stable 
products, as 


2p ter) 20 y,): (44-15) 


On the right side, the proton has a baryon number of +1 
and each electron and neutrino has a baryon number of 0. 
Thus, the net baryon number of the night side is +1. That 
must then be the baryon number of the lone =~ particle on 
the left side. We conclude that the E~ particle is a baryon. 


(b) Does the decay process conserve the three lepton 
numbers? 


cere Any process must separately conserve the 


net lepton number for each lepton family of Table 44-2. 


Lepton number: Let us first consider the electron lep- 
ton number L,, which is +1 for the electron e, —1 for 
the anti-electron neutrino »,, and O for the other parti- 
cles in the overall decay of Eq. 44-15. We see that the 
Met 2.8 2[7 1 1) 2(0 =. 0) — 0 alter the decay 
and 0 before the decay. Thus, the net electron lepton 
number is conserved. You can similarly show that the 
net muon lepton number and the net tau lepton number 
are also conserved. 


(c) What can you say about the spin of the & particle? 


csi The overall decay scheme of Eq. 44-15 


must conserve the net spin component S,. 


Spin: We can determine the spin component S, of the 
E~ particle on the left side of Eq. 44-15 by considering 
the S, components of the nine particles on the right side. 
All nine of those particles are spin-5 particles and thus 
can have S, of either +5h or —;h. No matter how we 
choose between those two possible values of S,, the net 
S, for those nine particles must be a half-integer times h. 
Thus, the &” particle must have S, of a half-integer times 
h, and that means that its spin quantum number s must 
be a half-integer. (Actually, the quantum number is 5) 


44-6 | Still Another Conservation Law 


Particles have intrinsic properties in addition to the ones we have listed so far: 
mass, charge, spin, lepton number, and baryon number. The first of these addi- 
tional properties was discovered when researchers observed that certain new 
particles, such as the kaon (K) and the sigma (*), always seemed to be produced 
in pairs. It seemed impossible to produce only one of them at a time. Thus, if 
a beam of energetic pions interacts with the protons in a bubble chamber, the 
reaction 


Tie eye (44-16) 


often occurs. The reaction 


m +p + d?, (44-17) 


which violates no conservation law known in the early days of particle physics, 
never Occurs. 

It was eventually proposed (by Murray Gell-Mann in the United States and 
independently by K. Nishijima in Japan) that certain particles possess a new 
property, called strangeness, with its own quantum number S and its own conser- 
vation law. (Be careful not to confuse the symbol S here with spin.) The name 
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strangeness arises from the fact that, before the identities of these particles were 
oil ~~ S=0 pinned down, they were known as “strange particles,” and the label stuck. 

The proton, neutron, and pion have S = 0; that is, they are not “strange.” It 
was proposed, however, that the K* particle has strangeness § = +1 and that 
yt S=-1 &* has S = —1. In the reaction of Eq. 44-16, the net strangeness is initially zero 

and finally zero; thus, the reaction conserves strangeness. However, in the reac- 

tion shown in Eq. 44-17, the final net strangeness is —1; thus, that reaction does 
\. g=-9 not conserve strangeness and cannot occur. Apparently, then, we must add one 
; more conservation law to our list— the conservation of strangeness: 







































































mg Sy It may seem heavy-handed to invent a new property of particles just to 
account for a little puzzle like that posed by Eqs. 44-16 and 44-17. However, 
strangeness and its quantum number soon revealed themselves in many other 
—g-9 areas of particle physics, and strangeness is now fully accepted as a legitimate 
particle attribute, on a par with charge and spin. 

Do not be misled by the whimsical character of the name. Strangeness is no 
more mysterious a property of particles than is charge. Both are properties that 
particles may (or may not) have; each is described by an appropriate quantum 
number. Each obeys a conservation law. Still other properties of particles have 
been discovered and given even more whimsical names, such as charm and bot- 
FIG. 44-3 (a) The eightfold way pat- | tomness, but all are perfectly legitimate properties. Let us see, as an example, how 
tern for the eight spin-+ baryons the new property of strangeness “earns its keep” by leading us to uncover impor- 
listed in Table 44-3. The particles are _ tant regularities in the properties of the particles. 
represented as disks on a strange- 
ness—charge plot, using a sloping axis 
for the charge quantum number. (b) 44-7 The Eig htfold Way 
A similar pattern for the nine spin- 
zero mesons listed in Table 44-4. There are eight baryons—the neutron and the proton among them—that have 
a spin quantum number of . Table 44-3 shows some of their other properties. 
Figure 44-3a shows the fascinating pattern that emerges if we plot the strangeness 
of these baryons against their charge quantum number, using a sloping axis for 
the charge quantum numbers. Six of the eight form a hexagon with the two 
remaining baryons at its center. 

Let us turn now from the hadrons called baryons to the hadrons called 
mesons. Nine with a spin of zero are listed in Table 44-4. If we plot them on a slop- 





bys ee ye 








Eight Spin-> Baryons Nine Spin-Zero Mesons* 
Quantum Numbers Quantum Numbers 
Mass ee Mass rr 
Particle Symbol (MeV/c?) Chargeg  Strangeness $ Particle Symbol (MeV/c*) Chargeq  Strangeness § 
Proton p 938.3 al 0 Pion qr 135.0 0 0 
Neutron n 939.6 0 0 Pion a 139.6 +1 0 
Lambda an. 1115.6 0 =I Pion T 139.6 vat 0 
Sigma 2" 1189.4 i =| Kaon K* 493.7 sik at 
Sigma > 1192.5 0 | Kaon K~ 493.7 = iL =| 
Sigma >» 1197.3 = It = Kaon K° 497.7 0 sll 
Xi 0 1314.9 0 ~2 Kaon K° 497.7 0 —] 
Xi E 1321.3 =al =! Eta n 547.5 0 0 
Eta prime 7 25728 0 0 
“All mesons are bosons, having spins of 0,1,2,.... The ones listed 


here all have a spin of 0. 





ee 44-8 | The Quark Model | 1/720} 
The Quarks“ 
Quantum Numbers 

Mass Charge  Strangeness Baryon 
Particle Symbol (MeV/c?) gq S Number B  Antiparticle 
Up u 5 +2 0 +3 u 
Down d 10 —5 0 +5 d 
Charm Cc 1500 +5 0 +3 C 
Strange S 200 —% Il +5 S 
Top t 175 000 S 0 +5 t 
Bottom b 4300 —% 0 +5 b 


“All quarks (including antiquarks) have spin 4 and thus are fermions. The quantum numbers q, S, 
and B for each antiquark are the negatives of those for the corresponding quark. 


ing strangeness—charge diagram, as in Fig. 44-3b, the same fascinating pattern 
emerges! These and related plots, called the eightfold way patterns,* were pro- 
posed independently in 1961 by Murray Gell-Mann at the California Institute of 
Technology and by Yuval Ne’eman at Imperial College, London. The two pat- 
terns of Fig. 44-3 are representative of a larger number of symmetrical patterns in 
which groups of baryons and mesons can be displayed. 

The symmetry of the eightfold way pattern for the spin-3 baryons (not shown 
here) calls for ten particles arranged in a pattern like that of the tenpins in a bowl- 
ing alley. However, when the pattern was first proposed, only nine such particles 
were known; the “headpin” was missing. In 1962, guided by theory and the symme- 
try of the pattern, Gell-Mann made a prediction in which he essentially said: 


There exists a spin-> baryon with a charge of —1, a strangeness of —3, and a rest 
energy of about 1680 MeV. If you look for this omega minus particle (as I propose 
to callit), I think you will find it. 


A team of physicists headed by Nicholas Samios of the Brookhaven National 
Laboratory took up the challenge and found the “missing” particle, confirming all 
its predicted properties. Nothing beats prompt experimental confirmation for 
building confidence in a theory! 

The eightfold way patterns bear the same relationship to particle physics that 
the periodic table does to chemistry. In each case, there is a pattern of organiza- 
tion in which vacancies (missing particles or missing elements) stick out like sore 
thumbs, guiding experimenters in their searches. In the case of the periodic table, 
its very existence strongly suggests that the atoms of the elements are not funda- 
mental particles but have an underlying structure. Similarly, the eightfold way 
patterns strongly suggest that the mesons and the baryons must have an underly- 
ing structure, in terms of which their properties can be understood. That structure 
can be explained in terms of the quark model, which we now discuss. 


| The Quark Model 





In 1964 Gell-Mann and George Zweig independently pointed out that the eight- 
fold way patterns can be understood in a simple way if the mesons and the 
baryons are built up out of subunits that Gell-Mann called quarks. We deal first 
with three of them, called the up quark (symbol u), the down quark (symbol d), 
and the strange quark (symbol s), and we assign to them the properties displayed 
in Table 44-5. (The names of the quarks, along with those assigned to three other 


*The name is a borrowing from Eastern mysticism. The “eight” refers to the eight quantum numbers 
(only a few of which we have defined here) that are involved in the symmetry-based theory that pre- 
dicts the existence of the patterns. 





The violent head-on collision of two 
30 GeV beams of gold atoms in the 
RHIC accelerator at the Brookhaven 
National Laboratory. In the moment 
of collision, a gas of individual quarks 
and gluons was created. (Courtesy 
Brookhaven National Laboratory) 
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FIG. 44-4 (a) The quark composi- 
tions of the eight spin-5 baryons plot- 
ted in Fig. 44-3a. (Although the two 
central baryons share the same 
quark structure, they are different 
particles. The sigma is an excited 
state of the lambda, decaying into the 
lambda by emission of a gamma-ray 
photon.) (b) The quark compositions 
of the nine spin-zero mesons plotted 


in Fig. 44-3b. 
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quarks that we shall meet later, have no meaning other than as convenient labels. 
Collectively, these names are called the quark flavors. We could just as well call 
them vanilla, chocolate, and strawberry instead of up, down, and strange.) 

The fractional charge quantum numbers of the quarks may jar you a little. 
However, withhold judgment until you see how neatly these fractional charges 
account for the observed integer charges of the mesons and the baryons. In all 
normal situations, whether here on Earth or in an astronomical process, quarks 
are always bound up together in twos or threes for reasons that are still not well 
understood. Such requirements are our normal rule for quark combinations. 

An exciting exception to the norma! rule occurred in experiments at the 
RHIC particle collider at the Brookhaven National Laboratory. At the spot 
where two high-energy beams of gold nuclei collided head-on, the kinetic energy 
of the particles was so large that it matched the kinetic energy of particles that 
were present soon after the beginning of the universe (as we discuss in Section 
44-14). The protons and neutrons of the gold nuclei were ripped apart to form a 
momentary gas of individual quarks. (The gas also contained gluons, the particles 
that normally hold quarks together, as we discuss in Section 44-9.) These experi- 
ments at RHIC may be the first time that quarks have been set free of one 
another since the universe began. 


Quarks and Baryons 


Each baryon is a combination of three quarks; some of the combinations are 
given in Fig. 44-4a. With regard to baryon number, we see that any three quarks 
(each with B = +4) yield a proper baryon (with B = +1). 

Charges also work out, as we can see from three examples. The proton has a 
quark composition of uud, and so its charge quantum number is 


q(uud) = 2 + 2 + (-§) = +1. 


The neutron has a quark composition of udd, and its charge quantum number 1s 


therefore 
g(udd) = 3 + (-3) + (-}) = 0. 


The =~ (sigma-minus) particle has a quark composition of dds, and its charge 
quantum number is therefore 
q(dds) = — + (-4) + (-4$) = -1. 

The strangeness quantum numbers work out as well. You can check this by 
using Table 44-3 for the &~ strangeness number and Table 44-5 for the strange- 
ness numbers of the dds quarks. 

Note, however, that the mass of a proton, neutron, >, or any other baryon is 
not the sum of the masses of the constituent quarks. For example, the total mass 
of the three quarks in a proton is only 20 MeV/c’, woefully less than the proton’s 
mass of 938.3 MeV/c’. Nearly all of the proton’s mass is due to the internal ener- 
gies of (1) the quark motion and (2) the fields that bind the quarks together (as 
discussed in Section 44-9). (Recall that mass is related to energy via Einstein’s 
equation, which we can write as m = E/c*.) Thus, because most of your mass is 
due to the protons and neutrons in your body, your mass (and therefore your 
weight on a bathroom scale) is primarily a measure of the energies of the quark 
motion and the quark-binding fields within you. 


Quarks and Mesons 


Mesons are quark—antiquark pairs; some of their compositions are given in 
Fig. 44-4b. The quark —antiquark model is consistent with the fact that mesons are 
not, baryons; that is, mesons have a baryon number B = 0. The baryon number 
for a quark is +5 and for an antiquark is 3 thus, the combination of baryon 
numbers in a meson is zero. 


Consider the meson 7", which consists of an up quark u and an antidown 
quark d. We see from Table 44-5 that the charge quantum number of the up quark 
is +£ and that of the antidown quark is +5 (the sign is opposite that of the down 
quark). This adds nicely to a charge quantum number of +1 for the a7” meson; 
that is, 

q(ud) =4+3= 41. 


All the charge and strangeness quantum numbers of Fig. 44-4b agree with 
those of Table 44-4 and Fig. 44-3). Convince yourself that all possible up, down, 
and strange quark—antiquark combinations are used and that all known spin- 
zero mesons are accounted for. Everything fits. 


CHECKPOINT 3 __ Is acombination of a down quark (d) and an antiup quark 
(t1) called (a) a 7” meson, (b) a proton, (c) a 7” meson, (d) a 7* meson, or (e) a neutron? 





A New Look at Beta Decay 





Let us see how beta decay appears from the quark point of view. In Eq. 42-24, we 
presented a typical example of this process: 


2p 2S +e + v, 


After the neutron was discovered and Fermi had worked out his theory of beta 
decay, physicists came to view the fundamental beta-decay process as the chang- 
ing of a neutron into a proton inside the nucleus, according to the scheme 


Hijri Pia ae eats 


in which the neutrino is identified more completely. Today we look deeper and 
see that a neutron (udd) can change into a proton (uud) by changing a down 
quark into an up quark. We now view the fundamental beta-decay process as 


cha ae a 


Thus, as we come to know more and more about the fundamental nature of mat- 
ter, we can examine familiar processes at deeper and deeper levels. We see too 
that the quark model not only helps us to understand the structure of particles 
but also clarifies their interactions. 


Still More Quarks 


There are other particles and other eightfold way patterns that we have not 
discussed. To account for them, it turns out that we need to postulate three more 
quarks, the charm quark c, the top quark t, and the bottom quark b. Thus, a total of 
six quarks exist, as listed in Table 44-5. 

Note that three quarks are exceptionally massive, the most massive of them 
(top) being almost 190 times more massive than a proton. To generate particles that 
contain such quarks, with such large mass energies, we must go to higher and higher 
energies, which is the reason that these three quarks were not discovered earlier. 

The first particle containing a charm quark to be observed was the J/WV 
meson, whose quark structure is cc. It was discovered simultaneously and inde- 
pendently in 1974 by groups headed by Samuel Ting at the Brookhaven National 
Laboratory and Burton Richter at Stanford University. 

The top quark defied all efforts to generate it in the laboratory until 1995, 
when its existence was finally demonstrated in the Tevatron, a large particle 
accelerator at Fermilab. In this accelerator, protons and antiprotons, each with 
an energy of 0.9 TeV (= 9 X 10! eV), are made to collide at the centers of two 
large particle detectors. In a very few cases, the colliding protons generate 
a top—antitop (tt) quark pair, which very quickly decays into particles that can be 
detected and thus can be used to infer the existence of the top—antitop pair. 
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Look back for a moment at Table 44-5 (the quark family) and Table 44-2 (the 
lepton family) and notice the neat symmetry of these two “six-packs” of particles, 
each dividing naturally into three corresponding two-particle families. In terms of 
what we know today, the quarks and the leptons seem to be truly fundamental 
particles having no internal structure. 


Sample Problem gr 


The ~ (xi-minus) particle has a spin quantum number s 
of s, a charge quantum number q of —1, and a strangeness 
quantum number S$ of —2. Also, it does not contain a bot- 
tom quark. What combination of quarks makes up =~? 


quantum number gq is —1, and the charge quantum num- 
ber q of each strange quark is —3, Thus, the third quark x 
must have a charge quantum number of —+, so that we 
can have 


Reasoning: From Sample Problem 44-4, we know that q(5 ) = q(ssx) 
the 5” is a baryon. So, it must consist of three quarks =-i+ (—3) + (—3) = -1. 
(not two as for a meson). 


Besides the strange quark, the only quarks with q= ~3 


are the down quark d and bottom quark b. Because the 
problem statement ruled out a bottom quark, the third 
quark must be a down quark. This conclusion is also 
consistent with the baryon quantum numbers: 


B(=~) = B(ssd) 
=F+34+4=41. 


Let us next consider the strangeness S = —2 of the 
=. Only the strange quark s and the antistrange quark 
S have nonzero values of strangeness (see Table 44-5). 
Further, because only the strange quark s has a negative 
value of strangeness, 2 must contain that quark. In 
fact, for =~ to have a strangeness of —2, it must contain 
two strange quarks. 

To determine the third quark, call it x, we can con- 
sider the other known properties of =~. Its charge Thus, the quark composition of the 2~ particle is ssd. 


—_-_----err—— rr eee 
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We turn now from cataloging the particles to considering the forces between 
them. 


The Electroma 


At the atomic level, we say that two electrons exert electromagnetic forces on 
each other according to Coulomb’s law. At a deeper level, this interaction is 
described by a highly successful theory called quantum electrodynamics (QED). 
From this point of view, we say that each electron senses the presence of the 
other by exchanging photons with it. 

We cannot detect these photons because they are emitted by one electron 
and absorbed by the other a very short time later. Because of their undetectable 
existence, we call them virtual photons. Because they communicate between the 
two interacting charged particles, we sometimes call these photons messenger 
particles. 

If a stationary electron emits a photon and remains itself unchanged, energy 
is not conserved. The principle of conservation of energy is saved, however, by 
the uncertainty principle, written in the form 


AF: At ~ fh, 


gnetic Force 





(44-18) 


as discussed in Sample Problem 42-10. Here we interpret this relation to mean that 
you can “overdraw” an amount of energy AEF, violating conservation of energy, 
provided you “return” it within an interval At given by f/AE so that the violation 
cannot be detected. The virtual photons do just that. When, say, electron A emits a 
virtual photon, the overdraw in energy is quickly set right when that electron re- 
ceives a virtual photon from electron B, and the violation of the principle of con- 
servation of energy for the electron pair is hidden by the inherent uncertainty. 
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A theory of the weak force, which acts on all particles, was developed by analogy 
with the theory of the electromagnetic force. The messenger particles that trans- 
mit the weak force between particles, however, are not (massless) photons but 
massive particles, identified by the symbols W and Z. The theory was so successful 
that it revealed the electromagnetic force and the weak force as being different 
aspects of a single electroweak force. This accomplishment is a logical extension 
of the work of Maxwell, who revealed the electric and magnetic forces as being 
different aspects of a single electromagnetic force. 

The electroweak theory was specific in predicting the properties of the mes- 
senger particles. Their charges and masses, for example, were predicted to be 


Particle Charge Mass 
Ww +e 80.4 GeV/c? 


Z 0 91.2 GeV/c? 


Recall that the proton mass is only 0.938 GeV/c’; these are massive particles! The 
1979 Nobel Prize in physics was awarded to Sheldon Glashow, Steven Weinberg, 
and Abdus Salam for their development of the electroweak theory. 

The theory was confirmed in 1983 by Carlo Rubbia and his group at CERN, 
who experimentally verified both messenger particles and found that their 
masses agreed with the predicted values. The 1984 Nobel Prize in physics went to 
Rubbia and Simorvan der Meer for this brilliant experimental work. 

Some notion of the complexity of particle physics in this day and age can be 
found by looking at an earlier particle physics experiment that led to the Nobel 
Prize in physics—the discovery of the neutron. This vitally important discovery 
was a “tabletop” experiment, employing particles emitted by naturally occurring 
radioactive materials as projectiles; it was reported in 1932 under the title 
“Possible Existence of a Neutron,” the single author being James Chadwick. 

The discovery of the W and Z messenger particles in 1983, by contrast, was 
carried out at a large particle accelerator, about 7 km in circumference and oper- 
ating in the range of several hundred billion electron-volts. The principal particle 
detector alone weighed 20 MN. The experiment employed more than 130 physi- 
cists from 12 institutions in 8 countries, along with a large support staff. 


The Strong Force 


A theory of the strong force —that is, the force that acts between quarks to bind 
hadrons together—has also been developed. The messenger particles in this case 
are called gluons and, like the photon, they are predicted to be massless. The the- 
ory assumes that each “flavor” of quark comes in three varieties that, for conve- 
nience, have been labeled red, yellow, and blue. Thus, there are three up quarks, 
one of each color, and so on. The antiquarks also come in three colors, which we 
call antired, antiyellow, and antiblue. You must not think that quarks are actually 
colored, like tiny jelly beans. The names are labels of convenience, but (for once) 
they do have a certain formal justification, as you will see. 

The force acting between quarks is called a color force and the underlying 
theory, by analogy with quantum electrodynamics (QED), is called quantum 
chromodynamics (QCD). Apparently, quarks can be assembled only in combina- 
tions that are color-neutral. 

There are two ways to bring about color neutrality. In the theory of actual 
colors, red + yellow + blue yields white, which is color-neutral, and we use the 
same scheme in dealing with quarks. Thus we can assemble three quarks to form 
a baryon, provided one is a yellow quark, one is a red quark, and one is a blue 
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quark. Antired + antiyellow + antiblue is also white, so that we can assemble 
three antiquarks (of the proper anticolors) to form an antibaryon. Finally, red + 
antired, or yellow + antiyellow, or blue + antiblue also yields white. Thus, we can 
assemble a quark—antiquark combination to form a meson. The color-neutral 
rule does not permit any other combination of quarks, and none are observed. 

The color force not only acts to bind together quarks as baryons and mesons, 
but it also acts between such particles, in which case it has traditionally been 
called the strong force. Hence, not only does the color force bind together quarks 
to form protons and neutrons, but it also binds together the protons and neutrons 
to form nuclei. 





Einstein’s Dream 


The unification of the fundamental forces of nature into a single force —which 
occupied Einstein’s attention for much of his later life—is very much a current 
focus of research. We have seen that the weak force has been successfully com- 
bined with electromagnetism so that they may be jointly viewed as aspects of a 
single electroweak force. Theories that attempt to add the strong force to this 
combination—called grand unification theories (GUTs)—are being pursued 
actively. Theories that seek to complete the job by adding gravity—sometimes 
called theories of everything (TOE)—are at an encouraging but speculative stage 
at this time. 
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Let us put what you have just learned in perspective. If all we are interested in is 
the structure of the world around us, we can get along nicely with the electron, 
the neutrino, the neutron, and the proton. As someone has said, we can operate 
“Spaceship Earth” quite well with just these particles. We can see a few of the 
more exotic particles by looking for them in the cosmic rays; however, to see most 
of them, we must build massive accelerators and look for them at great effort and 
expense. 

The reason we must go to such effort is that— measured in energy terms— we 
live in a world of very low temperatures. Even at the center of the Sun, the value 
of kT 1s only about 1 keV. To produce the exotic particles, we must be able to ac- 
celerate protons or electrons to energies in the GeV and TeV range and higher. 

Once upon a time the temperature everywhere was high enough to provide 
such energies. That time of extremely high temperatures occurred in the big bang 
beginning of the universe, when the universe (and both space and time) came 
into existence. Thus, one reason scientists study particles at high energies is to 
understand what the universe was like just after it began. 

As we shall discuss shortly, all of space within the universe was initially tiny 
in extent, and the temperature of the particles within that space was incredibly 
high. With time, however, the universe expanded and cooled to lower tempera- 
tures, eventually to the size and temperature we see today. 

Actually, the phrase “we see today” is complicated: When we look out into 
Space, we are actually looking back in time because the light from the stars and 
galaxies has taken a long time to reach us. The most distant objects that we can 
detect are quasars (quasistellar objects), which are the extremely bright cores of 
galaxies that are as much as 13 X 10’ ly from us. Each such core contains a 
gigantic black hole; as material (gas and even stars) is pulled into one of those 
black holes, the material heats up and radiates a tremendous amount of light, 
enough for us to detect in spite of the huge distance. We therefore “see” a quasar 
not as it looks today but rather as it once was, when that light began its journey to 
us billions of years ago. 


44-11 | The Universe Is Expanding | (/746¥/ 


44-111 The Universe Is Expanding 


As we saw in Section 37-10, it is possible to measure the relative speeds at which 
galaxies are approaching us or receding from us by measuring the shifts in the 
wavelength of the light they emit. If we look only at distant galaxies, beyond our 
immediate galactic neighbors, we find an astonishing fact: They are all moving 
away (receding) from us! 

In 1929 Edwin P. Hubble established a connection between the apparent 
speed of recession v of a galaxy and its distance r from us— namely, that they are 
directly proportional: 


v= Hr — (Hubble’s law), (44-19) 


in which H is called the Hubble constant. The value of H is usually measured in 
the unit kilometers per second-megaparsec (km/s: Mpc), where the megaparsec 
is alength unit commonly used in astrophysics and astronomy: 


1 Mpc = 3.084 x 10!° km = 3.260 X 10° ly. (44-20) 


The Hubble constant H has not had the same value since the universe began. 
Determining its current value is extremely difficult because doing so involves 
measurements of very distant galaxies. However, evidence in the image that 
opens this chapter has allowed researchers to nail down the value of H to a 
value of 


H = 71.0 km/s: Mpc = 21.8 mm/s - ly. (44-21) 


We interpret the recession of the galaxies to mean that the universe is 
expanding, much as the raisins in what is to be a loaf of raisin bread grow farther 
apart as the dough expands. Observers on all other galaxies would find that dis- 
tant galaxies were rushing away from them also, in accordance with Hubble’s law. 
In keeping with our analogy, we can say that no raisin (galaxy) has a unique or 
preferred view. 

Hubble’s law is consistent with the hypothesis that the universe began with 
the big bang and has been expanding ever since. If we assume that the rate of 
expansion has been constant (that is, the value of H has been constant), then we 
can estimate the age 7 of the universe by using Eq. 44-19. Let us also assume that 
since the big bang, any given part of the universe (say, a galaxy) has been reced- 
ing from our location at a speed v given by Eq. 44-19. Then the time required for 
the given part to recede a distance r 1s 

ee . 
T= > oy (estimated age of universe). (44-22) 
For the value of H in Eg. 44-21, T works out to be 13.8 X 10’ y. Much more 
sophisticated studies of the expansion of the universe put T at 13.7 x 10’ y. 


Sample Problem grey 


The wavelength shift in the light from a particular Vv 2.8 X 10° m/s 

quasar indicates that the quasar has a recessional speed Se 21.8 mm/s-ly_ (1000 mm/m) 

of 2.8 X 108 m/s (which is 93% of the speed of light). _ 

Approximately how far from us is the ae ee gt ay: conser) 
This is only an approximation because the quasar has 
not always been receding from our location at the same 
speed v; that is, H has not had its current value through- 
out the time during which the universe has been ex- 


Calculation: From Eqs. 44-19 and 44-21, we find panding. 





EaMilsdewl We assume that the distance and speed are 
related by Hubble’s law. 
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Sample Problem grea 


A particular emission line detected in the light from a 
galaxy has a detected wavelength Ag, = 1.1A, where A is 





which leads us to 








the proper wavelength of the line. What is the galaxy’s ra ae (44-24) 
distance from us? me 
commana In this equation, 
fauabdiacbe (1) We assume that Hubble’s law (v = Hr) a ne Oe 
applies to the recession of the galaxy. (2) We also as- 
sume that the astronomical Doppler shift of Eq. 37-36 Substituting this into Eq. 44-24 then gives us 
(v = c AA/A, for ve c) applies to the shift in wavelength (01a) Oc 
due to the recession. Sy es ag 
iculati he right side of th = 
culations: We can then set the right side of these (0.1)(3.0 X 108 m/s) 
wo equations equal to each other to write = ——_———————— (1000 mm/m) 
21.8 mm/s: ly 
= bea 44-23 
Ss (44-23) = 1.4 xX 10°ly. (Answer) 
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In 1965 Arno Penzias and Robert Wilson, of what was then the Bell Telephone 
Laboratories, were testing a sensitive microwave receiver used for commu- 
nications research. They discovered a faint background “hiss” that remained 
unchanged in intensity no matter where their antenna was pointed. It soon 
became clear that Penzias and Wilson were observing a cosmic background 
radiation, generated in the early universe and filling all space almost uniformly. 
Currently this radiation has a maximum intensity at a wavelength of 1.1 mm, 
which lies in the microwave region of electromagnetic radiation (or light, for 
short). The wavelength distribution of this radiation matches the wavelength dis- 
tribution of light that would be emitted by a laboratory enclosure with walls at a 
temperature of 2.7 K. Thus, for the cosmic background radiation, we say that the 
enclosure is the entire universe and that the universe is at an (average) tempera- 
ture of 2.7 K. For their discovery of the cosmic background radiation, Penzias and 
Wilson were awarded the 1978 Nobel Prize in physics. 

As we discuss in Section 44-14, the cosmic background radiation is now 
known to be light that has been in flight across the universe since shortly after the 
universe began billions of years ago. When the universe was even younger, light 
could scarcely go any significant distance without being scattered by all the indi- 
vidual, high-speed particles along its path. If a light ray started from, say, point A, 
it would be scattered in so many directions that if you could have intercepted 
part of it, you would have not been able to tell that it originated at point A. 
However, after the particles began to form atoms, the scattering of light greatly 
decreased. A light ray from point A might then be able to travel for billions of 
years without being scattered. This light is the cosmic background radiation. 

As soon as the nature of the radiation was recognized, researchers won- 
dered, “Can we use this incoming radiation to distinguish the points at which it 
originated, so that we then can produce an image of the early universe, back 
when atoms first formed and light scattering largely ceased?” The answer is yes. 
The image that opens this chapter is such an image. 
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At the Kitt Peak National Observatory in Arizona, Vera Rubin and her co- 
worker Kent Ford measured the rotational rates of a number of distant galaxies. 


They did so by measuring the Doppler shifts of bright clusters of stars located 
within each galaxy at various distances from the galactic center. As Fig. 44-5 
shows, their results were surprising: The orbital speed of stars at the outer visi- 
ble edge of the galaxy is about the same as that of stars close to the galactic 
center. 

As the solid curve in Fig. 44-5 attests, that is not what we would expect to find 
if all the mass of the galaxy were represented by visible light. Nor is the pattern 
found by Rubin and Ford what we find in the solar system. For example, the 
orbital speed of Pluto (the planet most distant from the Sun) is only about 
one-tenth that of Mercury (the planet closest to the Sun). 

The only explanation for the findings of Rubin and Ford that is consistent 
with Newtonian mechanics 1s that a typical galaxy contains much more matter 
than what we can actually see. In fact, the visible portion of a galaxy represents 
only about 5 to 10% of the total mass of the galaxy. In addition to these studies of 
galactic rotation, many other observations lead to the conclusion that the 
universe abounds in matter that we cannot see. This unseen matter is called dark 
matter because either it does not emit light or its light emission is too dim for us 
TO;GeteCE. 

Normal matter (such as stars, planets, dust, and molecules) is often called 
baryonic matter because its mass is primarily due to the combined mass of 
the protons and neutrons (baryons) it contains. (The mass of the electrons is 
neglected because the mass of an electron is so small relative to the mass of a 
proton or a neutron.) Some of the normal matter, such as burned-out stars and 
dim interstellar gas, is part of the dark matter in a galaxy. 

However, according to various calculations, this dark normal matter is only 
a small part of the total dark matter. The rest is called nonbaryonic dark matter 
because it does not contain protons and neutrons. We know of only one member 
of this type of dark matter—the neutrinos. Although the mass of a neutrino is 
very small relative to the mass of a proton or neutron, the number of neutrinos in 
a galaxy is huge and thus the total mass of the neutrinos is large. Nevertheless, 
calculations indicate that not even the total mass of the neutrinos is enough to 
account for the total mass of the nonbaryonic dark matter. In spite of over a hun- 
dred years in which elementary particles have been detected and studied, the 
particles that make up the rest of this type of dark matter are undetected and 
their nature is unknown. Because we have no experience with them, they must 
interact only gravitationally with the common particles. 


44-14 | The Big Bang 


In 1985, a physicist remarked at a scientific meeting: 


[t is as certain that the universe started with a big bang about 15 billion years ago as it is 
that the Earth goes around the Sun. 


This strong statement suggests the level of confidence in which the big bang 
theory, first advanced by Belgian physicist Georges Lemaitre, 1s held by those 
who study these matters. 

You must not imagine that the big bang was like the explosion of some gigan- 
tic firecracker and that, in principle at least, you could have stood to one side and 
watched. There was no “one side” because the big bang represents the beginning 
of spacetime itself. From the point of view of our present universe, there is no 
position in space to which you can point and say, “The big bang happened there.” 
It happened everywhere. 

Moreover, there was no “before the big bang,” because time began with 
that creation event. In this context, the word “before” loses its meaning. We can, 
however, conjecture about what went on during succeeding intervals of time after 
the big bang (Fig. 44-6). 
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FIG. 44-5 The rotational speed of 
stars in a typical galaxy as a function 
of their distance from the galactic 
center. The theoretical solid curve 
shows that if a galaxy contained only 
the mass that is visible, the observed 
rotational speed would drop off with 
distance at large distances. The dots 
are the experimental data, which 
show that the rotational speed 1s 
approximately constant at large dis- 
tances. 
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FIG. 44-6 Anillustration of the 
universe from the initial quantum 
fluctuations just after t = 0 (at the 
left) to the current accelerated 
expansion, 13.7 X 10’ y later (at the 
right). Don’t take the illustration 
literally —there is no such “external 
view” of the universe because there 
is no exterior to the universe. 
(Courtesy NASA) 
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10°“. This is the earliest time at which we can say anything meaningful 
about the development of the universe. It is at this moment that the concepts 
of space and time come to have their present meanings and the laws of 
physics as we know them become applicable. At this instant, the entire uni- 
verse (that is, the entire spatial extent of the universe) is much smaller than a 
proton and its temperature is about 10°” K. Quantum fluctuations in the fab- 
ric of spacetime are the seeds that will eventually lead to the formation of 
galaxies, clusters of galaxies, and superclusters of galaxies. 


10 “4s. By this moment the universe has undergone a tremendously rapid 
inflation, increasing in size by a factor of about 10°, causing the formation of 
matter in a distribution set by the initial quantum fluctuations. The universe 
has become a hot soup of photons, quarks, and leptons at a temperature of 
about 107’ K, which is too hot for protons and neutrons to form. 


10°4s. Quarks can now combine to form protons and neutrons and their 
antiparticles. The universe has now cooled to such an extent by continued 
(but much slower) expansion that photons lack the energy needed to break 
up these new particles. Particles of matter and antimatter collide and annihi- 
late each other. There is a slight excess of matter, which, failing to find annihi- 
lation partners, survives to form the world of matter that we know today. 


1 min. The universe has now cooled enough so that protons and neutrons, in col- 
liding, can stick together to form the low-mass nuclei 7H, *He, *He, and ‘Li. The 
predicted relative abundances of these nuclides are just what we observe in the 
universe today. Also, there is plenty of radiation present at ¢ ~ 1 min, but this light 
cannot travel far before it interacts with a nucleus. Thus the universe is opaque. 


379 000 y. The temperature has now fallen to 2970 K, and electrons can stick 
to bare nuclei when the two collide, forming atoms. Because light does not 
interact appreciably with (uncharged) particles, such as neutral atoms, the 
light is now free to travel great distances. This radiation forms the cosmic 
background radiation discussed in Section 44-12. Atoms of hydrogen and 
helium, under the influence of gravity, begin to clump together, eventually 
starting the formation of galaxies and stars, but until then, the universe ts 
relatively dark (Fig. 44-6). 


Early measurements suggested that the cosmic background radiation is uniform 
in all directions, implying that 379 000 y after the big bang all matter in the uni- 


verse was uniformly distributed. This finding was most puzzling because matter 
in the present universe is not uniformly distributed, but instead is collected in 
galaxies, clusters of galaxies, and superclusters of galactic clusters. There are also 
vast voids in which there 1s relatively little matter, and there are regions so 
crowded with matter that they are called walls. If the big bang theory of the 
beginning of the universe is even approximately correct, the seeds for this non- 
uniform distribution of matter must have been in place before the universe was 
379 000 y old and now should show up as a nonuniform distribution of the 
microwave background radiation. 

In 1992, measurements made by NASA’s Cosmic Background Explorer 
(COBE) satellite revealed that the background radiation is, in fact, not perfectly 
uniform. In 2003, measurements by NASA’s Wilkinson Microwave Anisotropy 
Probe (WMAP) greatly increased our resolution of this nonuniformity. The 
image resulting from the WMAP measurements opens this chapter and is effec- 
tively a color-coded photograph of the universe when the universe was only 
379 000 y old. As you can see from the variations in the colors, large-scale collect- 
ing of matter had already begun. Thus, the big bang theory and the theory of 
inflation at t~ 10°“ s are, in principle, on the right track. 


The Accelerated Expansion of the Universe 


Recall from Section 13-9 the statement that mass causes curvature of space. 
Now that we have seen that mass is a form of energy, as given by Einstein’s equa- 
tion E = mc’, we can generalize the statement: energy can cause curvature of 
space. This certainly happens to the space around the energy packed into a black 
hole and, more weakly, to the space around any other astronomical body, but is 
the space of the universe as a whole curved by the energy the universe contains? 

The question was answered first by the 1992 COBE measurements of the 
cosmic background radiation. It was then answered more definitively by the 2003 
WMAP measurements that produced the image opening this chapter. The spots 
we see in that image are the original sources of the cosmic background radiation, 
and the angular distribution of the spots reveals the curvature of the universe 
through which the light has to travel to reach us. If adjacent spots subtend either 
more than 1° (Fig. 44-7a) or less than 1° (Fig. 44-75) in the detector’s view (or our 
view) into the universe, then the universe is curved. Analysis of the spot distribu- 
tion in the WMAP image shows that the spots subtend about 1° (Fig. 44-7c), 
which means that the universe is flat (having no curvature). Thus, the initial 
curvature the universe presumably had when it began must have been flattened 
out by the rapid inflation the universe underwent at t ~ 10~**s. 

This flatness poses a very difficult problem for physicists because it requires 
that the universe contain a certain amount of energy (as mass or otherwise). The 
trouble is that all estimations of the amount of energy in the universe (both in 
known forms and in the form of the unknown type of dark matter) fall dramati- 
cally short of the required amount. Indeed, about two-thirds of the required 
energy is missing from the estimations. 

One theory proposed about this missing energy gave it the gothic name of 
dark energy and predicted that it has the strange property of causing the expan- 
sion of the universe to accelerate. Until 1998, determining whether the expansion 
is, in fact, accelerating was very difficult because it requires measuring distances 
to very distant astronomical bodies where the acceleration might show up. 

In 1998, however, advances in astronomical technology allowed astronomers 
to detect a certain type of supernovae at very great distances. More important, 
the astronomers could measure the duration of the burst of light from such a 
supernova. The duration reveals the brightness of the supernova that would be 
seen by an observer near the supernova. By measuring the brightness of the 
supernova as seen from Earth, astronomers could then determine the distance to 
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FIG. 44-7 Light rays from two adja- 
cent spots in our view of the cosmic 
background radiation would reach us 
at an angle (a) greater than 1° or (b) 
less than 1° if the space along the 
light-ray paths through the universe 
were curved. (c) An angle of 1° 
means that the space is not curved. 
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the supernova. From the redshift of the light from the galaxy containing the 
supernova, astronomers could also determine how fast the galaxy is receding 
from us. Combining all this information, they could then calculate the expansion 
rate of the universe. The conclusion is that the expansion is indeed accelerating as 
predicted by the theory of dark energy (Fig. 44-6). However, we still scarcely have 
a clue as to what this dark energy is. 


aa 





Let us, in these closing paragraphs, consider where our rapidly accumulating 
store of knowledge about the universe is leading us. That it provides satisfaction 
to a host of curiosity-motivated physicists and astronomers is beyond dispute. 
However, some view it as a humbling experience in that each increase in knowl- 
edge seems to reveal more clearly our own relative insignificance in the grand 
scheme of things. Thus, in roughly chronological order, we humans have come to 
realize that 


Our Earth is not the center of the solar system. 
Our Sun is but one star among many in our galaxy. 
Our galaxy is but one of many, and our Sun is an insignificant star in it. 


Our Earth has existed for perhaps only a third of the age of the universe and will 
surely disappear when our Sun burns up its fuel and becomes a red giant. 


Our species has inhabited Earth for less than a million years—a blink in cosmo- 
logical time. 


Although our position in the universe may be insignificant, the laws of physics 
that we have discovered (uncovered?) seem to hold throughout the universe 
and—as far as we know—have held since the universe began and will continue 
to hold for all future time. At least, there is no evidence that other laws hold in 
other parts of the universe. Thus, until someone complains, we are entitled to 
stamp the laws of physics “Discovered on Earth.” Much remains to be discov- 
ered: “The universe is full of magical things, patiently waiting for our wits to grow 
sharper.” That declaration allows us to answer one last time the question “What is 
physics?” that we have explored repeatedly in this book. Physics is the gateway to 
those magical things. 


TATA ead 





Leptons and Quarks Current research supports the view 
that all matter is made of six kinds of leptons (Table 44-2), six 
kinds of quarks (Table 44-5), and 12 antiparticles, one corre- 
sponding to each lepton and each quark. All these particles 
have spin quantum numbers equal to 5 and are thus fermions 
(particles with half-integer spin quantum numbers). 


The Interactions Particles with electric charge interact 
through the electromagnetic force by exchanging virtual pho- 
tons. Leptons can interact with each other and with quarks 
through the weak force, via massive W and Z particles as mes- 
sengers. In addition, quarks interact with each other through the 
color force. The electromagnetic and weak forces are different 
manifestations of the same force, called the electroweak force. 


‘Leptons Three of the leptons (the electron, muon, and tau) 
have electric charge equal to —le. There are also three un- 


charged neutrinos (also leptons), one corresponding to each 
of the charged leptons. The antiparticles for the charged lep- 
tons have positive charge. 


Quarks The six quarks (up, down, strange, charm, bottom, 
and top, in order of increasing mass) each have baryon num- 
ber +5 and charge equal to either +£¢ or —5e. The strange 
quark has strangeness —1, whereas the others all have strange- 
ness 0. These four algebraic signs are reversed for the anti- 


quarks. 


Hadrons: Baryons and Mesons Quarks combine into 
strongly interacting particles called hadrons. Baryons are 
hadrons with half-integer spin quantum numbers (5 or 3). 
Mesons are hadrons with integer spin quantum numbers 
(0 or 1) and thus are bosons. Baryons are fermions. Mesons 
have baryon number equal to zero; baryons have baryon num- 


ber equal to +1 or —1. Quantum chromodynamics predicts 
that the possible combinations of quarks are either a quark 
with an antiquark, three quarks, or three antiquarks (this 
prediction is consistent with experiment). 


Expansion of the Universe Current evidence strongly 
suggests that the universe is expanding, with the distant galax- 
ies Moving away from us at a rate v given by Hubble’s law: 


QUESTIONS 
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v= Ar (Hubble’s law). (44-19) 


Here we take H, the Hubble constant, to have the value 
H = 71.0 km/s: Mpc = 21.8 mm/s: ly. (44-21) 


The expansion described by Hubble’s law and the presence of 
ubiquitous background microwave radiation reveal that the 
universe began in a “big bang” 13.7 billion years ago. 





1 Figure 44-8 shows the paths of two 
particles circling in a uniform magnetic 
field. The particles have the same mag- 

nitude of charge but opposite signs. (a) C ) 
Which path corresponds to the more 

massive particle? (b) If the magnetic 
field is directed into the plane of the 
page, is the more massive particle posi- 


tively or negatively charged? FIG. 44-8 


Question 1. 
2 Does the proposed decay A® > p + 


K’ conserve (a) electric charge, (b) spin angular momentum, 
and (c) strangeness? (d) If the original particle is stationary, is 
there enough energy to create the decay products? 


3 Not only particles such as electrons and protons but 
also entire atoms can be classified as fermions or bosons, 
depending on whether their overall spin quantum numbers 
are, respectively, half-integral or integral. Consider the helium 
isotopes *He and *He. Which of the following statements is 
correct? (a) Both are fermions. (b) Both are bosons. (c) *He is 
a fermion, and °He is a boson. (d) *He is a fermion, and *He 
is a boson. (The two helium electrons form a closed shell and 
play no role in this determination. ) 


4 Which of the eight pions in Fig. 44-25 has the least kinetic 
energy? 


S An electron cannot decay into two neutrinos. Which of 
the following conservation laws would be violated if it did: 
(a) energy, (b) angular momentum, (c) charge, (d) lepton 
number, (e) linear momentum, (f) baryon number? 


6 Aswe have seen, the 7 meson has the quark structure du. 
Which of the following conservation laws would be violated if 
a am were formed, instead, from a d quark and a u quark: (a) 
energy, (b) angular momentum, (c) charge, (d) lepton number, 
(e) linear momentum, (f) baryon number? 


7 A proton cannot decay into a neutron and a neutrino. 
Which of the following conservation laws would be violated if 
it did: (a) energy (assume the proton is stationary), (b) angular 
momentum, (c) charge, (d) lepton number, (e) linear momen- 
tum, (f) baryon number? 


8 A proton has enough mass energy to decay into a shower 
made up of electrons, neutrinos, and their antiparticles. Which 
of the following conservation laws would necessarily be vio- 
lated if it did: electron lepton number or baryon number? 


9 Consider the neutrino whose symbol is v,. (a) Is it a quark, 
a lepton, a meson, or a baryon? (b) Is it a particle or an 
antiparticle? (c) Is it a boson or a fermion? (d) Is it stable 


against spontaneous decay? 5 


10 Three cosmologists have each 
plotted a line on the Hubble-like 
graph of Fig. 44-9. If we calculate the 
corresponding age of the universe 
from the three plots, rank the plots 
according to that age, greatest first. 





FIG. 44-9 Question 10. 


11 A>" particle has these quantum numbers: strangeness 
S = —1,charge g = +1,and spins = ;. Which of the following 
quark combinations produces it: (a) dds, (b) ss, (c) uus, (d) ssu, 
or (e) uus? 


PROBLEMS 


gS Tutoring problem available (at instructor's discretion) in WileyPLUS and WebAssign 


SSM Worked-out solution available in Student Solutions Manual 


# —eee Number of dots indicates level of problem difficulty 


WWW Worked-out solution is at 





Nias http://www.wiley.com/college/halliday 
Interactive solution is at A 


i Additional information available in The Flying Circus of Physics and at flyingcircusofphysics.com 


Click here to view all step-by-step solutions 


sec. 44-3 An Interlude 

e7 An electron and a positron undergo pair annihilation 
(Eq. 44-5). If they had approximately zero kinetic energy be- 
fore the annihilation, what is the wavelength of each y pro- 
duced by the annihilation? @ 


*2 A neutral pion initially at rest decays into two gamma 
rays: 7°—> y + y. Calculate the wavelength of the gamma 
rays. Why must they have the same wavelength? 


e3 An electron and a positron are separated by distance r. 
Find the ratio of the gravitational force to the electric force 
between them. From the result, what can you conclude con- 
cerning the forces acting between particles detected in a bub- 
ble chamber? 


e4 Certain theories predict that the proton is unstable, with 
a half-life of about 10°" years. Assuming that this is true, calcu- 
late the number of proton decays you would expect to occur 


7) Chapter 44 | Quarks, Leptons, and the Big Bang 


in one year in the water of an Olympic-sized swimming pool 
holding 4.32 < 10° L of water. 


*5 <A positively charged pion decays by Eq. 44-7: 7* — 
yu + v. What must be the decay scheme of the negatively 
charged pion? (Hint: The 7 is the antiparticle of the 7r*.) 


e°4 A positive tau (7°, rest energy = 1777 MeV) is moving 
with 2200 MeV of kinetic energy in a circular path perpendicular 
to a uniform 1.20 T magnetic field. (a) Calculate the momentum 
of the tau in kilogram-meters per second. Relativistic effects 
must be considered. (b) Find the radius of the circular path. 


ee? Observations of neutrinos emitted by the supernova 
SN1987a (Fig. 43-11b) place an upper limit of 20 eV on the 
rest energy of the electron neutrino. If the rest energy of the 
electron neutrino were, in fact, 20 eV, what would be the speed 
difference between light and a 1.5 MeV electron neutrino? 


ee8 A neutral pion has a rest energy of 135 MeV and a 
mean life of 8.3 x 107'’s. If it is produced with an initial 
kinetic energy of 80 MeV and decays after one mean lifetime, 
what is the longest possible track this particle could leave in a 
bubble chamber? Use relativistic time dilation. @ 


e®9 The rest energy of many short-lived particles cannot be 
measured directly but must be inferred from the measured 
momenta and known rest energies of the decay products. 
Consider the p® meson, which decays by the reaction 
p’ > 7* + am. Calculate the rest energy of the p® meson 
given that the oppositely directed momenta of the created 
pions each have magnitude 358.3 MeV/c. See Table 44-4 for 
the rest energies of the pions. 


«e170 (a) Astationary particle 1 decays into particles 2 and 3, 
which move off with equal but oppositely directed momenta. 
Show that the kinetic energy K, of particle 2 is given by 


Ko = (A, - Ey) 7 E3}, 


Bs 
ps 
where E,, E>, and £3 are the rest energies of the particles. 
(b) Show that the result in (a) yields the kinetic energy of the 
muon as calculated in Sample Problem 44-1. 


sec. 44-6 Still Another Conservation Law 
®77 > Which conservation law is violated in each of these pro- 
posed decays? Assume that the initial particle is stationary 
and the decay products have zero orbital angular momentum. 
(C2) cet air) Ut caer aig cae 7) (©) fs ee conic 
SSM WWW 
e712 The A; particle and its products decay according to the 
scheme 

Ae = po ae ie Se" ay, 
2 F Ka, i, Si Ty, 
ir, oo. a i —>S~ > ya re 


(a) What are the final stable decay products? From the evi- 
dence, (b) is the Az particle a fermion or a boson and (c) is it 
a meson or a baryon? (d) What is its baryon number? (Hint: 
See Sample Problem 44-4.) 


sec. 44-7 The Eightfold Way 
®73 Does the proposed decay process 


a Sa ht Kop 


conserve (a) charge, (b) baryon number, (c) spin angular mo- 
mentum, and (d) strangeness? 


«74 Does the proposed reaction 
pep AY + SY ee 


conserve (a) charge, (b) baryon number, (c) electron lepton 
number, (d) spin angular momentum, (e) strangeness, and (f) 
muon lepton number’? 


e15 The reaction 7* + p—p+t p+ fi proceeds via the 
strong interaction. By applying the conservation laws, deduce 
the (a) charge quantum number, (b) baryon number, and (c) 
strangeness of the antineutron. 


°16 By examining strangeness, determine which of the fol- 
lowing decays or reactions proceed via the strong interaction: 
(ay KOs ae 4 ana (Dp Aa Steere TOA ERAS Sap ae 
(a) Ko eo A? se a 

e417 Which conservation law is violated in each of these pro- 
posed reactions and decays? (Assume that the products have 
zero orbital angular momentum.) (a) A° > p + K°:(b) QO > 
> + w (S = -3, g = —1, m = 1672 MeV/c?, and m, = 3 for 
One) KK Fp ewe ar. 

°18 Calculate the disintegration energy of the reactions 
(Nar ap — Kee and) pe Ariens 


e719 Show that if, instead of plotting strangeness S versus 
charge gq for the spin-4 baryons in Fig. 44-3a and for the spin- 
zero mesons in Fig. 44-3b, we plot the quantity Y=B+S 
versus the quantity 7; = q — (B + S), we get the hexagonal 
patterns without using sloping axes. (The quantity Y is called 
hypercharge, and T, is related to a quantity called isospin. ) 


2°20 A> particle moving with 220 MeV of kinetic energy 
decays according to 2 — a +n. Calculate the total kinetic 
energy of the decay products. 


e271 Use the conservation laws and Tables 44-3 and 44-4 to 
identify particle x in each of the following reactions, which 
proceed by means of the strong interaction: (a) p + p—p + 
ND oe (De pa ne Cnet See ae 

ee22 Consider the decay A° > p + aw with the A° at rest. 
(a) Calculate the disintegration energy. What is the kinetic 
energy of (b) the proton and (c) the pion? (Hint: See Prob- 


lem 10.) @ 


sec. 44-8 The Quark Model 
e23 Which hadron in Tables 44-3 and 44-4 corresponds to 
the quark bundles (a) ssu and (b) dds? 


e24 From Tables 44-3 and 44-5, determine the identity of 
the baryon formed from quarks (a) ddu, (b) uus, and (c) ssd. 
Check your answers against the baryon octet shown in Fig. 
44-3a. 


°25 Whatis the quark makeup of K°? 
e26 What quark combination is needed to form (a) A° and 
(yee? 


¢27 The quark makeups of the proton and neutron are uud 
and udd, respectively. What are the quark makeups of (a) the 
antiproton and (b) the antineutron? 


°28 There are 10 baryons with spin 3. Their symbols and 
quantum numbers for charge g and strangeness S$ are as 
follows: 





Make a charge-—strangeness plot for these baryons, using the 
sloping coordinate system of Fig. 44-3. Compare your plot 
with this figure. 


*29 Using the up, down, and strange quarks only, construct, 
if possible, a baryon (a) with g = +1 and strangeness S = —2 
and (b) with g = +2 and strangeness S$ = 0. ssm www 


°°30 The spin-3 >*° baryon (see Problem 28) has a rest en- 
ergy of 1385 MeV (with an intrinsic uncertainty ignored here); 
the spin-; =° baryon has a rest energy of 1192.5 MeV. If each 
of these particles has a kinetic energy of 1000 MeV, (a) which 
is moving faster and (b) by how much? 


sec. 44-11 The Universe Is Expanding 

*31 What is the observed wavelength of the 656.3 nm (first 
Balmer) line of hydrogen emitted by a galaxy at a distance of 
2.40 < 10° ly? Assume that the Doppler shift of Eq. 37-36 and 
Hubble’s law apply. 


©32 An object is 1.5 < 10* ly from us and does not have any 
motion relative to us except for the motion due to the expan- 
sion of the universe. If the space between us and it expands ac- 
cording to Hubble’s law, with H = 21.8 mm/s-ly, (a) how 
much extra distance (meters) will be between us and the ob- 
ject by this time next year and (b) what is the speed of the ob- 
ject away from us? 


#33 If Hubble’s law can be extrapolated to very large dis- 
tances, at what distance would the apparent recessional speed 
become equal to the speed of light? 


#34 Because of the cosmological expansion, a particular 
emission from a distant galaxy has a wavelength that is 2.00 
times the wavelength that emission would have in a labora- 
tory. Assuming that Hubble’s law holds and that we can apply 
Doppler-shift calculations, what was the distance (ly) to that 
galaxy when the light was emitted? 


®3s5 In the laboratory, one of the lines of sodium is emitted 
at a wavelength of 590.0 nm. In the light from a particular 
galaxy, however, this line is seen at a wavelength of 602.0 
nm. Calculate the distance to the galaxy, assuming that 
Hubble’s law holds and that the Doppler shift of Eq. 37-36 
applies. 


©@36 An electron jumps from 7 = 3 ton = 2 in a hydrogen 
atom in a distant galaxy, emitting light. If we detect that 
light at a wavelength of 3.00 mm, by how much has the wave- 
length, and thus the universe, expanded since the light was 
emitted? €% 


e®3/7 Because the apparent recessional speeds of galaxies 
and quasars at great distances are close to the speed of light, 
the relativistic Doppler shift formula (Eq. 37-31) must be 
used. The shift is reported as fractional red shift z = AA/Ap. 
(a) Show that, in terms of z, the recessional speed parameter 
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B = vicis given by 


oe 22 
ae a 


(b) A quasar detected in 1987 has z = 4.43. Calculate its speed 
parameter. (c) Find the distance to the quasar, assuming that 
Hubble’s law is valid to these distances. 


ee38 Will the universe continue to expand forever? To 
attack this question, make the (reasonable?) assumption that 
the recessional speed v of a galaxy a distance r from us is 
determined only by the matter that lies inside a sphere of 
radius r centered on us. If the total mass inside this sphere is 
M, the escape speed v, from the sphere is v, = V2GM/r (Eq. 
13-28). (a) Show that to prevent unlimited expansion, the av- 
erage density p inside the sphere must be at least equal to 


_ 3H? 
SiG 





p 


(b) Evaluate this “critical density” numerically; express your 
answer in terms of hydrogen atoms per cubic meter. Mea- 
surements of the actual density are difficult and are compli- 
cated by the presence of dark matter. 


sec. 44-12 The Cosmic Background Radiation 

#639 Due to the presence everywhere of the cosmic back- 
ground radiation, the minimum possible temperature of a gas 
in interstellar or intergalactic space is not 0 K but 2.7 K. This 
implies that a significant fraction of the molecules in space 
that can be in a low-level excited state may, in fact, be so. 
Subsequent de-excitation would lead to the emission of radia- 
tion that could be detected. Consider a (hypothetical) mole- 
cule with just one possible excited state. (a) What would the 
excitation energy have to be for 25% of the molecules to be in 
the excited state? (Hint: See Eq. 40-29.) (b) What would 
be the wavelength of the photon emitted in a transition back 
to the ground state? 


sec. 44-13 Dark Matter 

40 What would the mass of the Sun have to be if Pluto (the 
outermost planet most of the time) were to have the same 
orbital speed that Mercury (the innermost planet) has now? 
Use data from Appendix C, express your answer in terms of 
the Sun’s current mass Mg, and assume circular orbits. 


ee44 Suppose that the radius of the Sun were increased to 
5.90 X 10'* m (the average radius of the orbit of Pluto), that 
the density of this expanded Sun were uniform, and that the 
planets revolved within this tenuous object. (a) Calculate 
Earth’s orbital speed in this new configuration. (b) What is the 
ratio of the orbital speed calculated in (a) to Earth’s present 
orbital speed of 29.8km/s? Assume that the radius of 
Earth’s orbit remains unchanged. (c) What would be Earth’s 
new period of revolution? (The Sun’s mass remains un- 
changed.) SSM 


ee42 Suppose that the matter (stars, gas, dust) of a particular 
galaxy, of total mass M, is distributed uniformly throughout a 
sphere of radius R. A star of mass m is revolving about the 
center of the galaxy in a circular orbit of radius r < R. (a) 
Show that the orbital speed v of the star is given by 


v = rvVGMIR°?, 
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and therefore that the star’s period 7 of revolution is 
T = 27 VR°/GM, 


independent of r. Ignore any resistive forces. (b) Next suppose 
that the galaxy’s mass is concentrated near the galactic center, 
within a sphere of radius less than r. What expression then 
gives the star’s orbital period? 


sec. 44-14 The Big Bang 

°43 Use Wien’s law (see Problem 44) to answer the follow- 
ing questions: (a) The cosmic background radiation peaks in 
intensity at a wavelength of 1.1 mm. To what temperature does 
this correspond? (b) About 379 000 y after the big bang, the 
universe became transparent to electromagnetic radiation. Its 
temperature then was 2970 K. What was the wavelength at 
which the background radiation was then most intense? 


e44 The wavelength at which a thermal radiator at tempera- 
ture T radiates electromagnetic waves most intensely is given 
by Wien’s law: Amax = (2898 wm: K)/T. (a) Show that the energy 
FE of a photon corresponding to that wavelength can be com- 
puted from 

E = (4.28 X 107!9 MeV/K)T. 


(b) At what minimum temperature can this photon create an 
electron—positron pair (as discussed in Section 21-6)? 


Additional Problems 
45 How much energy would be released if Earth were anni- 
hilated by collision with an anti-Earth? SSM 


46 A particle game. Figure 44-10 is a sketch of the tracks 
made by particles in a fictional cloud chamber experiment (with 
a uniform magnetic field directed perpendicular to the page), 
and Table 44-6 gives fictional quantum numbers associated with 
the particles making the tracks. Particle A entered the chamber, 
leaving track 1 and decaying into three particles. Then the parti- 
cle creating track 6 decayed into three other particles, and the 
particle creating track 4 decayed into two other particles, one of 
which was electrically uncharged—the path of that uncharged 
particle is represented by the dashed straight line. The particle 
that created track 8 is known to have a seriousness quantum 
number of zero. 


wer 
we 
ye 


FIG. 44-10 Problem 46. 
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Problem 44-46 


Particle Charge Whimsy — Seriousness Cuteness 
A 1 il =) =. 
B 0 3 0 
C i 2 13 =I 
D all il 0 1 
EB =I 0 —4 id, 
F i 0 0 
G = = 1 =<] 
H 3 2 1 
i 6 4 6 
J il =6 —4 a) 


By conserving the fictional quantum numbers at each 
decay point and by noting the directions of curvature of the 
tracks, identify which particle goes with track (a) 1, (b) 2, (c) 3, 
(d) 4, (e) 5, (£) 6, (g) 7, (h) 8, and (i) 9. One of the listed parti- 
cles is not formed; the others appear only once each. 


47 There is no known meson with charge quantum number 
q = +1 and strangeness S = —1 or with g = —1 and S = +1. 
Explain why in terms of the quark model. SSM 


48 Figure 44-11 is a hypothetical plot of the recessional 
speeds v of galaxies against their distance r from us; the best-fit 
straight line through the data points is shown. From this plot 
determine the age of the universe, assuming that Hubble’s law 
holds and that Hubble’s constant has had the same value 
throughout the expansion of the universe. 


0.40c 


Speed v 





Distance r (10° ly) 
FIG. 44-14 Problem 48. 


49 Figure 44-12 shows part of the experimental arrange- 
ment in which antiprotons were discovered in the 1950s. A 
beam of 6.2 GeV protons emerged from a particle accelerator 
and collided with nuclei in a copper target. According to theo- 
retical predictions at the time, collisions between protons in 
the beam and the protons and neutrons in those nuclei should 
produce antiprotons via the reactions 


prp->prprprp 
and pra ep i pr p. 


However, even if these reactions did occur, they would be rare 
compared to the reactions 


ptpmptptata 


Proton 
beam 








“~— Target 


Shielding 


FIG. 44-12 Problem 49. 
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Thus, most of the particles produced by the collisions between 
the 6.2 GeV protons and the copper target were pions. 

To prove that antiprotons exist and were produced by 
some limited number of the collisions, particles leaving the 
target were sent into a series of magnetic fields and detectors 
as shown in Fig. 44-12. The first magnetic field (M1) curved the 
path of any charged particle passing through it; moreover, the 
field was arranged so that the only particles that emerged 
from it to reach the second magnetic field (Q1) had to be neg- 
atively charged (either a por a 7) and have a momentum of 
1.19 GeV/c. Field Q1 was a special type of magnetic field 
(a quadrapole field) that focused the particles reaching it into 
a beam, allowing them to pass through a hole in thick shield- 
ing to a scintillation counter $1. The passage of a charged parti- 
cle through the counter triggered a signal, with each signal 
indicating the passage of either a 1.19 GeV/c mw or (presum- 
ably) a1.19 GeV/c p. 

After being refocused by magnetic field Q2, the particles 
were directed by magnetic field M2 through a second scintilla- 
tion counter S2 and then through two Cerenkov counters C1 
and C2. These latter detectors can be manufactured so that 
they send a signal only when the particle passing through 
them is moving with a speed that falls within a certain range. 
In the experiment, a particle with a speed greater than 0.79c 
would trigger C1 and a particle with a speed between 0.75c 
and 0.78c would trigger C2. 

There were then two ways to distinguish the predicted 
rare antiprotons from the abundant negative pions. Both ways 
involved the fact that the speed of a 1.19 GeV/c p differs from 
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that of a 1.19 GeV/c aw: (1) According to calculations, a 6 
would trigger one of the Cerenkov counters and a 7 would 
trigger the other. (2) The time interval At between signals 
from S1 and S2, which were separated by 12 m, would have 
one value for a p and another value for a 7 . Thus, if the 
correct Cerenkov counter were triggered and the time inter- 
val At had the correct value, the experiment would prove the 
existence of antiprotons. 

What is the speed of (a) an antiproton with a momentum 
of 1.19 GeV/c and (b) a negative pion with that same momen- 
tum? (The speed of an antiproton through the Cerenkov 
detectors would actually be slightly less than calculated here 
because the antiproton would lose a little energy within the 
detectors.) Which Cerenkov detector was triggered by (c) an 
antiproton and (d) a negative pion? What time interval At 
indicated the passage of (e) an antiproton and (f) a negative 
pion? [Problem adapted from O. Chamberlain, E. Segré, C. 
Wiegand, and T. Ypsilantis, “Observation of Antiprotons,” 
Physical Review, Vol. 100, pp. 947-950 (1955). | 


50 Verify that the hypothetical proton decay scheme in 
Eq. 44-14 does not violate the conservation law of (a) charge, 
(b) energy, and (c) linear momentum. (d) How about angular 
momentum? 


51 Cosmological redshift. The expansion of the universe is 
often represented with a drawing like Fig. 44-13a. In that fig- 
ure, we are located at the symbol labeled MW (for the Milky 
Way galaxy), at the origin of an r axis that extends radially 
away from us in any direction. Other, very distant galaxies are 
also represented. Superimposed on their symbols are their 
velocity vectors as inferred from the redshift of the light 
reaching us from the galaxies. In accord with Hubble’s law, the 
speed of each galaxy is proportional to its distance from us. 
Such drawings can be misleading because they imply (1) that 
the redshifts are due to the motions of galaxies relative to us, 
as they rush away from us through static (stationary) space, 
and (2) that we are at the center of all this motion. 

Actually, the expansion of the universe and the increased 
separation of the galaxies are due not to an outward rush of 
the galaxies into pre-existing space but to an expansion of 
space itself throughout the universe. Space is dynamic, not 
static. 

Figures 44-135, c, and d show a different way of repre- 
senting the universe and its expansion. Each part of the figure 
gives part of a one-dimensional section of the universe (along 
an r axis); the other two spatial dimensions of the universe are 
not shown. Each of the three parts of the figure shows the 
Milky Way and six other galaxies (represented by dots); the 
parts are positioned along a time axis, with time increasing 
upward. In part b, at the earliest time of the three parts, the 
Milky Way and the six other galaxies are represented as being 
relatively close to one another. As time progresses upward in 
the figures, space expands, causing the galaxies to move apart. 
Note that the figure parts are drawn relative to the Milky Way, 
and from that observation point all the other galaxies move 
away because of the expansion. However, there is nothing 
special about the Milky Way—the galaxies also move away 
from any other observation point we might have chosen. 

Figures 44-14a and b focus on just the Milky Way galaxy 
and one of the other galaxies, galaxy A, at two particular times 
during the expansion. In part a, galaxy A 1s a distance r from 
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FIG. 44-13 Problem 51. 


the Milky Way and is emitting a ight wave of wavelength A. In 
part b, after a time interval Af, that light wave is being de- 
tected at Earth. Let us represent the universe’s expansion rate 
per unit length of space with a, which we assume to be con- 
stant during time interval At. Then during At, every unit length 
of space (say, every meter) expands by an amount a At; hence, 
a distance r expands by ra At. The light wave of Figs. 44-14a 
and b travels at speed c from galaxy A to Earth. (a) Show that 


r 





At = 
ae 8 
The detected wavelength A’ of the light is greater than 
the emitted wavelength A because space expanded during 
time interval At. This increase in wavelength is called the cos- 
mological redshift; it is not a Doppler effect. (b) Show that the 
change in wavelength AA (= 4’ — A) is given by 
AA _ re 





A C7 ra’ 
(c) Expand the right side of this equation using the binomial 
expansion (given in Appendix E). (d) If you retain only the 
first term of the expansion, what is the resulting equation for 
AAA? 
If, instead, we assume that Fig. 44-13a applies and that AA 
is due to a Doppler effect, then from Eq. 37-36 we have 
AA _y 


r ce 
where v is the radial velocity of galaxy A relative to Earth. 
(e) Using Hubble’s law, compare this Doppler-effect result 
with the cosmological-expansion result of (d) and find a value 
for a. From this analysis you can see that the two results, 
derived with very different models about the redshift of the 
light we detect from distant galaxies, are compatible. 

Suppose that the light we detect from galaxy A has a 
redshift of AA/A = 0.050 and that the expansion rate of the 
universe has been constant at the current value given in the 
chapter. (f) Using the result of (b), find the distance between 
the galaxy and Earth when the light was emitted. Next, deter- 
mine how long ago the light was emitted by the galaxy (g) by 


t 
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using the result of (a) and (h) by assuming that the redshift is a 
Doppler effect. (Hint: For (h), the time is just the distance at 
the time of emission divided by the speed of light, because if 
the redshift is just a Doppler effect, the distance does not 
change during the light’s travel to us. Here the two models 
about the redshift of the light differ in their results.) (1) At the 
time of detection, what is the distance between Earth and 
galaxy A? (We make the assumption that galaxy A still exists; 
if it ceased to exist, humans would not know about its death 
until the last light emitted by the galaxy reached Earth.) 

Now suppose that the light we detect from galaxy B (Fig. 
44-14c) has a redshift of AA/A = 0.080. (j) Using the result of 
(b), find the distance between galaxy B and Earth when the 
light was emitted. (k) Using the result of (a), find how long ago 
the light was emitted by galaxy B. (1) When the light that we 
detect from galaxy A was emitted, what was the distance 
between galaxy A and galaxy B? SSM 


52 Calculate the difference in mass, in kilograms, between 
the muon and pion of Sample Problem 44-1. 


The International hii 
System of Units (SI)* 





es 


The SI Base Units 





Quantity Name Symbol Definition 
length meter m “...the length of the path traveled by light in vacuum in 
1/299,792,458 of a second.” (1983) 
mass kilogram kg “... this prototype [a certain platinum -—iridium cylinder] 
shall henceforth be considered to be the unit of mass.” 
(1889) 
time second S “... the duration of 9,192,631,770 periods of the radiation 


corresponding to the transition between the two hyperfine 
levels of the ground state of the cestum-133 atom.” (1967) 


electric current ampere A “... that constant current which, if maintained in two 
straight parallel conductors of infinite length, of negligible 
circular cross section, and placed 1 meter apart in vacuum, 
would produce between these conductors a force equal to 
2 X 107’ newton per meter of length.” (1946) 


thermodynamic temperature Kelvin K “... the fraction 1/273.16 of the thermodynamic tempera- 
ture of the triple point of water.” (1967) 


amount of substance mole mol “...the amount of substance of a system which contains as 


many elementary entities as there are atoms in 0.012 kilo- 
gram of carbon-12.” (1971) 


luminous intensity candela cd ‘... the luminous intensity, in a given direction, of a source 
that emits monochromatic radiation of frequency 540 x 
10” hertz and that has a radiant intensity in that direction 
of 1/683 watt per steradian.” (1979) 


* Adapted from “The International System of Units (SI),” National Bureau of Standards Special Publication 330, 1972 edition. The definitions 
above were adopted by the General Conference of Weights and Measures, an international body, on the dates shown. In this book we do not use 
the candela. 
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TABLE 2 


Some SI Derived Units 


Appendix A | The International System of Units (SI) 





Quantity 


area 

volume 

frequency 

mass density (density) 
speed, velocity 


angular velocity 
acceleration 

angular acceleration 
force 

pressure 


work, energy, quantity of heat 

power 

quantity of electric charge 

potential difference, electromotive force 
electric field strength 


electric resistance 
capacitance 
magnetic flux 
inductance 

magnetic flux density 


magnetic field strength 
entropy 

specific heat 

thermal conductivity 
radiant intensity 


Name of Unit 


Square meter 

cubic meter 

hertz 

kilogram per cubic meter 
meter per second 


radian per second 

meter per second per second 
radian per second per second 
newton 

pascal 


joule 

watt 

coulomb 

volt 

volt per meter (or newton per coulomb) 


ohm 
farad 
weber 
henry 
tesla 


ampere per meter 

joule per kelvin 

joule per kilogram kelvin 
watt per meter kelvin 
watt per steradian 


Symbol 
m2 
ae 
Hz s! 
kg/m? 
m/s 
rad/s 
m/s” 
rad/s* 
N kg - m/s? 
Pa N/m? 
J N-m 
W J/s 
C A’'s 
V W/A 
V/m N/C 
0 VIA 
F A:-s/V 
Wb Vis 
H V-s/A 
i Wb/m? 
A/m 
J/K 
J/(kg-K) 
W/(m: K) 
W/sr 





TABLE 3 


The SI Supplementary Units 


Quantity Name of Unit Symbol 
plane angle radian rad 
solid angle steradian ST 


Some Fundamental 
Constants of 


Constant 


Speed of light in a vacuum 
Elementary charge 
Gravitational constant 
Universal gas constant 
Avogadro constant 
Boltzmann constant 
Stefan—Boltzmann constant 
Molar volume of ideal gas at STP4 
Permittivity constant 
Permeability constant 
Planck constant 


Electron mass‘ 
Proton mass‘ 


Ratio of proton mass to electron mass 
Electron charge-to-mass ratio 


Neutron mass‘ 


Hydrogen atom mass‘ 
Deuterium atom mass‘° 
Helium atom mass‘ 
Muon mass 


Electron magnetic moment 
Proton magnetic moment 
Bohr magneton 

Nuclear magneton 

Bohr radius 

Rydberg constant 

Electron Compton wavelength 


“Values given in this column should be given the same unit and power of 10 as the computational value. 


Parts per million. 


Symbol 


Ss oe = 


A 


a 


Q 


Physics” 


Computational Value 


3.00 x 10° m/s 

1.60 xX 10°? C 

6.67 X 1071! m?/s*- kg 
8.31 J/mol-K 

6102 < 102 molm* 
1.38 X 10°23 J/K 
5.6726 10° Wine kK? 
227 oS 10? mimo 
8.85 X 10-4 F/m 
1.26 X 10°° H/m 

6.63 X 10-4 J-s 


9.11 x 10-3! kg 
5.49 x 10-4 u 
1.67 X 10-27 kg 
1.0073 u 

1840 

1.76 X 101! Cikg 
1.68 x 10-27 kg 
1.0087 u 

1.0078 u 

2.0141 u 
4.0026 u 

1.88 X 10-8 kg 


9.28. % VO JET 
Aalee< TOF 42 AP 
927 * 10-1 
Uo lO Ie 
529s 10; 2 mn 
HOSA in 
243 x 10°" i 


‘Masses given in u are in unified atomic mass units, where 1 u = 1.660 538 86 X 1077’ kg. 


4STP means standard temperature and pressure: 0°C and 1.0 atm (0.1 MPa). 





Best (1998) Value 

Value“ Uncertainty” 
2.997 924 58 exact 
1.602 176 462 0.039 
6.673 1500 
8.314 472 LY. 
6.022 141 99 0.079 
1.380 650 3 legs 
5.670 400 7! 
2.271 098 1 decsh 
8.854 187 817 62 exact 
1.256 637 061 43 exact 
6.626 068 76 0.078 
9.109 381 88 0.079 
5.485 799 110 0.0021 
1.672 621 58 0.079 
1.007 276 466 88 io kK 10"* 
1836.152 667 5 0.0021 
1.758 820 174 0.040 
1.674 927 16 0.079 
1.008 664 915 78 SA le 
1.007 825 031 6 0.0005 
2.014 101 777 9 0.0005 
4.002 603 2 0.067 
1.883 531 09 0.084 
9.284 763 62 0.040 
1.410 606 663 0.041 
9.274 008 99 0.040 
5.050733 17 0.040 
5.291 772 083 0.0037 
1.097 373 156 854 8 LOS W0e 
2.426 310 215 0.0073 


*The values in this table were selected from the 1998 CODATA recommended values (www.physics.nist.gov). 
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el Some Astronomical Data 


Some Distances from Earth 


To the Moon* 3.82 x 108m 
To the Sun* 1.50 X 10!! m 
To the nearest star (Proxima Centauri) 4.04 x 10'©m 
*Mean distance. 
The Sun, Earth, and the Moon 

Property Unit 
Mass kg 1:99 102 
Mean radius m 6.96 X 108 
Mean density kg/m? 1410 
Free-fall acceleration at the surface m/s? 214 
Escape velocity km/s 618 


Period of rotation? 


Radiation power‘ 


“Measured with respect to the distant stars. 


W 


‘To the center of our galaxy 
To the Andromeda Galaxy 
‘To the edge of the observable universe 


Sun 


37 datpoles? 26d at equator? 


3:90 x 10 


’The Sun, a ball of gas, does not rotate as a rigid body. 


Earth 


S86 10 
6.37 < 10° 

5520 

9.81 

ME? 

23 h 56 min 


‘Just outside Earth’s atmosphere solar energy is received, assuming normal incidence, at the rate of 1340 W/m’. 


Some Properties of the Planets 


Mercury Venus’ Earth 
Wes ah from Sun, 57.9 108 150 
Period of revolution, y 0.241 O.615 1.00 
Period of rotation,’ d 58.7 —243° 0.997 
Orbital speed, km/s A7.9 oo. 28 
Inclination of axisto orbit <28° == 3° 23.4° 
ncinaiomegoritio 003 
Eccentricity of orbit 0.206 0.0068 0.0167 
Equatorial diameter, km 4880 12100 = 12800 
Mass (Earth = 1) 0.0558 0.815 1.000 
Density (water = 1) 5.60 5.20 5.52 
Surface value of g,° m/s? 3.78 8.60 9.78 
Escape velocity,° km/s 4.3 O23 Ie 
Known satellites 0) 0 1 


“Measured with respect to the distant stars. 


’Venus and Uranus rotate opposite their orbital motion. 
“Gravitational acceleration measured at the planet’s equator. 
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Mars 


228 


LeSoe 


0.0934 
6790 
0.107 
595 
BY 2 
a0 


Jupiter 


778 


3.08° 
E50; 


0.0485 
143 000 
318 
13 
22s) 
Do 


60 + ring 


Saturn 
1430 


29 
0.426 
9.64 
Ao Ny 


2.49° 


0.0556 
120 000 
95.1 
0.704 
9.05 
35.6 


31 + rings 


Uranus 
2870 


84.0 
—0.451° 
6.81 


ior 
Cae 


0.0472 
51 800 
14.5 
ae 
7.77 
Ole2 


21 + rings 


22 e022) mi 
2 em 
~ 107° m 
Moon 
TG 0s 
4 x02 
3340 
EGF 
2256 
27,50 
Neptune Pluto 
4500 5900 
165 248 
0.658 6.39 
5.43 4.74 
296% oS 
hed ee 
0.0086 0.250 
49 500 2300 
17.2 0.002 
67 2.03 
11.0 0.5 
23.6 el 
I ae RTS 


Conversion Factors Di 


Conversion factors may be read directly from these tables. For example, 1 degree = 2.778 x 
10~° revolutions, so 16.7° = 16.7 X 2.778 X 107? rev. The SI units are fully capitalized. Adapted 
in part from G. Shortley and D. Williams, Elements of Physics, 1971, Prentice-Hall, Englewood 
Cliffs, NJ. 


Plane Angle 
. . RADIAN rev 
1 degree = 1 60 3600 PASoeA0 = DTS x 10 * 
1 minute = 1.667 x 1072 1 60 2.909 x 1074 4.630 x 10° 
1 second = 2.778 X 1074 1.667 X 1077 1 4.848 x 10° 7716 X 1077 
1 RADIAN = 57.30 3438 2063" <102 il 0.1592 
1 revolution = 360 OF ee all Oe 1.296 x 10° 6.283 af 
Solid Angle 


1 sphere = 47 steradians = 12.57 steradians 








Length 
cm METER km in. re mi 
1 centimeter = 1 Oe 10- 0.3937 3281 * 10.7 6214 m0? 
1 METER = 100 i) 1 39.37 3.20 6.214 41024 
1 kilometer = 10° 1000 il 3.937 x 104 o28il 0.6214 
1 inch = 2.540 DAO GA One 2.540 x 10> 1 §:333) Ml0r? S782 
1 foot = 30.48 0.3048 3.048 x 10~4 12 1 1.894 x 104 
1 mile = 1.609 x 10° 1609 1.609 6:330-<. 10" 5280 1 
1 angstrém = 107!°m 1 fermi = 10° m 1 fathom = 6 ft 1 rod = 16.5 ft 
1 nautical mile = 1852 m 1 light-year = 9.461 X 10'* km 1 Bohr radius = 5.292 X 10°''m lmeil. == iOS. 
= 1.151 miles = 6076 ft 1 parsec = 3.084 X 10'3 km 1 yard = 3 ft 1nm =10-°m 
Area 
METER?’ cm? ft ia). 
1 SQUARE METER = 1 10? 10.76 1550 
1 square centimeter = 1074 1 1.076 x 107° 0.1550 
1 square foot = 9.290 x 10~? 929.0 1 144 
1 square inch = 6.452 x 10-4 6.452 6.944 x 107° 1 
1 square mile = 2.788 X< 10’ ft? = 640 acres 1 acre = 43 560 ft? 
Larne. FO) na? 1 hectare = 10* m? = 2.471 acres 
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Volume 
METER? cm? L, ft if.” 
1 CUBIC METER = 1 10° 1000 35.31 6.102 x 10* 
1 cubic centimeter = 10~° 1 1.000 x 1073 3.531 x 10> 6.102 x 1072 
1 liter = 1.000 x 10° 1000 1 3.531 <x 10-7 61.02 
1 cubic foot = 2.832 * 10~2 2.832 X 104 28.32 1 1728 
1 cubic inch = 1.639 X 10> 16.39 1.639 x 10-2 5.787 X 1074 i 





1 US. fluid gallon = 4 US. fluid quarts = 8 U.S. pints = 128 U.S. fluid ounces = 231 in.’ 
1 British imperial gallon = 277.4 in. = 1.201 US. fluid gallons 


Mass 
Quantities in the colored areas are not mass units but are often used as such. For example, when we write 1 kg “=” 
2.205 Ib, this means that a kilogram is a mass that weighs 2.205 pounds at a location where g has the standard value 








of 9.80665 m/s’. 
g KILOGRAM slug u OZ Ib ton 
1 gram = 1 0.001 6.852 X10 6.022 * 107 "31527 x 1OS2 2005 xO Bie G2 Sine 
1 KILOGRAM = 1000 ih 6.852 X107* 6.022 x 10% 35.27 2.205 LO Oy 
1 slug = 1.459 x 104 14.59 1 8.786 X 107’ 514.8 32.17 1.609 x 1072 
1 atomic 
mass unit = 1.661 X10°% 1.661*10-27 1138x1072 1 Sor PLO? F662 HOT S30 10° 2° 
1 ounce = 28.35 288006 WO . 1943 <A. LIS NOR al OOO Mowe sis < T0-> 
1 pound = 453.6 0.4536 SOS NOP, | ABA allo iG il 0.0005 
1 ton = 9.072 x 10° 907.2 62.16 SAospalOe7s 32a Ot 2000 1 





1 metric ton = 1000 kg 





Density 
Quantities in the colored areas are weight densities and, as such, are dimensionally different from mass densitics. 
See the note for the mass table. 

















KILOGRAM/ 
slug/ft? METER? g/cm? lb/ft? Ib/in.? 
1 slug per foot? = 1 515.4 0.5154 32.17 1.862 x 1072 
1 KILOGRAM 
per METER? = 1.940 x 107° 1 0.001 6.243 x 10~° Sai oa Ne 
1 gram per centimeter’ = 1.940 1000 i 62.43 So Oe 
1 pound per foot? = 3.108 x 107? 16.02 16.02 x 10~? 1 5.787% LO 
1 pound per inch? = 53.71 2.768 X 104 27.08 1728 ] 
Time 
y d h min SECOND 
1 year = 1 365.25 8.766 X 10° 5.259 xX 10° a 1sorx 10” 
1 day = 2.738 X 10° 1 24 1440 8.640 x 104 
1 hour = 1.141 x 10+ 4.167 X 10-7 1 60 3600 
1 minute = 1.901 x 10~° 6.944 x 10-4 1667 S10 1 60 
1 SECOND = 3.169 x 107° 1,157 << 10"> 2.478 X* 10 * 1.667 X 10-7 il 
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Speed 
ft/s km/h METER/SECOND mi/h cm/s 
1 foot per second = 1 1.097 0.3048 0.6818 30.48 
1 kilometer per hour = 0.9113 1 O277S 0.6214 Oo Ts 
1 METER per SECOND = 3.281 3.6 il 2 100 
1 mile per hour = 1.467 1.609 0.4470 1 44.70 
1 centimeter per second = 3.281 x 10~7 3.6 S10 0.01 DIS & Mr" 1 


1 knot = 1 nautical mi/h = 1.688 ft/s 1 mi/min = 88.00 ft/s = 60.00 mi/h 


Force 
Force units in the colored areas are now little used. To clarify: 1 gram-force (= 1 gf) is the force of gravity that 
would act on an object whose mass is 1 gram at a location where g has the standard value of 9.80665 m/s’. 








dyne NEWTON Ib pdl of kef 
1 dyne = 1 10°? OAS <A0E° i233 6 LOe 1.020 x 10° LOZOSGh05° 
1 NEWTON = 10° i 0.2248 Flos 102.0 0.1020 
1 pound = 4.448 x 10° 4.448 1 32 iy 453.6 0.4536 
1 poundal = 1.383 x 104 0.1383 3.108 x 10~ 1 14.10 1.410 x 10? 
1 gram-force = 980.7 9.807 x 10° 2205>3N) 2 7,093 kK 10% lk 0.001 
1 kilogram-force = 9.807 x 10° 9.807 2.205 O93 1000 1 
1 ton = 2000 Ib 
Pressure 
atm dyne/cm? inch of water cm Hg PASCAL Ib/in.? lb/ft? 
1 atmosphere = 1 1.013 x 10° 406.8 76 1.013 x 10°: 14.70 2116 
1 dyne per 
centimeter? = 9.869 x 107’ 1 Atlee 10> * ~7,501 x 10s “Ol 1.405 x 107° 2.089 x 10° 
1 inch of 
water’ at 4°C = 2.458 x 1073-2491 1 0.1868 249.1 S6bS2X Ieee 262 
1 centimeter 
of mercury’ 
tLe H=A316 X10 i286 0s’ 5.353 1 1333 0.1934 2H OD 
1 PASCAL = 9.869 x 10°° = 10 HOS X 10-2-° 7.501 X10, 1 1.450 x 1074 =.2.089 x 10 
1 pound per inch? = 6.805 X 1077 6.895 X 104 —- 27.68 5.171 6.895 x 10° 1 144 
1 pound per foot? = 4.725 X 10°* 478.8 0.1922 3.591 X 10°? 47.88 6.944x 10° 1 


“Where the acceleration of gravity has the standard value of 9.80665 m/s’. 
1 bar = 10° dyne/em? = 0.1 MPa 1 millibar = 10° dyne/em? = 10? Pa 1 torr = 1mm Hg 
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Energy, Work, Heat 


Quantities in the colored areas are not energy units but are included for convenience. They arise from the relativistic 
mass—energy equivalence formula E = mc’ and represent the energy released if a kilogram or unified atomic mass 
unit (u) is completely converted to energy (bottom two rows) or the mass that would be completely converted to 
one unit of energy (rightmost two columns). 





ft-lb 











Btu erg hp-h JOULE cal kWh eV MeV kg u 
1 British L055 5.929 2.930 6.585 6.585 1.174 7.070 
qT Ts 1055 2520 
thermalunit= 1 x10 ue lO: x 10 < 102 xe PO Thy: x 10" 
9.481 TOT6 Deis 2.389 2118 6.242 6.242 rele 670.2 
ers = 9 10" 1 10 x10 3 A077 xe. 10 ~ 10" «107 x 10~*4 
1.285 1.356 5.051 3.766 8.464 8.464 1.509 9.037 
1foot-pound = x 107° x 10’ i lO ae 1356 0.3238 ~10e x 0= x 10" x 107" x 10° 
1 horsepower- 2.685 1.980 2.685 6.413 1.676 1.676 2.988 1.799 
hour = 2545 1g x 10° 1 <0? 13 0.7457 x 10> x16" One x 101° 
9.481 5125 2.778 6.242 6.242 1.113 6.702 
1JOULE= x10 TQ? 0.7376 x AOe? 1 0.2389 104 > 0 x 10" lOuY? x 10° 
3.968 4.1868 1.560 lets 2.613 2.613 4.660 2.806 
1lcalorie= xX 107° ral! 3.088 ele 4.1868 1 x10 a x 10" SerlOrte x 10'° 
1 kilowatt- 3.600 2.655 3.600 8.600 2.247 2.247 4.007 2.413 
hour = 3413 uo 10° 1.341 ee 107 1 x10. ~ 1DY «x 107"! eons 
Sle 1.602 LS? 5907 1.602 3.627 4.450 1.783 1.074 
lelectron-volt = x 10~” 10-2 x 100 0c? x 105!" 102? x10 1 1p lO? VO, 
1 million 1.519 GO? Eee 5.967 1.602 DOL) 4.450 1.783 1.074 
electron-volts = x 107'6 2 x 1072 X1Onze e102 x 10°" 10s 10-2 1 xbORe? long 
8.521 8.987 6.629 3.348 8.987 2.146 2.497 5.610 5.610 1 6.022 
lkilogram= xX 10” pede Qe x 107° x 101° xO x 101° marco x 107 x 1076 
1 unified 
atomicmass 1.415 1.492 1.101 a0 1.492 3.564 4.146 9.320 932.0 1.661 1 
unit= x107% xOs ler ele olor SOs Kel iri x 108 Lire 
Power 
Btu/h ft - lb/s hp cal/s kW WATT 
1 British thermal unit per hour = 1 02161 3.929 x 1074 6.998 x 10-7 29307 lat 0.2930 
1 foot-pound per second = 4.628 1 1.818 x 10° 0.3239 1.356 x 10° i356 
1 horsepower = 2545 550 1 178.1 0.7457 745.7 
1 calorie per second = 14.29 3.088 Sls One ih 4.186 x 10°? 4.186 
1 kilowatt = 3413 1316 1.341 238.9 1 1000 
1 WATT = 3.413 0.7376 1.341 x 10° 0.2389 0.001 if 
Magnetic Field Magnetic Flux 
gauss TESLA milligauss maxwell WEBER 
1 gauss = 1 10°* 1000 1 maxwell = 1 Ome 
1 TESLA = 104 1 Oe 1 WEBER = 108 il 
1 milligauss = 0.001 1077 1 


1 tesla = 1 weber/meter? 


Mathematical Formulas (=e 


Geometry Mathematical Signs and Symbols 


Circle of radius r: circumference = 277; area = ar’. equals 


Sphere of radius r: area = 4ar?; volume = ar°. 


t 


equals approximately 
Right circular cylinder of radius r and height h: 
area = 2ar* + 2mrh: volume = ar7h. 


( 


is the order of magnitude of 


Triangle of base a and altitude h: area = Sah. z sSHOegmate 

= is identical to,is defined as 
| . > is greater than (> is much greater than) 

Quadratic Formula | | 

< is less than (< is much less than) 
5 + VB? — 4ac | | 
If ax? + bx +c =0,thenx = =P s > is greater than or equal to (or, is no less than) 
a 

<= is less than or equal to (or, is no more than) 
a 


: ‘ . plus or minus 
Trigonometric Functions 


of Angle 6 


R 


is proportional to 


M 


| the sum of 
x ) ax1s 


’ y 
sin 6 = cos 6 = — Xayg the average value of x 
r r 














a SE — a e r ©, 6 
ar ge Os Trigonometric Identities 
r r sin(90° — 6) = cos 6 
Sev = Ceo = = 
x y cos(90° — 6) = sin 6 
sin 6/cos 6 = tan 0 
Pythagorean Theorem sin? 6 + cos? 9 = 1 
In this right triangle, sec? 6— tan? 0=1 
Ae Gey c ” csc? 6 — cot* d= 1 
; sin 29 = 2 sin @cos 6 
Triangles cos 20 = cos” 0 — sin? 6 = 2cos* 6— 1 = 1 — 2sin’ 6 
Angles are A, B, C sin(a + B) = sinacos B + cos asin B 
Opposite sides are a, b,c cos(a + B) = cosacos B + sin asin B 
Angles A + B + C = 180° tana + tan B 
| , tan(a + 8) = ——__— 
snA snB sinc 1 + tan a tan B 
a b ic 


sin a + sin B = 2sin}(a@ + B) cos3(a ¥ B) 
cos a + cos B = 2.cos (a + B) cos 3(a~ B) 


cos a — cos B = —2 sin (a + 6) sin s(a — B) 


c* = a’ + b* — 2abcosC 
Exterior angle D=A+C 
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Binomial Theorem Products of Vectors 
et (Ee Gam pe 5 Let i,j, and k be unit vectors in the x, y, and z direc- 
(1 7 x) eae 1! a5 2! (x > 1) tions. Then 
i) eek ey a ke i 
Exponential Expansion ixi=jxj=kxk=0, 
2 3 ix ,=k ij xk=i kxi=] 
ej=1ltxt+o+e IxXjuk ] : i | 
2! 3! Any vector @ with components 4a,, a,, and a, along the 
x, y,and z axes can be written as 
Logarithmic Expansion @=ait+aj +a. 
Ind +x)=x—h? +h... (Ixl < 1) Let @, b, and @ be arbitrary vectors with magnitudes a, 
b,and c. Then 
: ax(b+@)=(@x b)+(@xe@ 
Trigonometric Expansions ; ( = ( ) ( 
: : a@)xb=ax = s(@ x = ; 
G in radians) (sa) ad X (sb) = s(@ X b) (s = ascalar) 
93 9° Let 6 be the smaller of the two angles between @ and 
sin 9 = @— Bete ea - 
6p Bi Ge Od — ee iD a0 0D, COs 0 
C86 me a ee es & 
2! 4! i j k 
ae 26 axb=-bx@=|a, a a, 
tang =e ae 5 ee b, by b, 
3 (4 4) _ dy A) | ¢|ay ay 
Cramer's Rule by b, b, b, b, by 




















w 
. 


(ayb, — bya,)i + (a,b, — b,a,)j 
Fr (a,b, ad b.a,)k 
l@ x bl = absin @ 


a-(b xX @)=b:(@x @) = @-(@ x b) 


Two simultaneous equations in unknowns x and y, 
a,x + biy a= and Axx + boy = 7635 


have the solutions 




















Cc, Dy 

as C2 by _ Ob, — ob, ax (bx @) = (a@-e)b — (@-b)e 
a, db, a,b, — anb, 
a, by 

and 
a, Cc 
— 142 | ayy — ancy 
» a, bD,| ayby — ayb, 





a, by 


Derivatives and Integrals 

In what follows, the letters u and v stand for any func- 
tions of x, and a and m are constants. To each of the 
indefinite integrals should be added an arbitrary con- 


stant of integration. The Handbook of Chemistry and 
Physics (CRC Press Inc.) gives a more extensive tabu- 











lation. 
dx 
i 
dx 
d 
2. ie (au) = 
du dv 
3. —(u + = — + — 
dx a) dx dx 
d 
4, Ve = = mx} 
d 
5: Fe = aa 
d Vv du 
. —— (uv) = u—— + v—— 
S dx ae dx i dx 
d 
7. re a 
d 
8. Te SB = cos x 
d 
9, — = —SI 
ae COS xX sin x 
d 
10. —tanx = sec’ x 
dx 
d 
11. — cot x = —csc’* x 
dx 
d 
12. — sec x = tan x secx 
ae 
d 
lan cst ¥ — —_COLy csc 
ax 
du 
14, ee 
dx dx 
15. Ge SB — cos u 
du 
16. — =— —— 
x cosu = —sinu Tx 


Ss 


ad 


nN 


os 


10. 


11. 


12. 


13. 


14. 


Is. 


16. 


7: 


18. 


19. 


20. 


21. 


Appendix E | Mathematical Formulas 
| dx =x 
[ au av =a | way 
[ w+ nae = [war + [vax 


m+ | 
. | ede = : (m#-—1) 





m+1 


.[#- In |x| 
x 

dv du 
[uae =w—- {va 


| & ax = @& 


sin x dx = —cosx 


COS X ax = sin x 


tan x dx = In |Isec xl 


sin? x dx = $x — ;sin 2x 


J 
a 
i 
[- 
J» 
L 
, 


1 
7 y= 5 (ax + Lye? 


1 
e * dx = —— 73 (ax + 2ax + 2)e"* 


n! 


ip GX ax = — ae 


a 
1-3-5+ +» (Qn —1) 


2n,—ax° 
Be ae Ont lar a 


_— = In(x + yx? + a?) 
Vx? +a 
| Se x dx _ 1 

(x? tt 2)3/2 ne (x? 4 a)" 
| - x 

(x? af q?)3!2 a?(x? 5 qa?) 


™ : n! 
2n+1 .p~~ ax ae oe 
[ x e dx = a_i (a > 0) 


x dx 
=x- + 
| Leo = d\In(x + d) 





es Properties of 


the Elements 


All physical properties are for a pressure of 1 atm unless otherwise specified. 





Specific 
Atomic Molar Boiling Heat, 
Number Mass, Density, Melting Point, Sifee ee) 
Element Symbol Z g/mol g/cm? at 20°C Pont. © oe atZo7e 
Actinium Ac 89 (227) 10.06 1323 (3473) 0.092 
Aluminum Al 13 26.9815 2.699 660 2450 0.900 
Americium Am 95 (243) 13.67 1541 | — 
Antimony Sb Sill aS 6.691 630.5 1380 F205 
Argon Ar 18 39.948 1.6626 X 107° —189.4 —185.8 0578 
Arsenic As a3 74.9216 51S 817 (28 atm) 613 O33 
Astatine At 85 (210) - (302) —- — 
Barium Ba 56 137.34 3.594 729 1640 0.205 
Berkelium Bk 97 (247) 14.79 — — — 
Beryllium Be 4 9.0122 1.848 1287 2770 83 
Bismuth Bi 83 208.980 9.747 2737 1560 2 
Bohrium Bh 107 262.12 — — + — 
Boron B ) 10.811 2.34 2030 — lat 
Bromine Br 5 79.909 3.12 (liquid) ie 58 0.293 
Cadmium Cd 48 112.40 8.65 321.03 765 225 
Calcium Ca 20 40.08 E55 838 1440 0.624 
Californium Ci 98 (251) _ — — | 
Carbon C 6 1201115 226 S727 4830 0.691 
Cerium Ce 58 140.12 6.768 804 3470 0.188 
Cesium Cs 55 132.905 1.873 28.40 690 0.243 
Chlorine Cl ey 35.453 3.214 x 107° (0°C) =101 —34.7 0.486 
Chromium Cr 24 51.996 7.19 1857 2665 0.448 
Cobalt Co 27 58.9332 8.85 1495 2900 0.423 
Copper Cu 2° 63.54 8.96 1083.40 2595 0.385 
Curium Cm 96 (247) 13.3 -- — -- 
Darmstadtium Ds 110 (271) —- — _— = 
Dubnium Db 105 262.114 -- —- — — 
Dysprosium Dy 66 162.50 8.55 1409 2330 0.172 
Einsteinium Es 99 (254) — — _: -- 
Erbium Er 68 167.26 9.15 1522 2630 0.167 
Europium Eu 63 151.96 5.243 817 1490 0.163 
Fermium Fm 100 (237) — —- — 
Fluorine F 9 18.9984 1.696 X 107? (0°C) = 6 — 188.2 58 
Francium Fr 87 (223) — 27) — — 
Gadolinium Gd 64 15725 7.90 ole 2730 0.234 
Gallium Ga Si O72 5.907 2975 2237 377 
Germanium Ge 32 Wa0 5.323 O37 25 2830 0322 
Gold Au 79 196.967 19,32 1064.43 2970 0.131 





Element 


Hafnium 
Hassitum 
Helium 
Holmium 
Hydrogen 
Indium 
Iodine 
Iridium 

Iron 
Krypton 
Lanthanum 
Lawrencium 
Lead 
Lithium 
Lutetium 
Magnesium 
Manganese 
Meitnerium 
Mendelevium 
Mercury 
Molybdenum 
Neodymium 
Neon 
Neptunium 
Nickel 
Niobium 
Nitrogen 
Nobelium 
Osmium 
Oxygen 
Palladium 
Phosphorus 
Platinum 
Plutonium 
Polonium 
Potassium 
Praseodymium 
Promethium 
Protactinium 
Radium 
Radon 
Rhenium 
Rhodium 
Rubidium 
Ruthenium 
Rutherfordium 


Symbol 


Atomic 
Number 


Z 


72 
108 


67 


49 
53 
va 
26 
36 


103 
82 


al 
12 
ZS 
109 
101 
80 
42 
60 
10 
93 
28 
Al 


102 
76 


46 
15 
78 
94 
84 
19 
39 
61 
Oi. 
88 
86 


45 
37 


104 


Molar 
Mass, 
e/mol 


178.49 
(265) 
4.0026 
164.930 
1.00797 
114.82 
126.9044 
192.2 
55.847 
83.80 
138.91 
(257) 
207.19 
6.939 
174.97 
24.312 
54.9380 
(266) 
(256) 
200.59 
95.94 
144.24 
20.183 
(237) 
58.71 
92.906 
14.0067 
(255) 
190.2 
15.9994 
106.4 
30.9738 
195.09 
(244) 
(210) 
39.102 
140.907 
(145) 
(231) 
(226) 
(222) 
186.2 
102.905 
85.47 
101.107 
261.11 


Appendix F | Properties of the Elements 


Density, 
g/em- ai20eC 


13.31 
0.1664 x 10° 
om, 
008375 5alOr? 
nel 
4.93 

22S 
7.874 
3.488 x 107° 
6.189 


11.35 
0.534 
9.849 
1.738 
7.44 


13.55 
10.22 
7.007 
0.8387 x 10° 
D025 
8.902 
8.57 
1.1649 x 1077 
22.59 
L_JOLS >< Wim 
1202 
1.83 
21.45 
19.8 
nae 
0.862 
6373 
Vide 
5:37 (esiimated) 
5.0 


9.96 x 10-3 (0°C) 


202 

12.41 
1532 

12357 


Melting 
Point, °C 


LL, 
= 2094) 
1470 
=259a9 
156.634 
L138? 
2447 
15365 
= e3 
920 
327.45 
180.55 
1663 
650 
1244 


= 38537 
2617 
1016 

—248.597 
637 
1453 
2468 
=2450 


3027 
~218.80 
1552 
44.25 
1769 
640 
254 
63.20 
931 
(1027) 
(1230) 
700 
(-71) 
3180 
1963 
39.49 
2250 


Boiling 


Point, 
FC 


5400 
~268.9 
2330 
59.7 
2000 
183 
(5300) 
3000 
~152 
3470 
1725 
1300 
1930 
1107 
2150 


251 
5560 
3180 

—246.0 


2700 
4927 
= 195:8 


5500 
rs Goel) 
3980 
280 
4530 
5239 


760 
3020 


—61.8 
5900 
4500 

688 
4900 


Specific 
Heat, 
Jig: °C) 
ato 


0.144 
eo 

0.165 

14.4 

i253 
0.218 
0.130 
0.447 
0.247 
Oalis 
0.129 
350 

0.155 
1.03 

0.481 


0.138 
O25 
0.188 
1.03 
1.26 
0.444 
0.264 
1.03 


0.130 
OFS 
0.243 
0.741 
0.134 
0.130 


0.758 
0.197 


0.092 
0.134 
0.243 
0.364 
(239 


Element 


Samarium 
Scandium 
Seaborgium 
Selenium 
Silicon 
Silver 
Sodium 
Strontium 
Sulfur 
Tantalum 
Technetium 
Tellurium 
Terbium 
Thallium 
Thorium 
Thulium 
Tin 
Titanium 
Tungsten 
Unnamed 
Unnamed 
Unnamed 
Unnamed 
Unnamed 
Unnamed 
Unnamed 
Unnamed 
Uranium 
Vanadium 
Xenon 
Ytterbium 
Yttrium 
Zinc 
Zirconium 


Symbol 


Sm 
Sc 
Sg 
SE 
Si 
Ag 
Na 
Str 
S 
Ta 
Te 
te 
Tb 
al 
Th 


Atomic 
Number 
ZL 


62 
oN 
106 
34 
14 
47 
ibe 
38 
16 
de 
43 
aD 
65 
81 
90 
69 
50 
22 
74 
vl 
112 


Appendix F | Properties of the Elements 


Molar 
Mass, 
g/mol 


150.35 
44.956 
263.118 
78.96 
28.086 
107.870 
22.9898 
87.62 
32.064 
180.948 
(99) 
127.60 
158.924 
204.37 
(232) 
168.934 
118.69 
47.90 
183.85 
(272) 
(285) 
(289) 


(293) 
(238) 
50.942 
131.30 
173.04 
88.905 
65.37 
91.22 


Density, 
g/cm? at 20°C 


TL 
299 


4.79 
255 
10.49 
O92 
2.54 
2.07, 
16.6 
11.46 
6.24 
229 
11.85 
dale 
Oe 
7.2984 
4.54 
io 


18.95 
6.11 
5495. 10 
6.965 
4.469 
HLeo 
6.506 


Melting 
Point, °C 


LQ72 
i532 
ZN 
1412 
960.8 
97.85 
768 
119.0 
3014 
2200 
449.5 
1357 
304 
1755 
1545 
231.868 
1670 
3380 


1132 
1902 
lye. 
824 
1526 
419.58 
1852 


Boiling 
Point, 
a 
1630 
2730 
685 
2680 
2210 
892 
1380 

444.6 
5425 

990 
2530 
1457 

(3850) 

1720 
2210 
3260 
5930 


3818 
3400 
= 106 
1530 
3030 

906 
3580 


Specific 
Heat, 
Jig: °C) 
ates C 


O97 
0.569 
0.318 
eZ 
0.234 
Zz 

7 
0.707 
0.138 
0.209 
0.201 
0.180 
ESO 
Oo? 
OS 9 
0.226 
(ia25 
0.134 


Elan 
0.490 
Ois9 
OSs 
297 
0.389 
0.276 


The values in parentheses in the column of molar masses are the mass numbers of the longest-lived isotopes of those elements that are radioactive. 
Melting points and boiling points in parentheses are uncertain. 


The data for gases are valid only when these are in their usual molecular state, such as H,, He, Op, Ne, etc. The specific heats of the gases are the 
values at constant pressure. 


Source: Adapted from J. Emsley, The Elements, 3rd ed., 1998, Clarendon Press, Oxford. See also www.webelements.com for the latest values and 


newest elements. 


Periodic Table Ci 


of the Elements 





Metals 
Alkali . Noble 
metals Metalloids gases 
JA 0 
erase Nonmetals 
1 Gea pana 


| 


2 


Transition metals 





THE HORIZONTAL PERIODS 
a 





Lanthanide series * 


Actinide series + 





Elements 111,112,114, and 116 have been discovered but, as of 2003, have not yet been named. Evidence for the discovery of elements 113 and 
115 has been reported. See www.webelements.com for the latest information and newest elements. 
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Chapter 1 

P  1.(a) 10° wm; (b) 1074; (c) 9.1 X 10° um = 3. (a) 160 rods; 
(b) 40 chains 5. (a) 4.00 x 10*km;(b) 5.10 X 10°km’; 

(c) 1.08 X 10"%km?> 7.1.9 x 10? cm? 9.1.1 X 10% acre-feet 
11.1.21 x 10" ws 13. (a) 1.43; (b) 0.864 15. (a) 495 s; 

(b) 141 s;(c) 198 s;(d) —245s 17.C,D,A,B,E; the important 
criterion is the consistency of the daily variation, not its mag- 
nitude 19.5.2 x 10°m 21.(a)1 X 10’ kg; (b) 158 kg/s 
23.9.0 X 10° atoms 25.(a) 1.18 X 1077? m°; (b) 0.282 nm 
27.1750kg 29.1.9 X 10°kg 31.1.43keg/min 33. (a) 22 
pecks; (b) 5.5 Imperial bushels; (c) 200 L 35. (a) 18.8 gallons; 
(bb) 2235 callons 37. (aj ome (bys: < 10) me 

(c) 2.17 X 107? gal/ft?; (d) number of gallons to cover a square 
foot 39.0.3cord 41. (a) 293 U.S. bushels; (b) 3.81 x 10° 
US. bushels 43.8 x 10°km 45.0.12 AU/min 47.3.8 mg/s 
49.10.7 habaneros 51. (a) yes; (b) 8.6 universe seconds 

55: (a) 3.88: (0) 7.65;(c) 156 ken (ad) 1,19 < 102m: “55,12 m 
57. (a) 4.9 X 10°° pc; (b) 1.6 X 107° ly 59. (a) 3.9m, 4.8 m; 
(b) 3.9 X 10° mm, 4.8 X 10° mm; (c) 2.2 m’, 4.2 m3 


Chapter 2 

CP 1.bandc 2. (check the derivative dx/dt) (a) 1 and 4; 
(b)2and3 3. (a) plus; (b) minus;(c) minus;(d) plus 4. 1 
and 4 (a = d’x/dt* must be constant) 5. (a) plus (upward dis- 
placement on y axis); (b) minus (downward displacement on y 
axis);(c)a = —g= —9.8m/s* @Q = 1.(a)all tie; (b) 4, tie of 
land2,then3 3. (a) negative; (b) positive; (c) yes; (d) posi- 
tive;(e) constant 5. (a) positive direction; (b) negative direc- 
tion; (c) 3 and 5; (d) 2 and 6 tie, then 3 and 5 tie, then 1 and 4 
Hie ZEON aac) >,23 1s (oles oc all tie: (al) ied 

9. (a) Di (DE P 1.(a) +40 km/h; (b)40km/h 3.13 m 
5.(2) O5(b) = 2 mae) 0nd) I 2m-(e)y- 12 meh) 7 m/s 
7.1.4m 9128km/h 11.60km_ 13. (a) 73 km/h; (b) 68 
km/h; (c) 70 km/h; (d)0 15. (a) —6 m/s; (b) —x direction; 

(c) 6 m/s; (d) decreasing; (e)2s;(f)no 17. (a) 28.5 cm/s; 

(b) 18.0 cm/s; (c) 40.5 cm/s; (d) 28.1 cm/s; (e) 30.3 cm/s 

19. —20 m/s? 21. (a) m/s’; (b) m/s; (c) 1.0 s; (d) 82 m; 

(ee SO (0) 0; (o) = 12 m/s: (i) — 36am/s() 72s) 6 
m/s*; (k) —18 m/s’; (1) —30 m/s*;(m) —42 m/s? 23. (a) +1.6 
m/s;(b)c-I8 mis. 25: (4a) 3.1 < 10°s:(b) 46 x 10° im 

27.162 % 1OP mis’ *29.(4a)30s;(b) 300m. 31. (a) 106m: 
(b) 41.5s 33. (a) 3.56 m/s’; (b) 8.43 m/s 35. (a) 4.0 m/s”; 

(b) +x 37. (a) —2.5 m/s’; (b) 1;(d) 0;(e)2 39.40m 

41.0.90 m/s? 43. (a) 15.0m;(b)94km/h 45. (a) 29.4 m; 
(b)2.45s 47.(a)31 m/s;(b)6.4s 49. (a) 5.48; (b) 41 m/s 
51.4.0 m/s 53.(a)20m;(b)59m_ 55. (a) 857 m/s”; (b) up 
57. (a) 1.26 X 10° m/s’;(b) up 59. (a) 89 cm; (b) 22 cm 
61.2.34m 63.20.4m_ 65. (a) 2.25 m/s;(b) 3.90 m/s 67.100m 
69.0.56m/s 71. (a)82m;(b)19m/s_ 73. (a) 2.00 s; (b) 12 cm; 
(c) —9.00 cm/s’; (d) right; (e) left; (f) 3.46s 75. (a) 48.5 m/s; 
(b) 4.95 s; (c) 34.3 m/s;(d)3.50s 77.414ms 79.90m 

81. (a) 3.0s;(b) 9.0m 83.2.78 m/s? 85. (a) 0.74 s; (b) 6.2 m/s? 
87.17 m/s 89.+47m/s 91. (a) 3.1 m/s’; (b) 45 m; (c) 13s 


PS 


to Checkpoints and Odd-Numbered 
Questions and Problems 


SECD-bY-seep SoOlurcions 


93. (a) 1.23 cm; (b) 4 times; (c) 9 times; (d) 16 times; 

(e)25 times 95.25km/h 97.1.2h 99.4H 101. (a)3.25; 
(b)1.3s 103.(a)10.2s;(b)10.0m 105. (a) 8.85 m/s; 
(b)1.00m 107. (a) 2.0 m/s’; (b) 12 m/s;(c) 45m _ 109. 3.75 ms 
111. (a) 5.44 s;(b) 53.3 m/s;(c)5.80m 113. (a) 9.08 m/s’; 

(b) 0.926; (c) 6.12 s; (d) 15.37,; (e) braking; (f) 5.56 m 


Chapter 3 

CP 1.(a)7m(@ and bare in same direction); (b) 1m (@ and 
b are in opposite directions) 2.c,d,f(components must be 
head-to-tail; @ must extend from tail of one component to 
head of the other) 3. (a) +, +;(b) +, —;(¢) +, + (draw 
vector from tail of d, to head ofd,) 4. (a) 90°: ;(b) 0° 
(vectors are parallel—same direction); (c) 180° (vectors are 
antiparallel—opposite directions) 5. (a) 0° or 180°; (b) 90° 
© 1. Either the sequence ae a or the sequence aes a d; 

3. yes, when the vectors are in same direction 5. (a) yes; 

(b) yes;(c)no 7.allbut(e) 9. (a) +x for (1), +z for 

(DQ). zor): (b) vier (lis. ton). =< 10r(3) 

P 1a) 472m: (b) 122° 3.(a) 2.5 m:(b) —6.9m 

5. (a) 156 km; (b) 39.8° west of due north 7. (a) 6.42 m; 

(b) no; (c) yes; (d) yes; (e) a possible answer: (4.30 m)i te 
(3.70 m)j + (3.00 m)k;(f) 7.96m 9. (a) (—9. Om)i (10 m)j; 
(b) 13 m;(c) 132° 11.4.74km 13. (a) (3.0m)i — (2.0 m)j + 
(5.0 m)k: (b) (5.0 m)i — (4.0 m)j — (3.0 m)k; (c) (—5.0 m)i + 
(4.0m)j + (3.0m)k 15. (a) —70.0 cm; (b) 80.0 cm; (c) 141 cm; 
(dy 2 (a) 59 mae (lem, (6) 12 (8252 
19.44) 38 me (by) 375 -(c) 10m (da)? (ee) 62 ms (h) 130" 
21.5.39 m at 21.8° left of forward 23.2.6km 25.3.2 

27. (a) 7.5 cm; (b) 90°; (c) 8.6 cm; (d) 48° 29. (a) 8i + 16); 

(b) 21+4j) 31. . (a) ai + aj + ak;(b) —ai + aj + ak;(c) ai — 

aj + ak;(d) —ai — aj + ak; (e) 54.7°; (f) 39a 33. (a) -18.8 
units; (b) 26.9 units, +z direction 35. (a) —21;(b) —9; 

(c) at 11j -9k 37. (a) 12;(b) +z;(c) 12; (d) —z;(e) 12; 

(f) +z 39,22° 41.70.5° 43. (a) 3.00 m; (b) 0; (c) 3.46 m; 
(d) 2.00 m; (e) —5.00 m; (f) 8.66 m; (g) — 6.67; (h) 4.33 

45. (a) 27.8m;(b)13.4m 47. (a) 30;(b)52 49. (a) —2.83 m; 
(b) = 2:83: (c)5.00m: (d)0; (e) 3:00 m: (ts 20 mee) 517 m: 
(h) 2.37 m; (i) 5.69 m; (j) 25° north of due east; (k) 5.69 m; (1) 
25° south of due west 51. (a) 103 km; (b) 60.9° north of due 
west 53. (a) 140°; (b) 90.0°;(c) 99.1° 55. (a) —83.4; 

(b) (1.14 X 10%)k;(c) 1.14 X 103, @not defined, ¢ = 0°; 

(d) 90.0°; (e) —5.141 + 6.13] + 3.00k; (f) 8.54, 0 = 130°, d = 
69.4° 57. (a) 3.0 m2; (b) 52 m3; (c) (11 m”)i + (9.0 m?)j + 
(3.0m)k 59. (a) +y;(b) —y; (c) 0; (d) 0; (e) +2; (f) —z; 

(g) ab;(h) ab;(i) ab/d;(j) +z 61. (a) 0;(b) 0; (c) —1; (d) west; 
(e) up; (f) west 63. Walpole (where the state prison is 
located) 65. (a) (9.19 m)i’ + (7.71 m)j’;(b) (14.0 m)i! + 
(3.41 m)j’ 67. (a) 11i + 5.0} — 7.0k;(b) 120°; (c) —4.9; (d) 7.3 
69. (a) (—40i — 20) + 25k) m;(b)45m_ 71.4.1 


Chapter 4 
CP 1. (draw ¥ tangent to path, tail on path) (a) first; (b) third 
2. (take second derivative with respect to time) (1) and (3) a, 


AN-1 


and a, are both constant and thus @ is constant; (2) and (4) a, 
is constant but a,isnot,thusd@isnot 3.no 4.(a) v,con- 
stant; (b) v, initially positive, decreases to zero, and then 
becomes progressively more negative; (c) a, = 0 throughout; 
(d)a, = —gthroughout 5. (a) —(4 m/s)i; (b) 3S m/s?)j . 

ma l(a) (imi lm) (2k (bb) om i 63m) 
(1m)k;(c)(—2m)i 3. (a) all tie; (b) 1 and 2 tie (the rocket is 
shot upward), then 3 and 4 tie (it is shot into the ground!) 
S-decheases. 7.(a) all tic-( 6) all tie-(c) 3.2, 1- (a) 32 1 

9. (a) 0; (b) 350 km/h; (c) 350 km/h; (d) same (nothing changed 
about the vertical motion) 11. (a) 90° and 270°; (b) 0° 

and 180°; (c) 90° and 270° 13.2, then 1 and 4 tie, then 3 

P 1.(-2.0m)i + (6.0m)j -(10m)k 3.(a)6.2m 

5, (—0.70 m/s)i + (1.4 m/s)j — (0.40 m/s)k 7. (a) 7.59 km/h; 
(b) 22.5° east of due north 9. (a) 0.83 cm/s; (b) 0°; (c) 0.11 m/s; 
(d) —63° 11. (a) (8 m/s2)j + (1 m/s)k; (b) (8 m/s?)j 

13. (a) (6.00 m)i — (106 m)j; (b) (19.0 m/s)i — (224 m/s)j; 

(c) (24.0 m/s?)i — (336 m/s2)j;(d) —85.2° 15. (32 m/s)i 

17. (a) (—1.50 m/s)j; (b) (4.50 m)i — (2.25 m)j 

19. (a) (72.0 m)i + (90.7 m)j;(b) 49.5° 21. (a) 3.03 s; (b) 758 m:; 
(c) 29.7 m/s 23.43.1m/s(155 km/h) 25. (a) 18cm; (b) 1.9m 
27. (a) 10.0s;(b) 897m 29. (a) 1.60 m; (b) 6.86 m; (c) 2.86 m 
31. (a) 202 m/s; (b) 806 m; (c) 161 m/s; (d) —171 m/s 

93.5:55 35.78.07 37.(a) lime (b) 23am) (Cc) 17 mis: 

(d) 63° 39.4.84cm 41. (a) 32.3 m;(b) 21.9 m/s; (c) 40.4°; 
(d) below 43. (a) ramp; (b) 5.82 m;(c)31.0° 45. 64.8° 

47. (a) yes;(b)2.56m 49. (a) 2.3°; (b) 1.4 m; (c) 18° 

51. (a) 31°; (b) 63° 53.the third 55. (a) 75.0 m; (b) 31.9 m/s; 
(c) 66.9°;(d)25.5m 57. (a) 12s; (b) 4.1 m/s’; (c) down; 

(d) 4.1 m/s*;(e) up 59.(a) 1.3 X 10°m/s;(b) 7.9 X 10° m/s?; 
(c)increase 61. (a) 7.32 m;(b) west; (c) north 

63. (3.00 m/s?)i + (6.00 m/s*)j 65.2.92m 67.160 m/s? 

69. (a) 13 m/s’; (b) eastward; (c) 13 m/s’;(d) eastward 71. 1.67 
73. (a) 38 knots; (b) 1.5° east of due north; (c) 4.2 h; (d) 1.5° 
west of due south 75.60° 77.32m/s 79. (a) (80 km/h)i — 
(60 km/h)j; (b) 0°; (c) answers do not change 

81. (a) (—32 km/h)i — (46 km/h)j; (b) [(2.5 km) — 

(32 km/h)¢]i + [(4.0 km) — (46 km/h)¢]j; (c) 0.084 h; 

(d)2 X10?m_ 83. (a) 2.7 km; (b) 76° clockwise 85.2.64m 
87. (a) 2.5 m; (b) 0.82 m; (c) 9.8 m/s’; (d) 9.8 m/s? 89. (a) —30°; 
(b) 69 min; (c) 80 min; (d) 80 min; (e) 0°; (f) 60 min 

91. (a) 62 ms;(b) 4.8 X 10? m/s 93. (a) 6.7 X 10° m/s; 

(b) 1.4 xX 1077s 95, (a) 4.2 m, 45°; (b) 5.5 m, 68°; (c) 6.0 m, 
90°; (d) 4.2 m, 135°; (e) 0.85 m/s, 135°; (f) 0.94 m/s, 90°; 

(2) 0.94 m/s, 180°; (h) 0.30 m/s’, 180°; (i) 0.30 m/s?, 270° 

97, (a) 6.79 km/h; (b) 6.96° 99. (a) 16 m/s; (b) 23°; (c) above; 
(d) 27 m/s; (e) 57°; (f) below 101. (a) 24 m/s; (b) 65° 

103. (a) 1.5;(b) (36m,54m) 105. (a) 0.034 m/s’; (b) 84 min 
107. (a) 44 m;(b) 13. m;(c)8.9m 109. (a) 2.6 < 10*m/s;(b) 45 s; 
(c)increase 111.(a)45m;(b)22m/s_ 113. (a) 2.00 ns; 

(b) 2.00 mm; (c) 1.00 X 10’ m/s; (d) 2.00 X 10°m/s 

115. (a) 4.6 X 10'*m;(b) 2.4 X 10°s_ 117. 93° from the car’s 
direction of motion 119. (a) 8.43 m;(b) —129° 121. (a) 63 km; 
(b) 18° south of due east; (c) 0.70 km/h; (d) 18° south of due 
east; (e) 1.6 km/h; (f) 1.2 km/h; (g) 33° north of due east 

123.3 x 10'm 125. (a) 14 m/s; (b) 14 m/s; (c) —10 m; 

(d) —4.9m;(e) +10 m;(f) -4.9m 127.67km/h 129. (a) from 
75° east of due south; (b) 30° east of due north. For a second 
set of solutions, substitute west for east in both answers. 

131. (a) 11 m;(b) 45 m/s 


Chapter 5 

CP i.c,d,ande (F , and F , must be head-to-tail, F’,., must 
be from tail of one of them to head of the other) 2. (a) and 
(b) 2 N, leftward (acceleration is zero in each situation) 

3. (a) equal; (b) greater (acceleration is upward, thus net force 
on body must be upward) 4. (a) equal; (b) greater; (c) less 

5. (a) increase; (b) yes; (c) same; (d) yes @ L.increase 

3. (a) 2 and 4;(b)2and4 5. (a) 2,3, 4; (b) 1,3, 4; (c) 1, +y;2, 
+x;3,fourth quadrant; 4, third quadrant 7. (a) 20 kg; (b) 18 kg; 
(c) 10 kg; (d) all tie;(e) 3,2,1 9. (a) increases from initial 
value mg; (b) decreases from mg to zero (after which the 
block moves up away from the floor) 11. (a) M;(b) M;(c) M; 
(d)2M;(e)3M = P_—_1. (a) 1.88 N; (b) 0.684 N;(c) (1.88 N)i + 
(0.684N)j 3.2.9 m/s? 5. (a) (—32.0 N)i — (20.8 N)j; 

(b) 38.2 N;(c) —147° 7. (a) (0.86 m/s*)i — (0.16 m/s?)j; 

(b) 0.88 m/s*;(c) -11° 9.9.0 m/s? 11. (a) 8.37 N; (b) — 133°; 
(c) —125° 13.(a)108N;(b)108N;(c)108N 15. (a) 4.0 kg; 
(b) 1.0 kg; (c) 4.0kg;(d) 1.0kg 17. (a) —9.80j m/s?; (b) 2.35} 
m/s?; (c) 1.37 s; (d) (—5.56 X 10°-3N)j; (e) (1.333 X 1073N)j 
19. (a) 42 N; (b) 72 N; (c) 4.9 m/s* 21. (a) 11.7 N; (b) —59.0° 
23. (a) 0.022 m/s’; (b) 8.3 X 10*km;(c) 1.9 X 10° m/s 

25.1.2 X 10°N_ 27. (a) 494 .N;(b) up; (c) 494 N; (d) down 
29.1.5mm_ 31. (a) 46.7°; (b) 28.0° 33. (a) 0.62 m/s’; 

(b) 0.13 m/s’; (c) 2.6m 35. (a) 1.18 m; (b) 0.674 s; (c) 3.50 m/s 
37. (a) 2.2 X 10°3N;(b)3.7 X 10 37N 39.1.8 X 10*N 

41. (a) 31.3kKN;(b)24.3kKN 43. (a) 1.4 m/s’; (b) 4.1 m/s 

45. (a) 1.23 N; (b) 2.46 N; (c) 3.69 N; (d) 4.92 N; (e) 6.15 N; 
(f)0.250N 47. (a) 2.18 m/s’; (b) 116 N; (c) 21.0 m/s? 

49.6.4 X 10°N 51. (a) 0.970 m/s’; (b) 11.6 N; (c) 34.9 N 
53.(a)1.1N 55. (a)3.6m/s*;(b)17N 57. (a) 4.9 m/s; 

(b) 2.0 m/s*;(c) up;(d)120N 59. (a) 0.735 m/s’; (b) down; 
(c)20.8N 61.2Ma/(a+g) 63. (a) 0.653 m/s°; (b) 0.896 m/s’; 
(c)6.50s 65.81.7N 67.(a) 8.0 m/s;(b) +x 69. (a) 13 597 
kg; (b) 4917 L; (c) 6172 kg; (d) 20075 L; (e) 45% 71. (a) 0; 
(b) 0.83 m/s?;(c)0 73. (a) 0.74 m/s’; (b) 7.3 m/s? 75. (a) rope 
breaks; (b) 1.6 m/s* 77.2.4N 79. (a) 4.6 m/s’; (b) 2.6 m/s” 

81. (a) 65.N;(b)49N 83. (a) 11 N; (b) 2.2 kg; (c) 0; (d) 2.2 kg 
85. (a) 4.6 X 10°N;(b)5.8 X 10°N_ 87. (a) 4 kg; (b) 6.5 m/s’; 
(c)13N 89.195N_ 91. (a) 44N;(b) 78 N; (c) 54N; 
(d)152N 93.16N 95.(a) 1.8 X 10°N;(b) 6.4 X 10°N 

97. (a) (5.0 m/s)i + (4.3 m/s)j;(b) (15 m)i + (6.4m)j 99.16N 
101. (a) 2.6N;(b) 17° 103. (a) 4.1 m/s’; (b) 836 N 


Chapter 6 

CP 1. (a) zero (because there is no attempt at sliding); (b) 5 N; 
(c) no;(d) yes;(e)8N 2. (@ is directed toward center of 
circular path) (a) @ downward, Fy upward; (b) @ and Fy 
upward © 1. (a) same; (b) increases; (c) increases; (d) no 
3. (a) decrease; (b) decrease; (c) increase; (d) increase; 

(e) increase 5. (a) upward; (b) horizontal, toward you; 

(c) no change; (d) increases; (e) increases 7. At first, f. is di- 
rected up the ramp and its magnitude increases from mg sin 6 
until it reaches f, max. Thereafter the force is kinetic friction di- 
rected up the ramp, with magnitude f, (a constant value 
smaller than fomax). 9. (a) all tie; (b) all tie; (c) 2,3, 1 

11. 4,3, then 1,2, and 5 tie P 1.(a)2.0 x 10°N; 

(b) 1.2 x 10?N 3.(a)1.9 X 10°?N;(b) 0.56 m/s? 5.36m 

7. (a) 11 N;(b) 0.14 m/s? 9, (a) 6.0 N; (b) 3.6 N; (c) 3.1 N 

11. (a) 1.3 X 107.N;(b) no;(c) 1.1 X 107 N; (d) 46 N;(e) 17 N 
13. (a) 3.0% 10°N;(b) 13m/s* 15.2? 17, (a) no; 


(b)(—12N)i + (5S.0N)j 19. (a) 19°;(b)3.3KN 21. (a) (17 
N)i;(b) (20 N)i;(c) (ISN)i 23.1.0 x 102N_ 25.0.37 

27. (a) 3.5 m/s’;(b) 0.21N 29. (a) 0;(b) (—3.9 m/s?)i; 
(c)(—1.0 m/s?)i_ 31. (a) 66 N; (b) 2.3 m/s? 33.4.9 x 102N 
35.9.9s 37.2.3 39.(a)3.2 x 10? km/h; (b) 6.5 X 10* km/h; 
(c)no 41.21m 43.0.60 45.(a)10s;(b)4.9 x 10°N; 
(c)1.1<10°N 47.1.37 x 10°N 49. (a) light; (b) 778 N; 

(oc) 225 NE (dQ) ITEN (51.12>" 53.22 km- 55. 1:38imi/s 
57.2.6 X 10°N 59. (a) 8.74 N; (b) 37.9 N; (c) 6.45 m/s; 

(d) radially inward 61. (a) 69 km/h; (b) 139 km/h; (c) yes 

63. (a) 7.5 m/s’; (b) down; (c) 9.5 m/s*;(d) down 65. (a) 27 N; 
(b) 3.0 m/s? 67. (a) 35.3 N; (b) 39.7 N; (c) 320 N 

69. (sin 6 — 2°°yu, cos 0) 71. (a) 3.0 X 10° N;(b) 1.2° 
73.147 m/s 75. (a) 56 N;(b) 59 N;(c) 1.1 X 10°N 

77. (a) 275 N;(b)877N_ 79. (b) 240 N;(c) 0.60 81. (a) 13 N; 
(b)1.6m/s* 83.0.76 85. (a) 3.21 X 10°N;(b) yes 87.3.4 m/s? 
89. (a) 84.2 N; (b) 52.8 N; (c) 1.87 m/s? 91. (a) 222 N; 

(b) 334.N; (c) 311 N;(d) 311 N;(e)c,d 93. (a) 6.80 s; (b) 6.768 
95.3.4% 97. (a) w,ymeg/(sin 6 — pu, cos 8);(b) = tan! p, 
99. (a) va/(4g sin 0);(b) no 101. (a) 30 cm/s; (b) 180 cm/s’; 

(c) inward; (d) 3.6 X 1073N; (e) inward; (f) 0.37 103. (a) 0.34; 
(b) 0.24 105.0.18 107.0.56 109. (a) 2.1 m/s’; (b) down the 
plane; (c) 3.9 m; (d) at rest 


Chapter 7 

CP 1. (a) decrease; (b) same; (c) negative,zero 2. (a) posi- 
tive; (b) negative;(c) zero 3. zero Q 1. (a) positive; 

(b) negative;(c) negative 3.alltie S.alltie 7.b (positive 
work), a (zero work), c (negative work), d (more negative 
work) 9.(a)A;(b)B P= 1.(a)5 X 10'*J;(b) 0.1 mega- 
ton TNT;(c)8 bombs 3. (a) 2.9 X 10’ m/s; (b) 2.1 x 10°8 J 
§.(a)2.4m/s;(b)4.8m/s 7.20J 9.0.96J 11.(a)1.7 xX 10°N; 
(b) 3.4 X 10% m;(c) —5.8 X 10*J; (d) 3.4 X 10?N;(e) 1.7 X 
10’°m; (f) —5.8 X 10*J 13. (a) 1.50 J; (b) increases 

13a) 62:3327(b) 11s) 17. (a2 ie (iy) el (@) ek 
(d)5.4m/s 19. (a) —3Mgd/4; (b) Mgd; (c) Mgd/4; (d) (gd/2)°° 
21.4.41J 23.253 25.(a)25.9kJ;(b)2.45N 27. (a) 7.2 J; 
(By 72.15 (6). (d) —25 F295 (4) G6 1s: (b) 47 mi 

31. (a) 0.90 J;(b) 2.1J;(c)O 33. (a) 0.12 m; (b) 0.36 J; (c) —0.36 J; 
(d) 0.060 m;(e)0.090J 35.(a)0;(b)O 37.5.3 x 10°J 

39. (a) 42 J; (b) 30 J; (c) 12 J; (d) 6.5 m/s, +x axis; (e) 5.5 m/s, 
+x axis; (f) 3.5 m/s,+x axis 41.4.00N/m 43.4.9 x 10?W 
45. (a) 0.83 J; (b) 2.5 J;(c) 4.2J;(d)5.0W 47.7.4 x 107 W 

49, (a) 1.0 x 107J;(b)8.4W 51. (a) 32.0 J; (b) 8.00 W: 

(c) 78.2° 53.(a)1 X 10°megatons TNT; (b) 1 X 10’ bombs 
55.—6J 57.(a) 98N;(b) 4.0. cm; (c) 3.9 J; (d) —3.9J 
59.—37J 61.165kW 63.(a) 1.8 X 10° ft- 1b; (b) 0.55 hp 

65. (a) 797 N; (b) 0; (c) —1.55 kJ; (d) 0; (e) 1.55 kJ; (f) F varies 
during displacement 67. (a) 1.20J;(b)1.10m/s_ 69. (a) 314 J; 
(b) —155 J;(c)0;(d)158J 71. (a)23mm;(b)45N 73.235 kW 
79sta) 130 (b) 13) 77.04) 0 6J2(b) 0s(c)—0l6 J 79. (aod: 
(b) 6.0 J 


Chapter 8 

CP 1.no (consider round trip onthe smallloop) 2.3,1,2 
(see Eq. 8-6) 3.(a)alltie;(b)alltie 4. (a) CD, AB, BC (0) 
(check slope magnitudes); (b) positive direction of x 5. all tie 
l(a) tb) 2) 3. (a) 302 l(b 235, 2S 
7.+30J 9. (a) increasing; (b) decreasing; (c) decreasing; 

(d) constant in AB and BC, decreasing in CD 


P 1.(a) 167 J;(b) —167J; (c) 196 J; (d) 29 J; (e) 167 J; 

(f) -167 J;(g)296J;(h)129J 3. (a) 4.31 mJ; (b) —4.31 mJ; 
(c) 4.31 mJ; (d) —4.31 mJ; (e) allincrease 5.89 N/cm 

7. (a) 13.1 J; (b) —13.1 J; (c) 13.1 J; (d) all increase 

9, (a) 2.6 X 10* m;(b) same; (c) decrease 11. (a) 2.08 m/s; 
(b) 2.08 m/s;(c) increase 13. (a) 17.0 m/s; (b) 26.5 m/s; 

(c) 33.4 m/s; (d) 56.7 m;(e) all the same 15. (a) 0.98 J; 

(b) —0.98 J; (c) 3.1 N/em 17. (a) 8.35 m/s; (b) 4.33 m/s; 

(c) 7.45 m/s; (d) both decrease 19. (a) 2.5 N; (b) 0.31 N; 
(c)30cm 21. (a) 4.85 m/s;(b) 2.42 m/s 23. —3.2 x 10°J 
25. (a) no;(b) 9.3 X 10°N 27. (a) 784 N/m; (b) 62.7 J; 

(c) 62.7 J;(d) 80.0cm 29. (a) 39.2 J; (b) 39.2 J; (c) 4.00 m 

31. (a) 35cm;(b)1.7 m/s_ 33. (a) 2.40 m/s; (b) 4.19 m/s 
35.—-18mJ 37. (a) 39.6cm;(b)3.64cem 39. (a) 2.1 m/s; 

(b) 10 N; (c) + x direction; (d) 5.7 m; (e) 30 N; (f) —x direction 
41. (a) —3.7 J; (c) 1.3 m; (d) 9.1 m; (e) 2.2 J; (f) 4.0 m; 
(g)(4—x)e*4;(h) 4.0m 43. (a) 5.6J;(b) 3.5 J 

45. (a) 30.1 J; (b) 30.1 J;(c) 0.225 47. (a) —2.9 kJ; (b) 3.9 x 
10° J;(c)2.1 X 10°?N 49.0.53J 51. (a) 1.5 MJ; (b) 0.51 MJ; 
(c) 1.0 MJ;(d)63 m/s 53.1.2m 55. (a) 67J;(b) 67J; 
(c)46cm 57.(a)1.5 X 10°-7N;(b) (3.8 X 10*)g 

59. (a) —0.90 J; (b) 0.46J;(c)1.0m/s_ 61. (a) 19.4 m; 

(b) 19.0 m/s 63.20cm_ 65. (a) 7.4 m/s; (b) 90 cm; (c) 2.8 m; 
(d)15m_ 67. (a) 10 m;(b) 49 N; (c) 4.1 m;(d) 1.2 x 10°N 
69.4.33 m/s 71. (a) 5.5 m/s;(b) 5.4m;(c)same 73. (a) 109 J; 
(5) 60345 (6) 68.2 Ie(d)4gu 75.3.7 > a7 SD 

79. (a) 2.7J;(b) 1.8J;(c)0.39m 81.80mJ 83. (a) 7.0J; 
(b)22J 85.(a)7.4 X 10°J;(b)2.4 x 10°J 87.25] 
89.24W 91.—12J 93. (a) 8.8 m/s; (b) 2.6 kJ; (c) 1.6 kW 
95. (a) 300 J; (b) 93.8 J;(c)6.38m 97.738m 99. (a) —0.80 J; 
(b) —0.80J;(c) +1.1J 101. (a) 2.35 X 10° J; (b) 352 J 

103. (a) —3.8kJ;(b)31 kN 105. (a) 2.1 X 10°kg;(b) (100 + 
Sey)? ms7(c) (es & 10°)/ 00 =. kar 2? Nid) 67 kin 

107. (a) 5.6 J;(b) 12J;(c)13J 109. (a) 4.9 m/s; (b) 4.5 N; 
(c)71°;(d)same 111. (a) 1.2 J;(b) 11 m/s; (c) no; (d) no 
113.54% 115. (a) 2.7 X 10°J;(b) 2.7 x 10° W; (c) $2.4 x 10° 
117. (a) 5.00 J; (b) 9.00 J; (c) 11.0 J; (d) 3.00 J; (e) 12.0 J; 

(1) 2-004; (3)13-00; (i) 0G J0)13.0 05) 1.00721) FeO FF: 
(m) 10.8 m; (n) It returns tox = Oand stops. 119. (a) 3.7 J; 
(b) 4.3J;(c)4.3J 121. (a) 4.8 N;(b) +x direction; (c) 1.5 m; 
(d) 13.5m;(e)3.5m/s 123. (a) 24kJ;(b) 4.7 X 10°N 

125. (a) 3.0 mm; (b) 1.1 J; (d) yes; (ec) ~ 40 J; (f) no 

127. (a) 6.0 kJ; (b) 6.0 X 10? W; (c) 3.0 X 107 W; (d) 9.0 x 
10°W 129.3.1 x 10° W 131.880MW_ 133. (a) vo = 
(2gL )°°; (b) 5mg;(c) —mgL;(d) —2mgL 135. because your 
force on the cabbage (as you lower it) does work 


Chapter 9 

CP 1. (a) origin; (b) fourth quadrant; (c) on y axis below 
origin; (d) origin; (e) third quadrant; (f) origin 2.(a)—(c) at 
the center of mass, still at the origin (their forces are internal 
to the system and cannot move the center of mass) 

3. (Consider slopes and Eq. 9-23.) (a) 1,3, and then 2 and 4 tie 
(zero force);(b)3 4. (a) unchanged; (b) unchanged (see 

Eq. 9-32); (c) decrease (Eq.9-35) 5. (a) zero; (b) positive 
(initial p, down y; final p, up y);(c) positive direction of y 

6. (No net external force; P conserved.) (a) 0; (b) no; (c) —x 
7. (a) 10 kg- m/s; (b) 14 kg-m/s;(c)6kg-m/s_ 8. (a) 4kg- m/s; 
(b) 8kg-m/s;(c)3J 9. (a) 2 kg: m/s (conserve momentum 
along x); (b) 3 kg- m/s (conserve momentum along y) 


@ 1.(a)2N, rightward; (b) 2 N, rightward; (c) greater than 
2N,rightward 3. (a) x yes, y no; (b) x yes, y no; (c) x no, y yes 
5.b,c,a 7. (a) one was stationary; (b) 2; (c) 5; (d) equal (pool 
player’s result) 9.(a)C;(b) B;(c)3 11. (a) c, kinetic energy 
cannot be negative; d, total kinetic energy cannot increase; 

(b) a;(c) b P 1.(a) —1.50m;(b) —1.43m _ 3.(a) —0.45 cm; 
(Db) 20cm 52(4) 0, (b) 343. (Oem 72/4) — 6.5 em: 

(b) 8.3cm;(c)1.4cm 9.(-4.0m)i+(4.0m)j 11. (a) 28cm; 
(b)2.3m/s 13. (a) (2.351 — 1.57}) m/s?; (b) (2.351 — 1.57j)t m/s, 
with ¢ in seconds; (d) straight, at downward angle 34° 

15.53m 17.42m 19.(a)7.5 X 10*J;(b) 3.8 X 10*kg- m/s; 
(c) 39° south of due east 21. (a) 5.0 kg- m/s; (b) 10 kg- m/s 
23. (a)67 mis? (b) =, (G) L2kKN (dj —x. 25,10" < 107 to 
12x 10°kg-m/s 27.(a)42N:s;(b)2.1kKN 29.5N 

31. (a) 5.86 kg - m/s; (b) 59.8°; (c) 2.93 KN; (d) 59.8° 

33. (a) 2.39 X 10°N-s;(b) 4.78 X 10°N;(c) 1.76 X 10°N-s; 

(d) 3.52 X 10°N 35. (a) 9.0 kg: m/s; (b) 3.0 KN; (c) 4.5 KN; 
(d)20m/s 37.9.9X10°N 39.3.0mm/s 41.55 cm 

43. (a) —(0.15 m/s)i;(b)0.18m 45. (a) 14 m/s; (b) 45° 

47. (a) (1.001 — 0.167]) km/s; (b) 3.23 MJ 49.3.1 x 10?m/s 
51. (a) 33%; (b) 23%;(c) decreases 53. (a) 721 m/s; (b) 937 m/s 
55. (a) 4.4 m/s;(b) 0.80 57. (a) +2.0 m/s; (b) —1.3J;(c) +40]; 
(d) system got energy from some source, such as a small explo- 
sion 59.25cm_ 61. (a) 99 g;(b) 1.9 m/s; (c) 0.93 m/s 

63. (a) 1.2k¢g;(b)2.5 m/s 65.—28cm_ 67. (a) 3.00 m/s; 

(b) 6.00 m/s 69. (a) 0.21 kg;(b) 7.2m 71. (a) 433 m/s; 

(b) 250 m/s 73. (a) 4.15 < 10° m/s; (b) 4.84 X 10° m/s 
15100 277, oe << 109 N: (D135) CO kev) 2, 08ikins 
79. (a) 46N;(b) none 81. (a) 1.78 m/s; (b) less; (c) less; 

(d) greater 83.(a) 1.92 m;(b)0.640m 85.28.8N 

87.1.10 m/s 89. (a) 7290 m/s; (b) 8200 m/s; (c) 1.271 x 10" J; 
(d) 1.275 x 10!°J 91. (a) 1.0 kg: m/s; (b) 2.5 X 107 J; 

(c) 10 N; (d) 1.7 KN; (e) answer for (c) includes time between 
pellet collisions 93. (a) (7.4 X 103N-s)i — (7.4 X 10°N-s)j; 
(b) (-7.4 X 10°N-s)i;(c) 2.3 X 10°N;(d) 2.1 x 104*N; 

(e) —45° 95. (a) 3.7 m/s; (b) 1.3 N-s;(c) 1.8 X 107N 

97.1.18 x 10'kg 99.4+4.4m/s 101. (a) 1.9 m/s; (b) —30°; 
(c)elastic 103. (a) 6.9 m/s; (b) 30°; (c) 6.9 m/s; (d) —30°; 

(e) 2.0 m/s; (f) —180° 105. (a) 25 mm; (b) 26 mm; (c) down; 
(d) 1.6 X 10°* m/s* 107. (a) 0.745 mm; (b) 153°; (c) 1.67 mJ 
109. (a) (2.67 m/s)i + (—3.00 m/s)j; (b) 4.01 m/s; (c) 48.4° 
111.0.22% 113.190m/s 115. (a) 4.6 X 10° km; (b) 73% 
117. (a) 50 kg/s;(b) 1.6 X 10*kg/s 119. (a) —0.50 m; 

(b) —1.8cm;(c)0.50m 121. (a) 0.800 kg - m/s; 

(b) 0.400 kg-m/s 123.293 125.5.0 X 10°N_ 127. (a) 1; 

(b) 1.83 X 10°; (c) 1.83 X 10°;(d)allthe same 129.5.0kg 
131.2.2kg 133. (a) 11.4 m/s;(b)95.1° 135. (a) 0; (b) 0; (c) 0 


Chapter 10 

CP l.bandc 2.(a) and (d)(a = d’6/dt* must bea 
constant) 3. (a) yes;(b) no;(c) yes;(d) yes 4.alltie 5.1,2, 
4,3 (see Eq. 10-36) 6. (see Eq. 10-40) 1 and 3 tie, 4, then 2 
and 5 tie (zero) 7.(a) downward in the figure (7,., = 0); 

(b) less (consider moment arms) Q  1.(a)c,a,then b and 
dtie;(b) b,thenaandctie,thend 3.c,a,b 5.larger 

7. (a) decrease; (b) clockwise; (c) counterclockwise 9. all tie 
P 1.14rev 3.11 rad/s 5.(a) 4.0 rad/s; (b) 11.9 rad/s 

7. (a) 4.0 m/s;(b)no 9. (a) 30s;(b) 1.8 X 10° rad 11. (a) 3.00; 
(b)18.9rad 13.8.0s 15. (a) 44 rad; (b) 5.5 s; (c) 32s; 

(d) —2.1s;(e)40s 17.(a)3.4 X 10*s;(b) —4.5 X 10 rad/s’; 
(c)98s 19.6.9 X 10° rad/s 21. (a) 20.9 rad/s; (b) 12.5 m/s; 
(c) 800 rev/min’; (d) 600 rev 23. (a) 2.50 X 107? rad/s; 


(b) 20.2 m/s*;(c)O0 25. (a) 40s;(b) 2.0 rad/s* 27. (a) 3.8 X 

10° rad/s;(b) 1.9 X 10*m/s_ 29. (a) 7.3 X 10> rad/s; (b) 3.5 X 
10° m/s; (c) 7.3 X 107> rad/s; (d) 4.6 X 10*m/s 31. (a) 73 cm/s’; 
(b) 0.075:(c) 0.11 33.12.3kg-m2 35.0.097 kg- m2 

37. (a) 1.1kJ;(b)9.7kJ 39. (a) 0.023 kg - m’;(b) 11 mJ 
41.4.7 xX 10°-*kg-m? 43.(a) 49 MJ;(b) 1.0 < 10? min 
45.4.6N-m 47.—3.85N-m_ 49. (a) 28.2 rad/s: (b) 338 N-m 
51.0.140N 532.51 X 10-4kg-m? 55. (a) 6.00 cm/s’: 

(b) 4.87 N; (c) 4.54 N; (d) 1.20 rad/s’; (e) 0.0138 kg - m? 

57. (a) 4.2 X 10? rad/s*;(b) 5.0 X 10?rad/s 59. (a) 19.8 kJ; 
(b)1.32kW 61.396N-m 63.5.42m/s_ 65. 9.82 rad/s 

67. (a) 5.32 m/s; (b) 8.43 m/s: (c) 41.8° 69. (a) 314 rad/s”: 

(b) 7.54 m/s?; (c) 14.0N:(d)4.36N  71.6.16 X 10-5 kg-m? 

73. (a) 1.57 m/s’; (b) 4.55 N;(c) 4.94N 75. (a) 4.81 X 10°N; 
(b) 112 1 Nemes. 07, 7, 30rey. “7953 lirad’s 
81. (a) 0.791 kg-m?;(b) 1.79 X 10°*N-m_ 83. (a) 2.3 rad/s’; 
(b)1.4rad/s* 85.1.4 x 10°N-m_ 87.4.6 rad/s” 

89. (a) —67 rev/min’; (b) 8.3 rev 93. 0.054 kg- m7 

95. (a) 5.92 X 10* m/s’; (b) 4.39 X 10*s-? 97.2.6] 

99, (a) 0.32 rad/s;(b) 1.0 X 10*km/h_ 101. (a) 7.0 kg: m’; 

(b) 7.2 m/s;(c) 71° 103. (a) 1.4 X 10’ rad; (b) 14s 

105. (a) 221 kg-m2;(b) 1.10 X 10'S 107.0.13 rad/s 

109. 6.75 x 10"rad/s 111. (a) 1.5 X 10? cm/s; (b) 15 rad/s; 

(c) 15 rad/s; (d) 75 cm/s;(e) 3.0 rad/s 113.18 rad 

115. (a) 10 J; (b) 0.27 m 


Chapter 11 

CP 1.(a)same;(b) less 2. less (consider the transfer of 
energy from rotational kinetic energy to gravitational potential 
energy) 3. (draw the vectors, use right-hand rule) (a) +z; 
(D) 25); (Cc) =x ~4.(see Eq. 11-21) (a) land 3 tie: then 2 and4 
tie, then 5 (zero);(b) 2 and3 5. (see Eqs. 11-23 and 11-16) 
(a) 3,1; then 2 and 4 tie (zero);(b)3 6. (a) all tie (same 7, 
same t, thus same AL ); (b) sphere, disk, hoop (reverse order of J) 
7. (a) decreases; (b) same (7; = 0,so L is conserved); (c) in- 
creases Q 1. (a) 1,2,3 (zero); (b) 1 and 2 tie, then 3; (c) 1 
and 3 tie,then2 3. (a) spins in place; (b) rolls toward you; 
(c) rolls away from you 5.a,thenb andc tie, then e,d (zero) 
7.D,B,then A andCtie 9. (a) same; (b) increase; (c) decrease; 
(d) same, decrease, increase P 1. (a) 0;(b) (22 m/s)i; 

(c) (—22 m/s)i;(d) 0;(e) 1.5 X 10° m/s’; (f) 1.5 X 10° m/s?; 

(g) (22 m/s) i; (h) (44 m/s) i; (i) 0; (j) 0; (kK) 1.5 X 10° m/s’; 

(1) 1.5 X 10? m/s? 3.0.020 5.-3.15J 7.(a)(—4.0N)i; 
(b)0.60kg-m? 9.(a)63rad/s;(b)4.0m 11.4.88m 13. (a) 
—(0.11 m)w;(b) —2.1 m/s’; (c) —47 rad/s?; (d) 1.2 s; (e) 8.6 m; 
(f)6.1m/s 15.0.50 17. (a) 13 cm/s’; (b) 4.4; (c) 55 cm/s; 
(d) 18 mJ; (e) 1.4J;(f) 27 rev/s 19. (a) (6.0N-m)j + 
(8.0N:m)k;(b)(—22N-m)i_ 21.(-2.0N-m)i 

23. (a) (50 N- m)k;(b) 90° 25. (a) (-1.5N-m)i- 

(4.0N-m)j — (1.0N-m)k;(b) (-1.5N-m)i — (4.0N-m)j — 
(1ON-m)k 27.(a)9.8kg-m2%/s;(b) +z direction 29. (a) 0; 
(b) (8.0N-m)i + (8.0N-m)k 31. (a) 0; (b) —22.6 kg: m2/s; 
(c) —7.84N-m;(d) —-7.84N:m_ 33. (a) (—1.7 X 

102 kg - m2/s)k; (b) (+56 N- m)k; (c) (+56 kg: m?/s*)k 

35. (a) 48 tk N-m;(b) increasing 37. (a) 1.47N-m; 

(b) 20.4 rad; (c) —29.9J;(d)19.9W 39.(a)4.6 x 10° kg: m’; 
(b) 1.1 X 10-7 kg: m/*/s; (c) 3.9 X 1073 kg: m/s 

41. (a) 1.6kg-m?;(b)4.0kg-m?/s_ 43. (a) 3.6 rev/s; (b) 3.0; 
(c) forces on the bricks from the man transferred energy from 
the man’s internal energy to kineticenergy 45. (a) 267 rev/min; 
(b) 0.667 47. (a) 750 rev/min; (b) 450 rev/min; (c) clockwise 
49.0.17 rad/s 51. (a) 1.5 m; (b) 0.93 rad/s; (c) 98 J; 


(d) 8.4 rad/s; (e) 8.8 X 10° J; (f) internal energy of the skaters 
§3.3.4rad/s 55.1.3 x 10’m/s 57.11.0m/s_ 59. (a) 18 rad/s; 
(b) 0.92 61.1.5 rad/s 63. (a) 0.180 m; (b) clockwise 

65.0.070 rad/s 67. (a) 0.148 rad/s; (b) 0.0123; (c) 181° 

69.0.041 rad/s 71.39.1J 73. (a) 6.65 X 10-°kg- m/s; (b) no; 
(c)0;(d) yes 75. (a) 0.333;(b) 0.111 77. (a) 58.8 J; (b) 39.2 J 

TIM AOS inl) 029 ( Odsal N ESL) mR 2: 

(b) asolid circular cylinder 83. rotational speed would 
decrease; day would be about 0.8s longer 85. (a) 149 kg- m?; 
(b) 158 ke - m/s; (c) 0.744 rad/s 87. (a) 0; (b) 0; 

(c) —30Pk kg -m2/s; (d) —902k N- m; (e) 308k kg - m?/s: 

(f) 902k N-m_ 89. (a) 61.7 J; (b) 3.43 m;(c) no 

91. (a) 12.7 rad/s; (b) clockwise 93. (a) mvR/UI + MR’); 

(b) mvR?2/(I + MR?) 95. (a) 1.6 m/s?; (b) 16 rad/s”; (c) (4.0 N)i 
97, 0.47 kg - m/s 


Chapter 12 

CP l.c,e,f 2.(a)no;(b) at site of Es perpendicular to 
plane of figure;(c)45N 3.d Q 1.aandc (forces and 
torques balance) 3. (a) 12kg;(b)3kg; (c)1 kg 5.(a)1 and 
3 tie, then 2; (b) all tie;(c) 1 and 3 tie, then 2 (zero) 7. in- 
crease 9. (a) at C (to eliminate forces there from a torque 
equation); (b) plus; (c) minus; (d) equal P 1.(a)1.00m; 
(b) 2.00 m; (c) 0.987 m;(d)1.97m 3.7.92kN 5.(a)9.4N; 
(b)4.4N 7. (a) 1.2 KN; (b) down; (c) 1.7 KN; (d) up; (e) left; 
(f) right 9.(a)2.8 X 10°N;(b)8.8 X 107N;(c) 71° 11.74.4¢ 
1324) 0 NAC) 30 NS (MLS aie 528, 7N 7. (a) 2 KN: 
(b) up; (c) 3.6 KN; (d) down = 19. (a) 0.64 m; (b) increased 
21.13.6N 23. (a) 1.9 kN; (b) up; (c) 2.1 KN; (d) down 

25. (a) 192 N;(b) 96.1 N;(c)55.5N 27. (a) 6.63 kN; 

(b) 5.74 KN; (c)5.96kN 29.2.20m 31. (a)(—80 N)1) + 

(1.3 X 102N)j;(b) (80 N)i + (1.3 X 10?N)j 33. (a) 445 N; 
(b) 0.50; (c) 315 N 35. (a) 60.0°;(b) 300 N  37.0.34 

39. (a) slides; (b) 31°; (c) tips; (d) 34° 41. (a) 211 N; (b) 534.N; 
(c)320N 43.(a)6.5 X 10°N/m?’;(b) 1.1 <x 107° m 

45. (a) 866 N; (b) 143. N;(c) 0.165 47. (a) 0.80; (b) 0.20; (c) 
0.25 49.(a)1.4 X 10°N;(b) 75 51. (a) 1.2 X 10?N;(b) 68N 
53. (0 N) 35: (a) SOUKN, (b) 3:65 KN) 5.66 KNOS 727 hy 
59. (a) L/2;(b) L/4; (c) L/6; (d) L/8;(e) 25L/24 61. (a) 1.8 x 
10’N;(b) 1.4 X 10’N;(c)16 63.0.29 65.60° 67. (a) 270 
N;(b) 72. N;(c) 19° 69. (a) 106 N; (b) 64.0° 71.2.4 x 

10° N/m? 73. (a) 88 N;(b) (301 + 97])N 75. (a) a, = L/2, 
dy = SL/8,h = 9L/8;(b) by = 2L/3, by = L/2,h = TL/6 

77. (a) BC, CD, DA; (b) 535.N;(c) 757 N_ 79. (a) 1.38 KN; 
(b)180N_ 81. (a) w<0.57;(b) w> 0.57 83. L/4 

85. (a) (351 + 200)) N; (b) (—451 + 200j) N; (c) 1.9 x 10°N 


Chapter 13 

CP Lalltie 2.(a)1,tie of 2 and 4, then 3; (b) line d 

3. (a) increase; (b) negative 4.(a)2;(b)1 5.(a) path1 
(decreased F (more negative) gives decreased a); (b) less 
(decreased a gives decreased T) Q 1. Gm’/r’, upward 

3. band ctie,thena (zero) 5.3GM?/d’,leftward 7. (a) posi- 
tive y; (b) yes, rotates counterclockwise until it points toward 
particle B 9.1,tieof2and4,then3 11.5,d,and fall tie, 
thene,c,a  P 119m 3.5 5.—5.00d 7.2.60 X 10°km 
908m I11.(a)M=m;(b)0 13.831 x 10-°N 15.(a) 
—1.88d; (b) —3.90d;(c)0.489d 17.2.6 X 10°m 19.(a)17N; 
(b)2.4 21. (a) 7.6 m/s’; (b) 4.2 m/s? 23.5 X 10% kg 

25. (a) 9.83 m/s’; (b) 9.84 m/s’; (c) 9.79 m/s* 27. (a) (3.0 X 
10 7 N/kg)m;(b) (3.3 X 10-7 N/kg)m;(c) (6.7 X 1077 N/kg-m)mr 
29. (a) 0.74; (b) 3.8 m/s’; (c) 5.0 km/s 31. (a) 0.0451; (b) 28.5 


33x 5.OX 102 Sula) OSO pI) =0.50 pie 37a) ey Kis: 
(b) 2.5 X 10°m:(c)1.4km/s 39. (a) 82 km/s; (b) 1.8 X 10‘km/s 
41.—4.82 X10 J 43.65 x 10%kg 45.5 x 10'°stars 

47. (a) 6.64 X 10°km;(b) 0.0136 49. (a) 7.82 km/s; (b) 87.5 min 
51. (a) 1.9 X 10% m;(b)3.6Rp 55.0.71y 57.5.8 X 10°m 
59.(GM/L)5 61. (a) 2.8y;(b) 1.0 X 10-4 63. (a) 3.19 x 

1? kame (Gittins (65300 Gas es aa 

67. (a) 7.5 km/s; (b) 97 min; (c) 4.1 X 10% km; (d) 7.7 km/s; 

(e) 93 min; (f) 3.2 x 10°°N;(g) no;(h) yes 69.115 

71. (a) 1.0 X 10°kg:(b)1.5km/s 73. —0.044j wN 75. (a) 2.15 X 
10s; (oy) 12S kanS(e al. Olle Sa pal el ee) 4 Sox 
10° J: S235 910 (2 04 <0 is) 22 as 

(i) elliptical 77.0.37j uN 79.29pN_ 81.2.5 x 10¢km 

83. (a) 2.2 X 107’ rad/s;(b) 89 km/s 85.3.2 X 10°-7’N 

87. (a) 0;(b) 1.8 x 10°J;(c) 1.8 x 10°°J; (d) 0.99 km/s 

89. GM,m/12R_ 91. (a) 1.4 X 10°m/s;(b) 3 X 10°m/s? 

93, 2ar5G-O5(M + ml4)-°S 95.2.4 X 104 m/s 97. -1.87 GJ 
99.(4) GM Ry (b) | 2GMCR SR: aa) 
101. (a) Gm?/R;; (b) Gm?/2R;; (c) (Gm/R;)°°; (d) 2(Gm/R;)°”; 
(e) Gm?/R;; (£) (2Gm/R,)°”; (g) The center-of-mass frame is an 
inertial frame, and in it the principle of conservation of energy 
may be written as in Chapter 8; the reference frame attached 
to body A is noninertial, and the principle cannot be written as 
in Chapter 8. Answer (d) is correct. 103.(a)1.9 x 10" m; 
(b) 4.6 X 10* m/s 


Chapter 14 

CP l.alltie 2. (a) all tie (the gravitational force on the 
penguin is the same); (b) 0.95pp, p,1.1p) 3.13 cm?/s, outward 
4. (a) all tie; (b) 1, then 2 and 3 tie, 4 (wider means slower); 

(c) 4,3, 2,1 (wider and lower mean more pressure) 

Q 1.b,thenaanddtie (zero),thenc 3.(a) moves down- 
ward; (b) moves downward 5. (a) downward; (b) downward; 
(c)same 7.B,C,A 9.(a)1 and 4; (b) 2;(c)3 

P 1.11x10Pa 3.2.9 10'N 5.0.074 7.(b)26kKN 
9.1.08 X 10° atm 11.7.2 x 10°N 13. -—2.6 X 10*Pa 

15. (a) 94 torr; (b) 4.1 X 10° torr; (c) 3.1 X 10’ torr 17. (a) 1.0 
X 103 torr;(b) 1.7 X 10° torr 19.0.635J 21.44km 

23.4.69 X 10°N 25.739.26torr 27. (a) 7.9km;(b) 16km 
29.8.50kg 31. (a) 2.04 X 10°? m*;(b)1.57kN 33. five 

35. (a) 6.7 X 10? kg/m?;(b) 7.4 X 10* kg/m? 37. (a) 1.2 kg; 

(b) 1.3 X 10° kg/m? 39. (a) 0.10; (b) 0.083 41..57.3 cm 
43.0.126m? 45. (a) 1.80 m°;(b) 4.75 m? 47. (a) 637.8 cm?; 
(b) 5.102 m?;(c) 5.102 x 10?kg 49.8.1 m/s 51. (a) 3.0 m/s; 
(b)2.8m/s 53.66W 55.(a) 2.5 m/s;(b) 2.6 X 10° Pa 

57. (a) 3.9 m/s;(b) 88 kPa 59. (a) 1.6 X 10°? m°/s; (b) 0.90 m 
61.1.4 X 10°J 63.(a)74N;(b) 1.5 X 10?m° 65. (a) 35 cm; 
(b)30cm;(c)20cm 67.(b)2.0 X 10°*m*/s_ 69. (a) 0.0776 m’/s; 
(b) 69.8ke/s 71.1.1 X 10*m/s 73.44.2g 75.45.3 cm? 

Tid aio ciy 5) 92210 Pat e103 aie 95S eIOy ke 
81.1.07 x 10°g 83.6.0 x 10° kg/m? 85.1.5 g/cm? 


Chapter 15 

CP 1. (sketch x versus ft) (a) —x,,;(b) +x,,;(c) 0 

2.a(F must have the form of Eq.15-10) 3.(a)5J;(b)2J; 
(c)5J 4.all tie Gin Eq. 15-29, misincludedin/) 5.1,2,3 
(the ratio m/b matters; k does not) Q 1. (a) 2;(b) posi- 
tive;(c) between 0 and+x,, 3.aandb_ 5. (a) all tie; (b) 3, 
then 1 and2 tiex(¢) 1.2.3: zero). (d) 1.2. 3-(Zero).(C)iln3,.2 
7. (a) between D and E; (b) between 37/2 rad and 27 rad 

9. (a) greater; (b) same; (c) same; (d) greater; (e) greater 

11. b (infinite period, does not oscillate), c, a 


P 1.37.8m/s* 3. (a) 1.0 mm; (b) 0.75 m/s; (c) 5.7 X 10? m/s? 
§. (a) 0.50 s; (b) 2.0 Hz;(c) 18cm 7. (a) 0.500 s; (b) 2.00 Hz; 
(c) 12.6 rad/s; (d) 79.0 N/m; (e) 4.40 m/s; (f) 27.6 N 

9. (a) 498 Hz; (b) greater 11. (a) 3.0 m; (b) —49 m/s; 

(c) —2.7 X 10? m/s’; (d) 20 rad; (e) 1.5 Hz; (f) 0.67s 13.39.6 Hz 
15. (a) 5.58 Hz; (b) 0.325 kg;(c)0.400m 17.3.1cm 

19. (a) 0.18A;(b) same direction 21. (a) 25 cm; (b) 2.2 Hz 
23.54Hz 25. (a) 0.525 m;(b)0.686s 27.37 mJ 

295(a) 0-75: (D) 0255(0) 2 ataxia) 205 iz (ib) 125.3: 

(c) 250J;(d)86.6cm 33. (a) 3.1 ms; (b) 4.0 m/s; (c) 0.080 J; (d) 
80N;(e)40N 35. (a) 1.1 m/s;(b)3.3cm 37. (a) 2.2 Hz; 

(b) 56 cm/s; (c) 0.10 kg; (d) 20.0cm 39. (a) 39.5 rad/s; 

(b) 34.2 rad/s; (c) 124 rad/s? 41. (a) 1.64 s; (b) equal 

43. (a) 0.205 kg-m’; (b) 47.7 cm;(c)1.50s 45. 0.366 s 
47.8.77s 49.(a)0.53m;(b)2.1s 51.0.0653s 

53. (a) 0.845 rad; (b) 0.0602 rad 55. (a) 2.26 s; (b) increases; 
(c)same 57.(a)14.3s;(b)5.27 59.6.0% 61. (a) F,,/bo; 
(b) F,,/b 63.5.0cm 65.(a)1.2J;(b)50 67.1.53m 

69. (a) 16.6 cm; (b) 1.23% 71. (a)2.8 X 10° rad/s; (b) 2.1 m/s; 
(c)5.7km/s* 73. (a) 0.735 kg - m’; (b) 0.0240 N - m; 

(c)0.181 rad/s 75. (a) 0.35 Hz; (b) 0.39 Hz; (c) 0 (no oscillation) 
77. (a) 7.90 N/m; (b) 1.19 cm;(c)2.00Hz 79.1.6kg 81. (a) 3.5 
m;(b)0.75s 83.7.2 m/s 85. (a) 1.23 kKN/m;(b) 76.0 N 

87. (a) 1.1 Hz;(b)5.0cm 89. (a) 1.3 10? N/m; (b) 0.62 s; 

(c) 1.6 Hz; (d) 5.0cm;(e) 0.51 m/s 91. (a) 3.2 Hz; (b) 0.26 m; 
(c) x = (0.26 m) cos(20t — 7/2), with tin seconds 

93.0.079 kg-m? 95. (a) 0.44s;(b)0.18m 97. (a) 245 N/m; 
(b)0.284s 99.50cm 101. (a) 8.11 X 10° kg-m’;(b) 3.14 rad/s 
103.14.0° 105. (a) 0.30 m;(b) 0.28 s;(c) 1.5 X 10 m/s?; 
(d)11J 107. (a) 0.45 s; (b) 0.10 m above and 0.20 m below; 
(c)0.15m;(d)2.3J 109.7 x 10?N/m_ 111. (a) F/m; 

(b) 2F/mL; (c) 0 


Chapter 16 

CP 1.a,2;b,3;c,1 (compare with phase in Eq. 16-2, then see 
Eq.16-5) 2. (a) 2,3, 1 (see Eq. 16-12); (b) 3, then 1 and 2 tie 
(find amplitude of dy/dt) 3. (a) same (independent of f); 

(b) decrease (A = v/f);(c) increase;(d) increase 4.0.20 and 
0.80 tie, then 0.60,0.45 5.(a)1;(b)3;(c)2 6. (a) 75 Hz; (b) 525 
Hz Q  1.a, upward; b, upward; c, downward; d, down- 
ward; e, downward; f, downward; g, upward; h, upward 

3. (a) 1,4,2,3;(b)1,4,2,3 5. (a) 0,0.2 wavelength, 0.5 wave- 
length (zero); (b)4P.,,¢; 7. intermediate (closer to fully 
destructive) 9.c,a,b 11.d P 1.(a)3.49m}; 

(b) 31.5 m/s 3. (a) 0.680 s; (b) 1.47 Hz;(c) 2.06 m/s 5.1.1 ms 
7.(a)11.7cm;(b) wrad 9. (a) 64 Hz; (b) 1.3 m; (c) 4.0 cm; 
(d) 5.0 m~4; (e) 4.0 x 107 s~!; (£) 7/2 rad; (g) minus 

11. (a) 3.0 mm; (b) 16 m7!; (c) 2.4 X 10*s~1; (d) minus 

13. (a) negative; (b) 4.0 cm; (c) 0.31 cm}; (d) 0.63 s7}; 

(e) w rad; (f) minus; (g) 2.0 cm/s;(h) —2.5cm/s 15.129 m/s 
17. (a) 0.12 mm; (b) 141 m7!; (c) 628 s 4; (d) plus 

19. (a) 15 m/s;(b) 0.036 N 21. (a) 5.0 cm; (b) 40 cm; (c) 12 m/s; 
(d) 0.033 s; (e) 9.4 m/s; (f) 16 m~';(g) 1.9 X 10? s~4; (h) 0.93 rad; 
(i) plus 23.2.63m 27.3.2mm 29.0.20m/s 31.1.41y,, 

33. (a) 9.0 mm; (b) 16 m7}; (c) 1.1 X 10° s7}; (d) 2.7 rad; 
(e)plus 35.5.0cm 37.84° 39. (a) 3.29 mm; (b) 1.55 rad; 
(c)1.55rad 41. (a) 7.91 Hz; (b) 15.8 Hz; (c) 23.7 Hz 

43. (a) 82.0 m/s; (b) 16.8 m;(c) 4.88 Hz 45. (a) 144 m/s; 

(b) 60.0 cm; (c) 241 Hz 47. (a) 105 Hz; (b) 158 m/s 

49.260 Hz 51. (a) 0.25 cm;(b) 1.2 X 10? cm/s; (c) 3.0 cm; 
(d)0 53. (a) 0.50 cm; (b) 3.1 m4; (c) 3.1 X 10?s~'; (d) minus 


55. (a) 2.00 Hz; (b) 2.00 m; (c) 4.00 m/s; (d) 50.0 cm; (e) 150 cm; 
(f) 250 cm; (g) 0;(h) 100 cm; (1) 200cem =57.0.25m 59, (a) 324 
Hz;(b) eight 61. (a) 0.83y,;(b) 37° 63. (a) 0.31 m; (b) 1.64 
rad;(c)2.2mm 65.1.2rad_ 67. (a) 3.77 m/s; (b) 12.3 N;(c) 0; 
(d) 46.4 W; (e) 0; (f) 0;(g) £0.50cm 69. (a) 274,,/A; (b) no 

71. (a) 1.00 cm; (b) 3.46 X 10° s~';(c) 10.5 m4; (d) plus 

73. (a) 75 Hz;(b)13ms_ 75. (a) 240 cm; (b) 120 cm; (c) 80 cm 
77. (a) 144 m/s; (b) 3.00 m; (c) 1.50 m; (d) 48.0 Hz; (e) 96.0 Hz 
79. (a) 2.0 mm; (b) 95 Hz; (c) + 30 m/s; (d) 31 cm; (e) 1.2 m/s 
81.36N 83. (a) 300 m/s;(b) no 85. (a) 1.33 m/s; (b) 1.88 
m/s; (c) 16.7 m/s”; (d) 23.7 m/s? 87. (a) 0.16 m; (b) 2.4 x 10° 
N; (c) y(x, t) = (0.16 m) sin[(1.57 m~!)x] sin[(31.4 s~)z] 

89. (a) [K AC (€ + A€)/m]’> 91. (a) 0.52 m; (b) 40 m/s; 
(c)0.40m 93. (c) 2.0 m/s; (d) —x 


Chapter 17 

CP 1. beginning to decrease (example: mentally move the 
curves of Fig. 17-7 rightward past the point at x = 42 m) 

2. (a) 1 and 2 tie, then 3 (see Eq. 17-28); (b) 3, then 1 and 2 tie 
(see Eq. 17-26) 3. second (see Eqs. 17-39 and 17-41) 

4. a, greater; b, less; c, can’t tell; d, can’t tell; e, greater; f, less 

© 1.C,thenAand Btie 3.(a)0,0.2 wavelength, 0.5 wave- 
length (zero); (b) 4P,,y., 5.150Hzand450Hz 7. £,A,D,C, 
He Oe Ap ae P 1.(a)2.6km;(b) 2.0 x 10? 3. (a) 79m; 
(b) 41 m;(c)89m 5.40.7m 7.1.9 x 10°km 9. (a) 76.2 
pm;(b)0.333mm 11.0.23ms 13. (a)2.3 x 10? Hz; 

(b) higher 15.960Hz 17.(a)14;(b)14 19. (a) 343 Hz; 
(bb) 3:(e) 5.(c) 6861iz-(e) 2. (@) 3: 20a) 143 Hz (bb) 312) 5, 
(d) 286 Hz; (e) 2;(f)3 23. (a) 0; (b) fully constructive; 

(c) increase; (d) 128 m; (e) 63.0 m; (f) 41.2m 25.15.0mW 
27.36.8nm 29.(a) 1.0 X 10°;(b) 32 31.0.76 um 33.2 wW 
35. (a) 5.97 X 107° W/m?;(b) 4.48nW 37. (a) 0.34 nW; 

(b) 0.68 nW; (c) 1.4nW; (d) 0.88 nW;(e)0 39. (a) 833 Hz; 
(b)0.418m 41.(a)2;(b)1 43. (a) 405 m/s; (b) 596 N; 

(c) 44.0 cm;(d)37.3cm 45. (a) 3; (b) 1129 Hz; (c) 1506 Hz 
47.45.3N 49.12.4m 51.2.25ms 53.0.020 55.0 

57.(4) 926 iz: (b) 999 Zz 59.155 Hz Gl (a) 1022 kz: 
(b)1.045kHz 63.41 kHz 65. (a) 485.8 Hz; (b) 500.0 Hz; 
(c) 486.2 Hz; (d) 500.0 Hz 67. (a) 2.0 kHz; (b) 2.0 kHz 

69. (a) 42°5(b) 11s 71.(a)2.10m;(b)1.47m 73. (a) 21 nm; 
(b) 35. cmy(c) 24 nm; (d) 35m) 75,0.25. 77.4) 9.7 = 10 
Hz; (b) 1.0 kHz; (c)60Hz,no 79. (a) 39.7 wW/m’; (b) 171 
nm;(c) 0.893 Pa 81. (a) 10 W; (b) 0.032 W/m’; (c) 99 dB 

83. (a) 7.70 Hz; (b) 7.70 Hz 85. (a) 59.7; (b) 2.81 xX 10~* 
87. (a) 5.2kHz;(b)2 89.2.1m 91.1cm 93. (a)3.6 X 10? 
m/s;(b) 150 Hz 95. (a) 0;(b) 0.572 m;(c)1.14m 97.171m 
99. (a) 11 ms;(b)3.8m_ 101. (a) rightward; (b) 0.90 m/s; (c) 
less 103. (a) 5.5 X 10*m/s;(b) 1.1 X 10° m/s; (c) 1 

105.400 Hz 107. (a) 14;(b)12 109. (b) 0.8 to 1.6 us 

111. 4.8 x 10? Hz 


Chapter 18 

CP 1. (a) all tie; (b) SO°X,50°Y,50°W 2. (a) 2 and 3 tie, 
then 1, then 4; (b) 3,2, then 1 and 4 tie (from Eqs. 18-9 and 18- 
10, assume that change in area is proportional to initial area) 
3. A (see Eq. 18-14) 4.c and e (maximize area enclosed by a 
clockwise cycle) 5. (a) all tie (AEF;,,, depends oni and f, not 
on path); (b) 4,3, 2, 1 (compare areas under curves); (c) 4,3,2,1 
(see Eq. 18-26) 6. (a) zero (closed cycle); (b) negative (Ware is 
negative;see Eq. 18-26) 7.b and d tie, then a,c (Poong identical; 
see Eq. 18-32) Q@ 1.B,thenAandCtie 3.c,then the 


rest tie 5. (a) both clockwise; (b) both clockwise 

7.c,b,a 9. (a) f, because ice temperature will not rise to 
freezing point and then drop; (b) b and c at freezing point, d 
above, e below; (c) in b liquid partly freezes and no ice melts; 
in c no liquid freezes and no ice melts; in d no liquid freezes 
and ice fully melts; in e liquid fully freezes and no ice melts 
HH.) ereaten (by 3-(e 3.2: (dda, 3. (6) 2 31 

P W348. 3.1366. 5.4) 320° F(b) -123°R 7.—92.1-x 
9.29cm? 11.2.731cm 13.49.87cm? 15.0.26 cm? 
17.360°C 1 19.0.13mm 21.7.5cm 23.94.6L 25.42.7kJ 
27.1603 29.33 31.3:0mm 33.33m° 35.13.5 €° 
37.742 kJ 39. (a) 5.3°C; (b) 0; (c) O°C; (d) 60g 41. (a) O°C; 
(b)2.5°C 43.—30J 45.(a)1.2 x 10°J;(b) 75 J; (c) 30J 
47.60J 49. (a) 6.0 cal; (b) —43 cal; (c) 40 cal; (d) 18 cal; (e) 18 
cal 51.1.66kJ/s 53. (a) 16 J/s;(b) 0.048 g/s 55, (a) 1.23 
kW; (b) 2.28 kW; (c)1.05kW 57.0.50min 59.(a)1.7 x 104 
W/m?;(b) 18 W/m? 61.—4.2°C 63.1.1m 65.0.40 cm/h 
67.10% 69.4.5 x 10° J/kg-K 71. 0.432 cm? 

73. (a) 11p,V,;(b) 6p;V, 75.4.83 X 10°2cm? 77.23 J 
79.3.1 x 10°J 81.10.5°C 83.79.5°C 85.8.6J 87.333J 
89. (a) 90 W; (b) 2.3 X 107 W;(c) 3.3 X 107W 91. (a) 1.87 Xx 
10*;(b)10.4h 93.(a) —45J;(b) +45J 95. (a) 80 J; (b) 80J 
97.-6.1nW 99,1.17C° 


Chapter 19 

CP t.allbutc 2.(a)alltie;(b)3,2,1 3.gasA 4.5 
(greatest change in 7), then tie of 1,2,3,and4 5.1,2,3(Q; = 
0, Q2 goes into work W, but Q, goes into greater work W, and 
increases gas temperature) Q 1.20J 3.d,thenaandb 
tie,thenc 5. (a) 3;(b) 1;(c) 4;(d) 2;(e) yes 7. constant-vol- 
ume process 9. (a) 1,2,3,4;(b) 1,2,3 P 1.(a) 0.0127 
mol; (b) 7.64 X 1074 atoms 3.25 molecules/cem? 5.186kPa 
7. (a) 0.0388 mol; (b) 220°C 9. (a) 3.14 x 10°J;(b) from 
11.360K 13.5.60kJ 15. (a) 1.5 mol; (b) 1.8 X 10°K; 

(c)6.0 x 10°K;(d)5.0kJ 17.2.0 x 10°Pa 19.1.8 X 10? m/s 
21. (a) 511 m/s; (b) —200°C; (c) 899°C —- 23.1.9 kPa 

25. (a) 5.65 x 10°" J;(b) 7.72 X 10 J: (c) 3.40 kJ: (d) 4.65 kI 
27a) G76 < 1022) (Bb) 107 295 (4)6 <107 km 

31. (a) 3.27 X 10'° molecules/cm?;(b) 172m 33. (a) 420 m/s; 
(b) 458 m/s; (c) yes 35. (a) 6.5 km/s; (b) 7.1 km/s 37. (a) 1.0 
x 104K; (b) 1.6 X 10°K;(c) 4.4 X 102K; (d) 7.0 X 10° K; (e) 
no;(f) yes 39. (a) 7.0 km/s; (b) 2.0 X 107-8 cm; (c) 3.5 x 101° 
collisions/s 41. (a) 0.67; (b) 1.2; (c) 1.3;(d) 0.33 43. (a) 0; 
(b) +374 J; (c) +374 J;(d) +3.11 x 10°7J 45, 15.8 J/mol-K 
47. (a) 6.6 X 10°*° kg; (b) 40 g/mol 49. (a) 3.49 kJ; (b) 2.49 
kJ;(c) 997 J;(d)1.00kJ 51.8.0kJ 53. (a) 6.98 kJ; (b) 4.99 
kJ; (c) 1.99 kJ; (d)2.99kJ 55. (a) 14 atm;(b) 6.2 X 107K 
§7.—15J 59.—20J 61. (a) diatomic; (b) 446 K; (c) 8.10 mol 
63. (a) 3.74 kJ; (b) 3.74 kJ; (c) 0: (d) 0; (e) —1.81 kJ: (£) 1.81 kJ; 
(2) —3.22 kJ; (h) —1.93 kJ; (i) —1.29 kJ; (j) 520 J; (k) 0; (1) 520 
J; (m) 0.0246 m?; (n) 2.00 atm; (0) 0.0373 m?; (p) 1.00 atm 

65. (a) 900 cal; (b) 0; (c) 900 cal; (d) 450 cal; (e) 1200 cal; (f) 300 
cal; (g¢) 900 cal; (h) 450 cal; (i) 0; (j) —900 cal; (k) 900 cal; (1) 450 cal 
67.349K 69. (a) —374 J; (b) 0; (c) +374 J;(d) +3.11 x 10-25 
71. 7.03 X 10’s"' 73. (a) 2.00 atm; (b) 333 J; (c) 0.961 atm; 
(d)236J 75.(a) monatomic; (b) 2.7 X 10*K;(c) 4.5 < 10*mol; 
(d)3.4kJ;(e) 3.4 X 10’ kJ; (f) 0.010 77. (a) 8.0 atm; (b) 300 
K; (c) 4.4 kJ; (d) 3.2 atm; (e) 120 K; (f) 2.9 kJ; (g) 4.6 atm; 

(h) 170K; ()3.4kJ 79.(a)38L;(b) 71g 81. (a) 3/19; 

(b) 0.750v9; (c) 0.775¥9 83. (a) —2.37 kJ; (b) 2.37 kJ 
85.—3.0] 87.(b) 125J:(c) to 


Chapter 20 


CP l.a,b,c 2.smaller(Qissmaller) 3.c,b,a 4.a,d,c,b 
5.b © tl.aandctie,thenbanddtie 3.b,a,c,d 
5.unchanged 7.A, first; B, first and second; C, second; D, ne1- 
ther 9.(a) same; (b) increase; (c) decrease P 1.144J/K 
SG) 599 X10 1K 52a) 9.22 ki) 23. 1I/K: 
(c)O 7. (a) 57.0°C; (b) —22.1 J/K; (c) +24.9 J/K; (d) +2.8 J/K 
9. (a) —710 mJ/K; (b) +710 mJ/K; (c) +723 mJ/K; (d) —723 
mJ/K;(e) +13 mJ/K;(f)0 11. (a) 320 K; (b) 0; (c) +1.72 J/K 
13. (a) 0.333; (b) 0.215; (c) 0.644; (d) 1.10; (e) 1.10; (£) 0; 

(g) 1.10; (h) 0; (4) —0.889; (7) —0.889; (k) —1.10; (1) —0.889; 
(m) 0; (n) 0.889;(0)0 15.+0.76J/K 17. (a) —943 J/K; 

(b) +943 J/K;(c) yes 19.-1.18J/K 21. (a) 0.693; (b) 4.50; 
(c) 0.693; (d) 0; (e) 4.50; (f) 23.0 J/K; (g) —0.693; (h) 7.50; 

(1) —0.693; (j) 3.00; (k) 4.50; (1) 23.0 J/K 23. (a) 266 K; 

(b) 341K 25. (a) 23.6%;(b) 1.49 x 10*J  27.97K 

29. (a) 1.47 kJ; (b) 554 J; (c) 918 J; (d) 62.4% 31. (a) 2.27 kJ; 
(b) 14.8 kJ; (c) 15.4%; (d) 75.0%; (e) greater 

33. (a) 33 kJ; (b) 25 kJ; (c) 26kJ;(d)18kJ 35. (a) 3.00; (b) 
1.98; (c) 0.660; (d) 0.495; (e) 0.165; (f) 34.0% 37.20J 
39.440W 41.2.03 43.0.25hp 47.(a) W = N!/(n,! no! n3!); 
(b) [(N/2)! (N/2)!]/[(N/3)! (N/3)! (N/3)4]; (c) 4.2 X 102° 

49. (a) 87 m/s; (b) 1.2 X 10? m/s;(c) 22 J/K 51. (a) 78%; 

(b) 82 kg/s 53. (a) 40.9°C; (b) —27.1 J/K; (c) 30.5 J/K; 

(d) 3.4J/K 55.1.18 x 10°J/K 57. (a) 0; (b) 0;(c) —23.0 J/K; 
(d)23.0J/K 59. (a) 25.5 kJ; (b) 4.73 kJ; (c) 18.5% 

61.0.141 J/K-s 63. (a) 42.6kJ;(b) 7.61 kJ 65. (a) 4.45 J/K; 
(inno: “67s(a) l(b) 1 (6) 33(d) WO.) ox 10 Ke 

(f)3.2 X10 2J/K 69.4+3.59J/K 71. (a) 1.95 J/K; 

(b) 0.650 J/K; (c) 0.217 J/K; (d) 0.072 J/K; (e) decrease 

132(a) 1.26 < 10", (b) 471 « 10: (c).0.373(d) 1.01 x 10%, 

(ec) 1.37 X 10°; (f) 0.14; (g) 9.05 x 10°8; (h) 1.64 x 10°7; (1)0.018; 
(j) decrease 


Chapter 21 

CP 1.C and D attract; Band D attract 2. (a) leftward; 
(b) leftward; (c) leftward 3. (a) a,c, b; (b) less than 

4. —15e (net charge of —30e is equally shared) 

Q lLaandb 3.3,1,2,4(zero) 5.bandc tie, thena 
(zero) 7.2kq*/r’,up the page 9. (a) same; (b) less than; 
(c) cancel; (d) add; (e) adding components; (f) positive 
direction of y; (g) negative direction of y; (h) positive 
direction of x; (i) negative direction of x Pi i39m 
3.2. 81N 5.0500, 7-(4)— £00 20s (6). 3:00 nC 

9. (a) 0.17 N; (b) —0.046N 11. —4.00 13. (a) 1.60 N; 
(b)2.77N 15.(a) —14cm;(b)0 17. (a) 35.N; (b) —10°; 
(c) —8.4cm;(d) +2.7cm 19. (a) 3.00 cm; (b) 0; (c) —0.444 
21. (a) 0; (b) 12 cm; (c) 0; (d) 4.9 x 10°° N 23.3.8 x 10°C 
25.(a)yo2 x 105 Cube 27-0.3..10 9295122 mA 
31.1.3 x 10’C 33. (a) —6.05 cm; (b) 6.05 cm 

35.(a)00; (oy) 19 x 10s? IN) 375 (a) 2B (bb) 2 NA (Cc) 26 
39.1.31 X 10°2N 41. (a) 2.00 x 10” electrons; 

(b) 1.33 xX 10’ electrons 43.0.19MC 45.3.8N 

47. (a) 8.99 X 10°N;(b)8.99kN 49.1.7 x 10°N 

51a) 057(b),0715-(e) 085. 53200) 5.4 10 4S 

(b) cancels out; (c) 6.0 x 10° kg 55. (b) 3.1 cm 

57, —1.32 X 103C 59. (a) (0.829 N)i; (b) (—0.621 N)j 
61.2.2 x 10°kg 63.—45 uC 65.(a)5.1 X 10°N; 

(b) 7.7 X 10% m/s? 67.4.68 X 10°°N 69. (a) 1.72L; (b) 0 


Chapter 22 

CP 1. (a) rightward; (b) leftward; (c) leftward; (d) rightward 
(p and e have same charge magnitude, and p is farther) 

2. (a) toward positive y; (b) toward positive x; (c) toward nega- 
tive y 3. (a) leftward; (b) leftward;(c) decrease 4. (a) all tie; 
(b) 1 and 3 tie, then 2 and 4 tie Or iva. bye 3.(a) to ther 
left;(b)no 5. (a) yes; (b) toward; (c) no (the field vectors are 
not along the same line); (d) cancel; (e) add; (f) adding compo- 
nents; (g) toward negative y 7.e,b,then a andc tie, then d 
(zero) 9.(a)4,3,1,2;(b)3,then 1 and 4tie,then2 l1.a,b,c 
P 1.(a)64 x 10°N;(b)20N/C 3.56pC 5. (a) 3.07 x 
107! N/C;(b) outward 7.-—30cm 9. (1.02 xX 10° N/C)j 

11. (a) 1.38 X 107!° N/C; (b) 180° 13. (a) 160 N/C; (b) 45° 

15, (a) 3:60 10° NG (b) 255 10 NG (ce) 3.60 x 10: 
N/C; (d) 7.09 X 1077 N/C; (e) As the proton nears the disk, the 
forces on it from electrons e, more nearly cancel. 17. (a) —90°; 
(b) +2.0 wC;(c) -1.6 uC 19. (a) gd/47e,r°; (b) —90° 
23.0.506 25. (a) 23.8 N/C;(b) —90° 27.(a) —5.19 x 107-4 
C/m; (b) 1.57 X 1077 N/C; (c) — 180°; (d) 1.52 x 10-8 N/C; 

(e) 1.52 X 10° °N/C_ 29. (a) 1.62 X 10°N/C;(b) —45°  31.1.57 
35.0.346m 37.28% 39.3.51 x 10 m/s? 41.6.6 X 10°°N 
43. (a) 15 x 10° N/C;(b) 2.4: x 10°" N; (ec) ups (d) 1:6: « 10° 
N;(e) 1.5 X 10! 45. (a) 1.92 < 10!” m/s’; (b) 1.96 < 10° m/s 
47.—Se 49.(a) 2.7 X 10° m/s;(b)1.0kKN/C 51.27 um 

53. (a) 0.245 N;(b) —11.3°;(c) 108 m;(d) —21.6m 55. (a)2.6 X 
107'°N; (b) 3.1 < 1078 N;(c) moves to stigma 57. (a) 9.30 X 
10=? Cm: (b) 205 Oe) S912) (pe)? 61,122 x 
10°? J 63.217° 65.(a) 47 N/C;(b)27N/C_ 67. (a) 6.0 mm; 
(b) 180° 69.41.00 wC 71. (a) 8.87 X 107! N; (b) 120 

73.38 N/C 75.9:30 77. (a) —0.029 C; (b) repulsive forces 
would explode the sphere 79. (a) —1.0 cm; (b) 0; (c) 10 pC 
81. (a) —1.49 x 10-* J; (b) (—1.98 x 10°-*°N-m)k; (c) 3.47 x 
10° J 83.61 N/C_ 85. (a) (—1.80 N/C)i; (b) (43.2 N/C)i; 
(c)(—6.29N/C)i 87. (a) top row: 4, 8, 12; middle row: 5, 10, 
14; bottom row: 7, 11, 16; (b) 1.63 x 10°C 


Chapter 23 

CP 1.(a) +EA;(b) —EA;(c)0;(d)O 2. (a) 2;(b) 3;(c) 1 

3. (a) equal; (b) equal;(c) equal 4.3 and 4 tie, then 2,1 

Q Lalltie 3.(a)8N-m7/C;(b)0 5.a,c,then band dtie 
(zero) 7.(a)alltie (E = 0);(b)alltie 9. all tie 

P 1.-0.015N-m’/C 3. (a) 0;(b) —3.92 N-m*/C; (c) 0; (d) 0 
5.2.0 x 10N-m7/C 7.3.01nN-m7/C 9.3.54 uC 11. (a) 8.23 
N-m?/C; (b) 72.9 pC; (c) 8.23 N-m7/C; (d) 72.9 pC 13. (a) 0; 

(b) 0.0417 15.-1.70nC 17.(a)4.5 x 10-7 Cm’; (b) 5.1 x 104 
N/C 19. (a) 37 uC; (b) 4.1 X 10°N-m7/C 21. (a) —3.0 X 

10 Gb s <N0eC 23,5.0 Cnr 25.(a)0:32 uC; 
(b)0.14 uC 27. (a) 0.214 NIC; (b) inward; (c) 0.855 N/C; (d) out- 
ward. (6) —340 10 =@:) 3:40 ~ 10 =C (295(a) 23x 10° 
N/C; (b) outward; (c) 4.5 x 10° N/C;(d) inward 31.3.8 x 10° 
Cim? 33.-1.5 35.(a)5.3 X 10’N/C;(b)60N/C 37. (a) 0; 
(b) 0;(c) (—7.91 X 10-2 N/C)i_ 39. 0.44 mm 

41.5.0nC/m? 43. (a) 0;(b) 1.31 wN/C; (c) 3.08 wN/C; (d) 3.08 
BN/C 45.-7.5nC 47. (a) 2.50 X 10* N/C;(b) 1.35 X 10* 
N/C 49.1.79 x 10°" C/m? 51. (a) 0; (b) 56.2 mN/C; (c) 112 
mN/C; (d) 49.9 mN/C; (e) 0; (£) 0; (g) —5.00fC;(h)O 53. 6Kegr? 
55. (a) 7.78 fC; (b) 0; (c) 5.58 mN/C; (d) 22.3 mN/C 

§7. (a) 0.125;(b) 0.500 59. (a) +2.0nC;(b) —1.2 nC; (c) +1.2 nC; 
(d) +0.80nC 61. (a) 5.4 N/C;(b) 6.8N/C 63. (a) 0; (b) 2.88 
x 10*N/C:(c) 200N/C_ 65. (5.65 X 104N/C)} 67. (a) —2.53 
x 10°? N-m7/C; (b) +2.53 X 10°7N-m?/C_ 69. (a) 0; 

(b) g,/4aregr’; (c) (dq + qp)/4aeqr? 71.-1.04nC 73.3.6nC 


75. (a) 693 kg/s; (b) 693 kg/s; (c) 347 kg/s; (d) 347 kg/s; (e) 575 
kg/s 79. (a) +4.0 wC;(b) -4.0 uC 81. (a) 0.25R; (b) 2.0R 


Chapter 24 

CP 1.(a) negative;(b) increase 2. (a) positive; (b) higher 
3. (a) rightward; (b) 1, 2,3, 5: positive; 4, negative; (c) 3, then 
1,2,and5tie,then4 4.alltie 5.a,c(zero),b 6.(a)2,then 
1 and 3 tie; (b) 3; (c) accelerate leftward Q 1.(a) 1 and 2; 
(b) none; (c) no; (d) 1 and2,yes;3 and4,no 3. —4q/47re9d 

5. (a) higher; (b) positive; (c) negative; (d) alltie 7.(a)3 and 
4 tie, then 1 and 2 tie; (b) 1 and 2, increase; 3 and 4, decrease 

9. (a) 0; (b) 0; (c) 0; (d) all three quantities still 0 P 1.23 
X10 Sa) s0- 10 Cb) 36% 10°] 25.8 8 mim 7.(a) 
1.87 X 10°71 J;(b) -11.7mV 9,.-32.0V_ 11. (a) —0.268 mV; 
(b) —0.681mV_ 13. (a) 3.3nC;(b)12nC/m? 15. 0.562 mV 
17. (a) 6.0cm;(b) -12.0cm 19. (a) 0.54 mm; (b) 790 V 
21.16.3 nV 23.(a) —2.30V;(b) -1.78V 25. (a) 24.3 mV; 
(b)O 27.32.4mV 29.471 UV 31.13kV  33.18.6mV 
35.(—12 V/m)i + (12 V/m)j  37.(—4.0 x 107'° N)i + (1.6 x 
10°°N)j 39.150N/C 41.-0.192pJ 43. (a) 0.90J;(b) 4.5J 
45.(a) +6.0 X 104 V;(b) —7.8 X 10° V; (c) 2.5 J; (d) increase; 
(e)same;(f)same 47.2.5km/s 49.22km/s 51. (a) 0.225 J; 
(b) A 45.0 m/s’, B 22.5 m/s’; (c) A 7.75 m/s, B 3.87 m/s 

53.0.32 km/s 55. (a) proton; (b)65.3km/s 57.1.6 x 10°-°m 
59. (a) 3.0J;(b) -8.5m 61.(a)12;(b)2 63.2.5 x 10° FC 
65. (a) —1.8 X 10° V;(b) 2.9kV;(c) -8.9kV_ 67. (a) 12 kN/C; 
(b) 1.8kV;(c)5.8cm 69.7.0 X 10° m/s 71. (a) 1.8 cm; 

(b) 8.4 X 10° m/s; (c) 2.1 X 107!” N; (d) positive; (ec) 1.6 x 107!” 
Ni({) nesative 73.(2) 47:19 = 10° (b) 42.30 K 10" J: 
(6) 2.43 10e7 1. 75:2. days 77. (4) 64 N/CAb) 2.9 Vv: 
(c)O 79.2.30 x 10°%J 81.2.30 x 10°7J 83. (a) 3.6 X 
10°V;(b)no 85.—1.92MV_ 87.1.48 x 10’m/s_ 89.6.4 x 
10°V 93. (a) O/4 repr; (b) (p/3e)(1.5r5 — 0.50r* — r3r74), 

p = Ol[(4a/3)(r3 — 17); (©) (p/2e0)(r3 — rf), with pas in (b); 
(d) yes 95. p/2mepr 97.2.90kV 99, (a) 0.484 MeV; (b) 0 
103. (a) 38 s;(b) 280 days 105.—1.7 107.1 109. (a) 1.48 
nC;(b)795V 111.-187V 115, (c)4.2V 


Chapter 25 

CP 1.(a)same;(b)same 2. (a) decreases; (b) increases; 

(c) decreases 3. (a) V,q/2;(b) V/2;q G Wa.2 ble 3 
3. a, series; b, parallel;c, parallel 5. (a) no; (b) yes; (c) all tie 
7. (a) same; (b) same;(c) more;(d) more 9. parallel, C, 
alone, C, alone,series 11. (a) increase; (b) same; (c) increase; 
(d) increase; (e) increase; (f) increase Fo iia) 3opk 

(b) 3.5 pF;(c)57V 3.6.79 x 10°*F/m? 5. (a) 144 pF; (b) 17.3 
nC 7.0.280pF 9.3.16uF 11.315mC 13. (a) 789 uC; 
(b)78.9V 15.43 pF 17. (a) 3.00 uF; (b) 60.0 uC; (c) 10.0 V; 
(d) 30.0 wC; (e) 10.0 V; (f) 20.0 uC; (g) 5.00 V; (h) 20.0 wC 

19 (a) 50NV.(b) 50 < 10? C (cls x10 © 23 6pe 

23. (a) 4.0 wF;(b) 2.0 uF 25. (a) 4.5 X 104; (b) 1.5 « 10%; 
(co) 30 10". (dd) 45-340) ip Guo 27: (a) 900 1, 
(b) 16.0 uC; (c) 9.00 wC; (d) 16.0 wC; (e) 8.40 uC; (f) 16.8 WC; 
(g) 10.8 wC;(h) 14.4 uC 29.0.27J 31.72F 33.(a)9.16 x 
10° '8 J/m?; (b) 9.16 X 107° J/m?; (c) 9.16 10° J/m?; (d) 9.16 x 
10'8 J/m?;(e) ee 35. (a) 16.0 V; (b) 45.1 pJ; (c) 120 pJ; (d) 75.2 
pJ 37.(a)190V;(b)95mJ 39.0.11J/m*? 41. Pyrex 43.81 
pF/m 45.0.63m? 47.66 uJ 49.17.33 pF 51.(a)10kV/m; 
(b)5.0nC;(c)4.1nC 53. (a) 0.107 nF; (b) 7.79 nC; (c) 7.45 nC 
55. (a) 89 pF; (b) 0.12 nF; (c) 11 nC; (d) 11 nC; (e) 10k V/m; 

(f) 2.1 kV/m; (g) 88 V;(h) —0.17 pJ 57. (a) 7.20 wC; (b) 18.0 uC; 
(c) Battery supplies charges only to plates to which it is 


connected; charges on other plates are due to electron transfers 
between plates, in accord with new distribution of voltages 
across the capacitors. So battery does not directly supply 
charge on capacitor 4. 59. (a) 10 wC; (b) 20 wC 

61.45 uC 63.16 uC 65. (a) 2.40 uF; (b) 0.480 mC; (c) 80 V; 
(d) 0.480 mC; (e)120V_ 67.40 nF 69. (a) 200 kK V/m; (b) 200 
kV/m; (c) 1.77 wC/m?; (d) 4.60 wC/m?; (e) —2.83 wC/m? 
71.4.9% 73.1.06nC 75. (a) 0.708 pF; (b) 0.600; (c) 1.02 x 
10°°J;(d) suckedin 77.5.3V 


Chapter 26 

CP 1.8A,rightward 2.(a)-(c) rightward 3.aandc tie, 
thenb 4.device2 5. (a) and (b) tie, then (d), then (c) 

© t.a,b,andcalltie,thend 3. tie of A, B,and C,then tie of 
A+ BandB+C,thenA+B+C _ 5.(a)top-bottom, 
front-back, left-right; (b) top-bottom, front-back, left-right; 

(c) top-bottom, front-back, left-right; (d) top-bottom, front- 
back, left-right 7. (a) C, B, A; (b) all tie; (c) A, B, C; (d) all tie 
9, (a) B,A,C;(b) B,A,C P L(a)1.2kC;(b)7.5 x 107 

3.6.7 wC/m? 5.0.38mm__ 7. (a) 6.4 A/m?; (b) north; (c) cross- 
sectionalarea 9.13 min 11.181. uA 13. (a) 1.33 A; 

(b) 0.666 A;(c) J, 15.2.0 X 10°(Q-m)™ = 17.2.0 x 10° O-m 
19, 2A 2054) 2373 Ore 256 NOP YC: 2723235) x 
10°7C 29.8.2 X 10°7O-m = 31. (a) 38.3 mA; (b) 109 A/m?; 
(c) 1.28 cm/s;(d) 227 V/m 33. (a) 6.00 mA; (b) 1.59 x 1078 V; 
(c)21.2nQ 35.981 kQ 39, (a) 1.0kW; (b) US$0.25 
41.0.135W 43. (a) 10.9A;(b) 10.6. 0;(c)4.50MJ 45.150s 
47. (a) 28.8 0; (b) 2.60 xX 10%s"! 49. (a) 5.85 m;(b) 10.4 m 
51. (a) US$4.46; (b) 144 0; (c) 0.833 A 53. (a) 5.1 V; (b) 10 V; 
(c) 10 W;(d)20W 55. (a) 2.3 X 10"; (b) 5.0 X 10°; (c) 10 MV 
57, (a) —8.6%;(b) smaller 59.660W _ 61. (a) silver; (b) 51.6 
nQ, 63. (a) 1.37;(b) 0.730 65.288kC 67.146kJ 69.3.0 x 
10°J/kg 71.2.4kW 73.560W 75. (a) 250°C; (b) yes 


Chapter 27 

CP 1. (a) rightward; (b) all tie; (c) b, then a and ¢ tie; (d) b, 
thenaandctie 2. (a) alltie;(b) R,;,R.,R; 3. (a) less; (b) 
greater;(c)equal 4. (a) V/2,i;(b) V,i/2 5. (a) 1,2, 4,3; (b) 4, 
iie-of land? then 3 Q 1. (a) series; (b) parallel; (c) par- 
allel 3. (a) equal;(b) more 5. parallel, Rj, R,,series 7. (a) 
same; (b) same;(c) less;(d) more 9. (a) less; (b) less; (c) more 
AT..(a)) allie: (b) dh. 3.2 P 1.(a) 80J;(b) 67J;(c) 13 J 
3.11kJ  5.(a) 14 V;(b) 1.0 x 10° W;(c) 6.0 x 10? W; (d) 10 V: 
(ec) 1.0 X 10? W_ 7. (a) 0.50 A; (b) 1.0 W; (c) 2.0 W; (d) 6.0 W; 
(e) 3.0 W; (£) supplied; (g) absorbed 9. (a) 4.00 Q; (b) parallel 
11.3.6 x 10°A 13. (a) 50 V;(b) 48 V; (c) negative 15. (a) 
6.9km;(b)20Q 17. (a) 0.333 A; (b) right;(c) 720J 19.8.00 
21. (a) 0.004.0;(b)1 23.4500 25.5.56A 27. (a)50mA; 
(b)60mA;(c)9.0V 29.3d 31.48.3V 33.(a) -11V; 
(b)-9.0V 35.1.43.Q, 37. (a) 0.67 A; (b) down; (c) 0.33 A; 
(d) up; (e) 0.33 A; (f) up;(g)3.3V 39. (a) 5.25 V; (b) 1.50 V; 
(c) 5.25 V;(d)6.75V 41. (a) 0.1500; (b)240W_ 43. (a) 
0.709 W; (b) 0.050 W; (c) 0.346 W; (d) 1.26 W; (e) —0.158 W 
45.9 47.(a) 1.11 A;(b) 0.893 A;(c) 126m 49. —3.0% 
51.(a)0.45A 53. (a) 55.2 mA; (b) 4.86 V; (c) 88.0 0; (d) de- 
crease 57.461 59.(a)2.41 us;(b) 161 pF 61.0.208 ms 
63.0.72 MQ 65. (a) 1.1 mA; (b) 0.55 mA; (c) 0.55 mA; (d) 
0.82 mA; (e) 0.82 mA; (f) 0; (g) 4.0 X 10? V;(h) 6.0 x 107V 
67.411 uA 69. (a) 0.955 wC/s; (b) 1.08 wW; (c) 2.74 wW; 

(d) 3.82 wW 71. (a) 3.0kV;(b) 10s;(c) 11 GQ 73. (a) 24.8 O; 
(b)14.9kQ, 75. (a) 1.32 X 10’ A/m?’; (b) 8.90 V; (c) copper; 
(d) 1.32 X 10’ A/m’; (e) 51.1 V;(f) iron 77. the cable 


79. (a) 3.00 A; (b) 3.75 A;(c)3.94A 81.200 83. (a) 3.00 A; 
(b) down; (c) 1.60 A; (d) down; (e) supply; (f) 55.2 W; (g) supply; 
(h)6.40W_ 85. (a) 85.0.0;(b) 9150 87. (a) 1.0 V;(b) 50 mO 
89.—-13 uC 91.40V 93.3 97.(a)1.5mA;(b) 0;(c)1.0mA 
99. (a) 0;(b) 14.4W = 103. (a) 60.0 mA; (b) down; (c) 180 mA; 
(d) left; (e) 240 mA;(f) up 105. (a) 4.0 A; (b) up; (c) 0.50 A; 
(d) down; (e) 64 W; (f) 16 W; (g) supplied; (h) absorbed 

107. (a) 1.00 A;(b)24.0W 109.1.00 x 10°° 111. (b) yes 


Chapter 28 

CP 1.a,+z;b,—-x,c, Fz =0 2.(a)2,then tie of 1 and3 
(zero);(b)4 3. (a) electron; (b) clockwise 4.—y 5. (a) all 
tie; (b) 1 and 4 tie, then 2 and 3 tie Q 1.(a) Fz; (b) Fz 
3. (a) no, because V and F z must be perpendicular; (b) yes; 
(c) no, because B and F z must be perpendicular 

544) sez and = 2 ie, then “yen tic, then sarand e-vatie 
(zero); (b) +y_ 7. (a) negative; (b) equal; (c) equal; (d) half- 
circle 9.(a) B,; (b) B, into page, B, out of page; (c) less 
11. (a) positive; (b) 2 > 1 and 2 — 4 tie, then 2 — 3 (which is 
Zero) P 1.(a) (6.2 X 10°! N)k; (b) (-6.2 x 1074 N)k 
3. (a) 400 km/s; (b) 835eV 5. —-2.0T 7. —(0.267 mT)k 
9,(—11.4V/m)i — (6.00 V/m)j + (4. 80 V/m)k 11.0.68 MV/m 
13.7.4V 15. (a) (—600 mV/m)k; (b) 1.20V_ 17. (a) 2.05 X 
10’ m/s; (b) 467 wT; (c) 13.1 MHz; (d)76.3ns 19.21.1 uT 

21. (a) 0.978 MHz; (b) 96.4cm 23.1.2 x 10-’kg/C 

25. (a) 2.60 X 10° m/s; (b) 0.109 ys; (c) 0.140 MeV; (d) 70.0 kV 
27.65.3km/s 29. (a) 0.358 ns; (b) 0.166 mm; (c) 1.51 mm 

31. (a) 495 mT; (b) 22.7 mA;(c) 8.17 MJ 33.5.07ns 35.2.4 x 
10?m_ 37. (a) 200 eV; (b) 20.0 keV; (c) 0.499% 39. (a) 467 
mA;(b)right 41. (a) 28.2 N; (b) horizontally west 

43. (—2.50 mN)j + (0. 750 mN)k 45. (a) 0.10 T; (b) 31° 
47.(-4.3 X 10°3N-m)j 49.0.60 uN 51. (a) 542 O; 

(b) series; (c) 2.52 0; (d) parallel 53.2.45A 55. (a) 12.7A; 
(b) 0.0805 N-m 57. (a) 0.30 A-m?’;(b)0.024N-m 59. 

(a) 2.86 A-m*;(b)1.10A-m? 61. (a) —(9.7 X 10-7 N- ‘m)i — 
(7.2 X 10-*N-m)j + (8.0 X 10-4N-m)k; (b) —6.0 X 1074J 
63. (a) 90°; (b) 1;(c) 1.28 X 10°7N-m_ 65. (a) —72.0 pJ; 

(b) (96.01 + 48.0k) »N-m 67.127 69. (a) 20 min; (b) 5.9 
x10-?N-m 71.8.2mm 73.(—500V/m)j 75. (a) 0.50; 

(b) 0.50; (c) 14cm;(d) 14cm 77.—-40mC 79. (a) (12. 8i + 
6.41j) X 10-22N;(b) 90°; (c) 173° 81. (a) 6.3 X 104 m/s?; 
(b)3.0mm_ 83. (a) 1.4;(b) 1.0 85. (0.80} — 1.1k) mN 


Chapter 29 

CP 1.b,c,a 2.d,tieofaandc,thenb 3.d,a,tieofbandc 
(zero) Owihedhengand pb tie(zers)s Beda) o.b) 25. Garb 
7. (a) 1,3,2;(b) less 9.canddtie,thenb,a 11.b,a,d,c 
(zero) P 1.(a)16A;(b)east 3.(a) 3.3 wT; (b) yes 

5. (a) 0.102 wT;(b) out 7.(a) opposite; (b)30A 9. (a) 4.3. A; 
(b) out 11. (a) 1.0 mT; (b) out; (c) 0.80 mT; (d) out 

13.(—7.75 X 10°3N)i_ 15.2.00rad 17.50.3nT 19.(80 n:T)j 
21.132nT 23. (a) 1.7 wT; (b) into; (c) 6.7 wT; (d) into 
25.61.3mA 27.5.0uT 29.256nT 31. (22.3 pT)j 

33. (a) 20 T;(b) into 35.88.4pN/m 37.800 nN/m 

39. (—125 wN/m)i + (41.7 pN/m)j 41. (3.20 mN)j 

43. (a) —2.5 uT-m;(b)0 45. (a) 0; (b) 0.850 mT; (c) 1.70 mT; 
(d)0.850mT 47. (a) 0;(b) 0.10 wT; (c) 0.40 uT 49.0.30 mT 
51. (a) 533 wT3(b) 400 wT 53. (a) 4.77 cm; (b) 35.5 nT 
55.0.272 A 57.0.47A-m’ 59, (a) 2.4 A-m’; (b) 46 cm 

61. (a) (0.060 A-m?)j;(b) (96 pT)j 63. (a) 79 wT: (b) 1.1 x 
10°N-m_ 65.(a) 15.3 uT 67.(a)15A;(b) —z 69.7.7 mT 
71. (a) (0.241) nT; (b) 0; (c) (—43k) pT: (d) (0.14k) nT 73.1.28mm 


INNER Answers 


77.(—0.20mT)k 85. (a) 4.8 mT; (b) 0.93 mT; (c) 0 
93. (a) uoir/2 77; (b) [oi/2 717; (C) Moi(a? — r?)/2m(a* — b*)r;(d) 0 


Chapter 30 

CP 1.5,thend and etie,andthenaandctie (zero) 2.aand 
btie,thenc (zero) 3.canddtie,thenaandbtie 4.b,out;c, 
out;d,into;e,into 5.dande 6. (a)2,3,1 (zero); (b) 2,3, 1 
7.a and b tie, then c © 1.(a) all tie (zero); (b) 2, then 1 
and3tie (zero) 3.out 5.dandctie,thenb,a 7. (a) alltie 
(zero); (b) 1 and 2 tie, then 3; (c) all tie (zero) 9. (a) more; 
(b) same; (c) same; (d) same (zero) P 1. (a) 31 mV; (b) left 
3.0.198mV 5.30mA 7.0 9.0 11. (a) 21.7 V;(b) coun- 
terclockwise 13.(b)0.796m? 15. (a) 40 Hz; (b) 3.2 mV 
17.5.50kV 19.29.5mC_ 21. (a) poiR? ar?/2x3; (b) 

3 upiR2r*v/2x*; (c) counterclockwise 23. (a) 1.26 x 10°4T; 
(b) 0;(c) 1.26 x 10°*T: (d) yes; (ce) 5.04 X 10°°V_ 25. (a) 80 
uV;(b) clockwise 27. (a) 13 wWhb/m;(b)17%;(c)0 29.3.68 
wW 31. (a) 48.1 mV; (b) 2.67 mA; (c) 0.129 mW 33. (a) 0.60 
V; (b) up; (c) 1.5 A; (d) clockwise; (e) 0.90 W; (f) 0.18 N; 
(g)0.90W 35. (a) 240 nV; (b) 0.600 mA; (c) 0.144 wW; (d) 2.87 
X 107° N;(e) 0.144 wW 37. (a) 71.5 wV/m; (b) 143 wV/m 
39.0.15V/m 41. (a) 2.45 mWb;(b)0.645mH 43.1.81 
wH/m 45. (a) decreasing; (b)0.68mH 47.(b) L., = 2 L;, 
sumfromj=1toj=N 49.593mH 51.691 53.460 
55. (a) 8.45 ns;(b) 7.37 mA 57.(a)1.5s 59. (a) i[1 — 
exp(—Ry/L)];(b) (Z/R) In2 61.25.6ms_ 63. (a) 97.9 H;(b) 
0.196mJ 65. (a) 18.7 J;(b) 5.10 J;(c) 13.63 67.1.5 X 10° 
Vim 69. (a) 34.2 J/m?;(b) 49.4 mJ 71. (a) 1.0 J/m?; (b) 4.8 X 
10° J/m? 73. (a) 1.67 mH; (b) 6.00 mWb__75. (b) have the 
turns of the two solenoids wrapped in opposite directions 
77.13 wH 79. (a) (4.4 X 107 m/s2)i;(b) 0; (c) (—4.4 X 107 
m/s*)i 81. (a) 0.40V;(b)20A 83.1.15W 85.(a)2.0A; 

(b) 0; (c) 2.0 A; (d) 0; (e) 10 V; (£) 2.0 A/s; (g) 2.0 A; (h) 1.0 A; 
(i) 3.0 A; (j) 10 V;(k)0;(1)0 87.0.520ms 89,12 A/s 

91. (a) 10A;(b) 1.0 x 10°J 93. (a) 20 A/s; (b) 0.75 A 

95. (a) 0; (b) 8.0 X 10? A/s; (c) 1.8 mA; (d) 4.4 x 10° A/s; 
(e)4.0mA;(f)0 97. (a) 10 wT; (b) out; (c) 3.3 wT; (d) out 

99, (a) 3.28 ms; (b) 6.45 ms; (c) infinite time; (d) 0; (e) 3.00 ms 
101. (a) 400 A/s; (b) 200 A/s; (c) 0.600 A 103.21 mA 


Chapter 31 

GP Lia 230) 1: (©) 12:0) 4 2a) 5 Vi (5) 150d 

3. (a) remains the same;(b) remains thesame 4. (a) C,B,A; 
(b) 1,A;2, B;3,$;4,C;(c) A 5. (a) remains the same; (b) in- 
creases 6. (a) 1, lags; 2, leads; 3, in phase; (b) 3 (wy, = w when 
X, = Xc) 7. (a) increase (circuit is mainly capacitive; in- 
crease C to decrease X¢- to be closer to resonance for maxi- 
mum P,y,);(b) closer 8. (a) greater; (b) step-up 

Q 1.(a) 7/4; (b) T/4; (c) T/2;(d) T/2 3.b,a,c 5.c,b,a T.a 
inductor; b resistor;c capacitor 9. (a) rightward, increase (X,;, 
increases, closer to resonance); (b) rightward, increase (X¢ 
decreases, closer to resonance); (c) rightward, increase (@,/w 
increases, closer to resonance) 11. (a) positive; (b) decreased 
(to decrease X, and get closer to resonance); (c) decreased 
(to increase X- and get closer to resonance) P 1.(a) 6.00 
us; (b) 167 kHz; (c) 3.00 us 3.45.2mA 5§.(a) 1.17 pw; 
(b)5.58mA 7. (a) 1.25 kg; (b) 372 N/m; (c) 1.75 X 1074 m; 
(d)3.02mm/s 9.7.0 X 10-4s 11. (a) 275 Hz; (b) 365 mA 
13. (a) 3.0 nC; (b) 1.7 mA;(c)4.5nJ 15. (a) 6.0; (b) 36 pF; 
(c)0.22mH_ 17. (a) 356 ps; (b) 2.50 mH; (c) 3.20 mJ 

19. (a) 1.98 uJ; (b) 5.56 wC; (c) 12.6 mA; (d) —46.9°; (e) +46.9° 
21. (a) 0.180 mC; (b) 70.7 us; (c) 66.7 W 25. 8.66 mQD 


29. (a) 0.65 kHz; (b) 24Q, 31. (a) 95.5 mA; (b) 11.9mA 

33. (a) 6.73 ms; (b) 11.2 ms; (c) inductor; (d) 138 mH 

35. (a) 267 ©; (b) —41.5°;(c)135mA 37. (a) 218 2; (b) 23.4°; 
(c)165mA 39. (a) 206 0; (b) 13.7°3(c)175mA 41.7.61 A 
43.89, 45. (a) 224 rad/s; (b) 6.00 A; (c) 219 rad/s; (d) 228 rad/s; 
(e) 0.040 47. (a) yes;(b)1.0kV 51. (a) 796 Hz; (b) no 
change; (c) decreased; (d) increased 53.1.84A 55.(a) 12.10; 
(b)1.19kW 57. (a) 0.743; (b) lead; (c) capacitive; (d) no; 

(e) yes; (f) no; (g) yes; (h) 33.4W 59. (a) 117 pF; (b) 0; 

(c) 90.0 W; (d) 0°; (e) 1; (f) 0; (g) —90°;(h)O 61. (a) 2.59 A; 
(b) 38.8 V; (c) 159 V; (d) 224 V; (e) 64.2 V; (f) 75.0 V; (g) 100 W; 
(h)0;G)0O 63. (a) 2.4 V;(b) 3.2mA;(c)0.16A 65. (a) 1.9 V; 
(b) 5.9 W; (c) 19 V;(d) 5.9 X 10? W; (e) 0.19 kV; (f) 59 kW 

69. (a) 39.1 O; (b) 21.7 O; (c) capacitive 71. (a) 45.0°; (b) 70.7 0 
73. (a) 0.689 wH; (b) 17.9 pJ;(c) 0.110 wC 75. (a) 2.41 wH; 
(b) 21.4 pJ;(c) 82.2nC 77. (a) 64.0 QO; (b) 50.9 O; (c) capaci- 
tive 79. (a) —0.405 rad; (b) 2.76 A; (c) capacitive 
81.1.84kHz 83.(a)0.577Q;(b) 0.152 87. (a) 6.73 ms; (b) 
2.24 ms; (c) capacitor; (d) 59.0 wF 91. (a) 165 0; (b) 313 mH; 
(c)14.9 uF 93. (a) 168 O; (b) decrease; (c) decrease; 

(d) decrease 95.7.08mH 97. (a) 4.00 uF, 5.00 uF, 5.00 pF, 
5.00 uF; (b) 1.78 kHz, 1.59 kHz, 1.59 kHz, 1.59 kHz; (c) 12.00, 
12.0 ©, 6.00 ©, 4.00 O; (d) 19.8 0, 22.4 0, 19.9 0, 19.4 O; 

(e) 0.605 A, 0.535 A, 0.603 A, 0.619 A 


Chapter 32 

CP 1.d,b,c,a(zero) 2.a,c,b,d(zero) 3. tie of b,c, and d, 
thena 4.(a)2;(b)1 5.(a) away;(b) away;(c)less 6. (a) 
toward; (b) toward; (c) less Q1.a, decreasing; b, 
decreasing 3.1a,2b,3candd 5.(a)aandb tie, then c,d; 
(b) none (because plate lacks circular symmetry, B not tan- 
gent to any circular loop);(c) none 7. (a) 1 up,2 up, 3 down; 
(b) 1 down,2up,3 zero 9.supplied 11. (a) 1,3,2;(b) 2 

P 1.4+3Wb 3.(a) 47.4 wWb;(b) inward 5.2.4 x 10% 
Vim-s 7.(a)1.9pT 9.(a)1.18 x 10°? T;(b) 1.06 x 10°? T 
11a) 5.01 x 10-7 (b) 45 1052 15:75 <1 Vs 
17. (a) 0.63 wT; (b) 2.3 X 107 V/m-s_ 19. (a) 0.71 A; (b) 0; 
(c)2.8A 21. (a) 2.0A;(b) 2.3 X 10!' V/m:<s;(c) 0.50 A; 

(d) 0.63 uT-m 23. (a) 0.324 V/m; (b) 2.87 X 107'° A; (c) 2.87 X 
107-8 25. (a) 75.4nT;(b)67.9nT 27. (a) 27.9 nT; (b) 15.1 nT 
29. (a) 7.60 wA; (b) 859 kV - m/s; (c) 3.39 mm; (d) 5.16 pT 
S155 00 3394) 93 x 10 1b) 10 Se 

35. (a) 0>(b) 0: (6) 0:(d) == 32 10-2 J-(e)=— 32 << 105 Js: 
O25 <0 Wi (ono 7 x 10 iy 10227 

37. (b) +x; (c) clockwise; (d) +x 39.20.8mJ/T 41. yes 

43. (b) K;/B;(c) —z;(d)0.31kA/m_ 47. (a) 3.0 nT; (b) 5.6 X 
10°MeV 49.5.15 x 10°4%A-m? 51. (a) 0.14 A; (b) 79 wC 
53.(4) 8 <d0ekme(by2 3 < 109 57, (a) 63x 107A: 

(b) yes;(c)no 59.(a)27.5mm;(b)110mm_ 61. (a) 7; (b) 7; 
(c) 3h/2 77; (d) 3eh/42m; (e) 3.5h/277; (f) 8 63. (a) 9; (b) 3.71 X 
LOS) 927 x 10 Id) 9 27 x 10) 
65.0.84kJ/T 67. (a) —8.8 X 10° V/m:s;(b) 5.9 X 10°7T-m 
69. (a) (1.2 X 107° T) exp[—7/(0.012 s)]; (b) 5.9 X 10°> T 
71.8.0A 73. (b) —x;(c) counterclockwise; (d) —x 

75. (b) sign is minus; (c) no, because there is compensating 
positive flux through open end nearer to magnet 


Chapter 33 

CP 1. (a) (Use Fig. 33-5.) On right side of rectangle, E isin 
negative y direction; on. left side, E + dE is greater and 

in same direction; (b) E is downward. On right side, B isin 
negative z direction; on left side, B + dBis greater and in 


same direction. 2. positive direction ofx 3. (a) same; 

(b) decrease 4.a,d,b,c(zero) 5.a Q 1. (a) positive 
direction of z;(b)x 3.(a) and (b) A = 1,n = 4,6 = 30° 

5. (a) same; (b) increase; (c) decrease 7.a,b,c 9.none 
11.B P  1.(a) 515 nm; (b) 610 nm; (c) 555 nm; (d) 5.41 x 
LOE e).1.85: 0st Se Sa AGH 5.50.0 4 A 
7.0.10MJ 9. (a) 6.7 nT; (b) y; (c) negative direction of y 
11.1.2 MW/m? 13. (a) 6.7 nT; (b) 5.3 mW/m’; (c) 6.7 W 

15. (a) 1.03 kV/m; (b) 3.43 wT 17. (a) 87 mV/m; (b) 0.29 nT; 
(c)6.3kW 19.5.9 10%Pa 21.1.0 X 10’Pa 25.(a)1.0 x 
10° Hz; (b) 6.3 X 10° rad/s; (c) 2.1 m7; (d) 1.0 wT; (e) z; 

(f) 1.2 x 10* W/m’; (g) 8.0 x 10-7 N;(h) 4.0 x 1077 Pa 
27.1.9mm/s 29. (a) 4.68 x 101! W; (b) any chance distur- 
bance could move sphere from directly above source —the 
two force vectors no longer along the same axis 31. (a) 0.17 
pm; (b) toward the Sun 33.4.4W/m* 35.3.1% 37.(a) 1.9 
V/m;(b) 1.7 X 10°" Pa 39.20° or 70° 41. 0.67 

43. (a) 2 sheets;(b)5 sheets 45.1.48 47.180° 49. 1.26 
S107, 53:4) 56.9"3(b) 39.3" - S77. US2 cine. '595( 4) 20.8": 
(b) yes 61. (a) 1.39; (b) 28.1°;(c) no 63.23.2° 65. (a) 48.9°; 
(b)29.0° 67. (a) (1 + sin? 8); (b) 2°°; (c) yes; (d) no 
69.49.0° . TIS(O S767) 139 A2(e)yi. FSeI22 

77, (a) 0.50 ms; (b) 8.4 min; (c) 2.4 h; (d) 5446 B.c. 

79. (a) (16.7 nT) sin[(1.00 X 10°m7)z + (3.00 x 10'4s~')z]; 
(b) 6.28 um; (c) 20.9 fs; (d) 33.2 mW/m”; (e) x; (f) infrared 

81. (a) 83 W/m’; (b) 1.7 MW_ 83. (a) 3.5 wW/m?; (b) 0.78 wW: 
(oy 1a 10-2 Wim (ay 1. x 10°? Vim: (6) 025 TT 

85.35° 87. (a) 55.8°;(b) 55.5° 89. (a) z axis; (b) 7.5 X 1014 
Hz;(c)1.9kW/m? 91. (a) white; (b) white dominated by red 
end;(c) no refracted light 93.1.5 x 10-? m/s? 95.0.034 
97.9.43 x 10°'? T 99, (a) —y;(b) z;(c) 1.91 kW/m’; 

(d) FE, = (1.20 kV/m) sin[(6.67 X 10°m~')y + (2.00 x 10% 
s~') t];(e) 942 nm;(f) infrared 101. (a) 1.60; (b) 58.0° 


Chapter 34 

CP 1.0.2d,1.8d,2.2d 2. (a) real; (b) inverted; (c) same 

3. (a) e;(b) virtual,same 4. virtual, same as object, diverging 
Q@ 1.(a)aandc;(b) three times;(c) you 3. (a) a;(b)c 

5. d (infinite), tie ofaandb,thenc 7.convex 9. (a) all but 
variation 2; (b) 1,3, 4: right, inverted; 5, 6: left, same 

Pr déOcim 3. hon 5.35lcnr 7-10 5¢em 9. (a) 2 36:cm, 
(b) —36 cm; (c) +3.0; (d) V; (e) NI; (f) opposite 11. (a) +24 
cm; (b) +36 cm;(c) —2.0;(d) R;(e) 1; (f) same 13. (a) —16 
cm; (b) —4.4 cm; (c) +0.44; (d) V; (e) NI; (f) opposite 

15. (a) —20 cm; (b) —4.4 cm; (c) +0.56; (d) V; (e) NI; 

({) opposite 17. (b) 0.56 cm/s; (c) 11 m/s; (d) 6.7 cm/s 

19. (b) plus; (c) +40 cm; (e) —20 cm; (f) +2.0; (g) V; (h) NI; 

(1) opposite 21. (a) convex; (b) —20 cm; (d) +20 cm; 

(f) +0.50; (g) V; (h) NI; (i) opposite 23. (a) concave; (c) +40 
cm; (e) +60 cm; (f) —2.0;(g) R;(h) (i) same 25. (a) convex; 
(c) —60 cm; (d) +30 cm; (f) +0.50; (g) V; (h) NI; (i) opposite 
27. (b) —20 cm; (c) minus; (d) +5.0 cm; (e) minus; (f) +0.80; 
(g) V;(h) NI; @) opposite 29. (a) convex; (b) minus; (c) —60 
cm; (d) +1.2 m;(e) —24 cm; (g) V; (h) NI; (i) opposite 

31. (a) concave; (b) +8.6 cm; (c) +17 cm;(e) +12 cm; 

(f) minus; (g) R;(i)same 33.(a)2.00;(b) none 35. (c) —33 
cm;(e) V;(f)same 37. (d) —26 cm; (e) V; (f) same 

39. (c) +30. cm;(e) V;(f)same 41. (a) 45 mm; (b) 90 mm 
43.1.86mm 45.5.0mm 47.22cm 49.(a) +40 cm;(b) 
51. (a) —4.8 cm; (b) +0.60; (c) V;(d) NI;(e) same 53. (a) —48 
cm; (b) +4.0;(c) V;(d) NI; (e) same 55. (a) +36 cm; (b) 
—0.80; (c) R;(d) I; (ec) opposite 57. (a) —8.6 cm; (b) +0.39; 


Answers lah a 1 


(c) V;(d) NI;(e) same 59. (a) —30 cm; (b) +0.86; (c) V; (d) 
NI;(e)same_ 61. (a) +55 cm; (b) —0.74; (c) R; (d) I; (e) oppo- 
site 63. (a) +84 cm; (b) —1.4;(c) R; (d) I; (e) opposite 

65. (a) —18 cm; (b) +0.76; (c) V;(d) NI; (e) same 67. (a) —7.5 
cm; (b) +0.75;(c) V;(d) NI;(e) same 69. (a) D;(b) —5.3 cm; 
(d) —4.0 cm; (f) V;(g) NI;(h) same 71. (a) C; (b) plus; 

(d) —13 cm; (e) +1.7; (f) V;(g) NI; (h) same 73. (a) C; 

(d) —10 cm; (e) +2.0; (f) V;(g) NI;(h) same 75. (a) C: 

(b) +80 cm; (d) —20 cm; (f) V;(g) NI; (h) same 77. (a) C; 

(b) +3.3 cm; (d) +5.0 cm; (f) R; (g) 5 (h) opposite 79. (a) D; 
(b) minus; (d) —3.3 cm; (e) +0.67; (f) V;(g) NI 81. (a) +3.1 
cm; (b) —0.31;(c) R;(d) I;(e) opposite 83. (a) +24 cm; 

(b) +6.0;(c) R;(d) NI; (e) opposite 85. (a) —5.5 cm; 

(b) +0.12;(c) V;(d) NI;(e) same 87. (a) —4.6 cm; (b) +0.69; 
(c) V;(d) NI;(e) same 89. (a) 13.0 cm; (b) 5.23 cm; (c) —3.25; 
td) SA S(e) 10-29. (a)3255(b) 2.5 93. (a).2.30 em, 

(b) decrease 95. (a)3.00cm;(b)2.33cm 97. (a) 6.0 mm; 
(b) 1.6kW/m?;(c)4.0cm 99,(a)20cm;(b) 15cm 101.2.2 
mm?’ 107. (a) 40 cm; (b) 20 cm; (c) —40 cm; (d) 40 cm 

109. (a) +36 cm;(b) 1.2 cm;(c) real;(d) inverted 111. (a) 
—50 cm; (b) 5.0; (c) virtual; (d) inverted 113. (a) +8.6 cm; 
(b) +2.6;(c) R;(d) NI; (e) opposite 115. (a) +7.5 cm; (b) 
—0.75; (c) R;(d) I;(e) opposite 117. (a) +24 cm; (b) —0.58; 
(c) R;(d) I;(e) opposite 119. (a) 0.60 m; (b) +0.20; (c) real; 
(d) left;(e) notinverted 125. (a) 8.0 cm; (b) 16 cm; (c) 48 cm 
127. (a) a = 0.500 rad: 7.799 cm; a = 0.100 rad: 8.544 cm; a = 
0.0100 rad: 8.571 cm; mirror equation: 8.571 cm; (b) a = 0.500 
rads = 13: 56cm ad = 01 00-rad: —12:05 em: a —"0:0100 Tad: 
—12.00 cm; mirror equation: —12.00cm 129.42 mm 

131.(b) P,, 133. (a) (0.5)(2 — n)r/(n — 1); (b) right 
135.2.67cm 137. (a) 3.33 cm; (b) left; (c) virtual; (d) not 
inverted 


Chapter 35 

CP 1.5 (leastn),c,a 2. (a) top; (b) bright intermediate 
illumination (phase difference is 2.1 wavelengths) 3. (a) 3A, 
3;(b)2.5A,2.5 4.aand d tie (amplitude of resultant wave is 
4E,), then b and c tie (amplitude of resultant wave is 2E)) 

5. (a) 1 and 4; (b) 1 and 4 © 1. (a) 2d;(b) (odd 
number)A/2;(c) A/4 3. (a) peak; (b) valley 5. (a) decrease; 
(b) decrease; (c) decrease; (d) blue 7. (a) intermediate closer 
to maximum, m = 2;(b) minimum,m = 3;(c) intermediate 
closer to maximum, m = 2;(d) maximum,m = 1 

9. (a) maximum; (b) minimum; (c) alternates 11.c,d 

P 1.1.56 3.4.55 x 10’m/s_ 5. (a) 3.60 um; (b) intermedi- 
ate closer to fully constructive 7. (a) 155 nm;(b) 310 nm 

9. (a) 1.70; (b) 1.70; (c) 1.30; (d) alltie 11. (a) 1.55 wm; 

(b) 4.65 wm 13. (a) 0.833; (b) intermediate closer to fully 
constructive 15.16 17.648nm 19.2.25mm _ 21.0 
23.7.88 pm 25.72 um 27.6.64 um 29. 2.65 

31. (17.1 wV/m) sin[(2.0 x 10“rad/s)t] 33.27 sin(wt + 8.5°) 
35.70.0nm 37. (a) 0.117 wm; (b) 0.352 um 39.120 nm 
41.509nm 43.478nm 45.560nm 47.409nm 49.161 nm 
51.273 nm 53.(a)552nm;(b)442nm 55.338nm 57.329 
nn 39.248nm 61.339nm 63.528nm 65.455 nm 
67.608nm 69.1.89 um 71.140 73.0.012° 

75. [(m + 5)AR]°°, for m = 0,1,2,.... 77.1.00m 79.588 nm 
81. 1.00030 83. (a) 22°; (b) refraction reduces 9 85. (a) 50.0 
nm;(b)36.2nm 87.x = (D/2a)(m + 0.5)A, form = 0,1,2,... 
89.0.23° 91.450nm_ 93. (a) 1.75 um; (b) 4.8 mm 

95.33 um 97. (a) 1500 nm; (b) 2250 nm; (c) 0.80 99.600 nm 
101. (a) 88%; (b) 94% 103.1, cos*(27x/A) 105. 8.0 wm 


y\\\ 4) Answers 


107. (a) 1.80 wm;(b)9 109.51.6ns 111. (a) 1.6 rad; (b) 0.79 
rad 113. (a) dark; (b) dark;(c)4 115. (a) 1; (b) 4.0 fs; (c) 7.5 
117. (a) 48.6°; (b) away;(c)1.49m 119. (a) 42.0 ps; (b) 42.3 
ps; (c) 43.2 ps; (d) 41.8 ps;(e) 4 121. /[1 + 8 cos?(#/2)], with 
db = (27d/X) sin 6 


Chapter 36 

CP 1.(a) expand;(b) expand 2.(a) second side maximum; 
(b)2.5 3. (a) red;(b) violet 4.diminish 5. (a) left; (b) less 
Q 1.(a)A,B,C;(b) A,B,C 3.(a)1and3 tie, then 2 and 4 
tie;(b) 1 and 2 tie,then3 and4tie 5.(a)m = 5 minimum; 
(b) (approximately) maximum between the m = 4andm = 5 
minima 7. (a) decrease; (b) same; (c) remain in place 

9, (a) larger;(b) red 11. (a) A; (b) left; (c) left; (d) right 

P 1.(a)700nm;(b)4;(c)6 3.60.4 um 5. (a) 70cm; (b) 1.0 
mm 7. (4) 2.5 mms(b) 2.2 10 srad 9.1.77 mmi 

11. (a) 0.18°; (b) 0.46 rad; (c) 0.93 13.160° 15. (b) 0; 

(c) —0.500; (d) 4.493 rad; (e) 0.930; (f) 7.725 rad; (g) 1.96 
17(d)o25 (ec) 101s) 506° 19216.x 10°km “21: 

(a) 1.3 X 10°-4rad;(b)10km 23.50m 25.(a)1.1 X 10*km; 
(b)11km 27.(a)19cm;(b) larger 29. (a) 0.346°; 

(b) 0.97° 31. (a) 17.1 m;(b) 1.37 X 107! 33. (a) 8.8 X 1077 
rad; (b) 8.4 X 10’km;(c)0.025mm 35.3 37.5 

39. (a) 9;(b) 0.255 41. (a) 5.0 um;(b) 20 um 43. (a) 7.43 X 
107°; (b) between the m = 6 minimum (the seventh one) 

and the m = 7 maximum (the seventh side maximum); (c) 
between the m = 3 minimum (the third one) and the m = 4 
minimum (the fourth one) 45.3 47. (a) 62.1°; (b) 45.0°; 
(C)32:0" “49. (a) 2123p) 20: (co) 41 

5124) 6.0 um; () 1-5 um: (€) 92(d) 7; (e).6 5321209 « 107 
rulings/mm 55. (a) 470nm;(b)560nm 57.0.15 nm 

59. (a) 0.032°/nm; (b) 4.0 X 104; (c) 0.076°/nm; (d) 8.0 x 104; 
(e) 0.24°/nm; (f) 1.2 X 10° 61.3.65 X 10° 63. (a) 10 um; 
(b)3.3mm_ 65.(a)25 pm;(b)38pm_ 67.0.26nm 

69. (a) 0.17 nm;(b) 0.13 nm _ 71. (a) 0.707149; (b) 0.447249; 

(c) 0.3162ap; (d) 0.2774 ap; (e) 0.2425a) 73. (a) 15.3°; (b) 30.6°; 
(c) 3.1°; (d) 37.8° 75.4.7cm 77. (a) 625 nm; (b) 500 nm; 
(c)416nm 79.3.0mm_ 81. (a) 13;(b)6 83.59.5 pm 
85.4.9km 87.1.36 X 10* 89.36cm 97.2 99. (a) fourth; 
(b) seventh 103. (a) 2.4 wm;(b) 0.80 wm;(c)2 107.9 


Chapter 37 

CP 1.(a) same (speed of light postulate); (b) no (the start 
and end of the flight are spatially separated); (c) no (because 
his measurement is not a proper time) 2. (a) Eq. 2; 

(b) +0.90c; (c) 25 ns;(d) —7.0m_ 3. (a) right; (b) more 

4. (a) equal; (b) less Q L(a)C;(b)C, 3.(a)4s; 

(D) SSCs (4s (ey 10s (Sic 70b= 9.(a)3,1e of land 
2, then 4; (b) 4, tie of 1 and 2, then 3;(c) 1,4,2,3 11. (a)atie 
of 3, 4, and 6, then a tie of 1,2, and 5; (b) 1, then a tie of 2 and 3, 
then 4, then a tie of 5 and 6; (c) 1,2, 3, 4,5, 6; (d) 2 and 4; 

(ec) 25 P 1.0.99050 3.0.446ps 5.2.68 x 10° y 

7. (a) 0.999 999 50 9.1.32m_ 11. (a) 87.4 m; (b) 394 ns 

13. (a) 0.999 999 15;(b) 30 ly = 15. (a) 26.26 y; (b) 52.26 y; 
(c)3.705 y 17. (a) 25.8 us;(b) small flash 19. (a) 138 km; 
(b) —374 ws 21. (a) 1.25; (b) 0.800 us 

23. (a) 0.480; (b) negative; (c) big flash; (d) 4.39 ys 

25. (a) y[1.00 ws — B(400 m)/(2.998 x 10% m/s)]; (d) 0.750; 

(oy 810750: (i) 0.750 = 6 <1. (0) mo, 27. (4) O35, 

(b) 0.62 29.0.81c 31. (a) 1.25 y;(b) 1.60 y; (c) 4.00 y 
33.1.2 us 35.0.13c 37.22.9MHz 39. (a) 550 nm; 

(b) yellow 41.(a)1.0 keV; (b) 1.1 MeV 43. (a) 196.695; 


(b) 0.999 987 45.2.83mc 47. (a) 0.222 cm; (b) 701 ps; 

(c) 7.40 ps 49. (a) 0.707; (b) 1.41; (c) 0.414 51.18 smu/y 
53.1.01 x 10’km_ 55. (a) »(277m/|q|B); (b) no; (c) 4.85 mm; 
(d) 15.9 mm; (e) 16.3 ps; (f) 0.334ns 57.110 km 

59. (a) 2.08 MeV; (b) —1.21 MeV 61. (a) vtsin 6; 

(b) ¢[1 — (v/c) cos 6]; (c) 3.24c 63. (d) 0.801 65. (a) 1.93 m; 
(b) 6.00 m; (c) 13.6 ns; (d) 13.6 ns; (e) 0.379 m; (f) 30.5 m; 

(g) —101 ns; (h) no; (i) 2;(k) no; (1) both = 69, (b) +0.44c 
71.8.7 X 10°--ly 73.2.46MeV/c 75.189MeV 77.(a)5.4 X 
10* km/h; (b) 6.3 X 107° —-79.0.27c 81. (a) 5.71 GeV; 

(b) 6.65 GeV; (c) 6.58 GeV/c; (d) 3.11 MeV; (e) 3.62 MeV; 
(f)3.59 MeV/c 83. (a) 256 kV;(b)0.745c 85.7 87.0.95c 


Chapter 38 

cP 1.b,a,d,c 2. (a) lithium, sodium, potassium, cesium; 
(b) alltie 3.(a)same;(b)—(d) xrays 4. (a) proton; 
(b)same;(c) proton 5.same Q 1.potassium 3.onlye 
5.(a) greater;(b) less 7. (a) decreases by a factor of (1/2)°”; 
(b) decreases by a factor of 1/2 9.none 11. electron, neu- 
tron, alpha particle 13.alltie 15. amplitude of reflected 
wave is less than that of incident wave P 1.1.0 x 10% 
photons/s 3.2.047eV 5. (a) 2.1 um; (b) infrared 

7. (a) infrared; (b) 1.4 X 10*' photons/s 9.4.7 x 107° photons 
11. (a) 2.96 X 10” photons/s; (b) 4.86 < 107m; (c) 5.89 x 1018 
photons/m?-s 13.1.1 x 10° W 15.676km/s_ 17.170 nm 
1954) 352 nm, (D)82Zey 20. (a) 0UeV. (b) 0:(c) 2.00V; 
(d)295nm 23. (a) 1.3 V;(b) 6.8 X 10’*km/s 25. (a) 3.1 keV; 
(b)14keV 27. (a) 8.57 X 10'® Hz; (b) 3.55 X 10% eV: 
(c)35.4keV/c 29. (a) 2.73 pm; (b) 6.05 pm 

31. (a) —8.1 X 10-°%;(b) —4.9 X 1074%; (c) —8.9%; (d) — 66% 
33. (a) 2.43 pm; (b) 1.32 fm; (c) 0.511 MeV; (d) 939 MeV 

35. (a) 2.43 pm; (b) 4.11 X 107°; (c) —8.67 X 10~® eV; (d) 2.43 pm; 
(e) 9.78 X 107%; (f) —4.45keV 37.300% 39. (a) 41.8 keV; 
(b)8.2keV 41.44° 43.7.75pm 45, (a) 1.24 wm; (b) 1.22 nm; 
(c) 1.24fm;(d)1.24fm 47.(a)1.9 x 10°74 kg-m/s; (b) 346 fm 
49.4.3 weV 5S5l1.neutron 53.(a) 15 keV;(b) 120 keV 

55. (a) 3.96 X 10°m/s;(b) 81.7kV 63.2.1 x 10°“ kg-m/s 
67. (a) —20%;(b) —10%;(c) +15% 69.(a) 9.02 x 10~°; 

(b) 3.0 MeV; (c) 3.0 MeV; (d) 7.33 X 1078; (e) 3.0 MeV; 
(f)3.0MeV_ 73. (a) 73 pm; (b) 3.4 nm; (c) yes, their average 
de Broglie wavelength is smaller than their average 
separation 75.5.9 weV 77.1.7 x 10°%m 79.0.19m 


Chapter 39 

CP Li byasc: 22(a)allitie(b)g.b-6 3.0, bed 

4, EF, (neither n,norn,canbe zero) 5. (a) 5;(b)7 

Q La Is4blil7 3S2a.¢b Sec Yeequal 9/b,c.andd 
Il.n =1,n =2,n=3 13. (a) decrease; (b) increase 

15. (a)n = 3;(b)n = 1;(c)n =5 P 1.0.65eV 3.0.85 nm 
S.U9GeEV 724 92(a) 1345) 12, (a) 72.2 ev, 

(b) 13.7 nm; (c) 17.2 nm; (d) 68.7 nm; (e) 41.2 nm; (g) 68.7 nm; 
(h)25.8nm 13. (a) 0.050; (b) 0.10; (c) 0.0095 15. (a) 0.020; 
(b)20 17.56eV 21.109eV 23.3.21eV 25. (a) 8;(b) 0.75; 
(eo) 1005 (a) 25. (e375) 300.225 27a) (ol 00: 
(c) 2.00; (d) 3.00; (e) 9.00; (f) 8.00; (g) 6.00 29.1.4 x 10-3 

31. (a) 291 nm~3;(b)10.2nm™! 385. (a) 12.1 eV: 

(b) 6.45 X 10°*’kg-m/s;(c)102nm 37.4.0 39. (a) 13.6 eV; 
(b)3.40eV 41.0.68 45. (a) 13.6 eV: (b) —27.2 eV 

49. (a) (7*/8a>)[exp(—r/a)] cos’ 6; (b) (r4/16a°)[exp(—r/a)] sin’ 6 
51. (a) 0.0037; (b) 0.0054 53.4.3 x 10° 

57. (b) (2a/h)[2m(U, — E)]®° 59. (a) n; (b) 2€ + 1; (c) n? 

63. (b) meter *° 


Chapter 40 

CP 1.7 2.(a) decrease; (b)—(c) remain the same 
3.A,C,B Q 1.2,—-1,0,and1 3.same number (10) 

5. (a) 2;(b) 8;(c)5;(d)50 7alltrue 9. (a)n;(b)n and ¢ 

11. In addition to the quantized energy, a helium atom has 
kinetic energy; its total energy can equal 20.66 eV. 

IS5(4) 27 (b)3 P Pay4(b)s() 2. 32(a)33(b)3 

Slay soo <lOm Is (i) S16 10r ss 724 le 

Ta) 33465) 46. (e) 30d) sie) 3; 1) 30.022) S47 

(h) 150° 13. (a) 54.7°;(b) 125° 15.72 km/s? 17.5.35 cm 
19.19mT 21.44 23.(a)51;(b)53;(c)56 25.42 27.¢ 

29. (a) 4p; (b) 4; (c) 4p; (d) 5; (e) 4p; (f) 6 31. (a) (2,0,0, +5), 
(2,0, 0, —3);(b) (2, 1,1, +5), (2, 1, 1, —3), (2, 1,0, +3), (2, 1,0, —3), 
(2,1, -1, +3), (2,1, -1,-3) 33.12.4kV_ 35. (a) 49.6 pm; 

(b) 99.2 pm 37. (a) 35.4 pm; (b) 56.5 pm; (c) 49.6 pm 41. 0.563 
43.80.3 pm 45. (a) 69.5 kV; (b) 17.8 pm; (c) 21.3 pm; 
(d)18.5pm 47. (a) 3.60 mm; (b) 5.24 x 10!" 49.9.0 x 1077 
Sl 3 dred 53.0.5 10 55.2 0 10 se icy 
59, (a) 3.03 X 10°; (b) 1.43 GHz; (d) 3.31 X 10°° 61. (a) 0; 
(b)68J 63.(a)2.13 meV;(b)18T 65. (a) no; (b) 140 nm 
67.186 71.(a)6.0;(b)3.2 x 10°y 73. argon 

77.n>3;€ = 3;me = +3, +2,+1,0, -1, -2,—3;m, = +5 


Chapter 41 

CP 1.(a)larger;(b)same 2.a,b,andc 

Q 1.below 3.increase 5.8 7.much less than 

9. b,c, d (the latter due to thermal expansion) 11.bandd 

P 1.(a)0;(b) 0.0955 3.(b) 6.81 X 1027m-3eV~32: 

(c) 1.52 X 10°% m3eV-! 5.8.49 x 10%m-3 9. (a) 6.81 eV: 
(Dyes LOZ meV (6) 159 eam ey 

11. (a) 2.50 X 10° K;(b) 5.30 X 103K 13. (a) 1.0; (b) 0.99: 
(c) 0.50; (d) 0.014; (e) 2.4 x 10717; (f) 7.0 x 10° K 

15. (2) 3610-2 = eV “3 (b).68.< 10 me tey S, 

(ec) O Ol 102 meV” (a) 956 < 107 mne cy =: 

(Cyl x 102m eV 17.4) 5.86 = 107 im (5) 5 49 ev. 
(c) 1.39 X 10? km/s: (d)0.522nm 19.3 23.57.1kJ 

25, (a) 1.31 X 107?m ?; (b) 9.43 eV; (c) 1.82 x 10° km/s; 
(d)0.40nm 27. (a) 0.0055;(b) 0.018 29. (a) 19.7 kJ:(b) 197s 
31. (a) 226 nm;(b) ultraviolet 33.(a) 1.5 X 10°°;(b) 1.5 x 10° 
35. (a) 4.79 X 107": (b) 0.0140; (c) 0.824 37.0.22 pg 

39.6.0 X 10° 41.4.20eV 43.13 um 45. (a) 109.5°; 

(ib) 238 pm. 7475(b) 18 < 10m cv) 5153.49: < 107 atm 


Chapter 42 

CP 1.”%Asand'8Nd_ 2.a little more than 75 Bq (elapsed 
time is a little less than three half-lives) 3.7°°Pb 

Q 1.(a)less;(b) greater) 3.%°U 5. (a) !*Pt;(b) no 

J.yes 9.yes I11.noeffect 13.d 15. (a) allexcept Au; 
(io) 2 SialGear ew P 1.13 x10°%m 3.(a) 0.390 MeV; 
(b)4.61MeV 5.46.6fm 7.(a)6;(b)8 9.13km 

1 (a) 23 x 10" kee (ib) 23 10" kom: (a): lex 102 Clim: 
(c) 8.8 X 10%C/m? 13. (a)6.2 fm; (b) yes 15. (a) 9.303%: 
(b) 11.71% 19.(b) 7.92 MeV/nucleon 23. 1.0087 u 


Nace AN-13 


25. (a) 7.5 X 10!s71:(b) 4.9 X 10s! 27. (a) 64.2 h: 

(b) 0.125: (c) 0.0749 29. (a) 0.250:(b) 0.125 31.5.3 x 10” 
33.9.0 X 108Bq 35.(a) 2.0 X 10%: (b)2.8 x 109s" 

37. (a) 3.2 X 102 Bq;(b) 86 Ci 39.1.12 X 10"! y 41.265 mg 
45. (a) 8.88 X 10! ss (b) 1.19 x 10%: (c) 0.111 pg 

47.1 x 10% atoms 49.(a)1.2 x 10°'%(b)0 51.4.269 MeV 
53.0.783 MeV 55.1.21MeV_  57.(b) 0.961 MeV 59.78.3 eV 
61 (a) 062% 10?) 06240 < 102 (ey68 << 10". 

(d)2.97 xX 10°y 63.1.7mg 65.2.50mSv_ 67. 1.02 mg 

69. (a) 6.3 X 10'8:(b) 2.5 X 10"; (c) 0.20 J; (d) 2.3 mGy: 
(e)30mSv_ 71. (a) 6.6 MeV;(b) no 73. (a) 25.4 MeV; 

(b) 12.8 MeV; (c) 25.0MeV 75.730cm? 77. (a) 59.5 d; 

(b) 1.18 79.25Ac 81.13mJ 83.30MeV 85.3.2 x 10ty 
87."Li 93. (a) 11.906 83 u;(b) 236.2025u 95.27 97.600keV 


Chapter 43 

CP l.candd 2.(a)no;(b)yes;(c)no 3.¢e 

oO 1.8) Mot Nd, “2in, “Ed “3.increased 
5.(a)101;(b)42 7.2°Np 9.stillequalto1 11. less than 

P 1.-23.0MeV 3.3.1 X 10s! 5.(a)2.6 X 10%;(b) 8.2 X 
103 J:(c) 2.6 X 104y 7. (a) 16 day~!s(b) 4.3 X 108 9.4.8 MeV 
11.1.3 X 10°kg 13. (a) *°Nd;(b) 110 MeV; (c) 60 MeV; 

(d) 1.6 X 10’ m/s;(e) 8.7 X 10°m/s_ 15. (a) 84 kg; 

(b) 1.7 X 10”; (c) 1.3 X 10” 17. (a) 251 MeV; (b) typical 
fission energy is 200 MeV 19.557W_ 23. (b) 1.0; (c) 0.89; 
(d) 0.28; (e) 0.019: (f)8 25.0.99938 27. (a) 75 kW: (b) 5.8 X 
10?kg 29.1.7 10°y 31.170keV 33.1.41 MeV 

35. (a) 4.3 X 10° kg/s;(b) 3.1 xX 10°* 39.107! m 

A1. (a) 1.8 X 10°8s-1:(b) 8.2 X 10°8s7} 

43. (a) 4.1 eV/atom; (b) 9.0 MJ/kg; (c) 1.5 X 10° y 

45.1.6 X 10®y 47. (a) 24.9 MeV; (b) 8.65 megatons TNT 
49.14.4kW 51.(a)3.1 < 10%! protons/m?;(b) 1.2 x 10° 
53.23U +n > 2U > 2°Np te + »,2Np > 2°Pu + 
Coan! 


Chapter 44 

CP 1. (a) the muon family; (b) a particle; (c) L, = +1 
2.b.ande 3c Q  1.(a)1;(b) positively charged 3.d 
5.b,c,d 7.a,b,c,d 9.(a) lepton; (b) antiparticle; 
(c)fermion;(d) yes llc P 1.24pm 3.2.4 x 107% 
5 =k ae 2 cms 9 OO icv 

11. (a) angular momentum, L,; (b) charge, L,,; (c) energy, L,, 
13. (a) yes;(b)-(d) no 15.(a)0;(b) —1;(c)O 17. (a) energy; 
(b) strangeness; (c) charge 21. (a) K*;(b) 7; (c) K° 

23. (a) E°;(b) =~ = 25.sd 27.(a)utud;(b)tdd 

29. (a) not possible;(b) uuu 31.668nm 33.1.4 x 10° ly 
35.2.77 X 108ly 37. (b) 0.934; (c) 1.28 x 10!° ly 

39. (a) 0.26 meV;(b) 4.8mm _ 41. (a) 121 m/s; (b) 0.00406; 
(c)248y 43.(a)2.6K;(b)976nm 47.1.08 x 10” J 

49, (a) 0.785c; (b) 0.993c; (c) C2; (d) C1; (e) 51 ns; (f) 40 ns 
Si(G)ralc. (aie) -nele) a 2 a (rare (ea — A: 
(f) 6.5 x 10? ly;(e) 6.9 x 10° y;(h) 6.5 x 10° y,G@) 69 < 10° ly; 
(j) 1.0 X 10° ly; (k) 1.1 X 10° y; (1) 3.9 X 108 ly 
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Figures are noted by page numbers in italics, tables are indicated by t following the page number. 


A 
a, (gravitational acceleration), 335 
variation with altitude, 335t 
absolute pressure, 363 
absolute zero, 477 
absorption, of heat by solids and 
liquids, 485-488 
absorption event, photons, 1059 
in lasers, 1132 
absorption lines, 1101, 70/7 
ac (alternating current), 827, 836 
acceleration, 261t. See also 
angular acceleration; 
forces; velocity 
center of mass of system of 
particles, 206 
constant, 2/7,21—24 
free-fall, 24—25 
graphical integration in motion 
analysis, 27,27-28 
negative, 20, 27 
and Newton’s first law, 88—91 
Newton’s laws applications, 
100-105 
and Newton’s second law, 
91-94 
one-dimensional motion, 
19-27 
principle of equivalence (with 
gravitation), 347 
projectile motion, 65-70 
relating linear to angular, 250, 
250 
relative motion in one 
dimension, 73 
relative motion in two 
dimensions, 73—74 
rockets, 225, 225 —226 
rolling down ramp, 279, 279-280 
sign of, 20, 27 
simple harmonic motion, 389, 
389 
system of particles, 206, 207, 208 
two- and three-dimensional 
motion, 63,63-—64 
uniform circular motion, 
70-71, 71,124 
as vector quantity, 39 
yo-yo, 281 
acceleration amplitude, in simple 
harmonic motion, 389 
acceleration vectors, 39 
accelerators, 748—749, 749, 1219, 
12207220 
acceptor atoms, 1153 


acoustic double-slit system, 1021 
acre-foot, 9 
action at a distance, 581 
activity, of radioactive sample, 
eS 
addition 
of vectors by components, 
45—48 
of vectors geometrically, 39, 
39-41, 40 
adiabat, 526, 526 
adiabatic expansion, 490-491, 49] 
ideal gas, 526, 526-529 
adiabatic processes 
first law of thermodynamics 
for, 491t, 491-492 
summarized, 528, 529t 
adiabatic wind, 534 
air 
bulk modulus, 447 
density, 361t 
dielectric properties at 1 atm, 
670, 670t 
and drag force, 122-123 
effect on projectile motion, 
G7 07 
electric breakdown, 592-593, 
593, 602 
electric breakdown field, 581t 
index of refraction at STP, 906t 
speed of sound in, 447, 447t 
terminal speeds in, 123t 
thermal conductivity, 494t 
air conditioners, 548 
airspeed, 85 
alpha decay, 177, 1177-1179 
alpha particles, 572, 643, 
1166-1167, 1167,1177 
binding energy per nucleon, 
ti 
magic nucleon number, 1186 
radiation dosage, 1183 
in thermonuclear fusion, 1209 
alternating current (ac), 827, 836 
alternating current circuits, 836. 
See also transformers 
capacitive load, 839, 839-840 
forced oscillations, 836—837, 837 
inductive load, 840, 840-841, 
84] 
LC oscillations, 827-830, 828 
leading and lagging in, 841, 
842t, 843 
phase and amplitude 
relationships, 842t 


power in, 846-848 
resistive load, 837, 837-838 
RLC circuit damped 
oscillations, 834, 834-835 
series RLC circuits, 842-846, 
843 
alternating current generator, 836 
with capacitive load, 839, 
839-840 
with inductive load, 840, 
840-841, 84] 
with resistive load, 837, 
837-838 
with transformer, 850, 850-851 
alternating-current generator, 
819, 819 
ammeters, 720, 720,753 
Ampere, André-Marie, 772 
Ampere-Maxwell law, 864-866, 
865 
Maxwell’s equation form, 868t 
Ampere’s law, 772—775 
ampere (unit), 566, 684, 771 
Amperian loop, 772,772-—775 
amplitude 
alternating current, 842t 
of emf in ac, 836 
exponentially decaying in RLC 
circuits, 835 
LC oscillations, 827 
simple harmonic motion, 388, 
388 
waves, 416-417, 417 
amplitude ratio, traveling 
electromagnetic waves, 
893 
amusement park rides 
Ferris Wheel, 289, 289-290 
roller coaster headache, 
250-251 
roller coasters, 20, 87, 87, 
102-103 
Rotor, 127, 127, 248-249 
analog ammeters, 753 
analog voltmeters, 753 
analyzer, 903 
Andromeda Galaxy, 331, 331 
anesthesiology, danger of spark 
discharge, 628, 628, 645 
angle of incidence, 905, 905 
angle of minimum deviation 
prism, 919 
rainbow, 921 
angle of reflection, 905, 905 
angle of refraction, 905, 905 


angles, 43 
angular acceleration, 244, 261t 
relating to linear, 250, 250 
rolling wheel, 278-279, 279 
rotation with constant, 
247-248 
angular amplitude 
simple pendulum, 396 
angular displacement, 243, 243 
nonvector nature of, 247 
angular frequency 
circulating charged particle, 745 
damped harmonic oscillator, 
400 
of emf, 836 
LC oscillations, 827, 832-833, 
833 
natural, 402 
simple harmonic motion, 388, 
388-389 
sound waves, 450 
waves, 418 
angular magnification 
compound microscope, 943 
reflecting telescope, 957 
refracting telescope, 944 
simple magnifying lens, 942 
angular momentum, 283, 
283 —284, 288t 
conservation of, 290, 290-293, 
291 
at equilibrium, 306 
Newton’s second law in angular 
form, 285 
rigid body rotating about fixed 
axis, 287-290, 288 
system of particles, 287 
angular motion, 242 
angular position, 242-243, 243, 
261t 
relating to linear, 249 
angular simple harmonic motion, 
394,394—395 
angular simple harmonic 
oscillator, 394, 394-395 
angular speed, 243, 244 
relating to linear, 249—250 
in rolling, 276-277, 277 
angular velocity, 243, 243, 
243-244, 261t 
vector nature of, 246, 246—247 
angular wave number, 417, 1072 
sound waves, 450 
annihilation, 1222 
electron-positron, 572,572, 1222 
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annihilation (Continued) 
proton-antiproton, 1223t, 
1223-1224 
antenna, 89], 891-892 
antibaryons, 1236 
antiderivative, 24 
antihydrogen, 1108, 1222 
antimatter, 1222-1223 
energy released by 1 kg, 1196t 
antineutrino, 1179 
antinodes, 431, 431, 433 
antiparticles, 1222-1223, 1224 
formation in early universe, 1240 
antiprotons, 1222 
antihydrogen, 1108, 1222 
discovery of, 1246-1247 
proton-antiproton annihilation, 
1223t, 1223-1224 
antisolar point, 908, 908 
aphelion distance, 344 
apparent weight, 96 
in fluids, 368-369 
Archimedes’ principle, 367, 
367-370 
area vector, 607 
astronomical Doppler effect, 
1040, 1040-1042 
astronomical unit, 12 
atmosphere (atm), 362 
atmospheric pressure, 362t 
atomic bomb, 1171, 1195, 7195, 
1201 
rating, 1215 
as trigger for fusion bomb, 1211 
atomic clocks, 6—7 
time dilation tests, 1030 
atomic mass, 1170—1171 
selected nuclides, 1168t 
atomic mass units, 7, 1170-1171 
atomic number, 572, 1118, 1168 
atoms, 1084. See also electrons; 
neutrons; protons 
absorption and emission of 
light, 1114 
angular momentum, 1114, 1714, 
1116-1118, 1117 
Bohr model, 1097-1100, 1098 
Einstein-de Haas experiment, 
1114-1115, 7115 
electron spin, 1115-1116 
formation in early universe, 
1240 
magnetic resonance, //21/, 
1121-1122 
magnetism, 1114, 1114 
matter wave interference, 1068, 
1069 
orbital angular momentum, 
1116-1118, 7717, 1118, 1118 
properties of, 1113-1115, 1114 
spin angular momentum, 
1117-1118, 2118 
Stern-Gerlach experiment, 
1118, 1118-1120 
attractive forces, 332 
aurora, 562,735, 735,746, 746 
automobiles. See also race cars 


head-on car collisions, 220—221 
magnet applications, 736 
spark discharge from, 644, 
644-645 
tire pressure, 362t 
autotransformer, 858, 858 
avalanche runout, 166, 166, 185, 
185-186 
average acceleration 
one-dimensional motion, 19 
two- and three-dimensional 
motion, 63 
average angular acceleration, 244 
average angular velocity, 243 
average power, 155, 184 
engines, 547 
traveling wave on stretched 
string, 424 
average speed 
of gas molecules, 517-518 
one-dimensional motion, 16 
average velocity 
constant acceleration, 22 
one-dimensional motion, 15—16 
two- and three-dimensional 
motion, 61 
Avogadro’s number, 508-509, 
685 
axis of rotation, 242, 243 


B 
Babinet’s principle, 1015 
ballet dancing 
grand jeté, 207,207 
tour jeté, 275,275, 291,291—292 
ballistic pendulum, 279, 219-220 
balloons 
entropy change on stretching, 
536 
lifting capacity, 534 
Balmer series, 1098, 1100, 1101, 
1101 
band-gap pattern 
crystalline solid, 1144 
insulator, 1145 
metal, 11745 
semiconductor, 1150 
bands, energy bands in crystalline 
solids, 1144, 1144 
bar magnets 
Earth as, 869, 869 
magnetic dipole moment of 
small, 755, 755t 
magnetic field, 862, 862-863 
magnetic field lines, 738, 
738-739 
barrier tunneling, 1074, 
1074-1076, 1075 
baryonic matter, 1239 
baryon number, conservation of, 
1228 
baryons, 1222, 1227-1228, 1245 
conservation of baryon 
number, 1228 
and eightfold way, 1230t, 
1230-1231 
and quark model, 1232, 1236 


baseball 
collision of ball with bat, 210, 
211,211 
fly ball, air resistance to, 67, 67 
fly ball, how outfielder deter- 
mines where to be, 58, 58, 
69-70 
sweet spot, 412 
base quantities, 2 
base standards, 2 
basilisk lizards, 232,232 
basketball free throws, 59 
bats, navigation using ultrasonic 
waves, 463-464 
batteries. See also emf 
connected to capacitors, 658, 
658, 666 
and current, 683, 683-684 
as emf devices, 706, 707 —708 
in multiloop circuits, 714, 
714-719, 715 
multiple batteries in multiloop 
circuit, 717-718, 718 
potential difference across, 
712,712 
and power in circuits, 695, 
695-696 
in RC circuits, 720,720—723 
recharging, 713 
in RL circuits, 808-810 
in single-loop circuits, 708-711 
work and energy, 707, 707-708 
beam, 893 
beam expander, 954 
beam splitter, 978, 1067, 7067 
beats, 459, 459-460 
becquerel, 1175 
bends, 508 
during flight, 380 
Bernoulli’s equation, 373-377 
beryllium 
target for cyclotron, 749 
beta decay, 577, 1179-1181, 1180 
and quark model, 1233 
beta-minus decay, 1179, 1180 
beta-plus decay, 1179, 1180 
bi-concave lens, 955 
bi-convex lens, 955 
bicycle wheels 
rolling, 276, 276-278, 277 
rolling with friction, 278-279, 
279 
Big Bang, 1236, 1239-1242, 1240 
bighorn sheep, force of collisions 
between, 201, 201,213 
binding energy, See nuclear 
binding energy 
binding energy per nucleon, 1171, 
1172,1198 
Biot-Savart law, 765 —766, 772, 778 
bivalent atom, 1146 
blackbody radiator, 495 
black holes, 331 
event horizon, 337 
gravitational lensing caused by, 
348, 348 
miniature, 352 


and quasars, 1239 
supermassive, 331, 345, 1042 
blocks 
acceleration of falling, 258—259 
connected to massless, friction- 
less pulleys, 97, 98, 100, 
100-101 
floating, 370 
forces on stationary, 117, 
117-118 
friction of sliding, 97, 97 
Great Pyramid, method of 
moving blocks, 116, 776,121 
hanging and sliding, 700, 
100-101 
Newton’s laws applications, 92, 
100-105 
normal forces, 96, 97 
power used in work on, 156, 
156-157 
stable static equilibrium, 
306-307, 307, 307, 310-311 
third-law force pair, 99, 99 
work done by external force 
with friction, 180, 780 
work done lifting up ramp, 
148, 148 
block-spring oscillator, 831 
block-spring systems 
damped oscillating systems, 
400, 400—401 
and electrical-mechanical 
analogy, 830t, 830-831 
kinetic energy, 750, 150-152, 
152 
oscillating systems, 390, 390—392 
potential energy, 167-168, 
168,171 
blood pressure 
normal systolic, 361t 
blue shift, 1040 
bob, of pendulum, 395 
body armor, 443, 443-444 
body diagonal, 55 
Bohr, Niels, 1090, 1184, 1199 
Bohr magneton, 871, 872, 1117 
Bohr model, of hydrogen, 
1097-1100, 7098 
Bohr radius, 1099, 1106 
boiling point, 486 
selected substances, 487t 
Boltzmann, Ludwig, 1133 
entropy equation, 552 
Boltzmann constant, 509 
Bose, Satyendra Nath, 1221 
Bose-Einstein condensate, 
1221, 1221 
bosons, 1220-1221, 122] 
bottomness, 1230 
bottom quark, 1231t, 1233 
boundary condition, 1104 
Bragg angle, 1011-1012 
Bragg’s law, 1011-1012 
Brahe, Tycho, 342 
brain activity, magnetic field due 
to, 764, 764, 768, 768 
branches, circuits, 714 


breakdown potential, 670 
breakeven, in magnetic 
confinement, 1212 
Brewster angle, 912, 972 
Brewster’s law, 913 
bright bands, See bright fringes 
bright fringes 
double-slit interference, 964, 
964, 966 
single-slit diffraction, 992—993, 
993 
British thermal unit (Btu), 484 
Brookhaven accelerator, 1220, 
1220 
bubble chambers, 572, 572—573, 
738, 738 
gamma ray track, 1070, 1070 
proton-antiproton annihilation 
event, 1223, 1223 
buildings 
natural angular frequency, 402 
submerged during earthquakes, 
1,1,7-8 
swaying in wind, 386, 386, 
393-394, 434 
bulk modulus, 317, 447 
bungee-cord jumping, 167, 167 
buoyant force, 367, 367-370 
burn victims 
danger in MRI (magnetic reso- 
nance imaging), 800, 800 
gurney fires in hyperbaric 
chambers, 668—669, 669 


Cc 
c, See speed of light 
calorie (cal), 484 
Calorie (Cal) (nutritional), 484 
camera, 953 
cameras, 941 
cancer radiation therapy, 1166 
with Co™, 1190 
fast-neutron therapy, 749 
with gold’, 1192 
capacitance, 657-659 
calculating, 659-662 
LC oscillations, 827-830, 828 
parallel circuits, 662-663, 716t 
RC circuits, 720,720—723 
RLC circuits, 834-835 
series circuits, 663 —666, 716t, 
842-844 
capacitive reactance, 839 
Capacitive time constant 
RC circuits, 721, 72] 
capacitors, 657, 657-659, 658 
with ac generator, 839, 839-840 
and batteries, 666 
charging, 657,658 
charging in RC circuits, 720, 
720-721 
with dielectrics, 670,670—671 
discharging, 658 
discharging in RC circuits, 720, 
720-721, 722-724 
displacement current, 866, 
866-868 


electric field calculation, 659 
energy density, 668 
energy stored in electric field, 
666-669 
Faraday’s, 670, 670 
induced magnetic field, 864, 
865 —866 
LC oscillations, 827-830, 828 
multiple-capacitor circuits, 666 
in parallel, 662—663, 663, 716t 
phase and amplitude relation- 
ships for ac circuits, 842t 
potential difference calcula- 
tion, 659-662 
RC circuits, 720, 720-723 
RLC circuits, 834, 834-835 
in series, 663, 663-666, 716t, 
842-844, 843 
series RLC circuits, 842-844, 
843 
carbon cycle, in stars, 1217 
carbon" dating, 1182 
carbon dioxide 
molar specific heat at constant 
volume, 521t 
RMS speed at room tempera- 
ture, 513t 
carbon disulfide 
index of refraction, 906t 
Carnot cycle, 544, 544, 545 
Carnot engines, 543-545, 544 
efficiency, 545-546, 549-550 
Carnot refrigerators, 548, 
549-550 
cars, See automobiles; race cars 
cascade, of decay processes, 1229 
cat, terminal speed of falling, 122, 
122-123 
cathode ray tube, 740, 740-741 
cavitation, 263 
Celsius temperature scale, 480, 
480-481 
center of curvature 
spherical mirrors, 929, 929 
spherical refracting surfaces, 
933, 934 
center of gravity, 308-310, 309 
center of mass 
and center of gravity, 308-309 
one-dimensional inelastic 
collisions, 218—219, 219 
rolling wheel, 276,276 
solid bodies, 203, 203 —205 
system of particles, 202-203, 
203, 206-209 
center of momentum frame, 
1056 
center of oscillation, physical 
pendulum, 396, 412 
centigrade temperature scale, 480 
central axis 
spherical mirrors, 929, 929 
central configuration peak, 552 
central diffraction maximum, 997, 
997 
central interference maximum, 
966 


central line, 1005 
central maximum 
diffraction patterns, 991, 997 
centripetal acceleration, 70—71 
centripetal force, 124-129, 125 
Cerenkov counters, 1247 
Cerenkov effect, 988 
CERN accelerator, 1220, 1235 
antihydrogen, 1222 
pion beam experiments, 1024 
cesium 
work function, 1079 
cesium?*’, in fallout, 1191, 1193 
chain-link conversion, of units, 3 
chain reaction, 1201 
change in entropy, See entropy 
changes 
characteristic nuclear time, 1194 
characteristic x-ray spectrum, 
1128-1129, 1129 
charge, See electric charge 
charge carrier density, 686 
silicon and copper compared, 
696t, 696-697 
charge carriers, 684, 1150-1151 
doped semiconductors, 
1151-1153 
drift speed, 686, 686-688 
semiconductors, 697 
charged disk 
electric field due to, 590-591 
electric potential due to, 639, 
639-640 
charged isolated conductor 
with cavity, 613, 673 
electric potential, 644, 644-645 
in external electric field, 645, 
645 
Gauss’ law for, 612-615 
spark discharge from, 563 
charged objects, 562-563, 581 
charge number, 1118 
charge quantum number, 1224 
charging 
capacitors, 657,658 
capacitors in RC circuits, 720, 
720-721 
charm, 1230 
charm quark, 1231t, 1233 
Chernobyl reactor, 1193, 7201 
chinook wind, 534 
chip (integrated circuits), 
1159-1160, 7160 
chirped echo, 445, 445, 448-449 
Chitzen Itza, chirped echo at, 445, 
445,448-—449, 449 
chocolate crumb explosion mys- 
tery, 626, 652, 680, 703-704 
Christ and His Disciples at 
Emmaus (Vermeer), 1193 
chromatic aberration, 944, 957 
chromatic dispersion, 906-907, 
907 
circuit elements, 658 
circuits, 658, 658,706, 716t. See 
also alternating current 
circuits 
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arbitrary choices in solving, 719 
capacitive load, 839, 839-840 
capacitors in parallel, 662-663, 
663, 716t 
capacitors in series, 663, 
663-666, 716t, 842-844, 843 
current direction, 714 
current in single-loop, 708, 
708—709 
direct-current (DC), 706 
grounding, 712, 712 
inductive load, 840, 840-841, 
84] 
inductors in parallel, 821 
inductors in series, 821, 
842-844, 843 
integrated, 1142, 1159-1160, 
1160 
internal resistance, 710, 710 
multiloop, 708, 714,714-719, 
715 
multiple-capacitor, 666 
oscillating, 827 
parallel capacitors, 662-663, 
663, 716t 
parallel inductors, 821 
parallel resistors, 775,715—719, 
716t 
potential difference between 
two points, 777,711-—714, 712 
power, potential, and emf, 
712-714 
power in, 695 —696 
RC, 720, 720-724 
resistive load, 837, 837-838 
resistors in parallel, 715, 
715-719, 716t 
resistors in series, 710,710-—711, 
716t, 842-844, 843 
RL, 807, 807-810, 808 
RLC, 834, 834-835 
series capacitors, 663, 663 —666, 
716t, 842-844, 843 
series inductors, 821, 842—844, 
843 
series resistors, 770,710-—711, 
716t, 842—844, 843 
single-loop, 708-711, 837 
solving with batteries and 
resistors, 719 
work, energy, and emf, 707, 
707-708 
circular aperture 
diffraction patterns, 998—1001, 
999 
circular arc charge distributions, 
590 
clocks 
event measurement array, 1025, 
1025-1026 
time dilation tests, 1029-1030, 
1058 
closed, isolated system, 217 
closed circuit, 710, 770 
closed cycle processes 
first law of thermodynamics 
for, 491t, 492 


closed path, 168, 769 
closed-path test, for conservative 
force, 168—169 
closed shell, 1186 
closed subshell, 1126 
closed systems, 206, 217 
entropy, 542 
linear momentum 
conservation, 214, 217 
coaxial cable, 813, 873 
COBE (Cosmic Background 
Explorer) satellite, 1241 
coefficient of kinetic friction, 
119-121 
coefficient of linear expansion, 
482 
selected materials, 483t 
coefficient of performance 
refrigerators, 548 
coefficient of static friction, 
119-121 
coefficient of volume expansion, 
482-483 
coherence, 968 
coherence length, 1131 
coherent light, 968, 1131 
coils, 752—753. See also inductors 
in ideal transformers, 850, 
850-851 
magnetic field, 778, 778—780 
mutual induction, 8/4, 
814-815 
self-induction, 806, 806-807 
cold-weld, 118, 7/8 
collective model, of nucleus, 
1184-1185 
collimated slit, 1118 
collimator, 1006, 1118 
collisions, 210—211 
elastic in one dimension, 219, 
221,221-224 
glancing, 224, 224 
impulse of series of collisions, 
212,212—214 
impulse of single collision, 2/7, 
211-212 
inelastic in one dimension, 2/8, 
218-221, 219 
momentum and kinetic energy, 
217-218 
two dimensions, 224, 224 
color force, 1235-1236 
color-neutral quarks, 1235 —1236 
color-shifting inks, 958, 958, 959, 
DFS. 73 
comets 
dust and ion tails, 917, 9/7 
stimulated emission from, //40, 
1140-1141 
commutator, 752, 752 
compass, 869 
completely inelastic collisions, 
218,218—219, 219 
complex conjugate, 1072 
component notation, vectors, 
42 
components, of light, 906-907 


components, of vectors, 47, 
41-44, 42 
adding vectors by, 45, 45-48 
composite slab, conduction 
through, 494, 494 
compound microscope, 943, 943 
compound nucleus, 1185 
compressibility, 318, 361 
compressive stress, 316-317 
Compton scattering, 1063, 
1063-1066, 1064 
Compton shift, 1063, 1063-1065 
Compton wavelength, 1065 
computers 
preventing sparks when working 
on, 731 —732 
spark effects on, 562, 628, 645 
concave lenses, 955 
concave mirrors, 929, 929 
images, 931 
concrete 
coefficient of linear expansion, 
A483t 
elastic properties, 317, 317t 
condensing, 486 
conducting devices, 692 
conducting plates 
eddy currents, 801 
Gauss’ law, 617,617-618 
conduction, 493 —494, 494 
conduction band, 1150, //5/ 
conduction electrons, 564, 683, 
1145-1150 
conduction rate, 493 
conductivity, 689, 1147 
conductors, 563—565, 683. See also 
electric current 
drift speed in, 686—688 
Ohm’s law, 692-695 
configurations, in statistical 
mechanics, 550—552 
confinement principle, 1085 
conservation of angular momen- 
tum, 290, 290-293, 291 
conservation of baryon number, 
1228 
conservation of electric charge, 
572-573 
conservation of energy, 141, 
182-186, 183 
conservation of lepton number, 
27 
conservation of linear momen- 
tum, 214—217 
conservation of strangeness, 
1230 
conservative forces, 168, 629 
path independence of, 
168-170, 169 
constant acceleration 
one-dimensional motion, 2/, 
21-24 
constant angular acceleration 
rotation with, 247-249 
constant linear acceleration, 247 
constant-pressure molar specific 
heat, 521—522 


constant-pressure processes, 
A89, 489 
summarized, 528, 529t 
work done by ideal gases, 511 
constant-pressure specific heat, 
A86 
constant-temperature processes 
summarized, 528, 529t 
work done by ideal gases, 5/0, 
510-511 
constant-volume gas thermometer, 
479, 479-480 
constant-volume molar specific 
heat, 520-521 
constant-volume processes, 489, 
489 
first law of thermodynamics 
for, 491t, 492 
summarized, 528, 529t 
work done by ideal gases, 511 
constant-volume specific heat, 486 
contact potential difference, 1155 
continuous charge distribution, 587 
electric potential due to, 638, 
638-640, 639 
continuous x-ray spectrum, 1/27, 
1127-1128 
contracted length, 1032 
convection, 495 
converging lens, 936-937, 937 
conversion factors, 3 
convex lenses, 955 
convex mirrors, 929, 929 
images, 931 
Coordinated Universal Time 
(OTC).6 
copper 
coefficient of linear expansion, 
A483t 
conduction electrons, 564 
electric properties compared to 
silicon, 696t, 696-697, 1144t, 
1150-1151 
energy levels, 1144, 1/44 
Fermi energy, 1145-1146, 1162 
Fermi speed, 1146 
heats of transformation, 487t 
mean free time, 694 
resistivity, 689t, 690, 690, 1151 
rubbing rod with wool, 
563-564, 564 
temperature coefficient of 
resistivity, 1151 
unit cell, 1143, 1743 
copper wire 
aluminum competes with, 701 
as conductor, 563, 683, 683 
drift speed in, 686 
electric field inside, 581t 
magnetic force on current- 
carrying, 750, 751-752 
core (Earth), 353,353 
density, 336, 361t 
pressure, 362t 
core (Sun) 
density, 361t 
pressure, 362t 


speed distribution of photons 
in, 518 
corner reflector, 957 
corona discharge, 644 
correspondence principle, 1090, 
1106 
cosine, 44, 44 
cosine-squared rule, for intensity 
of transmitted polarized 
light, 903 
Cosmic Background Explorer 
(COBB) satellite, 1241 
cosmic background radiation, 
1238, 1240, 1241, /24] 
cosmic ray protons, 577 
cosmic rays, 630, 702 
radiation exposure on airline 
flights, 1165, 7765, 1183-1184 
cosmological redshift, 1247 —1248, 
1248 
Coulomb barrier, 1207 
coulomb per second, 684 
Coulomb’s law, 565 —572, 566 
and Gauss’ law, 611-612 
spherical conductors, 567, 
567-570 
coulomb (unit), 566 
critical angle, for total internal 
reflection, 911 
crossed fields 
discovery of electron, 740-741 
Hall effect, 741-743, 742,750 
crossed sheets, polarizers, 903, 
903 
cross product, 50—51, 51,770 
crust (Earth), 353, 353 
density, 336, 361t 
crystal defects, 577 
crystalline solids 
electrical properties, 1/43, 
1143-1144 
energy levels, 1144, //44 
crystal planes, 1011, 70/1 
crystals 
matter waves incident after x- 
ray and electron scattering, 
1069, 1069, 1070 
polycrystalline solids, 879 
x-ray diffraction, 1010-1012, 
1011 
curie (unit), 1175 
Curie constant, 877 
Curie’s law, 877 
Curie temperature, 878 
currency, anti-counterfeiting 
measures, 958, 958, 959, 975 
current, See electric current 
current amplitude 
series RLC circuits, 842-844, 843 
current-carrying wire 
magnetic field due to, 765-770, 
766 
magnetic field inside long 
straight, 774, 774-775 
magnetic field outside long 
straight, 773,773-—774 
magnetic force, 750, 750—752 


magnetic force between 
parallel, 777,771-—772 
current density, 685-688, 656 
current law, Kirchoff’s, 714 
current-length element, 765, 765 
current loops, 683, 653 
electrons, 872—874, 873, 874 
Faraday’s law of induction, 
793-795 
Lenz’s law for finding direction 
of current, 795, 795-798, 796 
as magnetic dipoles, 778, 
778-780 
solenoids and toroids, 776, 
776-777 
torque on, 752-754, 754 
curvature, of space, 347 —348, 
348, 1241 
cutoff frequency, photoelectric 
effect, 1060—1061 
cutoff wavelength 
continuous x-ray spectrum, 1128 
photoelectric effect, 1060-1061 
cycle 
engines, 543 
simple harmonic motion, 388 
thermodynamic, 489, 490, 492 
cyclotrons, 748-749, 749 
cylinders 
rotational inertia, 253t 
tracer study of flow around, 37] 
cylindrical capacitors 
calculating capacitance, 660, 
660-661 
cylindrical symmetry, Gauss’ law, 
615,615-616 


D 
damped oscillations 
RLC circuits, 834-835 
damped simple harmonic motion, 
400, 400-401, 401 
damped simple harmonic 
oscillator, 400, 400 
damping constant, simple 
harmonic motion, 400 
damping force, simple harmonic 
motion, 400 
dark bands, See dark fringes 
dark energy, 1241 
dark fringes 
double-slit interference, 964, 
964, 966 
single-slit diffraction, 992—994, 
993,997 
dark matter, 1238-1239 
daughter nuclei, 572, 1189 
de (direct current), 836 
DC circuits, 706 
de Broglie wavelength, 1068, 1086 
decay, See radioactive decay 
decay constant, 1174 
decay rate, 1174-1175 
deceleration, 19,20 
decibel, 454—455 
decimal places, 4 
dees, 748 


de-excitation, of electrons to 
lower energy levels, 1087 
deformation, 316, 316 
degenerate energy levels, 1096 
degrees, 43 
degrees of freedom, ideal gas 
molecules, 523-524 
density 
defined, 7 
fluids, 360—361 
linear density of stretched 
string, 421, 422 
selected engineering materials, 
317t 
selected materials and objects, 
361t 
uniform, for solid bodies, 
203 —204 
density gradient, 1154-1155 
density of occupied states, 1149, 
1149-1150 
density of states, 1147, 1147-1148 
depletion zone 
MOSFET, 1159 
p-n junctions, 1155 
derived units, 3 
deuterium, //8/ 
heavy water, 1217 
deuterium-tritium fuel pellets, 
TD. F202 
deuterons, 1190, 1209 
in cyclotron, 749 
deuteron-triton reaction, 1211 
diamagnetic material, 874 
diamagnetism, 874-875, 875 
diamond 
as insulator, 1145, 1150 
sparkling of cut stones in rings, 
971,911-912 
unit cell, 1143, 7743 
diamond lattice, 1143, 7743 
diatomic molecules, 521 
degrees of freedom, 523, 
523-524, 524t 
molar specific heats at constant 
volume, 521t 
potential energy, 192 
dielectric constant, 670 
selected materials, 670t 
dielectrics 
atomic view, 672,672 
with capacitors, 670-671 
and Gauss’ law, 672—674, 673 
polarization of light by 
reflection, 912 
dielectric strength, 670-671 
selected materials, 670t 
differential equation, 831 
diffraction. See also interference 
circular aperture, 998-1001, 999 
double-slit, 7002, 1002-1004, 
1003 
Fresnel bright spot, 992, 992 
intensity in double-slit, 7002, 
1002-1004 
intensity in single-slit, 995, 
995 —998, 997 


interference compared and 
contrasted, 1003 
by organized layers, 
1010-1012, 7017 
single-slit, 963, 963-964, 992, 
992 —995, 993 
and wave theory of light, 
991-992 
x-rays, 1010-1012, 1011 
diffraction factor, 1003 
diffraction gratings, 1004, 
1004-1007 
dispersion, 1008, 1008-1010 
resolving power, 1008-1010, 
1009 
three-slit, 1019 
x rays, 1010 
diffraction patterns 
defined, 991 —992 
double-slit, 1003, 7003 
single-slit, 1003, 1003 
diffusion current, p-n junctions, 
£155 
dimensional analysis, 421 
dip meter, 869 
dip north pole, 869 
dipole antenna, 89/7, 891-892 
dipole axis, 585, 869 
dip-slip, 56 
direct current (dc), 836 
direct-current (DC) circuits, 706 
direction 
of acceleration in one- 
dimensional motion, 19 
of acceleration in two- and 
three-dimensional motion, 
63 
of displacement in one- 
dimensional motion, 14-15 
of vector components, 41 
of vectors, 40, 40 
of velocity in one-dimensional 
motion, 16, 17 
of velocity in two- and three- 
dimensional motion, 61 
discharging 
capacitors, 658 
capacitors in RC circuits, 720, 
720-721, 722-724 
a charged object, 564 
disintegration, 1168 
disintegration constant, 1174 
disintegration energy, 1177 
disks 
diffraction by circular aperture, 
998-1001, 999 
rotational inertia, 253t 
dispersion 
chromatic, 906-907, 907 
by diffraction gratings, 1008, 
1008-1010 
displacement. See also angular 
displacement; work 
damped harmonic oscillator, 
400-401, 401 
one-dimensional motion, 
14-15 


simple harmonic motion, 388, 
388, 389 
traveling waves, 418 
two- and three-dimensional 
motion, 59-61, 60 
as vector quantity, 15,39 
waves on vibrating string, 
416-418, 417 
displacement amplitude 
forced oscillations, 402, 402 
sound waves, 450, 450 
displacement current, 866, 
866-868 
displacement vector, 39, 39 
dissipated energy, in resistors, 695, 
708 
ac current circuits, 846 —847 
distortion parameter, 1200 
distribution of molecular speeds, 
a1 7 S119 
diverging lens, 936-937, 937 
donor atoms, 1152-1153 
doped semiconductors, 
1151-1153, 1752 
doping, of semiconductors, 697, 
1151-1153 
Doppler effect, 460-461, 1026 
detector moving, source 
stationary, 46/, 461-462, 462 
for light, 1039-1042, 7040 
source moving, detector 
stationary, 462 — 463, 463 
dose equivalent, radiation, 1183 
dot product, 49, 49 
double-slit diffraction, 1002, 
1002-1004, 1003 
double-slit interference 
intensity, 968-971, 969 
from matter waves, 1068-1069, 
1069 
single-photon, wide-angle 
version, 1067, 1067 —1068 
single-photon version, 1066, 
1066-1067 
Young’s experiment, 964, 
964-967 
doubly magic nuclides, 1186 
down force, 376 
down quark, 578, 654, 1231, 1231t, 
1237, 10233 
drafting, race cars, 377 
drag coefficient, 122 
drag force, 122-124 
damped simple harmonic 
motion, 400 
mechanical energy not con- 
served in presence of, 175 
as nonconservative force, 168 
drain, FETs, 1159, 7159 
drift current, p- junctions, 1155 
drift speed, 686-688 
Hall effect for determining, 
742, 742-743 
driven oscillations, 402, 837,837 
driving angular frequency, 836 
driving frequency, of emf, 836 
d subshells, 1126, 1127 


E 
E (exponent of 10),3 
Earth, 331, 1242. See also core; 
crust; gravitational force; 
mantle 
angular momentum effects if 
polar ice caps melted, 304 
atmospheric electric field, 581t, 
657 
average density, 361t 
density as function of distance 
from center, 336 
eccentricity of orbit, 343 
effective magnetic dipole 
moment, 1118 
ellipsoidal shape of, 336 
escape speed, 341t, 341-342 
gravitation near surface, 
335-337, 336 
intensity of solar radiation 
striking atmosphere, 922 
interior of, 353, 353 
Kepler’s law of periods, 344t 
level of compensation, 380-381 
magnetic dipole moment, 755, 
755t, 887 
magnetism, 869-870 
nonuniform distribution of 
mass, 336,330, 337 
rotation, 336, 336-337 
satellite orbits and energy, 
345 —347, 346 
temperature increase with 
depth, 887 
Van Allen radiation belts, 
745 —746 
variation in length of day over 
4-year period, 6 
earthquakes 
building oscillations during, 387 
buildings submerged during, 1, 
1,7-8 
natural angular frequency of 
buildings, 402, 402 
S and P waves, 468 
Earth’s magnetic field, 739, 869, 
869-870, 570 
changes recorded by mural 
paintings, 861, 861,879, 879 
magnetic latitude, 887 
polarity reversal, 870, 870 
at surface, 738t 
eccentricity, of orbits, 342-343, 343 
and orbital energy, 346 
planets of Solar System, 344t 
echoes, 445 
eddy currents, 801 
edge effect, 618 
effective cross-sectional area, 122 
effective magnetic dipole 
moment, 1118 
effective phase difference, optical 
interference, 962 
efficiency 
Carnot engines, 545-546 
real engines, 546, 549-550 
Stirling engines, 546 


eightfold way, 1220, 1230t, 
1230-1231 
Einstein, Albert, 88, 655, 894, 
1023, 1023, 1026, 1033-1035, 
1043. See also relativity 
Bose-Einstein condensate, 
PO 
and bosons, 1221 
and lasers, 1132 
view of gravitation, 347-348, 
348 
work on photoelectric effect, 
1060-1062 
work on photons, 1058-1059 
Einstein-de Haas experiment, 
1114-1115, 71715 
Einstein ring, 348, 348 
elastic bodies, 316 
elastic collisions 
defined, 217 
in one dimension with moving 
target, 223, 223-224 
in One dimension with station- 
ary target, 227,221-—222 
in two dimensions, 224, 224 
elasticity, 306, 314-319, 375 
and wave speed on stretched 
string, 421 
elastic potential energy, 167 
determining, 171 
traveling wave on stretched 
string, 423, 423, 424 
electrical breakdown, 581t, 
592-593, 593 
electrically isolated object, 563 
electrically neutral objects, 562 
electrical-mechanical analogy, 
830t, 830-831 
electric charge, 562—563. See also 
circuits conductors and 
insulators, 563-565 
conservation of, 572—573 
and Coulomb’s law, 565-572, 
566 
induced, 564 
LC oscillations, 827, 832 
measures of, 587, 587t 
quantization, 571-572 
electric circuits, See circuits 
electric current, 683, 683 —684 
calculating in single-loop 
circuits, 708, 708—709 
current density, 685 —688, 656 
direction in circuits, 684, 
684-685, 714 
induced, 792, 798-801 
LC oscillations, 827, 832 
magnetic field due to, 765—770, 
760 
time-varying in RC circuits, 
720-723 
electric dipole, 583, 754 
in electric field, 594-596 
electric field due to, 585, 
585-586 
elecinic potentialiduc 10,087, 
637-638 


induced, 638 
potential energy, 595 
electric dipole antenna, 89/, 
891-892 
electric dipole moment, 585, 585, 
594 
dielectrics, 672 
permanent, 638 
electric displacement, 673 
electric field, 581 —582, 736 
calculating from potential, 640, 
640-641 
calculating potential from, 633, 
633-634 
capacitors, 659 
crossed fields, 740, 741-743, 742 
and current, 683 
due to charged disk, 590-591, 
639, 639-640 
due to electric dipole, 585, 
585-586 
due to line of charge, 586—590, 
587 
due to point charge, 583, 
583-584 
electric dipole in, 594-596 
energy stored in capacitor, 
666-669 
equipotential surfaces, 632, 
632-633 
flux, 607, 607-609, 884 
Gauss’ law for, 606, 609-620, 
772, 863, 868t 
Hall effect, 741-743, 742,750 
induced, 801-804, 802 
LC oscillations, 827 
point charge in, 591-594 
polarized light, 902, 902-903 
system of point charges, 
641-643, 642 
traveling electromagnetic 
waves, 892, 892-893, 893 
work done by, 629 
electric field lines, 582, 582 —583 
electric fish, 718—719 
electric flux, 607, 607—609, 884 
electric force, 562, 563, 736 
electric generator, 706, 707 
electric guitars, 796, 796—797 
electric motors, 752, 752—754, 868 
electric potential, 630-632 
calculating field from, 640, 
640-641 
calculating from field, 633, 
633-634 
charged isolated sphere, 644, 
644-645 
due to charged disk, 639, 
639-640 
due to continuous charge distri- 
bution, 638, 638-640, 639 
due to electric dipole, 637, 
637-638 
due to group of point charges, 
636, 636-637 
due to line of charge, 638, 
638-639 


due to point charge, 635, 
635-636 
electric potential energy 
contrasted, 631 
and induced electric field, 
803-804 
electric potential difference, 630. 
See also potential difference 
finding, 636 
electric potential energy, 629, 
629-630 
electric potential contrasted, 631 
system of point charges, 
641-643, 642 
electric quadrupole, 600, 600 
electric spark, 592-593, 593 
airborne dust explosions set off 
by, 656, 656, 667-668 
dangers of, 628, 644, 644-645 
and pit stop fuel dispenser fire, 
705, 705, 723,723 -724 
electric wave component, of 
electromagnetic waves, 
892-893, 893 
electromagnetic energy, 833 
electromagnetic force, 1222, 1234, 
1235 
messenger particle, 1234-1236 
electromagnetic oscillations, 
827-830, 828 
damped in RLC circuits, 
834-835 
forced, 836-837, 837 
electromagnetic radiation, 891 
electromagnetic spectrum, 890, 
890-891 
electromagnetic waves, 414, 
890-891. See also reflection; 
refraction 
energy transport, 897-899, 898 
induced electric field, 894, 
894-896 
induced magnetic field, 896, 
896-897 
intensity variation with 
distance, 898, 898-899 
polarization, 90/, 901-904, 
902 
polarization by reflection, 972, 
912-913 
Poynting vector, 897-899, 898 
radiation pressure, 899-901 
speed of travel, 414, 894 
traveling, 891-897, 893, 894 
electromagnetism, 765, 868 
electromagnets, 736, 736 
magnetic field near big, 738t 
electromotive force (emf), 706. 
See also emf 
electron capture, 1179 
electron diffraction, 1069, 1190 
electron microscope, 1081 
electron neutrinos, 1226, 1226t 
electron-positron annihilation, 
972,572, 1222 
electrons, 564, 1219 
accelerator studies, 748 


barrier tunneling, 1074, 
1074-1076, 1075 
Bohr model, 1097-1100, 1098 
bubble chamber tracks, 572, 
572,738 
charge, 571,571t 
Compton scattering, 1063, 
1063-1066, 1064 
conduction, 1145—1150 
discovery by Thomson, 740, 
740-741, 1166 
as fermions, 1221 
kinetic energy dependence on 
speed, 1024, 1024 
as leptons, 1222, 1226, 1226t, 1227 
loop model for orbits, 872-874, 
873,874 
magnetic dipole moment, 755, 
755t 
and magnetism, 870—874 
majority carrier in n-type semi- 
conductors, 1153, 1153t 
matter waves, 1068-1071, 1069, 
1070, 1084—1085 
minority carrier in p-type semi- 
conductors, 1153, 1153t 
orbital angular momentum, 
872, 873 
from proton-antiproton 
annihilation, 1223t 
radiation dosage, 1183 
spin, 1115-1116, 1116t, 
1220-1221, 122] 
spin angular momentum, 
870-871, 871 
spin-flip, 883 
in superconductors, 697-698 
Van Allen radiation belts, 745 
electron spin, 1115—1116, 1116t, 
1220-1221, 122] 
electron traps, 1115 
energies of, 1085-1089 
finite well, 7092, 1092-1093 
multiple electrons in rectangu- 
lar, 1123-1125 
nanocrystallites, 1094, 1094 
one-dimensional, 1085—1095 
quantum corrals, 1083, 1083, 
1095, 1095 
quantum dots, 1084, 7094, 
1094-1095 
two- and three-dimensional, 
1096, 1096-1097 
wave functions, 1088, 
1088-1092 
electron-volt, 631 
electroplaques, 778,718—719 
electrostatic constant, 566 
electrostatic equilibrium, 613 
electrostatic force, 563, 581 
and Coulomb’s law, 565 —572, 566 
drawing vectors, 570 
electric field due to point 
charge, 583, 583-584 
point charge in electric field, 
591-594 
work done by, 629, 631-632 


electroweak force, 1235, 1236 
elementary charge, 571 
measuring, 592 
emf 
alternating current, 836 
defined, 706 
and energy and work, 707, 
707-708 
induced, 792 
potential and power in circuits, 
712-714 
self-induced, 806 
emf devices, 706. See also batteries 
internal dissipation rate, 713 
real and ideal, 707—708, 708 
emf rule, 709 
emission event, photons, 1059 
lasers, 1732, 1132-1133 
emission lines, 1006, 1006-1007, 
1101, 1701 
emissivity, 495 
empty levels, 1123 
endothermic reactions, 1226 
energy. See also gravitational 
potential energy; kinetic 
energy; mechanical energy; 
potential energy; thermal 
energy; work 
conservation of, 141, 182-186, 
183 
dark energy, 1241 
defined, 141 
and relativity, 1043-1047 
scalar nature of, 39 
in simple harmonic motion, 
392-394, 393 
as State property, 538 
stored in electric field, 666-669 
stored in magnetic field, 
810-812 
transport by electromagnetic 
waves, 897-899, 898 
traveling wave on stretched 
string, 423, 423-425 
energy bands, 1144, 7/44 
energy density 
capacitors, 668 
kinetic energy density of fluids, 
374 
magnetic field, 812-813 
energy gap, 1144, 1144 
energy-level diagrams, 1086, 1086 
one-electron, 1124, 1124 
energy levels 
excitation and de-excitation, 
1087 
full, empty, and partially 
occupied, 1123 
hydrogen, 1100-1101, 7701 
multiple electron traps, 
1123-1125 
nuclear, 1172 
single electron traps, 1086, 
1086-1089 
energy method, of calculating 
current in single-loop circuits, 
708 


engines 
Carnot, 543-545, 544,549-—550 
efficiency, 544, 545-546, 549, 
549-550 
ideal, 543-544 
perfect, 545,546 
Stirling, 546, 546 
entoptic halos, 1013, 1016 
entropy 
engines, 543-546 
force due to, 542—543 
and irreversible processes, 537 
and probability, 552-553 
refrigerators, 548-549 
and second law of thermody- 
namics, 542—543 
as state function, 538, 5539-540 
statistical mechanics view of, 
550-553 
entropy changes, 537, 538-541 
Carnot engines, 545 
Stirling engines, 545 
entropy postulate, 537 
equation of continuity, 371-373, 
372 
equations of motion 
constant acceleration, 22—23, 23t 
constant linear and angular 
acceleration contrasted, 247t 
free-fall, 25 
equilibrium, 92. See also static 
equilibrium 
defined, 306-307 
electrostatic, 613 
examples of static, 310-314 
indeterminate structures, 
314-315, 315 
protons, 569-570 
requirements of, 307-308 
secular, 1191 
thermal, 478 
equilibrium charge, capacitors in 
RC circuits, 720 
equilibrium points, in potential 
energy curves, 176,177 
equilibrium position, simple 
pendulum, 395 
equilibrium separation, atoms in 
diatomic molecules, 192 
equipartition of energy, 523 
equipotential surfaces, 632, 
632-633 
equivalence, of gravity and 
acceleration, 347 
equivalent capacitance/capacitor 
multiple-capacitor circuits, 666 
parallel capacitances, 662-663, 
663,716t 
series capacitances, 663-666, 
716t 
equivalent inductance/inductor 
parallel inductances, 821 
series inductances, 821 
equivalent resistance/resistor 
parallel resistances, 7/5, 
715-719, 716, 716t 
series resistances, 711, 716t 
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escape speed, 341 —342 
selected astronomical bodies, 
341t 
event horizon, 337 
events, 1023 
Lorentz factor, 1029, 1029, 
1030, 1043 
Lorentz transformation, 1034, 
1034-1036 
measuring, 1024-1026, 1025 
relativistic reversal, 1052 
relativity of length, 7032, 
1032-1034, 1037 
relativity of simultaneity, 
1026-1027, 1027, 1036 
relativity of time, 1027-1031, 
1028, 1036-1037, 1041 
relativity of velocities, 1038, 
1038-1039 
exchange coupling, 877, 878, 887 
excitation, of electrons, 1087, 
1087 
excitation energy, 1111 
excited states, 1086, 7087 
expansion, of universe, 1237, 1241, 
1241-1242 
explosions 
one-dimensional, 215—216, 216 
two-dimensional, 276,216—217 
extended objects, 100, 927, 927 
locating images by drawing 
rays, 939, 939 
external electric field, 590—591 
Gaussian surfaces, 613,613-—614 
isolated conductor in, 645,645 
external forces, 92. See also 
collisions 
and internal energy transfers, 
183-184 
system of particles, 206, 207, 
208, 210 
work done by with friction, 
179-180 
work done by without friction, 
179 
external magnetic field 
and diamagnetism, 874—875 
and ferromagnetism, 874, 
877-879, 878 
and paramagnetism, 874, 
876-877 
external torque, 287 
and conservation of angular 
momentum, 290, 291 
eye, See human eye 
eyepiece 
compound microscope, 943, 943 
reflecting telescope, 957, 957 
refracting telescope, 943 


F 

face-centered cubic, 1143, 1143 

Fahrenheit temperature scale, 
480, 480-481 

farad, 658 

Faraday, Michael, 562, 582, 670, 
792, 793, 805 


Faraday’s law of induction, floating, 367, 368 and Newton’s second law, work done by external force 
793-795, 864 flow calorimeter, 506 91-94 with, 179-180, 180 
Faraday’s experiments, 792 fluids, 122 and Newton’s third law, 99 frictionless surface, 88, 97 


and Lenz’s law, 795, 795-798, 
796 
Maxwell’s equation form, 868t 
mutual induction, 814 
reformulation, 802—803 
self-induction, 806, 806-807 
transformers, 850 
femtometer, 1170 
fermi (unit), 1170 
Fermi, Enrico, 1197, 1205, 1221 
Fermi-Dirac statistics, 1148 
Fermi energy, 1145-1146, 
1147, 1148 
calculating, 1150 
effect of doping on, 1163, 1163 
Fermilab accelerator, 1220, 1233 
Fermi level, 1145 
fermions, 1220-1221, 1221 
quarks as, 1231t 
Fermi speed, 1146 
ferromagnetic materials, 874, 
877-880, 878, 879 
magnetically hard and soft, 
883 
ferromagnetism, 874, 877-880, 
878. See also iron 
FET (field-effect-transistor), 
1159, 7159 
fibrillation, 578 
field declination, 869 
field-effect-transistor (FET), 
1159, 1159 
field inclination, 869 
field of view 
refracting telescope, 944 
spherical mirrors, 929 
final state, 488, 489, 520 
finite well electron traps, 1092, 
1092-1093 
fires 
gas station due to sparking, 
628, 645 
gurneys in hyperbaric 
chambers, 668-669, 669 


pit stop fuel dispenser fire, 705, 


705, 723, 723-724 
first law of thermodynamics, 
490-491 
special cases of, 491t, 491-493 
first-order line, 1005 
first reflection point, 920, 920 
fish 
electric, 718-719 
underwater vision, Anableps 
anableps, 924, 924, 935, 
935-936 
fission fragments, 1197-1198 
fixed axis, 242 
angular momentum of rigid 
body rotation about, 
287 —290, 288 
flavors, of quarks, 1232, 
1235-1236 
floaters, 991, 1016 


apparent weight in, 368-369 
Archimedes’ principle, 367, 
367-370 
Bernoulli’s equation, 373-377 
defined, 360 
density, 360-361 
equation of continuity, 
371-373, 372 
hydraulic lever, 366, 366-367 
motion of ideal, 370—371, 371 
Pascal’s principle, 366, 366-367 
pressure, 361-362 
pressure measurement, 
365 —366, 366 
at rest, 362—364, 363 


fluid streamlines, 371, 371 
flux, 606, 606-—607 


of electric field, 607, 607-609, 
884 
of magnetic field, 863 


focal length 


compound microscope, 943, 943 
reflecting telescope, 957 
refracting telescope, 943, 944 
simple magnifying lens, 942, 942 
spherical mirrors, 929, 929-930 
thin lenses, 936-937, 937 


focal plane, 966 


reflecting telescope, 957 


focal point 


compound microscope, 943, 943 
reflecting telescope, 957 
refracting telescope, 943, 944 
simple magnifying lens, 942, 942 
spherical mirrors, 929, 929-930 
thin lenses, 936 —937, 937 
two-lens system, 939-940 


nonconservative, 168 

normal, 96—97, 97, 98 

path independence of conserv- 
ative, 168-170, 169 

principle of superposition for, 


problem-solving tactics, 94 
resultant, 92 
of rolling, 278-280, 279 
tension, 97,97 
unit of, 89, 89-90 
as vector quantities, 89 
and weight, 95-96 
forward-bias connection, junction 
rectifiers, 1156, 1756, 1157 
foundries, induction furnace 
application, 791, 797, 801, 801 
Franklin, Benjamin, 563, 571, 572, 
701 
Fraunhofer lines, 1140 
free-body diagrams, 92-94, 93 
Newton’s laws applications, 
99-105 
problem-solving tactics, 94 
free charge, 673 
free-electron model, 1115, 1145 
of Ohm’s law, 693 
free electrons, 683 
free expansion 
first law of thermodynamics 
for, 491t, 492 
ideal gases, 527—528, 538, 
538-541, 539 
free-fall acceleration (g),24—25,25 
measuring with physical 
pendulum, 397 
free-fall flight, 25 


fringing, 618 
fuel cells, 706 
fuel charge, nuclear reactor, 1204 
fuel rods, 1202, 1204 
fulcrum, 321 
full levels, 1123 
full width at half maximum, 1015 
fully charged capacitor, 658 
fully constructive interference, 
428, 428, 428t, 431 
sound waves, 452 
fully destructive interference, 428, 
428, 428t, 431 
sound waves, 452 
fundamental mode, 434, 457 
fur 
rubbing plastic rod with, 563 
fused quartz 
coefficient of linear expansion, 
483t 
index of refraction, 906t 
index of refraction as function 
of wavelength, 907 
resistivity, 689t 
fusion, 1045, 1172, 1207-1208 
controlled, 1211-1213, 1212 
in Sun and stars, 1207, 
1208-1210, 1209 
fusion reaction, 1045 


G 
g units, of acceleration, 20 
g, free-fall acceleration, 24—25 
measuring with physical 
pendulum, 397 
G, gravitational constant, 332 
galaxies, 331 


focus, See focal point 

force constant, 150 

forced oscillations, 402, 836-837, 
837 

forced oscillators, 402, 402 

forces, 288t. See also acceleration; 


free oscillations, 402, 836—837 
free particle, 1072 
and Heisenberg’s uncertainty 
principle, 1073, 1073-1074 
matter waves, 1084 


Doppler shift, 1040 

Doppler shift of NGC 7319, 
1053, 1053 

formation in early universe, 
1240 


angular momentum; colli- 
sions; drag force; 
electrostatic force; external 
forces; friction; gravitational 
force; internal forces; linear 
momentum; magnetic force; 
spring force; torque; variable 
force; work 

attractive, 332 

buoyant, 367, 367-370 

centripetal, 124-129, 125 

conservative, 168—170, 169, 
629 

defined, 88 

due to entropy, 542-543 

equilibrium, 92 

and motion, 14 

net, 92 

and Newton’s first law, 88-91 

Newton’s laws applications, 
100-105 


free space, 891 
freezing point, 486 
frequency, 417—418 
circulating charged particle, 
744-745 
and index of refraction, 961 
photons, 1058, 1059 
simple harmonic motion, 387, 
388 
sound waves, 450 
wave on stretched string, 422 
waves, 418, 418 
Fresnel bright spot, 992, 992 
friction, 97, 97, 117, 117-121. See 
also kinetic frictional force; 
static frictional force 
cold-weld, 118, 778,119 
mechanical energy not con- 
served in presence of, 175 
as nonconservative force 
(kinetic friction), 168 
and rolling, 278—279, 279 


gravitational lensing caused by, 
348, 348 
M87, potential supermassive 
black hole at center of, 1022, 
1022,1042, 1042 
preponderance of matter over 
antimatter, 1223 
recession, and expansion of 
universe, 1237 
superluminal jets, 1054 
Galilean transformation 
equations, 1034-1035 
Galileo, 355 
galvanometers, 753 
gamma-ray photons, 1222 
in fusion, 1209 
gamma rays, 573, 738, 891 
bubble chamber track, 1070, 
1070 
radiation dosage, 1183 
ultimate speed, 1024 
gas constant, 509 


gases, 508. See also ideal gases; 
kinetic theory of gases 
compressibility, 361 
confined to cylinder with 
movable piston, 488-490, 
489 
density of selected, 361t 
as fluids, 360 
specific heats of selected, 485t 
speed of sound in, 447t 
thermal conductivity of 
selected, 494t 
gas state, 486 
gauge (wire), 700 
gauge pressure, 363 
gauss (unit), 738 
Gauss, Carl Friedrich, 606 
Gaussian form, of thin-lens 
formula, 955 
Gaussian surfaces 
capacitors, 659-661 
choosing, 612 
defined, 606, 606 
electric field flux through, 607, 
607-609 
external electric field, 613, 
613-614 
and Gauss’ law for magnetic 
fields, 863 
Gauss’ law, 606 
charged isolated conductor, 
612-615 
conducting plates, 617,617-—618 
and Coulomb’s law, 611-612 
cylindrical symmetry, 615, 
615-616 
dielectrics, 672 —674, 673 
for electric fields, 606, 609-620, 
863, 868t 
isolated conductor with cavity, 
613, 613 
for magnetic fields, 862-863, 
863, 868t 
Maxwell’s equation forms, 868t 
nonconducting sheet, 616-617, 
617 
planar symmetry, 616-618, 617 
spherical symmetry, 618-620, 
619 
Geiger counter, 627, 627, 1166 
general theory of relativity, 
347 —348, 1023, 1030 
geomagnetically induced current 
(GIC), 852 
geomagnetic pole, 739, 869 
geometrical optics, 905, 991 
diffraction as limit to, 963-964 
and diffraction as limit to, 
963-964 
geosynchronous orbit, 355 
glass. See also Pyrex glass 
coefficient of linear expansion, 
483t 
index of refraction, 906t 
as insulator, 563 
polarization of light by 
reflection, 912 


rubbing rod with silk, 562-563, 
563,564 
shattering by sound waves, 454 
Global Positioning System (GPS), 
2, 1023, 1041 
g-LOC (g-induced loss of 
consciousness), 72 
in dogfights, 380 
gluons, 748, 1232, 1235 
gold, 1130 
alpha particle scattering, 1166 
impact with alpha particle, 643 
isotopes, 1168 
grand jeté, 207, 207 
grand unification theories 
(GUTs), 1236 
graphical integration, for one- 
dimensional motion, 27, 
27-28 
graph reading, 17 
grating spacing, 1004-1005 
grating spectroscope, 1006, 
1006-1007 
gravitation, 331 
and Big Bang, 1240 
Einstein’s view of, 347 —348, 348 
inside Earth, 337-338 
near Earth’s surface, 335 —337, 
336 
Newton’s law of, 331-333, 332, 
342 
gravitational acceleration (a,), 
335 
variation with altitude, 335t 
gravitational constant (G), 332 
gravitational force, 94—95, 1222 
center of gravity, 308-310, 309 
electrostatic force contrasted, 
572 
and Newton’s law of gravita- 
tion, 331-333, 332 
pendulums, 395, 395 
and potential energy, 340-341 
and principle of superposition, 
333-335 
work done by, 146, 146-149 
gravitational lensing, 348, 348 
gravitational potential energy, 
167, 338-342, 339 
determining, 171 
and escape speed, 341-342 
and gravitational force, 
340-341 
graviton, 348 
gray (unit), 1183 
ground current, lightning, 682, 
682,691,691-692 
ground force, 376 
grounding, 564 
groundspeed, 85 
ground state, 1086, 1087, 1087 
wave function of hydrogen, 
1102-1103, 1703 
zero-point energy, 1090-1091 
g subshells, 1126 
guitars, electric, 796,796—797, 
1142, 1142, 1160 


gurneys, fires in hyperbaric 
chambers, 668 — 669, 669 

gyroscope precession, 293—295, 
294 


H 
hadrons, 1222, 1227-1229 
half-life, 1169, 1175, 1219 
and radioactive dating, 1182 
half-width 
of diffraction grating lines, 
1005, 1005-1006 
resonance curves, 845, 845 
Hall effect, 741-743, 742, 750, 
1143 
Hall potential difference, 742 
halo nuclides, 1170 
hanging blocks, 100, 700, 101 
hard reflection, of traveling waves 
at boundary, 432 
harmonic motion, 388 
harmonic number, 434 
musical sounds, 457—458 
harmonic series, 434 
head-on car collisions, 220—221 
hearing threshold, 455t 
heat, 547—548. See also 
thermodynamics 
absorption by solids and 
liquids, 485-488 
defined, 484 
first law of thermodynamics, 
490-491 
path-dependent quantity, 490 
signs for, 484 
and temperature, 484 
heat capacity, 485 
heat engines, 543-548 
heat of fusion, 486 
selected substances, 487t 
heat of vaporization, 486 
selected substances, 487t 
heat pumps, 548 
heats of transformation, 486—488 
selected substances, 487t 
heat transfer, 493 —497 
Heisenberg’s uncertainty 
principle, 1073, 1073-1074, 
1234 
helical paths, charged particles, 
745,745 —746 
helium-neon gas laser, 1733, 
1133-1135 
Helmholtz coil, 787, 787,790 
helum-burning, in fusion, 1210 
henry (unit), 805 
hertz, 387 
high temperature superconductors, 
698 
holes, 1128, 1151 
majority carrier in p-type 
semiconductors, 1153, 1153t 
minority carrier in n-type 
semiconductors, 1153, 1153t 
holograms, 1132 
use in identification card 
security, 1007 


home-base level, for spectral 
series, 1101 
honeybees, electrostatics of 
pollen collection, 580, 580, 
593,593 
Hooke, Robert, 150 
Hooke’s law, 150, 176 
hoop 
rotational inertia, 253t 
horizontal motion, in projectile 
motion, 66, 67 
horizontal range, in projectile 
motion, 65,67 
horsepower (hp), 156 
h subshells, 1126 
Hubble constant, 1237 
Hubble’s law, 1237 
human body 
as conductor, 563 
physiological emf devices, 706 
human eye, 941, 954, 954 
floaters, 991, 1016 
image production, 925 
sensitivity to different wave- 
lengths, 891, 891 
Huygens’ principle, 959, 959-960 
Huygens’ wavelets, 960, 992, 995 
hydraulic compression, 317 
hydraulic engineering, 360 
hydraulic jack, 367 
hydraulic lever, 366, 366-367 
hydraulic stress, 316, 376,317-318 
hydrogen 
Bohr model, 1097-1100, 1098 
electric field within, 581t 
emission lines, 7006, 1006-1007 
energy levels and spectra, 
1100-1101, 7101 
formation in early universe, 
1240 
in fusion, 1045, 1207-1213 
heats of transformation, 487t 
quantum numbers, 1102t, 
1102-1103 
RMS speed at room tempera- 
ture, 513t 
and Schrédinger’s equation, 
1100-1106, 1115-1116 
speed of sound in, 447t 
thermal conductivity, 494t 
wave function of ground state, 
1102-1103, 7103 
hydrogen bomb (thermonuclear 
bomb), 1211, 1217 
hydrostatic pressures, 362—364 
hysteresis 
ferromagnetic materials, 
879—880 
hysteresis loop, 880, 880 


I 
ideal emf devices, 707 
ideal engines, 543-544 
ideal fluids 
motion, 370—371, 371 
ideal gases, 509-510 
adiabatic expansion, 526-529 


ideal gases (Continued) 
average speed of molecules, 
517-518 
free expansion, 538, 538-541, 
539 
internal energy, 520-522 
molar specific heat and degrees 
of freedom, 523—524 
molar specific heat at constant 
pressure, 521-522 
molar specific heat at constant 
volume, 520—521 
molar specific heats, 520-523 
most probable speed of mole- 
cules, 518 
RMS speed, 572, 512-514, 513t, 
518 
translational kinetic energy, 
514-515 
work done at constant pressure, 
S11 
work done at constant temper- 
ature, 510,510-—511 
work done at constant volume, 
S11 
ideal gas law, 509 
ideal gas temperature, 480 
ideal inductor, 807 
ideal refrigerators, 548 
ideal solenoid, 776—777, 778 
ideal spring, 150 
ideal toroids, 778 
ideal transformers, 850, 850-851 
ignition, in magnetic confinement, 
1212 
image distances, 927 
images 
extended objects, 927, 927, 939, 
939 
locating by drawing rays, 932, 
932-933, 939, 939 
from plane mirrors, 926, 
926-928, 927 
from spherical mirrors, 929, 929, 
930, 930-933, 944, 944-945 
from spherical refracting sur- 
faces, 934, 934-936, 945, 945 
from thin lenses, 938, 938-941, 
939, 945-946, 946 
types of, 925-926 
impedance, 844 
matching in transformers, 851 
impulse, 211 
series of collisions, 2/2, 
212-214 
single collision, 277,211-—212 
incident ray, 905, 905 
incoherent light, 968 
incompressible flow, 371 
indefinite integral, 24 
independent particle model, of 
nucleus, 1185-1186 
indeterminate structures 
equilibrium, 314—315, 315 
index of refraction 
and chromatic dispersion, 
906-907 


common materials, 906t 
defined, 905 —906, 960 
and wavelength, 960-962 
induced charge, 564 
induced current, 792 
induced electric dipole moment, 
638 
induced electric fields, 801 —804, 
802 
from traveling electromagnetic 
waves, 894, 894-896 
induced emf, 7792 
induced magnetic fields, 864, 
864-866, 865 
displacement current, 866, 
866-868 
finding, 867, 867-868 
from traveling electromagnetic 
waves, 896, 896-897 
inductance, 805-806 
LC oscillations, 827 —830 
RL circuits, 807-810 
RLC circuits, 834—835 
solenoids, 805 —806, 806 
induction, 792. See also Faraday’s 
law of induction 
energy transfer, 798, 798-801 
mutual induction, 8/4, 814-815 
self-induction, 806, 806—807, 814 
induction furnace, 791, 797,801, 801 
inductive reactance, 841 
inductive time constant, 808—809 
inductors, 805, 805—807 
with ac generator, 840, 
840-841, 841 
LC oscillations, 827 —830, 828 
in parallel, 822 
phase and amplitude relation- 
ships for ac circuits, 842t 
RL circuits, 807—810, 808 
RLC circuits, 834, 834—835 
in series, 822, 844—855 
series RLC circuits, 842-844, 
843 
inelastic collisions 
defined, 217-218 
in one dimension, 2/8, 
218-221, 219 
in two dimensions, 224 
inertial confinement, 1212 
inertial reference frames, 89—90, 
1023 
inexact differentials, 490 
infinitely deep potential energy 
well, 1085, 1085-1086 
infinite potential well, 1085, 
1085 —1086 
inflation, of early universe, 1240 
infrared radiation, 890 
initial conditions, 391 
initial state, 488, 489, 520 
in phase 
ac circuits, 842t 
resistive load, 838 
sound waves, 452 
thin-film interference, 
973-974 


traveling electromagnetic 
waves, 892 
waves, 427, 429 
instantaneous acceleration 
one-dimensional motion, 19 
two- and three-dimensional 
motion, 63 
instantaneous angular 
acceleration, 244 
instantaneous angular velocity, 243 
instantaneous power, 155, 184 
instantaneous velocity 
one-dimensional motion, 
17-18 
two- and three-dimensional 
motion, 61 
insulators, 563—565, 697 
electrical properties, 
1144-1145, 1145 
resistivities of selected, 689t 
unit cell, 1143 
integrated circuits, 1142, 
1159-1160, 1160 
intensity 
diffraction gratings, 1005 
double-slit diffraction, 1002, 
1002—1004 
double-slit interference, 
968-971, 969 
electromagnetic waves, 898, 
898-899 
single-slit diffraction, 995, 
995 —998, 997 
of transmitted polarized light, 
902-904, 903 
intensity, of sound waves, 
453-454, 454 
interference, 427, 427 —429, 428. 
See also diffraction 
and coherence, 968 
combining more than two 
waves, 971 
diffraction compared and 
contrasted, 1003 
double-slit from from matter 
waves, 1068-1069, 1069 
double-slit from single- 
photons, 1066, 1066-1068, 
1068 
intensity in double-slit, 
968-971, 969 
Michelson’s interferometer, 
978, 978 
Newton’s rings, 985, 985 
and rainbows, 962, 962 
sound waves, 451-453, 452 
thin films, 972, 972-977 
Young’s double-slit experi- 
ment, 964, 964-967 
interference factor, 1003 
interference fringes, 964, 964 
locating, 965, 965 —967 
interference pattern, 964, 964, 966 
interfering waves, 427 
interferometer, 978 
intermediate interference, 428, 
428, 428t 


sound waves, 452 
internal energy, 477 
and conservation of total 
energy, 182 
and external forces, 183-184 
and first law of thermo- 
dynamics, 490 
of ideal gas by kinetic theory, 
520-522 
internal forces, 92 
system of particles, 206, 207, 
208 
internal resistance 
ammeters, 720 
circuits, 710, 710 
emf devices, 712—713 
internal torque, 287 
International Bureau of Weights 
and Standards, 4, 7 
International System of Units, 
2-3 
interplanar spacing, 1011 
intrinsic angular momentum 
electrons, 870 
protons and neutrons, 871 
inverse cosine, 44, 44 
inverse mole, 509 
inverse sine, 44, 44 
inverse tangent, 44, 44 
inverse trig functions, 44, 44 
inverted images, 930, 930 
ionization energy, 1113, 
1113-1114 
plot of elements, 7713 
ionized atoms, 1101 
iridescent films, 974 
iron, 1127. See also steel 
Curie temperature, 878 
ferromagnetic material, 874, 
877-880 
quantum corral, 1095, 1095 
radius of nucleus, 571 
resistivity, 689t 
iron filings 
bar magnet’s effect on, 862, 862 
current-carrying wire’s effect 
on, 766 
irreversible processes, 537. See 
also entropy 
and second law of thermody- 
namics, 542—543 
irrotational flow, 371, 374 
island of stability, 1170 
isobaric processes 
summarized, 528, 529t 
isobars, 1169 
isochoric processes 
summarized, 528, 529t 
isolated spherical capacitors, 669 
calculating capacitance, 
661-662 
isolated system, 173, 175 
conservation of total energy, 
182-183 
linear momentum conserva- 
tion, 214,217 
isotherm, 510, 510 


isothermal compression, 510 
Carnot engine, 544, 544 

isothermal expansion, 510 
Carnot engine, 544, 544 
entropy change, 538-539, 

2 

isothermal processes 
summarized, 528, 529t 

isotopes, 1168 

isotopic abundance, 1168t 

isotropic materials, 689 

isotropic point source, 898 

isotropic sound source, 454 


J 

joint, in rock layers, 132 

Josephson junction, 1075 

joule (J), 141, 484 

judo hip throw, 259, 259-260 

junction diodes, 697 

junction lasers, 1158, 7758 

junction plane, 1154, 1/55 

junction rectifiers, 7/56, 
1156-1157, 1164 

junction rule, Kirchoff’s, 714—715, 
719 

junctions, circuits, 714 


K 
kaons, 1031, 1219 
and eightfold way, 1230t 
and strangeness, 1229 
kelvins, 477, 479, 480, 482 
Kelvin temperature scale, 477, 
477,450 
Kepler, Johannes, 342 
Kepler’s first law (law of orbits), 
342-343, 343 
Kepler’s second law (law of 
areas), 343, 343 
Kepler’s third law (law of 
periods), 343, 343-344 
for planets in Solar System, 
344t 
kilogram, 7 
kilowatt-hour, 156 
kinematics, 14 
kinetic energy, 261t. See also 
collisions; rotational kinetic 
energy; translational kinetic 
energy; work-kinetic energy 
theorem 
collisions, 217-218 
and conservation of mechanical 
energy, 173-175 
and conservation of total 
energy, 182—184 
defined, 141-142 
and momentum, 1046 
and relativity, 1045-1047, 1046 
of rolling, 277,277—278 
of rotation, 252,252—253 
satellites in orbit, 345—346, 346 
simple harmonic motion, 393, 
393 
traveling wave on stretched 
string, 423, 423, 424 


and work, 143, 143-146, 144 
yo-yo, 281 
kinetic energy density, of fluids, 
374 
kinetic energy function, 177 
kinetic frictional force, 777,118 
as nonconservative force, 168 
rolling wheel, 279 
kinetic theory of gases. See also 
gases; ideal gases 
average speed of molecules, 
517-518 
and Avogadro’s number, 
508 —509 
distribution of molecular 
speeds, 517,517-—519 
mean free path, 575,515-516 
molar specific heat and degrees 
of freedom, 523-524 
most probable speed of 
molecules, 518 
and quantum theory, 524, 
525-526 
RMS speed, 572, 512-514, 513t, 
SIS 
translational kinetic energy, 
514-515 
Kirchoff’s current law, 714 
Kirchoff’s junction rule, 714-715, 
Tg 
Kirchoff’s loop rule, 709 
Kirchoff’s voltage law, 709 
K shell, 1128-1130, 1729, 1136 


L 
lagging, in ac circuits, 841, 842t, 
843 
lagging waves, 430 
lambda particle 
and eightfold way, 1230t 
lambda-zero particle, 1229 
laminar flow, 371 
lasers, 1131-1132 
coherence, 968 
helium-neon gas, 1/33, 
1133-1135 
junction lasers, 1158, 1158 
nuclear-pumped x-ray, 1017 
operation, /732, 1132-1135 
for plasma compression, 916 
radiation pressure, 900-901 
surgery applications, 1112, 
Hie, Vi32, ise 
laser thickness monitoring, 1014, 
1014-1015 
lasing, 1134, 1140 
lateral magnification 
compound microscope, 943 
spherical mirrors, 931 
two-lens system, 940 
lateral manipulation, using STM, 
1076 
lattice, 315,375, 1143, 1143 
law of areas (Kepler’s second 
law), 343, 343 
law of Biot and Savart, 765 —766, 
VI2,178 


law of conservation of angular 
momentum, 290, 290-293, 
291 
law of conservation of electric 
charge, 572-573 
law of conservation of energy, 
182-186, 183 
law of conservation of linear 
momentum, 214-217 
law of orbits (Kepler’s first law), 
342 —343, 343 
law of periods (Kepler’s third 
law), 343, 343-344 
for planets in Solar System, 344t 
law of reflection, 905 —906 
law of refraction, 905-906, 
959-962, 960 
Lawson’s criteria, 1211 
LC oscillations 
and electrical-mechanical 
analogy, 830t, 830-831 
qualitative aspects, 827-830, 
828 
quantitative aspects, 831-834 
LC oscillators, 830t, 831—834 
radio wave creation, 897, 
891-894 
lead 
coefficient of linear expansion, 
483t 
heats of transformation, 487t 
specific heats, 485t 
thermal conductivity, 494t 
leading, in ac circuits, 841, 842t, 
843 
leading waves, 430 
Leidenfrost effect, 504 
length 
relativity of, 7032, 1032-1034, 
1037 
length contraction, 1032-1034 
consequences of Lorentz 
transformation equations, 
1037 
length units, 4—5 
lens, 936. See also thin lenses 
diffraction by, 998 
lens maker’s equation, 936 
Lenz’s law, 795, 795-798, 796 
self-induction, 806 
lepton number, 1227 
conservation of, 1227 
leptons, 1222, 1226t, 1226-1227 
conservation of lepton number, 
1227 
formation in early universe, 
1240 
lifetime, subatomic particles, 1029 
lifting capacity, balloons, 534 
light, 414, 894. See also diffraction; 
interference; photons; 
reflection; refraction 
Doppler effect, 461 
in early universe, 1240 
Huygens’ principle, 959, 
959-960 
law of reflection, 905 —906 


law of refraction, 905-906, 
959-962, 960 
as probability wave, 1066-1068 
travel through media of 
different indices of 
refraction, 961, 961 
as wave, 959, 959-963 
wave theory of, and diffraction, 
991-992 
light-emitting diodes (LEDs), 
1157,1157-1158 
light-gathering power 
refracting telescope, 944 
lightning, 562, 657 
current,5/8 
ground current, 682, 682, 69/, 
691-692 
role in creation of lodestones, 
880 
side flash, 605, 605, 726-727, 
Tae 
upward streamers, 615-616, 
616 
light quantum, 1058-1059 
light wave, 894 
light-year, 12 
line (spectral), 1101, 7101 
linear acceleration, See 
acceleration 
linear charge density, 587, 587t 
linear density, of stretched string, 
421,422 
linear expansion, 482, 483 
linear momentum, 209-210, 288t 
completely inelastic collisions 
in one dimension, 218—219 
conservation of, 214—217 
elastic collisions in one dimen- 
sion with moving target, 
223-224 
elastic collisions in one dimen- 
sion with stationary target, 
221-222 
elastic collisions in two 
dimensions, 224 
at equilibrium, 306 
and impulse of series of 
collision, 212 
and impulse of single collision, 
211-212 
inelastic collisions in one di- 
mension, 2/85,218—221, 2/9 
inelastic collisions in two 
dimensions, 224 
photons, 1063, 1063-1066, 1064 
system of particles, 210 
linear momentum-impulse 
theorem, 211 
linear motion, 242 
linear oscillator, 390-392 
linear simple harmonic 
oscillators, 390, 390—392 
line integral, 633 
line of action, of torque, 257, 257 
line of charge 
electric field due to, 586-590, 
587 


line of charge (Continued) 
electric potential due to, 638, 
638-639 
line of symmetry, center of mass 
of solid bodies with, 204 
lines, diffraction gratings, 
1004-1005 
lines of force, 582 
lines shapes, diffraction gratings, 
1009 
liquefaction, of ground during 
earthquakes, 7 
liquids 
compressibility, 318, 361 
density of selected, 361t 
as fluids, 360 
heat absorption, 485-488 
speed of sound in, 447t 
thermal expansion, 482-483 
liquid state, 486 
Local Group, 331 
Local Supercluster, 331 
lodestones, 562, 869, 880 
longitudinal magnification, 956 
longitudinal motion, 415 
longitudinal waves, 414-416, 
415,445 
long jump 
conservation of angular 
momentum, 291, 297 
long wave radiation, 890, 891 
loop model, for electron orbits, 
872-874, 873,874 
loop rule, 709, 714, 719 
RL circuits, 808, S08 
Lorentz factor, 1029, 7029, 1030, 
1043 
Lorentz transformation, /034, 
1034-1036 
Lorentz transformation 
equations, 1035-1036 
consequences of, 1036-1038 
pairs of events, 1036t 
Loschmidt number, 535 
L shell, 1128-1129, 7729 
Lyman series, 1101, //0/7, 1104 


M 
Mach cone, 464-465, 465 
Mach cone angle, 465, 465 
Mach number, 465 
magic electron numbers, 
1185-1186 
magic nucleon numbers, 
1185-1186 
magnetically hard material, 883 
magnetically soft material, 883 
magnetic confinement, 1212, 72/2 
magnetic dipole moment, 754, 
754-755, 1114, 1114 
diamagnetic materials, 874-875 
effective, 1118 
ferromagnetic materials, 874,878 
orbital, 872 
paramagnetic materials, 874, 
876-877 
spin, 870-871, 871 


magnetic dipoles, 739, 754, 
754-755, 862, 862-863 
magnetic domains, 878-879, 879 
and hysteresis, 880 
magnetic energy, 810-812 
magnetic energy density, 812-813 
magnetic field, 736. See also 
Earth’s magnetic field 
Ampere’s law, 772-775, 773 
circulating charged particle, 
743-747, 744, 745 
crossed fields, 740, 741-743, 742 
cyclotrons, 748, 748-749 
defined, 736-740, 737 
displacement current, 566, 
866-868 
due to brain activity, 764, 764, 
768, 768 
due to current in circular arc of 
wire, 767, 767—768 
due to current in long straight 
wire, 766, 766—767 
Earth, 869, 869-870 
energy density of, 812-813 
energy stored in, 810-812 
and Faraday’s law of induction, 
793-795, 794 
Gauss’ law for, 862-863, 868t 
Hall effect, 741-743, 742, 750 
induced, 864, 864-866, 865 
inside long straight current- 
carrying wire, 774, 774—775 
LC oscillations, 827 
and Lenz’ law, 795,795 —798, 796 
outside long straight current- 
carrying wire, 773,773—774 
parallel currents, 777, 771-772 
selected objects and situations, 
738t 
solenoids, 776—777, 777 
synchrotrons, 749 
toroids, 777, 777-778 
torque on current loops, 
752—754, 754 
traveling electromagnetic 
waves, 892, 892-893, 893 
magnetic field lines, 738, 738-740, 
739 
current-carrying wire, 766—767, 
767 
magnetic flux, 863 
and Faraday’s law, 793-794 
magnetic flux linkage, 805 
magnetic force, 562, 736 
circulating charged particle, 
743-747, 744, 745 
current-carrying wire, 750, 
750-752, 771,771 -772 
particle in magnetic field, 737, 
737-738 
magnetic latitude, 887 
magnetic levitation, 698, 698 
frog, 575 
magnetic materials, 862, 862, 874 
diamagnetism, 874-875, 875 
ferromagnetism, 874, 877-880, 
878 


magnetically hard and soft, 883 
paramagnetism, 874, 876, 
876-887 
magnetic monopole, 736, 862, 863 
magnetic potential energy, 
754-755, 811 
magnetic resonance, //21, 
1121-1122 
magnetic resonance imaging, 
See MRI 
magnetic wave component, of 
electromagnetic waves, 
892-893, 893 
magnetism. See also Earth’s 
magnetic field 
curled-straight right-hand rule 
for, 770 
Earth, 869, 869-870 
electrons, 870—874 
protons and neutrons, 871 
magnetization 
ferromagnetic materials, 878, 
878-879 
paramagnetic materials, 876, 
876-877 
magnetization curves 
ferromagnetic materials, 878, 
878-879 
hysteresis, 879 —-880, 880 
paramagnetic materials, 867, 877 
magnetoencephalography, 768 
magnetometers, 869 
magnets, 562, 736, 736-740, 738, 
869-870 
applications, 736 
effect on audio cassette player, 
879 
magnetic dipoles, 862, 862-863 
magnitude 
of acceleration in one- 
dimensional motion, 19 
of acceleration in two- and 
three-dimensional motion, 63 
of displacement in one- 
dimensional motion, 15 
of free-fall acceleration, 25 
of vectors, 40, 40 
of velocity in one-dimensional 
motion, 16 
of velocity in two- and three- 
dimensional motion, 62 
magnitude-angle notation, 
vectors, 42 
magnitude ratio, traveling electro- 
magnetic waves, 893 
majority carriers, 1153 
motions of, 1154-1156, 7155 
mandrill baboon, structural 
coloring by diffraction, 990, 
990, 1012 
mantle (Earth), 353, 353 
density, 336 
mass, 261t. See also center of mass 
defined, 89, 90-91 
scalar nature of, 39, 91 
of selected objects, 7t 
units, 7—8 


and wave speed on stretched 
string, 421 
weight contrasted, 96 
mass dampers, 393 
mass energy, 1043-1044 
energy equivalents of particles 
and objects, 1044t 
mass excess, 1171 
mass flow rate, 373 
massless, frictionless pulleys, 97, 
97 
Newton’s laws applications, 
100,100—101 
massless cord, 97, 97 
massless spring, 150 
mass number, 572, 1168 
selected nuclides, 1168t 
mass spectrometer, 746-747, 
747 
matter 
antimatter, 1223 
baryonic matter, 1239 
dark matter, 1238-1239 
energy released by 1 kg, 1196t 
nuclear, 1173 
particle nature of, 1069-1071, 
1070 
wave nature of, 1068 — 1070 
matter waves, 414 
electrons, 1068-1071, 1069, 
1070, 1084, 1085 
maxima 
diffraction patterns, 991, 99] 
double-slit interference, 964, 
964, 966, 969 
single-slit diffraction, 992-995 
thin-film interference, 974 
Maxwell, James Clerk, 517, 523, 
562, 772, 864, 890, 899, 959, 
1235 
Maxwellian electromagnetism, 
1219 
Maxwell’s equations, 862, 868t, 
1072 
Maxwell’s law of induction, 864 
Maxwell’s rainbow, 890 
Maxwell’s speed distribution law, 
517,517-519 
mean free time, 694 
mean life, radioactive decay, 1175, 
1219 
measurement, 2 
mechanical energy 
conservation of, 173—175 
and conservation of total 
energy, 182 
damped harmonic oscillator, 401 
satellites in orbit, 346, 346 
simple harmonic motion, 393, 
393 
mechanical waves, 414 
medium, 894 
melting point, 486 
selected substances, 487t 
meniscus concave lens, 955 
meniscus convex lens, 955 
mercury barometer, 362, 365, 365 


mercury thermometer, 482 
mesons, 1222, 1227-1228 
and eightfold way, 1230t, 
1230-1231 
and quark model, 1232-1233, 
1236 
underlying structure suggested, 
1231 
messenger particles, 1234-1236 
metallic conductors, 683, 697 
metal-oxide-semiconductor-field- 
effect-transistor (MOSFET), 
1159, 7759 
metals 
coefficients of linear expansion, 
A83t 
density of occupied states, 1149, 
1149-1150 
density of states, 1147, 
1147-1148 
elastic properties of selected, 
at 
electrical properties, 
1145-1150 
lattice, 315,375 
occupancy probability, 1748, 
1148-1149 
resistivities of selected, 689t 
speed of sound in, 447t 
thermal conductivity of 
selected, 494t 
unit cell, 1143 
metastable states, 1133 
meter (m),2,3-—4 
metric system, 2—3 
mho (unit), 689 
Michelson’s interferometer, 978, 
978 
microfarad, 658 
microscopes, 941 
compound, 943, 943 
electron microscopes, 1081 
microscopic clocks, time dilation 
tests, 1029-1030 
microstates, in statistical 
mechanics, 550—552 
microwave cooking, 595 —596 
microwaves, 414, 890 
Doppler effect, 461 
Mid-Atlantic Ridge, magnetism, 
870, 870 
Milky Way galaxy, 331, 1242 
evidence for supermassive 
black hole at center of, 330, 
344-345, 345 
Millikan oil-drop experiment, 
S92, 992 
millimeter of mercury (mm Hg), 
362 
millimeter-wave radar, 1016 
miniature black holes, 352 
minima 
circular aperture diffraction, 
EDD! 
diffraction patterns, 991, 997 
double-slit interference, 964, 
964, 966, 969 


single-slit diffraction, 992—995, 
996-997 
thin-film interference, 974 
minority carriers, 1153 
motions of, 1155-1156 
minus sign, meaning in physics 
problems, 27 
mirage, 925-926, 926 
mirrors, 926 
plane, 926-928, 927 
spherical, 928—933, 929, 930, 
944,944—945 
mobile radio, 890 
moderators, for nuclear reactors, 
1201-1202 
modulus of elasticity, 316 
Mohole, 353 
molar mass, 508 
molar specific heat, 485 
at constant pressure, 521-522 
at constant volume, 520—521 
and degrees of freedom, 523, 
523-525 
selected materials, 485t 
molecular mass, 509 
molecular speeds, Maxwell’s dis- 
tribution of, 577,517-519 
molecules, 1113 
matter wave interference, 1069 
moment arm, 257, 257 
moment of inertia, 252 
momentum, 209. See also angular 
momentum; linear 
momentum 
center of momentum frame, 
1056 
and kinetic energy, 1046 
and relativity, 1043 
monatomic molecules, 520 
degrees of freedom, 523, 
523 —524, 524t 
molar specific heats at constant 
volume, 521t 
monochromatic light, 906 
lasers, 1131 
monovalent atom, 1146 
Moon, 331 
corona around, 1017, 7017 
potential effect on humans, 351 
radioactive dating of rocks, 
1182 
more capacitive than inductive 
circuit, 844 
more inductive than capacitive 
circuit, 844 
Moseley plot, 7729, 1129-1130 
MOSFET (metal-oxide- 
semiconductor-field-effect- 
transistor), 1159, 1159 
mosh pits, resonant oscillations 
caused by dancers, 434 
most probable configuration, 552 
most probable speed 
in fusion, 1207 
of gas molecules, 518 
motion, 14. See also acceleration; 
collisions; displacement; 


forces; one-dimensional 
motion; position; uniform 
circular motion; velocity 
graphical integration, 27,27-—28 
projectile, 65,65—70, 66 
relative in one dimension, 72, 
72-73 
relative in two dimensions, 
73-74, 74 
two- and three-dimensional, 
59-64 
MRI (magnetic resonance 
imaging), 1122, 1122 
danger of burns, 800, S00 
effect on magnetic tattoo inks, 
862, 862 
M shell, 1128-1129, 7129 
multiloop circuits, 708, 7/4, 
714-715 
resistances in parallel, 7/5, 
715-719 
multimeter, 720 
multiple-capacitor circuits, 666 
multiplication, of vectors, 48—51, 
49 
multiplication factor, nuclear 
reactors, 1202—1203 
multiplicity, of configurations in 
statistical mechanics, 551 
muon neutrinos, 1226, 1226t 
muons, 1029-1030, 1054, 1219, 
1226t, 1226-1227 
decay, 1225 
from proton-antiproton annihi- 
lationlI 223151225 
musical sounds, 457—459 
mutual induction, 8/4,814—815 


N 
nanotechnology, 1084 
National Institute of Standards 
and Technology (NIST), 6 
natural angular frequency, 402, 
837 
series RLC circuits, 845, S45 
NAVSTAR satellites, 1023, 1041 
n channel, in MOSFET, 1159 
near point, 942, 942 
negative charge, 562-563, 563 
negative charge carriers, 684 
drift speed, 686 
negative direction, 14, 14 
negative lift, in race cars, 128, 128, 
376-377, 377 
negative terminal, batteries, 658, 
658, 707 
net force, 92 
net torque, 257 
net wave, 426 
net work, 144 
net work per cycle 
Carnot engine, 544 
neutral equilibrium, potential 
energy curves, 177 
neutral pion, 1024 
neutrinos, 1180 
and beta decay, 1179, 1180 


in fusion, 1208-1209 
as leptons, 1222 
as nonbaryonic dark matter, 
1239 
from proton-antiproton 
annihilation, 1223t 
neutron diffraction, 1069 
neutron excess, 1169 
neutron generation time, in 
nuclear reactors, 1215 
neutron number, 1168 
selected nuclides, 1168t 
neutron rich fragments, 1198 
neutrons, 564, 578, 1219 
accelerator studies, 748 
balance in nuclear reactors, 
1202, 1202 
charee, S71eS 710 
collision with protons, 1190 
control in nuclear reactors, 
1201-1204, 1202 
discovery of, 1235 
and eightfold way, 1230t 
as fermioms, 1221 
formation in early universe, 
1240 
as hadrons, 1222 
magnetic dipole moment, 755 
and mass number, 572 
as matter wave, 1068 
spin angular momentum, 871 
neutron stars, 81,353, 1189 
density of core, 361t 
escape speed, 341t 
magnetic field at surface, 738t 
newton (N), 89 
Newton, Isaac, 88, 331, 342, 992 
reflecting telescope, 957 
Newtonian form, of thin-lens 
formula, 955 
Newtonian mechanics, 88, 1072, 
1219 
Newtonian physics, 1084 
newton per coloumb, 581 
Newton’s first law, 88-91 
Newton’s law of gravitation, 
SSL = 335d 52 
Kepler’s laws follow from, 342 
Newton’s laws, 88 
applying in problem solving, 
100-105 
Newton’s rings, 985, 985 
Newton’s second law, 91 —94 
angular form, 285-286 
applying in problem solving, 
100-105 
for rotation, 257-259 
system of particles, 206-209, 
207 
in terms of momentum, 209 
translational and rotational 
forms contrasted, 261t, 288t 
units in, 92t 
Newton’s third law, 99 
NMR spectrum, //2/, 1121-1122 
noble gases, 1126, 1185 
nodes, 431, 43/7, 433 


nonbaryonic dark matter, 1239 
nonconducting sheet 
Gauss’ law, 616-617, 617 
nonconductors, 563 
nonconservative forces, 168 
noninertial frame, 90 
nonlaminar flow, 371 
nonpolar dielectrics, 672 
nonpolar molecules, 638 
nonquantized portion, of energy- 
level diagram, 1093, 1093 
nonsteady flow, 371 
nonuniform displacement 
current, 885 
nonuniform displacement-current 
density, 885 
nonuniform electric field, 609, 
609, 884 
nonuniform electric flux, 884 
nonuniform magnetic field 
diamagnetic materials, 875 
and loop model for electrons, 
872-874, 873,874 
nonviscous flow, 371 
normal (optics), 905, 905 
normal force, 96—97, 97, 98 
normalizing, wave function, 
1090 
north magnetic pole, 869 
north pole, magnets, 739, 739, 862, 
862 
n-type semiconductors, 1152, 
1152-1153. See also p-n 
junctions 
nuclear angular momentum, 1172 
nuclear binding energy, 
1171-1172, 1772, 1198, 1200 
and excitation energy, 
1110-1111 
selected nuclides, 1168t 
nuclear energy, 1196 
nuclear energy levels, 1172 
nuclear fission, 1171, 1197-1201, 
1199 
nuclear force, 1172-1173 
nuclear fusion, See thermonuclear 
fusion 
nuclear magnetic moment, 1172 
nuclear magnetic resonance 
(NMR), 1121-1122 
nuclear magnetic resonance 
(NMR) spectrum, 7/27, 
a eS 22 
nuclear power plant, 7202, 1203, 
1203 
nuclear radii, 1170 
nuclear reactions, 1044 
nuclear reactors, 1201, 
1201-1204, /202 
natural, 7205, 1205-1206 
nuclear spin, 1172 
nuclear weapons, 1171 
nucleons, 1168, 1222 
magic nucleon numbers, 
1185-1186 
nucleus, 564, 1166-1167 
models, 1184-1186, 7785 


radioactive decay, 572, 
1219-1220 
nuclides, 1167-1168, 1168t. See 
also radioactive decay 
magic nucleon numbers, 
1185-1186 
organizing, 1168-1170, 1769 
nuclidic chart, 1168—1170, 1169 
and radioactivity, 1181, 7/8/ 
number density of charge carriers, 
742, 1143 
semiconductors, 1150—1151 
silicon and copper compared, 
1144t 
number density of conduction 
electrons, 1146 


O 
object, 926, 926-927 
object distance, 927 
objective 
compound microscope, 943, 943 
reflecting telescope, 957, 957 
refracting telescope, 943 
occupancy probability, 1748, 
1148-1149 
occupied levels, 1123 
occupied state density, 1/149, 
1149-1150 
ohm (unit), 688 
ohmic losses, 849 
ohmmeter, 689 
ohm-meter, 689 
Ohm’s law, 692, 692-693 
microscopic view of, 693, 
693-695 
oil slick, interference patterns 
from, 972 
one-dimensional completely 
inelastic collisions, 2/8, 
218-219, 219 
one-dimensional elastic collisions, 
219,221,221 -—224 
one-dimensional electron traps 
multiple electrons, 1123 
single electron, 1085-1095 
one-dimensional explosions, 
215-216, 216 
one-dimensional inelastic 
collisions, 2/8, 218-221, 
219 
one-dimensional infinite potential 
well, 1086 
one-dimensional motion, 14 
acceleration, 19—27 
average acceleration, 19 
average speed, 16 
average velocity, 15—16 
constant acceleration, 2/, 
21-24 
displacement, 14-15 
free-fall acceleration, 24—25 
graphical integration, 27, 27-28 
instantaneous acceleration, 19 
instantaneous velocity, 17-18 
position, /4, 14-15 
relative, 72,72—73 


Schrédinger’s equation, 1072 
speed, 18 
velocity, 17-18 
one-dimensional variable force, 
152153053 
one-half rule, for intensity of 
transmitted polarized light, 
902 
one-way processes, 537 
open-tube manometer, 365, 
365-366 
optical fibers, 911, 1131 
with junction lasers, 1158 
optical instruments, 941-944 
optical interference, 959. See also 
interference 
and rainbows, 962, 962 
optics, 890 
orbital angular momentum, 872, 
873, 1116-1118, 7117 
and orbital quantum number, 
1116t 
orbital energy, 1099 
orbital magnetic dipole moment, 
872, 1116-1118, 7117 
diamagnetic materials, 
874-875 
ferromagnetic materials, 874, 
878 
paramagnetic materials, 
876-877 
orbital magnetic quantum 
number, 872, 1102, 1102t, 
1116t 
orbital quantum number, 1102, 
1102t, 1116t, 1144 
orbital radius, 1098—1099 
order numbers, diffraction 
gratings, 1005 
order of magnitude, 5 
origin, 14 
oscillating circuit, 827 
oscillation mode, 433, 434 
oscillations, 387. See also pendu- 
lums; simple harmonic mo- 
tion; waves 
forced, 402, 836-837, 837 
free, 402 
LC circuits, 827-830, 828 
out of phase 
ac circuits, 842t 
capacitive load, 839 
inductive load, 841 
simple harmonic motion, 390 
sound waves, 452 
thin-film interference, 974 
waves, 427 
overpressure, 366 
oxygen, 523 
distribution of molecular 
speeds at 300 K, 517 
heats of transformation, 487t 
molar specific heat and degrees 
of freedom, 524t 
molar specific heat at constant 
volume, 521t 
paramagnetism of liquid, 876 


RMS speed at room tempera- 
ture, 513t 


P 
pair production, 572-573 
pancake collapse, of tall building, 
237 
parallel-axis theorem, for 
calculating rotational inertia, 
253,253-256 
parallel circuits 
capacitors, 662-663, 663, 716t 
inductors, 821 
resistors, 715,715—719, 716t 
summary of relations, 716t 
parallel components, of unpolar- 
ized light, 912 
parallel currents 
magnetic field between two, 
771,771 -772 
parallel-plate capacitors, 657,657 
calculating capacitance, 660 
with dielectric, 671, 672, 
672-—673,673 
displacement current, 866, 
866-868 
energy density, 668 
induced magnetic field, 864, 
865-866 
paramagnetic material, 874, 876, 
876-877 
paramagnetism, 874, 876, 
876-887 
parent nucleus, 572 
partial derivatives, 420, 451, 895 
partially occupied levels, 1123 
partially polarized light, 902, 902 
particle accelerators, 748-749, 
749 N19 22031 220 
particle-antiparticle annihilation, 
1222 
particle detectors, 1220, 1220 
particles, 14,571 
antiparticles, 1222 —1223, 1224 
basic forces and messenger 
particles, 1234-1236 
bosons, 1220-1221, /22/ 
circulating charged, 743-747, 
744, 745 
conservation of baryon 
number, 1228 
conservation of lepton number, 
1227 
conservation of strangeness, 
1230 
decay processes, 1223-1226 
fermions, 1220-1221, 122] 
formation in early universe, 
1240 
hadrons, 1222, 1227-1229 
leptons, 1222, 1226t, 1226-1227 
magnetic force on, 737, 
737-738 
particle nature of matter, 
1069-1071, 1070 
quark model, 1231-1234, 1232 
Standard Model, 1220-1223 


particle systems 
angular momentum, 287 
center of mass, 202 —203, 203 
linear momentum, 210 
Newton’s second law for, 
206-209, 207 
pascal (Pa), 361, 447, 900 
Pascal’s principle, 366, 366-367 
Paschen series, 1101, //01 
path-dependent quantities, 490 
path-independent quantities 
conservative forces, 168-170, 
169 
gravitational potential energy, 
340 
work done by electrostatic 
force, 629 
path length difference 
double-slit interference, 965, 
965 —966, 970-971 
single-slit diffraction, 993, 993, 
994,995 
sound waves, 452 
thin-film interference, 972 
Pauli exclusion principle, 1122 
bosons don’t obey, 1221 
and energy levels in crystalline 
solids, 1144 
fermions obey, 1221 
and Fermi speed, 1146 
nucleons, 1185 
and periodic table, 1126 
pendulums 
as angular simple harmonic 
oscillator, 394, 394—395 
ballistic, 279, 219-220 
conservation of mechanical 
energy, 173-174, 174 
physical, 396-397, 397 
simple, 395, 395-396 
torsion, 394, 394 
underwater swinging 
(damped), 400 
perfect engines, 545, 546 
perfect refrigerators, 549, 549 
perihelion distance, 344 
period 
circulating charged particle, 
744-745 
LC oscillations, 827 
linear simple harmonic 
oscillator, 390 
simple harmonic motion, 388, 
388, 389 
sound waves, 450 
waves, 417, 417-418 
periodic motion, 388 
periodic table, 1058, 1113-1114 
building, 1126-1127 
x rays and ordering of 
elements, 1127-1131 
period of revolution, 71 
permanent electric dipole 
moment, 638 
permanent magnets, 736 
permeability constant, 765 
permittivity constant, 567 


perpendicular components, of 
unpolarized light, 912 
phase 
alternating current, 842t 
evaluating large, 421, 42] 
simple harmonic motion, 388, 
388 
waves, 417, 417 
phase angle 
alternating current, 842t 
simple harmonic motion, 388, 
388, 390 
phase change, 486 
phase constant 
alternating current, 842t, 848 
series RLC circuits, 844, 
844-845 
simple harmonic motion, 388, 
388 
waves, 418, 4/8 
phase difference 
double-slit interference, 965, 
968 — 969, 970-971 
Michelson’s interferometer, 978 
optical interference, 961 —962 
and resulting interference type, 
A28t 
simple harmonic motion, 390 
single-slit diffraction, 995 
sound waves, 452 
thin-film interference, 972 
waves, 427 
phase-shifted 
reflection phase shifts, 972, 
972-973 
simple harmonic motion, 390 
sound waves, 452 
waves, 427 
phasor diagram, 429-430, 430 
phasors, 429-431, 430 
capacitive load, 839, 840 
double-slit interference, 970 
inductive load, 841, 41 
resistive load, 838 
series RLC circuits, 844, 
844-846 
single-slit diffraction, 995-998, 
997 
photo-diode, 1158 
photoelectric current, 1060 
photoelectric effect, 1060-1063, 
1061 
photoelectric equation, 
1061-1062 
photoelectrons, 1060 
photomultiplier tube, 1067 
photon absorption, 1059, 1114 
absorption lines, 1101, 7/0/ 
for electrons to gain energy, 1087 
energy changes in hydrogen 
atom, 1099 
lasers, 1132 
photon emission, 1059, 1114 
for electrons to lose energy, 1087 
emission lines, 1101, //0/ 
energy changes in hydrogen 
atom, 1099 


lasers, /732,1132-1133 
stimulated emission, 1132, 1133 
photons 
as bosons, 1221 
energy of, 1059 
formation in early universe, 
1240 
momentum, 1063, 1063-1066, 
1064 
and photoelectric effect, 
1060-1062 
as quantum of light, 1058-1059 
single-photon version of 
double-slit interference, 
1066, 1066-1067 
single-photon wide-angle 
version of double-slit inter- 
ference, 1067, 1067-1068 
virtual, 1234-1235 
physical pendulum, 396-397, 
397 
picofarad, 658 
piezoelectricity, 1076 
pinhole diffraction, 991 
pions, 1024, 1056, 1219 
decay, 1224-1225 
and eightfold way, 1230t 
as hadrons, 1222 
as mesons, 1222 
from proton-antiproton 
annihilation, 1223t, 
1223-1224 
pitch, 360 
pitot tube, 384 
planar symmetry, Gauss’ law, 
616-618, 617 
planar waves, 446 
Planck constant, 1059 
plane-concave lens, 955 
plane-convex lens, 955 
plane mirrors, 926-928, 927 
plane of incidence, 905 
plane of oscillation, polarized 
light, 901, 90/ 
plane of symmetry, center of 
mass of solid bodies with, 
204 
plane-polarized waves, 901 
plane waves, 892 
plastics 
as insulators, 563 
rubbing rod with fur, 563 
plastic slide, voltage developed by 
child sliding down, 628, 628, 
645 
plates, capacitors, 657, 657-659 
plate tectonics, 14 
plum pudding model, of atom, 
1166 
pn junction diode, 692, 697 
p-n junctions, 1154-1156, 7155 
junction lasers, 1158, 7758 
junction rectifiers, 7156, 
1156-1157, 1164 
light-emitting diodes (LEDs), 
1157,1157-1158 
point charges 


Coulomb’s law, 565 — 572, 566 
in electric field, 591—594 
electric field due to, 583, 
583-584 
electric potential due to, 635, 
635-636 
electric potential due to group 
of, 636, 636-637 
electric potential energy of 
system, 641-643, 642 
point image, 926-927 
point of symmetry, center of 
mass of solid bodies with, 
204 
point source, 446 
isotropic, 454, 898 
light, 898, 926 
polar dielectrics, 672 
polarity 
of applied potential difference, 
692 
of Earth’s magnetic field, 
reversals in, 870, 870 
polarization, 907, 901-904, 902 
by reflection, 9/2,912—913 
polarized light, 907, 901-902 
intensity of transmitted, 
902-904, 903 
polarized waves, 90/,901-904, 
902 
polarizer, 903 
polarizing direction, 902, 903 
polarizing sheets, 902, 902—903, 
9035, 912 
polar molecules, 638 
Polaroid filters, 902 
pole faces, horseshoe magnet, 
739 
polyatomic molecules, 521 
degrees of freedom, 523, 
523-524, 524t 
molar specific heats at constant 
volume, 521t 
polycrystalline solids, 879 
population inversion, 1133, 1139 
junction lasers, 1158 
porcelain 
dielectric properties, 670t, 671, 
672 
position, 261t. See also angular 
position; displacement 
one-dimensional motion, /4, 
14-15 
relating linear to angular, 249 
simple harmonic motion, 357 
two- and three-dimensional 
motion, 59, 59-61 
position vector, 59, 59 
positive charge, 562—563, 563 
positive charge carriers, 684 
drift speed, 686 
emf devices, 707 
positive direction, 14, /4 
positive ions, 564 
positive kaons, 1031 
positive terminal, batteries, 658, 
658, 707 


positrons 
antihydrogen, 1108, 1222 
bubble chamber tracks, 572, 
738 
electron-positron annihilation, 
912.972 10>) 
in fusion, 1208~1209 
potential, 630—632. See also 
electric potential 
potential barrier, 1074, 1074, 
1200 
potential difference, 630-632 
across real battery, 712-713 
capacitors, 659, 659—662 
capacitors in parallel, 662— 663, 
663 
capacitors in series, 663, 
663-666, 842-844 
Hall, 742 
isolated point charge, 636 
LC oscillations, 827 
and Ohm’s law, 692 
power, potential, and emf, 
712-714 
resistors in parallel, 715 
resistors in series, 7/ 0,710-711, 
842844 
RL circuits, 808 , 808 ~809 
single-loop circuits, 708, 
708-709 
between two points in circuit, 
AE Sie 
potential energy. See also elastic 
potential energy; gravita- 
tional potential energy 
and conservation of mechanical 
energy, 173, 173-175, 174 
and conservation of total 
energy, 182~—184 
defined, 167 
determining, 170-172 
electric dipole, 595 
satellites in orbit, 345, 346 
simple harmonic motion, 392, 
393 
and work, 167, 167—170 
yo-yo, 281 
potential energy barrier, 1074, 1074 
potential energy curves, 175-178, 
176 
potential energy function, J 76, 
176-177 
potential method, of calculating 
current in single-loop 
circuits, 708—709 
potential well, 177 
potentiometer, 671 
pounds per square inch (psi), 362 
power, 155-157, 156, 184, 261t 
in alternating current circuits, 
846-848 
in direct current circuits, 
695-696 
and emf in circuits, 712 =714 
in rotation, 260 
traveling wave on stretched 
String, 423, 423—425 


power factor, 848 
power lines 
transformers for, 850 
power transmission systems, 683 
effect of solar flares on, 826, 
820,691, 85185) 
transformer requirements, 849 
Poynting vector, 897-899, 898 
precession, of gyroscope, 294, 
294-295 
precession rate, of gyroscope, 
294 
prefixes, for SI Units, 3t 
pressure 
fluids, 360, 361-362 
and ideal gas law, 509-512 
measuring, 365, 365 —366 
and RMS speed of ideal gas, 
512-514 
scalar nature of, 39 
as state property, 538 
triple point of water, 478—479 
work done by ideal gas at 
constant, 511 
pressure amplitude 
sound waves, 450, 450 
pressure field, 581 
pressure sensor, 36/ 
pressurized-water nuclear 
reactor, 1203, 1203 
primary coil, transformer, 850 
primary loop, pressurized-water 
reactor, 1203, 1203 
primary rainbow, 908, 921 
primary rainbows 
and optical interference, 962, 
962 
primary winding, transformer, 
850 
principal quantum number, 1102, 
1102t, 1116t, 1144 
principle of conservation of 
mechanical energy, 173 
principle of energy conservation, 
141 
principle of equivalence, 347 
principle of superposition, 89 
and electrostatic force, 567 
for gravitation, 333—335 
for waves, 426, 427 
prism, 907, 907 
angle of minimum deviation, 919 
probability 
and entropy, 552—553 
probability density, 1071 —1072 
barrier tunneling, 1075 
finding, 1072-1073 
trapped electrons, / 0&8, 
1088-1092 
probability distribution function, 
a7 
probability of detection 
hydrogen electron, 1102-1103 
trapped electrons, 1089-1090 
probability wave 
light as, 1066-1068 
Matter wave as, 1069 


projectile, 65 
elastic collisions in one dimen- 
sion with moving target, 
223-224 
elastic collisions in one dimen- 
sion with Stationary target, 
221-222 
inelastic collisions in one 
dimension, 218 
Series of collisions, 2/2 
single collision, 211 
projectile motion, 65, 65— 70, 66 
proper frequency, 1039 
proper length, 1032 
proper period, 1041 
proper time, 1029 
proper wavelength, 1040 
proton number, 1168 
selected nuclides, 1168t 
proton-proton (p-p) cycle, 
1208-1209, 1209 
protons, 564, 1219 
accelerator Studies, 748 
and atomic number, 572 
as baryons, 1222 
charge, 571, 571t 
decay rate, 1243—1244 
in equilibrium, 569~570 
as fermions, 1221 
formation in early universe, 
1240 
in fusion, 1207—1213 
as hadrons, 1222 
Magnetic dipole moment, 755, 
TS5t 
mass energy, 1044t 
and mass number, 572 
as matter wave, 1068, 1069, 1084 
solar flares, 851 
spin angular momentum, 871 
ultrarelativistic, 1047 
Van Allen radiation belts, 745 
in well, 651 
proton synchrotrons, 749 
p subshells, 1126, 1127 
p-type semiconductors, E252. 
1153. See also p-n junctions 
pulleys, guiding sheaths for 
tendons, 329, 329 
pulleys, massless frictionless, 97, 97 
Newton’s laws applications, 
100, 100-101 
pulsars, 268 
secondary time standard based 
on, 9 
pulse, wave, 414, 414—415 


Q 
quadrupole moment, 600 
quanta, 1058 
quantization, 1058, 1084 
electric charge, 571 —572 
energy in electron traps, 
1085-1089 
orbital angular momentum, 872 
orbital energy, 1099 
Spin angular momentum, 870 


quantum, 1058 
quantum chromodynamics 
(OCD) 1235 21236 
quantum corrals, 1083, /083 , 1095, 
1095 
quantum dots, 1084, 7 094. 
1094-1095 
quantum electrodynamics 
(QED), 871, 1234 
quantum jump, 1087 
quantum mechanics, 88, 1058 
quantum numbers, 1085, 1116t 
charge, 1224 
for hydrogen, 1102—1103 
and Pauli exclusion principle, 
1122 
and periodic table, 1126-1127 
quantum physics, 1058. See also 
electron traps; Pauli exclu- 
sion principle; photons; 
Schrédinger’s equation 
barrier tunneling, / 074, 
1074-1076, 1075 
and basic properties of atoms, 
1113-1115, 71/4 
confinement principle, 1085 
correspondence principle, 1090, 
1106 
Heisenberg’s uncertainty prin- 
ciple, 1073, 1073-1074, 1234 
hydrogen wave function, 
1100-1106 
matter waves, 1084 
nucleus, 1166 
occupancy probability, 7/48, 
1148-1149 
particles, 1219 
and solid-state electronic 
devices, 1143 
quantum states, 1084,1114 
degenerate, 1096 
density of, 1147, 1147- 1148 
density of occupied, 7/ 49, 
1149-1150 
hydrogen withn = 2.1105, 
1105-1106 
quantum theory, 524, 525-526, 
1058, 1084 
quantum transition, 1087 
quantum tunneling, /074, 
1074-1076, 1075 
quark family, 1231t 
quark flavors, 1232, 1235- 1236 
quarks, 578, 654, 748, 1231t, 
1231-1234, 1232 
charge, 571 
formation in early universe, 1240 
quasars, 1053, 1236 
gravitational lensing associated 
with, 348 
quasi-ordered structure, 1012 
quicksand, 385 


R 
R-value, 494 
race cars 
collision with wall, 215, 13204 


drafting, 377 
funny cars, 140, 140, 157 
negative lift in Grand Prix cars, 
128, 128, 376, 376-377 
pit stop fuel dispenser fire, 705, 
705, 723,723-724 
Thrust SSC jet-powered car, 
278 
rad (unit), 1183 
radar waves, 414 
radial component 
of linear acceleration, 250 
of torque, 256 
radial probability density, 1103, 
1103,1106 
radians, 43, 242,251 
radiated waves, 891 
radiation (electromagnetic), 891 
radiation dosage, 1183-1184 
radiation heat transfer, 495 —496 
radiation pressure, 899-901 
radiation therapy, 1190 
radioactive dating, 7182, 
1182-1183 
radioactive decay, 572, 1168, 
1219-1220 
alpha decay, 177, 1177-1179 
beta decay, 1179-1181, 7780, 
1233 
muons, 1029-1030 
and nuclidic chart, 1181, //8/ 
process, 1174-1177 
radioactive elements, 1166 
radioactive wastes, 1203, 
1203-1204 
radionuclides, 1168 
radiation dosage, 1183-1184 
radio waves, 414, 890, 891 
Doppler effect, 461 
radium, 1190 
radius of curvature 
spherical mirrors, 928-929, 
929 
spherical refracting surfaces, 
933, 934 
radon, 1166, 1191, 1194 
rail gun, 771, 771-772, 790, 790 
rainbows, 889, 907 —908, 908, 921 
and optical interference, 962, 
962 
ramp 
rolling down, 279, 279-280 
work done lifting blocks up, 
148, 148 
randomly polarized light, 907, 
901-902 
range, in projectile motion, 65, 67 
rare earth elements, 1129-1130 
paramagnetism, 874 
rattlesnake, thermal radiation 
sensors, 496 
ray diagram, 932, 932 
Rayleigh’s criterion, 999, 
999-1000 
rays, 446, 446 
locating extended object im- 
ages by drawing, 939, 939 


locating images by drawing, 
932, 932-933 
RBE (relative biology effective- 
ness) factor, 1183 
RC circuits, 720, 720 
capacitor charging, 720, 
720-721 
capacitor discharging, 720, 720, 
722~-724 
reaction distance, 37 
real batteries, 707—708, 708 
internal resistance, 710, 7/0 
potential difference across, 712, 
Ee 
real emf devices, 707 —708, 708 
internal resistance, 712 
real engines 
efficiency, 546, 549-550 
real fluids, 370 
real focal point, 929, 930 
real images, 925-926 
spherical mirrors, 931 
spherical refracting surfaces, 
934, 934 
thin lenses, 938, 938 
real solenoid, 776 
recessional speed parameter, 
Doppler shift, 1245 
rechargeable batteries, 708 
recharging batteries, 713 
redshift, 1040 
cosmological, 1247-1248, 1248 
reference circle, 399 
reference configuration, for po- 
tential energy, 171,629 
reference frames, 72—73 
inertial, 89-90 
noninertial, 90 
reference line, 242, 243 
reference particle, 399 
reference point, for potential 
energy, 171 
reference potential energy, 629 
reflected light, 905 
reflected radiation, 900 
reflected ray, 905, 905 
reflecting planes, 1011, /0/1 
reflecting telescope, 957, 957 
reflection, 905, 905-910 
law of, 905 —906 
polarization by, 9/2, 912-913 
of standing waves at boundary, 
432, 432-433 
total internal, 9/0, 910-912 
reflection phase shifts, 972, 
972-973 
refracted light, 905 
refracted ray, 905, 905 
refracting telescope, 943, 943-944 
refraction, 905, 905-910. See also 
index of refraction 
and chromatic dispersion, 
906-907, 907 
law of, 905-906, 959-962, 960 
refrigerators, 548, 548-549 
relative biology effectiveness 
(RBE) factor, 1183 


relative motion 
in one dimension, 72,72—73 
in two dimensions, 73—74, 74 
relativity, 1058, 1219 
brief description, 1023 
Doppler effect for light, 
1039-1042, 1040 
and energy, 1043-1047 
general theory of, 347-348, 
1023, 1030 
and kinetic energy, 1045-1047, 
1046 
of length, 7032, 1032-1034, 1037 
Lorentz factor, 1029, 1/029, 
1030, 1043 
Lorentz transformation, /034, 
1034-1036 
and mass energy, 1043-1044, 
1044t 
measuring events, 1024-1026, 
1025 
and momentum, 1043 
postulates, 1023-1024 
of simultaneity, 1026-1027, 
1027, 1036 
special theory of, 88, 894, 1023, 
1030, 1041 
speed of light postulate, 
1023-1024 
of time, 1027-1031, 1028, 
1036-1037, 1041 
of total energy, 1044-1045 
of velocities, 7038, 1038—1039 
relativity postulate, 1023 
relaxed state, of spring, 149-150, 
150 
released energy, from fusion 
reaction, 1045 
rem (unit), 1183 
resistance, 688—689 
alternating current, 842t 
calculating from resistivity, 690, 
690 
Ohm’s law, 692, 692-695 
parallel circuits, 775,715—719 
RC circuits, 720-723 
RL circuits, 807-810 
RLC circuits, 834-835, 
842-844 
series circuits, 710,710—711, 
842-844 
resistance rule, 709 
resistive dissipation, 694-695 
resistivity, 689, 1143 
calculating resistance from, 
690, 690 
Ohm’s law, 693, 694 
selected materials at room 
temperature, 689t 
semiconductors, 1151 
silicon and copper compared, 
696t, 696-697, 1144t 
resistors, 688, 688—689 
with ac generator, 837, 837-838 
in multiloop circuits, 7/4, 
714-719, 715 
Ohm’s law, 692, 692-695 


in parallel, 715,715—719 
phase and amplitude relation- 
ships for ac circuits, 842t 
power dissipation in ac circuits, 
846-847 
and power in circuits, 695-696 
RC circuits, 720, 720—723 
RL circuits, 807-810, 808 
RLC circuits, 834, 834-835, 
842-844, 843 
in series, 770,710-—711, 
842-844, 43 
series RLC circuits, 842—844, 
843 
in single-loop circuits, 708—714, 
709 
solving circuits with, 719 
variable, 727 
work, energy, and emf, 707, 
707-708 
resolvability, 999, 999— 1000 
resolving power 
diffraction gratings, 1008-1010, 
1009 
highest for microscope, 1081 
refracting telescope, 944 
resolving vectors, 41 
resonance 
forced oscillations, 402, 837 
series RLC circuits, 845, 
845 —846 
and standing waves, 433, 
433-435 
resonance capture, of neutrons in 
nuclear reactors, 1202 
resonance condition 
cyclotrons, 748 
resonance curves 
series RLC circuits, 845, 
845-846 
resonance peak, 402, 1121 
resonant frequencies, 433, 433, 
434 
musical sounds, 457, 458 
response time, nuclear reactor 
control rods, 1203 
rest energy, 1044 
rest frame, 1029 
rest length, 1032 
restoring force, 150 
resultant, of vector addition, 39 
resultant force, 92 
resultant torque, 257 
resultant wave, 426, 427 
reverse saturation current, 
junction rectifiers, 1164 
reversible processes, 538—540 
right-handed coordinate system, 
44,44 
right-hand rule, 246, 246,770 
Ampere’s law, 773, 773 
angular quantities, 246, 246 
displacement current, 866, 566 
induced current, 796, 796 
Lenz’s law, 795, 795 
magnetic dipole moment, 754, 
754 


right-hand rule (Continued) 
magnetic field due to current, 
766, 766 
magnetic force, 737, 737 
magnetism, 770 
vector products, 50, 50,770 
rigid bodies 
angular momentum of rotation 
about fixed axis, 287-290, 288 
defined, 242 
elasticity of real, 316 
ring charge distributions, 587, 
587-588, 590 
RL circuits, 807, 807-810, 808 
RLC circuits, 834, 834-835 
series, 842-846, 843 
RMS (root-mean-square) 
current, in ac circuits, 847 
RMS (root-mean-square) speed, 
of ideal gas, 572,513-—514, 
518 
selected substances, 513t 
rock climbing 
crimp hold, 324, 324, 329 
energy conservation in descent 
using rings, 182, 782,183 
energy expended against gravi- 
tational force climbing 
Mount Everest, 197 
friction coefficients between 
shoes and rock, 119 
lie-back climb along fissure, 
523,525 
rockets, 224-226, 225 
roller-coaster headache, 250-251 
roller coasters 
impression of acceleration, 87, 
87, 102-103 
maximum acceleration, 20 
rolling 
down ramp, 279, 279-280 
forces of, 278-280, 279 
friction during, 278-279, 279 
kinetic energy of, 277, 277-278 
as pure rotation, 277,277 
as translation and rotation 
combined, 276-277, 277 
yo-yo, 281, 28] 
room temperature, 477 
root-mean-square (RMS) 
current, in ac circuits, 847 
root-mean-square (RMS) speed, 
of ideal gas, 5/2,512-514 
and distribution of molecular 
speeds, 518 
selected substances, 513t 
rotation, 242. See also rolling; 
torque; terms beginning with 
“angular” 
angular momentum of rigid 
body rotating about fixed 
axis, 287-290, 288 
conservation of angular mo- 
mentum, 290, 290-293, 29] 
constant angular acceleration, 
247-249 
kinetic energy of, 252, 252-253 


Newton’s second law for, 
257-259 
relating linear and angular 
variables, 249-251, 250 
in rolling, 276-277, 277 
rotational equilibrium, 307 
rotational inertia, 252, 261t 
calculating, 253-256 
rotational kinetic energy, 252 
of rolling, 278 
and work, 260-263 
yo-yo, 281 
rotational symmetry, 583 
rotational variables, 242 —246, 288t 
units of, 251 
vector nature of, 246-247 
rotation axis, 242, 243 
Rotor (amusement park ride), 
127, 127, 248 —249 
Rowland ring, 877, 878 
rubber band, entropy change on 
stretching, 536, 536, 
542-543 
rulers, 2 
rulings, diffraction grating, 1004, 
1004 
Rutherford, Ernest, 655, 1080, 
1166 
R-value, 494 
Rydberg constant, 1100 


5 
satellites 
charge buildup in radiation 
beli-625 
geosynchronous orbit, 355 
gravitational potential energy, 
Bier) 
Kepler’s laws, 342-344 
orbits and energy, 345 —347, 346 
saturation magnetization, 876, 
877, 878, 887 
scalar components, 45 
scalar fields, 581 
scalar product, 48, 49 
scalars, 39 
multiplying vectors by, 48 
scanning tunneling microscope 
(STM), 1075-1076, 1076 
quantum corral, 1083, 1083, 
1095, 1095 
scattering 
polarized light, 903 
x rays, 1011, /0/1 
schematic diagrams, 658 
Schrédinger’s equation, 
1071-1072, 1084 
electron in finite well, 
1092-1093 
electron in one-dimensional 
infinite well, 1089-1092 
electron in rectangular box, 
1096 
electron in rectangular corral, 
1096-1097 
finding probability density, 
1072-1073 


and hydrogen, 1100-1106 
hydrogen ground state, 
1102-1103, 7703, 1115-1116 
numerical solution for 
multicomponent atoms, 
1126 
scientific notation, 3 
scintillation counter, 1247 
seat of emf, 706 
secondary coil, transformer, 850 
secondary loop, pressurized- 
water reactor, 1203, 1203 
secondary maxima, diffraction 
patterns, 991, 99] 
secondary rainbows, 908, 908, 921, 
962 
secondary standards, 4 
secondary winding, transformer, 
850 
second law of thermodynamics, 
542-543 
second minima, interference 
patterns, 966 
second-order bright fringes, 
interference patterns, 966 
second-order dark fringes, 
interference patterns, 966 
second-order line, 1005 
second reflection point, 920, 920 
second side maxima, interference 
patterns, 966 
secular equilibrium, 1191 
seismic waves, 414 
produced from Kursk explo- 
sions, 4/5, 415—416 
self-induced emf, 806, 806 
self-induction, 806, 806 —807 
mutual induction contrasted, 
814 
semi-classical angle, 1117 
semiconducting devices, 696 
semiconductors, 563. See also p-n 
junctions; transistors 
doped, 1151-1153, 7752 
electrical properties, //50, 
1150-1151 
light-emitting diodes (LEDs), 
1157, 1157-1158 
nanocrystallites, 1094, 1094 
resistivities of selected, 689t 
unit cell, 1143 
semimajor axis, of orbits, 
342-343, 343 
planets of Solar System, 344t 
series circuits 
capacitors, 663, 663-666, 716t, 
842-844, 843 
inductors, 821, 842-844, 843 
RC, 720, 720-723 
resistors, 710, 710—711, 716t, 
842-844, 843 
RLC, 834, 834-835, 842-846, 
843 
summary of relations, 716t 
series limit, 1101, 7/01 
shearing stress, 316, 316,317 
shear modulus, 317 


shells, 1106, 1115-1116, 1116t 
and characteristic x-ray 
spectrum, 1128-1129 
and energy levels in crystalline 
solids, 1144 
and periodic table, 1126—1127 
shell theorem, 332 
shock waves, 464-465, 465 
short wave radiation, 891 
side maxima 
diffraction patterns, 991, 99/ 
interference patterns, 966 
sievert (unit), 1183 
sigma particle, 1219 
and eightfold way, 1230t 
and strangeness, 1229 
sign 
acceleration, 20, 27 
displacement, 15 
heat, 484 
meaning of minus in physics 
problems, 27 
velocity, 20, 27 
work, 144 
significant figures, 4 
silicon 
effect of doping on Fermi 
energy, 1163 
electric properties compared to 
copper, 696t, 696-697, 1144t, 
1150-1151 
electron number density in 
conduction band, 1163-1164 
germanium compared to, 
1161 
in MOSFETs, 1159 
properties of n- and p-doped 
compared, 1153t 
resistivity of pure, 689t 
as semiconductor, 563, 
696-697, 1150-1151 
temperature coefficient of 
resistivity, 1151 
unit cell, 1143, //43 
silicon, n-type 
resistivity, 689t 
silicon, p-type 
resistivity, 689t 
silk 
rubbing glass rod with, 
562-563, 563,572 
simple harmonic motion, 387, 
387-389, 388 
acceleration, 389, 389 
angular, 394, 394-395 
damped, 400, 400-401, 40/ 
energy, 392-394, 393 
force law for, 390-392 
identifying, 392 
pendulums, 395, 395-398, 
396 
and uniform circular motion, 
399, 399-400 
velocity, 388, 388, 389, 389 
waves produced by, 414-415 
simple harmonic oscillators. See 
also pendulums 


angular, 394, 394-395 
linear, 390, 390-392 
simple magnifying lens, 942, 942 
simple pendulum, 395, 395 —396 
simultaneity 
consequences of Lorentz 
transformation equations, 
1036 
relativity of, 1026-1027, 7027 
sine, 44, 44 
single-component forces, 89 
single-loop circuits, 837 
current calculation, 708, 
708-709 
internal resistance, 710, 7/0 
resistances in series, 7/0, 
710-711 
single-slit diffraction, 963, 
963-964, 992, 992-995, 993 
intensity, 995, 995 —998, 997 
sinusoidal waves, 416-418, 417, 
418 
SI units, 2-3 
skateboarding, motion analyzed, 
67 
slab 
rotational inertia, 253t 
sliding block, /00, 100-101 
sliding friction, 118, 1/8 
shit diffraction, 991 
slope, of line, 15—16, /6 
Snell’s law, 905, 959 
soap bubbles, interference pat- 
terns from, 972, 974, 974 
sodium, 1126—1127, 1186 
sodium chloride, 1127 
index of refraction, 906t 
x-ray diffraction, 1011, /0// 
sodium doublet, 1140 
sodium vapor lamp, 1059 
soft reflection, of traveling waves 
at boundary, 433 
solar flares, 746 
effect on power distribution 
systems, 826, 851, 851-852 
solar system, 1242 
solar wind, 700 
and comets, 917, 977 
solenoids, 776 
induced emf, 794-795 
inductance, 805 —806, 806 
magnetic energy density, 812 
magnetic field, 776,776—777 
solid bodies 
center of mass, 203-205 
solids 
compressibility, 318 
electrical properties of crys- 
talline, 7143, 1143-1144 
heat absorption, 485—488 
specific heats of selected, 485t 
speed of sound in, 447t 
thermal conductivity of 
selected, 494t 
thermal expansion, 482, 
482 —483 
solid state, 486 


solid-state electronic devices, 
1143 
sonar, 446 
sonic boom, 465 
sound intensity, 453-454, 454 
sound level, 454-456 
selected sounds, 454t 
sound waves, 414, 415 
beats, 459, 459-460 
Doppler effect, 460-464, 46/, 
462,463 
interference, 451 —453, 452 
sources of musical, 457, 
457-459, 458 
speed of, 446-449, 447t 
supersonic speed, 464-465, 465 
traveling waves, 449, 449-451 
south pole, magnets, 739, 739, 862, 
862 
space charge, 1155 
space curvature, 347 —348, 348 
spacetime, 347, 1058, 1240 
spacetime coordinates, 
1025-1026 
spark, See electric spark 
special theory of relativity, 88, 
894, 1023, 1030, 1041 
specific heat, 485. See also molar 
specific heat 
selected materials, 485t 
speckle, 968 
spectral emission lines, 1082 
spectrum, 1101, 7/70/ 
speed. See also angular speed 
average in one-dimensional 
motion, 16 
one-dimensional motion, 18 
relating linear to angular, 
249 —250 
in rolling, 276-277, 277 
traveling waves, 418-421 
speed of light, 894 
as ultimate speed, 1024 
speed of light postulate, 
1023-1024 
speed of sound, 446—449 
ad RMS speed in gas, 514 
in various media, 447t 
speed parameter, in time dilation, 
1029, 1029 
spherical aberration, 944 
spherical capacitors 
calculating capacitance, 
661-662 
spherical conductors 
Coulomb’s law for, 567, 
567-570 
spherically symmetric charge 
distribution, 635 —636 
Gauss’ law for, 619,619 
spherical mirrors, 928—930, 929, 
930 
focal points, 929, 929 —930 
images from, 929, 929, 930, 
930-933, 944, 944-945 
spherical refracting surfaces, 
933-934, 934 


images from, 934, 934-936, 945, 
945 
spherical shell 
Coulomb’s law for, 567, 
567-570 
rotational inertia, 253t 
spherical symmetry, Gauss’ law, 
618-620, 619 
spherical waves, 446 
spin, 1115-1116, 1116t, 
1220-1222, 1221 
isospin, 1244 
nuclides, 1168t, 1172 
spin angular momentum, 
870-871, 1115, 1116t, 
1117-1118, 7718 
and spin quantum number, 
1116t 
spin-down electron state, 871, 
a ee 27 
spin-flipping, 883, 1121, 7/2/ 
spin magnetic dipole moment, 
870-871, 877, 1117-1118, 
1118 
diamagnetic materials, 874-875 
ferromagnetic materials, 874, 
878 
paramagnetic materials, 874, 
876-877 
spin magnetic quantum number, 
871, 1115, 1116t, 1220-1221 
spin quantum number, 1115, 
1116t, 1220-1221 
spin-up electron state, 870, 1117, 
227 
spontaneous emission, //32, 
1132-1133 
spontaneous otoacoustic 
emission, 470 
spring constant, 150 
spring force, 149-150 
as conservative force, 168, 168 
work done by, /50, 150-152 
spring scale, 96, 96 
sprites, 586, 586 
SQUID (superconducting 
quantum interference 
device), 768 
s subshells, 1126, 1127 
stable equilibrium 
potential energy curves, 177 
stable static equilibrium, 
306-307, 307 
stainless steel 
thermal conductivity, 494t 
standard kilogram, 7, 7 
standard meter bar, 4 
Standard Model, of fundamental 
particles, 1220-1223 
standards, 2 
standing waves, 431, 431-433, 
1084 
reflections at boundary, 432, 
432-433 
and resonance, 433, 433-435 
stars, 1058. See also black holes; 
neutron stars; Sun 


detecting unseen planets 
orbiting, 355 
Doppler shift, 1040 
formation in early universe, 
1240 
fusion in, 1172, 1207, 
1208-1210, 1209 
preponderance of matter over 
antimatter, 1223 
rotational speed as function of 
distance from galactic center, 
1239, 1239 
S2 star at center of Milky Way 
galaxy, 330, 330, 344-345, 345 
white dwarfs, 341t, 361t 
state, 486 
state function 
entropy as, 539-540 
state properties, 538 
static equilibrium, 306, 306—307, 
307 
examples, 310-314 
fluids, 363, 363 
indeterminate structures, 
314-315, 315 
problem solving tactics, 314 
requirements of, 307-308 
static frictional force, /17, 
117-118 
rolling wheel, 279 
Statistical mechanics, 550—553 
steady flow, 371 
steady-state current, 683 
series RLC circuits, 844 
Stefan-Boltzmann constant, 495 
step-down transformer, 850 
step-up transformer, 850 
Stern-Gerlach experiment, 1718, 
1118-1120 
stick-and-slip, 118 
stimulated emission, 1132, 1133 
from comets, //40, 1140-1141 
Stirling engines, 546, 546 
Stirling’s approximation, 553 
stopping potential, photoelectric 
effect, 1060-1061, 1061 
straight line charge distributions, 
590 
straight-line motion, See one- 
dimensional motion 
strain, 3/6,316—317 
strain gage, 317,317 
strangeness, 1229-1230 
and hypercharge, 1244 
strange particles, 1229-1230, 1230 
strange quark, 1231, 1231t, 1232 
streamlines 
in electric fields, 686 
in fluid flow, 371, 371 
stress, 316, 3/6 
stress-strain curves, 316, 3/6 
stress-strain test specimen, 3/6 
stretched strings, 447 
energy and power of traveling 
wave on, 423, 423-425 
harmonics, 434—435 
resonance, 433, 433-435 


stretched strings (Continued) 
standing waves, 431, 431-433, 
432 
transverse and longitudinal 
waves on, 4/4, 414-415 
wave equation, 425-426 
wave speed on, 421-423, 422 
strike-slip, 56 
strokes, 543 
strong force, 115, 1172-1173, 1222 
conservation of strangeness, 1230 
messenger particle, 1235-1236 
strong interaction, 1224 
strong nuclear force, 572 
structural coloring, 1012, 1012 
subcritical state, nuclear reactors, 
1203 
submarines 
Kursk sinking, 415, 415-416 
Project Seafarer, 915 
sonar, 446 
subshells, 1105-1106, 1116, 1116t 
and energy levels in crystalline 
solids, 1144 
and periodic table, 1126 
fsubshells, 1126 
substrate, 1159 
subtraction 
of vectors by components, 45 
of vectors geometrically, 40, 
40-41 
Sun, 1242. See also solar flares 
convection cells in, 495 
density at center of, 361t, 1217 
escape speed, 341t 
fusion in, 1172, 1207, 
1208-1210, 1209 
intensity of solar radiation 
striking atmosphere, 922 
monitoring charged particles 
from, 683 
neutrinos from, 1180 
period of revolution about 
galactic center, 354 
pressure at center of, 362t 
radiation from, 890 
randomly polarized light, 902 
speed distribution of photons 
in core, 518 
sun dog, 889, 889, 909-910, 910 
superconducting quantum inter- 
ference device (SQUID), 768 
superconductivity, 697 
superconductors, 563, 697-698, 
698 
supercooling, 557 
supercritical state, nuclear 
reactors, 1203 
superluminal jets, galaxies, 1054 
supermassive black holes, 331, 345 
at center of M87 galaxy, 1022, 
1042 
supernova, 81, 341t, 1210, 72/0, 
1241-1242 
supernova SN1987a, 1180, 1/80, 
1210, 7270, 1244 
supernumeraries, 962, 962 


superposition principle for 
forces, See principle of 
superposition 
surface charge density, 587, 587t 
surfing, 359, 359, 369, 369-370 
S waves, 468 
sweet spot, in baseball and other 
sports, 412 
symmetric lenses, 938 
symmetry 
cylindrical, Gauss’ law, 6/5, 
615-616 
importance in physics, 606 
line, plane, point: center of mass 
of bodies with, 204 
planar, Gauss’ law, 616-618, 6/7 
spherical, Gauss’ law, 618-620, 
619 
system, 92, 484 
systems of particles, See particle 
systems 


1. 
tangent, 44, 44 
tangential component 
of linear acceleration, 250 
of torque, 256 
target 
collisions in two dimensions, 
224,224 
elastic collisions in one 
dimension with moving, 
223, 223-224 
elastic collisions in one 
dimension with stationary, 
221, 22222 
inelastic collisions in one 
dimension, 218 
series of collisions, 212, 2/2 
single collision, 211 
tattoo inks, magnetic particles in, 
862, 862 
tau neutrinos, 1226, 1226t 
tau particle, 1226, 1226t 
telescopes, 941 
reflecting, 957,957 
refracting, 943, 943-944 
surveillance satellites, 1015 
television, 868 
magnet applications, 736 
television waves, 414 
temperature, 477 
defined, 478 
and heat, 484 
and ideal gas law, 509-512 
measuring, 478—480 
and RMS speed of ideal gas, 
512-514 
scalar nature of, 39 
as State property, 538 
work done by ideal gas at 
constant, 5/0,510—511 
and zeroth law of thermody- 
namics, 477 —478, 478 
temperature change, 481 
temperature coefficient of 
resistivity, 690, 1143 


selected materials, 689t 
semiconductors, 1151 
silicon and copper compared, 
696t, 1144t 
temperature field, 581 
temperature scales, 477, 477, 
480-481 
compared, 480 
temporal separation, of events, 
1027 
tensile stress, 3/6, 316-317 
tension force, 97, 97 
and elasticity, 316-317 
and wave speed on stretched 
string, 422 
terminals, batteries, 658, 707 
terminal speed, 122, 122-123 
tesla (unit), 738 
test charge, 581, 582 
Tevatron, 1233 
thermal agitation 
ferromagnetic materials, 878 
paramagnetic materials, 876 
thermal capture, of neutrons in 
nuclear reactor, 1202 
thermal conduction, 493 —494, 494 
thermal conductivity, 493-494 
selected materials, 494t 
thermal conductor, 494 
thermal efficiency 
Carnot engines, 545-546 
Stirling engines, 546 
thermal energy, 168, 477 
and conservation of total 
energy, 182 
thermal equilibrium, 478 
thermal expansion, 482, 482-483 
thermal insulator, 494 
thermal neutrons, 1197-1201, 
1202 
thermal radiation, 495-496 
thermal reservoir, 488, 488 
thermal resistance to conduction, 
494 
thermodynamic cycles, 489, 490, 
492 
thermodynamic processes, 
488-490, 459 
graphical summary, 528 
thermodynamics, 477. See also 
entropy; irreversible processes 
first law, 490-493 
language of, 547-548 
second law, 542-543 
zeroth law, 477 —478, 478 
thermometers, 477, 478 
constant-volume gas, 479, 
479-480 
liquid-in-glass, 482 
thermonuclear bomb, 1211 
thermonuclear fusion, 1045, 1172, 
1207-1208 
controlled, 1211-1213, 7212 
in Sun and stars, 1207, 
1208-1210, 1209 
thermopiles, 706, 707 
thermoscope, 477, 477-478 


thin films 
interference, 972, 972—977 
thin-lens approximation, 946-947 
thin-lenses, 936—938 
images from, 938, 938-941, 939, 
945-946, 946 
two-lens systems, 939-940 
thin-lens formulas, 936 
Newtonian and Gaussian forms 
contrasted, 955 
third-law force pair, 99 
three-dimensional electron traps, 
1096, 1096-1097 
three-dimensional motion 
acceleration, 63, 63-64 
position and displacement, 59, 
59-61 
velocity, 67, 61-63, 62 
three-slit diffraction gratings, 1019 
thrust, 225 
Thrust SSC jet-powered car, 278 
thunderstorm sprites, 586, 586 
time 
directional nature of, 537 
relativity of, 1027-1031, 1028, 
1036-1037, 1041 
scalar nature of, 39 
units, 5-6 
time constant 
LC oscillations, 827 
RC circuits, 721, 721 
RL circuits, 808 
time dilation, 1029 
consequences of Lorentz 
transformation equations, 
1036-1037 
tests of, 1029-1030 
and transverse Doppler effect, 
1041, 1047 
time intervals, 5, 6t 
between relativistic events, 
1027-1031, 1028 
time signals, 6 
Tokamak Fusion Test Reactor, 
DIT? 
ton, 11 
top quark, 1231t, 1233 
toroids 
magnetic field, 777, 777-778 
torque, 256-257, 288t 
and angular momentum of 
system of particles, 287 
and conservation of angular 
momentum, 290 
on current loop, 752-754, 754 
and gyroscope precession, 294, 
294 
internal and external, 287 
net (resultant), 257 
Newton’s second law in angular 
form, 285 
particle about fixed point, 
281-283, 282 
rolling down ramp, 279 
torr, 362 
torsion constant, torsion 
pendulum, 394 


torsion pendulum, 394, 394 
total internal reflection, 9/0, 
910-912 
tour jeté, 275,275, 291, 291-292 
Tower of Pisa, 305, 305, 313-314 
tracer, for following fluid flow, 
a7 371 
trajectory, in projectile motion, 67 
transformers, 849 
autotransformer, 858, 858 
energy transmission 
requirements, 849 
ideal, 850, 850-851 
impedance matching, 851 
in LC oscillators, 891, 891 
transient current 
series RLC circuits, 844 
transistor amplifiers, 1160 
transistors, 697, 1058 
field-effect-transistor (FET), 
7159,1159-1160 
MOSFET (metal-oxide- 
semiconductor-field-effect- 
transistor), 1159, 7759 
transition elements 
paramagnetism, 874 
translation, 242. See also one- 
dimensional motion; two- 
dimensional motion 
in rolling, 276-277, 277 
translational equilibrium, 307 
translational kinetic energy 
ideal gases, 514-515 
of rolling, 278 
yo-yo, 281 
translational variables, 288t 
transmission coefficient, barrier 
tunneling, 1075 
transparent material, 905 
transuranic nuclides, 1203 
transverse Doppler effect, 1041, 
1041 
transverse motion, 415 
transverse waves, 4/4, 414-416, 
445 
electromagnetic waves, 892 
traveling electromagnetic waves, 
891-897, 893, 894 
traveling waves, 415, 1084 
energy and power, 423, 
423 —425 
sound, 449, 449-451 
speed, 4/75, 418-421 
wave function, 1071-1072 
triangular prism, 907, 907 
angle of minimum deviation, 
919 
trig functions, 44, 44 
triple point cell, 478, 479 
triple point of water, 478-479 
thio 2 121 
and valley of the nuclides, 
181 
triton, 1211 
tube amplifiers, 1142, 1160 
tube length, compound 
microscope, 943 


tunnel diode, 1075 
tunneling, barrier, 1074, 
1074-1076, 1075 
turbulent flow, 371 
turning points, in potential energy 
curves, 176,177 
turns 
in coils, 752-753 
in solenoids, 776 
turns ratio, transformers, 851 
two-dimensional collisions, 224, 
224 
two-dimensional electron traps, 
1096, 1096-1097 
two-dimensional explosions, 2/6, 
216-217 
two-dimensional motion 
acceleration, 63,63-—64 
position and displacement, 59, 
59-61 
relative, 73—74, 74 
velocity, 67, 61-63, 62 


U 
ultimate strength, 316, 3/6 
selected engineering materials, 
St 
ultrarelativistic proton, 1047 
ultrasound 
bat navigation using, 463-464 
blood flow speed measurement 
using, 474 
ultrasound imaging, 446, 446 
ultraviolet light, 414 
ultraviolet radiation, 890 
uncertainty principle, /073, 
1073-1074, 1234 
underwater vision, Anableps 
anableps fish, 924, 924, 935, 
935-936 
uniform charge distributions 
electric field lines, 583, 583 
types of, 590 
uniform circular motion, 70—72 
71 
centripetal force in, 124-129, 
12s 
and simple harmonic motion, 
399, 399-400 
uniform displacement current, 
885 
uniform displacement current 
density, 885 
uniform electric field, 583, 583, 884 
uniform electric flux, 884 
unit cell, 1011, 7011 
metals, insulators, and semicon- 
ductors, 1143, 1743 
United States Naval Observatory 
time signals, 6 
units, 2—3 
changing, 3-4 
checking for consistency in 
physics problems, 17 
length, 4—5 
mass, 7—8 
time, 5-6 
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unit vectors, 44, 44-45 
universe 
Big Bang, 1236, 1239-1242, 
1240 
color-coded image of universe 
at 379,000 yrs old, 1218, 7218, 
1241 
cosmic background radiation, 
1238, 1240, 1241, 1241 
critical density for continued 
expansion, 1245 
dark energy, 1241 
dark matter, 1238-1239 
estimated age, 1237 
expansion, 1237, 1241, 
1241-1242, 1245 
temperature of early, 477 
unoccupied levels, 1123, 1145, 
1185 
unpolarized light, 901 —902, 902 
unstable equilibrium, 177 
potential energy curves, 177 
unstable static equilibrium, 306 
up quark, 578, 654, 1231, 1231t, 
123221233 
uranium 
density of nucleus, 361t 
electric field at surface of 
nucleus, 581t 
mass energy, 1044t 
uranium?” 
alpha decay, 1178 
half-life, 1178, 1178t 
Mramiuine 6l2 15 
enriching fuel, 1201, 1216 
fission, 1197-1201, 1799, 1214 
fissionability, 1200t, 1201, 1205 
in natural nuclear reactor, 
1205 
percentage in uranium ore, 
1216 
spontaneous fission, 1214 
uranium”, 1197, 1200t 
uranium?*®, 572, 1174 
abundance in granite, 1192 
alpha decay, 177, 1177-1179 
binding energy per nucleon, 
1172 
fissionability, 1200t, 1201, 1205 
half-life, 1178, 1178t, 1192 
uranium”*”, 1200t 
uranium enrichment, 1201, 1216 


V 

vacant levels, 1145 

valence band, 1150, 7/50 

valence electrons, 1084, 
1126-1127, 1146 

valence number, 1152 

valley of nuclides, 1181, 7/81 

Van Allen radiation belts, 746 

vaporization, 486 

vapor state, 486 

variable capacitor, 678 

variable force 

work done by general variable, 

152-155, 153 


work done by spring force, 150, 
150-152 
variable-mass systems, rockets, 
224-226, 225 
variable resistors, 727 
vector angles, 42, 42 
degrees and radians, 43-44 
measuring, 44 
vector-capable calculator, 45 
vector components, 4/7, 41-44, 42 
addition, 45—48 
vector equation, 40 
vector fields, 581 
vector product, 48, 50, 50—51 
vector quantities, 15,39 
vectors, 581 
adding by components, 45-48 
adding geometrically, 39, 
39-41, 40 
coupled, 1114 
cross product, 50—51, 51] 
defined, 39, 39—41, 40 
and dimensions, 94 
dot product, 49, 49 
and laws of physics, 48 
multiplication, 48-51, 49 
resolving, 41 
scalar product, 48, 49 
unit, 44,44—45 
vector product, 48, 50, 50-51 
vector sum (resultant), 39, 
39-40 
velocity, 261t. See also accelera- 
tion; angular velocity; forces; 
kinetic energy 
graphical integration in motion 
analysis, 27, 27-28 
line of sight, 355 
and Newton’s first law, 88—91 
and Newton’s second law, 
91-94 
one-dimensional motion, 
15-18 
projectile motion, 65—70 
relative motion in one 
dimension, 72—73 
relative motion in two 
dimensions, 73—74 
relativity of, 1038, 1038-1039 
rockets, 225 —226 
sign of, 20, 27 
simple harmonic motion, 388, 
388,389, 389 
two- and three-dimensional 
motion, 6/,61-—63, 62 
uniform circular motion, 
70-71, 71 
as vector quantity, 39 
velocity amplitude 
forced oscillations, 402, 402 
simple harmonic motion, 389 
velocity field, 606, 607 
velocity vectors, 39 
venturi meter, 384 
vertical motion, in projectile 
motion, 66—67, 67 
virtual focal point, 929, 930 


virtual images 
defined, 925 ~—926 
spherical mirrors, 931 
spherical refracting surfaces, 
934, 934 
thin lenses, 938, 938 
virtual photons, 1234—1235 
viscous drag force, 371 
visible light, 414, 891 
ultimate speed, 1024 
volt, 631 
voltage, 659. See also potential 
difference 
ac circuits, 842t 
transformers, 850—851 
voltage law, Kirchoff’s, 709 
volt-ampere, 695 
voltmeters, 720, 720, 753 
volume 
and ideal gas law, 509-512 
as state property, 538 
work done by ideal gas at 
constant, 511 
volume charge density, 576, 578, 
587, 587t 
volume expansion, 482 —483 
volume flow rate, 372 —373, 
606-607 
volume flux, 607 
volume probability density, 1103, 
1103, 1105, 7105, 1106 


Ww 
water. See also ice; seawater 

boiling and freezing points in 
Celsius and Fahrenheit, 480t 

bulk modulus, 318, 447 

density, 361t 

dielectric properties, 670t 

diffraction of waves in tank, 
963, 963 

as electric dipole, 594, 594, 638 

electric field within, 581t 

heats of transformation, 486, 
A487t 

heavy, 1217 

index of refraction, 906t 

in microwave cooking, 595-596 

as moderator for nuclear 
reactors, 1201-1202 

as polar dielectric, 672 

polarization of light by 
reflection, 912 

pure, as insulator, 563 

RMS speed at room 
temperature, 513t 


specific heats, 485t 
speed of sound in, 447, 447t 
tap water, as conductor, 
563 
thermal properties, 483 
triple point, 478—479 
water waves, 414 
watt (W), 3, 155-156 
Watt, James, 155-156 
wave equation, 425 —426 
wave forms, 414, 415 
wavefronts, 446, 446 
wave function, 1071-1072. See 
also Schrédinger’s equation 
electron traps, 1088, 1088-1092 
hydrogen ground state, 
1102-1103, 7103 
normalizing, 1090 
wave interference, 427, 427 —429, 
428 
sound waves, 451—453, 452 
wavelength, 417, 477 
and index of refraction, 
960-962 
sound waves, 450 
wave on stretched string, 422 
wavelength Doppler shift, 
1040 
waves. See also seismic waves; 
sound waves; standing waves; 
stretched strings; traveling 
waves 
phasors, 429-431, 430 
principle of superposition for, 
426,427 
transverse and longitudinal, 
414,414-416, 415, 445 
types of, 414 
wavelength and frequency, 
416-418 
wave shape, 417 
wave speed, 418, 418-421 
sound waves, 450 
on stretched string, 421-423, 
422 
wave trains, 1131 
weak force, 1222 
messenger particle, 1235 
weak interaction, 1224 
weber (unit), 794 
weight, 95—96 
apparent weight in fluids, 
368-369 
weightlessness, 125 
well depth, finite well electron 
traps, 1092 


whiplash injury, 28 
white dwarfs, 341t 
density of core, 361t 
white light 
chromatic dispersion, 906-907, 
907 
Wien’s law, 1246 
Wilkinson Microwave 
Anisotropy Probe (WMAP), 
1240, 1241 
windings, solenoid, 776 
window glass 
thermal conductivity, 494t 
Wintergreen LifeSaver, blue 
flashes, 454, 564-565 
WMAP (Wilkinson Microwave 
Anisotropy Probe), 1240, 
1241 
W messenger particle, 1235 
work, 261t 
Carnot engines, 545 
and conservation of 
mechanical energy, 
173-175 
and conservation of total 
energy, 182-186, 183 
defined, 142-143, 548 
done by electrostatic force, 
631-632 
done by external force with 
friction, 179—180 
done by external force without 
friction, 179 
done by gravitational force, 
146, 146-149, 747 
done by ideal gas at constant 
pressure, 511 
done by ideal gas at constant 
temperature, 5/0,510—511 
done by ideal gas at constant 
volume, 511 
done by spring force, 149-152, 
150 
done by variable force, 
152-155, 153 
done in lifting and lowering 
objects, 146-147, 147 
done on system by external 
force, 179, 179-182, 180 
first law of thermodynamics, 
490-491 
and heat, 484, 488 —490 
and kinetic energy, /43, 
143-146, 144 
net, 144 
path-dependent quantity, 490 


path independence of 
conservative forces, 168—170, 
169 
and potential energy, 167, 
167-170 
and power, 155-157, /56 
and rotational kinetic energy, 
260-263 
signs for, 144 
work, energy, and emf, 707—708 
work function, 1061 
working substance, 543 
work-kinetic energy theorem, 
144-146, 261t 
variable force, 153-155 


x 
x component, of vectors, 41—42, 42 
xenon 
decay chain, 1198 
xi-minus particle, 1229, 1230t, 1234 
x-ray diffraction, 1010-1012, 
1011 
x rays, 414, 890, 891 
characteristic x-ray spectrum, 
1128~—1129, 7/29 
continuous x-ray spectrum, 
1127 27 es 
and ordering of elements, 
1127-1131 
radiation dosage, 1183 


Y 
y component, of vectors, 41-42, 
42 
yield strength, 316, 3/6 
selected engineering materials, 
S1it 
Young’s double-slit interference 
experiment, 964, 964-967 
single-photon, wide-angle 
version, 1067, 1067-1068 
single-photon version, 1066, 
1066-1067 
Young’s modulus, 317 
selected engineering materials, 
OI 
yo-yo, 281, 28] 


Zé 

zero angular position, 242 

zero-point energy, 1090-1091 

zeroth law of thermodynamics, 
477-478, 478 

zeroth-order line, 1005 

Z messenger particle, 1235 
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